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THE ASYMMETRIC QUANTUM CLONING REGION

ION NECHITA, CLEMENT PELLEGRINI, AND DENIS ROCHETTE

ABSTRACT. Quantum cloning is a fundamental protocol of quantum information theory.
Perfect universal quantum cloning is prohibited by the laws of quantum mechanics, only
imperfect copies being reachable. Symmetric quantum cloning is concerned with case
when the quality of the clones is identical. In this work, we study the general case
of 1 — N asymmetric cloning, where one asks for arbitrary qualities of the clones. We
characterize, for all Hilbert space dimensions and number of clones, the set of all possible
clone qualities. This set is realized as the nonnegative part of the unit ball of a newly
introduced norm, which we call the @-norm. We also provide a closed form expression
for the quantum cloner achieving a given clone quality vector. Our analysis relies on the
Schur-Weyl duality and on the study of the spectral properties of partially transposed
permutation operators.
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1. INTRODUCTION

In quantum mechanics, the information is encoded in the state |¢) of a quantum system,
that is a unit vector of a complex Hilbert space H. When thinking of information and
communication, a general task of a computer is to " copy and paste” the information. This
task, up to a certain precision, is perfectly performed by a classical computer. At the level
of quantum mechanics, the duplication of a quantum state is a protocol ) — [¢)) ® [1))
or |[) = [¥)®...®|Y) = [1)®N when one wants to obtain N copies of |). Such protocol
carries the name of quantum cloning. More generally, one aims at cloning mixed states
p — p®N where p is a density matrix, that is a positive trace one operator on H. If
H = C9, a quantum cloner is an application 7" from M, to M;‘?N , where M, is the set
of d x d matrices. As usual, such applications are required to be quantum channels, that
is completely positive and trace preserving linear maps. This scenario can be relaxed by
allowing the output T'(p) to be a non-product state. In this case, only partial traces are
required to be equal to the input, that is T;(p) = p, for all clone indices i = 1,...,n,
where T; is the quantum channel from My on the i-th copy of My after taking the partial
trace on the other copies of M. In this sense T;(p) corresponds to the copy number ¢ of
p. Such protocols are called perfect quantum cloning.

Designing perfect quantum cloners, able to clone any state, is known to be impossible;
this fundamental fact is known under the name of “no-cloning theorem” [Die82, WZ82].
Indeed cloning arbitrary quantum information is forbidden by the rules of quantum me-
chanics. This no-go result is one of the fundamental differences between classical and
quantum information processing, and has received a lot of attention in the recent years.

Even if perfect cloning is impossible, the story is not over. Since perfect cloning is
unreachable, one has to relax the task of obtaining perfect copies of quantum states.
This is the central subject of approximate quantum cloning. In this context one allows
to obtain copies of states which are not perfect. The quality of the copies can be then
measured as the distance between the input (i.e the state to be cloned) and the different
copies Ti(p), (i = 1,...,n), in terms of a figure of merit called quantum fidelity. Two
types of approximate cloning can be considered: the symmetric quantum cloning, where
one asks to have the same quality for each copies or the asymmetric quantum cloning
where copies are allowed to have different qualities. In terms of quantum fidelity, the non
cloning theorem states that the quality can not be one for each copy.

The quantum cloning problem is a central topic in quantum information theory. Since
the pioneering work on universal quantum cloners [BH98], many authors studied the
different cloning scenarios : symmetric [Wer98, KW99| vs. asymmetric [Cer00, Kayl14,
SCHM14, Has16], qubit [GMI7] vs. qudit [FFC05], phase covariant [BCDMO00], proba-
bilistic [DGI8], state dependent [LS20], etc [BDMS00, DDZ"05]. For a comprehensive
review one can consult [SIGA05, FWJ*14] where theoretical results as well as practical
considerations are exposed. From a concrete point of view where the practical design
of concrete quantum cloner are considered one can consult [CDKK20] where techniques
of machine learning are used to obtain quantum circuits which can clone families of
prescribed quantum states. Quantum cloning is an essential ingredient in cryptography
protocols: the impossibility of non-cloning prevents a malicious eavesdropper from inter-
cepting a message and copying it without disturbing the original. This main idea is the
basis of the BB84 protocol [BB20].

An inherent question is the physically realisable figures of merit for quantum cloners.
Briefly speaking, the asymmetric quantum cloning region can be described in terms of
the quality of the clones produced by quantum channels. For each point in the cloning
region, a concrete expression of a quantum cloners corresponding to this figure of merit
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is of major interest, especially for the optimal quantum cloners. The simplest situation
when N = 2 has been deeply studied with extensive results obtained using different
approaches: selective measurements [BH96], unitary transformations [BH98, BDE 98],
prior information [DDZ*05]. The symmetric 1 — N quantum cloning problem has been
fully described by Werner and Keyl in the two papers [Wer98, KW99], where the cloning
maps are given by quantum channels. Recently, the asymmetric 1 — 2 quantum cloning
has been revisited in [Has16], where different figures of merit are addressed. In the
authors’ recent work [NPR21], the complete region has been described in terms of union
of ellipses, and the expression of all (not just the optimal) possible cloners has been
provided in terms of particular permutation operators.

Several recent papers address the more general problem of asymmetric 1 — N quantum
cloning. One the one hand, Kay and his collaborators [KKR09, KRK12, Kay14| consider
the optimal quantum fidelity of the different copies is bounded by the largest eigenvalue
of an operator. On the other hand, Cwikliﬁski, Horodecki, Mozrzymas, and Studzinski
[CHSlQ, SCHMM] use techniques from group representation theory to analyse the com-
mutant structure of the unitaries operators U®V=1) @ U* and the algebra of partially
transposed permutation operators, developed earlier for a more general framework in
papers [SHM13] and [MHS14, MSH18]. These papers are principally focused on the op-
timal quantum cloners. An important result in [KRK12], describes the optimal quantum
cloners in terms of a quadratic relation satisfied by the fildelities of their marginals:

v SN VAT D 1)
(1) Z((d—i—l)fi—l):(d—l)-i-( Ntd—1 )

=1

In the equation above, d is the dimension of the Hilbert space, N is the number of clones,
and f; are respectively the optimal achievable fidelities. Using some unitary-equivariant
constraints (i.e., commutation relation with all the unitaries U®? ® U®9), Grinko and
Ozols [GO22| have reduced semidefinite optimization problems into linear optimization
problems, and in particular the asymmetric cloning problem.

The current paper is devoted to the case of 1 — N asymmetric quantum cloning. The
originality of our paper lies in the fact that we completely describe, using techniques from
functional analysis and representation theory, the cloning region with the help of a newly
defined norm ||-||, which we call the Q-norm.

Definition 1.1. The Q-norm of a vector x € RY defined by

d)‘maX( Zf\il |24 " W(0,5) @ I®(N_1)) - Zz]il |
H‘THQ = d? —1 )

where Amax(+) s the largest eigenvalue.

More precisely the cloning region

RN,d = {p - [O, 1]N

I
3T cloning map s.t. T;(p) = pi-p+ (1 —pi);l}

appears as the non-negative part of the unit ball of the dual norm |J-[|:

RN,d = {p € [O, 1]N

qumﬂw3iﬂﬂ9§1,@ﬂ>§1}

Here, we study the whole set of parameters p reached by quantum cloners, and not
only the optimal ones (in some given direction). We naturally recover the result (1) of
[KRK12] corresponding to optimal cloners. Surprisingly, the parameters of these optimal
quantum cloners do not delimit the whole region, see Figure 5. We exhibit points on
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the border of the cloning region that can not be directly obtained with the quadratic
equation (1) of optimality. We start from first principles and use Schur-Weyl duality
to design quantum cloners as sum of particular permutation operators. In particular,
the technical core of the asymmetric quantum cloning problem is finding the eigenvector
associated to the maximal eigenvalue of a certain Hermitian operator appearing in the
definition of the Q-norm.

In this paper, we shall use the following notation for sets of integers:

[n] :={1,2,...,n}

[m,n] :={m,m+1,...,n}.

The paper is structured as follows. Section 2 is devoted to present the asymmetric
quantum cloning problem. We present our figure of merit approach linked with quantum
fidelities. We address the worst case situation and we show that it is equivalent to
the average situation. In Section 3, we present the Schur-Weyl ingredient and link the
quantum cloners with permutation operators. Next, in Section 4, we study in details
the eigenvalues and eigenvectors of these permutation operators and we focus on the
maximal eigenvalue. This allows us to delimit, in terms of the spectral properties of
these operators, the asymmetric quantum cloning region. In Section 5, we introduce the
O-norm, which allows to finally obtain the description of the cloning region in terms of
the dual of this norm. In order to streamline the presentation, the proofs of numerous
technical lemmas are postponed to appendices.

2. ASYMMETRIC QUANTUM CLONING

In this paper, we consider a finite dimensional Hilbert space H = C?. We denote by
M, the corresponding set of complex d x d matrices and by U(d) the set of unitary
matrices that is U(d) = {U € M, |U*U = I}, where I denotes the identity matrix. The
Hilbert space H describes a quantum system and the states on H are the usual density
matrices which is denoted by

Dd:{pEMd’pZO,Tr(p):l}.

We denote the unnormalized mazimally entangled state by
d

(2) w=[QXQ|, with Q)= lii).
i=1

On a composite systems H®Y, we write p(; for the state p acting on the Hilbert space H
corresponding to the subsystem i:

P(i)3:I®]®"'®P®"'®I>

where the matrix p appears in the i-th position. We shall use extensively the nota-
tion |Q)( k) which is the unnormalized maximally entangled state between the j-th and

the k-th subsystems, that is [2) ;) = S 1) 5y ® i) (1)- Also, depending on context, we
shall index the tensor factors either starting from 0 or starting from 1.

The evolution of mixed states (density matrices) in quantum mechanics is described
by a quantum channel 7" : M; — M. Quantum channels are linear maps which are
completely positive and trace preserving. In particular they map D, into Dy .

When dealing with composite systems, we shall invoke the partial trace. Namely, if
T: Mg — (M)®" is a quantum channel, we write

Ti(p) = Trpanes [T(0)],
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forall 1 <¢ < N and for all p € M. The operation Try, v ) is the partial trace over
all copies of My except the copy number 7. The quantum channels 7T; are called the
marginals of T'. Similarly, we denote the partial transpose of an operator M € M, on
the i-th copy of My, by

M
When the partial transpose is taken on the first copy of My, we simply write
M =M.
On the space of complex matrices, we denote by (-, -) the Frobenius inner product:
(A,B) =Tr [A*B].

The quantum cloning problem consists in finding a quantum channel T : My —
(Md)®N which copies any pure state into product states. The no-cloning theorem [Die82,
WZ82| give a negative answer to this question.

Theorem 2.1 (No-cloning theorem). There is no quantum channel T : Mg — (Myg)®™
such that for all pure quantum states p € Dy the following holds

T(p) = p*".

