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This study presents a part of a larger project investigating Turkish and Spanish prospective mathematics teachers' ways of modeling in Fermi-Based Modeling Problems. In this particular study, we focused on 10 Turkish and 10 Spanish prospective teachers' models to solve Toilet Paper Rolls Problem. We collected their written responses to the Fermi-based modeling problems. The data analysis process involved series of coding and categorizing the characteristics of the solutions. We presented the models of prospective teachers from two countries separately and articulated the commonalities and divergences in their ways of approaching a Fermi-based modeling problem. Although most models indicated a numerical approach, we observed that some models were pedagogically more powerful than others.

Introduction

In this study, we focused on open-ended and ill-defined Fermi-based modeling problems. Fermiproblems involve situations that people may face in their daily lives and engage in making strategic estimations to identify quantities (Ärlebäck, 2009). Therefore, researchers found Fermi problems useful to integrate into a modeling perspective and investigated students' ways of thinking from the modeling perspective (e.g., [START_REF] Albarracín | Using large number estimation problems in primary education classrooms to introduce mathematical modelling[END_REF][START_REF] Albarracín | Devising a plan to solve Fermi problems involving large numbers[END_REF], 2019;[START_REF] Gallart | Design and implementation of a tool for analysing student products when they solve Fermi problems[END_REF]. Considering Fermi problems as a base for modeling is a very recent approach, and much needs to be known. For instance, there is still little known about the pre-service or in-service teachers' modeling process in Fermi-Problems (e.g., [START_REF] Ferrando | Analysis of the Relationship Between Context and Solution Plan in Modelling Tasks Involving Estimations[END_REF]. To address this gap, we designed a project to investigate prospective mathematics teachers' ways of modeling in Fermi-Based Modeling Problems that incorporated a global real context, Covid Pandemic. We used such context because it was experienced somehow similarly all over the world. Researchers investigating the models in Fermi problems argued that the familiarity of the context played a role in problem-solvers' models (e.g., [START_REF] Ferrando | Analysis of the Relationship Between Context and Solution Plan in Modelling Tasks Involving Estimations[END_REF]. We therefore conjectured that the context of the problem would not intervene the models that was produced by the prospective teachers in both countries and so we could attend prospective teachers' ways of mathematical thinking that were provoked by but not depend on the Covid Pandemic context. In the larger project, we aimed to articulate the commonalities and divergences in Turkish and Spanish prospective teachers' ways of approaching Fermi-based modeling problems. This study, however, presents our initial exploration of Turkish and Spanish prospective teachers' approaches to one Fermi-based modeling problem through an in-depth content analysis of their work. Through this exploration, we expect to see a range of solution approaches that the prospective teachers might develop in a Fermi-based modeling problem situation.

Theoretical Framework

There are various modeling perspectives addressing different epistemological assumptions [START_REF] Kaiser | A global survey of international perspectives on modelling in mathematics education[END_REF]. Still, they share a common understanding that modeling involves a transition between the real-world and mathematical world, and this transition embraces a series of modeling cycles [START_REF] Sevinc | Kindergarteners' and first-graders' development of numbers representing length and area: stories of measurement[END_REF]. Hence, the modeling process involves a series of express-test-revise cycles where the problem-solvers express the real-life situation mathematically, develop and test mathematical solutions, and revise the solutions until they satisfy the real-life problem [START_REF] Lesh | Foundations of a models and modeling perspective on mathematics teaching, learning, and problem solving[END_REF]. Since the nature of Fermi problems are "directly related to the daily environment" and therefore "offer more pedagogical possibilities" (Sriraman & Lesh, 2006, p.248), they have been considered as effective situations to initiate a modeling process. Some examples of Fermi problems ask for the time needed to get into the top of the Empire State Building using the stairs (Ärlebäck, 2009), estimate the number of elements in a specified area (see [START_REF] Albarracín | Devising a plan to solve Fermi problems involving large numbers[END_REF][START_REF] Ferrando | Analysis of the Relationship Between Context and Solution Plan in Modelling Tasks Involving Estimations[END_REF]. As seen, these problems are realistic, openended, and do not often involve a numerical value and therefore ill-defined. Due to these characteristics of the Fermi problems, researchers considered that they had the potential to initiate and develop a model in response to the given problematic situation. Models refer to (a) a conceptual system for describing or explaining the relevant mathematical objects, relations, actions, patterns, and regularities that are attributed to the problem-solving situation; and (b) accompanying procedures for generating useful constructions, manipulations, or predictions for achieving clearly recognized goals. (Lesh & Harel, 2003, p. 159) According to this definition, models present one's ways of thinking about a situation. However, those ways of thinking needed to be useful for a particular situation and therefore required a goal-directed conceptual reorganization.

