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This paper attempts to summarize the research related to patterning in early childhood (4-8 years). In doing so, the basic concepts, rationales, methods, and findings are systematized to provide a foundation for forthcoming design. The purpose of this presentation and the suggested discussion is not to present new data but to systematize existing as a guide for future research.

Introduction

Systematic exploration of early patterning begins in nineties as an important element of early mathematics education. Researchers accept that children's familiarization with patterns and structures influences their future mathematical development [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]) and provides a foundation for understanding complex mathematical situations and making generalizations [START_REF] Rivera | Pattern generalization processing of younger and older Students: similarities and differences[END_REF].

To date, a large number of different studies have been conducted on early patterning in mathematics education. These studies approach the idea of pattern differently, use a variety of pattern forms, propose similar but also dissimilar pattern activities and understand the connection of pattern to mathematics in various ways. Therefore, we believe it is important and mature to attempt a synthetic presentation of this research in the following axes, covering aspects such as: (a) the conceptual definitions and types of patterns, (b) the rationales for linking patterns to mathematical development in different contexts, (c) the research related to patterning skills and strategies. These elements are considered important for planning future research. A synthesis of the research of this content would also require an outline of the main findings, but as we will see, due to the diversity of research, this synthesis could only be done on certain axes, therefore it is limit to presenting only findings on patterning skills and strategies.

Clarifications Pattern definitions

Not all researchers define the meaning of pattern in the same way, since pattern is not a distinct mathematical concept. A first approach describes pattern as a sequence of elements of different nature (numbers, shapes, sounds, symbols) organized according to a rule. This definition implies regularity and therefore predictability [START_REF] Papic | Assessing the Development of Pre-schoolers' Mathematical Patterning[END_REF][START_REF] Radford | Iconicity and contraction: a semiotic investigation of forms of algebraic generalizations of patterns in different contexts[END_REF].

However, according to [START_REF] Liljedahl | Repeating pattern or number pattern: the distinction is blurred[END_REF], the nature of the elements of a pattern is crucial. He argues that the concept of a pattern is a primary notion defined within the set of specific forms of regularities to which it belongs (e.g., sound, space, arithmetic, etc.) and has features within that set. Thus, he supports that, for example, a sound or a spatial pattern, even if they have the same e.g. ABB structure as an arithmetic pattern, they are of different natures and can be approached differently.

Extending the above view, [START_REF] Papic | Assessing the Development of Pre-schoolers' Mathematical Patterning[END_REF] identify patterns in the context of mathematics as, a) a regularity in an object in which some of its elements are related in a systematic way, b) an ordered set of objects in which each element is connected to the next by a specific relation, and c) two ordered sets of objects whose elements correspond to each other. So, the above researchers extend the corresponding concept by including elements organized on the basis of a structure (such as a clock), endogenous or constructed or introduced by a mathematical system [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF].

Summarizing the above, it is understood that different research approaches in pattern definition are recorded, but the basic component of a pattern -common to all views -is the relationship between the elements that constitute it, which either enforce its organization into a structure or allow the prediction of the subsequent terms of its sequence [START_REF] Radford | Iconicity and contraction: a semiotic investigation of forms of algebraic generalizations of patterns in different contexts[END_REF][START_REF] Rivera | Visual templates in pattern generalization[END_REF]Warren & Cooper, 2008).

Pattern categories

There are also a variety of categories and terms regarding patterns that appear in relevant research. In general, researchers have identified and widely reported three specific forms: repetitive, evolving, or relational patterns (Lünken, 2018;[START_REF] Mulligan | Integrating concepts and processes in early mathematics: The Australian Pattern and Structure Mathematics Awareness Project[END_REF][START_REF] Threlfall | Repeating patterns in the early primary years[END_REF].