The quantum broadcasting problem is a relaxation consisting in finding a quantum
channel T : My — (My)®" such that all the marginals are the identity. The no-cloning
theorem is a corollary of the no-broadcasting theorem [BCF*96].

Theorem 2.2 (No-broadcasting theorem). There is no quantum channel T : Mg —

(/\/ld)®N such that for all mized quantum states p € Dy, and for all 1 < i < N the
following holds

Ti(p) = p.

In this paper we are going to study an approximate version by allowing the marginals
to be of the form

I

Tilp) = pirp + (L =pi),

for some p; € [0,1]. This problem is known as the approximate quantum cloning problem.

2.1. Quantum Fidelity. The current section is devoted to rigorously presenting the
problem we shall address in this paper. Asking the marginals T; to be the identity map
means that perfect copies of states are required. The no-cloning Theorem expresses that
it is not permitted. Then, it is natural to relax this “search” of perfection by allowing
some “imperfections”.

The quantum cloning problem is then given by the description of figures of merit for
quantum cloning maps. That is a measure of closeness between the output of the marginal
T;(p) and the state p. We choose the quantum fidelity to measure this distance. Recall
that the quantum fidelity is defined by [NC10]

Fip.o) =1 (/o)

for all states (p,0) € (Dy)?. Recall that the quantum fidelity satisfies the following
properties (below, p, o are density matrices, x, y are unit norm vectors, and U is a unitary
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operator)
F(p,0) = F(o,p)
F(UpU*,UcU") = F(p,0)
P(p.la¥el) = Tr (plalol ) = (al pla)
F(laXz], lyXyl) = (zly)”
Flpo)=1<p=o0
Recall also that the quantum fidelity is jointly concave [NC10], that is

F(Zpi‘piazpi‘ai> sz (pi, o)
i=1 i=1

for all probability vectors p = (p1,...,p,) and all density matrices p;,o; with 1 <7 < n.

We shall concentrate on the marginal fidelities F (p, Ti(p)), and we want to be as close
to 1 as possible on the N marginals according to a distribution « € [0, 1]. More precisely,
we are interested in, what we call the the Quantum cloning problem. In details, for a
quantum channel 7 : My — (My)®", let us introduce

Zaz inf F(p, T;(p)).

pEDy

We aim to study the following opt1m1zat10n problem
(3) sup Fo(T)
T

and find the quantum cloning map which reaches the supremum.
First, let us simplify the problem by showing that we can consider only pure states
in the expression of F, (7). Indeed for a density matrix p, we can consider its spectral

decomposition
d
P = Zvi Xl
i=1

where Vi € [d]],v; > 0 and Zle v; = 1. Using the concavity of the quantum fidelity, we
have that for all quantum channels ® : My — My,

ZU AR IEE)

This obviously implies that for all 1 <i < N

inf F(p.T(p) = inf F(la)(al Ti(Jo)el))-

Hence, our problem reduces to the analysis of the following quantity
N

F,( o - inf Tr (pT;
Z inf Tr (pTi(p)),
where the infimum is taken on the set of pure states p = |x)(x|.
When the weights «; are all equal positive scalars, the problem is the so called sym-
metric Quantum cloning problem. Otherwise the problem is called Asymmetric Quantum
cloning problem which is the one addressed in this paper. In the next section we shall see
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that we can restrict the optimization problem (3) to the particular class of U(d) covariant
channels.

2.2. Symmetrized quantum channels. A particular class of quantum channel will
play an important role: the symmetrized quantum channel.

Definition 2.3. For a quantum channelT : My — (./\/ld)®N we define T the symmetrized
quantum channel

T(p) = / USNT (U p U) (U) " U,
U(d)

where the integral is taken with respected to the normalized Haar measure on the unitary

group U(d).
In an equivalent way we can define the notion of U(d)-covariance for quantum channels.

Definition 2.4. A quantum channel T : My — (Mg)® is called U(d)-covariant if for
all U € U(d)

T(U*pU) = (U*) N T(p)U=N.

Note that T"is U(d)-covariant if and only if T=T by the invariance property of the Haar
measure. ~
A straightforward computation shows that the marginals of 7" are also U(d)-covariant.

Indeed for all marginals T}, we have

Ti(p) = Tronp i / UENT (U p U) (U9 aU
u(d)

_ / U Tro |T(UpU) |U*aU
u(d)

- / U T,(Up U) U*dU.
U(d)

The marginals of T are symmetrized, and therefore they are also U(d)-covariant. Now
using the jointly concavity of the quantum fidelity we have for all marginals T;

inf F(p,T;(p)) > inf F(p,Ti(p)).
inf F(p,Ti(p)) = inf F(p.Ti(p))
where the infima are taken over the pure states p. Hence, we have

sup F, (T) > sup Fi(T).
7 T

Our optimization problem can be thus be restricted to the simpler set of U(d)-covariant
quantum channels.

2.3. Average vs. worst fidelity. The usual quantum cloning average problem is defined
as follows. For a quantum channel T : My — (My)®" and for a distribution a € [0, 1]V,
we define

N
F(T) =i E |F(p.Ti(p))]
1)=3 o0 [Fo.10)
where the expectation is taken on the pure states p, and

E [f(o)] = / £ ()] ) du(z),

pEDy
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where v is the uniform measure on the set of pure states, that is the (normalized) Lebesgue
measure on the unit sphere of C?. We have thus restated the question as an optimization
problem
sup F,,(T).
T

As a first sight, it is not clear why the average and the worst case (see (3)) problems
coincide. This relies on the description of which marginals will be involved by solving
the quantum cloning problem. In particular using the U (d)-covariance, we shall see later
that all the marginals T; will be of the form
I
Tip) = pirp+ (1= pi),
where the measure of closeness is given by the p; € R.

Proposition 2.5. The worst case problem and the average case problem are equivalent.
More precisely, for all U(d)-covariant quantum channel T : Mg — (./\/ld)®N and for all
distributions o € [0, 1]V we have

sup Fo(T') = sup F,,(T).
T T

Proof. As announced, due to the U(d)-covariance, we shall see in Proposition 3.2 that
the involved marginals of 7' : My — (My)®" will be of the form
I
Ti(p) = pirp+ (L= pi),
for all pure states p, for some p; € R that does not depend on p. This way, the figures of
merit F'(p, Ti(p)) of the marginals, on pure states p = |z)(z|, are given by

F(p,Ti(p)) = (x| Ty(p) )

In particular they do not depend on the state. It is then clear that for pure states p

i F(0.7:(0) = E [F(pTi0)].

pEDy

which justifies the equivalence of the worst case and average problem. U

In the rest of the paper all quantum channels T' : Mg — (Md)®N are considered to
be U (d)-covariant.

3. SCHUR-WEYL DUALITY & PERMUTATION OPERATORS

This section is divided into two main parts which are about the study of permutations
operators. On the one hand, we relate the Choi matrix of a quantum cloner to some
particular sum of permutation operators. On the other hand we study the maximal
eigenvalues and corresponding eigenvectors of such permutation operators. The crucial
tool used here is the so-called Schur-Weyl duality [FH13]. More precisely, we shall use
two important ingredients of this duality. The first ingredient concerns the fact that an
operator which commutes with all operators of the form U ® ... ® U, where U is an
arbitrary unitary operator, is a sum of permutation operators. The second ingredient is
the decomposition of H®" into a direct orthogonal sum of irreducible representations of

S,.
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To be more precise, let Cp be the Choi matriz of a quantum channel T : M,; —
(Mg)®Y, defined by

er=aen)( Yl ol )

= ([deT) QX9

where |(2) was defined in (2). In particular, we recover T' by the formula
Vp T(p) = Try [CT(pT®I®N)].

Recall that a quantum channel T is a completely positive and trace-preserving map.
In the Choi matrix form, these conditions become (recall that the Choi matrix is an
operator acting on N + 1 copies of C¢, indexed by the integers 0,1,2,..., N, with the
index 0 corresponding to the input space) [Wat18]:

(4) CT 2 O and Tr[O,N]]\{O}<CT) - I

Our strategy is then the following. Firstly, by exploiting the U(d)-covariance of quantum
cloners, we shall give the form of admissible corresponding Choi matrices. Secondly, we
study the location of the maximal eigenvalues of particular sum of permutations operator
which appear in our optimization procedure from Section 3.3

3.1. Choi matrices of quantum cloners. In this subsection, we shall use the following
version of Schur-Weyl duality [FH13].

Theorem 3.1 (Schur-Weyl). Let H be a finite d-dimensional Hilbert space, and T a
linear map acting on HE™. If [T, U®"] = 0 holds for all unitaries U € U(d), then T is a
linear combination of permutation operators 11, on H®":

T = 2{: aU'IIU>

€6,
where &,, is the symmetric group on n elements and 11, is the representation defined by
(5) o1 ® @ Un) = Vor1(1) @+ ® Vgr1().

As announced we shall combine U (d)-covariance with the above theorem to obtain the
generic form of U(d)-covariant cloning. This is the content of the following proposition.

Proposition 3.2. The Choi matriz Cr of a U(d)-covariant quantum channel T : Mg —

(/\/ld)®N is linear combination of partially transposed permutation operators I, on ’Hff(NH).

More precisely, for all o € Sy there exists B, € C such that

(6) Cr= Z BJ'Hcrr

0€6N 41

Then for all 1 < i < N there exists p; € R such that the marginals become

I
Tmm=mw+ﬂ—m@7

for all pure states p.
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Proof. From the U(d)-covariance of T and the formula (U @ U) [Q2) = |Q) we have for all

unitaries U € U(d):
Cr(0 @ USN) = [(deT) QX ] (T @ UPY)

(
(e T)(0 e U) 00| (U7 @ U)| (0 & U™Y)

U UM [(deT) Q)] (UT ® (U*)®N> (U U®N)
U®U®N)CT

Therefore [Cr,U ® U®N] = 0, which is equivalent to [C]., U @ U®N] = 0. Then the
decomposition (6) is a direct consequence of the fact that C}. commutes with all U®V+1)
and the Schur-Weyl duality. This holds for all Choi matrices coming from U (d)-covariant
channels, which is the case for all marginals T;. In this particular case, the two permuta-
tions of &4 are

(1)(2) and (12)

and their partially transposed permutation operators correspond to the identity and the
maximally depolarizing channels defined on all p € D, by:

M) = (1= Np+ A,

with0 <\ < 1+d2£1. Hence, the marginals T; are of the form: T;(p) = pi~p+(1—pi)§. O

Remark 3.3. Note that conversely, a linear combination of partially transposed permu-
tation operators is a Choi matriz of a quantum channel if the conditions of Eq. (4) hold.

In the following, we recall that the permutations of the group &,,,; will start from 0,
ie. 0 € 6,41 is a permutation of {0,1,...,n — 1,n}. Study of permutations operators
and their actions on a particular set of vectors wil be crucial in the following. In particular
we shall concentrate on a particular operator

N
(7) S, = Z T; - H(roﬂ-),
i=1

where © = (z;)I*; € (R%)". The relevance of this operator shall be justified in Section 4
as it appears in the optimization procedure on fidelities.

