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GROWTH OF ACTIONS OF SOLVABLE GROUPS

ADRIEN LE BOUDEC AND NICOLAS MATTE BON

ABSTRACT. Given a finitely generated group G, we are interested in common geometric
properties of all graphs of faithful actions of G. In this article we focus on their growth.
We say that a group G has a Schreier growth gap f(n) if every faithful G-set X satisfies
volg,x (n) = f(n), where volg, x (n) is the growth of the action of G on X. Here we study
Schreier growth gaps for finitely generated solvable groups.

We prove that if a metabelian group G is either finitely presented or torsion-free, then
G has a Schreier growth gap n?, provided G is not virtually abelian. We also prove that if
G is a metabelian group of Krull dimension k, then G has a Schreier growth gap n*. For
instance the wreath product C, 1Z% has a Schreier growth gap n?, and Z1Z? has a Schreier
growth gap n?*!. These lower bounds are sharp. For solvable groups of finite Priifer rank,
we establish a Schreier growth gap exp(n), provided G is not virtually nilpotent. This
covers all solvable groups that are linear over Q. Finally for a vast class of torsion-free
solvable groups, which includes solvable groups that are linear, we establish a Schreier
growth gap n2.

INTRODUCTION

Let G = {(S) be a finitely generated group. We are interested in the growth of faithful
actions of G. A set X endowed with a G-action will be called a G-set. The Schreier graph
of the action of G on X is the graph I'(G, X)) with vertex set X, and edges (x, sx) for all
x € X and s € §. The terminology Schreier graph is usually used for transitive actions, but
in the present setting we do not require that actions are transitive (see e.g. Remark .
The growth of the action of G on X is defined by

volg x(n) = max |S" - z|.
zeX
In other words, volg x(n) is the maximal cardinality of a ball of radius n in I'(G, X).
Given functions f,g: N — N, we write f(n) < g(n) if there is a constant C' > 0 such that
f(n) < Cg(Cn), and f(n) ~ g(n) if f(n) < g(n) and g(n) < f(n). The function volg x (n)
does not depend on the choice of S up to ~.

For the action of G on itself by left translations, the function volg x(n) is the classical
growth of the group G, which we denote by volg(n) = |S™|. The latter is one of the most
widely studied asymptotic invariants of groups, after the results of Milnor [Mil68|, Wolf
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2 ADRIEN LE BOUDEC AND NICOLAS MATTE BON

[Wol68|, Gromov [Gro81], Grigorchuk [Gri84] and many other developments. By contrast,
few general results are available on growth of actions.

It is clear that for every G-set X we have volg x(n) < volg(n), but various groups
admit faithful actions for which the function volg, x (n) is much smaller. Classical instances
of groups having natural actions with volg x(n) ~ n are B.H. Neumann’s examples of
continuously many non-isomorphic finitely generated groups [Neu37|, the Grigorchuk group
[BGOOQ], or the topological full group of a Z-action on the Cantor space. Moreover actions
of linear growth, and more generally the analysis of graphs of actions, played a crucial
role in the recent developments on topological full groups and other related groups, see
[JM13] [Nek19,Nek18| and the recent preprint [BNZ22|. Other examples of groups admitting
faithful actions of linear growth are non-abelian free groups (an observation that can be
attributed to Schreier [Sch27]), and all right-angled Artin groups (and hence all their infinite
subgroups) [Sal21].

Conversely, it is natural to ask whether there are obstructions to the existence of actions
of small growth. We introduce the following definition:

Definition 1. Let f: N —> R . A finitely generated group G has a Schreier growth gap
f(n) if every faithful G-set X satisfies volg x (n) > f(n).

For every infinite group G we always have volg x(n) > n for every faithful G-set X.
Hence we are interested in Schreier growth gaps f(n) where the function f is super-linear,
meaning that f(n)/n is unbounded. The word “gap” implicitly refers to that situation.

Every infinite group G with Kazhdan property (T) has a Schreier growth gap exp(n).
This is a standard consequence of the fact that for every G-set X the unitary representation
of G on £?(X) has a spectral gap. This remark can be traced back to Kazhdan, and is
pointed out by Gromov in [Gro93, Remark 0.5.F| (see also [Stu92, Th. BJ, and [JdIS15]
§4] for a statement that does not assume transitivity of actions, and also [Corld, §7]). In
a different direction, Schreier growth gaps were established in [MBI18| and [LBMB20a],
respectively in the setting of topological full groups of étale groupoids and of branch groups
acting on rooted trees.

Given the above manifestations of this phenomenon, we want to initiate a systematic
study of Schreier growth gaps for finitely generated groups. The purpose of this article is
to establish various Schreier growth gaps among finitely generated solvable groups. Beyond
the fact that the role played by solvable groups in the classical theory of growth of groups
suggests to consider this setting, it is natural here to consider “small” groups G, in view of
the fact that if a group G has a Schreier growth gap f(n), then the same is true for any
group having G as a subgroup.

The method: non-foldable subsets and confined subgroups. Before discussing our
main results, we outline our approach to study Schreier growth gaps. It is based on the
following notion of independent interest.

Definition 2. A subset L of a group G is non-foldable if for every faithful G-set X, for
every finite subset X < L there exists x € X such that the orbital map g — gx is injective
on 3.



GROWTH OF ACTIONS OF SOLVABLE GROUPS 3

Roughly speaking, a subset £ is non-foldable if for every faithful G-set X, the graph
I'(G, X) contains Lipschitz embedded copies of arbitrarily large finite subsets of £. In terms
of growth, this implies that volg x (n) must be at least equal to the maximal cardinality of
a ball of radius n in £, where £ is equipped with the induced metric from G. Our method
to establish Schreier growth gaps consists in exhibiting non-foldable subsets that are as
large as possible. Non-foldable subsets provide information on the geometry of the graphs
I'(G, X)) beyond the notion of growth. For example they also provide lower bounds for their
asymptotic dimension. As the growth, the asymptotic dimension of the graph I'(G, X) is
an invariant of the action of G on X, that is monotone when passing to a finitely generated
subgroup. The non-foldable subsets that we exhibit are natural and explicit, so that our
results also provide computable lower bounds for the asymptotic dimension of I'(G, X).

The study of non-foldable subsets of a group G is crucially related to the study of closed
G-invariant subsets for the conjugation action of G' on the space Sub(G) of subgroups of
G. The latter is a compact space with the topology induced from the set 2& of all subsets
of G. Recall that a subgroup of H of a group G is confined if the closure of the G-orbit
of H in Sub(G) does not contain the trivial subgroup {1}. Equivalently, H is confined if
there is a finite set P of non-trivial elements of G which intersects all conjugates of H.
Confined subgroups are natural generalisations of uniformly recurrent subgroups (URSs)
of Glasner and Weiss [GWI5]. Confined subgroups and URSs were studied and found
applications recently in [Ken20, LBMBIS| [Elel8| MBT20, LB21, MBI8| [Fra20, LBMB20a,
LBMB20b, [CLB20, BH21]. A common point in [LBMBI18, MB18, LBMB204] is a complete
classification, or a strong structural result, of confined subgroups and URSs for certain
families of groups defined by an action by homeomorphisms. This global rigidity behaviour
for confined subgroups and URSs leads to Schreier growth gaps [MBIS, [LBMB20a|. A
major difference in the present article is that solvable groups may admit a large pool of
confined subgroups and URSs. This was already illustrated by Glasner—Weiss [GW15]. In
our present setting it is essential to first guess what will be the relevant non-foldable subsets
L, which has the consequence of restricting the confined subgroups that need to be studied.

We shall now state our results. For simplicity here we state the conclusions that we draw
about Schreier growth gaps, and refer the reader to the core of the article for statements
about non-foldable subsets.

Polycyclic groups. At this point it is worth mentioning that if G is an infinite virtually
abelian group, then G always admits a faithful G-set with linear growth (Proposition ,
and thus does not satisfy any Schreier growth gap. Thus virtually abelian groups should
be considered as trivial for the problem considered in this paper, and shall systematically
be excluded.

The following proposition treats the case of polycyclic groups.

Proposition (Proposition and Corollary . Let G be a polycyclic group.

i) If G is not virtually nilpotent, then G has a Schreier growth gap exp(n).
it) If G is virtually nilpotent and not virtually abelian, then G has a Schreier growth
4
gap n*.
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The proof of this result is elementary. Recall that polycyclic groups are the solvable
groups that have all their subgroups finitely generated. This property notably implies that
the space Sub(G) of subgroups of G is a countable compact space. Simple compactness
considerations then allow to reduce the understanding of the growth of actions of nilpotent
and polycyclic groups to the classical results on the growth of these groups. We refer to
Section [3] for details. Here we shall point out that this approach has limited scope, and
does not generalize to other solvable groups.

Metabelian groups. The next step to consider is the case of metabelian groups. Even for
these groups, the situation becomes much more diversified compared to the polycyclic case.
One major difference is that there are groups of exponential growth which admit faithful
actions of linear growth. The archetype of such an example is the lamplighter group C,1Z,
where C), is the cyclic group of order p. (In fact the lamplighter group admits action of
almost arbitrarily prescribed growth, see . Hence there is no Schreier growth gap that
is uniform for all (non-virtually abelian) metabelian groups, unlike in the polycyclic case.
Nevertheless we prove that such uniform gaps do hold in the following two situations:

Theorem A. Let G be a finitely generated metabelian group that is not virtually abelian.
Suppose that G satisfies at least one of the following:

i) G is finitely presented;

it) G is torsion-free.
Then G has a Schreier growth gap n?.

We note that the quadratic bound is optimal both in the finitely presented case and in the
torsion-free case, as it is realized respectively by Baumslag’s finitely presented metabelian
groups ( and by the wreath product ZZ (see below).

Beyond the classical lamplighter group, every wreath product G = A B of two finitely
generated abelian groups admits faithful actions of polynomial growth. A natural example is
the action of G on the Cartesian product X = B x A called the standard wreath product
action (whose definition is recalled in . With natural choices of generators, the graph
of this action is obtained by taking a copy of the Cayley graph of A and attaching to each
vertex a copy of the Cayley graph of B. When A = B = Z this graph is a comb (Figure
. The growth of the standard action of A B is equivalent to the growth of the abelian
group B x A. So for the lamplighter group G = CPZZd, the standard wreath product action
satisfies volg y (n) ~ n?, while for G = Z1Z% we have volg x(n) ~ nd*!.

