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Achraf Tamtalini® Anis Matoussi ¥ Sarah Kaakai®
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ABSTRACT

We study a robust utility maximization problem in the unbounded case with a general penalty term
and information including jumps. We focus on time consistent penalties and we prove that there exists
an optimal probability measure solution of the robust problem. Then, we characterize the dynamic
value process of our stochastic control problem as the unique solution of a Quadratic-Exponential
BSDE.

Keywords Utility maximization, Robustness, Quadratic BSDEs with jumps, Time-consistent penalties, Bellman
Optimality principle

1 Introduction

One of the major problems in asset pricing is the valuation in incomplete markets. In such markets, the decision
maker/agent could use the well known utility maximization approach and the literature is particularly rich on the subject
(see for example Rouge and El Karoui| (2000), |[Hu et al.| (2005)), Morlais| (2009) and (Carmonal (2008) among many
others). However, in many cases, the decision maker does not know the probability distribution (also called prior or
model) governing the stochastic nature of the problem she/he is facing. Thus, before solving the utility maximization
problem, the decision maker is faced with an intermediate problem of choosing an “optimal” probability. This type of
problems are called robust utility maximization problems or utility maximization problems under model uncertainty. In
the mathematical finance literature, we can find two types of approaches to solve robust utility maximization problems.
The first one relies on convex duality methods which are presented in|Quenez|(2004), |Gundel (2005), Schied| (2007) and
Schied and Wu! (2005). The second one, which we will follow in this article, is based on a stochastic control approach
and the powerful tool of BSDE:s.

In this article, this uncertainty is captured by considering a set of plausible probability measures that will be penalized
through a penalty functional. This penalty functional will measure the distance between any plausible probability )
and the reference/historical one denoted P. In|Anderson et al.|(2003) and [Hansen et al.| (2006) for example, a hedging
problem was addressed by using the classical entropic penalty under a Markovian setting and hence Hamilton-Jacobi-
Bellman (HJB) equations were derived in order to characterize the optimal strategies. The authors in|Skiadas|(2003)) have
followed the same point of view and obtained a BSDE that coincides with the one describing a stochastic differential
utility (see also|Duffie and Epstein| (1992) and Duffie and Skiadas|(1994)) for more about stochastic differential utilities).
More recently, Bordigoni et al.|(2007) addressed a robust problem in a more general setting which is non Markovian by
using stochastic control techniques. More precisely, they studied the following robust maximization problem:

sup CizrelfQU(m Q) )]
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where 7 runs through a set of strategies and ) € Q through a set of models. The simplest case corresponds to the case
where the set Q is the singleton { P} and U(r, P) is simply the P-expected utility from a non bounded terminal wealth
and consumption/investment portfolio. The term U(7, Q) is the sum of Q)-expected utility and an entropic penalization
term. The set Q is assumed to have certain properties and usually does not need to be specified in any detail. Their work
is cast in the case of a continuous filtration and the first minimization problem was solved by proving the existence of
a unique optimal probability QQ*. They also characterized the value process of the stochastic control problem as the
unique solution of a Quadratic BSDE (QBSDE). In the same spirit, [Faidi et al.| (2013) studied the same problem using
two type of penalties: the first one is the f-divergence penalties in the general framework of a continuous filtration and
the second one is time-consistent penalty and studied in the context of a Brownian filtration. For the latter, they also
characterized the value process as the unique solution of a QBSDE.

In this paper, we study the first minimization problem in (1)) in the case of discontinuous filtration (where the information
includes jumps) using time consistent penalties. Note that in our framework, the relative entropic penalty, as we will
see further, is a special case of the class of time-consistent penalties. We first start by showing that the minimization
problem in (T)) is well posed and we prove the existence of the optimal probability Q* using a Komlds-type argument.
Second, we prove that the value process of the minimization problem is described by a class of Quadratic-Exponential
BSDE with jumps (QEBSDEJ) with unbounded terminal condition. We stress that for a given unbounded terminal
condition, the study of Quadratic BSDE:s is a difficult problem, see for instance [Briand and Hu| (2006)), Briand and Hu
(2008) and [Barrieu and El Karoui| (2013)) in the continuous framework and we emphasize that adding jumps to our
optimization problem involves significant difficulties in solving the related BSDEs. |[Karoui et al.| (2016) have obtained
existence result for this new class of BSDEs with jumps with unbounded terminal condition. However, they have
showed uniqueness only in the bounded case. In this paper, we use the convexity of the generator of our BSDE to show
the uniqueness of solution of the BSDE by extending the work of Briand and Hu|(2008)) in the Brownian setting.

The paper is structured as follows. Section 2]establishes the general framework, in which we assume the existence of
a stochastic basis carrying a Brownian motion and a compensated integer-valued random measure that possesses a
weak predictable representation property. In section[3] we give a number of estimates for subsequent use. We then
prove with the help of Komlos theorem that there exists an optimal probability QQ*. Finally, in section[d] we treat our
optimization problem from a stochastic control point of view, and show, thanks to Bellman Optimality Principle, that
the corresponding value process is the unique solution of a QEBSDEJ.

2 Framework of the optimization problem

2.1 Setting and notations

This section sets out the notation and the assumptions that will be assumed to hold in the sequel. Let (2, F,F, P)
be a filtered probability space with a finite time horizon 7" < oo and a filtration F = (J;)¢o, 7 satisfying the usual
conditions of right continuity and completeness, in which all semimartingales are taken to have right continuous paths
with left limits. We assume that that F is trivial and ¥ = Fp. On this stochastic basis, let W be a d-dimensional
standard Brownian motion and let u(dt, dx) = (u(w, dt,dz)|w € Q) denote an integer-random valued measure on
([0,T] x E,B([0,T]) ® &) with compensator v := v¥ (w, dt, dr) under P, where E := R%\ {0} is equipped with its
Borel o-field € := B(E).

On (2,F) := (2 x[0,T] x E,F® B[0,T] ® £), we define the measure P x v by

Pxv(B)=FE

/ Iz(w,t,z)v(w,dt, dx)| , Be¥. )
(0,T]x E

We denote by P := P ® & where P is the predictable o-field on  x [0, T]. We say that a function on Qis predictable
if it is P-measurable.

We will assume that the compensator v is absolutely continuous with respect to the A\ ® dt with a density &:

v(w,dt,dx) = & (w, z)\(dz)dt, 3)

where ) is a o-finite measure on (E, &), that satisfies the following condition: [, 1 A|z[*A(dz) < oo and the density &

is (T’-measurable, positive and bounded:

0 < &(w,z) <Cy < oo, Px Adz) x dt —a.e. for some constant C,,. 4)
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Note that, thanks to (3), we have that v({t} x E) = 0forall ¢, and v([0,T] x E) < C,TA(E).
For 1 a predictable function on 2, we define its integral process with respect to p as:

,ds,dx) if , .ds,d ,
(% p)e = /[o,t]wat(x)'u(w de) | /[o,t]wat(w x)|pu(w, ds, dx) < oo )

+ oo otherwise.