3.2. Permutation operators. In this subsection, in order to illustrate some examples
and lemmas, we shall use a graphical calculus for tensors, derived from the Penrose
graphical notation [Pen71]. This helps to make computations faster and illuminate some
otherwise abstract equations. Appendix A is dedicated to many examples illustrated
by graphical calculus. Similar graphical calculi have been developed in the context of
tensor network state or categorical quantum information theory, which can be found
in WBC11, CK18, DKPVDW20]. See [NPR21, Section 4] for a complete description. In
particular the permutations are read from right to left.

Note than in S, appears only transpositions of the form (0,4). It is worth noticing that
such permutations belong to {0 € Gy ‘ o(0) # 0}. As it is discussed in Appendix A
only such permutations contributes non trivially to the quantum cloning problem. In the
sequel we collect information of the permutations of this set and then we plug them into

S.
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A permutation o € {0 € Gy ‘ o(0) # 0} can be parametrized by a couple 1 < a,b <
N such that ¢(0) = a and o(b) = 0. This gives a partition of

{oeyu|a0)#0}= ] S
1<a,b<N
where
(8) Sap = {0 € Gy41 | 0(0) = a and o(b) = 0}.

Each set 3, contains (N — 1)! permutations. For 1 < a,b < N, a generic element of ¥,
will be denoted by o,.

Before expressing the relevant result on these permutations, we need to introduce some
notations. For two integers i, j we denote by (i : j) the permutation &y_; defined by

(i—1)(i—2)---j) f0<j<i<N-1
(i:)=4@G+1) - (—-1) f0<i<j<N-1.
0)(1)---(N—2) otherwise
Let 1 < a,b,c < N and ¢ in Gy_;, we shall also need the following permutations

operators

o0 = 0. (a-1)) © Iy o o1y 0) ifb=c
@2 Mo (a-1)) © My © Mooy © ey 0y i b #

The following Lemma gives a similar tractable expression of all the permutation op-
erators II' | and two sets which are useful to seek the eigenvectors of the permutation

operators.

Lemma 3.4. Let 1 <a,b,c < N, and let 0 € ¥, then

o There exmists a unique 6 € Sy_1 such as the partially transposed permutation
operator o' is
Ty = M4y (W) ® M) M.

o Let ¢ € HEWN=D  then
d-12) 00 @ Usapp) [6) fb=c

115, (192) 0.0 ® 16)) =
€ 0.0) ® Us(ap.0) [0) if b c.

e In particular

I 1] = Span { |,y @10) | & € #Z D}
L
KerII! D Span{ D o0y ® [6) ‘ 1<k<N, ¢€ H®(N_1)} :
The proof of this lemma, which is rather lengthy and technical, as well as the graphical
formalism used to derive it, is postponed to Appendix A.2, see also Examples A.6, A.7

and A.9. Note that for any 1 < ¢ < N, the partially transposed permutation operator
associated to the permutation (04) € ;; is

H(ro § = Woa ® JON-1)

Let us comment on this lemma. The action of II' onto vectors of the form ]Q)m o ®
|#)) makes appear a permutation operator on H®V¥~! which acts on |@). Since this
permutation is a representation operator, it is then natural to involve the decomposition

of H®N=1 into irreducible representations in order to make more precise the action of II' .
This shall be made clear in the next section.
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3.3. Maximal eigenvalue. This section is devoted to the analysis of the maximal eigen-
value of the operator

N
(9) Sa: = Z Zi- H(ro,i)7
=1

where x = (z;)Y., € (0,00)" (in this section, the vector x is fixed and we do not write the
subscript ). The study of the maximum eigenvalue and the location of corresponding
eigenvectors is crucial in the main result of the paper. As announced, due to the structure
of the H(ro i) where permutations on Sy_; appear, we shall consider the Schur-Weyl

decomposition [FH13]
HEWN-1) _ @ A
Airrep Gy _1

In the sequel, given a permutation o € Gx_1, we consider the decomposition of II, with
respect to this decomposition. Note that this decomposition is orthogonal and all the
direct sum in the paper will be considered orthogonal. In particular we denote by P* the
orthogonal projection into the irreducible representation A of G _;. For ¢ € Gx_; note
that

IT) := PMI,P* = PMI, = [, P,

is a unitary operator.
Let A\ be an irreducible representation of Sy_1, and let {V;\}Z be an orthonormal basis

of the irreducible subspace E* of & y_; associated to A. Associated with this orthonormal
basis, we introduce the following set of vectors

V= { D 0.0 @ [V}) \ 1<i<N, 1<j< dim(E*)}.

The scalar products of the elements of V* are determined by the following lemma whose
proof is postponed to Appendix A.4.

Lemma 3.5. Let A\i, Ay be two distinct irreducible representations of Sy_1 on HEWN-1),

let vi, vy be two normalized vectors in the irreducible subspace A\ and Ay of Sy_1, and
let 1 <k I<N. Then

d- <V1|V2> ka:l

9) Q =
(o &W[fon © v2) {<V1!H<(zl>:(k1» [va) if k#L

As a consequence
<Q(0J€) ® Vl‘Q(O,k) ® V1> =d
(Qom @ V1|20 @ v1) = Vil T@1y: o1y V1),
and
<Q(0,k) ® V1|Q(0,1) ® V2> = 0.
In particular the vector spaces Span V* are in orthogonal direct sum.

In order to seek the maximal eigenvalue of S, and the corresponding eigenvector, we
shall use the following lemma, which links the range of S, and the vector space generated
by this v
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Lemma 3.6. We have the following inclusion for Im S, and Ker S,

ImS, C @ Span(V?*)
Y

I
Ker S, 2 (Span(VA, )\))
In particular we will consider the decomposition

HON = @ Span(V?) EB (Span(V*, /\))L .
Y

Proof. The fact that the vector spaces Span V* are in orthogonal direct sum is a conse-

quence of Lemma 3.5. For the first inclusion, since S, = sz\il Ti- H(ro ;) we have

N
ImS, €Y ImII,,.

i=1
Following Lemma 3.4, for all 1 < < N,

Im H(ro’i) C @ Span(V?).
X

Hence, Im S, C €@, Span(V*). Now we have S, = S which yields Ker S, = (Im S3)* =
(Im S,)*, then
Ker S, D Span(V*, A, )%,

The last point is obvious. U
Remark 3.7. From Lemma 3.4 we have that, for all irrep X,

(1) .0 © [v*)) d- 1) 0.0y @ Moap) [VY)  ifb=c
a\138(0,e) @IV /) =
|Q>(o,a) ® U (apb,c) \VA> if b# c.

Since Ws(ape) |VY) = Moape) P V) = PMloqpe P V) =TI},

Span V* is stabilized by 11 for all o. This way, Lemma 3.6 expresses the fact that S, can

be block diagonalized with respect to the orthogonal decomposition @, Span(V*) @ (Span(V?, )\))L.
As a result of this block diagonalization, for any non-zero eigenvalue of S one can

associate an eigenvector of the form y = Eij Bij - ‘Q>(O,i) ® ‘V;‘>, for some coefficients 3;;.

Note that vectors of this form can also be in the kernel of S.

a,be) ‘VA>, we see that

At this stage, in order to localize the maximal eigenvalue of S one has to study Sy
which stands for the restriction of S to the space Span V*. Actually this is not straight-
forward since V* is not a basis of Span V* in general. Nevertheless for the trivial repre-
sentation A = (N — 1) of &y _1, the corresponding set, which we denote by V1 is a basis
and we can expressed the action of S on this basis. This is the content of the following
proposition.

Proposition 3.8. The vectors of V* are linearly independent. Let us define
d;Ul I ry ... T
T2 d.TQ T . i)

S+ =

TN rN TN ... dZL‘N
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Then the restriction of the operator S, defined in Eq. (7), onto the vectors V1 can be
written in block diagonal form

S, =87 (V=)
v+ :

Proof. From Lemma 3.5, for any 1 < 4,5 < N and any distinct v, w in the orthogonal
basis of the irreducible subspace of G _; associated to the trivial representation, we have
the following relation, which holds for any orthonormal vectors v and w on V=1 (H):

d ifi=j
1 ifi#j’

Then the Gram matrix G of the vectors V' is block diagonal, where each block is the N x
N matrix

(Q00) @ V|Q0y @ V) = { (20 & V[0 @ W) =0.

d 1 - 1
G: . . c. .

That is
G — @ dim (V(N’”(H)).

Note that each block is invertible. Indeed for all v = (vy,...,vx), we have

(v, Gv) = (d = 1)|v]* + (ka)

which clearly shows that G is positive definite since d > 1. This shows that VT is a
linearly independent set.

Now note that for all v.€ VWW=Y(H) we have II; |[v) = v. This way, in the basis V* of
Span V*, from Lemma 3.4 we have for all i = 1,..., N and for all v € VIN"1(H)

d- Q) ® V) = if b=c
Moy (12 0) @ V) =
0 0. © Wstape) [V) =)o ®[v) ifbF#c
Now fix i € [dim (V™= (#))] and consider v; in the orthonormal basis V=1 (%), the
linear independent set of vectors {|2), y®[v;),j = 1,..., N} is stable under the action of
S and the corresponding matrix is S+ Then reading V+ {{Don®vi), (Do ®
Vi) [ o1y ®[V2) s, [y @ [V2) ...}, We obtain the block decomposmon. O

Remark 3.9. With a change of basis i.e fix first |Q)(07i) and let v; runs onto the or-

thonormal basis of VIN=V(H) , the operator S|,y can also be written

dl’l'l Z‘l’I l‘l']

ZL‘Q'I dl‘g[ ZL‘Q'I
S‘va: : : : P

fﬂN'[ IEN'[ diIZ‘N[

where each block I is the identity operator of the space \/(N_l)(’l-[)).

Even if V* is not necessarily a system of linearly independent vectors, one can still
define a matrix S» which describes the action of S onto the Span V2. To this end, let
be any irreducible representation of Gy_1, and let [Q2) ;) ® |v*) be a vector in V*. Then
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for any 1 < k < N the action of the operator H(r0 )y on the vector |Q>(0J) ® ‘V/\> is given
by

d- | ® v if k=1
Q) A (L) )
I k)( D0 ‘ )) = {‘m(Lk) ® Hg\(l—l):(k—l)) ]v*> otherwise.

Indeed for transposition (0, k), the associated ¢ = id and (g (x—1y) o Iliqo H((k—1).0) = Ilia,

we have
Mg if k=1
ILg gy = .
Hg-1): o1y iR #L

Now at this stage let us introduce §| A

A A A
d“j 1y 1 e D:(1-1) $1'H<A(N_1);(1_1))
5*‘ _ x2'H((1_1):(2—1)) day - i 1‘2'H((N_1):(2_1))
YA : . . .
o - Woyoveyy ov Wiomyoyy -0 daw -1l

This matrix would be exactly the matrix of S|VA written if V? is linearly independent.
Writing the set of vectors VV* as a column matrix VV* we have the relation:

SV =VAS) L
Remark 3.10. Note that 5’|v+ = S‘W.