The next result states that for these groups the growth of the standard action of G is
the minimal possible growth of all faithful G-actions:

Theorem (Theorem [6.14). For every d = 1, the following hold:
i) The group Cp Z% has a Schreier growth gap n?.
ii) The group ZZ% has a Schreier growth gap ne+'.
This result is a simple illustration of a more general theorem about metabelian groups,

in which we obtain a Schreier growth gap in terms of an algebraic invariant called the
Krull dimension. Let G be a finitely generated metabelian group. Recall that whenever
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1> M —> G — @ — 1is a short exact sequence such that M and ) are abelian, M can
be seen as a finitely generated module over the group ring Z(Q). This point of view plays a
crucial role in the study of metabelian groups since the seminal work of Hall [Hal54]. The
Krull dimension of the Z@-module M does not depend on (M, Q) provided that G is not
virtually abelian (see §6.3). This positive integer is called the Krull dimension of G,
and was introduced by Cornulier. It implicitly appears in [Corll]. This notion was further
studied by Jacoboni, who established estimates for the return probability for the random
walk on a metabelian group G in terms of the Krull dimension of G [Jac19).

The following result relates the Krull dimension of a metabelian group to the possible
growth of all its faithful actions:

Theorem B. Let G be a finitely generated metabelian group which is not virtually abelian,
and let k = dimg,1(G). Then G has a Schreier growth gap n.

We have dimgyun(Chp 7% = d and dimg,(Z 1 Z%) = d + 1, so the above statement
for wreath products follows from Theorem [B] As another example, for the free metabelian
group FM on d generators, we obtain a Schreier growth gap n®*!. This estimate is sharp,
in the sense that there is an action realizing the lower bound. The case of FM, turns out to
be very particular among free solvable groups, as for the free solvable group FS;, of rank
d and solvability length ¢ > 3, we prove a Schreier growth gap exp(n) (Theorem .

The main tool in the proof of the above results is Theorem below, which can be
described as our main result on metabelian groups. Given a finitely generated group in a
short exact sequence 1 - M — G — @ — 1 where M, ) are abelian, Theorem [6.10| provides
a criterion which guarantees that G has a Schreier growth gap n?, where the exponent d
depends on the Z@Q-module M. Beyond wreath products and free metabelian groups, this
estimate is sharp for other interesting families of metabelian groups. We illustrate this in
with Baumslag’s finitely presented metabelian groups [Bau72|. In this case the lower
bound provided by Theorem is quadratic. Here we mention that these groups have
Krull dimension one, so that there are examples for which Theorem provides a better
bound than Theorem [Bl

Solvable groups. We now discuss solvable groups of higher length. A prominent class of
finitely generated solvable groups is the class of groups of finite Priifer rank. Recall that
a group G has finite Priifer rank if there exists £ € N such that every finitely generated
subgroup of G is generated by at most k elements (the rank of G is then the least k
with this property). In the sequel we abbreviate finite Priifer rank by finite rank. The
class of solvable groups of finite rank contains polycyclic groups, but it is much richer.
Basic examples of groups of finite rank that are not polycyclic are the Baumslag-Solitar
groups BS(1,n). Every finitely generated solvable group that is linear over Q has finite
rank. Examples of groups that are not of finite rank are wreath products A! B where A is
non-trivial and B is infinite. The class of finitely generated solvable groups of finite rank
admits several algebraic characterisations: it coincides with the minimax groups [LR04]
Ch. 5], and by a theorem of P. Kropholler it also coincides with those solvable groups that
do not admit a lamplighter group C, 1 Z as a subquotient [Kro84]. On a more geometric



6 ADRIEN LE BOUDEC AND NICOLAS MATTE BON

perspective, finite rank solvable groups have been studied by Pittet—Saloff-Coste in [PSCO03]
and Cornulier—Tessera in [CT20]. The following result asserts that these groups satisfy the
strongest possible Schreier growth gap.

Theorem C. Let G be a finitely generated solvable group of finite rank, and assume that
G is not virtually nilpotent. Then G has a Schreier growth gap exp(n).

So this result extends the previously mentioned result for polycyclic groups to finite rank
solvable groups. However we point out that the proof here is substantially more involved
than in the polycyclic case. First we reduce the general case to the case of torsion-free finite
rank solvable groups. Such a group is linear over Q, and its nilpotent radical is subject
to Malcev theory on torsion-free divisible nilpotent groups. We deduce Theorem [C] from a
general result on groups that are extensions 1 - N — G — @@ — 1 where N is a nilpotent
group of finite rank and the action of Q on N®*®Q satisfies a certain irreducibility condition
(Theorem , together with a result of independent interest which asserts that finite rank
solvable groups always contain subgroups of a particular form, to which the previous result

applies (Proposition [4.13]).

The last problem that we discuss is whether the quadratic Schreier growth gap for torsion-
free metabelian groups from Theorem [A] extends to torsion-free solvable groups. We con-
jecture that this is the case:

Conjecture 1. Let G be a finitely generated solvable group which is virtually torsion-free,
and not virtually abelian. Then G has a Schreier growth gap n?.

We prove that the conjecture is true in many situations, which cover all familiar classes of
torsion-free solvable groups. The first observation to make is that Theorem [A] immediately
implies that if a torsion-free group G contains a finitely generated metabelian subgroup
which is not virtually abelian, then G has a Schreier growth gap n?. Classical arguments
imply that this situation covers all groups which are virtually nilpotent-by-abelian. By a
theorem of Malcev, this includes all solvable linear groups (i.e. isomorphic to a subgroup of
GL(n,K), where K is a field). Hence the conjecture is true for these groups:

Corollary (Corollary . Let G be a finitely generated solvable linear group which is

virtually torsion-free. If G is not virtually abelian, then G has a Schreier growth gap n?.

The next result proves the conjecture under a reinforcement of the torsion-free assump-
tion on G. Note that if a group G admits a series {1} = Ng < N7 <--- I N = G such that
the successive quotients N;i1/N; are torsion-free, then G is torsion-free. We refer to
for the definition of the Fitting series.

Theorem (Theorem [7.9). Suppose that G is a finitely generated solvable group such that
the successive quotients in the Fitting series of G are torsion-free, and G is not virtually
abelian. Then G has a Schreier growth gap n?.

The proof of that result does not only rely on the case of metabelian groups. It involves
a rather technical mechanism that allows in some cases to lift the desired conclusion from

a quotient to the ambient group (see and §7.3)).
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While the above results establish the conjecture under additional assumptions on G, it is
also natural to add assumptions on the actions. The following result asserts that Conjecture
[]is true if we restrict to transitive actions, or more generally to actions with finitely many
orbits.

Theorem (Theorem [7.14). Let G be a finitely generated solvable group which is virtually
torsion-free and not virtually abelian. Let X be a faithful G-set such that the action of G

on X has finitely many orbits. Then volg x(n) > n?.

Applications: subgroups of topological full groups. We end this introduction by
mentioning that Schreier growth gaps provide a natural quantitative obstruction to the
existence of embeddings between groups. Explicitly, if a group L is known to admit a
faithful action of growth g(n) and if a group G has a Schreier growth gap f(n) with
f(n) ¥ g(n), then G cannot embed into L (see Proposition [L.6]). Interesting examples
of groups L that naturally come with an action of possibly small growth are topological
full groups of group actions on the Cantor set. The subgroup structure of such groups is
in general quite mysterious. Our results can be immediately applied to obtain restrictions
on the solvable subgroups of various topological full groups. As an illustration, we state
here one example of such an application. Recall that Matui showed that for every minimal
Z-action on the Cantor set which is not an odometer, the topological full group contains
the lamplighter group C2!Z [Matl13|. By contrast, our result on Schreier growth gaps of
wreath products has the following consequence:

Corollary (sec §8.2.1). Let d = 1 and let A be a non-trivial finitely generated abelian
group. If the wreath product A1 Z® embeds into the topological full group of a Z-action on
the Cantor set, then A is finite and d = 1.

The fact that the group C)? 7?2 does not embed into the topological full group of the full
shift over Z was conjectured in [Sal21]. We refer to for additional applications of our
results in this setting (notably Corollary .

Guidelines. Sections [fHEH7] are the core of the article, and our main results stated in this
introduction are proven there.

Acknowledgements. We are grateful to A. Erschler, J. Frisch and T. Zheng for interesting
conversations on Schreier graphs of the lamplighter group which inspired Proposition [2.3]
We also thank Y. Cornulier and P. de la Harpe for useful comments on a preliminary version
of this work.
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1. PRELIMINARIES

1.1. Notation. Let G be a group. We denote by G the derived series of G, defined
inductively by G = ¢/ = [G,G] and GO+Y = [GD,G?]. The abelianization G/G’
is denoted G®. The lower central series of G is denoted by 7;(G). So 11 (G) = G and
7i+1(G) = [%(G),G] for all i = 1. The upper central series is denoted Z;(G), with the
convention Z1(G) = Z(G) and Z;11(G)/Z;(G) = Z(G/Z;(G)) for all i.

The Fitting subgroup is denoted Fit(G). It is the subgroup generated by all nilpotent
normal subgroups of G. The FC-center FC(G) is the subgroup of G consisting of elements
with a finite conjugacy class.

The set of elements of finite order in a group G will be denoted T'(G). Recall that when
G is nilpotent, T'(G) is a subgroup of G, which is finite if G is finitely generated.

Recall that a set X on which G acts is called a G-set. All G-sets are supposed to be
non-empty. We say that X is faithful, or transitive, whenever the action of G on X has
this property.

For f,g,: N — N, we write f < g if there exists a constant C' > 0 such that f(n) <
Cg(Cn) for sufficiently large n. If f < g and g < f, we write f ~ g.

Notation 1.1. Let G be a group with an abelian normal subgroup M. Since M acts
trivially by conjugation on itself, the conjugation action of G on M factors through @ =
G/M, so that M naturally has the structure of a ZQ-module. When adopting this point
of view, we will use additive notation for M, and the notation gm for ¢ € Q and m € M
will be used for the module operation of ¢ on m.

1.2. Graphs of actions. Let G be a finitely generated group, and fix a finite symmetric
generating subset S. If X is a G-set, we denote by I'(G, X) the graph whose vertex set
is X, and for every x € X and s € S there is an edge connecting x to sx. The graph
I'(G, X) is called the Schreier graph of the action of G on X. Note that I'(G, X) is not
connected in general: its connected components are the G-orbits in X. We intentionally
omit S in the notation, as we will only be interested in properties of these graphs that do
not depend on the choice of S. We consider the simplicial distance d on I'(G, X), where
d(z,y) is defined as the length of the shortest path from x to y (ignoring orientation of
edges), with the convention that d(z,y) = +o0 if x, y lie in different connected components.
Distinct generating subsets yield bi-Lipschitz equivalent metrics.

Remark 1.2. An extreme case that is covered by our setting is the case where all G-orbits
in X are finite, so that I'(G, X) is the disjoint union of finite graphs. This corresponds to
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G-actions that are given by a family of finite index subgroups (G;) of G, where G acts on
the union of coset spaces G/G;. Note that this action is faithful if and only if there is no
non-trivial normal subgroup of G contained in (), G;.