In the same way, we define the integral process with respect to v.
Let ;i be the compensated measure of p

p(w, dt,dx) = p(w, dt,dx) — v(w,dt, dz). (6)

To alleviate the notations, we will omit the dependence on w in the different stochastic quantities. In the following, we
recall some properties that can be found in |Becherer| (2006) or Jacod and Shiryaev|(2013)). First, for any predictable
function v, the process 1) x v is a predictable process whereas 1) x p is an optional process. We recall that E[|¢)| x pr] =
E[[¢p| % vp]. If (|1|? % 1) '/? is locally integrable, then ) is integrable with respect to 7 and 1) i is defined as the purely
discontinuous local martingale (under P) with jump process [, Up({t},dx). If the increasing process [¢)| * u (or
equivalently, || * v) is locally integrable, then again, ¢ is integrable with respect to jz and is the purely discontinuous
local martingale as in the first case and we have v x i = 1) x j1 — 1  v. Finally, if the process || x v is integrable, then
U is integrable with respect to ;r and Z % [ is a square integrable martingale, purely discontinuous, with predictable
quadratic variation (1) x fi) = |1|? x v. These properties and their proofs can be found in Section II.1.d of Jacod and
Shiryaev]| (2013).

We will assume that W and g satisfy the following weak representation property with respect to P and J: Every local
martingale M with respect to (F, P) admits the following decomposition:

t

My=Mo+ (n- W)+ () = Mo+/ nsdWs + (Y x i);, V>0, P —a.s. @)
0

where 7 is a progressively measurable process and 1 a predictable process such that

T
/ Ins|?ds < 0o, (|¢]**v)r < 0o, P—a.s. )
0

We introduce the following spaces:

o L**P is the space of all Fr-measurable random variables X such that:
Elexp(v|X[)] < oo, ¥y > 0.

Dy*P is the space of progressively measurable processes (X;)o<t<7 with

E |exp (’y ess supXt|) < 00, Vy>0.
L 0<t<T ]

« DT is the space of progressively measurable processes (X;)o<¢<7 with
- r -
E |exp 7/ | Xslds | | < oo, Vy>0.
0

. in’p is the space of predictable processes ¢ such that

p 1
3 P

T
/ |¢|§,Ad5] ,
0

2, = [E () PEa ()N (d).

» H?P is the set of all predictable processes 7 such that

T
E (/ |7732d8> < 00.
0

E

where

(SIS
=
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2.2 The optimization problem

For every probability Q < P on Fr, we denote by D = (D;)o<¢<r its Radon-Nikodym density with respect to P,
that is,

dQ
D;=F T t>0.
t |:dP t:| ’ - 0
D is a cadlag nonnegative P-martingale. Let 7,, := inf{t > 0,D; < 1/n} and consider the local martingale

M= | Ot ATn Dsil dDy. Thanks to the weak representation property, there exist two predictable processes (1) and
(¥?), s < Ty, such that, fot/\T” In2|%ds < oo and (|1)]? * v)¢ar, < 00 and

Dipr, = E((" - W) + (" 1) )ipr, » £20, P—as.

Consistency requires that we should have 1 = 7" ™! dt ® dP-a.e and ¢} (z) = ¥ (z) v(dz) ® dt ® dP-a.e on
{t < 1, AT}. By the fact that 7, * co -a.s., we obtain the existence of Q)-a.s. defined predictable processes 1 and 1)
such that,

Dy=&E((n-W). +(xpn).),, t>0, Q—a.s. ©)]

where fUT [ns|?ds < oo and (|¢|> xv)r < 0o @ — a.s.. Note that since for all ¢ € [0, 7], D; > 0 Q-a.s., then we must
have for every t € [0, T, ¥+(x) > —1 dQ X v(dx,dt)-a.e. and we can rewrite (D;) as in the following:

D, = exp <(77 W)+ (Yxp) — % /0 1ns|?ds + ((In(1 + ) — ) *,u)t> Q—a.s. (10)

We now introduce the following time consistent penalty for a probability () < P on Jr:

T
’Yt(Q) = EQ / T(Sawﬂlsaqps)ds 9:t ) (11)
t

where 7 : [0,T] x Q@ x R? x L2(E,\) — [0,+00] is suitable measurable function that is convex and lower-
semicontinuous in (7,) and such that 7(¢,0,0) = 0. Note that, since r is non-negative, r is minimal at = 0
and ¥ = 0 and this corresponds to the probabilistic model P. Therefore, the reference probability has the highest
plausibility. In the following, we will consider probabilities Q € Qf where

of = {Q < P,7(Q) < oo} (12)

In order to solve the stochastic control problem with BSDEs, we need to impose some regularity and growth conditions
on the penalty function. In a Brownian setting, [Faidi et al.| (2013) assumed the penalty function to be bounded from

below by the relative entropy. In the same way, we will assume that there exists Ko, K7 > 0 such that,
0(Q) > —Ky + K1 H(Q|P).
Let f be the function defined as follow:

flz) = {<1 +a)log(l+2)—z, ifz>-—1;

13
%) otherwise; (13)

For the latter inequality to be verified, a sufficient condition on r will be the following:

(A;) There exists K1, Ko > 0 such that for all w € Q,t € [0,T], 7 € R and ¢ € L?(E, \; R), we have,

2
ez Ko+ i (W4 [ w@iate o).

The following proposition shows that the entropic penalty can be retrieved with a special choice for r. A detailed proof
is given in the Appendix [3]



A. TAMTALINI, A. MATOUSSI AND S. KAAKAI

Proposition 2.1. Let r(t,n,v) = $n>+ [, f(¥(2))&(2)A(dx) and Q € Qy. Then, the penalty function corresponds
to the relative entropy, that is

_ T |77zt|2 _
(@) 5 o UO ( e fwt(z))gt(z)x(dm)) dt] = Hy(QIP),

(A
where,
dq
Hy(Q|P) = Eq |log aP Fel - (14)
Moreover, we have for a general r verifying[(A,)|
2(Q) | TK
< .
HQIP) < 5525 + (1s)

In particular, H(Q|P) is finite for all Q € Qy.

Remark 2.2. Let r*(t,2,z) = sup (z -+ [ Z(@)(x)N(dx) — r(t,n,v)) the Fenchel conjugate r.
neRYeL2(N)
Assumption implies that, for w € ), z € R%, t € [0,T] and Z € L*(€, \;R),

|2|? Z(x)

r*(t,w,2,2) < Ko + 2K, + K3 /E f* (Klgt(x)) & ()M (dx), (16)

where f*(x) := e* — x — 1 is the Fenchel conjugate of the function f.

Now, given a positive adapted process ¢, we define the discounting process:

¢
Sf::exp(—/ 65d5>, 0<t<T,
0

and the auxiliary quantities,

T @b 5
Uf,T = a/ %Usds +E%UT, 0<t<T, a,a¢ > 0,
t Ot ¢

T S(S
fRf_’T(Q) = / S—fsr(smmws)ds, 0<t<T.
t t
Now we consider the cost functional
c(w, Q) = Ug (w) + BRo,7(Q)(w), (17

which consists of two terms. The first one is a discounted utility term that is the sum of a final utility U7 and a
continuous utility with utility rate (Us). For instance, (Us) ca be seen as the utility coming from investing/consuming
and Ur as the utility coming from the terminal wealth. The second term is simply the penalty term and measure the
“distance” between the probability () and the reference probability P. The parameter 5 might be viewed as measuring
the degree of confidence of the reference probability P. The higher f is, the more confident we are in P, with the
limiting case 3 1 oo (respectively [ | co) corresponding to full degree of confidence (respectively distrust).