We now arrive at the main result of this section, where we identify the largest eigenvalue
and one corresponding eigenvector of the operator S introduced in (7).

Theorem 3.11. Let S be the operator defined in Eq. (7), and u the largest eigenvalue
of S. Then

=115l

and a corresponding eigenvector x can be chosen of the form

N
X = ZB@ : ‘Q>(O,i) ®|v),
i=1

for some vector v in VIV"U(H). The coefficients 3; of the vector x satisfy the equation

N N 2
d—1)> g+ (Zﬁ) =1.
=1 i=1

Proof. Note that S is a positive semidefinite operator as a weighted sum of projections,
hence its spectrum is non-negative. Thanks to the block diagonalization lemma 3.6, we
have

Spec(S) NRY C U SpecS) .-
Now since 5| VA= V)‘S| ., Lemma B.2 1mphes that
Spec S|VA C Spec S|VX.

Let A be an irrepr... But all eigenvalue p of S"vk satisfies |u| < HSW
B.1

. Now by Lemma
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where
dl’l T Ce T
=~ / Zo dZL“Q R To
— _ g+
N N ... d.TN
This holds since HH?H =1 as II)) is a unitary representation.

Now all eigenvalues p of 5, p < |ST|. This way, let p(s) denote the spectral radius
of S, which is also the maximal eigenvalue of S (recall that S is a positive operator) then
we have

p(9) < max max {w € Spec Sm}
< |57

So by the Perron-Frobenius theorem p(S*) = [|S7|], since 5| , is a matrix with positive
coefficients, which concludes the proof. A straightforward computation based on Lemma

3.5 shows that
N N 2
L=(ux)=d=1)) B+ (Zﬂ)
i=1 i=1

2
implies that equation (d — 1) 30, B2 + (Zf\il BZ-) =1 is satisfied. O

4. OPTIMAL QUANTUM CLONING

This section concerns the solution of the optimization problem defined previously. We
shall proceed in two steps: first, we upper bound the average fidelity by the largest
eigenvalue of a matrix. Then we show that our upper bound is reached by explicit
quantum cloning channel which shall be called optimal cloning channel.

4.1. Upper Bound. We start with a proposition relating quantum fidelities to the max-
imal eigenvalue of the following matrix, acting on HOW+D.
N
Ro = Y ai(log +wop) @ 1700 e MG

z:l

(10) — ( >[® N+ 4 g

where, a € [0,1]" is a weight vector and S, is defined in (7). Note that the maximal
eigenvector derived for S, is the same as the one of R, since any non zero vector is a
maximal eigenvector for the identity part of R,,.

Proposition 4.1. Let T : Mg — (My)®" be a quantum channel having Choi matriz
Cr. Then, for any weight vector a € [0, 1]V, we have

_ 1
F,(T)=———(Cr, R,).
(T) d(d + 1)< 7 Ra)
The following upper bound holds:
= )\max(Ra)
F (T) < ———,
) < 25

where the sup is taken over all quantum channels T, and Apax(Ra) is the largest eigenvalue
of the matriz R, of Eq. (10).
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Proof. We start from the expression of the average fidelity (below, the expectations are

taken with respect to the uniform me

asure on pure quantum states p):

K, :F(Pa Tz(l)))}
:Tr (p Ti(p))]

(T(0) py @ 1)

{Cr,E, [p) ® piy] @ I).

To simplify further F,(7T'), note that taking the integral over the pure states p.

e

/pT ®pdp
Dy
[/p ®pdp
Dy
2
dd+ 1)
1 r
(o)) + Mo1y)

d(d+1)
1

d(d+1)

+]r

P:)"

(P

(I +w).

Plugging this into the expression above for F,,(T) yields the first claim. Let us now show

the upper bound in the statement.

sup (T
T

= sup

<CT7 RO!>

r d(d+1)

1

aa+n

sup
C>0

Trpy v (C)=1
1

m(a R,)

sup
C>0

Tr(C)=d

_ Amax(Ra)

d+1

The last equality comes from the fact that for any positive semi-definite matrix A, and
for any symmetric matrix B, the following holds:

Tr[AB

Then taking C' = d|x)(x| for an eige
3.11 shows that the bound is reached.

] < TI‘[A] ’ Amax(B)‘

nvector corresponding to Apax(R,) from Theorem

U
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Remark 4.2. The only place where an inequality was used in the derivation above was
when we relazed the condition Try xpy 0y (C) = I to the (weaker) condition Tr(C') = d. As
it turns out, we shall construct in the next Section 4.2 examples of quantum channels T
matching this upper bound, justifying a posteriori the above manipulation.

4.2. Saturation and Construction of the Asymmetric Quantum cloning chan-
nel. In this section we build a Choi matrix candidate for saturating the upper bound of
the Proposition 4.1. We shall prove the following result.

Theorem 4.3. Let a € [0,1]N. Let x = S0, 6 |Q0,i) ® [v) be a norm one eigenvector
associated to Apaz(Rea) from Theorem 3.11. The coefficient vector B (which is real and
depends on the direction «) satisfies the normalization condition (13)). Consider the
associated quantum channel Ty defined by

(1) ) = T

Ps (p 2 [®(N71))Pg7

where
1
PB = ﬁ Z /60(0)+1 1.
ceGyn

Then Tg is an optimal quantum cloning channel in the direction o, that is

(12) > e F((1y),) = Amaetlie)

First we shall prove that the linear map T from Eq (11) is a quantum channel. To
this end we introduce the following Choi matrix which will be the candidate

d N+d-1 Babo ot
Cy = _et g
T TR N 2 (N—1)
N 1<a,b<N
O'GZayb

for some positive reals (;), ;. satisfying

(13) <d—1>éﬁ?+(é@)2zl

The first task is to state that this candidate is indeed a Choi matrix. This is the
content of the following proposition whose technical proof is postponed in Lemma D.1 in
Appendix D.

Proposition 4.4. Consider real numbers (8;),<;<y such that there exists a and b with
Bafy # 0. Then, the operator

~ ﬁaﬁb r
o= 2 T
1<a,b<N

O'EZa’b

is an orthogonal projection if and only if the condition (13) is satisfied.
Assume (13) is satisfied. The operator Cg is a positive operator, such that

Trpo o Cp = 1.

As a consequence the matriz Cr, is a Choi Matriz
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Now that we have designed a Choi matrix, the second task is to derive the associated
quantum cloning channel. To this end, assume [ satisfies condition (13) let define the
operator

1
P,B - ﬁ Z 6a(0)+1 : Hm
’ ceGn
and define for all states p,
dN(N +d—1)
rPs,
This construction is a reminder of the symmetric quantum cloning case (see the en d of
this section). Note in general that Pjs is in general not a projector. In order to show that
T} is the corresponding channel associated with Cg we need the following Lemma whose
proof is postponed in Lemma D.2 in Appendix D

P(p@ 151 P].

Lemma 4.5. For any 1 < a,b < N, and any 0 € 3,4, the permutation operator o' is

the Choi matriz a linear map T,,, : Mg — (Md)®N defined by
Tpo(X) = T0,(X ® I°V-)1,

for some permutations p and v in Sy such that u(0) =a—1 and v(b—1) = 0.
As a consequence for some fired 1 < a,b < N,

1
§ ' r_
Mo = v — i

Ueza,b

where
Ta,b(X) — Z HM(X ® I®(N_1)>Hu~
e N
w(0)=a—1
v(b—1)=0
Under the light of this Lemma the following proposition expresses the fact that 7T}z has
Choi matrix CTﬁ.

Proposition 4.6. Let (8;),,.y satisfying Eq. (13) and define

~ ﬁaﬁb
CT = Z 2 OTa,
’ 1<a,b<N (N - 1)! '

with .
P,B = ﬁ Z /80(0)+1 ' Hm
ceGN
then Tp is a quantum channel whose Choi matriz is given by

d N+d-1 B
(14) S 2 (N1
SN 1<a,b<N )
O’GZGJJ

Proof. As announced this proposition is a corollary of lemma 4.5 noting that
~ 6a6b
OTﬁ = 2 OTa
1<;b<N (N =1 '

¢ find AN(N +d—1)
_'_ —
z =

and the proof is complete. O

P(p@ 10 P].
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Before expressing our final Theorem, which states the optimality of T, we need to
compute the marginal of this channel. To this end, in the final proof, we shall need the
following lemma whose proof is postponed in Lemma D.3 in Appendix D

Lemma 4.7. Let an orthogonal projector 6’Tﬂ for some reals (B;), ;< satisfying Eq. (13).
Then for any 1 < i < N, we have

5TB W0,5) = ﬁ Z Ba((d - 1)61 + Z Bb) Hzl;

" 1<a<N 1<b<N
ana,i

Let Choi matriz Cr, for some reals (8;),-;<y satisfying Eq. (13). Then for any 1 <
i < N, we have o

N 2
Tr [CTB w(o’i)i| = d((d - 1)ﬁk + Zﬁj> .
j=1

Now we are in the position to give the proof of the main theorem of this section.

Proof of Theorem 4.3. The fact that the linear map T is a quantum channel have been
proved in Theorem 4.6. We now show its optimally in the direction a.
Recall that we have

Fu(Ty) =Y o F(T)

/\ma:c(Ra)
< — 2
- d+1
Then T is optimal if we have equality in the above expression, that is

(15) S o (1)) = Aeeetlie)

Denote now R; = (o) +w(o,) @ I°™ =Y, using Lemma D.3, for all marginal fidelities,
we have (Cr, is the Choi matrix of the map T}, see Eq (14))

FITR) =B, | (0 (1))

= ]EpRCTwP(Ti) © ) & I>}
1

- MWTB, R;)

_ T [Cr,] + Tr [Cr, wios)]

B d(d+1)

1+ ((d —1)B; + Z@-)

d+1

that is the equality (12) is satisfied if

N

N 2 N
Z@i ((d - 1)61 + Zﬂj) = )\max(zai : w(O,i)) = )\max(Soz)-
Jj=1 i=1

=1
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In the preceding equality we have withdrawn the useless part concerning the identity
operator. At this stage, since y corresponds also to a maximal eigenvector of S, from

Theorem 3.11, we have
<X X> = )\max (Sa> )

N
Zai * W(0,4)
=1
N N 2
X> = Z%((d - 1B+ Zﬁj)

Now using Lemma 3.5, we have
which proves finally the optimality of 7 and conclude the proof of Theorem 4.3. O

03

N
g QG - W(0,4)
i=1

Let us finish by recalling the symmetric quantum cloning problem and showing the
analogy with the known results in this context and the one we have provided. Indeed,
for g = ) the following matrix is a projector:

1
N(N+d—1
. B
Cr= — 1T .
r= 2. (N—1)°
€GN 11
and hence, 5T > 0. We define the matrix Cr to be

d N+d—-1

Cp = C
r TP, N T’

then Cp > 0 and T'rgy nj 113 (Cr) = I. That is Crp is the Choi matrix of a quantum channel.
It can be seen that it is actually the Choi matrix associated to the Optimal Symmetric
Quantum cloning channel from [Wer98], defined on all pure state p by:

d + 2(N-1)\ p+
— TrPgNPGN(p®I ( ))PGN.