1.3. Growth of actions. Let (X, d) be a metric space (where we allow the distance d to
take the value +00). We denote by B,(n) the ball of radius n around a point x € X. We
say that (X,d) is uniformly locally finite if for every n we have sup,cy |Bz(n)| < c0.
For example, any graph of bounded degree is uniformly locally finite. If (X, d) is uniformly
locally finite, we denote volx(n) = sup,cy |Bz(n)|. This function is invariant under the
equivalence relation =~ if one replaces d by a quasi-isometric metric.

In the sequel G is a finitely generated group, and S a finite symmetric generating set.
Let dg be the associated right-invariant word metric on GG. Recall that the growth of G is
denoted volg(n) = |S™|.

Notation 1.3. For a subset £ of G, we write f(g r) := vol(z 44|,)-

Remark 1.4. If £ = H is a subgroup of G, then for every n all balls By (n) are isometric since
H acts transitively on itself by right translations. Hence in this case f(q )(n) = [H N Be(n)|
is the classical relative growth of H in G.

Definition 1.5. The growth of the action of G on a G-set X is volg, x (n) = vol(r(g, x),q)(7)-

Equivalently,

volg x(n) = max |S" - z|.
zeX

Since distinct generating subsets of G yield bi-Lipschitz equivalent metrics on T'(G, X),
volg x (n) does not depend on S up to the equivalence relation ~.

The following proposition establishes basic properties of growth of actions. The proof is
straightforward, and we omit it.

Proposition 1.6 (Monotonicity). Let G be a finitely generated group, and X,Y G-sets.

i) If H is a finitely generated subgroup of G, then voly x(n) < volg x(n).
i) If there is a surjective G-equivariant map X — Y, then volg x (n) > volgy (n).
i11) If there is a G-equivariant map X — Y whose fibers have uniformly bounded
cardinality, then volg x(n) < volgy(n). In particular if there is an injective G-
equivariant map X — Y, then volg x(n) < volgy(n).

The next lemma relates the growth of actions of a group and of its finite index subgroups.
Recall that when H is a subgroup of G, then to every H-set X one can associate a G-set,
called the induced G-set. Ind%(X) is defined by Ind%(X) := (G x X)/H, where the
quotient is taken with respect to the diagonal action h - (g,2) = (gh !, ha). The action of
G on G x X given by g1 - (g2,2) = (9192, ) descends to an action on Ind%(X).

Proposition 1.7. Let G be a group and H be a subgroup of finite index in G. Then for
every G-set X we have volg x (n) ~ volg x(n). Conversely for every H-set X, the induced
G-set Y := Ind%(X) satisfies volg.y (n) ~ volg x (n).



10 ADRIEN LE BOUDEC AND NICOLAS MATTE BON

Proof. The first claim is straightforward, and we only justify the second claim. Let N be
the intersections of all conjugates of H, which is normal and of finite index in G. Set set
Y := Ind%(X) and consider the natural G-equivariant projection p: Y — G/H. Since N
acts trivially on G/H, it preserves each fiber of the map p. The fiber p~!(H) is naturally a
copy of X, and the action of N on it coincides with the action obtained by restricting the
H-action, so that by the first claim we have voly ,-1(g)(n) =~ voly x(n). If gH is another
H-coset, the map = + gz induces an identification of p~'(H) to p~'(gH) which is N-
equivariant up to the automorphism of N induced by conjugation by G, so that we also have
voly p-1(gr) () = voly, x(n). Since Y is the disjoint union of the finitely many fibers of the
map p, we obtain (using the first claim again) that volg y (n) ~ volyy (n) ~ volg x(n). O

1.4. Confined of subgroups. We denote by Sub(G) the space of subgroups of G, endowed
with the topology inherited from {0, l}G. The following simple lemma shows that the growth
of actions is well-behaved with respect to the topology on Sub(G).

Lemma 1.8. Let X be a G-set, and let
S(X)={G, : xe€ X} < Sub(G).
Then for every H € S(X), we have volg g i(n) < volg,x(n).

Proof. Let H € S(X) and let (xj) a sequence of points such that (G, ) converges to H
in Sub(G). For every coset gH € G/H and every n, there exists kg such that for every
k = ko the ball of radius n centered at gH in the graph I'(G,G/H) is isomorphic to the
ball of radius n centered at zj, in I'(G, X). Thus its cardinality does not exceed volg, x (n),
showing that volg ¢/p(n) < volg,x(n). O

As a consequence of Lemma if the trivial subgroup {1} belongs to the closure of the
stabilisers {G,,x € X}, then volg(n) < volg x(n) and thus volg x(n) ~ volg(n).

Recall that a subgroup H of G is confined if the closure of the G-conjugacy class of
H in Sub(G) does not contain the trivial subgroup {1}. Explicitly, this means that there
exists a finite subset P of G consisting of non-trivial elements such that gHg™! n P # (¥
for all g € G. We will consider more generally the case where we only take into account the
conjugation action of a given subgroup L of G:

Definition 1.9. Let G be a group, L a subgroup of G. A subgroup H of G is confined
by L if the closure of the L-conjugacy class of H in Sub(G) does not contain the trivial
subgroup. Equivalently, if there exists a finite subset P < G\ {1} such that gHg ' n P # &
for all g € L. We say that such a subset P is confining for (H,L).

Notation 1.10. We denote by Sg(P, L) < Sub(G) the set of subgroups H of G such that
P is confining for (H, L).

1.5. Non-foldable subsets. We now introduce the notion of non-foldable subset of a
group G. The motivation is that non-foldable subsets provide geometric information on
the graphs of actions of G. In particular they provide lower bounds for certain asymptotic
invariants of these graphs: see Lemma [I.13] and Proposition [I.23]
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Definition 1.11. Let G be a group and £ a subset of G.

i) Let X be a G-set. We say that £ is non-folded in X if for every finite subset X
of L, there exists x € X such that the map ¥ — X, g — gz, is injective.
ii) We say that £ is non-foldable if £ is non-folded in X for every faithful G-set X.

The following lemma reformulates the condition that a given subset of G is non-foldable
in terms of confined of subgroups.

Lemma 1.12 (Non-foldable subsets and confined subgroups). Let G be a group, and L be
a subset of G. The following are equivalent:

(i) L is a non-foldable subset of G.
(ii) for every finite subset ¥ < L, we have

(| H={1},

HESG(P,G)
where P = {g'h: g,h e X, g # h}.

Proof. Assume that holds, and let X be a faithful G-set. Assume by contradiction that
does not hold. Let ¥ < £ be a subset such that for every z € X, the map g — gz is not
injective on ¥, and let P be the corresponding set of differences as in the statement. Then
G, n P # & for every z € X, and thus G, € Sg(P,G) for every x. Hence n,G, contains
N so(p,cyH, and is therefore non-trivial. This contradicts the fact that X is faithful.
Assume now that holds. Fix a finite subset ¥ < L and consider the G-set X :=
Unesq(p,c)G/H, for the subset P associated to X. By construction every point of X is
fixed by an element of P, so that no orbital map can be injective in restriction to X. If the
action of G on X was faithful then by the assumption We would have a contradiction. So
X cannot be faithful, and since the kernel is precisely () Se(P.G) H, condition holds. [

Lemma 1.13. Let G be a group, and X a G-set. If L is non-folded in X, then volg x(n) >
fa,o)(n).

Proof. Let S be a symmetric generating subset of G. For n > 1, let g, be an element of G
such that |B, (n) n L] = f(g,c)(n). We apply the defining condition of £ being non-folded
in X to the finite subset ¥ = B, (n) n L. We obtain z,, € X such that ¥ — X, g — gz, is
injective. If we write ¥, = ¢gnZn, this implies that [S™y,| = |X|. But by definition we have
volg,x (n) = [S™yal, so volg x(n) = 8| = fg,c)(n). O

Ezample 1.14. An infinite cyclic subgroup C' is always a non-foldable subset of G. In
particular for a finitely generated group G, the existence of a distorted cyclic subgroup C
provides a non-trivial Schreier growth gap f(q, c)(n).

1.6. Non-foldable k-tuples. In Section [6] we will exhibit non-foldable subsets of a par-
ticular form in metabelian groups. To this end, we introduce the following convenient
terminology.

Definition 1.15. Let G be a group, k> 1 and (g1,...,gx) € G*.
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i) Let X be a G-set. We say that (g1,...,9%) is non-folded in X if for all n > 1,
there exists x, € X such that

[_n’n]k - X7 (nlv B nk) — ng .. 'g?l ($n)a
is injective.
ii) We say that (g1,...,gx) is non-foldable if (g1, ..., gx) is non-folded in X for every
faithful G-set X.

The following is a reformulation of the definition:

Lemma 1.16. Let X be a G-set. A k-tuple (g1,...,gk) is non-folded in X if and only if
the following two conditions hold:

e the map ¢ : ZF — G, (n4,...,ny) — gk ... g1t is injective;

e the image of ¢ is non-folded in X.

In particular if (g1, ...,gk) is non-folded in X then gi1,...,gx all have infinite order.
In particular in this setting Lemma [1.13| reads as follows:

Lemma 1.17. Let G be a group, and X a G-set. If a k-tuple (g1,...,gx) is non-folded in
X then volg x (n) = n*.

Proof. Consider the map ¢ : Z¥ — G, (n1,...,n;) — g% ...g1", and denote by L its
image. Since ¢ is injective, we have fq r)(n) > n*. And since £ is non-folded in X the
statement follows from Lemma [[.13 O

1.7. Asymptotic dimension of graphs of actions. Another geometric invariant as-
sociated to graphs of actions of a finitely generated group is the asymptotic dimension,
introduced by Gromov [Gro93|. Let us recall its definition and some basic properties, in
analogy with the previous discussion on growth from §I.3and §I.5] For more information
we refer to the survey [BDOS§].

Definition 1.18. Let (X, d) be a metric space, and n > 0. We say that space (X, d) has
asymptotic dimension at most n if for every R > 0 there exists a cover U of X consisting
of subsets of uniformly bounded diameter such that every R-ball in X intersects at most
n + 1 sets in Y. The asymptotic dimension asdim(X,d) of X is the smallest n € N u {0}
such that (X, d) has asymptotic dimension at most n.

The following lemma follows easily from the definition of asymptotic dimension, see the
argument in [BST12, §6] (or the proof of [MBI8| Proposition 2.5] for more details).

Lemma 1.19. Let (I';dr) and (A,da) be uniformly locally finite metric spaces. Assume
that there exist C, D > 0 such that for every R > 0 and x € T there exists a C-Lipschitz
map f: B(z, R) — A such that |f~(y)| < D for everyy € A. Then asdim(T) < asdim(A).

