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Solving multiplicative structure problems with fractions in Primary School: Prior strategies to a teaching experiment
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In this paper, we present the study in progress that is being carried out to examine characteristics of the transition from natural to rational numbers when Primary School students solve multiplicative structure problems. A teaching experiment has been designed, including a pre-test, an instruction, and a post-test. In these pages, we focus on the first two phases of this teaching experiment and the beginning of phase three with a preliminary analysis of the pre-test. Results show the levels of success and strategies that students use when they solve multiplicative structure problems before participating in the instruction.

Introduction

In the 80s and early 90s, a line of research focused on students' difficulties in solving multiplicative structure problems (e.g., De [START_REF] De Corte | Influence of number size, problem structure and response mode on children's solutions of multiplication word problems[END_REF][START_REF] Fischbein | The Role of Implicit Models in Solving Verbal Problems in Multiplication and Division[END_REF][START_REF] Levain | La résolution de problèmes multiplicatifs à la fin du cycle primaire[END_REF] emerged. This research showed that although solving multiplicative structure problems involves reasoning about the structure of the problems independently of the number set involved, primary and secondary school students had difficulties solving multiplicative structure problems when natural numbers were replaced with rational numbers (e.g., [START_REF] Fischbein | The Role of Implicit Models in Solving Verbal Problems in Multiplication and Division[END_REF].

In light of these results, there was a need to provide mental strategies to students to counteract these difficulties [START_REF] Fischbein | The Role of Implicit Models in Solving Verbal Problems in Multiplication and Division[END_REF] and present the different structure problems, systematically alternating natural and rational numbers as numerical sets [START_REF] Levain | La résolution de problèmes multiplicatifs à la fin du cycle primaire[END_REF]. De [START_REF] De Corte | Influence of number size, problem structure and response mode on children's solutions of multiplication word problems[END_REF] analysed whether 11-12-year-old students had other informal strategies, different from the algorithm, and to what extent these led them to the correct answer. For this purpose, they designed a test with problems with natural and rational numbers, including eight multiplication problems with an asymmetrical structure. This test was solved twice: once with a multiple-choice format, which required the choice of the appropriate arithmetic operation among six options; and once with a freeresponse format, which required the use of any strategy that provided an answer to the problem. They found that sixth-grade students were more successful in solving multiplication problems as freeresponse tasks than multiple-choice tasks, where the correct strategy was reduced to the algorithm. However, as far as we know, there is no research focused on how primary school students progress from natural to rational numbers when they solve multiplicative structure problems, although students' difficulties in solving these problems with rational numbers persist (Zorrilla et al., in press).

This study examines characteristics of the transition from natural to rational numbers in primary school students when they solve multiplicative structure problems. For this purpose, we design a teaching experiment [START_REF] Stylianides | Seeking research-grounded solutions to problems of practice: Classroom-based interventions in mathematics education[END_REF] that theoretically focuses on teaching with variation and on developing students' relational thinking during instruction. This methodological approach distinguishes three stages [START_REF] Cobb | Experimenting to support and understand learning processes[END_REF][START_REF] Gravemeijer | Topic-Specific Design Research: An introduction[END_REF]: preparation (the design of a teaching module), implementation, and analysis. In this paper, we present the design of the teaching module that consists of a pre-test, instruction and a post-test, a description of the implementation, and a preliminary analysis focused on the pre-test. With the pre-test analysis, we can answer the research questions: What are the levels of success of sixth-grade Primary School students (11-12-years-old) when they solve multiplicative structure problems with natural and rational numbers before the instruction? Furthermore, which strategies do sixth-grade Primary School students use to solve them?

Conceptual framework

Teaching with variation

Learning is related to developing a particular way of seeing [START_REF] Marton | On Some Necessary Conditions of Learning[END_REF]: discerning. Students must discern the object of learning, which implies discerning the critical features. To discern each critical feature, students must experience variation in one of its dimensions while other features remain invariant [START_REF] Marton | On Some Necessary Conditions of Learning[END_REF].

Teaching with variation is an approach widely shared by Chinese teachers [START_REF] Cai | Problem solving in Chinese mathematics education: research and practice[END_REF], being even imperceptible within Chinese culture [START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF]. In contrast, in Occident, imperceptibility is not associated with its popularity but with its unfamiliarity [START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF]. This teaching with "indigenous" variation is called Bianshi teaching in Chinese, whose translation would be "changing form" in English [START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF][START_REF] Sun | Bridging whole numbers and fractions: problem variations in Chinese mathematics textbook examples[END_REF]. Bianshi practice is not only an approach in mathematics education [START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF] but also it is an efficient way of working on problem-solving [START_REF] Cai | Problem solving in Chinese mathematics education: research and practice[END_REF]. Bianshi variation practice incorporates three types of widespread activities (e.g., [START_REF] Cai | Problem solving in Chinese mathematics education: research and practice[END_REF][START_REF] Sun | Bridging whole numbers and fractions: problem variations in Chinese mathematics textbook examples[END_REF]:

• One problem, multiple changes (OPMC). Presenting an initial problem and, once it is solved, presenting and solving variations of the initial problem. • One problem, multiple solutions (OPMS). Presenting a problem and providing the opportunity to solve it using different strategies to promote flexible ways of thinking in choosing/designing a strategy to solve the problem. • Multiple problems, one solution (MPOS). Using the same strategy to solve a set of problems of identical structure.

