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Abstract
Sobol’ sensitivity index estimators for stochastic models are functions of nested

Monte Carlo estimators, which are estimators built from two nested Monte Carlo
loops. The outer loop explores the input space and, for each of the explorations,
the inner loop repeats model runs to estimate conditional expectations. Although
the optimal allocation between explorations and repetitions of one’s computational
budget is well-known for nested Monte Carlo estimators, it is less clear how to deal
with functions of nested Monte Carlo estimators, especially when those functions
have unbounded Hessian matrices (with respect to the Frobenius norm), as it is the
case for Sobol’ index estimators. To address this problem, a regularization method
is introduced to bound the mean squared error of functions of nested Monte Carlo
estimators. Based on a heuristic, an allocation strategy that seeks to minimize a
bias-variance trade-off is proposed. The behavior of the estimator obtained is in-
vestigated on a simulation study. As an illustrative use-case, the sensitivity analysis
of a stochastic COVID-19 epidemic model is performed.

Keywords: nested Monte Carlo, Sobol’ index, allocation, global sensitivity analy-
sis, stochastic model

1 Introduction
The global sensitivity analysis of stochastic models is challenging because two sources
of uncertainty operate: the uncertainty about the parameters and the intrinsic random-
ness of the model. We assume that the inputs are statistically mutually independent,
and independent of the random noise endogenous to the model. In this paper, we shall
use the words “inputs” and “parameters” interchangeably.

Stochastic models are of various kinds and entail different computational costs.
For some, runtime is so long—a single run can take hours—that one must replace the
model by a faster approximate model, called a surrogate (aka metamodel). In short,
one generates a set of runs of the original model to construct a surrogate and then uses
this surrogate in lieu of the original to perform the sensitivity analysis. The two main
families of surrogates are polynomial chaos expansions (Sudret, 2008; Lüthen et al.,
2021; Sudret et al., 2017) and Gaussian processes (Baker et al., 2022).
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Although surrogate models are powerful tools in uncertainty quantification, they
remain approximations. Some classes of surrogate models can be made arbitrarily
close to the original model in theory. In practice, the number of runs is limited and
assessing the closeness between the surrogate and the original is a reasearch question
in itself (Tuo and Jeff Wu, 2016). What’s more, the construction of surrogates for
stochastic models is a recent area of research (Castellan et al., 2020; Étoré et al., 2020;
Jimenez et al., 2017; Fort et al., 2013; Janon et al., 2014; Panin, 2021), and many chal-
lenges remain yet to be addressed. For instance, surrogates based on the generalized
lambda distribution (Zhu and Sudret, 2021) cannot fit multi-modal distributions (Zhu
and Sudret, 2023).

But not all stochastic models run slow. Many interesting models run sufficiently
fast—say, less than one second—so that they can be called a sufficiently large number
of times to estimate sensitivity indices directly. Such models include ordinary differen-
tial equations (Jarrett et al., 2015; Mazo and Tournier, 2025), Boolean networks (Mazo
and Tournier, 2025), and some Markov chains (Kouye et al., 2024; Courcoul et al.,
2011; Le Maître et al., 2015; Navarro Jimenez et al., 2016). Three approaches to do the
sensitivity analysis in this case are briefly described as follows. In the first approach,
one chooses a deterministic quantity of interest (QoI)—usually the conditional expec-
tation or variance of the output given the uncertain parameters—and use it to carry out
the sensitivity analysis. Since the QoIs are deterministic functions of the uncertain pa-
rameters, the Sobol’-Hoeffding decomposition can be applied and the Sobol’ indices
defined. Although this approach can result in loss of information in general (Hart et al.,
2017), in some applications one is indeed interested in the sensitivity of the conditional
expectation and/or conditional variance of the model’s output. In the second approach,
one fixes the seed of the pseudo-random number generator and computes the Sobol’
indices corresponding to that seed. The final indices are averages over a sufficiently
large number of seeds (Hart et al., 2017). In the third approach, one regards a stochas-
tic model as a deterministic function with values in some probability space (Fort et al.,
2021; Gamboa et al., 2021; da Veiga, 2021). Various sensitivity indices are then defined
on such spaces.

The estimation of the sensitivity indices for the conditional expectation of the QoI
given the parameters can be performed with various methods (Mycek and De Lozzo,
2019; da Veiga and Gamboa, 2013; da Veiga et al., 2017). A simple and widely-used
one is based on two nested Monte Carlo loops (Mazo, 2021; Courcoul et al., 2011). An
outer loop explores the input space and an inner loop “repeats” the model at each of the
exploration points to approximate the conditional expectation. Although we assume
the stochastic model of interest to be computationally inexpensive, computational re-
sources are nonetheless limited. Hence, it is important to optimize the allocation of
model runs between the outer and inner loops. In principle, to do so, one chooses an
error function (usually the mean squared error) and minimize it with respect to all pos-
sible numbers of explorations and repetitions that keep fixed the total number of runs
available to the practitioner. See Mazo (2021) for an example in sensitivity analysis
and Rainforth et al. (2018); Giles and Haji-Ali (2019); Giorgi et al. (2020); Hong and
Juneja (2009); Chen and Zhou (2014, 2017); Binois et al. (2018, 2019) for examples
in other contexts. However, the error function is often intractable and one strategy is
then to calculate a tractable bound which is then minimized to yield a solution of the
allocation problem. Such a strategy was followed in Mazo (2021) with an error func-
tion penalizing bad rankings of the estimated sensitivity indices. The calculation of
a solution for the mean squared error (MSE) of the nested Monte Carlo Sobol’ index
estimator, however, remains an open question. The difficulty lies in that the Sobol’
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index estimator is in fact a combination of three nested Monte Carlo estimators and,
while the analysis of each of them separately can be done with techniques existing in
the literature, the analysis of the combination of them together faces obstacles.

In the present work, a regularization parameter is introduced to bound the MSE of
the nested Monte Carlo Sobol’ index estimator. The convergence rate of the bound is
obtained as the sizes of the outer and inner loops go to infinity. Under this asymptotic
setting, a solution of the allocation problem is calculated and used to guide the balance
between the numbers of explorations and repetitions in practice. The behavior of the
MSE under various scenarios is investigated in a simulation study for two toy mod-
els. As an illustrative use-case, the Sobol’ indices of the parameters of a COVID-19
epidemic stochastic model are estimated.

