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Multiple model and observer design for a water-based PV/T collector

Ahmed Rachid and Zain Ul Abdin

Abstract— In this paper, a multiple thermal model for
a water-based photovoltaic-thermal (PV/T) collector is con-
structed by mathematical transformation, using the bounded-
ness of non-linear terms. Simulations have been performed and
the results indicate that the convex polytopic transformation can
accurately represent the non-linear model. Further, a Linear
Matrix Inequality (LMI) approach is used to design an observer
for estimating the states of the system. The efficiency and
performance of the proposed observer in estimating the states
of the system are shown through simulation.

Index Terms— photovoltaic-thermal systems, convex poly-
topic model, observer design, LMI, simulations.

I. INTRODUCTION

Solar energy harvesting is becoming more popular and
widely adopted. This is due to many factors: the rise in
fuel prices, drop-in prices of solar photovoltaic, climate
change, potential applications [1] and raise awareness about
the advantages and availability of solar energy. Common
components to capture and convert solar energy, on one hand,
is photovoltaic (PV) module and on the other hand solar
thermal (ST). Photovoltaic-thermal (PV/T) system provides
heat and electricity by combining the two modules into one
integrated unit. The cold fluid is injected from one end and
warm-fluid is collected from the other side of the collector.
This circulation of the fluid plays an essential role in remov-
ing excess heat from the panel which enhances PV module
efficiency [2]. The fluid can be water, air, nanofluid, or phase
change material (PCM). Numerous theoretical, numerical,
and experimental studies have been made worldwide in the
past few decades with the aim of maximizing the PV/T
panel’s technical and economical performances in terms of
electrical as well as thermal outputs.

Several approaches for obtaining multiple models have
been provided by Chadli and Borne [3] that include multiple
model representation using a neural approach, mathematical
transformation, linearization, and construction by identifica-
tion. A mathematical thermal model of an air-based PV/T
system has been developed by Ul Abdin and Rachid [4],
using a bond graph approach. Based on the obtained model,
six different transfer functions were identified connecting
the air output temperature to the air input flow for differ-
ent operating points. The corresponding model can fairly
relate to the real non-linear system. However, the model
is just valid on a few operating points. A multiple model
description for the Pantograph-catenary (PAC) is presented
by Rachid [5] and Linear matrix inequalities (LMI’s) are
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used to control the PAC multiple model. In the context of
observer’s design, several works have been proposed for state
estimation [6], [7]. A general observer theory is developed
with an emphasis on a single output system and a new
procedure, based on a special canonical form for multiple-
output systems has been developed by Luenberger [8]. It
is presented that an observer’s estimate of the system state
vector may be utilized in place of the actual state vector in
linear or non-linear feedback designs without loss of stability.
A new air-based mathematical model and its fractional-order
observer in the time domain was established by Ouhsaine
et al. [9]. The temperatures of all nodes are estimated and
the asymptotic stability of the estimation error is analyzed.
Further, linear matrix inequality (LMI) is used to compute
the observer gains. A comparative study has been performed
both numerically and experimentally by Wang and Gao [10]
to analyze the performances and characteristics of three
advanced state observers, including the high-gain observers,
the sliding-mode observers, and the extended state observers.
The results showed that the extended state observer has
better performance in dealing with dynamic uncertainties,
disturbances, and sensor noise than the high-gain observer
and sliding-mode observer.

In this paper, a non-linear model of a water-based PV/T
system is converted into multiple models using the bound-
edness of non-linear terms, based on a convex polytopic
transformation of non-linear scalar functions. The major
objective of this study is to design an observer that provides
an estimate of a given real system. The observer gain is
computed using linear matrix inequality (LMI). Simulations
are performed and the results illustrate the efficiency of the
proposed observer in estimating the states of the system.

The remainder of this paper is organized as follows: a
thermal mathematical model of a hybrid water-based system
is presented in section II(A). In section II(B), a multiple
model is developed by mathematical transformation, using
the boundedness of the non-linear terms. Section III provides
a design of the observer whereas section IV contains the
simulation results of this study. Finally, the paper ends with
conclusions in section V.