Definition 1.20. Let G be a finitely generated group, and X a G-set. The asymptotic
dimension of the G-set X is asdim(G, X) = asdim(I'(G, X)).
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Note that asdim(G, X)) does not depend on the generating subset S used to define the
graph I'(G, X)), since asymptotic dimension is a quasi-isometry invariant [BDOS|, Prop. 22].
The following lemma is a straightforward consequence of Lemma [T.19]

Lemma 1.21. Let G be a finitely generated group and X be a G-set. Then for every finitely
generated subgroup H of G we have asdim(H, X) < asdim(G, X).

The following lemma is proven analogously to Proposition using Lemma [1.19] and
the invariance of asymptotic dimension up to quasi-isometry.

Lemma 1.22. Let G be a finitely generated group and H be a subgroup of finite index of
G. Then for every faithful G-set X we have asdim(G, X) = asdim(H, X). Conversely for
every H-set X, the induced G-set Y := Ind%(X) satisfies asdim(G,Y) = asdim(H, X).

Lemma has the following immediate consequence concerning non-foldable subsets.

Proposition 1.23. Let G be a finitely generated group, and L a non-foldable subset of G.
Then for every faithful G-set X we have asdim(G, X) > asdim(L), where L is seen as a
metric space endowed with the restriction to L of a word metric on G.

2. MOTIVATING AND LIMITING EXAMPLES

In this section we give some examples of group actions which add context to the main
results of the article.

2.1. Some actions of small growth. The point of this paragraph is to recall some exam-
ples of finitely generated solvable groups of exponential growth that admit natural actions
with small growth, such as the wreath products CPZZd or Z1Z%, and Baumslag metabelian
groups.

2.1.1. Wreath product actions. Consider a wreath product G = A B of two groups A, B.
Recall that G is the semi-direct product @5 A x B, where @A is the set of finitely supported
functions B — A, and B acts on @gA by b-¢ : b/ +> (b~ 1). The group G naturally comes
with an action on the set B x A, called the standard wreath product action, defined
by (¢, b) - (b, ag) = (bbo, p(bby)ap). In the sequel we denote by X the G-set Xy = B x A.

If S1, S5 are finite generating subsets of A, B respectively, then S = S1uU S5 is a generating
subset of G. Here and throughout the paper, we implicitly view S7 and Sy a subsets of G
by identifying A and B with their natural copies inside G, where the copy of A consists
of elements in @p A that are trivial everywhere except at the identity position. The edges
in the graph I'(G, X4) are defined by saying that there is an edge between (1p,a) and
(1p, s1a) for every a € A and s; € S1, and between (b, a) and (s2b, a) for every b€ B,a € A
and sg € Sy. Equivalently, the graph I'(G, X ) is obtained by taking a copy of the Cayley
graph of A and attaching to each vertex a copy of the Cayley graph of B. For instance
when A is finite, I'(G, Xg) is just the union of k£ = |A| copies of the Cayley graph of B that
are joined at the identity position, and volg x., (n) ~ volg(n). So for B = Z, we obtain a
union of k£ bi-infinite lines. When A = B = Z with standard generating subsets, the graph
[(Z1Z, X«) is a comb, see Figure[l] In that case we have volg x., (n) ~ n?. In general the
growth of the G-action on Xy is given by the following:
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Q@ Qe Qe Q0 Q Q..

Q@ Qe o 1 Q0 Q..
na

.......... Qo o 0 Q0 Q@ Q..
a A

......... Qe Q1 Q Q Q..
b A

FIGURE 1. The graph of the standard action of Z?Z on Z x Z. Red arrows
correspond to the generator a of the lamp group, while blue arrows correspond to
the generator b of the base group.

Lemma 2.1. We have volg x.,(n) ~ volg(n) x vola(n).

Proof. By the above description of I'(G, Xg), the identity map I'(G, Xg) — B x A is a
Lipschitz map, where the target space B x A is endowed with the ¢'-metric. This implies
volg x.,(n) < volg(n) x voly(n). Conversely, every element (b, a) such that |als,, |b|s, < n
is at distance at most 2n from (1p,14) in I'(G, Xt ), so the ball of radius 2n around (1p,14)
in I'(G, X4 ) contains at least volg(n) x volg(n) elements. The statement follows. O

2.1.2. Baumslag’s finitely presented examples. Consider the group given by the finite pre-
sentation

A, = <u,t,s]u” =1, [s,t] =1, [u',u] = 1, u® :utu>,

where p is a prime number. These groups (actually their torsion-free counterpart) were
introduced in [Bau72]. Baumslag showed that A, is isomorphic to the semi-direct prod-
uct Fp[T, T, (T + 1)7'] x Z%, where the generators ¢,s of Z? act on the ring R :=
Fp[T, T, (T + 1)~!] by multiplication by 7" and T + 1.

We claim that A, admits a faithful transitive action on a set X such that voly, x(n) ~ n?.
To see this, observe that every element of R can be uniquely written as

DlanT+ > b T+ T)7Y,

neZ £=0,q>0

where ay, b, 4 € ), and only finitely many of them are non-zero. Consider the subgroup H
of R defined by the condition ay = 0. An easy computation shows that the intersection of
all conjugates of H in A, is trivial. Equivalently, the action of A, on X = A,/H is faithful.
The subgroup H has finite index equal to p in R. We have a G-equivariant surjective

map G/H — G/R, whose fibers have cardinality p. Thus Proposition implies that

volp, x(n) =~ voly /r(n) = n?,
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The Baumslag group admits the following generalisation. For d > 1 let
Apa =TFp[Th, ..., Ta, T T A+ T (1 + Ty) 7 %z,

The action is defined by saying that if t1,...,tq, S1,...,Sq are generators of Z>?, then t;
and s; act respectively by multiplication by T; and T; + 1. The (torsion-free analogues) of
these groups were introduced by Erschler [Ers04] as generalisation of Baumslag’s groups, to
give examples of finitely presented groups which are amenable but not Liouville (for d > 3).
They admit an analogous finite presentation [Ers04, Lemma 5.1|. The same argument as
above shows that each group A, 4 admits a faithful action with voly, , x(n) ~ n2d,

2.1.3. A general criterion. The following result, which is based on a result of Olshanskii
[OIs15], shows that the existence of actions of polynomial growth of the wreath products
Cp Z% and the above groups A, 4 are not isolated phenomena.

Proposition 2.2. Let G be a finitely generated metabelian group such that G’ is a torsion
group and G/G' has torsion-free rank d. Then G admits a faithful transitive action on a
set X with volg x (n) ~ n?.

Proof. By [Ols15, §3], if G is a metabelian group such that G’ is a torsion group, there
always exists a finite index subgroup H of G’ such that the intersection of all G-conjugates
of H is trivial, so that the action of G on G/H is faithful. Since H < G’ we have a G-
equivariant surjective map G/H — G/G’, whose fibers have cardinality equal to the index
[G' : H]. Proposition then implies volg /g (n) =~ volg g/ar(n) ~ nd. O

2.2. Actions of lamplighter groups with prescribed growth. It is natural to wonder
if, as in the case of the growth of the group, the growth of an action of a solvable group is
always polynomial of integer degree or exponential. It turns out that this is far from being
the case. In fact, even the growth of an action of the lamplighter group G = C21Z can be
arranged to be equivalent to an arbitrary function satisfying mild conditions:

Proposition 2.3. Let G = C21Z. Let f: N — R, be a non-decreasing function such that
f(n+1)/f(n) is non-increasing. Then there exists a faithful and transitive G-set X such
that volg x(n) ~ nf(n). In particular:

o for every real number a > 1, there exists a faithful G-set X with volg x(n) ~ n®;
o for every 0 < B < 1, there exists a faithful G-set X with volg x(n) ~ exp(nﬁ).

Proof. Let us write f(n) = 49 where g: N — R is non-decreasing and g(n + 1) — g(n) is
non-increasing. If g(n+1)—g(n) is bounded away from 0, then f(n) ~ exp(n), so that we can
choose X = G acting on itself. Thus in the following we suppose that g(n+1)—g(n) tends to
0. Upon replacing g(n) by g(ng+n) for some ng > 0 we can suppose that g(n+1)—g(n) <1
for every n (this does not affect f(n) up to ~ since f(n) < 49(+10) < 470(9(1)=9(0) f(p)).
Similarly if g( ) is bounded then we can choose X = Cy x Z (the standard wreath product
action; see . So we assume that g(n) tends to +co.

For k € N let xp = min{n: g(n) > k} and let Q = {zx,k € N} U {—xz, k € N}. Let
H = {re®zCs: rlg = 0} and set X = G/H. Note that X is a faithful G-set. Indeed it is
easy to see that every non-trivial element r € @zC5 has a conjugate outside of H.
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In what follows we write elements of G as pairs (r,m) with r € ®7C5 and m € Z, and let
S = {s,tT!} be the standard generating set given by s = (p,0) and ¢ = (0,1). The set X
can be naturally identified with Z x (@nC4), by mapping each coset (r,m)H to (m, om,7|q),
where o, denotes the shifted configuration o,,r(x) := r(z —m). Under this identification,
the generator t acts by moving (m,r) to (m + 1,7), and the generator s acts on (m,r) by
flipping the value of r(—m) if —m € §, while s fixes (m, ) if —m ¢ Q. From this description
it follows that any product of at most n generators must move (m, ) to some point (m/, r’),
where m’ € [m —n,m +n] and r and 7’ coincide outside [m —n, m 4+ n] N Q. On the other
hand, by applying a product of at most 2n generators to (m,r) it is possible to reach any
(m/,r") satisfying the same constraints. This implies that the ball B, of radius n around
(m,7) in the Schreier graph of the action satisfies

(1) |Bn| < (2n + 1)2/lm—nmnlnQl < 1By 1.

Let us analyse the cardinality [[m —n,m+n] n Q. First we note that the assumption that
g(n + 1) — g(n) is non-increasing implies that xx,1 — ) is non-decreasing, so that when n
is fixed, |[m —n,m + n] N Q| is maximized for m = 0. On the other hand the assumption
that g(n + 1) — g(n) < 1 implies that the map k — xj is injective. As a consequence, we
have |[0,n] " Q| = max{k: z; < n}, which is equal to g(n) up to an additive error bounded
by 1. We deduce that volg x (n) = (2n + 1)2/l=2000 ~ 522000 — p £ (). O

Remark 2.4. For the d-dimensional lamplighter G = Co ¢ Z%, the same argument (with
minor modifications) can be applied to show that for every non-decreasing function f: N —
R; such that f(n + 1)/f(n) is non-decreasing, there exists a faithful G-set X such that
volg x(n) ~ nif(n). Note that the smallest growth obtained through this construction is
n?, which is equal to the growth of the standard wreath product action of Cy Z.