The manuscript is organized as follows. Section 2 presents Sobol’ indices associ-
ated with expected outputs of stochastic models. Section 3 presents nested Monte Carlo
estimation and its application to the estimation of Sobol’ indices. The method to bound
the MSE through regularization is discussed in 4. Section 5 extends the previous sec-
tion by letting the regularization parameter vanish as the numbers of explorations and
repetitions go to infinity. Section 6 contains the simulation study. Section 7 contains
the use-case. A Conclusion closes the paper.

2 Sensitivity analysis for expected function of stochas-
tic model outputs

A stochastic model with inputs (X1, . . . , Xp) =: X ∈ Rp and output Y ∈ R is seen as
a function f of X and some collection of latent random variables Z such that

Y = f (X, Z) .

Throughout this paper, we assume that X and Z are independent. In addition, the
components X1, . . . , Xp of X are also assumed to be mutually independent. By a
slight abuse of language, we sometimes refer to f as the stochastic model. Note that
the stochastic model run with some particular input X = x is represented by the
real-valued random variable f(x, Z). Thus, the intrinsic randomness of the stochas-
tic model comes from this random variable Z, which, for this reason, is referred to as
the intrinsic randomness. To do the sensitivity analysis of such stochastic models, one
approach consists in defining QoIs as conditional expectations. Since the conditional
expectation is a function of the inputs alone, we apply the Sobol’ decomposition to this
function and define Sobol indices.

For a stochastic model f with inputs X and intrinsic randomness Z, we consider a
QoI Q of the form:

Q(x) = E [ϕ(X, Z) | X = x] ,

where ϕ(X, Z) is a function of X and Z. For instance, if ϕ = f then Q(X) is the
conditional expectation of the model and if ϕ(X, Z) = (f(X, Z)−E [f(X, Z) | X])2

then Q(X) is the conditional variance, two common choices in practice. Assume that
Var (Q(X)) < +∞. If u is a subset of {1, . . . , p}, let Xu denote the group of inputs
{Xi, i ∈ u}. Let X∼u denote the group of inputs {Xi, i 6∈ u}. The first-order and total
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Sobol’ indices Su and Tu of Xu are respectively defined as:

Su =
Var (E [Q(X) | Xu])

Var (Q(X))

Tu = 1− Var (E [Q(X) | X∼u])

Var (Q(X))
= 1− S∼u.

The Sobol’ index Su (and hence Tu) can be expressed in terms of a function g link-
ing the components of some parameter vector θ. Let X̃ be an independent copy of X,
independent of Z. Denote by X̃∼u the subvector of X̃ whose components are those of
X̃ not indexed by u. (For instance, if p = 4 and u = {1, 4} then X̃∼u = (X̃2, X̃3).) If
θu = (θu1, θu2, θu3) with θu1 = E(Q(X)2) =: θ1, θu2 = E(Q(X)) =: θ2 and θu3 =

E(E [Q(X) | Xu]
2
) = E(Q(X)Q(X̃∼u,Xu)) = E(Q(X∼u,Xu)Q(X̃∼u,Xu)) then

Su = g(θu) =
θu3 − θ22
θ1 − θ22

. (1)

Thus, the construction of an estimator of Su boils down to the construction of estima-
tors of the three quantities θ1, θ2 and θu3. This is done in the next section.

3 Nested Monte Carlo estimation of Sobol’ indices
An estimator of the Sobol’ index (1) based on nested Monte Carlo sampling is con-
structed as follows. Let {X(i) : i = 1, . . . , n} and {X̃(i) : i = 1, . . . , n} be indepen-
dent Monte Carlo samples from the law of X. For each i, denote by X

(i)
u the subvector

of X(i) whose components are those of X(i) indexed by u. Likewise, denote by X
(i)
∼u

the subvector of X(i) whose components are those of X(i) not indexed by u, and de-
note by X̃

(i)
∼u the subvector of X̃(i) whose components are those of X̃(i) not indexed

by u. An estimator of Su in (1) is given by

Ŝu;n,m = g(θ̂1;n,m, θ̂2;n,m, θ̂3;n,m), (2)

where
θ̂1;n,m = 1

n

∑n
i=1 Q̂m(X(i))2

θ̂2;n,m = 1
n

∑n
i=1 Q̂m(X(i))

θ̂3;n,m = 1
n

∑n
i=1 Q̂m(X(i))Q̃m(X̃

(i)
∼u,X

(i)
u )

 (3)

and

Q̂m(X(i)) =
1

m

m∑
k=1

ϕ
(
X(i), Z(i,k)

)
Q̃m(X̃(i)

∼u,X
(i)
u ) =

1

m

m∑
k=1

ϕ(X̃(i)
∼u,X

(i)
u , Z̃(i,k));

here the objects {Z(i,k), Z̃(i,k) : k = 1, · · · ,m; i = 1, · · · , n}, are independent and
identically distributed random variables, independent of {X(i), X̃(i) : i = 1, . . . , n},
representing the randomness of the user’s model. (The dependence on u is not repre-
sented in the notation θ̂3;n,m for clarity.) If m is fixed and n→∞, then

√
n

(
Ŝu;n,m − Su

[
1− EVar(ϕ(X, Z)|X)

EVar(ϕ(X, Z)|X) +mVarE(ϕ(X, Z)|X)

])
(4)
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converges to a centered normal distribution with some variance σ2
u;m depending on m.

If, moreover, m→∞ such that
√
n/m→ 0 then

√
n(Ŝu;n,m−Su) goes to a centered

normal distribution with variance limm→∞ σ2
u;m. For more details, see Mazo (2021).

Since it is based on two nested Monte Carlo loops of sizes n and m, the estimator
Ŝu;n,m is called a nested Monte Carlo estimator. See Section E for some more details
about nested Monte Carlo estimators. The sizes of the outer and inner loops, n and
m, are called the numbers of explorations and repetitions, respectively. Of course,
we would like that both n and m go to infinity as fast as possible. But remember
that increasing n or m induces an increase of the number of model runs. Hence the
following question: if we were allowed to increase the number of model runs by a fixed
amount, should we increase n or m? This raises the question of resource allocation
between the number of explorations and the number of repetitions.

Mathematically, this problem can be formulated as follows. The total number of
runs of the stochastic model needed to compute the Sobol index estimates correspond-
ing to the p singletons, u = {1}, . . . , {p}, is given by (p + 1)nm =: (p + 1)T . By
an abuse of language T is referred to as the computational budget, or budget for short.
Let m = T η , 0 ≤ η < 1, and n = T 1−η and suppose that T → +∞, so that the
numbers of explorations and repetitions are allowed to grow with the budget with dif-
ferent rates, both controlled by the parameter η. What value of η should we choose? A
theoretically-guided choice for m and n that penalizes bad rankings of the sensitivity
index estimates Ŝ{1};n,m, . . . , Ŝ{p};n,m was given in Mazo (2021). The next section
proposes a theoretically guided choice based on the MSE.