II. MODELLING
A. Thermal model of a water-based PV/T collector

The thermal model of a water-based PV/T collector com-
prises multiple layers in a specific order as presented in
Figure 1. The cross-sectional view shows that the collector
consists of; a glass that is open to the surrounding envi-
ronment, a PV cell layer which is followed by a tedlar
film, an absorber layer, a metallic tube pressed between



Fig. 1: Sectional view of water-based photovoltaic-thermal
(PV/T) collector [11].

multiple layers through which fluid (water) flows and an
insulated frame to avoid thermal losses. Tg , Tc, Tt, Tr, Tm,
Tw and Ti are the temperatures of various components of
the collector. The governing equations of the thermal model
were determined using a bond graph approach which is a
graphical approach [11].

The equations are respectively given by:
Glass:

MgCg
dTg

dt
= Amod[αgIsun − hr,gs(Tg − Ts)− hv,am

(Tg − Tam)− hc,gc(Tg − Tc)] (1)

PV cell:

McCc
dTc

dt
= Amod[τgαcIsunβ + hc,gc(Tg − Tc)− hc,ct

(Tc − Tt)]− IsunAmodηref [1− βp(Tc − Tc,ref )] (2)

Tedlar:

MtCt
dTt

dt
= Amodhc,ct(Tc − Tt)−Atmhc,tm(Tt − Tm)

−Atrhc,tr(Tt − Tr) (3)

Absorber:

MrCr
dTr

dt
= Atrhc,tr(Tt − Tr)−Armhc,rm(Tr − Tm)

−Arihc,ri(Tr − Ti) (4)

Metallic tube:

MmCm
dTm

dt
= Atmhc,tm(Tt−Tm)+Armhc,rm(Tr−Tm)

−Amihc,mi(Tm − Ti)−Amwhv,mw(Tm − Tw) (5)

Fluid (water):

MwCw
dTw

dt
= Amwhv,mw(Tm−Tw)+ ṁwCw(Twi−Two),

(6)
where Twi is the inlet water temperature and Two is the outlet
water temperature with Tw, the mean of two temperatures.

Tw =
(Twi + Two)

2

Insulator:

MiCi
dTi

dt
= Amihc,mi(Tm − Ti) +Arihc,ri(Tr − Ti)

−Amodhv,iam(Ti − Tam) (7)

The radiation heat transfer coefficient between glass layer
and sky (hr,gs) [11] contains the states and since the term is

not varying much so we consider it as a constant by taking
the mean of all the values. The thermal model then can be
expressed in the state-space form:{

ẋ(t) = Ax(t) +B(x(t))u(t) +Gv(t)
y(t) = Cx(t) +Dv(t) , (8)

where the state x contains state variables and are defined as;

x =
[
Tg Tc Tt Tr Tm Tw Ti

]T
The output y is the outlet water temperature Two, mass-
flow rate ṁw is defined as controlled input u, v contains
disturbances and can be written as:

v =
[
Tam Isun Twi

]T
We assume that the components of v are known.

The state matrix A is defined as follows:

A(t) =



a11 a3 0 0 0 0 0
b1 a22(t) b4 0 0 0 0
0 c1 a33 c2 c3 0 0
0 0 d1 a44 d2 0 d3
0 0 e1 e2 a55 e3 e4
0 0 0 0 f1 −f1 0
0 0 0 g1 g2 0 a77


,

where

a11 = −(a1hr,gs + a2 + a3)

a22(t) = b2 + b3Isun(t)

a33 = −(c1 + c2 + c3)

a44 = −(d1 + d2 + d3)

a55 = −(e1 + e2 + e3 + e4)

a77 = −(g1 + g2 + g3)

B(x(t)) =
[
0 0 0 0 0 − f2(Tw(t)− Twi) 0

]T

G =



k11 a5 0
0 b5 0
0 0 0
0 0 0
0 0 0
0 0 0
g3 0 0


C =

[
0 0 0 0 0 2 0

]
D =

[
0 0 − 1

]
The parameters are defined in the appendix section.



B. Multiple model construction

In order to simplify B(x(t)) for the thermal model (8),
we make a change of variable which will allow us later to
design the observer. A new sixth state θw(t) is introduced
as:

θw(t) = Tw(t)− Twi (9)

The thermal model with this change of variables becomes:{
ẋ(t) = A(t)x(t) +B(x(t))u(t) +Gv(t)− PṪwi

y(t) = Cx(t) +Dv(t)
,

(10)
where the state x contains state variables and is defined

as;
x =

[
Tg Tc Tt Tr Tm θw Ti

]T
The new matrices B(x(t)), G, and D can be written as:

B(x(t)) =
[
0 0 0 0 0 − f2θw(t) 0

]T

G =



k11 a5 0
0 b5 0
0 0 0
0 0 0
0 0 e3
0 0 −f1
g3 0 0


P =

[
0 0 0 0 0 1 0

]T
D = −D =

[
0 0 1

]
.