For repetitive patterns, a further distinction is made based on the type of iteration unit (e.g. ABAB, ABABA, [START_REF] Liljedahl | Repeating pattern or number pattern: the distinction is blurred[END_REF][START_REF] Papic | Assessing the Development of Pre-schoolers' Mathematical Patterning[END_REF][START_REF] Threlfall | Repeating patterns in the early primary years[END_REF], but also on the changing parameters (e.g. shape only, or shape and size, etc., [START_REF] Fyfe | Relations between patterning skill and differing aspects of early mathematics knowledge[END_REF][START_REF] Skoumpourdi | Kindergartners' performance levels on patterning[END_REF]. As for the developing patterns, [START_REF] Rivera | Visual templates in pattern generalization[END_REF] group them into additives or multiplicatives. [START_REF] Rivera | Pattern generalization processing of younger and older Students: similarities and differences[END_REF] also distinguishes patterns in terms of their elements in arithmetic and geometric forms, while [START_REF] Warren | Young children's ability to generalize the pattern rule for growing patterns[END_REF] includes regularities with elements in the form of shapes, colors, movements, sensations and sounds (especially for young children). The relevant findings are related to these categories.

To these forms [START_REF] Mulligan | Integrating concepts and processes in early mathematics: The Australian Pattern and Structure Mathematics Awareness Project[END_REF] add algebraic (triangular formations with numbers), metric (with repetition of unit elements) and diagrams, but also two or three-dimensional formations [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF]. Similarly, [START_REF] Ma | Characterizing students' algebraic thinking in linear pattern with pictorial contents[END_REF] refers to iconographic patterns (mainly geometric) that lead to the formulation of verbal rules.

In this category, [START_REF] Chua | Rethinking and researching task design in pattern generalization[END_REF], who study schematic or figurative forms that lead to arithmetic relations and refer to rules (function type), distinguish their categories on the basis of the formations, but also of the type of the function type to which each form refers (e.g. some lead to types of linear functions, e.g. 5 + 3ν, while others lead to types of secondary functions, ν 2 + 2ν, etc.).

Composing the above, a variety of categories emerges in the relevant research, which can be organized in the following axes, with mainly mathematical content (i.e. without sound or kinetic patterns) and corresponding combinations: content or type of elements of the pattern (iconographic, schematic, geometric, metric, arithmetic, algebraic, etc.), type of development (repetitive, evolving, retrospectively evolving, etc.), spatial dimensions of development (e.g. one-dimensional, twodimensional, three-dimensional), structure of the pattern (for repetitive: AB, ABB, ABBA, etc.developing: additive, multiplicative, etc.), material (tangible, virtual and/or symbolic). The research has been conducted only in some of these categories.

Pattern activities

In this section, it is important to add the activities suggested by the researchers from the youngest to the older students.

At young ages, activities with patterns include replication with or without copying, continuation or extension of regularities, and recognition of structurally similar regularities. To these activities there is also research with pattern creation [START_REF] Papic | Assessing the Development of Pre-schoolers' Mathematical Patterning[END_REF], search of a missing element [START_REF] Warren | Young children's ability to generalize the pattern rule for growing patterns[END_REF], and alteration of material [START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF].

Finding and describing the iteration unit or smallest unit of a pattern is recognized by many researchers to be a particularly important activity [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF][START_REF] Clements | Learning and teaching early math: The learning trajectories approach[END_REF]. Similarly, predicting later terms for generalization (near or far) [START_REF] Ma | Characterizing students' algebraic thinking in linear pattern with pictorial contents[END_REF]. These two activities, distinguishing units and predicting terms, as well as linking them to a next position (e.g. what is the 10 th term?) are considered very important as they lead to generalizations and symbolism [START_REF] Michael | Levels of understanding of patterns in multiple representation[END_REF][START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF]. It is argued that pattern generalization but also verbal explanations [START_REF] Lüken | Influence of early repeating patterning ability on school mathematics learning[END_REF], drawings, or other forms of symbolism [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF] are an important introduction to both later numerical or developing patterns leading to formulas at this age.

In composing, research suggests the following activities, different in their treatment and difficulty: copying, reproducing, extending, transferring to another material, recognizing the repetition unit, identifying the same units of repetition, finding the missing element (interpolation), finding the error [START_REF] Wijns | Young Children's Patterning Competencies and Mathematical Development: A Review[END_REF], generalization (finding a formula, finding a term in a specific position, [START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF].