4 Bounding the mean-squared error through regular-
ization

Let θ̂ = (θ̂1, θ̂2, θ̂3) be the vector with components given in (3) and let Ŝ = g(θ̂) be the
Sobol’ index estimator in (2). (For simplicity of notation, we simply write θ̂ instead of
θ̂n,m and more generally omit the subscripts n, m and u in the notation in the absence
of ambiguity.) The MSE of the Sobol’ index estimator is given by E(g(θ̂)− g(θ))2.

Bounding the MSE of an estimator of the form g(θ̂) depends on properties of the
function g. For instance, if g is Lipschitz continuous then an analysis of the MSE
similar to Section E can be done. But here g is not Lipschitz continuous and bounding
the MSE is more difficult. Let µm denote the expectation of θ̂. It can be checked that
µm does not depend on n. Let∇2g(θ) denote the Hessian matrix of the function g at θ,
that is, the matrix with element at the ith row and jth column given by (∇2g)ij(θ) =
(∂2g)/(∂θi∂θj)(θ). One idea to bound the MSE consists in spliting the difference
g(θ̂) − g(θ) into a variance term g(θ̂) − g(µm) and a bias term g(µm) − g(θ) and
calculate Taylor expansions. For instance, g(θ̂) − g(µm) = (θ̂ − µm)>∇g(µm) +
1
2 (θ̂−µm)>∇2g(λθ̂+ (1−λ)µm)(θ̂−µm), where 0 < λ < 1. Taking the square and
then the expectation in both sides, it follows that

E(g(θ̂)− g(µm))2 ≤

2‖∇g(µm)‖22 E‖θ̂ − µm‖22 +
1

2
E‖θ̂ − µm‖42‖∇2g(λθ̂ + (1− λ)µm)‖2F, (5)

where ‖·‖F denotes the Fröbenius norm. However, without further condition, it is
difficult to guarante that the second term in the right-hand side is finite.
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One idea to overcome this problem is to regularize the estimator. More precisely,
we shall add a constant h > 0 in the denominator of (1). That is, we shall consider the
estimator Ŝ(h) = gh(θ̂), where gh(θ1, θ2, θ3) = (θ3 − θ22)/(θ1 − θ22 + h). This allows
to control the second-order term in the Taylor expansion as shown by Lemma 1.

Lemma 1. If E
(
Q(X)16

)
< +∞ then, for each h > 0,

lim sup
n,m→∞

E

(
sup
λ∈[0,1]

‖∇2gh(λθ̂ + (1− λ)µm)‖4F

)
≤ c1 + c2h

c3 =: C(h),

where c1, c2, c3 are some positive constant.

The condition E
(
Q(X)16

)
< +∞ is a technical requirement ensuring that all

expectations in the proof are finite. Pursuing the calculations started in (5) yields The-
orem 1.

Theorem 1. Under the conditions of Lemma 1, for each h > 0, it holds

E
(
Ŝ(h)− S

)2
= O

(
1

n
+

1

m2
+ h2

)
,

as n,m→∞.

Corollary 1. Under the conditions of Lemma 1, we have limh→0 limn,m→∞ E(Ŝ(h)−
S)2 = 0.

Remember that we assume that m = T η , n = T 1−η , 0 ≤ η < 1, and that T →∞.
With m = T η and n = T 1−η , we have that the MSE is O(T 1−η + T−2η + h2) as
T →∞. To balance the trade-off between the number of repetitions and explorations,
we proceed with a heuristic. For h small enough, one may consider that h2 is negligible
with respect to T 1−η + T−2η and seek the value of η that maximizes the rate at which
T 1−η+T−2η vanishes. As seen in Section E, this value is η = 1/3 and yields E(Ŝ(h)−
S)2 = O(T−2/3).

5 Letting the regularization parameter vanish
In Section 4 the regularization parameter h is arbitrarily fixed and the MSE of the
resulting estimator is asymptotically less than some quantity proportional to h2. Thus
Theorem 1 holds for h positive, but the bound is minimized when h is zero. In practice,
it is clear that the more the values ofm and n, the less h should be. One way to address
this issue is to let h go to zero as m and n go to infinity. If the rate at which h goes
to zero can be calculated in comparison to the rate at which m and n go to infinity
then some hint of how small h should be in practice could be obtained. Next, the
regularization parameter is no longer fixed but is a sequence (hn)n≥1 indexed by the
outer loop sample size n such that hn → 0 as n→ +∞.

Lemma 2. If E(Q(X)16) < +∞ then:

(i) there exists an universal constant C ′ such that:

lim sup
n,m→∞

h12n E

(
sup
λ∈[0,1]

‖∇2ghn
(λθ̂ + (1− λ)µm)‖4F

)
≤ C ′;
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(ii) in addition:

E
(
ghn

(θ̂)− g(θ)
)2

= O

(
1

n
+

1

m2
+

1

n2h6n
+ h2n

)
,

as n,m→ +∞.

From Lemma 2, it follows that E(supλ∈[0,1] ‖∇2ghn(λθ̂ + (1 − λ)µm)‖4F) can
diverge but at a rate which does not exceed O(h−12n ). Note that the term 1/(n2h6n)
is decreasing in hn while the term h2n is increasing in hn. By assuming that hn is a
negative power of n, we can determine the optimal compromise between 1/(n2h6n)

and h2n which is h?n := n−1/4. We deduce the optimal regularized estimator Ŝ(h?n) =

gh?
n
(θ̂) in Theorem 2.

Theorem 2. Under the assumption of Lemma 2, it holds E(Ŝ(h?n)−S)2 = O(1/m2 +
1/
√
n).

The proof of Theorem 2 is straightforward using hn = h?n in Lemma 2. It immedi-
ately follows that the bias and the MSE of Ŝ(h?n) converges to 0 as n,m→ +∞. Let us
calculate the bias-variance trade-off as in Section 4. Under the constraint T = nmwith
m = T η and n = T 1−η , solving the problem of optimal balance between the number
of explorations and the number of repetitions results in nopt = T 4/5 and mopt = T 1/5

and hopt = T−1/5. The convergence rate of the bound of the MSE becomes T 2/5. This
rate is slower than T 2/3 obtained in Section 4. The decrease in the convergence rate
can be viewed as a consequence of allowing E(supλ∈[0,1] ‖∇2ghn(λθ̂+(1−λ)µm)‖4F)
to diverge.