Our objective is to solve the following optimization problem:

Minimize the functional @ — I'(Q) := Eglc(., Q)], (18)
over the set Q. To guarantee the well-posedeness of the problem, we will assume the following:

(Ay) 1. The discounting process is bounded by some constant ||d|| oo}
ii. The process U belongs to D*P;

iii. The terminal utility U belongs to L¢*P.
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Remark 2.3. Under assumption we have

T
exp ()\/ Us|ds+uUT|>
0

Indeed, using the convexity of the exponential function, we get,

T T
exp ()\/ |Us|ds—|—uUT> exp <2 X 2/\/ |Us|ds + 3 X 2uUT>
0 0

1 T 1 _
2 oxXP (2/\/ |Us|ds> + 2 oxXP (2u|Url)
0

T
exp (2)\/ |Us|d8>
0

where the finiteness of the two last expectations is due to assumption

E < oo, VA, 1 €RT. (19)

E =K

<F

1 1 —
= §E + §E [exp (2u|Ur])] < oo,

3 Some helpful estimates and existence of optimal probability

3.1 Auxiliary estimates

The main objective of this section is to prove the existence of an optimal probability Q* that minimizes the functional I".
To achieve this, we start by proving some useful auxiliary estimates. We will adapt the steps in|Bordigoni et al.| (2007)
and the inequalities therein into our setting.

Proposition 3.1. Under assumption and there exists a constant C € (0,00) which depends only on
a, @, 3,6, T,U, Ur such that

I'(Q) < Eglle(, Q)] € C(1 +7%(Q)), forallQ € Qy. (20)

In particular, this shows that T'(Q) is well defined and finite for every @ € Qj.

Proof. The first inequality is obvious. As for the second, denoting U := « fOT |U¢|dt + @|Ur|, we have for Q € Qy,
using the fact that, 0 < Sf <1,

Eqlle(-, Q)] < Eq a/OT Uildt +alUr|| + BEq /OT r(tmuwt)dt] 21
= Eg[U] + A0 (Q)- (22)
Fenchel inequality applied to x — z log(x), gives
xy < %(x log(z) +eM™1), V(z,y,\) € RY x RY x R*. (23)
Therefore, using this inequality with A = 1, we get,
Fou)= 5[ 22y
<FE [ZCP?’ log (Z?’)} + B[V
= H(Q|P) + E[e" ]
< %612) + TTI? +e 'E[eY],
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where we used (T3)) in the last inequality. Going back to (ZI)), we obtain,

Bl @)l < (64 7 ) w(@+ (T2 + e B )

1

where the term FE[eY] is finite as pointed out in remark We then conclude by setting C' =
max (ﬂJr =, Té(lz +e 'Ele ]) O

The next result shows that I" is bounded from below by 70(@). This will be very useful for proving the existence of an
optimal probability.

Proposition 3.2. Assume and hold. Then, there exists C € (0, 00) depending on o, @, 3,6, T, U, Ur such

that for all Q € Q
! 0(Q) < C(1+ T(Q)). 4)

In particular, we have inf T'(Q) > —o0
QEQf

Proof. Using the same notation as in the proof of the previous proposition, we have,
Eq[Ug 7] > —Eq[U].
For every A € R*, using the inequality (23), we get,
1 1 _
EQ[U] < Y H(QIP) + L E[e* ]
1 VO(Q) TKy et AU
<< |— —F
_>\<K1 Tk ) PR B

where we used (T3)) in the last inequality. On the other hand, since the discounting process is bounded from above, we
have

Eo[R = F,
ol O’T](A) Q

T
/0 Sfr(t,nt,wt)dt] > o~ Ioll=T g,

/TT(tﬂlt,%)dt] = 67“5H°°T’YO(Q)~
0

Combining the two previous inequalities leads to the following,

TKQ 671 AU
E
VD) [

Q)= EQ[uo T+ B:Ro 7] > (ﬁe_lléll& - )\1K1> Y0(Q) —

Choosing A large enough such that p := Be~19ll=T — xi; > 0, we get the desired result by setting C' =

L max (1, ff(ﬁ + £ 1E[e’\U]). O

m

The following is a direct consequence of the previous proposition and inequality (T3).
Corollary 3.3. Under assumptions and there exists K € (0, 00) such that for every QQ € Qy, we have the

following

H(QIP) < K(1+T(Q)). (25)
In the same spirit of the proof of the above proposition, we have the following estimate that is crucial in proving the
existence of an optimal probability Q* € Q.
Lemma 3.4. For any A > 0 and any measurable set A € Fr, we have for every Q) € Q¢
0@  TE, !

al = K, T, t5F

T
Bl /1 14 exp(Aa /0 U, |ds + Aa[Tr]) 26)

Proof. Using inequality (23)), we have for every A > 0 and Q € Qy,

dQ dQ ~1,0U
|u T|ILA)\<dP1g(dP)+€ 14.

Taking the expectation under P and using (T3), we consequently get, Eq[Uf ;|14] < w;ﬁg) + %gf +

[14 exp(AU)]. O




A. TAMTALINI, A. MATOUSSI AND S. KAAKAI

3.2 Existence of optimal probability

In this subsection, we prove the existence of an optimal probability Q* € Q using a standard Komlos-type argument,
but before let us show two important properties of the functionals I" and . We will introduce the following Linderberg
condition on sequences of martingales converging almost surely to 0. This technical assumption is needed to prove the
lower-semicontinuity of vq:

(Ar) Every sequence (M,,) of locally square integrable martingales with the representation dM;* = ndW; +
S 7 (x)f(dt, dx) converging P-a.s. to 0 for each ¢ € [0, T7, verifies the following L1nderberg condition:
Ve € (0,1] / / [y (z))? Liyr (2)|>¢ v (dt, d) T 0, in P — Probability

Proposition 3.5. Under the assumption|(AL)} we have the following:
1. Qg is a convex set and the functional ) € Qy — T'(Q) is convex.
2. 7o is lower-semicontinuous for L*(P) convergence.
Proof. 1. Let A € (0,1), Q, @ €Qrand Q* :=A\Q + (1 — )\)@ Let D and D denote the corresponding density
processes and (1, ¢), (77, 1) the associated processes via (9). Consider the following processes:

A, ADgm 4+ (1 - A D, 1
Ny = DX Dz; >0

A, ADgb 4 (1 — A D,
wt = DX ]1fo >0
o

where D* := AD + (1 — /\)f) is the density process of Q* with respect to P. It is easy to see that the density
D* satisfies the following SDE:

dD} = D} ( AWy + / Y} () fi(dt d;v)) ,t€0,T],Q" — a.s.