Students' skills in pattern's development

The finding that young students (ages 4-8, kindergarten and elementary school) have an ability to develop patterns is a common thread throughout the literature. The results of research on children's performance on activities that involve patterns reveal the basic types of regularities and the types of activities that young children successfully master without a specific didactic approach. Thus, in general, even preschoolers are able to explore repetitive patterns, language patterns, and some linear patterns and perceive regularities during their leisure activities [START_REF] Lüken | Is patterning a mathematical activity? -An analysis of young children's strategies in working with repeating[END_REF][START_REF] Fox | Connecting algebraic development to mathematical patterning in early childhood[END_REF][START_REF] Waters | A Study of mathematical patterning in early childhood settings[END_REF].

Most research in early childhood focuses on examining performance on repetitive patterns, with the majority of children able to reproduce, continue, and create a repetitive pattern AB or ABC (see, e.g., [START_REF] Skoumpourdi | Kindergartners' performance levels on patterning[END_REF]Papadopoulou, 2010;Warren & Cooper, 2008). More complex forms, including those of the ABB type, seem to cause greater difficulty, while the pattern material does not seem to have a significant impact.

However, analyzing the pattern in its structural elements and finding the iteration unit is becoming more demanding issue, which has led researchers to consider iteration unit location, complementing (finding the missing element) and identifying (which patterns are the same? is this a pattern?) at a higher developmental level of the respective ability [START_REF] Wijns | Young Children's Patterning Competencies and Mathematical Development: A Review[END_REF].

Developing patterns that is an early introduction to functional reasoning, appears to be more challenging, leading to less emphasis at younger ages. Although the performance of young children has not been systematically studied, the relevant research mainly concerns children in the last grades of elementary school and the first grades of high school, it seems that in this area the material and the structure play a crucial role (one-dimensional or two-dimensional growth). Several researchers point out that children reach high percentages in repetitive patterns by the 2nd grade, but less in increasing or arithmetic patterns (Papadopoulou, 2010;[START_REF] Warren | Young children's ability to generalize the pattern rule for growing patterns[END_REF]etc.).

In relation to the building patterns of objects of different types [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF], the developmental trajectory of young children has been studied in depth through a systematic program of activities from the prestructural to the structural level (intermediate levels: emerging and partially structural). This view brings the importance of curriculum and instruction to the first level, as a number of studies -(not examined in detail in this paper) -highlight the positive impact of appropriate educational interventions and programs.

In summary, children up to first grades succeed, even without educational help, to recognize patterns with simple structures or materials and identify a simple rule, but have difficulty with more complex forms as well as numerical, developing patterns. There is a lack of meaningful research on systematic and verbal finding of the unit of repetition and near or far generalization (e.g., what is the form at the next or next but one place -near generalization, or what is the form at the 10th or 20th place -far generalization).

Patterning strategies

By studying the activities of students with patterns, some researchers have also studied the strategies they use at an early age. A common assumption is that children make one-to-one correspondences to the proposed pattern activities that mainly involve copying, reproducing, extending, or transferring to other material, or that they take a rhythmic approach based on a sequence (which, however, according to Threlfall, 1999, cannot lead to generalization), such as finding the unit of repetition or 'breaking into pieces' [START_REF] Mulligan | Reconceptualising Early Mathematics Learning: The Fundamental Role of Pattern and Structure[END_REF]. 2011) categorize children's strategies into direct matching, alternation, repetition of basic units, and integrated repetition of units. Accordingly, [START_REF] Lüken | Is patterning a mathematical activity? -An analysis of young children's strategies in working with repeating[END_REF] summarizes relevant results and records five strategies of students in solving activities with patterns: in the 1st, there is no reference to the design, except for the holistic reproduction of the pattern; in the 2nd, the focus is on some features; in the 3rd, on comparison and classification; in the 4th, on the sequence; and finally, in the 5th, there is a focus on the unit of repetition.

Papic et al. (

In summary, young children successfully develop strategies to find the next element in a pattern or its rule, but according to some researchers (see [START_REF] Lüken | Is patterning a mathematical activity? -An analysis of young children's strategies in working with repeating[END_REF]), copying, imitating or reproducing without generalization and symbolism cannot be recognized as a mathematical activity, that is the finding of the iteration unit, its generalization and its possible symbolism. The next section gives some answers about the importance of developing patterning skills and strategies.