Topt (p)
4.3. Figures of merit. Given a set (p;)1<i<n in [0, 1] one might ask whether it exists a
quantum cloning map T} for some positive reals (;)1<;<n such that for all marginal (7j);
and for all (pure) states p:

I
(Ts)i(p) =pirp+ (1 - pi)g-
We give in the next proposition a relation providing an equation satisfied by the proba-

bility tuple (p;) corresponding to the channels 7. This relation has already been noted
in the series of papers [KKR09, Kay14, KRK12].

Proposition 4.8. Let T be a 1 — N quantum cloning map, for some positive re-
als (Bi)1<i<n such that for all marginal (Ts); and for all pure state p:

I
(Tp)i(p) = pirp+ (1 — pi)g-
Then the (pi)1<i<n must satisfy
v (S V@ =Tpi+ 1)

(16) N+ (-1 p=dd-1)+ N1

i=1

2
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Proof. The ﬁgures of merit p;’s for each marginal (7j); are related to the marginal fidelities
fi by pi = L= with

L+ (= 18+ XV, 8)°

fi= d+1

By summing over all 7, we get that

ZV(dH)fi— =<N+d—1)Zﬁi,

and finally

1 1 al
@Zﬁ( (d+1)fi—1—m%\/(‘“’l)f]‘_l)'

The Eq. (13) yields

N 2

Z((d+1)fi—1) :Z<(d—1)5i+ ' 5j>

=1

z(d—1)<(d—1)§;ﬁf+ <2N:ﬁ>> +<N+d—1>(i@)

J=1

:(d—1)+(N+d—1)(iﬁi)
(zh V@ ni—1)

N+d-1

—(d—1)+

In terms of p;’s, we finally find

(Zzl\/ 2—Dpi + )

N+d-1

(17) N+ (=1 p=dd-1)+

g

Remark 4.9. In particular we recover the standard result of Werner [\7\7er98] on the

optimal 1 — N Symmetric Quantum cloning pop: = m if we set all the p;’s equal.

Example 4.10 (N = 2, see also [NPR21]). The Choi matriz Cr of an optimal Asym-

metric Quantum cloning T : Mg — (./\/ld)(g)2 is a linear combination of four permutation
operators:

(18) Cr=c- H(rl 2) T C2- H(rl 3) T C3 <H(r123) + H(r321)>

with ¢, ce,c3 > 0 such that c3 = \/c1¢o and d(¢1 + ¢3) + 2 c3 = 1. The two marginals of
T are
Ti(p)=(dcr+2c3)p+dea- 1
To(p) =(deca+2c3)-p+dey- 1
If we relax the optimality condition, a Choi matriz Cr in the form of Eq. (18) is
in the admissible region of the Asymmetric Quantum cloning problem if Cp > 0 and

Trionpny (Cr) = 1. These conditions, in terms of the ¢;’s, become c3 < \/cicy and
d(ci + co) +2c3 =1, see Figure 2. In general the Choi matriz of a 1 — 2 quantum
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1 —d=2
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FIGURE 1. Figures of merit of the optimal 1 — 2 Asymmetric Quantum cloning.

cloning map s a linear combination of the six permutation operators of S3, see Figure 3
for the general admissible region.

1r | 1r d=2|
‘:“‘ \\\\\
0.5] A\ - 0.5} :
D2 D2
OHd=2 N 0 2
d=3
d=14
I | _ | | | |
0 0.5 1 0 0.5 1
N P1
FIGURE 2. Admissible FIGURE 3. Admissible
regions with 4 permuta- regions with 6 permuta-
tion operators. tion operators.

We finish this section by showing that optimal cloning of 1 — (N —1) does not provide
in general optimal cloning of 1 — .

More precisely, let p € [0, 1]V 1 satisfying the optimal condition of Eq. (17) for the
1 — (N —1) asymmetric quantum cloning. Under which condition (p,0) € [0, 1]V satisfies
the optimal condition of Eq. (17) for the 1 — N asymmetric quantum cloning. The next
proposition is a corrollary of Proposition 4.8

Proposition 4.11. Let p € [0, 1]~V satisfying the optimal condition of Eq. (17) for
the 1 — (N — 1) asymmetric quantum cloning. Then (p,0) € [0, 1]V satisfies the optimal
condition of Eq. (17) if and only if p is of the form

p(i):ei:(07-"717"'70)7i:17""N_17

where 1 s in position © and the vector is completed with 0
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Proof. Let p = (pi)i<i<n—1 € [0, 1)WY satisfying the optimal condition of Eq. (17) and

N-1

A=Y@ =1)pi+1.

i=1

We have from Eq. (17)

AQ
N—-1+d-1

(19) N—1+(d2—1)ip,:d(d—1)+

Suppose now that (p, 0) € [0, 1]V satisfies the optimal condition of Eq. (17) for the 1 — N
asymmetric quantum cloning we have

(A +1)?
-1 Zp’_d R YL
this yields
(A1) A?
T N+d-1 N-1+d—1
Solving this quadratic equation in terms of A and selecting the non negtaive solution
yiels A = (N + d — 2). Plugging it into (19) we get

N-1
Z pi=1
i=1

Now consider the function

p— flp (Z\/ —1pk+1)

which is strictly concave. If Z?:ll pi = 1 and if we denote ¢; = (0,...,0,1,0,...,0)

(N+d—=2)=f(p) = [ (Z_jpiei)
sz‘f(ei)

N-1

= ) n(N+d-2)

— (N+d—-2)

v

Therefore the only possibility to have equality in the above equations is that p = e; for
somei=1,..., N —1. U

5. THE CLONING REGION

5.1. The Q-norm. Having related the average fidelities F,,(T) to the largest eigenvalue
of the matrix R, from Eq. (10), we show next that this quantity is further related to a
norm on R, which has very interesting properties. We introduce now a quantity which
is crucial for our work.
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Definition 5.1. For a vector x € RY, define its Q-norm
d Amax(Sz) — Hle

20 ol g 1= Ame ) el

where ||z||, = Zi\il |z;| is the €1 norm of the vector x and the matriz S, is given by
N

(21) Se=Y_ |l - wos ® 17D € MFTTY,

i=1
The fact that the quantity above is indeed a norm in RY will be shown in Theorem 5.5.

Remark 5.2. The Q-norm of a vector x € RY depends on the dimension parameter d.

Remark 5.3. The fact that we subtract the one norm ||.|1 implies that it is highly non
trivial to show that ||.||g is a norm. Note that on its own Apa, allows to define a norm
(essentially this comes from the facts that for two matrices 0 < A < B we have \pq(A) <
Amaz(B) and Apaz(A + B) < Apae(A) + Anae(B) ). In general unless trivial examples
subtracting two norms don’t provide a new norm. This would be the content of a theorem
m our context.

Note that the matrix S, defined above is closely related to both the matrix R, from
Eq. (10) and to the star Hamiltonian considered in [KKR09, Eq. (3)] and [KRKI12,
Kay14]. We shall prove in Theorem 5.5 that the quantity from Eq. (20) is a norm; to
do so, we need the following preliminary lemma which is proved in Lemma C.1,C.2,C.3
Appendix C. Note that the proofs are again based on the design of a maximal eigenvector.

Lemma 5.4. The quantity || - ||o has the following properties:

e For all x € RN, we have
1
El”ln”l < Amax (Sz) < dl|z])r.

o Forallz,y eRY, [lz +ylg < llzllg + IIyllo-
o Forallt€[0,1]Y and x e RY, ||t - z|lg < ||z] o

In some sense this lemma gathers all the minimal requirements for a quantity to be
a norm. In particular, the first point expresses the fact that the || - ||g quantity is non-
negative. The first inequality is saturated if and only if the matrix S, is a (non-negative)
multiple of the identity. The second inequality is saturated if and only if  has at most
one non-zero entry.

Under the light of the previous lemma we can prove the important result establishing
that the quantity ||.||o is a norm.

Theorem 5.5. For all N > 1, the quantity |-|| o from Eq. (20) is a norm on RN .

Proof. The absolute homogeneity is clear since both A\yax(S;) and ||z||; are also absolutely
homogeneous. Let z € RY such that ||z||, = 0, then

d - Amax(Sz) = ||:C||1 = tr(Sz).

N—l))

In particular all eigenvalues of Zfil 2] -+ (wop ® % are equal to Apax(Sz), and

hence ZZ L] - (wery ® TN =Y) is a constant multiple of the identity:

Z 7] - (wiopy @ IEND) = ¢ [9OHD
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for a ¢ = Apax(Sz) > 0. Let 4,5 = ,d such that ¢ # j. Let |¢) be defined by
W =lig-g)
N times
Then

wiow ® 15H) ’¢>
(W] 1PV [y) = c.

Finally ¢ = 0 implies = 0, and ||| is positive-definite. Let z,y € RY, such that
both [|z[o < 1 and |ly[|o < 1. Let us show that H”yHQ < 1, which is equivalent to the

triangle inequality. We can assume that = + y € RY, otherwise multiply the 3 vectors
by sign(x + y). Let 2’ defined by

T = ]
T otherwise

, {[:c,gﬂ] NoRY ifN+#0

and similarly for 3/. Then 2/, ¢ and Hy are in RY, with

r+vy
2

€ [2',y],

then there exists A € [0,1] such that £ = X2’ + (1 — A)y/, then by the second point of
Lemma 5.4 and homogeneity,

r+y
2

< AMl2'lle + (1 =AY lle < max([lz'l| g, [[v'llo)-
Q

Now there exists ¢, € [0,1]" and ¢, € [0,1]" such that 2’ = ¢,z and y’ = t,y, then by the
last point of Lemma 5.4 both ||2’||, <1 and [|y'|| < 1, such that HITWHQ <1 O

With the help of the @-norm, Proposition 4.1 can be reformulated as: for all quantum
channels T',

_ 1 1
(22) vae 01, Fl0) < gllalh+ (1 7) ol
We end this section by defining the dual norm:

(y, )
l2llo

(23) lyllg = sup

which will play an important role later, when discussing the set admissible cloning prob-
abilities R(N,d), see Eq. (24).