It is important to note that the rate of the optimal regularization parameter is optimal
for the bound, but not necessarily for the MSE itself. This is further discussed in
Section 8.

6 Simulation study
The behavior of the nested Monte Carlo Sobol’ index estimator of Section 3 and 4 is
investigated through a simulation study. Two models are considered: a linear model
f(X1, X2, Z) = X1+βX2+σZ whereX1,X2 andZ are standard normal independent
random variables, and a nonlinear model f(X1, X2, Z) = sin(X1) + β sin(X2)2 +
σZ4 sin(X1). The last model is known as the Ishigami function (Ishigami and Homma,
1990) and commonly used as a benchmark in sensitivity analysis. In both models β
and σ represent known coefficients andX1 andX2 represent two uncertain parameters.
The random variable Z represents the intrinsic randomness of the models. In the linear
model β = 1.2 and in the nonlinear model β = 7. The coefficient σ was set to 0.1
in the nonlinear model and in the linear one two values were considered: σ = 4 and
σ = 0.9, representing a high noise and low noise context, respectively. These values
were those of Mazo (2021).

The budget was set to T = 102, 5 × 102, 2 × 103, 5 × 103, 104, 105. Since there
are p = 2 inputs, this coincides with running the model (p+ 1)T = 3T times, for each
value of T . For each budget, the four scenarios m = 5, T 1/3, T 2/5, T 1/2 were tested.
In the first scenario, the number of repetitions was set to an arbitrary constant and in
the last three scenarios the number of repetitions increases with the budget, albeit with
different rates. The following values for the regularization parameter h were tested:
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h = 0, 0.5, 1, and h = n−1/4 as in Section 5. For each combination (T,m), an
estimate of the vector of Sobol’ indices of the two uncertain parameters was and the
mean-squared error were computed. The numbers of replications were set to 500, 500,
150, 60, 30 and 3 for the successive values of the budget, respectively. (The decrease
in the number of replications as the budget increases takes into account the reduction
in variability of the estimator.)
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Figure 1: Estimated MSE (logarithmic scale) of the vector of Sobol’ indices for the
linear model in the high noise context

The results are depicted in Figure 1 (linear model, high noise), Figure 2 (linear
model, low noise) and Figure 3 (Ishigami). The label hopt corresponds to the case
h = n−1/4. In all cases the estimated MSE decreases as the budget increases. In the
case m = 5 in the high noise linear model the MSE stabilizes because the estimator is
asymptotically biased unless m grows with the budget. In the low noise linear model
the stabilization is not apparent because it occurs for larger budgets. The results for the
Ishigami model are similar to the low noise context of the linear model. The curve of
the MSE for m = T 1/5 closely follows m = 5 and is only slitghly better at T = 105.
The curves of the MSEs under the rates m = T 1/3, T 1/2 stay close to each other: the
estimator seems to be robust to the choice of the allocation between the numbers of
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Figure 2: Estimated MSE (logarithmic scale) of the vector of Sobol’ indices for the
linear model in the low noise context
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Figure 3: Estimated MSE (logarithmic scale) for the Ishigami model
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repetitions and explorations. All these observations agree with those in Mazo (2021).
We also observe that stabilization occurs for fixed positive values of h; the greater the
value of h, the higher the value near which the MSE stabilizes. The best performance
of the estimator is reached when h is null. The results for h = hopt = n−1/4 and h = 0
are close, however. The optimal performance of the case h = 0 suggests that the non-
regularized Sobol’ index nested Monte Carlo estimator may have a MSE converging
faster, although a proof of this remains to be discovered. This is further discussed in
Section 8.

7 Application to a stochastic COVID-19 epidemic com-
partmental model

As an illustrative use-case, the sensitivity analysis of a stochastic COVID-19 epidemic
compartmental model is performed. The model considered has 7 compartments—
Susceptibles (S), Exposed (E), Asymptomatic (A), Infectious (I), Hospitalized (H),
Recovered (R), Dead (D)—and each of the 2005 individuals moves to one compart-
ment to another according to the diagram below:

S E

I

A

H

R

D

Individuals move at random times according to a continuous time Markov chain
which records the number of individuals in each compartment. The stochastic model
consists of simulating a trajectory of the Markov chain through Gillespie’s First Reac-
tion Method (Gillespie, 1976) and then computing the extinction time of the chain, that
is, the time at which there is no more individuals in any of the comparments A, E, and
I. The law of the Markov chain is governed by nine parameters, given in Table 1. The
QoI is the expected extinction time, conditionally on the parameters. An histogram of
the extinction times observed from 104 simulated trajectories of a Markov chain with
parameters at the nominal values is depicted in Figure 4.

A total budget T = 216000 per Sobol’ index was set, leading to 216000 × 9 =
1944000 model calls. Two settings were considered for the numbers of repetitions and
explorations. The first is m = 60 and n = 3600 and the second is m = 12 and
n = 18000, corresponding to the cases m = T 1/3 and m = T 1/5 as found in Section 4
and Section 5, respectively. In view of the results of the simulation study in Section 6,
h was set to zero.
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Parameter Description Nominal value Range of variation
β virus transmission rate 2.175 (0.35, 4)
1/γE mean sojourn duration in E 4.5 days (2, 7)
1/γA mean sojourn duration in A 2 days (1, 3)
1/γI mean sojourn duration in I 4 days (3, 5)
1/γH mean sojourn duration in H 9.5 days (7, 12)
p(E,A) prob. of becoming A given E 0.5 (0.3, 0.7)
pC prob. of becoming H or D given I 0.175 (0.15, 0.2)
pD|C prob. of being D given H or D 0.175 (0.15, 0.2)
p(H,D) prob. of becoming D given H 0.0505 (0.001, 0.1)

Table 1: Parameters of the COVID-19 stochastic model
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Figure 4: Histogram of the extinction times observed from 104 simulated trajectories
of a Markov chain with parameters the nominal values given in Table 1
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Figure 5: Barplot of the Sobol’ index estimates of the nine parameters of the COVID-
19 stochastic model. Left: m = 60 and n = 3600; right: m = 12 and n = 18000.
Error bars are approximate confidence intervals of level 90% based on the asymp-
totic normality (4) and calculated as the estimate plus/minus (quantile of order 95%
of a standard normal distribution) times (square root of the estimated asymptotic vari-
ance) divided by

√
n. The asymptotic variance is calculated from the delta-method,

see (Mazo, 2021)

The Sobol’ index estimates are depicted in Figure 5. We see that the values of the
Sobol’ index estimates in the left and right panels are similar: the observed differences
are within margin of error. We also see that the error bars are narrower in the right
panel. This was expected because the estimates in the right panel are constructed with
more explorations than the estimates in the left panel. But notice from (4) that, since
less repetitions are used, the estimates in the right panel, in average, tend to underes-
timate the true values to a greater extent than those in the left panel. In both panels,
however, the conclusions are the same: we see that the extinction time of the COVID-
19 epidemic is most sensitive to β, the virus transmission rate. Then comes 1/γE, the
mean sojourn duration in E, albeit with a much smaller effect. All of the other pa-
rameters have negligible effects. Note that the Sobol’ index estimator constructed in
Section 3 can be negative, which indeed may happen when the true Sobol’ index is
small or when there is insufficient data.