There are several methods that can be used to procure
multiple model which includes identification, linearization,
and mathematical transformation [3]. The proposed multiple
model method is based on a convex polytopic transformation
of non-linear functions that uses boundedness of non-linear
terms. In the model (10), a22 is the varying term and is given
by:

a22 = h(Isun) = b2 + b3Isun, (11)

where h(Isun) is bounded: b2 + Isunb3 ≤ h(Isun) ≤ b2 +
Isunb3.

Thus, the nonlinear term can be transformed such that:

h(Isun) = µ1.[b2 + Isunb3] + µ2.[b2 + Isunb3],

where Isun = min{Isun}, Isun = max{Isun} and

µ1 + µ2 = 1 (12)

which enables us to obtain:

µ1 =
Isun − Isun

Isun − Isun
(13)

µ2 =
Isun − Isun

Isun − Isun
(14)

The corresponding multiple model is given by:{
ẋ =

∑2
i=1 µiAix+B(x)u+Gv − PṪwi

y = Cx+Dv
(15)

The number of models depend on the number of non-linear
terms. If there exist j non-linear terms, then the multiple
model constitutes no more than 2j local models. Thus, there
are 2 possible local models available described by A1 and
A2 as follows

A1 =



a11 a3 0 0 0 0 0
b1 b2 + Isunb3 b4 0 0 0 0
0 c1 a33 c2 c3 0 0
0 0 d1 a44 d2 0 d3
0 0 e1 e2 a55 e3 e4
0 0 0 0 f1 −f1 0
0 0 0 g1 g2 0 a77



A2 =



a11 a3 0 0 0 0 0
b1 b2 + Isunb3 b4 0 0 0 0
0 c1 a33 c2 c3 0 0
0 0 d1 a44 d2 0 d3
0 0 e1 e2 a55 e3 e4
0 0 0 0 f1 −f1 0
0 0 0 g1 g2 0 a77



III. OBSERVER DESIGN

Designing observers for non-linear systems is a chal-
lenging problem due to its importance in automatic control
design such as control, monitoring and fault diagnosis. In
this section, an observer is designed for estimating the states
of the multiple model (15). This is somehow like the Takagi-
Segeno approach. Linear matrix inequality (LMI) is used to
compute the observer gain. First, let us notice B(x) can be
written as:

B(x) =
−f2C

TC

4
x (16)

Then (15) becomes

ẋ =

2∑
i=1

µiAix− f2C
TC

4
xu+Gv − PṪwi (17)

By adding and subtracting
f2C

TD

4
vu in (17), we get:

ẋ =

2∑
i=1

µiAix−
f2C

TC

4
xu− f2C

TD

4
vu+

f2C
TD

4
vu+ δ,

where δ = Gv − PṪwi and since, y = Cx+Dv, the above
equation becomes:

ẋ =

2∑
i=1

µiAix− f2C
T y

4
u+

f2C
TD

4
vu+ δ (18)

Proposition:

An observer of system (15) is given by ˙̂x =
∑2

i=1 µiAix̂− f2C
T

4
ŷu+

f2C
TD

4
vu+ g(ỹ) + δ

ŷ = Cx̂+Dv
,

(19)



where g(ỹ) is chosen as:

g(ỹ) =
f2C

T

4
ỹ + LiCx̃ (20)

which can also be written as:

g(ỹ) = (Li +
f2C

T

4
)ỹ (21)

and Li = L = (1/2)X−1CT , i = 1, 2; X is the positive
definite symmetric matrix satisfying the LMI’s.{

AT
i X +XAi − CTC < −2γX, i = 1, 2

X > 0
, (22)

where γ >| f |> 0, (−f) being the lowest the fastest pole
of (15).