Relationship between pattern development and mathematics

Researchers engaged in studies with patterns argue that patterns are important because "... Mathematics is the science and language of regularities" (Steen, 1990, p. 5, in Fox, 2006) and familiarity with them also promotes mathematical thinking, exercises the ability to find rules and structures, both in everyday situations and in symbolic objects or symbols, such as the elements of algebra [START_REF] Vogel | Patternsa fundamental idea of mathematical thinking and learning[END_REF].

In general, connections to Mathematics relate patterns to numbers (e.g. repetitive structure of the decimal system, cumulative and multiplicative structures), to geometry (e.g. regular shapes), to measurement (e.g. creating and repeating a unit of measurement), and to data processing (e.g. finding rules and relationships) [START_REF] Lüken | Is patterning a mathematical activity? -An analysis of young children's strategies in working with repeating[END_REF][START_REF] Mulligan | Integrating concepts and processes in early mathematics: The Australian Pattern and Structure Mathematics Awareness Project[END_REF].

The connection with algebraic reasoning [START_REF] Fox | Connecting algebraic development to mathematical patterning in early childhood[END_REF] as well as with functions [START_REF] Warren | Young children's ability to generalize the pattern rule for growing patterns[END_REF] is another axis that many researchers have worked on (see [START_REF] Ma | Characterizing students' algebraic thinking in linear pattern with pictorial contents[END_REF][START_REF] Papic | Assessing the Development of Pre-schoolers' Mathematical Patterning[END_REF]. More generally, it is agreed that the formation of generalizations, subtractions and symbolizations enhanced by pattern activities as an indispensable element of Mathematics [START_REF] Lüken | Influence of early repeating patterning ability on school mathematics learning[END_REF].

Several studies examining the relationship between performance in patterns and performance in other mathematical domains (e.g. arithmetic) or other cognitive skills (e.g. reading, memory, etc., [START_REF] Fyfe | Relations between patterning skill and differing aspects of early mathematics knowledge[END_REF] show important connections. Some others, also investigating whether high performance in patterning is a predictor of later mathematical achievement (Rittle-Johnson, Zippert, & Boice, 2016), reach different conclusions.

Combining the above, it becomes clear that different pattern forms and activities support different aspects of mathematical concepts. Thus, repetitive patterns (with the characteristic feature of circular character and repetition unit) and activities requiring continuity, completion, finding a missing element, finding an error, finding a unit of repetition, etc., can help students approach mathematical objects or processes that are systematically repeated phenomena, such as number systems, regularities in shapes, repetition of units of measurement, etc. [START_REF] Liljedahl | Repeating pattern or number pattern: the distinction is blurred[END_REF]; generalization, and symbolism are important in mathematical domains such as problem solving [START_REF] Rivera | Visual templates in pattern generalization[END_REF][START_REF] Radford | Iconicity and contraction: a semiotic investigation of forms of algebraic generalizations of patterns in different contexts[END_REF] or equations [START_REF] Mcneil | Why Won't You Change Your Mind? Knowledge of Operational Patterns Hinders Learning and Performance on Equations[END_REF]. Accordingly, arithmetic regularities and activities requiring finding not only some next elements or the type/function that generates them (e.g., a number sequence 1, 5, 8, ...), but also some elements of the pattern that are in a particular position (far generalisation), support functional thinking from an early age.

Discussion for future research

From the above review, we need to highlight the following points for future research: First, the number of studies that have been conducted on early patterning is large, but there is a variety of contents, aims, questions and approaches, thus the concepts and terms used in them are not always clearly or similarly defined. For this reason, systematic concern regarding terms, categories and activities are needed in any future research.

Then, the review presented show that regularities or patterns, as well as related activities, can be categorized in many dimensions. Therefore, it would be important to conduct synthetic comparisons and compare performances surveys but only in common approaches. Also it is also important to systematically investigate the extent to which certain pattern forms and activities are related to mathematical content and the mathematical skills they promote, as not all regularities lead to mathematical activity and thus to Mathematics.

Finally, we know that children in general can develop important patterning skills at a younger age, but not all of them are related to mathematics. Therefore, in research or classroom practice, the researcher/teacher needs to know which developmental pathway serves which content, material, structure, and/or action.
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