3. POLYCYCLIC GROUPS

The goal of this section is to explain how the understanding of the growth of actions of
nilpotent and polycyclic groups reduces to the classical results on growth of these groups
due to Wolf [Wol68|, Bass [Bas72] and Guivarc’h [Gui73]. The approach is elementary.
It is based on compactness arguments in the space Sub(G), and holds more generally for
Noetherian groups. Recall that a group is Noetherian if all its subgroups are finitely
generated. A solvable group is Noetherian if and only if it is polycyclic.

First we isolate the following remark for future reference:

Lemma 3.1. Let G be a finitely generated group which is a direct product G = Q1 X - - X Q.
For each i, let X; be a faithful Q;-set. Then X = 1; X; is a faithful G-set, where G acts on
each X; through Q;, and we have

volg,x(n) = m%f‘i volg,, x; (n).
s

In particular if all Q;s have polynomial growth with volg,(n) ~ n%, then there is a faithful
G-set X such that volg x(n) ~ n?, where d = max; d;.

In particular we have the following for virtually abelian groups.
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Proposition 3.2. If G is an infinite finitely generated virtually abelian group, then there
exists a faithful G-set X such that volg x (n) ~ n.

Proof. The group G contains a finite index subgroup isomorphic to Z% for some d > 1.
Thus the conclusion follows from Proposition , by considering the action of Z¢ on L ,7Z
as in Lemma [3.1] O

The following proposition is a partial converse to Lemma for Noetherian groups.

Proposition 3.3. Let G be a finitely generated Noetherian group, and X a faithful G-set.
Then there exist a finite index subgroup G® < G and normal subgroups K, ..., Kq < G°
such that, if we denote Q; = G°/K;, then the following hold:

i) The intersection (), K; is trivial. Equivalently, GO embeds in Q1 x -+ x Qq.
ii) If we denote X; := Fin(K;), then we have X = U; X;, and each X; is a GV-invariant
subset such that the action of GO on X; factors through an action of Q;.
i11) Q; is non-folded in X; for all 1.
iv) We have volg, x(n) ~ max}_; volg,(n).

Proof. Let X be a closed G-invariant subset of Sub(G). Fix H € X. Let H be the closure
of the G-orbit of H in X, and £ < H be a non-empty minimal closed G-invariant subset.
Since G is Noetherian, Sub(G) is a countable compact space, and hence every closed subset
of Sub(G) admits isolated points. So £ admits isolated points, and hence by minimality
it follows that L is finite. So L is just the finite G-orbit of a subgroup L € X. Now since
L is finitely generated, the set Sg(=, L) of subgroups H of G such that H contains L is
an open neighbourhood of L in Sub(G). Since by definition L belongs to the closure of
the G-orbit of H, it follows that there exists a conjugate of H that contains L, and as a
consequence H itself contains some L' € £. Now using again that Sg(>, L) is open for
every subgroup L and compactness of X', it follows that we can find a finite G-invariant
subset {L1,---,L,} € X, such that for every H € X there is ¢ such that L; < H.

Now let X be the closure of {G,: v € X} in Sub(G). Let Ly, ---,L, € X as in the
conclusion of the previous paragraph. Then for every z in X there exists ¢ such that
L; < G,. In particular (), L; acts trivially on X, and hence is trivial by the assumption
that the action is faithful. Since the normalizer Ng(L;) of L; has finite index in G for all
i, GO := ), Na(L;) is a finite index subgroup of G. Set K; = G® n L;, which is a normal
subgroup of G°. The intersection (| K; is clearly trivial since this is already true for the
groups L;, and every x € X is fixed by some K;. As in the statement, set X; := Fix(Kj;),
and note that all conclusions in part [i)| and [ii)| hold true by construction. Let us show
Since L; belongs to X', we can find a sequence of points (x,) € X such that G, converges
to L;. As a consequence the subgroups ng = GGy, converge to G°nL; = K;. It follows
in particular that G contains K; for n large enough, which means that (z,) < X; for n
large enough. Thus the stabiliser of x,, in @; converges to the trivial subgroup in Sub(Q;),
so that Q; is non-folded in X;. In order to justify first note that volg x(n) ~ volgo x (n)
by Proposition [I.7] Second, note that since the action of Gy on the orbit of every x € X
factors through an action of some @Q;, we must have volg,(n) < volgo x(n) for all i, and
hence max; volg, (n) < volgo x(n). Finally the converse inequality follows from part O
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Recall that a group G is subdirectly decomposable if it admits non-trivial normal
subgroups M, N such that M n N = 1. We will also say that G is virtually subdirectly
decomposable if some finite index subgroup of GG is subdirectly decomposable.

Corollary 3.4. Suppose G is Noetherian and not virtually subdirectly decomposable. Then
the whole group G is non-foldable. In particular volg x(n) ~ volg(n) for every faithful
G-set X.

Proof. We apply Proposition[3.3] It cannot be that all the K; are non-trivial, since otherwise
the intersection would be non-trivial by assumption. Hence there is ¢ such that K; = 1,
and hence @); = GG is non-folded in X; = X. O

3.1. Nilpotent groups. If G is a nilpotent group G, then classical results of Bass and
Guivarc’h [Bas72), [Gui73| assert that the growth of G is volg(n) ~ n®¢, where ag is a
positive integer given by the formula

(2) ag = Y idimg ((%:(G)/7i+1(G)) ®Q) .

1=0

The following is a direct consequence of Proposition [3.3]combined with the Bass-Guivarc’h
formula. It implies in particular that the growth of the action of every nilpotent group is
polynomial.

Corollary 3.5. Let G be a finitely generated nilpotent group, and let X be a faithful G-set.
Then there exist a finite index subgroup GO < G and normal subgroups K1, . .., Kq<IG° with
N K; = {1} such that if we write Q; = G°/K; and o, = max; ag,, then volg x(n) ~ n®*.

In the sequel we denote by H3(Z) the Heisenberg group of 3 x 3-matrices over the integers.
Recall that it has infinite cyclic center, and the associated quotient is free abelian of rank
2. It has the presentation H3(Z) = {a,b,c: [a,b] = ¢,[a,c] = [b,c] = 1). For later use we
record the following well-known fact.

Lemma 3.6. Let G be finitely generated nilpotent group which is not virtually abelian.
Then G contains a subgroup H isomorphic to Hs(Z).

Proof. Upon passing to a finite index subgroup we can suppose that G is torsion-free. Let
7k(G) be the last non-trivial term in the lower central series. Since G is not abelian, we
have k > 2 and we can find g € v,_1(G) and h € G such that k := [g, h] is not trivial.
Note that k is central in G, so that we have [g,k] = [h,k] = 1. Hence H = (g, h,k) is
isomorphic to a quotient of H3(Z). Since every proper quotient of H3(Z) either has torsion
or is abelian, it follows that H is isomorphic to H3(Z). O

Lemma 3.7. The group Hs(Z) is not virtually subdirectly decomposable.

Proof. If L is a finite index subgroup of H = H3(Z), the center Z(L) is infinite cyclic. Since
any normal subgroup of L intersects Z(L) non-trivially [LRO04, 1.2.8 i), any finite family
of non-trivial normal subgroups of L contains a common non-trivial element of Z(L). O
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Proposition 3.8. Let G be finitely generated virtually nilpotent group which is not virtually
abelian. Then any subgroup H isomorphic to Hs(Z) is a non-foldable subset of G. In
particular G has a Schreier growth gap n*.

Proof. The first statement is a direct consequence of Corollary [3.4]and the previous lemmas,
and the last statement follows since H3(Z) has growth ~ n*. O

3.2. Polycyclic groups. Recall that Wolf theorem asserts that a polycyclic group that
is not virtually nilpotent has exponential growth [Wol68|. Combined with Proposition
this has the following consequence.

Corollary 3.9. Suppose G is a polycyclic group that is not virtually nilpotent. Then G has
a Schreier growth gap exp(n).

Proof. The group is polycyclic, and hence Noetherian. If X is a faithful G-set, we apply
Proposition . Let GO and K7, --- K4 as in the conclusion. Being a finite index subgroup
of G, the group G° has exponential growth. It follows that at least one of the groups
Q; = G/K; must have exponential growth, since G embeds in their product. Therefore
max; volg,(n) ~ exp(n), and the conclusion follows from Proposition O

The route taken above to prove Corollary [3.9] does not produce explicit non-foldable
subsets. However this will be achieved in Section [4] in the more general setting of solvable
groups of finite rank. Below we provide a simpler construction of non-foldable subsets in
polycyclic groups, which already yield information on the asymptotic dimension of graphs
of actions of polycyclic groups (Corollary . To this end, we introduce the following
terminology (which is consistent with the terminology that we will use in .

Definition 3.10. We say that a semi-direct product G = ZF x Z is strongly irreducible
if every non-trivial subgroup of Z* that is invariant under a finite index subgroup of Z has
rank k.

Lemma 3.11. Let G = ZF x Z be a strongly irreducible semi-direct product with k > 2.
Then G s not virtually subdirectly decomposable.

Proof. Observe that every finite index subgroup of G is also a strongly irreducible semi-
direct product. Hence it is enough to check that the intersection of two non-trivial normal
subgroups of G remains non-trivial. Observe also that the condition k > 2 ensures that
G is not virtually abelian. If N is a non-trivial normal subgroup of G, then N n ZF is
necessarily non-trivial, because otherwise N would commute with Z¥ and G would have
a finite index abelian subgroup. So by the strongly irreducible assumption it follows that
N A ZF has finite index in ZF. In particular it follows immediately that if M, N are two
non-trivial normal subgroups of G, then M n N is non-trivial. 0

Lemma 3.12. Every polycyclic group G that is not virtually abelian contains a (normal)
subgroup that is metabelian and not virtually abelian.

Proof. Since G is infinite, G admits an infinite free abelian normal subgroup [LR04, 1.3.9].
Let A be an infinite free abelian normal subgroup of maximal rank n. Again G/A is infinite,
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so we may find an infinite free abelian normal subgroup B in G/A or rank m. Consider the
preimage N of B in G, which is a metabelian normal subgroup of G. If N was virtually
abelian, it would admit a characteristic free abelian subgroup C of rank m+n. In particular
C would be normal in G, contradicting the maximality of n. So this subgroup N satisfies
the conclusion. O

The following is an easy consequence of basic facts from linear algebra.

Lemma 3.13. Let G be a metabelian polycyclic group. Then either G is virtually nilpotent;
or contains a subgroup H = 7F x 7 with k > 2 that is a strongly irreducible semi-direct
product.