8 Discussion
The bound in Theorem 2 is optimal at a value of the regularization parameter hn greater
than zero, while it was found in the simulation experiments of Section 6 that hn = 0
performed best. This apparent contradiction is discussed next.

The mathematical method used to derive the bound in Theorem 2 is general: it can
be applied to every twice differentiable function g and probability law Pn such that
Lemma 2 holds with θ̂ ∼ Pn, where in general gh(θ) := g(θ+ hu) for some direction
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vector u ∈ Rp. (We write h instead of hn for simplicity.) Note that, with such a wide
scope of application, regularization is necessary. Otherwise, the MSE may be infinite,
as shows Example 1.

Example 1. Let a > 0. Let θ̂ = BnX+(1−Bn)a+1
a+2 whereBn is a Bernoulli random

variable with pr(Bn = 1) = 1
n and X is a continuous random variable with density

f(x) = (a+ 1)xa over 0 < x < 1, independent of Bn. (This specifies Pn completely.)
Note that E(θ̂) = (a + 1)/(a + 2). Let g(θ) = 1/θ for 0 < θ < 1. Put a = 1.
Elementary calculations (see Section D) show that E(gh(θ̂)2) = (1 − 1

n )gh(2/3)2 +
2
n (log(1 + 1/h)− 1/(h+ 1)), and hence E((g0(θ̂)− g(2/3))2) =∞ for every n.

Remark 1. In sensitivity analysis, the MSE can be infinite, too. An example is given
by discrete outputs: in this case there is a nonnull probability that all outputs of the
model be the same, leading to a variance estimate equal to zero in the denominator of
the Sobol’ index estimator. Of course, this happens with decreasing probability as the
size of the Monte Carlo sample increases.

The effect of regularization depends on both the function g and the law Pn. In some
cases this effect is beneficial, in some others it is detrimental. See Example 2.

Example 2. Let g and θ̂ be as in Example 1. If a = 1 then elementary calculations
(see Section D) yield that the bias E(gh(θ̂)) − g(2/3) is asymptotically equivalent
to − 9

4h −
1
2n
−1 and that the variance is asymptotically equivalent to −2n−1 log h,

leading to E((gh(θ̂)−g(2/3))2) ∼ 81
16h

2 + 1
4n
−2 + 9

4hn
−1−2n−1 log h. The optimal

regularization parameter is h = 1/
√
n, yielding a MSE asymptotically equivalent to

n−1 log n. But if a = 2 then the bias and the variance are asymptotically equivalent to
− 16

3 h+ 1
6n
−1 and 15

9 n
−1, respectively. The optimal regularization is then h = 0, that

is, no regularization.

Theorem 2 applied to the case a = 2 in Example 2—that is, doing the calculations
in the displayed inequality in the proof of Lemma 2 (ii) with µm = θ = 3/4, C ′ =

16 and θ̂ and g as in Example 2—predicts that E((gh(θ̂) − g(3/4))2) is bounded by
O(n−1/2h−6 + h2), which is optimized at h = n−1/16, leading to a bound of order
O(n−1/8). Thus, the case a = 2 in Example 2 demonstrates that there are functions g
and laws Pn such that the bound in Theorem 2 can be improved.

The simulation experiments of Section 6 suggest that, in sensitivity analysis with
g(θ) specified as in (1), there is a class of laws Pn such that the MSE is optimized at
h = 0. Thus, as in Example 2, it is reasonable to conjecture that sharper bounds for
the Sobol’ index estimator optimized at h = 0 could be obtained by imposing some
conditions on the model and/or the law under which of the Monte Carlo sample is
drawn. This is left as future research.

9 Conclusion
To balance the tradeoff between the number of repetitions m and the number of explo-
rations n in the estimation of Sobol’ indices for stochastic models, a regularization pa-
rameter h was added to the nested Monte Carlo estimator. The MSE of the regularized
estimator was theoretically bounded. Under the asymptotic settingm = T η , n = T 1−η

and T →∞ the convergence rate of the bound was optimized for h fixed and then for
hn → 0, yielding for the allocation problem two different solutions m = T 1/3 and
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m = T 1/5, respectively. A simulation study showed that the first solution with h = 0
performs better, suggesting that regularization, while useful for obvious technical rea-
sons, might not improve performance after all (see also Section 8 for a discussion about
this observation). The simulation study also showed that the performance is robust with
respect to the choice of m and n. As an illustrative use-case, the sensitivity analysis
of a COVID-19 epidemic model with nine parameters was performed under the two
different solutions with h = 0.

As a future work, it could be interesting to work on establishing the convergence
rate of the non-regularized estimator. It would be of interest to compare the results
with multilevel Monte Carlo methods (Mycek and De Lozzo (2019); Giles and Haji-
Ali (2019)) or to adapt the iterative estimation approach of Gilquin et al. (2021).
Another estimation approach worth considering is Chatterjee’s empirical correlation
coefficient (Chatterjee, 2021; Gamboa et al., 2022). Also, since the quantities θ1 =
E(Q(X)2) and θ2 = E(Q(X)) are shared accross all Sobol’ indices Su, u = {1}, . . . , {p},
estimators of these quantities using all of the simulations available could be considered.
Finally, it would be interesting to extend the present work to a framework where the
latent random variables and the random inputs would not be independent.
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A Proofs

Proof of Lemma 1
Note that the function g is infinitely differentiable over its domain D and then its gra-
dient is given by:

∇g (θ1, θ2, θ3) =

(
− θ3 − θ22

(θ1 − θ22)2
2θ2(θ3 − θ1)

(θ1 − θ22)2
,

1

θ1 − θ22

)>
.