In this study, we focused on a Fermi-based modeling problem that was given a realistic context and not bounded by cultural issues (see Figure 1). In other words, our Fermi-based modeling problem addressed a global situation that people experienced all over the world. Modeling this realistic problem required one's analysis of the situation, making relevant and realistic assumptions, producing a solution that will be useful in that situation. Although the problem did not explicitly state, the illdefined nature of the problem requires problem-solvers to produce a general model (e.g., a formula or a list of steps and/or procedures) that will be applicable in similar situations. In this respect, we expect prospective teachers to engage in a series of conceptual reorganizations and produce a model that is shareable and re-usable, one of the identifying characteristics of a model (Lesh & Doerr, 2006).

Methods

This study presents a small portion of a larger project involving a set of Fermi-based modeling problems and 30 Turkish and 34 Spanish prospective mathematics teachers as participants. The participants in both countries were senior college students. Particularly, Turkish prospective teachers were in their last semester of a four year-long teacher education program. They have been trained to teach mathematics in middle schools (i.e., grade 5-8). Similarly, Spanish participants were in the second term of the compulsory professional master's degree for secondary school mathematics teachers. Since we are still at the initial phase of data analysis, here, we focused only on 10 Turkish and 10 Spanish prospective teachers' solutions that were randomly selected from the entire data set.

We collected prospective teachers' written responses to the problems and, in this study, analyzed their responses to one of the Fermi-based modeling problems called the Toilet Paper Rolls Problem (see Figure 1). The data analysis process involved series of reading the responses, coding the characteristics of the solutions, and categorizing the solutions and characteristics. Data-driven coding process characterizes our data analysis process: we did not start with a code list but constructed the one as codes emerge from the data. Two authors also met to articulate and refine our interpretations of teachers' models.

Findings

In this section, we present Turkish and Spanish prospective mathematics teachers' models separately and, in the following section, discuss the commonalities and divergences in their way of approaching a Fermi-based modeling problem. As we communicate about their ways of solutions, we use T# (e.g., T1, T2, …) for Turkish participants and S# (e.g., S1, S2, …) for Spanish participants.

Turkish Prospective Mathematics Teachers' Models

The participants first identified what information was needed to solve the Toilet Paper Rolls Problem. Depending on the approach they took, they either identified the needed information with literal symbols or numerical values, which were not provided in the problem. For instance, T4 made a list (Figure 2a) with estimated numerical values. Not only T4 but five other prospective teachers listed them and assigned estimated values to conjecture a solution for the problem. Prospective teachers who approached the problem algebraically also listed the same items (Figure 2b), but they listed their labels with literal symbols instead of the numerical values. We observed that five of the ten prospective teachers preferred estimating numerical values and those estimations were mostly blind guessing. Only one of them stated that she relied on the picture provided in the problem and showed her marking on the given picture. There was one prospective teacher who showed both an algebraic solution and a numerical solution and one who provided a description of a solution but did not produce an algebraic expression or a numerical value.