Student participation in these Bianshi activities promotes meaningful connections [START_REF] Cai | Problem solving in Chinese mathematics education: research and practice[END_REF][START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF][START_REF] Sun | The structures, goals and pedagogies of "variation problems" in the topic of addition and subtraction of 0-9 in Chinese textbook and its reference books[END_REF]. Furthermore, Bianshi activity allows students to develop a confident attitude towards unfamiliar problems, advance problem-solving skills and obtain flexible thinking [START_REF] Cai | Problem solving in Chinese mathematics education: research and practice[END_REF]. The latter benefit could be closely related to developing relational thinking strategies, which we discuss below.

Relational thinking: Strategies for multiplicative structure problems

In this study, we focused on the isomorphism of measures problems [START_REF] Vergnaud | El niño, la matemática y la realidad[END_REF], whose structure is a proportion between two measure spaces (M1 and M2), each containing two quantities.

In these problems, one of the quantities is reduced to 1, so three types of problems arise depending on which of the other three quantities is the unknown [START_REF] Greer | Multiplication and division as models of situation[END_REF]: multiplication, where the unknown is the total quantity; partitive division, where the unknown is the quantity per group; and quotitive division, where the unknown is the number of groups.

Relational thinking involves using the fundamental properties of operations and equality (Empson & Levi, 2011). Multiplicative structure problems involving fractions support the emergence of relational thinking about operations as students begin to find their own more efficient strategies, relating operations and quantities and representing and structuring their thinking (Empson et al., 2011). Empson and Levi (2011) identified different strategies that students produce with multiplicative structure problems. The strategies develop from a basic way of thinking (direct modeling and repeated addition) to more sophisticated ways of thinking (grouping and combining strategies and multiplicative strategies):

• Direct modeling. Students represent all the quantities by drawing. Then, they count, add or subtract until they get the answer. • Repeated addition. In this strategy, students also count, add or subtract; however, unlike direct modeling, they take mathematical symbols to represent mathematical relationships. The latter two strategies show a greater understanding of the relationships between quantities, as students begin to simplify their computations. Below, in Table 1, we show these strategies by solving a quotitive division problem. litre glasses, how many glasses has she filled?

Direct modeling

Repeated addition

1 4 + 1 4 + 1 4 + 1 4 + 1 4 + 1 4 + 1 4 + 1 4 = 8 4 = 2
She has filled 8 glasses in 2 so she has filled 8 glasses

Method

We have designed a teaching experiment that consists of three stages [START_REF] Cobb | Experimenting to support and understand learning processes[END_REF][START_REF] Gravemeijer | Topic-Specific Design Research: An introduction[END_REF]: preparation, implementation, and analysis. The first phase consisted of the design of a teaching module. First, we defined the learning objective: favouring the transition from natural numbers to fractions in solving multiplicative structure problems using relational thinking strategies (Empson & Levi, 2011), and the use of teaching with variation (e.g., [START_REF] Sun | Variation problems" and their roles in the topic of fraction division in Chinese mathematics textbook examples[END_REF].

The teaching module consisted of eight sessions of 50 minutes approximately: a pre-test (one session), the instruction (six sessions) and a post-test (one session). The instruction is based on the three types of Bianshi activities and the development of the different strategies introduced above:

• OPMC. Each session starts with an initial problem, and variations are made according to a feature, while other features remain unchanged. For instance, in Figure 1, the initial problem has the total quantity as unknown (multiplication problem), while the variations have as unknown the quantity per group (partitive division problem) or the number of groups (quotitive division problem). All other characteristics remain unchanged (for instance, the number used). Another example of variation is shown in Figure 2. The quantities of the initial problem are natural numbers, while the following problems vary according to the quantities considered (natural numbers, N; unit fractions, UF; non-unit proper fractions, PF; and improper fractions, IF). All other characteristics remain unchanged. • OPMS. Students can solve the problems using different strategies (students could use the strategies described above to solve the problems from Figures 1 and2). The instructor (one of the researchers) guides them in progressing from basic to more sophisticated strategies. • MPOS. The problems and their variations allow students to use the same strategy as they are problems with the same structure.

The pre-test and post-test were designed to analyse changes in both the students' levels of success and the strategies used by them in solving multiplication, partitive division and quotitive division problems with natural numbers and fractions. Both tests had three problems of each typology.