Example 5.6 (N = 1). Let © € R, in one dimension the Q-norm of x introduced in
Definition 5.1 is

- d Amax (7] - w) — |z]
ol = SR L T
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with Amax (|2] - w) = d|z|, such that the Q-norm reduces to ||x| o = ||, as well as the dual
norm defined in Equation (23):

(y, )

2] o
= sup (y,z)
lzll g=1

= sup (y, )
r==+1

lylle = S o

= lyl.
Example 5.7 (N = 2). Let x1,29 € R, and let S, be defined as in Equation (21):
Sz = |z1] - W) ® I + |72 - w2 @ 1.

Sy = |z1] +ma| 3]

Then a normalized eigenvector for the largest eigenvalue of S, is

X = 61 ’ ’Q>(0,1) ® ’V> + 52 ’ |Q>(0,2) ® ‘V> )

That s

that 1s

X = b D_ + B 4,
for some coefficients [y, B2, and v = \/ig > i<icalt). Then the action of S, on the eigen-
vector x is given by

0= [kl PY +laad BE (0 2 48 3w
=l (B 292 o+ 8 2w ) w8 W2+ s o)
= |@1|(dBy + B2) 2 + |wa|(Br +dfy) I
Solving the system of equations gives
1
Muax(S2) = 5 (@ (1] + [z2]) + v/ (ar] = wal? + Al [aa] )
and finally the Q-norm becomes (see Figure 4):

2(d(for] + [a2) + /P(Jer] = 22D + A feal ) = (J2a] + fos)
lellg = o -

5.2. Admissible region. This section is devoted to present one of our main result,
namely the cloning area. More precisely we make precise the distribution p € [0, 1]V
reachable by Quantum cloning map T : My — (/\/ld)®N, that is such that for all pure
state p

I
Tilp) = pirp + (1 = pi) .

Let R4 be the admissible region of distribution p € [0, 1]V for the 1 — N Asymmetric
Quantum cloning problem, that is,

(24) Rna = {p c [0, 1]V

1
3T cloning map s.t. T;(p) = pi-p + (1 —Pi)a}

Theorem 5.8. Ry,q is the non-negative part of the unit ball of the dual norm |-||g. In
other words, a distribution p € [0,1]Y is in Ry 4 if and only if Ipllg < 1.
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1.0

0.8f

0.6r d=2
d=3

0.4+ d=4

0.2+

0'8.0 0.2 0.4 0.6 0.8 1.0

FIGURE 4. Some unit spheres of R% with the Q-norm.

Proof. Let p € Ryq and a cloning map 7, : M, — (./\/ld)®N such that for all p € D, and
all 1 <7 < N we have
I
(T3),(p) = pi-p + (1= pi)=,

then for all a € [0,1]Y, a # 0

i Fo(T) > Zai - F((T,),)
= ;ai . Ep [<Pa pip+ (1 _pz)éﬂ

:;&i'Ep[pi—F 1;]%‘]

lall, = (P, )
d

_ $||a||1 + (1 - é) (p, ).

This inequality together with the upper bound from Proposition 4.1 in the form of Eq. (22)

= (p,) +

_ 1 1
sup Fo(T) < —llafli+ (1= ) llalle,
T d d
give us (p,a) < ||al|g for all a € [0,1]". For arbitrary @ € RY, note that

(P, ) < (p, [al) < llellle = llalle,

showing the inclusion

Rya S {pe0,1" : |plo < 1}
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Let p € [0,1]" such that ||p|lg = 1, there is o € [0, 1] such that ||| = (p, @), that is
d Amax(Sa) — [|evlly

1 = (p, a)
Ao S ot 221, ) 4 2l
= o
where in the last equation we set f; = %. Then, from Theorem 4.3, there are some

(Bi)1<i<n satisfying Eq. (13) and a cloning map T such that

Zo‘i - F((Tp),) = Amax(fa)

d+1

Then the marginals of T are (I),(p) = p;-p + (1 — p;)%, and p is in Ry 4. Since this

is true for all p € [0,1]" such that [|p|[, = 1, this is true for all p € [0,1]" such that
Ipllg < 1 by convexity. -

Importantly, since the maps T from Theorem 4.3 are valid cloning maps, the points p
corresponding to these maps (see Eq. (16)) are elements of Ry 4.

5.3. Convex region. From Theorem 5.8, we know that the admissible region Ry 4 is a
convex set delimited by a family of hyperplanes:

{p e RY|(@,p) = lallo }-

The asymmetric quantum cloning is an optimization problem defined in Eq (3) by

N

Sgp Zzl Q- plen'Dfd F(p7 ,-Tz(p))7

for a distribution a € [0, 1}, and where the supremum is taken on the quantum channels
and the infimum on the pure states. From Proposition 3.2, the marginals of a U(d)-

covariant quantum channels T : My — (/\/ld)®N are of the form

I
TMMZMﬁ+G—m@7

for all pure states p, where the p;’s become our figures of merit. Within this formulation
of the problem, if we restrict the problem to U (d)-covariant quantum channels, we do not
ask the p;’s to be collinear with the «;’s. Instead we want to maximize

N 1—»
Zai (me dpl)

=1

The cloning maps defined in Section 4.2 can indeed give p;’s in a different direction
than the «;’s, specially when the direction of the a; does not intersect an extreme point
of Rna4. As a consequence, the cloning maps 7 defined in Section 4.2 do not fill the
boundary of Ry g4, since some points in this boundary are not optimal with respect
to the optimization problem. However these points can always be reached by convex
combination of the cloning maps defined in Section 4.2.
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Example 5.9 (d = 2 & N = 3). Let us consider the 1 — 3 quantum cloning problem
where we ask the first two copies are the same (have the same fidelity). That is we have
to find the set

{®.p.0 ‘p,q € (0,11} Rsz.

When q = 0 we are in the setting of the symmetric 1 — 2 quantum cloning problem,
where the best (i.e. largest) p given by [Wer98] is pop: = %; in our setting, this means that

1(2/3,2/3,0)[lg = 1.

However, the cloning map defined in Section 4.2 cannot produce the point (%, %, ),
instead we get (2,2,%) (the black dot on Figure 5), since (2,%,0) is not optimal with

respect to the optimization problem. These cloning maps are the best cloning maps for
this problem, but doesn’t reach all the boundary of the set Ry q. These unreachable flat
region can be achieved by convexity (the flat region is in orange on Figure 5).

FIGURE 5. The section {(p,p,q)} of the 1 — 3 quantum cloning region
Rs2. On the axis ¢ = 0, the largest p such that (p,p,0) € Rs2 is p = 2/3.
However, the only ¢ such that (2/3,2/3,q) satisfies Eq. (16) is ¢ = 1/9.
In the left panel (and in the zoomed region in the right panel), we have
plotted in blue the points (p, p,q) satisfying Eq. (16) with an inequality,
and in orange the slice of the set R32. The visible orange region in the
right panel corresponds to points in R3 2 which do not satisfy the inequality
(16).

In conclusion, as the previous example shows, given a tuple p € [0,1]", in order to
decide whether p is admissible for the problem of asymmetric quantum cloning, it does
not suffice to check whether the Eq. (16) holds as an inequality; one needs to check the
condition from Theorem 5.8, that is [|p||g < 1. This is one of the main contributions
of this paper, the realization that the convex region R(N,d) is not described by the
Eq. (16), seen as an inequality.
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APPENDIX A. STRUCTURE OF PERMUTATION OPERATORS

This appendix is devoted to the presentation of technical results on permutations op-
erator. Numerous results or remarks are illustrated by graphical calculus.

A.1. Contributions of permutations. In Section 3, we only focus on permutations
where 0 is not a fixed point. This is motivated by the following remarks

Let T : Mg — (My)®" be a U(d)-covariant quantum channel, and Cy its Choi matrix,
then from Proposition 3.2 we have for all p € Dy

T(p) = Tro [Cr(p" & 1°)]

= Tro Z 5U.H£(pT®I®N>:|’

c€EGN 11

for some 3, € C (see example A.3 for the case N = 2).

Let us justify that ¢ € Sy such that o(0) = 0 do not contribute to the performance
of the cloning map whereas the (N 4 1) cycles contribute the most to the copies. Indeed,
for a permutation o € Sy, such that o(0) = 0 we have II' = II, and for all p € Dy

Ty [1E (07 @ 19Y)] = T [, (7 @ 1°7)]

- % Try [T, 1900

1
:E'TI‘OHU

whose contributions consist in deteriorating the quality of the cloning, since the quantity
Try 0 does not depend on p. Now if o € Sy is a (N + 1) cycle the marginals of

Tperfect : Md — (Md)®N

p — Try [H; (,OT ® I®N)]

are all equals to identity, i.e. (Theee);(p) = p for all p € My, This would be the case
of a perfect quantum cloning map but the operator 7.,.... are of course not completly
positive operator due to the no-cloning Theorem (see Example A.4 fro computations with
graphical calculus).

More generally, let T : My — (Mg)®" be a U(d)-covariant quantum channel. From
Proposition 3.2 the marginals T; are for all p € Dy

I
Ti(p) = pi-p+ (1 —pi)g

where the p;, are the sums of the % coefficients (5, of the permutations contributing for
this copy, that is the o such that 7 is in the orbit of 0 under the action of o. The followings
examples illustrates some results in terms of graphical calculus.
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Example A.1 (Partition of 3,4, N = 3). The permutation set {II} | 0 € &4, 0(0) #
O} 18 partitioned in
bYAREEPYA
}» Z31,21{ ) Z1,33{ ;(: ; 74 },

)
b om0 M) (B XD
)

(V]
ban

Y ?

5
——

772 173 11K
X7 XA

AR I
XK

S
fan)

b Cne K

Example A.2 (Partially transposed permutations, '
transposed permutations are

HA

= 3). On &4 the (01)-partially

DC hY4 A4
Moy = — My = _( Mo = ,—'Q

Example A.3. [Choi Matric N = 2] Let T : Mg — Mg & My be a U(d)-covariant
quantum channel, then its Choi matriz Cp is:

N

Bid E + Bi2) + Bs) }G + B(23) ; + Bi23) BG + Bsan) )\C
Example A.4. [Contributions of quantum clonning] Let T : My — Mg ® My be a
U(d)-covariant quantum channel, such that its Choi matriz Cr is the partially transposed
cycle (123):

Cr= |2€

~
Then the two marginals are

Ti(p) = Triom [(1 23) (7 ® I®N)]

| ST |

and

Ta(p) = Trioy [(123)7 (o7 @ 1)
[ ST

= TI‘() |: :x i|
cC_2o
— X —

A.2. Proof of Lemma 3.4. In this subsection, we prove the key Lemma 3.4, which gives
the structure of partially permutations operators and action on vectors. We illustrate as
well with graphical calculus.