Those seven of the ten prospective teachers considered a regular arrangement of toilet paper rolls. The regular arrangement that they described was involving four steps: finding the number of rolls that would fit along with (i) the length, (ii) the width, and (iii) the height of one shelf the cabinet, and (iv) multiplying that result by 2 to find the total number of rolls that would fit into two shelves of the cabinet. Not only the prospective teachers who approached numerically but also the ones who approached algebraically considered this regular arrangement. Figure 3 below presents both cases. Although the prospective teachers expressed that the problem was different from stereotypical textbook problems, these solutions indicated they followed a procedural prescription of their curricular knowledge. There was only one prospective teacher, T6, who considered realistic and contextual assumptions and a variety of (regular and irregular) arrangements. In this sense, his model was more detailed than other prospective teachers' models (see Figure 5). T6 stated that, for the arrangement in Solution 2, he was inspired by his mother's arrangement of cans in a cellar, and this solution resulted in one more row to put toilet paper rolls. For Solution 3, he stated that he needed to consider a realistic needthe need for storing as many rolls as possible during the pandemic lockdown periodand therefore, he would not care about the shapes of the rolls in such a case. So, he decided to distort the shapes of some rolls to fit more into the cabinet.

Spanish Prospective

Mathematics Teachers' Models

Similar to Turkish prospective teachers, we observed that in all the productions the variables necessary to address the problem were identified and, in most cases, these were initially presented literally (except in the case of S7, which, as shown in Figure 6a, directly gives values to the variables). For example, S2 states: "To solve this problem, I would need to know the dimensions (width, height, and depth) of each of the two shelves of the cabinet. In addition, I would also need to know the diameter and height of each paper roll", while S6, as shown in Figure 6b, with the help of a graphical representation, indicated the quantities he needed to know.

Figure 6a and 6b: The list of information made by S7 (left) and S6 (right) to solve the problem

Most of the productions did not include indications on how to obtain values of the variables; as we will see later on, these productions presented, in almost all cases, algebraic resolutions. However, some participants introduced estimated values to the magnitudes involved, sometimes in an unjustified way (such as S7 in Figure 6a). In other cases, relying on the image accompanying the statement, S3 noted that "From what can be seen in the image, the maximum height per shelf seems to be four rolls. We can make an estimate of the maximum depth, also assuming that there are four rolls. Finally, we can also get the length of the wardrobe, which seems to be three rolls".

The statement of the problem suggests that the rolls are organized in the cabinet, and this is how it has been interpreted in practically all the resolutions that propose one or more models for the arrangement of the rolls. Only S4 avoided indicating a specific arrangement of the rolls; however, he explained the following: "I first thought that we could reason directly from the volumes of the paper roll and the cabinet, but I discard this option because we would not have enough information to know how many could be correctly arranged." As we have already seen in the analysis of Turkish prospective teachers' productions, in some cases, they proposed more than one possible arrangement, both in the way the rolls were placed and in the way they were oriented on the shelf (see Figure 7). Once the variables were fixed (and, in some cases, their values estimated) and the arrangement(s) defined, there were two possible procedures to arrive at the solution. Starting from the estimated number of rolls that would fit in rows, columns, and shelves, a final estimate could be obtained. One of the prospective teachers defined this as "finding the volume by taking the rolls as the unit of measurement." Another less direct way of arriving at the solution was to reason from the dimensions of the elements (the rolls and the cabinet) according to a fixed arrangement.

Finally, the proposed solutions were categorized according to the language used, following the same criteria as in the analysis of the previously described Turkish productions. However, in the case of Spain, there was no production that presented the solution both in numerical and algebraic language.

In relation to the introduction of elements of reality in the resolutions, we have identified two prospective teachers who considered particular characteristics of toilet rolls in their resolutions: both S4 and S9 commented that it was necessary to determine whether or not the roll could be deformed.