Furthermore, the hessian matrix of g yields:

∇2g(θ1, θ2, θ3) =


2(θ3−θ22)
(θ1−θ22)3

2θ2(θ1−2θ3+θ22)
(θ1−θ22)3

−1
(θ1−θ22)2

2θ2(θ1−2θ3+θ22)
(θ1−θ22)3

2(θ3−θ1)(θ1+3θ22)

(θ1−θ22)3
2θ2

(θ1−θ22)2
−1

(θ1−θ22)2
2θ2

(θ1−θ22)2
0

 .

For any (θ1, θ2, θ3) ∈ D, the matrix∇2g(θ1, θ2, θ3) is under the form∇2g(θ1, θ2, θ3) =
B(θ1, θ2, θ3)/(θ1 − θ22)3 where B(θ1, θ2, θ3) is the matrix:

B(θ1, θ2, θ3) =

 2(θ3 − θ22) 2θ2(θ1 − 2θ3 + θ22) −(θ1 − θ22)
2θ2(θ1 − 2θ3 + θ22) 2(θ3 − θ1)(θ1 + 3θ22) 2θ2(θ1 − θ22)
−(θ1 − θ22) 2θ2(θ1 − θ22) 0

 .

Notice thatB(θ1, θ2, θ3) includes only multivariate polynomials of variables θ1, θ2 and
θ3.
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Let λ ∈ [0, 1] and h ∈ (0, 1). Without loss of generality we write gh(θ) = g(θ +
hu) with u = (1, 0, 0). We have

∇2g
(
λθ̂ + (1− λ)µm + hu

)
=

B
(
λθ̂ + (1− λ)µm + hu

)
(
h+ λθ̂1 + (1− λ)µm1 −

(
λθ̂2 + (1− λ)µm2

)2)3 .

Thus:

E
(

sup
λ
‖∇2g

(
λθ̂ + (1− λ)µm + hu

)
‖4F
)

= E

sup
λ

‖B
(
λθ̂ + (1− λ)µm + hu

)
‖4F(

h+ λθ̂1 + (1− λ)µm1 −
(
λθ̂2 + (1− λ)µm2

)2)12



≤

√√√√√√√√E

sup
λ

1(
h+ λθ̂1 + (1− λ)µm1 −

(
λθ̂2 + (1− λ)µm2

)2)24


×

√
E
(

sup
λ
‖B
(
λθ̂ + (1− λ)µm + hu

)
‖8F
)
. (6)

Since the function x 7→ x2 is convex, it holds that (λθ̂2 + (1− λ)µm2)2 ≤ λθ̂22 + (1−
λ)µ2

m2 and hence h+ λθ̂1 + (1− λ)µm1− (λθ̂2 + (1− λ)µm2)2 ≥ h+ λ(θ̂1− θ̂22) +

(1 − λ)(µm1 − µ2
m2). Since θ̂1 − θ̂22 and µm1 − µ2

m2 are nonnegative, it follows that
the first factor in the right-hand side of (6) is less than√√√√√√E

sup
λ

1(
h+ λ

(
θ̂1 − θ̂22

)
+ (1− λ)(µm1 − µ2

m2)
)24
.

Since h+λ(θ̂1− θ̂22)+(1−λ)(µm1−µ2
m2) = λ(h+ θ̂1− θ̂22)+(1−λ)(h+µm1−µ2

m2)
and since the function x 7→ 1/x24 is convex, a similar argument yields the bound√√√√√√E

sup
λ

λ(
h+

(
θ̂1 − θ̂22

))24
+ sup

λ

1− λ
(h+ µm1 − µ2

m2)24

≤

√√√√√√E

 1(
h+

(
θ̂1 − θ̂22

))24
+

1

(h+ µm1 − µ2
m2)24

≤

√√√√√√E

 1(
h+

(
θ̂1 − θ̂22

))24
+ sup

h≥0

1

(h+ µm1 − µ2
m2)24

.
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One should remark that suph≥0
1

(h+µm1−µ2
m2)

24 ≤ 1
(Var(E[ϕ(X,Z)|X]))24 < +∞. More-

over, by relying on Lemma B.1, E(h+θ̂1−θ̂22)−24 is a bounded by 1
(Var(E[ϕ(X,Z)|X]))24

as n,m→ +∞. Finally, let us deal with the second factor in the right-hand side of (6).
Since the matrix B comprises only polynomials and since E

(
Q(X)16

)
< +∞, we

have by Lemma B.2 that

lim sup
n,m→∞

E

(
sup
λ∈[0,1]

‖B
(
λθ̂ + (1− λ)µm + hu

)
‖8F

)

is bounded by some polynomial in h. The proof is complete.

Proof of Theorem 1
Let ∇gh(θ) denote the gradient of the function gh at θ. We have that E(gh(θ̂) −
g(θ))2 ≤ 2E(gh(θ̂)− gh(µm))2 + 2(gh(µm)− g(θ))2. Let us deal with the first term
in the right-hand side first. A Taylor expansion leads to

E(gh(θ̂)− gh(µm))2

≤ 2E{‖θ̂ − µm‖22‖∇gh(µm)‖22}+
1

2
E{‖θ̂ − µm‖42‖∇2gh(λθ̂ + (1− λ)µm)‖2F}

≤ 2

√
E‖θ̂ − µm‖42 ‖∇gh(µm)‖22

+
1

2

√
E‖θ̂ − µm‖82

√
E‖∇2gh(λθ̂ + (1− λ)µm)‖4F

for some 0 < λ < 1. Since ∇gh is continuous and µm → µ as m → ∞, we have
by the Marcinkiewicz-Zygmund inequality that the first term in the right-hand side is
O(1/n). By Lemma 1 the second factor in the second term is less than C(h)2 = O(1).
Thus, again by the Marcinkiewicz-Zygmund inequality, the second term is O(1/n2) =

o(1/n). Thus E(gh(θ̂)− gh(µm))2 = O(1/n).
Next we have

(gh(µm)− g(θ))2 ≤ 2(gh(µm)− gh(θ))2 + 2(gh(θ)− g(θ))2.

The first term in the right-hand side is less than 2‖µm− θ‖22‖∇gh(λµm + (1−λ)θ)‖22
for some 0 < λ < 1. Elementary calculations show that ‖µm − θ‖22 is O(1/m2). The
continuity of∇gh yields ‖∇gh(λµm + (1− λ)θ)‖22 = O(1). Elementary calculations
show that (gh(θ)− g(θ))2 = O(h2). The proof is complete.