Proof. Upon passing to a finite index subgroup, G admits a normal subgroup N isomorphic
to Z% such that Q = G/N is isomorphic to Z". Consider the associated representation
Q — GL(d,Z). If every element of @ has the property that all its eigenvalues are roots of
unity then @ has a finite index subgroup that is unipotent, and G is virtually nilpotent, a
contradiction. So we can find an element of () whose eigenvalues are not all roots of unity,
and the conclusion follows by applying Lemma, below. O

Lemma 3.14. Let G be polycyclic group that is not virtually abelian. Then G contains a
subgroup isomorphic to the Heisenberg group H3(Z); or a subgroup H = ZF x 7 with k > 2
that is a strongly irreducible semi-direct product.

Proof. By Lemma/[3.12]it is enough to treat the case where G is metabelian. In the virtually
nilpotent case we use Lemma [3.6] and in the other case we invoke Lemma [3.13] O

Proposition 3.15. Let G be polycyclic group that is not virtually abelian. Then any sub-
group of G as in Lemma[3.14) is a non-foldable subset of G.

Proof. Let H be a subgroup of G that is isomorphic either to H3(Z) or to a strongly
irreducible semi-direct product Z¥ x Z with & > 2. In both cases H is not virtually
subdirectly decomposable (Lemma and Lemma , and hence H is a non-foldable
subset of G by Corollary [3.4] O

Recall that the Hirsch length h(G) of a polycyclic group G is the number of infinite
cyclic factors appearing in a finite series of G with cyclic factors. The following result was
proven in [DS06].

Theorem 3.16. If G is a polycyclic group, then asdim(G) = h(G).

Corollary 3.17. Let G be polycyclic group that is not virtually abelian. Then asdim(G, X) >
3 for every faithful G-set X.

Proof. Let H be a subgroup of G that is isomorphic either to H3(Z) or to a strongly
irreducible semi-direct product Z* x Z with k& > 2. According to Theorem we have
asdim(H) = 3 if H is H3(Z) and asdim(H) = k+1 if H is Z¥ x Z. In both case asdim(H) >
3. Let X be a faithful G-set. The subgroup H being non-foldable by Proposition [3.15
Proposition then implies asdim(G,X) > asdim(H,dg) = asdim(H) > 3. In the
middle equality we have used that the restriction of the word metric dg to H is coarsely
equivalent to the word metric on H, and asdim is an invariant of coarse equivalence. U
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4. STRONGLY IRREDUCIBLE EXTENSIONS AND GROUPS OF FINITE RANK

The goal of this section is to prove Theorem [£.9] which gives a criterion to find non-
foldable subsets in a group G that can be written as an extension 1 - N - G — @ —
1, where N is a nilpotent group of finite rank and the action of ) satisfies a certain
irreducibility condition. As an application, we will prove Theorem [C|from the introduction.

4.1. Preliminaries on nilpotent groups. Before stating the main results of the section
we need to recall some preliminaries on nilpotent groups, based on Malcev theory.

A group G is divisible if for every g € G and every integer n > 0 there is h € G such
that A = g. Assume that m is a nilpotent Lie algebra over Q. Then m can be turned into
a group with group law given by the Baker-Campbell-Hausdorff formula. The resulting
group is a divisible torsion-free nilpotent group. The following theorem of Malcev [Mal49|
is a converse to this construction (see also [Ste70] for a more algebraic treatment).

Theorem 4.1 (Malcev). Let m be a torsion-free divisible nilpotent group. Then m can be
endowed with a unique structure of Lie algebra over Q such that the group law on m coincides
with the group law determined by the Baker-Campbell-Hausdorff formula. Moreover, every
homomorphism between divisible nilpotent groups is also a homomorphism of Lie algebras,
and vice versa

In the sequel, whenever m is a torsion-free divisible nilpotent group, we will consider it
also as a Lie algebra m without mention. By the above theorem the Lie subalgebras of m are
precisely the divisible subgroups of m. The Lie bracket will be denoted [-, -], the notation
[-,-] being reserved for commutators in groups. Given a subset S ¢ m, we will denote by
Lie(S) the Lie subalgebra generated by S, so Lie(S) is the smallest divisible subgroup of
m containing S. We keep the notation (S) for the subgroup generated by S. The lower
central series or m as a Lie algebra is denoted ~;m; this does not lead to confusion as it
coincides with its lower central series of m as a group. The abelianization of m is denoted
ma,

Lemma 4.2. Let m be a nilpotent Lie algebra and S < m be a set whose projection to
m® .= m/[m, m] contains a linear basis of m*®. Then Lie(S) = m.

Proof. Denote m;: y;m — ~v;m/~;1m the quotient projection. Set h = Lie(.S). It is enough
to show that m;(h N ym) = y;m/y;,.1m for every i. By assumption, this holds for i = 1.
Assume that it holds for all j < i. Fix X € ;,_1m and Y € m. By assumption we can find
X e hnm_1,Y € b such that m;_1(X) = m_1(X) and 71 (Y) = m1(Y). Then we have
[X,Y] € b nym and m([X,Y]) = m([X,Y]). Since v;m is generated by [X,Y] with
X e yi—1m and Y € m, the claim follows. Il

For a proof of the following result, we refer to [LR04, 2.1.1]

Theorem 4.3 (Rational Malcev completion). Let N be a torsion-free nilpotent group. Then
there exists a divisible torsion-free nilpotent group my and an injective group homomorphism
t: N — mpy such that every element of my has a power in t(N). Moreover for if (m',.)
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is another pair with this property, then there exists an isomorphism ¢: m' — my such that
/
por=1.

The group my from Theorem is called the rational Malcev completion of N. In
the sequel we will drop the embedding ¢ from the notation and consider N as a subgroup
of my. When N is abelian, my is simply N ® Q. Note that it follows from Theorem
that every automorphism of N extends to an automorphism of my.

If H is a subgroup of a group G, we denote by Ig(H) the set of elements g € G such
that there exists n > 1 such that ¢" € H. Ig(H) is called the isolator of H in G. When
working with the rational Malcev completion it is useful to keep in mind the following facts,

see [LRO4, §2.3|.

Lemma 4.4. Let N be a nilpotent group and H a subgroup of N. Then:
i) IN(H) is a subgroup of N.
it) If N is divisible, then so is In(H).
iii) If N is finitely generated, then H has finite index in In(H).

Proposition 4.5. Let m be a divisible torsion-free nilpotent group.
i) If H is a subgroup of m, then Lie(H) = Vect(H) = In(H).
it) If Hy, Hy are finitely generated subgroups of m such that Lie(H,) = Lie(Ha), then
H, and Hy are commensurable.

Proof. In(H) is a subgroup of m by Lemma and we have the inclusions H < In(H) <
Vect(H) < Lie(H). But since I,(H) is divisible, Theorem implies that I,(H) is a Lie
subalgebra of m. Since Iy (H) contains H, we must have I,(H) = Lie(H).

For the second statement, since each H; is finitely generated, H; n Hs has finite index in
Iy, (Hy n Hy) by Lemma Now since Lie(H;) = Lie(H2) we have Iy, (H1 n H2) = H;
so Hy n Hy is indeed of finite index in both H; and Hs. O

Assume that N is a torsion-free nilpotent group. Then the derived subgroup [N, N]
is always contained in [my,mpy], but in general it might be strictly smaller than N n
[my, my]: indeed N% may have non-trivial torsion, while my/[my,my] is a torsion-free
group. For later use we record the following lemma, which clarifies the difference.

Lemma 4.6. Let N be a torsion-free nilpotent group, with abelianization map wap: N —
N Then 7, (T(N®)) = N n [my, my]. In particular we have N*/T(N®) ~ N/(N n
[[mN,mN]]) and Nab ® Q ~ mN/[[mN,mN]].

Proof. Write T = T(N®) and A = N%/T. The canonical projection p: N — A extends to
an epimorphism my — my [Bau7l, Cor. 2.41], which must factor through my/[my, my].
In particular p descends to a map p’: N/(N n [m,m]) — A. But since N/(N n [m, m])
is a torsion-free abelian quotient of N and A is the largest such quotient, the map p’
is an isomorphism. Moreover since my/[muy,m,] is the rational Malcev completion of
N/(N n [m,m]), p’ extends to an isomorphism my /[my,m,] — m4. Since my ~ AQQ ~
N ® Q, the statement follows. [l
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4.2. Non-foldable subsets via strong irreducibility. Let K be a field. Recall that
a subgroup G < GL(n,K) is irreducible if G does not preserve any proper non-trivial
subspace of K™, and strongly irreducible if G does not preserve any finite union of non-
trivial proper subspaces. Equivalently G is strongly irreducible if every finite index subgroup
of G is irreducible. By extension we will say that a linear representation p: G — GL(n,K)
is (strongly) irreducible if its image is so.

If G is a subgroup of GL(n,K), we denote by G its Zariski closure, and by G° the
connected component of the identity in G with respect to the Zariski topology. Recall that
G0 can be equivalently defined as the unique Zariski-closed subset of G which contains the
identity and which cannot be written as a union of closed strict subsets (not necessarily
disjoint). The group G is a closed finite index subgroup of G' and is contained in every
closed finite index subgroup of G.

We will need the following lemma, which may be compared with [Glal7, Lemma 3.13|.

Lemma 4.7. Suppose that G < GL(n,K) is strongly irreducible. Then for every finite sub-
set X < K™\0 of non zero vectors, and every finite collection Vi,--- , Vy, of strict subspaces
of K", there is g € G such that g(X) N V; = @ for every i =1,--- ,m.

Proof. Note that G is also strongly irreducible as it contains G, and hence G  is irreducible.

We argue by contradiction and assume that the conclusion fails for ¥ = {wq, -, wy}
and subspaces Vi,---, V. Write Y;; = {9 € GL(n,K): g(v;) € V;} for i = 1,--- ¢
and j = 1,---,m, so that G < vu;;Y;;. Since every set Y; ; is Zariski-closed, we have

G c U;,;Y;j, and thus there exists 4, j such that GO c Y; ;. In particular the linear span
of G%; is contained in Vj. So we have found a strict non-trivial G Y-invariant subspace,
contradicting that G © is irreducible. U

Definition 4.8. Assume that G is a group which can be written as an extension
(3) 1> N->G—->Q—1.

The conjugation action of @ on N gives rise to a linear representation of Q on the vector
space Hi(N,Q) = N*®Q over Q. We say that the extension is strongly irreducible
if dimg(N ® Q) < oo and the associated linear representation p: @ — GL(N% ® Q) is
strongly irreducible.

We are now ready to state the main result of this section.
Theorem 4.9. Let G be a group that can be written as a strongly irreducible extension

where N is a nilpotent group. Let £L < N be a subset whose projection to N /T(N®) is
injective. Then L is a non-foldable subset of G.