Hence, using the convexity assumption of r, we have,

T
/ T(tﬂ??,w?)dt]
AD, - 1—-\ND,- _ ~
/0 <D>\t 7t ne, Yr) + (l)t)\)tr(t>77ta¢t)> 1D:_>0dt‘|

AD 1-\ND,- . ~
D%’/ ( D; (t ntawt) (D>\)t']"(t7nt,¢t)> ]]'D:_ >Odt‘| .
0 o

Using Fubini’s Theorem to interchange integral and expectation followed by conditioning on J; and the
martingale property of the density process D, yields,

%(Q" < E / D} </\é); r(t, e, y) + u_l)/t\)asr(tﬁtﬂﬁ)) Ipx >0dt] .
0 t— t

70(Q*) = Ega

< EQA

=F

Since D* is right continuous, the set {¢ € [0,T], D} # D} } is countable. Therefore, we have,

- e .
%(QY) =E /o D} ()\é); r(t, me,e) + %T(taﬁt’ ¢t)> ]lDt); >0dt]
N

T o~ ~
<FE / AD—r(t,n, ) + (1 = A\)Dy-r(t, ﬁtﬂﬂt)dt]
0

= XM0(Q) + (1 = M0 (Q) < oe.
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We have showed then that Q is convex. The convexity of the functional I' follows readily by using the same
arguments used above.

. Let (Q™) be a sequence of probability measures that converges to Q in L (€2, P), i.e., D} — Dz in L' (2, P)
where D™ and D the corresponding densities processes. Let (n™,4™) and (n,) (resp.) be the processes
given by (9) of D™ and D (resp.). Since we know that D converges to D in L!(P), the maximal Doob’s
inequality

1
P( sup |D} — D¢| > €) < —E[|D} — Drl|], Ve >0,
0<t<T €

implies that ( sup |D}* — D;|) converges to 0 in P-probability. By passing by a subsequence, we can assume
0<t<T

that ( sup |D} — D;|) convergesto 0 P — a.s.
0<t<T
We denote M := sup |D? — D,| and introduce the following stopping time 7,, := inf{t € [0, T, M]* >
0<s<t
1} AT. We have M’ < M+ [D? — D, | and by taking expectation in the latter we get

E[M,] < EIM ]+ E[D}, - D, @)

Recall that M7 iy 0 and since (M"); is a nondecreasing process we have M, - < Mpsothat M" — 0.

Tn n—00

We also have by the definition of the stopping time 7,, that M ™ < 1. Hence, by the dominated convergence
theorem, we obtain that

E[M™ ] —0asn — oo. (28)
Furthermore,

E[|D?, = Dr, || = E[|[E[D}|37,] = E[Dr|35, ][] = E[|[E[D} — Dr|37,]|]

< E[E[|D} — Dr||F+,]] = E[|D} — Drl] — 0.

Tn

(29)

Combining (27), and (29), we deduce that M converges to 0 in L'(P). Then, by Burkholder-Davis-

1
Gundy’s inequality, we get that [D™ — D)2, converges to 0 in L*(P) and a fortiori in P-probability. Now, as
[D™ — D]p = [D™ — D], 1, -1 + [D™ — D]r1,, <, then for every € > 0,

([D™ = Dl;, 1 =1 > €) + P([D" — D]rl,, <1 > ¢€)
([D™ = D),, =€)+ P(rn <T),

and
P(r, <T)=P3te[0,T]st. M{* > 1) < P(M} >1) — 0.

n— oo

So, we get that [D™ — D]r converges to 0 in P-probability. On the other hand, since D}* — D; — 0, thanks
to the assumption we get from Corollary 1 in |Shiryayev| (1981) that (D™ — D) converges to 0 in
P-probability and by passing to a subsequence while keeping the same notation, we may say that (D™ — D)
converges to 0 P — a.s.. But, we know that,

(0" = D)r = [ Dy = Dt + / [ 1DE-00 ) = Do) Pt da).

Therefore, we immediately obtain that D}* ny* — D;-n; dP x dt — a.e. and dP x dt — a.e., D} ¥} (x) —
D, (z) in L?(E, ). Next, we will show that 7 (Q) < lim inf 40(Q™). Assume by way of contradiction
n—oo

that 79(Q) > [ := liminf v,(Q™). By passing to a subsequence, we may assume that vo(Q™) — [. Let
n— oo
= inf{t € [0,T], Dy = 0} and ¢, := inf{t € [0,T], D} = 0}. Since D} = 0 on {t > (,}, we must have
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¢ < liminf ¢,. Hence, for € := %, there is k € N such that for T}, := ¢ A {Ck, Ck+1, ---}» we have
n—oo

T
/ T(t7nt7¢t)dt = E
0

Ty

(Q) = Eq

¢
/ Dtr(tant>wt)dt]
0

S F Dt—r(tantv/wt)dt + €

=F

Tk
/ g(t, Dy~ Dy-ny, Di—tpy)dt | + €,
0

where g(t,x,y, z) := 2r(t, £, £). Clearly, since r is lower-semicontinuous in (7, %), we get that also g is also

lower-semicontinuous. Hence, by Fatou’s lemma, we obtain

E

Tk
/ g(t, Dy, Dy—ny, Dt—@bt)dt] < lim>i]£1f E
0 n>

Tk
/ g(tvD?vD?ntaDtnwt)dt]
0

< liminf F
n>k

Cr

/ g(t,D?-,D?_n?,D?-wmdt]
0

= hglzllgf (Q") =1,

so that we have 70(Q) < [+ € < 40(Q) which is a contradiction.

In the next theorem, we show the existence of an optimal probability Q* € Q.

Theorem 3.6. Assume|(A, ) |(A,)|and|[(AL)hold. Then there exists a probability measure Q* minimizing Q — T'(Q)
over Qy.

Proof. Let Q" a minimizing sequence in Q such that

I(Q") N\ inf T(Q),
n—soo QEQy
and we denote by D™ the corresponding density process. Since we have D7 > 0, it follows from Komlos’ lemma that
there exists a sequence denoted D with such that D, € conv(D3, ZiT, ...) for each n € N and (D7) converges
P — a.s. to a random variable D, . Now, we will show that D, is associated with a probability measure Q. First, we
=00 . . . . . —-_n . .
have D is nonnegative as the P — a.s. limit of the nonnegative sequence (Dr),. Second, since Qy is convex, each

Dy is associated with a probability measure Q" € Q. Now, thanks to the convexity of T and the fact that (T'(Q™)),, is
decreasing, we have the following,

I'(Q") < supT(Q") =T(Q") < T(Q). (30)

m>n
Consequently, using (23)), we get,

sup (D log(Dp)] = sup H(Q"|P) < K(1+sup T(@Q")) < K(1+T(Q")) < oo
ne ne

By Vallée-Poussin’s criterion, the sequence (5;) is P- uniformly integrable and therefore converges to E;O in L1(P).
Hence, we have, E[D, | = lim E[Dy] = 1 since E[D-] = 1 forall n € N. This shows that D can be associated
n—oo

with a probability @OO on Jr such that d@oo = ﬁ;o dP. Our next step is to prove that this probability @OO belongs to

Qy. By Proposition we know that -y, is lower-semicontinuous with respect to L (2, P) convergence. Therefore,
. —=n L' =<0
we get since D — D,

(@) < lim inf 5o @").