Lemma A.5. Let 1 < a,b < N, for any o € ¥,,, there ezists a unique 6 € Sy_1 such

as the partially transposed permutation operator o' is

M, = M) (won @ T) M),
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Proof. Let 1 < a,b,c,d < N, and o € X4, then 11, [Ni ILqp) is a partially transposed
permutation operator from 3. ,4. Let ¢’ € 31 be the permutation such that

g 10 Ty gy = 11,
There is a unique 6 € Sy_1, such that
I o) I T1 ) = wiony @ 115,

where the permutation operator is Il is

1
Hé’ = (_{ . TI'(]’l [H(l a) Hg H(1 b)} ’

Example A.6. Let 0 = (032) € &,. Its partial transposition operator

r ¢
HO'_ )\(7

can be decomposed into

= s (wo1) ® M) o).
Recall that for two integers i, 7 we denote by (7 : j) the permutation &,, defined by
(i—1)(i—2)---j) f0<j<i<n
(G:4)=q(@@GE+1) - (j—-1) if0<i<j<n.
0)(1)---(n—1) otherwise
That is, the |i — j| cycle of &,, between i and j.
Example A.7 (n = 3). The non-trivial (i : j)-cycles of S3 are:

(0:2)= 2, 2:0= [,
1= X G:1= 5
0:3)= B, Boo= X
Lemma A.8. Let 1 < a,b,c < N, and let 0 € Xy Let ¢ € HEN=Y | then
I (1) (0.0) © [9))
d-1D) 0.0y ® (H0: a1y © s 0 (s-1y.0)) |6) ifb=c

1D (0,0 @ (0: (a-1) © s © Mp-1):0) © Moy p-1) [0) i b # .
Proof. From Lemma A.5 we can write I, = II(1 ,) (w(,1) ® II5) II(1 ), or equivalently
Iy = My (172 @ 15) (wo @ I°M7Y) Ty,
Together with w|Q2) = d - |2), we have the following relations:
(woy @ INY) Ty =y (wop @ 1977Y),
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and
16) (120 @ 19)) = 1) @ (p-1).0) [0) -
If b= ¢, then
(wioy @ I°D) iy (192) 0,0 © 16) ) =Ty (wion @ I7V) (1), @ 10))
= I b (W) Do @ [9))
=d- Ty ( D op) @ #))
=d- (1) ® p-1):0)19) )
such that finally II ( D00 ® 9)) =d -1l [ D1 ® (Is o I((p—1):0) © ) |¢>]
If b # ¢, we have the following relation:
(w(o,b) X I®(N_1)) ( ‘Q>(o,c) ® ’¢> ) = |Q>(o,b) ® H((cfl):(b—l)) ‘¢> :
Then
(wioy ® I°D) Ty (192) 0,0 ® 16)) =Ty (wion @ I97V) (190, @ 16))
—Hlb(’Q> ) @ I((c-1): (6-1)) |¢>)
=Dy ® (H«b—l) 0) © He—1): 1)) 19)
such that finally

o (1000 ® 10)) = 1 a) [ 901y @ (s © T(p-1):0) © (1) b-1)) [#) } :

To conclude, from the relation

M0y (1901 @19)) = 12 0.0 © Mo: (a-1)) [6)

we obtain

Mo (1) 0 ® 18)) =

d-2) (00 ® (o: a-1)) © TTs 0 Mp-1y:0)) [¢) ith=c
[2)0.0) @ (Io: (a—1)) © I 0 (51 0) © ((e—1): p-1))) |¢) if b # c.
]

Example A.9. Let 0 = (0312) € &4, and let ¢ € H®?, then
>
(1)@ 10) = K3
N

=D 03 @1o1)|0) .

In order to simplify the next equations we use the notations Ils (g, and I, ., defined
by:
Us(ap,e) = Ho: (a—1)) © 5 0 I,

m,, = p—1):0 ifb=c
‘ (p-1):0) © He-1): 0-1)) L bF#c

and

The following lemma concerns the image and the kernel of operators II' .



THE ASYMMETRIC QUANTUM CLONING REGION 37

Lemma A.10. For any 1 <a,b< N and any o € Xy,

Im Hg = Span{ ’Q>(O,a) ® [¢) ) ¢ € H®(N71)}

1
KerIT; 2 Span{ D op) ©10) ( 1<k<N, ¢e€ ’H®(N‘1)} .

Proof. Let 1 < a,b < N, let ¢ € ¥4, and let v € Im Iy, then v = |Q) ¢, ® |¢) with ¢ €

HEN=D from Lemma A.5. Let ¢ € H(?(N_l), and define u = % €D 0.0) R0 040 10). Then
from Lemma A.8,

I (1) = ) (0.0) ® |9) -

Since on finite-dimensional spaces, the kernel of a linear map M is equal to the orthogonal
complement of the image of adjoint M*, i.e. Ker M = (Im M*)L, we have

1
Ker Il = Span{ D) (1) @ |0) ’ ¢ € 7-[®(N_1)}

1
> Span{ 1)1,y ®10) | 1<K <N, 6 e W]

A.3. Partial trace of partially transposed permutation operators.

Lemma A.11. Let 1 < a,b < N, then

Trgonmvco { 3 HZ} = (N=1)! T |RE |1

O’GEa,a

N —1)!
Trpo. vy [ Z Hg} _ - ] ) Tr [Pngl} -1,

O’GZaJ]

where the orthogonal projector onto the trivial representation subspace of Sy_1 is defined
+ 1
by PGN_1 - (N-1)! ZO’GGN_l HU'
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Proof. For the first equation we have from Lemma A.5

Tr[[o,Nﬂ\{o}[ Z Hg} = Trp.np0) { Z 1) (w @ 115) H(la)}

0—62(17{1, U€6N71

= Z Trpo, w0y [H(la) (w®1ls) H(la):|

ceGN_1

= > Temo [(I® o (a—1))) (w@s) (I @1 (H)))}

ceEGN_1

= > > Tremo [(I ® o (a-1y) (100 @ )] ® 1) (I @ g (a—1)>)]

o€BN_1 %=1

= > > Tromo [([ [i)11) @ (Mo a1y (11)] & T5) T (a_1)>)}

0€6 N1 1,j=1

= ) Y Tr [Hm (a-1) (I)(j] ® II5) Mg (a71>>] |2

0€6N_1 1,j=1

= > YT [(W(ﬂ ® 115) (o (a-1)) © g <a—1>>)} |01

oeby_114,j=1

= > D (i) ® Tr 1] - i)

0€6N_1 1,j=1

= ) T[],

c€eEGN_1

where II(o(4—1)) is a permutation operator of Gy. For the second equation, since the
partial transposition is a linear operator, we have the equality

.
Truo,Nﬂ\{O}{ Z HZ} = (Tr[[o,zv]]\w}{ Z Ho}) -

ana,b O’EEaﬂb
For any o € ¥, the relation
(U UL (UeU®N) =T11]

holds for all U € U(d), such that Try np oy [Z Hg] is a multiple of the identity, and

aeEa,b
r
Tr[[OyN]]\{O} [ E Ho':| - Tr[[o,zv}]\{o} { 5 Hg] =c-1,
Geza,b O'Eza’b

with ¢ = %Tr [dezw Ha} For a permutation ¢ € &,, we write #o the number of

Tr[z HG}: Y a

O‘Eanb UEZa’b

= Y gtleeten),

UEZa,a

disjoint cycles of . Then
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Let 0 € ¥,, and write 0 = ¢y o --- o ¢ the decomposition of ¢ in disjoint cycles ¢; =
(s{ -+ sp). If it exists i € [k] such that a,b € ¢; then ¢; o (a b) can be decomposed
in two disjoint cycles. Otherwise, if there exist ¢,j € [k] such that a € ¢; and b € ¢;
then ¢; o ¢j o (a b) can be decomposed in one disjoint cycle. Finally

#[ao(aw}:{

But since 0 € ¥,, and b # a, in the decomposition of ¢ in disjoint cycles, a is in the

cycle (0 a), and #[o o(a b)] = #o0 — 1. That is

v n-n] 3 0]

Ueza,b O'Gza,a

#o+1 ifJiek]st. a,beq
#0 — 1 otherwise '

A.4. Scalar product of vectors in V.

Lemma A.12. Let A\, Ay be two distinct irreducible representations of Sy_1, let vi,Vvo
be two mormalized vectors in the irreducible subspace A1 and Ay of Gn_1, and let 1 <
k.l < N. Then

d- <V1|V2> ka’:l

Qeory ©@ v1|Qo ® va) =
(Lo ®V1[Q0p ® V2) {<V1|H((l—1):(k—1))|v2> if k #1.

As a consequence
(Qow) @ v1[Qos) @ V1) =d
(Qop) @ v1[Qo ® vi) = (Vi T—1): b1y V1)
and
(o ® vi|Q0p @ va) = 0.
In particular the vector spaces Span V* are in orthogonal direct sum.

Proof. Since both vy and vy are normalized, we have (v;|v;) =1 for all i € {1,2}. Then
from (Q|Q2) = d we have
(o) @ v1[Quop @ vi) = (QQ) ® (vi|v1)
=d.
When k # [, from the equation <Q(0,k) ® ¢|Q(0,l) ® ¢> = (| =1y (k=1 |¢) for any ¢, ¢ €
HEN=D we have
(Qop) @ v1[Qog ® vi) = (Vi Tg-1): (k1) [V1) -

When we look at Aq, Ay, two distinct irreducible representations of Gy_1, the scalar
product becomes

(QQ2) ® (vi|va) if k=1
(V1| D=1y (g=1)) [v2) if k#L

Note that II(;_1). k-1 |[v2) lives in the irreducible subspace of Gy_; associated to g,
since the irreducible representations are stable by any representation of permutations.
Then both scalar product are null because the irreducible spaces are orthogonal each

other. O

<Q(0:k‘) ® Vl‘Q(O,l) & V2> = {
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Remark A.13. In the particular case of the trivial representation, we have for all 1 <
k,1 < N and all normalized v in the irreducible subspace VN1 (H),

<Q(07k) ® V|Q(0,k) X V> =d
<Q(0,k’) ® V{Q(O,l) X V> =1.

From Lemma A.8, the action of the permutation operators Hga , on the vectors |Q)(0 0 ®
|v), forall 1 <k < N, is

(25) H(:'a,b( Do @ v)) =

d- |Q>(1,a) ® Hé,a,b,b vy ifb=k
[0 (1,0) ® T3 5 1¥) if b+ k,

with TI} = P I, P*, and P* the projector onto the irreducible subspace A.
For any permutation operator I} _, we know from Lemma A.10 that the VAs form
a generators of the orthogonal complement of the kernel of Hr . However, in general

they do not define a basis. We can extract a subset of hnearly mdependent vectors to
form a basis. In this basis Hga , can be block diagonalized due to Eq. (25), since for all

irreducible representation A, and any vector v in V*, we have
H(';ayb('u) € Span V.
Example A.14 (N = 3). Let x1, 29,23 € R, and define
S=uz- H(r01) +xa - H(FOQ) + x5 - H(FOS),

A A

Then an eigenvector for the largest eigenvalue of R is

X =P |Q>(o71) ® [v) + o |Q>(o,2) ® [v) + B3 - |Q>(0,3) ® [v),

that is

that is
D) AL AWA
XZBI : +62 J_( +ﬁ3 j—lg )
for some coefficients B;, and v = Z ig).
1<i<j<d
APPENDIX B. SOME RESULTS IN LINEAR ALGEBRA

In the proofs, we use simple linear algebra results that are not mainstream. We gather
them in this appendix for the convenience of the reader.