Proof:

The observer error x̃ = x− x̂ satisfies the equation

˙̃x =

2∑
i=1

µi(Fi)x̃, (23)

where Fi = Ai − LC

˙̃x =

2∑
i=1

µi(Ai − LC)x̃ (24)

with L = (1/2)X−1CT

2∑
i=1

µiAi − LC =

2∑
i=1

µiAi −
1

2
X−1CTC (25)

premultiplying (25) by X , we get:

X(

2∑
i=1

µiAi − LC) = X

2∑
i=1

µiAi −
1

2
CTC (26)

by transposing (26):

(

2∑
i=1

µiAi − LC)TX =

2∑
i=1

µiA
T
i X − 1

2
CTC (27)

by adding (26) and (27):

X(

2∑
i=1

µiAi − LC) + (

2∑
i=1

µiAi − LC)TX

=

2∑
i=1

µiA
T
i X +

2∑
i=1

µiXAi − CTC (28)

=

2∑
i=1

µi(A
T
i X +XAi − CTC) < −2

2∑
i=1

µiγX (29)

Since,
∑2

i=1 µi = 1, (29) can be written as:

=

2∑
i=1

µi(A
T
i X +XAi)− CTC < −2γX (30)

Next, let σ be an eigen value of X and z an associated eigen
vector that is Fz = σz. The last inequality yields:

FTX +XF < −2γX (31)

Premultiplying by z∗ and postmultiplying by z, (31) gives:

z∗FTXz + z∗XFz < −2γz∗Xz (32)

with z∗FT = σz∗, (32) becomes:

σz∗Xz + z∗Xσz < −2γz∗Xz (33)

since, X > 0, → ℜ(σ) < −γ.

IV. SIMULATION RESULTS

Initially, the simulations are performed to see the response
of the non-linear model (10) and its corresponding multiple
model (15) using MATLAB. The obtained results indicate
a good representation of the non-linear system. In addition,
simulations have been run for the proposed observer scheme.
Using LMI toolbox feasp and by choosing γ = 1, (22) is
solved for X . It should be noted that inlet water temperature
is assumed as a constant. The multiple thermal model is
simulated by randomly choosing systems initial condition
x0 = [23 25 23 23 23 3 20]T and observers initial condition
x̂0 = [23 25 23 23 23 5 20]T .
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Fig. 2: Real states of the system.
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Fig. 3: Estimation of states.

The system real states x presented in Figure 2 are tracked
by the observer states x̂ as illustrated in Figure 3. It can be
observed that there is a reasonable agreement between the
real and the estimated states of the system. The estimation
error x̃ is plotted in Figure 4, respectively. The estimation
error converges to zero for all of the states, thus displaying
the effectiveness of the proposed observer.
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Fig. 4: Estimation error.

V. CONCLUSIONS
A multiple model for a water-based PV/T collector is

constructed in this study. Additionally, an observer is pro-
posed that is efficient in estimating system states as shown
by simulation results. Realistic disturbances can be included
to examine the stability and accuracy of the observer. Further,
there is a need for physical experimentation of the observer
to get a better knowledge of its feasibility and efficiency in
real conditions. The practical experimentation will be done
around equilibrium points and these points will be changed
for validation.

NOMENCLATURE

Symbols
A area
C specific heat capacity
di/o inner/outer diameter of the tube
Isun solar radiation
M mass
T temperature
hc conduction heat transfer coefficient between two

components
hr radiation heat transfer coefficient between two com-

ponents
hv convective heat transfer coefficient between two

components
Greek letters
α absorptivity
β packing factor
βp temperature coefficient
ηref reference efficiency
τ transmissivity
Subscripts
am ambient
c PV cell
g glass cover
i thermal insulator
m tube
r absorber
s sky
t tedlar
w fluid (water)

APPENDIX

a1 =
Amod

MgCg
, a2 =

Amodhv,am

MgCg
, a3 =

Amodhc,gc

MgCg
,

a4 =
0.0552Amod

MgCg
, a5 =

Amodαg

MgCg

b1 =
Amodhc,gc

McCc
, b2 =

Amod(−hc,gc − hc,ct)

McCc
,

b3 =
Amodηrefβp

McCc
, b4 =

Amodhc,ct

McCc
,

b5 =
Amodτgαcβ − ηref − ηrefβpTc,ref

McCc
,

c1 =
Amodhc,ct

MtCt
, c2 =

Atrhc,tr

MtCt
, c3 =

Atmhc,tm

MtCt
,

d1 =
Atrhc,tr

MrCr
, d2 =

Armhc,rm

MrCr
, d3 =

Arihc,ri

MrCr
,

e1 =
Atmhc,tm

MmCm
, e2 =

Armhc,rm

MmCm
, e3 =

Amwhv,mw

MmCm
,

e4 =
Amihc,mi

MmCm
, f1 =

Amwhv,mw

MwCw
, f2 =

2Cw

MwCw
,

g1 =
Arihc,ri

MiCi
, g2 =

Amihc,mi

MiCi
, g3 =

Amodhv,iam

MiCi
,
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