10
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But, thanks to (Z4)), we know that vo(Q) < C(1 + I'(Q)). Consequently, we obtain that,

liminf 0(Q") < C(1 4 supl(Q")).

n—00 neN

The RHS of the last inequality is finite thanks to (30). We then conclude that WO(QOO) < o0, i.e., QOO € Q. It
remains to show that @m is optimal. Note that using the same arguments in the proof of Proposition the function

Q+— Eq [IngT(Q)] = Eq| fOT S?r(t,m¢, 101 )dt] is lower-semicontinuous for L' (€2, P) convergence and therefore we
get immediately that,

Bge [R2(@)] < liminf B [R5 1(@")]
We denote Y := DU 7 and Y := Dy UJ 1. If we prove that we also have

E[Y™] <liminf E[Y"], (31)

n—oo

then we would have
N@™) = EY ™) + Eg=[R +(Q™)]
< liminf E[Y") + liminf Bge [%) Q)]
< lim inf EY"] + Egn {Rg,T@")}
=liminf Q") = inf T(Q),

n—00 QEQy

which proves that indeed @Oo is optimal. Although Y is linear in ErTL, we cannot use Fatou’s lemma since ther term
ug - has no lower bound. To remediate this, we introduce the following:

Ry =U§ plys > py > —m, meN.

Hence, we have for n € NU {oc0},

N =Ma (8 -n =Ma (8

Y ' =DrUgr = DrRp + DTU07T]1ug)T<_m.
Because now }Nim is bounded below by —m, we can use Fatou’s lemma to get,

E[D™R,,] <liminf E[D"R,,].

n—oo

Consequently, by adding and subtracting E [ﬁ?ug,TﬂugyT <—m)» We obtain,

EY”) < lim inf E[D"Rm) + E[D7U) 71y <]
<liminf E[Y"]+2 sup E[DRUS 11ys -
n—oo neNU{oco} ’ 0.T

The desired inequality (31)) will follow once we prove that

lim sup E[D%m&ﬂlug

M= pe NU{oo}

‘T<—m}

and this is where we use Lemma[3.4] Indeed, thanks to this lemma, we have,

(@)  TK, e

EIDFUS 1Ly <] = P U gy <) € 5722 + 5722 + S Elexp (00 Ly <]

C1+T@") TKy, et
< —F 1

YT<—m]‘

11
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Using (30), we deduce that

C(1+ LY, (@™ TK. -1
el ( maX()\g) @) /\Kf +6TE[exp()\U)]lug’T<_m]-

E[DIUS 7| Lys

By the dominated convergence theorem, the third term in the RHS of the previous inequality goes to 0 as m — oc.
Hence, we for all A > 0, we have

o0

C1 +max(N(Q").'@)) | TK:
MK, Ky

Ai_I)noo E[®%|US,T|1ugyT<fm] <
Sending )\ to oo, we finally obtain the desired result. O

4 Related BSDE with jumps

This section is devoted to the study of the dynamic value process V' associated to the optimization problem (I8) using
stochastic control techniques. More precisely, we prove that the dynamic process is the unique solution of a certain
QEBSDE]. This extends the previous work by |Schroder and Skiadas|(1999), |Skiadas|(2003) and|Lazrak and Quenez
(2003).

We first introduce some notations that we will use below. Let § denote the set of all stopping time 7 with values in
[0, 7] and D the space of all density processes D? with Q € Q #. We also define,

D(Q,7) ={Q €9y, ' =QonT},
F(Q>T) = EQ[C("Q)lf}'T]'

As in [Karoui| (1981), we define the minimal conditional cost at time 7 by

J(Q,7):=Q — essinf T(Q,7).
(@)= Q~ essint T(Q.7)

For @ € Qf and 7 € 8, we now define the value of the control problem starting at time 7 instead of 0 and assuming one
has used the model ) up to time 7,

V(Q',7) = Bq/ (U 7|F+] + BEq RS 1(Q)|F ),

V(Q,7):=Q — essinf V(Q, 7).
@)=~ sy V(@7

The following martingale optimality principle is a consequence of Theorems 1.15, 1.17 and 1.21 in|Karoui| (1981)). It is
the analogue of Proposition 3.4 in|Faidi et al.[(2013)) in a Brownian setting but the proofs also hold in our setting with
obvious modifications.

Proposition 4.1. Under and we have:
* The family {J(Q,7)|T € 8,Q € Q¢} is a submartingale system, that is for any Q € Qy and stopping times

o < T, we have,
Eq[J(Q,7)|Fs] > J(Q,0) Q —a.s. (32)

. @ € Qy is optimal if and only if the family {J(@, T)[T€8}isa @-martingale system which means that for
any stopping times 0 < T

EplJ(Q.7)|F.] = J(Q,0) Q - as.

* For each QQ € Qy, there exists an adapted RCLL process Je = (JtQ)tE[O,T] which is a right closed Q-
submartingale such that for every stopping time T

J? =J(Q,7) Q—a.s.

Before stating the BSDE verified by the value process V', we will need to define a strong order relation on the set of
increasing processes defined below.

Definition 4.2. Let X and Y two increasing processes. We say that X =Y if the process Y — X is increasing.

12
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Theorem 4.3. Assume assumptions I(.Ar)l I(.A,, )I and I(.AL )I hold. If the optimal probability QOO in Theorem is

equivalent to P, then there exists Z and Z such that (V, Z, Z) is solution in Dy® x H*P x Hi’p of the following
BSDE:

Z

d‘/t = (61/‘/2 — OéUt + BT* (t, 6

757&?)) dt — ZydWy — /E Zt@)/j(dx’dt)’ (33)

Vr = EUT.

Proof. We will split the proof into three steps: First, we will prove that the value process V' is a P-special martingale,
that is it can be decomposed as V' = Vy + MY + AV, where M" is a local martingale that can be written as

MV = (Z-W)+ (Z *Ji) and A" a predictable finite variation process. Then, we show that (V, Z, Z) is a solution of
the BSDE. Finally, we prove that (V, Z, Z) is in the required spaces.
Step 1: First, note that since we assumed that @OO ~ P, then,
inf T’ = inf T
ot (@) o (@),
where Q; ={Q € 9y, Q ~ P} and we define D°(Q, 7) accordingly. Hence, we will restrict our attention to
probabilities ) € Q% and all essential infinimums can be taken with respect to P in the expression of V(Q,7) and

J(Q,7),ie.,
J(Q,7)=P— essinf T(Q,7),
(@.7) Q'€D(Q,7) ( )

V(Q,7) =P~ essinf V(Q, 7).
@) =P~ esint V(@.7)

By Bayes’ formula and the definition of R, 1(Q’), it is easy to see that ‘N/(Q’ ,7) depends only on the values of the
density process D’ of ' on [r, T and is therefore independent of Q. Hence, we can denote V(Q, 7) by V(7). From
the definition of IJQQT(Q’ ) and ugT, we have

R 1(Q') = / SOr(t, g ¥t + SO 1(Q)),

U =o / SiUpdt +US 1.
0
Comparing V'(7) and J(Q, 7) yields for @ € Qf with density process D? =¢&((n-W)+ (¥=xp),

JQ,7)=8V(r)+a | SUdt+p8 | Sor(t,n,)dt, P—a.s. (34)
0 0

From the martingale optimality principle in Proposition there exists an adapted RCLL process denoted J¢ =
(JtQ)tE[O,T] such that J¢ = J(Q,7), Q — a.s. From (34), we deduce that we can choose an adapted RCLL process
(Vi)tefo,r) such that V. = V/(7), P — a.s. forall 7 € 8. We can then rewrite (34)) as for every Q € Qf%,

t t
J2 = S0V, + a/ S0U,ds + 5/ SOr(s,ms,s)dt, dt x dP — a.e. (35)
0 0

As the probability P € Q% corresponds to 7 = 0 and ¢) = 0 and r(¢,0,0) = 0, we get in particular for Q = P in

(33) that J¥ = SOV + « fo S%U,ds. By Proposition JP is a P- submartingale and thus we deduce that V is a
P-special semimartingale, i.e. its canonical decomposition can be written as

V=V+M"+AY, (36)

where MV is a local martingale and A" is a predictable finite variation process. By the weak representation assumption,
the local martingale M " can be written as:

MY = —(Z-W)—(Zx]).