Lemma B.1. Forall1 < 1,5 <n, let M;; be some matrices in M,,, and define the block

matrix
M= ) M|},
1<i,j<n
and the matriz M" =3, _; ., [|Mi;| - [i)4|. We then have
M) < M7
Proof Consider v and w two unit vectors such that ||M || = (v| M |w), we can decompose

Z v;) ® |i) with v; € C™ and we define v = Z ||vil| - 7). Since we consider the

=1 i=1
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Euclidian norm, we have obviously ||¢/|| = ||v]| = 1. We define w’ similarly, and then have

> (vl Mij Jwy)

ij

<D il 1M fws] - (Cauchy-Schwarz)

ij
= loill lws | (i|M']5)
]

| (v] M |w)| =

= (v/|M'|w')
< [/ ffe'| 271
< [[M]].
which ends the proof. Il

The foolowing lemma is usefull in the paper when we relate the spectrum of S with
the one of S

Lemma B.2. Let A € M be an operator, let n > m let {f1,..., fn} be a set of vectors
such that C™ = Vect{fi,..., fn}. We suppose that for all i = 1,...,n there exists a;;,
7 =1,...,n such that

n

Afi = Z aijfj

ij=1
Denote A the n x n matriz with coefficients (a;;). Then

Spec A C Spec A.

Proof. Let F' be the matrix composed of the vectors f;, ¢ = 1,...,n written in column.
Then F'is a m x n matrix of rank m since C"™ = Vect{ f1,..., f,}. By definition of A we
have

AF =FA

Furthermore for all scalar «
(A—al,)F=AF —al, F
—FA—aF

= F(A—al,)

Now using the fact that rank(AB) < min(rank(A), rank(B)) for all matrices A and B,
if a € SpecA since rank(F) =m

rank(F(A — al,)) = rank((A — a I,,,) F) < m.

Now since n > m this necessarily implies that rank(A — al,) < n which says that
a € SpecA O

Remark B.3. Note that the matriz A is not uniquely defined and depends on a choice
of the way of writing Af; = Z?Fl a;jf; but the results concerning the inclusion is true

whatever if the form of the matriz A. Of course the other inclusion is not true in general
unless n =m and {f1,..., fu} is linearily independent (but this is trivial in this case).
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Remark B.4. In the lemma the condition Af; = Z” 1 @i fj means that A leaves V =
Vect{fi,..., fn} invariant and we can rephrase this lemma by considering the restriction

to A on 'V and then saying that Spec Ay C Spec A. which is what we use in the body of
the paper.

APPENDIX C. THE O-NORM

Lemma C.1. For all x € RN, we have
1
c_leHl < Amax(Sz) < d||z][1.

In particular, the || - ||g quantity is non-negative. The first inequality is saturated if and
only if the matriz S, is a (non-negative) multiple of the identity. The second inequality
1s saturated if and only if x has at most one non-zero entry.

Proof. For the first inequality, note that

Tr S, Zf\il dlai] - d¥ |zl

)\max(Sx) Z dN+1 — — dN+1 - d

The inequality above is saturated if and only if the eigenvalues of S, are identical.
For the second inequality, we use the subadditivity of the \,., functional:

max ‘xz W(0,i) ® I® Zd’$l| - d”le

max

||Mz

The inequality above is saturated if and only if the matrices |z;| *W(0,;) @1 have a common
largest eigenvector, which can happen only if the support of = has size 0 or 1. U

Lemma C.2. For all z,y € RY, ||z + yllg < ||lzllg + ¥l o-

Proof. This follows from the subadditivity of the A, functional: for x,y € Rf we have

Amax [Z(Iz + i) - W) ® f®(N_1)]

N N

=< Amax {Z T+ W(0,i) & I®(N_1)} + Amax {Z Yi - W) @ JEWN-11

i=1 i=1

Lemma C.3. For allt € [0,1]Y and xz € RY, ||t - 2|5 < ||z o

Proof. Let us show that for 0 < z < y (meaning that z; < y;, i = 1,...,N), we
have [|z]|o < [lyllo- Let x = 3, Br |Qor)) ®|v) be a normalized eigenvector correspond-
ing to the the largest eigenvalue Ayax(S:), from Theorem 3.11, that is

Amax (S <X)sz (wos) ® I°W-D) ‘X>
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Note that due to the Perron—Frobenius Theorem, g; > 0 for all i = 1,..., N. Let us
point out two facts. First using Lemma 3.5

(X wioqy ® 190 Zﬂkﬁl (Do ® v| (W) © TPV DY |Q0y @ v)

Br - <on ®V‘dﬁz (0,i) ®V+Zﬂl Qo ®V>
l;éz

ﬁk-<Q(o,k)®V‘( 1B - Q0,4 ®V+Zﬁl Q(ol)®V>

((d —1)Bi + ; 51:)2 1

M= 10+ ”M

e
Il
—

Second

1= (x|x)

—ZﬁzﬂﬂrdZﬁz

i#j
N

= (Zﬁz) +(d-1)) 5

i=1

2 2
Now using that (Zfil @) > Zf\il (% we get that 1 < d (Zj\i @) then, since 3; > 0

(x| wq ® I°W (Zﬁl) >

This way since y > x, we have that \,..(S,) > (x, Syx) then
Amaz(Sy) = Amaz(Sz) 2 (X[Sy — Sz|x)

Il
WE

(yi — =) {(x|wio.) ® TNV ]x)

(3: — 1) ((d )i+ Zﬂ)

1

.
I

WE

1

.
I

al 1
> ;(yi - $i)3
Then | )
1yllg = Amac(Sy) = Syl 2 Anaa(Se) = = llall = ll2ll
which was the desired result. O

APPENDIX D. OPTIMAL CLONING

Lemma D.1. Let some reals (B:),,<n- The operator

~ ﬁaﬁb r
Cry= 2 (N—l)!H"
1<a,b<N
UGEa,b
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such that there exists a and b with B,B, # 0 is an orthogonal projection if and only if the
condition (13)

N N 2
d—1)) B+ (Z@) =1
=1 i=1

18 satisfied.

Assume (13) is satisfied. The operator Cr, is a positive operator, such that Try xy\ 0y C1y =
1

Proof. Let some reals (5;),<;<y, then

(5TB)2: Z Z 5a5bﬁc5d OHE

1<a,b<N 0€X,
1<cd<N TEEcd

_ {d > x ﬁaﬂbﬁcﬁd S mﬁbﬂcﬂd }

1<a,d<N 1<b,c<N 0€¥4 g 1<b,c<N 0€X4 g
b=c b;éc

~ 2 ~
The projection condition (C’Tﬁ) = (7, is equivalent to

Bafy = dZM@ﬁw D BuBiBiB

1<i,5<N
7]

=/3a<<d— 1)2 5+ (Zﬁ))ﬁb

Since (13) is assumed to be satisfied then éTﬁ is an orthogonal projection and hence a
positive operator. This way C7, is positive. We have now from Lemma A.11

~ ﬁaﬂb
Trpo, v oy (CT5> = Trpo vy [ Z mar
1<a,b<N ’
UEEQ b
—Tr |Pg,_| (Zm : Z%)
i#]
Tr Pg )
- nyae (2a) ] o
+
Tr PGN g
d
Then
d N+d-1 =
Trpo,wi0y (C1) = Trpo.vm oy [ -Cr, }
HAIMER T e T RS N 4
- TrPg,  N+d—1 ;
- TrPE N
=1,
where the last equation comes from Tr [P¢ ] = 5 ﬁ; - Tr [PE ] O
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Lemma D.2. For any 1 < a,b < N, and any o € Y., the permutation operator o' is
the Choi matriz a linear map T,,,, : Mg — (Md)®N defined by

Tuw(X) =11, (X ® I®(N_1)>HV

for some permutations p and v in Sy such that u(0) =a—1 and v(b—1) = 0.
As a consequence for some fired 1 < a,b < N,

where

Proof. Let 1 <a,b < N, and 0 € ¥,;. then from Lemma A.5 we have
HZ = H(1 a) (w ® H&) 1_I(l b)»
such that on X € My, the partial trace yields

Tro [IIL(XT @ I%Y)] = Tro [H1a) (w @ 15) Mg gy (X7 @ I9Y)]
= Tro [(1 @0 (a-1))) (w @ TI5) (T ® Mg p-1y)) (X7 @ I°Y)]
= > Tro [(I @ TUg(a-1y)) ([i)ii] @ [i)i] @ 1) (I @ g p-1y)) (X7 @ I%V)]

i,7€d]

= > T [|iXj| X - o (a—1y) (18] ® Ts) o (s-1y)
i,5€[d]

= > (X 1) - o ey (1] © 1) Lo o1y
i,5€[d]

= IL(0 (a-1)) (X ® II5) To b-1))
= (o (a—1)) (X @ I®N"V) (I @ T15) T (4-1y).

And the result hold for II, = Iy (q—1)) and I, = (I ® I1;) o I (-1))- Il

Lemma D.3. Let an orthogonal projector éTza for some reals (8;), ;< v satisfying Eq. (13).
Then for any 1 <i < N, we have

5T5 W0, = ﬁ Z Ba((d - 1)ﬂz + Z ﬁb) Hcrf

" 1<a<N 1<b<N
O’GZaﬂ;

Let Choi matriz Cr, for some reals (B;) ;< satisfying Eq. (13). Then for any 1 <
1 < N, we have

2

N
Tr [CTB w(o’i)i| = d((d - 1)ﬁk + Zﬁj> .
j=1
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Proof. Since we are summing on all permutations Hr ,» & direct calculation gives us

6Tﬁ W(,i) = m Z Bal - H W(0,i)
1<a,b<N
UEEa b
_ 1 r r
O Z Ba((d_l) Z Bi-o + Z 5b'Ha)
1<a<N 0€8a,; 1<b<N
[SIP
1 r
= (=] Z Ba ((d— 1)B; + Z 51))1_[0-
1<a<N 1<b<N
[ISPITN]

And then we look at the action of the Choi matrix Cr, onto some wg;), and take the
trace.
The Lemma A.11 yields

N N
Tr |:OTB W(o,i)} _ d(N +_d - 1 Z 6_“1' ( -1+ 2@’) Tr { Z Hg}
b=1

N TI‘ Pg a=1 Ueza,i

ﬂN+d—1

N I[P, (

_1@+§:&)< —1@+§:@>H[GNJ

d(N +d — 1)
N Tr| P, |

(—1@+Zﬁ0.

—1@+§:@) ngj

| \
/‘\
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