Proof. In the sequel we fix a finite subset P of N such that the image of every element of
P in N%/T(N®) is non-trivial, and we aim to show MNuesepey H # {1} By Lemmam
this is equivalent to the conclusion of the theorem.
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Set M := N/T(N), and let m := mj; be the rational Malcev completion of M. By Lemma
we have an isomorphism (N ) T(N “b)) ®Q ~ m?, so that the present assumption tells
us that the representation p: Q — GL(m®) is strongly irreducible. Denote by 7: N — m
the composition of the quotient map from N to M and of the inclusion M < m, and 7
be the post-composition of m with m — m%. Write d = dimg(m?).

We construct inductively a family of subsets P, P, - - - , P, with k < d with the following
properties:

e for each k there exists gi € GG such that P, = ngglzl;
e forevery o = (hy,--- ,hy) € Py x---x Py, the subspace W, = Vect(7®(hy),--- ,7%(hz))
is a k-dimensional subspace of m?.

For k =1 we set P; = P. Since 7%(h) is non-zero for every h € P, the second condition
above holds. Assume that for k& < d we have constructed Pi,---, P, with the desired
properties. When o ranges over P x --- x Py, the subspaces W, form a finite collection of
proper subspaces of m®. Since p: @ — GL(m?) is strongly irreducible and since the subset
P is finite, according to Lemma we can find an element ¢ € Q such that p(q)(7®(P)) n
Wy, = @ forallc € Pp--- x ---P,. Let gyy1 € G be a preimage of ¢ in G, and set
Py = gk+1ng_i1, so that 7% (Pyy1) = p(q)(7®(P)). Then by construction the 7®-image

of every (k + 1)-tuple (hy, - ,hgy1) € P1 X -+ x Pj11 generates an (k + 1)-dimensional
subspace of m®. Continuing in this way up to d, we arrive at finite subsets P, - - - , P; such
that for any choice of hy € Py,--- , hq € Py, the elements 7% (hy),..., 7 (hq) form a basis

of m®. Hence by Lemma [4.2| the elements 7(h1),...,7(hg) generate m as a Lie algebra.
We write ¥ = Py x -+ x Py, and for o = (hq,...,hq) € X, we denote by H, the subgroup
of N generated by hy,--- ,hg. Let H € Sg(P,G). Since H intersects all conjugates of
P, in particular H intersects all the sets P;. Hence for every H € S (P, G) there exists
o € Y such that H contains H,. Hence in order to terminate the proof it is enough to
justify that (), Hy is non-trivial. Since all the subgroups H, are finitely generated and
verify Lie(m(Hy)) = m, all the subgroups m(H,) are commensurable by Proposition
So (), m(Hy) has finite index in each of them, and hence in particular is infinite. Let
A = {(Py,---,P;). Being a finitely generated nilpotent group, A is virtually torsion-free.
Let Ag be a finite index subgroup of A such that Ag n T'(N) = {1}. So the restriction of
T to Ap is injective. For o € X set K, := H, n Ay. Since K, has finite index in H,, we
still have that Lie(r(K,)) = Lie(n(H,)) = m by Proposition [4.5] Thus the same argument
as before tells us that (1), 7(K,) is non-trivial. Since 7 is injective on Ay, this shows that
(M, Ko is non-trivial, and the proof is complete. O

4.3. Solvable groups of finite rank. The goal of this part is to prove Theorem For
this we need some preliminaries on solvable groups of finite rank, which will allow to reduce
the proof of this theorem to the case of a group G falling into the setting of Theorem [4.9]

Given a group G, we denote Res(G) the finite residual of G, which is defined as the
intersection of all subgroups of finite index of G. Note that Res(G) is a normal subgroup of
G, and G/ Res(G) is the largest residually finite quotient of G. We call a group quasi-cyclic

if it is isomorphic to Z[%] /Z for some prime p.
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The following proposition summarizes the main structural properties of solvable groups
of finite rank. Proofs can be found in [LR04, §5|.

Theorem 4.10. Let G be a finitely generated solvable group of finite rank. Set R := Res(G),
N :=Fit(G). Then the following hold:

(i) N is nilpotent and Q = G/N is virtually abelian.
(ii) R is a direct product of finitely many quasi-cyclic groups.
(i1i) G/R is virtually torsion-free. Moreover it is linear over Q.

The following is a classical consequence of a criterion of Hall. We include a proof for
completeness.

Proposition 4.11. Let G be a finitely generated solvable group of finite rank, and assume
that N is a nilpotent normal subgroup of G such that Q = G/N is virtually abelian. Set
V = N*®Q and let p: Q — GL(V) be the associated linear representation. Then the
following are equivalent.

i) The group G is virtually nilpotent.
i1) There exists n = 0 such that the complex eigenvalues of p(q) are nth roots of unity

for every g € Q.

Proof. |i)| = . Let G be a finite index subgroup of G containing N that is nilpotent, and
let Qo be its image in Q. Write T = T(N%) and A = N%/T, so that V ~ A® Q. Let
T be the preimage of T in N. Then T is normal in Gy and H = GO/T satisfies A < H
and H/A = Qo. Then there exists m such that for every h € H and a € A the m-fold
iterated commutator [h, aly, := [k, [k, -, [h,a]---]] is trivial. But in V = A® Q we have
the equality [h,a], ® 1 = (p(q) — 1)"v where v = a ® 1 and ¢ is the projection of h to
Q. It follows that p(Qq) consists of unipotent elements, and since every element of @) has
a power in (g, the claim follows.

For the converse, suppose first that = [i)| holds true in the case where N is abelian.
Since assumption depends on N rather than N, the group G/N’ still satisﬁes Hence
by the current assumption we infer that G/N’ is virtually nilpotent. Since N is nilpotent,
we deduce from a result of Hall [LR04, 1.2.17] that G is also virtually nilpotent. Hence it is
enough to see that|ii)|=>[i)|is true when N is abelian. In that case G is virtually metabelian,
and hence residually finite. So by Theorem [£.10] G is virtually torsion-free. Upon modding
out by the torsion subgroup of N, we can assume that IV is torsion-free. Also upon passing
to a finite index subgroup, [ii)| tells us that every element of () is unipotent. By a standard
argument the group @ acts unipotently on V' = N®Q, and it follows that G is nilpotent. [

In the sequel we say that a linear automorphisms f € GL(V) is strongly irreducible if
{f» is a strongly irreducible subgroup of GL(V'), i.e. if f™ does not preserve any non-zero
proper subspace of V for all n # 0.

The following is a basic lemma from linear algebra.

Lemma 4.12. Consider a finite dimensional vector space V over Q, and f € GL(V) such
that the complex eigenvalues of f are not all roots of unity. Then there exists m > 0 and a
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non-zero subspace W < V' such that W is invariant by f™ and the restriction of f™ to W
is strongly irreducible and has no root of unity as a complex eigenvalue.

Proof. Let p € Q[T] be the minimal polynomial of f, and p = pi*--- p;* the factorisation
of p in Q[T'], where the p;s are irreducible and coprime. Then one of the irreducible factors
of p, say pi1, does not admit any root of unity among its complex roots. The subspace
V' = ker p1(f) is f-invariant and non-zero, and the complex eigenvalues of f|y are precisely
the roots of p;, thus none of them is a root of unity. Among pairs (W, m), where m > 1 and
W < V' is a non-zero f™-invariant subspace, choose one where W has minimal dimension.
Then by construction f|y is strongly irreducible, and since f|y+ does not admit any root
of unity as a complex eigenvalue, the same holds for f™|y . O

The following result, which might be of independent interest, will reduce the proof of
Theorem to finitely generated solvable groups of finite rank of a particular form.

Proposition 4.13. Let G be a finitely generated solvable group of finite rank which is not
virtually nilpotent. Then G admits a finitely generated subgroup H such that:

i) H is not virtually nilpotent;
it) H splits as a semi-direct product H = M x (t), where M is nilpotent;
ii) the action of t on M induces a strongly irreducible automorphism of M* ® Q.

Proof. Set N = Fit(G), Q@ = G/N and p: G — GL(N®® Q) be the associated representa-
tion. Recall from Theorem [£.10] that N is nilpotent and @ is virtually abelian. Suppose for
a moment that N is torsion-free. Let n be the rational Malcev completion of N, so that we
can identify N% ® Q with n® as QQ-modules (see Lemma . Since G is not virtually
nilpotent, there exists ¢ € @) such that p(¢q) has an eigenvalue which is not a root of unity
(Proposition . Let g € G be an element that projects to g. The automorphism in-
duced by the conjugation action of g on N extends to a Lie algebra automorphism, denoted
gx € Aut(n).

Let £ be the set of pairs (m,b), where m > 0 is a integer and h < n is a g}'-invariant
Lie subalgebra with the property that the linear automorphism of §/[h, h] induced by gi*
has an eigenvalue which is not a root of unity. Note that & # @ as it contains (1,n).
Choose a pair (m, h) € € such that dimg b is minimal. We claim that ¢}* induces a strongly
irreducible element of GL(h/[h,bh]). By Lemma applied to g*, there exists £ > 0
and a g"-invariant subspace V < b/[h, b] such that the restriction of g7 to V is strongly
irreducible and has no root of unity as an eigenvalue. Then the preimage §’ < b of V is a Lie
subalgebra ' of h such that (h’,ml) € £, so the minimality of b implies b’ = . Therefore
V is equal to b/[h, b]], and g¢}* is strongly irreducible on h/[h, h]. We have h = Vect(h n N)
by Proposition [£.5] so there exist ny,...,n; € N that form a basis of the Q-vector space b.
Let t = ¢™. and H = (nq,...,ng,ty = M x (t), where M = (t'njt™"> i€ Z,j=1,...,k)
is contained in N. Then b is isomorphic to the rational Malcev completion of M, so by
Lemma we have M ® Q ~ h/[h,h]. By Proposition the subgroup H is not
virtually nilpotent, and hence H satisfies all the conclusions.

Now for the general case, we can apply the previous argument to G/T'(IN), and deduce the
existence of a subgroup H = M x (t) of G/T(N) with M < Fit(G/T(N)) = Fit(G)/T(N),
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that satisfies the conclusion. If H is a finitely generated subgroup G of the form H = M x {t)
with M/T(N) = M, then we have M®®Q ~ M®»®Q since T(N) is a torsion group, and
it follows that H satisfies the desired properties. O

Theorem 4.14. Let G be a finitely generated solvable group of finite rank, and suppose
that G is not virtually nilpotent. Then G has a Schreier growth gap exp(n).

Proof. Since the group G is not virtually nilpotent, we can apply Proposition[d.13] Let H =
M % (t) be a subgroup of G as in the conclusion of Proposition Theorem applies
to H, and implies that if £ is a subset of M that projects injectively to A := M /T (M),
then £ is a non-foldable subset of H. A fortiori £ is a non-foldable subset of G.