Proof of Lemma 2
Assume E(Q(X)16) < +∞. As in in the proof of Lemma 1 in Section A, we let
u = (1, 0, 0) so that ghn

(θ) = g(θ + hnu) for all h and θ.
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Proof of (i). We have:

E
(

sup
λ
‖∇2g

(
λθ̂ + (1− λ)µm + hnu

)
‖4F
)

= E

sup
λ

‖B
(
λθ̂ + (1− λ)µm + hnu

)
‖4F(

hn + λθ̂1 + (1− λ)µm1 −
(
λθ̂2 + (1− λ)µm2

)2)12


≤

E
(

supλ ‖B
(
λθ̂ + (1− λ)µm + hnu

)
‖4F
)

h12n
,

because λθ̂1 + (1 − λ)µm1 − (λθ̂2 + (1 − λ)µm2)2 ≥ 0 for all n,m and λ. Since
‖B
(
λθ̂ + (1− λ)µm + hnu

)
‖4F is a polynomial function of θ̂1, θ̂2, θ̂3, µm and hn,

and since hn → 0, λ ∈ (0, 1) and E(Q(X)16) < +∞, the numerator converges as n
and m go to infinity. The proof of (i) is complete.

Proof of (ii). We have already established that (see Proof of Theorem 1):

E(ghn
(θ̂)− g(θ))2

≤ 4

√
E‖θ̂ − µm‖42 ‖∇ghn

(µm)‖22

+

√
E‖θ̂ − µm‖82

√
E‖∇2ghn

(λθ̂ + (1− λ)µm)‖4F
+ 4(ghn

(µm)− ghn
(θ))2 + 4(ghn

(θ)− g(θ))2.

By using Marcinkiewicz-Zygmund inequality and the fact that ‖∇ghn
(µm)‖22 is bounded,

we have that the first term in the right hand side is O(1/n). The second term is

O(1/(n2h6n)) since E‖θ̂−µm‖82 = O(1/n2) and
√
E‖∇2ghn

(λθ̂ + (1− λ)µm)‖4F =

O(1/h6n) by (i). Finally, by establishing that (ghn(µm) − ghn(θ))2 = O(1/m2) and
(ghn

(θ)− g(θ))2 = O(h2n), we get (ii). The proof of the lemma is complete.

B Supplementary lemmas
Lemma B.1. For all α > 0 and all h ∈ (0, 1),

lim
n,m→+∞

E

 1(
h+ θ̂1 − θ̂22

)α
 =

1

(h+ Var (Q(X)))
α ≤ Var (Q(X))

−α
.

Proof. Let h ∈ (0, 1) be fixed. The function βh : x 7→ 1/(h + x)α is continuously
differentiable such that its first derivative is uniformly bounded on R+ by 1/hα+1 then
it is Lipschitz. Therefore:

E
(
βh(θ̂1 − θ̂22)− βh(θ1 − θ22)

)2
≤ 1

h2α+2
E
(
θ̂1 − θ̂22 − θ1 + θ22

)2
≤ 2

h2α+2

(
Var(θ̂1) + Var(θ̂22) +

(
E(θ̂22)− θ22

)2)
,
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using convexity inequality. Based on Marcinkiewicz-Zygmund inequality (see Theo-
rem C.1) and Lemma B.2, it follows that

lim
n,m→∞

(
(Var(θ̂1) + Var(θ̂22) +

(
E(θ̂22)− θ22

)2)
= 0.

Straightforwardly:

lim
n,m→∞

E

(
1

(h+ (θ̂1 − θ̂22)α

)
=

1

(h+ θ1 − θ22)α
≤ 1

Var(Q(X))α
.

Lemma B.2. Let X(1), · · · ,X(n) be n i.i.d. copies of X and Z(1,1), · · · , Z(n,m) be
n × m i.i.d. copies of Z such that (X(1), · · · ,X(n)) and (Z(1,1), · · · , Z(n,m)) are
independent. Then, for all q ∈ N: m−qE

(∑m
k=1 ϕ(X(1), Z(1,k))

)q
is polynomial in

m−1 of degree q − 1 with constant E (E [ϕ(X, Z) | X])
q .

Proof. It holds that:

E

(
1

m

m∑
k=1

ϕ(X(1), Z(1,k))

)q
=

1

mq
E

 m∑
k1=1

· · ·
m∑

kq=1

ϕ(X(1), Z(1,k1)) · · ·ϕ(X(1), Z(1,kq))


=

1

mq

m∑
k1=1

· · ·
m∑

kq=1

E
(
ϕ(X(1), Z(1,k1)) · · ·ϕ(X(1), Z(1,kq))

)
.

Denote by λ : {1, . . . ,m}q → N the map which with each k := (k1, . . . , kq)
associates the number of distinct indices among k1, . . . , kq . If 1 ≤ l ≤ q then denote by
ρl : λ−1(l)→ {1, . . . , q}l the map which with each k ∈ λ−1(l) associates (r1, . . . , rl),
where ri = |{j : kj = kji}| for every i = 1, . . . , l and kj1 , . . . , kjl are the distinct
indices found among k1, . . . , kq . Obviously, r1 + · · ·+ rl = q. We have

m∑
k1=1

· · ·
m∑

kq=1

E
(
ϕ(X(1), Z(1,k1)) · · ·ϕ(X(1), Z(1,kq))

)
=

m∑
k1=1

· · ·
m∑

kq=1

f(k)

=

q∑
l=1

 ∑
(r1,...,rl)∈{1,...,q}l:r1+···+rl=q

 ∑
k∈λ−1(l):ρl(k)=(r1,...,rl)

f(k)

 . (7)

Now, since

E
(
ϕ(X(1), Z(1,k1)) · · ·ϕ(X(1), Z(1,kq))

)
= E

(
ϕ(X(1), Z(1,kj1 ))r1 · · ·ϕ(X(1), Z(1,kjl ))rl

)
= E

(
l∏

s=1

E
[
ϕ(X(1), Z(1,kjs ))rs | X(1)

])
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is symmetric in r1, . . . , rl, it holds that

∑
(r1,...,rl)∈{1,...,q}l:r1+···+rl=q

 ∑
k∈λ−1(l):ρl(k)=(r1,...,rl)

f(k)


= c(l, (r1, . . . , rl),m)E

(
l∏

s=1

E
[
ϕ(X(1), Z(1,kjs ))rs | X(1)

])

where

c(l, (r1, . . . , rl),m) =

(
q

r1

)(
q − r1
r2

)
· · ·
(
q − r1 − · · · − rl−1

rl

)
m(m− 1) · · · (m− l + 1). (8)

Notice that the expression in the right-hand side of (8) is invariant by permutation of
r1, . . . , rl. Therefore, the sum (7) is a polynomial in m of degree q with constant zero
and hence E

(
1
m

∑m
k=1 ϕ(X(1), Z(1,k)

)q
is a polynomial in 1

m of degree q − 1 with
constant limm→+∞ E

(
1
m

∑m
k=1 ϕ(X(1), Z(1,k)

)q
= E (E [ϕ(X, Z) | X])

q .