13
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Step 2: We now prove that (V, Z, Z) is a solution of QEBSDEJ in (33). Plugging (36) into (33) yields
dJE® = —5,80V,dt + S, Uydt + S? (m(u ey by )dt — ZydWy — / Zy(z)fi(dx, dt) + dAY ) :
B

For each Q € Q%, we have, D? = &((- W) + (¢ * Ji)), P — a.s. and by Girsanov’s theorem, we have, dW* =

dW; — n.dt is a @ Brownian motion and v (dxz,dt) = (1 + v;(x))v(dt, dx) is the compensation of y under Q.
Rewriting the dynamic of J<, we obtain,

dJ8 = —56,50V,dt + S Updt + S? (57«(75, Ney by )dt — Zymydt — / Zy (2 (z)v(da, dt) + dAX)
E
- 50 (thWtQ + / Z(2)[i° (du, dt)) . (37
E

But, we know thanks to Proposition that for every @ € Qf, J Q is a Q- submartingale and .J Q% isa @Oo—martingale.
This means that we should have,

dA,‘f/ > Zimydt + / Zt(:c)wt(z)y(dx, dt) — Br(t,ng, ¥ )dt + 6;Vidt — OszUtdt7 dt x dQ — a.e.
E
dAY = Zgedt + / Z(x2)h, (z)v(da, dt) — Br(t,15°, 0, ) + 6 Vedt — aSSUydt, dt x dQ™ — a.e.
E

Note that the above inequality and equality are verified dt x dP — a.e. since Q € Qf% and by the assumption that

@Oo S Qjc, in which case they become equivalent to,

dA} > esssup (Ztntdt Jr/ Zy(x) e (z)v(da, dt) — Br(t,n,, 1/1t)dt) + 0, Vydt — aSPU,dt, dt x dP — a.e.
ne€RA b € L2(N) E

(38)
dAY = Zmgodt + / Zi(2) 0, (x)w(de, dt) — Brt, 70,0, ) + 6, Vedt — aSPUdt, dt x dP — a.e. (39)
E
By denoting
Pt = sw (o [ el - ).
nERe,PEL2(N) E
the Fenchel conjugate of 7, equation (38) implies that dt x dP — a.e.,
dA} =  esssup <thdt + / Zy(2)y(@)v(da, dt) — Br(t,n,, wt)dt> + 6, Vydt — aSPU,dt
N €RY P €L2(N) E
1 1 =
= Br(t, th, Bgtzt) + 8, Vydt — aSPU,dt (40)
= Z,dt + / Zy(x)y (x)v(da,dt) — Brt,75°, ¥y ) + 6, Vidt — aS Udt.
E
This shows in particular that
Zi Zy oo =00
R ?gt € or(t,m°, v, ), dt x dP — a.e. 41)

Going back to equation (36) and replacing the finite variation process A" by its expression in ({@0), it follows that
(V, Z, Z) is solution of the following equation,

Z, , Z =
vy = <5tVt —aU; + pr* <t, ﬁt7ftﬂt>> dt — ZdWy — /E Z(x)p(dz, dt),

Vr = EUT.

14
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Step 3: In this step, we show that the (V, Z, Z) € Dg*P x 5{2’p x H?2. V € Dy follows as in |Faidi et al.{(2013).

As for Z and Z, the proof will lean on some exponential transform. We introduce the following processes defined for
t€0,7T] as:

t t
- = fcvt+c/ (a|Us|+K2ﬂ)ds+C’/ 3| Vslds,
0 0

t t
t=0V; + C/ (a|Us| + K2B)ds + C/ 55| Vs|ds,
0 0
K; =exp(Y;), K;" = exp(Y;1),
where C' = +—. For any p > 1, we have

t t
sup (Kti)p = sup eXp(thi) < sup exp(pC|V;| —|—pC’/ (a|Us| + K25)ds —|—pC’/ 05| Vs|ds)
t€[0,T te[0,T] te[0,T] 0 0

T
< exp(pC sup |V +p0a/ |Ug|ds + pCKy8T + pCl|6]|ocT s[up] Vi)
0 te[0,T

t€[0,T]

Since V € DS and U € D$*, from the above inequality we deduce that sup K= € LP(2). We turn our attention
te[0,7)

to the process Y ~. Using (33)), the process Y~ verifies:
dY; = —CdV, + C(a|U| + K28)dt + Cé|V,|dt

- (cKzﬁ—cﬁr* <tf;szﬂt> O, /f (CZu(@))& @)\ )) dt + C3,(|Vi| - Vi)t

CZy)?
+ Ca(|Uy| + Up)dt + CZpdW, — | t'

2t + / CZy(x)fi(dt, dz) — / FH(CZy(x))& (x)N(dx)dt
E
=dI; +dL;,

where

Z ,Z CZy|?
dl; = <Oét<|vt| = Vi) + Ca(|U| + Uh) + CKa + CBr* (t,ﬂt,gtﬁt> +! 2” )dt,

+ / FHCZu(2))E (z)N(d)dt
E
|CZ,|?

dL; = CZdW, — =2 dt + / CZq(x)fi(dt, dx) — / FH(CZy(2))Ex(z)N(dz)dt.
E

Thanks to inequality given in (T6), we have the following:

|czt

-Cpr* (t,?7§t?> +CKf+ —— /f (CZi(2))&(x)A(dx) > 0, dt x dP —a.e.

It is also easy to see, by the definition of Doléans-Dade’s exponential, that exp(L, ) = &(M ~); where, dM, =
CZ dWy; + [, ( (e€Z:(=) _ 1)ji(dt, dz). Therefore, we obtain,
K, (Z) exp(Y;") = exp(Vp) exp(I; ) exp(L; ) = exp(Vp) exp(I; )E(M ™ );.

Using the integration by part formula, we get, dK; = K,_ (dM; +dI; ), which implies, that the predictable quadratic

variation of K~ verifies, d(K ), = (K,_)*d(M ™), and as a consequence, d(M~); = (Kt%ydg(*)t. Hence,

1
M7y < K7)p. 42
( >T,tes[1§>ﬂ <(Kt)2>><< )T (42)

15
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Now, we need to have an estimate for (K ) in order to get one for (M ~). 1td’s formula yields,
d(K[)? =2K, dK; +d[K™ ], =2(K,)*(dM; +dI; )+ d[K"],.