In the second phase, we implemented the teaching module with three different groups of primary school students (a total of 61 6 th graders, 11-12 years old). The students solved the pre-test and posttest individually during the first and the last session of the teaching module. During the instruction, first, students worked in small groups, solving three problems in each session and then, the different strategies used were discussed with the whole class. Data collection is necessary to document students' reasoning' progress and their evolution during the teaching module [START_REF] Cobb | Experimenting to support and understand learning processes[END_REF][START_REF] Cobb | Design Research: An analysis and critique[END_REF]. Therefore, all sessions were videotaped, we collected students' worksheets during all the sessions and students' discussions in small groups were also voice recorded.

Currently, we are at the beginning of phase 3, analysing the data collected. The research data are primary school students answers to the pre-test and post-test, the videos and audio transcriptions of the sessions and students' worksheets collected during the instruction. In this study, we present a preliminary analysis of the students' answers to the pre-test to explore the levels of success and the strategies that sixth-grade Primary School students' use when solving multiplicative structure problems with natural and rational numbers before participating in the instruction. This gives us information about the starting point in our instruction, and later it will allow us to identify changes along with the teaching module and the post-test to identify characteristics of the transition from natural to rational numbers in primary school students. 

Pre-test analysis

The analysis is being carried out in two phases. In the first phase, students' success levels in each problem were analysed. In the second phase, we focused on students' strategies. To illustrate the analysis process, we will use a quotitive division problem from the pre-test. The problem is: My mother has made 2 litres of orange juice. If she has distributed it in Each problem is codified as "1", whether the procedure is correct (independently of computation errors), or as "0", whether the procedure is incorrect (Table 2) to obtain students' success levels. 

Phase 2. Analysis of students' strategies

Secondly, the analysis focuses on the strategies used by the students. Currently, four researchers are analysing a sample of different problems to generate descriptors of the strategies used in each problem. We have begun to discuss the similarities and differences in the strategies used by the students. Below are some examples of the strategies that have emerged during this first approach to the analysis process.

In Figure 3, to solve the problem, the student (P52) graphically represents the total quantity (two litres) in two jugs which he/she divides into fourths (which is the amount of juice in a glass). To give the result, the student counts the number of 1 4

he/she has drawn and answers, "she has filled 8 glasses". In Figure 4, the student (P58) does not need to represent the quantities graphically and makes groupings. First, the student identifies that four times 

First results and conclusions

We have identified different levels of success according to the numerical set used and the type of problem solved. On the one hand, concerning the numerical set, 94% of the participants correctly solved problems with natural numbers while 46% correctly solved problems with fractions. On the other hand, according to the type of problem, results of the pre-test showed that 68.3% of the participants correctly solved the multiplication problems, 52.5% the partitive division problems and 65% the quotitive division problems.

Regarding the strategies, although we are in the process of analysis, the descriptors of strategies identified are closely related to the general categories identified by Empson and Levi (2011;e.g., drawing-based strategies such as direct modeling or grouping-based strategies such as grouping and combining strategies). Furthermore, we have identified incorrect strategies which suggest the need for teachers to focus students' attention on the invariance of the structure of the problem regardless of the numerical set involved. Our results provide details regarding the participants' starting point prior to the instruction and will allow us to identify changes along the teaching module to identify characteristics of the transition from natural to rational numbers.

  There are 2 ones in 2, so there are 2 times 4 or 8 groups of 1 4
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 12 Figure 1: An example of variation: the unknown quantity as a critical feature

Figure 3 :

 3 Figure 3: Strategy based on a graphical representation (P52)

  of juice. As the total quantity is two litres, to obtain the answer he/she doubles the number of glasses he/she fills with one litre, obtaining eight glasses. In Figure5, the student (P12) converts two litres into 2000 millilitres and divide with natural numbers.

Figure 4 :Figure 5 :

 45 Figure 4: Strategy based on groupings (P58)

•

  Grouping and combining strategies. Unlike the previous strategies, students only represent quantities that they consider necessary. They start grouping quantities until they reach whatEmpson and Levi (2011, p. 57) call "friendlier amounts", usually natural numbers, which they then work with.• Multiplicative strategies. Students show multiplicative thinking through the formation of groupings, but which, unlike the previous strategy, are linked multiplicatively.

Table 1 : Children's strategies for a quotitive division problem Children

 1 

's strategies for multiplicative structure problems Problem: My mother has made 2 litres of orange juice. If she has distributed it in 1 4

Table 2 : Example of success level analysis

 2 

	Student answer	Code	Description
		0	The student uses a multiplication algorithm correctly but
			incorrectly according to the problem statement
		1	The student converts the number of litres to millilitres
			and uses the division algorithm correctly to get the
			number of glasses she has filled
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