C The Marcinkiewicz-Zygmund inequality
Theorem C.1 (Marcinkiewicz and Zygmund (1937)). Let U1, · · · , Un be i.i.d. random
variables such that E(U1) = 0 and E|U1|q < +∞, where 1 ≤ q < +∞. There exist
Aq and Bq depending only on q such that:

AqE

( n∑
i=1

|Ui|2
) q

2

 ≤ E

(∣∣∣∣∣
n∑
i=1

Ui

∣∣∣∣∣
q)
≤ BqE

( n∑
i=1

|Ui|2
) q

2


Furthermore, there exists Cq independent from n such that:

E

(∣∣∣∣∣ 1n
n∑
i=1

Ui

∣∣∣∣∣
q)
≤ Cq

n
q
2

. (9)

D Supplementary calculations
Some details about the calculations of the bias and the variance of the estimators in
Section 8 are given. We start by recalling an elementary formula in Lemma 3.

Lemma 3 (Partial fraction decomposition). Let a ∈ R and q̃ ∈ N. For every x ∈ R
and h ∈ R such that h+ x 6= 0, it holds

xa

h+ x
=

q̃∑
q=0

xa−q−1hq(−1)q + hq̃+1(−1)q̃+1x
a−q̃−1

h+ x
.

The proof of Lemma 3 is by mathematical induction. We have

E(gh(θ̂)) =

(
1− 1

n

)
E
(
gh

(
a+ 1

a+ 2

))
+

1

n
E(gh(X)) (10)
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with E(gh(X)) =
∫ 1

0
gh(x)f(x) dx = (a+ 1)

∫ 1

0
xa/(h+ x) dx. With a = 1, taking

q̃ = 0 in Lemma 3 yields

E(gh(X)) = 2

∫ 1

0

(
1− h 1

h+ x

)
dx = 1− 2h log

(
1 + h

h

)
. (11)

Plugging (11) into (10) and elementary calculations yield the asymptotic expansion of
the bias given in Example 2. Noticing that E(gh(X)2) = 2

∫ 1

0
x

(h+x)2 dx = 2
∫ 1

0
1

h+x (1−
h 1
h+x ) dx, the same reasoning yields the asymptotic expansion of the variance. With

a = 2, similar calculations with q̃ = 1 in Lemma 3 yield the desired results.

E Background of nested Monte Carlo estimation

We say that an estimator θ̂n,m = (θ̂1;n,m, . . . , θ̂d;n,m) ∈ Rd is a nested Monte Carlo
estimator if each component θ̂j;n,m has the form

θ̂j;n,m =

1

n

n∑
i=1

φj,1

(
1

m

m∑
k=1

ϕj1(ξ(i), ζ(i,k))

)
× · · · × φj,pj

(
1

m

m∑
k=1

ϕj,pj (ξ(i), ζ(i,k))

)
,

(12)

where φj,1, ϕj,1, . . . , φj,pj , ϕj,pj are some measurable functions and {ξ(i), ζ(i,k), k =
1, . . . ,m}, i = 1, . . . , n, are some independent and identically distributed sets of ran-
dom vectors. The estimator (12) is called a nested Monte Carlo estimator because it
is built from two nested Monte Carlo loops: an outer loop is used to simulate the ran-
dom vectors ξ(1), . . . , ξ(n), and, for each ξ(i), an inner loop is used to simulate ζ(i,k),
k = 1, . . . ,m. The random vectors {ζ(i,k)} and {ξ(i)} are assumed to be independent.
Let θ = (θ1, . . . , θd) ∈ Rd denote the vector with components

θj :=

E
(
φj,1

(
E
[
ϕj,1(ξ(1), ζ(1,1)) | ξ(1)

])
× · · · × φj,pj

(
E
[
ϕj,pj (ξ(1), ζ(1,1)) | ξ(1)

]))
,

(13)

j = 1, . . . , d. If, for each i = 1, . . . , n and conditionally on ξ(i), the random variables
ζ(i,k) are independent and identically distributed then the MSE of θ̂n,m is of the form

E ‖θ̂n,m − θ‖22 =
1

n
Trace (Σm) + ‖bm‖22, (14)

where bm = Eθ̂n,m − θ is the bias of the estimator θ̂n,m and Σm is the variance-
covariance matrix of the vectorφ1,1

(
1
m

∑m
k=1 ϕ1,1(ξ(1), ζ(1,k))

)
× · · · ×φ1,p1

(
1
m

∑m
k=1 ϕ1,p1(ξ(1), ζ(1,k))

)
...

φd,1
(

1
m

∑m
k=1 ϕd,1(ξ(1), ζ(1,k))

)
× · · · ×φd,pd

(
1
m

∑m
k=1 ϕd,pd(ξ(1), ζ(1,k))

)
 .

The MSE in equation (14) is the sum of Σm/n, the variance of θ̂n,m, and ‖bm‖22, its
squared bias.
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Assumption 1. As m → +∞, it holds bm → 0 and Σm → Σ for some nonnegative
definite matrix Σ.

Assumption 1 is fulfilled provided that the functions φj,1, . . . , φj,pj , j = 1, . . . , d,
are bounded, Lipschitz continuous or have bounded derivatives (Giorgi et al., 2017,
2020). If Assumption 1 is satisfied then letting both m and n go to infinity yields that
E ‖θ̂n,m − θ‖22 → 0, that is, θ̂n,m converges in quadratic mean to θ. Since Σm is a
constant asymptotically as m → ∞, the MSE of θ̂n,m is of order 1/n + ‖bm‖22. If
p = 1 and φ1 is a smooth function with uniformly bounded third derivative then Hong
and Juneja (2009) showed that bm = O(1/m) and thus E ‖θ̂n,m − θ‖22 = O(1/n +
1/m2), leading to O(T 2/3) reached for n = O(T 2/3) and m = O(T 1/3), the optimal
solution. If φ1 is simply Lipschitz continuous, Rainforth et al. (2018) rather found that
E ‖θ̂n,m − θ‖22 = O(1/n+ 1/m), leading to a MSE of order O(T 1/2), ensured by the
choice of n = O(T 1/2) and m = O(T 1/2).
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