Taking a sequence of stopping times (73,) such that for each n € N, ( Ot N 2(K_)*dM; ), is a uniformly integrable

martingale and integrating the above equation between a stopping time o < T and T' A T},, we get,
TAT,
- - - 2 -2 -2 - -
(KT, = (K)o = (K, P = (2 =2 [ (0 P+ ),

Since fOT” (K,

)2dI . > 0, by taking conditional expectations on both sides, we obtain,

EUK)rat, — (K7 )olFo] = BIK lrar, — [K71o|5,] < E[(Kppp, )?1F0] < E[tes[l(l)pT] (K;)?|9s).

Finally, passing to the limit as n — +oco and using the Monotone Convergence theorem, we have,

E{K)r — (K7),|9,] < B[ sup (K, )*|F].
te[0,T]

Now, since forevery p > 1, sup K; € Lt (€), it follows from Garcia and Neveu Lemma (see for example Lemma
t€[0,T]
4.3 inBarrieu and El Karoui|(2013)) or[Neveu| (1972)) that

E[(K™)7] <oo, Vp>1. (43)

t€[0,T] tefo,7] 't
From ([@2)) and (@3)) together with Cauchy-Schwartz inequality, we deduce that

With the same arguments used to show that sup K, € LP(f2), we have also that sup Kl € Lr(Q) for any p > 1.

E[(M™)7] < oo, Vp=1. (44)

As for the process Y T, it verifies, dYt+ = dIt+ + dLj' where,

Z 7 CZ,|2
dI = <C5t(V;t| + Vi) + Ca(|Us| = U;) + CK2B 4 Cpr* (t,ﬂtyftﬁt> + | 2t| )dt

+ [ reczaa@ .
E

2 - ~
dLy :—CthWt—%dt— /E CZ,(x)fi(dt, dz) — /E F(=CZy(x))&(x)\(dx)dt.

As 7* and f* are positive functions, the process I, is increasing and as previously, by easy calculations, we can see
that exp(L;") = E(MT), where dM;" = —CZ,dW, + [,(e=¢%*(*) — 1)[i(dt, dz). Going through the same lines as

with Y —, we obtain,
E[(MT)]] < o, Vp>1. (45)

But, expressing the expression of predictable quadratic variation of M T and M ~, we get,

T T _ p
/ |CZt|2dt+/ /(ecztm —1)2v(dt,dr) | | <oo, p>1,
0 o JE
T T _ P
| dt + e 7t — D)y(dt,dx < oo, p>1.
CZ)?d CZ@) _1)2y(dt,d
0 o JE

This implies from one hand that,
T p
(/ Zt|2dt> ] <o, p21,
0
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and from the other hand, using the fact that |y|? < 2(|e¥ — 1% + [e™¥ — 1]?), y € R, we get that,

(/ /Izt v(dt dx)ﬂ <oo, p>1.

In conclusion, we have showed that Z € H?P and 7 c in’p . O

In the next proposition, we establish a comparison theorem for the class of BSDEs in (33)). For two random variables,
we write A < Bif A < BP — a.s. and for two processes X and Y, we write X <Y ifVt € [0,T], X; <Y; P — a.s.
Finally, we write (A, X) < (B,Y)if A< Band X <Y.
Proposition 4.4. Assume that for k = 1,2, (V*, Z%, Z*) is a solution of the BSDE (33) in D™ x H>P x P
associated with (Uk,UI}). If(Ul,UlT) < (UQ,UQT), then,

vt € 0,T), V! <V? P—a.s.

Proof. In general, establishing comparison theorems for BSDE is obtained through an estimate of the quantity
(V! — V2)*)2, Here, in order to take advantage of the convexity of the finite variation part of the BSDE, we will
rather estimate V! — 0V2 for each 6 € (0, 1). Similar idea was used in Briand and Hu|(2008) for the continuous case.

Let 0 € (0,1) and V? = V! — V2. We define accordingly Z%, Z%, U? and UQT. From (33)), the dynamics of the
process V¢ discounted are given by

1 71 2
_aUtg +ﬁ <T* (tJZﬂt7£tZ[;> —97"* (t %7€t B ))

- siztaw, - [ 220 (w)ds, do)
E

dsivyl = 89 dt

=S¥ (—al? + B(r*t — 0r*2))dt — S°Z0dW, — / S8 79 (2)ji(de, dt),
E

where, to alleviate the notations, we have denoted, r** = r* (t, %, & %) Now, since r* is convex, the term r*:1 — fr*>2
can be bounded from above. Indeed,

*,1 % Zl * Z2 o * Zte Zte
r =r <a Bagt6>_ r <a B’gtﬁ)) (1 0)7" (tvﬁ(l_e);gtﬁ(l_e) (46)

= 0r*? + (1 — 0)r*?.

Moreover, thanks to (T6)), we have

. |2} 2
0 < Ko+ 2K, 52(1 — )2 +K1/Ef <K1ﬂ(1—9)> §i(z)A(dx).

Using this last inequality in (6], we get that,

612 6
B — o) §K26(1—6)+2K1|§(‘51|9)+K16(1—9) |r (Kj%()) &(n)Mdz).  (@4T)

To get rid of the quadratic and exponential terms in the inequality above, we will use an exponential change of variables.
More precisely, let ¢ be a negative constant (to be specified later), and set P; = exp(cS{ V), Q¢ = ¢S?P,- Z? and
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Q. = ¢S?P,- Z9 . Using Ité formula, we deduce,
dP, = P,- [cd(sfvf’) - §d<séve>t - /E f*(—chZf(m))p(dx,dt)]
P, [sf (—all? + B — r2))dt — S? Z0dW; — /E S8 70 (2)ji(de, dt)
sglstziPas L [ -est 2o, an|
=cSoP,- [aU{’+5( —0r?) 4 55|29 +—=5 /f (=S80 Z0 ())& (x) A (dx)) | dt
— QudW, — /Qt pi(dz, dt) +Pt7/ FH(=eS8Z? ()i da, dt)

= Gydt — QedW; — / Qq(2)fi(dz, dt) + P,- / FH(=eS2Z0 () fu(da, dt).
Thanks to equation 7)), the G; term is bounded from above,

AdK 1
< Sp 4 | t §
Gy < cS; P, [ aU] + KyB(1 —6) + 5 < BO—0) + cSt>

70 T ~
o f <K16(1—9)f* (Kjg)@)) - _Clsff*(—cS?Zf@))) @(m»(dx)]

b 0 _ 1Z|? 1 5
=Sy P- | —aU; + K38(1 —0) + + ¢Sy

(48)

2

+ [ (0 -0, 2200 - S ZEN ) o).

where h : R x R? — R defined as h(z,2) := xf*(z/x) = xe*/* — x — 2. We need to choose ¢ such that the term
next to | Z?|? is negative, that choose c such that,

1

— < —cSY.
K1B(1-0) !
Since S¢ > elll=T it is sufficient to set c(f) := —%. Computing the derivative of h with respect to z, we get,

Ouh(z,2) = €*/* — (z/x)e*/* — 1. Studying the sign of the function z — e® — ze® — 1 by calculating its derivative,
we obtain that e* — ze” — 1 < 0, Vo € R. Therefore, we deduce that 9,.h(z,z) < 0, Vo € R, that h is decreasing.
Hence, going back to (48)), we get that,

Gy < c(0)SP P, (—alU? + KoB(1 — 0)) < 82 P, e~ 10ll=T [ X 1 K , (49)
Kip K,

where we have used, in the second inequality, the fact that,

Ul =U—0U? =0(U —UH +(1-0)UL < (1-0)U.L

Finally, denoting D; = exp (—e‘”‘SHOCT fot Sg ( Ut — %) ds), and introducing PtD = D P, Q? = Q¢ Dy

K18
and @tD = @tDt. Using again It6’s formula, for any stopping time 0 <t <7 < T,

PP >pP 4 /QDdW +/ QP (z)iu(dx, ds) //P Dy f*(—eS2Z0 () fi(dz, ds).