Conclusion

As we presented in the previous section, the prospective teachers approached the Toilet Paper Rolls Problem in different ways, but they all did make sense of the problem situation. Below, we summarized the characteristics of Turkish and Spanish prospective mathematics teachers' models in the Toilet Paper Rolls Problem. As our analysis of the Fermi-based modeling problem indicated, there were similarities in prospective teachers' ways of thinking (see, for instance, Table 1).

Actually, a considerable number of Turkish and Spanish participants approached the problem numerically. We interpreted that those who operated with estimated numerical values did not feel comfortable with indeterminacy in the problem and transform the problem into a one that is manageable. Although those prospective teachers estimated numerical values to conjecture a solution, their solution process involved systematic steps of finding the number of rolls on each attribute and multiplying them. In this sense, the models relying on the numerical approachand the algebraic onesindicated ways of reasoning that were useful in the situation and are re-usable in similar situations, aligned with Lesh and Doerr's remark of model's being sharable and re-usable (2006). In addition, we observed a few prospective teachers considered realistic and contextual assumptions that influenced their solutions (e.g., T6 considering the different arrangements and S1 considering the different orientation of rolls), consistent with the research found that students tended not to consider realistic assumptions while solving real-life problems [START_REF] Verschaffel | Realistic considerations in mathematical modeling of school arithmetic word problems[END_REF][START_REF] Verschaffel | Making sense of word problems (Contexts of Learning Series)[END_REF]. However, even though they were a few, we found these models more sophisticated than others because their assumptions and approaches resulted in more than one solution. We believe that such models are pedagogically more powerful to develop solid mathematical reasoning for both teachers and students because they allow problem-solvers to think different aspects of the situation, which resulted in a different solution. In our presentation, we will further address these pedagogical implications. Our analysis involved only written responses and therefore hindered us to observe prospective teachers' modeling process. Although it is not in the scope of this particular study, in the data analysis of the larger project, we seek for the ways of which final models might signal possible shifts in problemsolvers' mind.
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 1 Figure 1: The Toilet Paper Rolls Problem
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  Figure 2a and 2b: The list of information made by T4 (left) and T1 (right) to solve the problem
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  Figure 3a and 3b: Numerical and algebraic solutions based on a regular arrangement Another algebraic solution was produced by T9 without referring to the arrangement of the rolls. Her solution involved a ratio of the volume of the cabinet to the volume of the toilet paper rolls.
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 4 Figure 4: Algebraic solutions without a particular arrangement consideration
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 5 Figure 5: Three algebraic solutions with various arrangement considerations
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  Figure 7a and 7b: Different orientation of rolls on the plane (S1) and different arrangements (S5)

Table 1 : Characteristics of prospective mathematics teachers' models

 1 

	Step 1. Identification		Numerical		Literal
	of variables	T2, T4, T5, T7, T8, T10	T1, T3, T5, T6, T9
			S7		S1, S2, S3, S4, S5, S6,
					S8, S9, S10
	Step 2. Estimating	Only estimation	Making a	Relying on the visual	NO
	numerical values to		search	image	
	use in the conjectured	T4, T7, T8, T10	T6	T2	T1, T5, T3, T9
	operations	S7		S3, S9	S1, S2, S4, S5, S6, S8,
					S9
	Step 3. Regular	YES, ONE	YES, MORE	NO	
	arrangement of		THAN ONE		
	elements	T1, T2, T3, T4, T5, T7,	T6	T9	
		T8, T10	S1, S5, S9	S4	
		S2, S3, S6, S7, S8, S10			
	Step 4. Procedure	Direct from the number of rolls in each	From dimensions of rolls	Not specified
		dimension		and cabinet	
		T2, T5, T7, T8,	T1, T3, T4, T6, T9, T10	
		S3, S8, S10		S1, S4, S5, S6, S7, S9	S2
	Step 5. Structure of	Numerical	Both	Algebraic	Verbal
	solution		numerical and		
			algebraic		
		T2, T4, T7, T8, T10	T5	T1, T6, T9	T3
		S7, S8, S10		S2, S5, S6, S9	S1, S3, S4
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