Considering a localizing sequence of stopping time T,,, such that the local martingales, in the above inequality, stopped
in 7,, are martingales, we obtain,

™ K
p>ElP _ —||6HOOT/ a o Ky .
(s { ' eXp( e t Ss e 5U i ds || Fs

18
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In view of the integrability assumptions on U and on V, by the dominated convergence theorem, we can deduce that,

T
K.
P _ —|I5HooT/ S, (O‘Ul _ 2) d
Texp( e t U - ) ds

But by definition of P, Pr = exp(c()S3VE) = exp(c(@)S%(U; — GUQT)), and because U; < UQT and c(f) is
negative, we get,

b >FE Fi

e~ l8lleT

TR T
Oy T « K
e lblleT [ ST +/5< U1—2)d
e e R s
xp( <K1ﬁ =) KB " Ky
S8 T « K.
bl [ ST +/ s, (U1_2)d
exXp ( e (Klﬂ T ; Klﬂ t Kl S

Taking the limit when 6 * 1, we finally get,

c(0)SHVE > —

Therefore, we have,

P, >FE

Fi

b

which implies that,

K1 B(1 = 9)elldl=T

Stg InE

Vi< Fi

Vi<V
The following corollary is a direct consequence of the comparison result above.
Corollary 4.5. Under assumptions and the BSDE (33) has a unique solution (V, Z, Z) DZ® x H>P x H3P.

5 Appendix

Lemma 5.1. Let r(t,n,v) = 3n]* + [ f(¥(2))&(x)A(dz) and Q € Qy. Then, the following processes,

t t
Mt:/ n.dWE, M;:/ /log(1+¢s(x))ﬁQ(ds,d:ﬂ),
0 0o JE
are Q-martingales.

Proof. Since () € Qf, we have,

Eq

T
/ r(tantth)dt = EQ
0

/OT <;|77t2 + /E f(@bt(w)){t(x)A(dx)) dt] < 0. (50)

In particular, Eq [ fOT %|nt|2dt] < 00, which implies that M is (- martingale. Now, we prove that M’ is also a
(Q-martingale. First, note that,

flz)=10+2z)log(l+2z)—a> %(1+x)log2(1+x) >0, for —1<x<e?—1.

Hence, as the RHS of (IS_UI) is finite, we get that

log(1 + s (2)) Ly, (2y<e2—1 € L2(dQ x 1v2(ds, dx)). (51)
Moreover, for x > e¢? — 1, we have,

(1+2)log(1+x) <2((1 +x)log(l+x) — ).

Again, as the RHS of @) is finite, we get that,

10g(1 + s () Ly, (zy>e2—1 € L' (dQ x v (ds, dx)). (52)
From (]S_TD and (IS_?I) and using Theorem 1.8(i) in Jacod and Shiryaev|(2013), we obtain that M’ is Q-martingale. [
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Proposition 5.2. Let r(t,n,v) = 3n* + [, f(¥(2))&(x)A(dz) and Q € Qy. Then, we have,

/OT <;|m2 +/Ef(¢t(x))£t(x))\(dx)> dt] . (53)

Proof. Let Q € Q; with corresponding (7, 1). We introduce the following sequence of processes (¢, )men+ defined
as:

H(Q|P) = = Eq

T
/ T(t,ﬂtﬂ/%)dt
0

ql)m,s(m) = ws(x)]]-ws(:c)gm]]-\m\zl/m
It is clear that ¢, € L?(dQ x v?(ds,dz)). Developing the logarithm of Radon-Nikodym derivative of ) w.r.t P gives

Q-as.:
o (42) = s o e ([ awcs [ [ b tormianan) |
_JPM{/OTWW / Ins|2d8+/ /wmg fi(ds, dz)

/ / (log(1 + thm (& >>—wm,s<x>>u<ds,da:>}

= lim {/ nsdWE + / || ds+/ /wms ?(ds, dz)
m o0 O

54)
T
o z)) — 29 (ds, dx
+/0 /Ea 81+ s (1)) — o (2))E9(ds, dir)

T
+ / / W (@ (@) + (1 + () <1og<1+¢m,s(z>>¢m,s<z>>u<ds,dx)}}
0 E

:nlgnoo{/o nsdWe + o / s d8+/0 /log 1+ o ()29 (ds, dx)
+/OT/E[(1+¢s(x))10g(1+¢m,s(x)) —¢m,s(a:)]u(ds,dx)},

where we used from the second to the third inequality that, by the definition of the process vy, (145) (log(1+m,s) —

Ym.s) € LY (v(ds,dx)) and ¢,,10 € L' (v(ds, dx)). In particular, fo [ (1081 + Y s (2)) — Vs (2) A9 (ds, dz) is a
well defined. Lemma 5.1 above insures that the following processes:

M, := /Otnsdwg M| = /Ot/Elog(l-H/Js( )EC (ds, dz), mt._/ /log (1+ P, s(2)) i (ds, da),

are (Q-martingales. Moreover, we also have that M, . converges to My, in L'(Q). Indeed, decomposing M’ and M],
as in Lemma[5.I]in the following way,

L N
M., = Myt + My s,

where,

t t
Mps = / /E log(1 4 Ve (@) Ly, . (sy<er_1, Moy = / /E 10g(1 + them (2)) Ly, .. (2)5e2_1.
0 0

We have the positive (resp. negative) part of log(1 + ¥y, s(x)) Ly, . (x)<e2—1 Increases (resp. decreases) to the positive
(resp negative) part of log(1 + (7)) 1y, (2)<e2—1 as m goes to infinity and by the monotone convergence we deduce

that Mm T convergence to MT in L1 (Q). Using the same argument, we have also Mm T converges to MT in L! (@)
as m goes to infinity. Hence, we obtain that M . converges to Mp, ' as m — co. By passing to a subsequence, we
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may assume that M, ;. converges to M7, Q-a.s. Finally, by Monotone convergence theorem, the last term in (54) also
converges to fOT S f(Ws(x))v(ds, dx). Consequently, (54) becomes,

a0 T 0.1 T T 0
log (=)= [ ndWg+5 [ Ins|"ds+ log(1 + 45 (z)) ™ (ds, dz)
dp 0 2 Jo 0 JE
T
[ ] fwids,de).
o JE
Taking the expectation under ) and using the fact that M and M’ are martingales yields (53). O
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