Set H := A x (t). Since A® Q = M*® ® Q as Q[(t)]-modules, Proposition implies
that the group H remains not virtually nilpotent. Thus H has exponential growth. Since
H/A ~ Z, it follows that the relative growth of A in H is exponential. Choose a finite
generating subset S of H and let S be its projection to H. Let £ = M be a set theoretic
section of A such that for every a € A, the unique lift of ¢ in £ has minimal length with
respect to the word metric defined by S among the elements of M that project to a. Since
the relative growth of A in H is exponential, we have f(g s)(n) ~ exp(n). Since L is
non-foldable according to the first paragraph, Lemma [I.13] yields the conclusion. O

5. CONFINED SUBGROUPS AND ABELIAN NORMAL SUBGROUPS

The goal of this section is to prove Proposition [5.3], a key result which provides a tool
to study confined subgroups of a group G admitting an abelian normal subgroup M. It
will be used later to show that under suitable conditions, a confined subgroup of G must
contain a large subgroup of M.

Notation 5.1. In all this section we fix once for all the following notation:
e (G is a group that can be written as an extension 1 - M — G — @ — 1, where M
is abelian. We denote by g the projection from G to Q.
e If H is a subgroup of G and q € @), we set

Mypg:={meM: (1—-qmeH}.

Recall that since M is abelian, M is naturally a ZQ-module. As explained in §I.1] in
this setting we use additive notation for M.

Lemma 5.2. Let M,G,Q as above. For every subgroup H of G and q € Q, the following
hold:
i) My u is a subgroup of M, and (1 —q)Mypx < H.
ii) My p is a ZK-submodule of M, where K := Cro(m) (q). In particular if g € mq(H),
then My p is a Z{q)-submodule of M.

Proof. [i)|is clear from the definitions. To prove i), set K = Cr,m)(q). Note that M n H
is normalized by H and thus it is a Zmg(H)-submodule of M. In particular it is a ZK-
submodule of M. Thus for f € ZK and m € M, y, since f commutes with 1 — ¢ and
(1-g¢)me M n H we have (1 —q)fm = f(1 —q)m € M n H, showing that fm e M, y.
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Thus M, g is a ZK-submodule. If ¢ € ng(H), then clearly ¢ € K, so that M, g is a
Z{q)-submodule. O

The proof of the following proposition uses a well-known lemma of B.H. Neumann
[INeu54|, stating that if a group G = U]_,¢;H; is the union of r cosets of subgroups,
then at least one of the subgroups H; has finite index at most r. An argument of similar
spirit appears in the proof of Proposition 3.8 in [LBMBIS.

Proposition 5.3. Let M, G, Q as above. Let P be a finite subset of G\{1} , and setr := |P]|.
Then for every H € Sq(P, M), there exists q € mg(P) nng(H) such that My g is a finite
index subgroup of M, and (M : My g) <r.

Proof. Fix g € P. Since all conjugates of g by elements of M have the same projection to
@, if g has at least one such conjugate inside H, then mg(g) € my(H). This observation
ensures that since P is confining for (H, M), the subset Py := {g € P: ng(g) € mg(H)} is
already confining for (H, M).

Now for g € Py, we write Y, = {m € M: mgm~! € H}. That Py is confining for (H, M)
means that M = [} py Yg- Let Ly be the subgroup of M generated by the set of differences
by elements in Y,. Then Y} is contained in a coset of Ly and thus, by Neumann’s Lemma,
there exists gg € Py such that Ly, has index at most |Py| < r in M. So if we denote
q = mQ(go), then in order to terminate the proof it is enough to check that Ly, < Mgy .

Let m,n € Yy,. Since galm*1n90 belongs to M and M is abelian, we have the equality

(4) m(gy'm 'ngo)n™" = mn (g 'm ngo) = (1 — q)(m —n),

where in the first two terms we use multiplicative notation within the group G, while in
the right-most term we see M as a ZQ-module and use additive notation. Since the first
term in is the product of mgo_lm_l and ngon~!, which both belong to H, we see that
m —n € My g for m,n €Yy . Thus Ly, < M, p, and the proof is complete. O

6. METABELIAN GROUPS

6.1. Non-foldable subsets in metabelian groups. The goal of this part is to prove
Theorem [6.10], which will be our main tool to study growth of actions of metabelian groups.
We need some preliminaries.

If Q is a finitely generated abelian group and N is a ZQ-module, we denote by Cg(N)
the centralizer of N in @, which is the set of ¢ € @ such that gn = n for all n € N. By
definition we have Cg(N) = @ n (1 + ann(N)) (the intersection is taken in ZQ), where
ann(/N) is the annihilator of N in ZQ. In particular ann(N) = {0} implies Co(N) = {1}.

Lemma 6.1. Let Q = {q) be a cyclic group, and M a finitely generated Z.QQ-module. Assume
that q centralizes a subgroup N of finite index in M. Then there is n = 1 such that q"
centralizes M .

Proof. N is finitely generated as a Z@Q-module, and @ centralizes N, so N is finitely gen-
erated as an abelian group. Since N has finite index in M, M is also a finitely generated
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abelian group. The automorphism induced by ¢ on M/T(M) centralizes the finite in-
dex subgroup NT'(M)/T (M) of M /T (M), and hence is trivial since M /T (M) is a finitely
generated free abelian group. So the conclusion holds with n equals to the order of the
automorphism induced by ¢ on the finite group 7'(M). O

Lemma 6.2. Let Q be a finitely generated group, and M a finitely generated ZQ)-module.
Fizr = 1. Let S, be the set of ZQ-submodules L of M such that L has index at most r in
M. Then S, is finite.

Proof. The semi-direct product G = M % @ is a finitely generated group, and for every
L € 5, we have that L x @) is a subgroup of G of finite index at most r. Since G is finitely
generated it has only finitely many subgroups of index at most r. It follows that S, is
finite. O

Remark 6.3. When N is a ZQ-module, the terminology “N is torsion-free” might be am-
biguous, as this might refer to the structure of abelian group or the module structure. In all
the article when use this terminology we always mean that N is torsion-free as an abelian
group.

Lemma 6.4. Let Q be an abelian group, and N a finitely generated ZQ-module. Let gy € Q
such that at least one of the following conditions hold:

i) the abelian group N is torsion-free and qo ¢ Cqo(N);
ii) qf ¢ Co(N) for alln > 1.
Forr =1, let Sy 4, be the set of Z{qo)-submodules L of N such that L has index at most
rin N, and let Ny g4, = ﬂLeSth L. Then (qo — 1)Ny 4, # {0}.

Proof. We first consider the case where N is torsion-free. Since kN < L for every L € S, ;,
where k = 7!, we have kN < N,.;. Therefore (¢o —1)N,.; contains (qo —1)kN = k(g0 —1)N,
which is non-zero since (go — 1)N is non-zero and N is torsion-free. So in that case the
conclusion holds.

We shall now assume that ¢ ¢ Cgo(N) for all n > 1. We denote by Qg the subgroup of
Q generated by qg. Since N is a finitely generated Z(Q-module, there exist x1,...,zp € N
such that N = ZQx1 + ...+ ZQxy. For 1 < p < k, let J, be the ZQo-submodule generated
by x,. We shall first prove that there exists p such that (¢f —1)J, # {0} for all n > 1.
Suppose that this is not the case, i.e. for all p there is n, > 1 with (¢;” — 1).J, = {0}. Then
we have (qy — 1)J, = {0} for all p, where n is the least common multiple of (ni,...,ng).
Hence, since @ is abelian, we deduce that we have (¢ff —1)ZQx), = ZQ(qy — 1)z, = {0} for
all p, and hence (¢gj —1)N = {0}. This contradicts the assumption. So in the sequel we fix
p such that (g —1)J, # {0} for all n > 1.

Let Sy 4, (Jp) be the set of ZQo-submodules L of J, such that L has index at most r in
Jp, and let Ny g (Jp) 1= ﬂLeS,«,qo(Jp) L. Since any ZQo-submodule of NV of index at most
r in N intersects J, along a ZQ)o-submodule of J, of index at most r in J,, it follows
that Ny g, (Jp) < Npg- Hence to prove the desired result it it is enough to prove that
(g0 — 1) Ny go(Jp) # {0}. Now Lemma [6.2] ensures that the set Sy 4,(J,) is finite, and hence
Ny.qo(Jp) has finite index in J,. Therefore Lemmal[6.1]implies that if (go—1)Ny.¢,(Jp) = {0},



30 ADRIEN LE BOUDEC AND NICOLAS MATTE BON

then there must exist n > 1 such that (¢f —1)J, = {0}. By the definition of p this cannot
happen. So (go — 1) Ny, (Jp) # {0}, and the conclusion also holds in that case. O

We recall the following terminology from module theory.

Definition 6.5. A Z(@Q-module N is uniform if for every non-zero submodules Ny, Ny of
N, the submodule N; n Ny is non-zero.

Proposition 6.6. Let G be a group that lies in a short eract sequence 1 - M — G —
Q — 1, where M,(Q are abelian. Let N be a finitely generated uniform ZQ-submodule of
M. Let P ={g1, - ,9r} < G be a finite subset of G, and set q¢; = wQ(g;). Suppose that for
every i = 1,--- ,r, at least one of the following conditions hold:

i) the abelian group N is torsion-free and ¢; ¢ Co(N);

ii) qi* ¢ Co(N) for allm > 1.

Let Sy ; be the set of Z{q;)-submodules L of N of index at most r in N, and set Ny; =

Mies,, L. Then J := (Vi_1(¢i—1) Ny is a non-zero ZQ-submodule of M, and J is contained
m H for every H € Sg(P,N).

Proof. We observe that when ¢ is fixed, the set S, ; is globally invariant by @ since @ is
abelian. Therefore N,; is a Z@-submodule of N, and hence so is (¢; — 1)N;;. By the
assumptions we may apply Lemma which ensures that (¢; — 1)N;; is non-zero for each
7. The module N being uniform by assumption, it follows that J is non-trivial.

Now given H € Sg(P, N), Proposition ensures that there exist ¢ and L € S,; such
that (¢; — 1)L < H. So in particular we have (¢; —1)N,; < H, and hence J < H for every
H e Sg(P,N). O

Remark 6.7. If M is a non-zero finitely generated Z@Q-module, M always admits a (non-
zero) uniform submodule. This follows from the existence of associated primes (see .

Definition 6.8. Let 7 : G — @ be a group homomorphism. We say that a subset £ of G
is a lift of a subset £’ of Q if for every ¢ € L there is a unique g € £ such that 7(g) = q.

Notation 6.9. If A, B are subsets of a group G, we write A- B = {ab : a€ A,be B}.

Theorem 6.10. Let G be a finitely generated metabelian group that is an extension 1 —
M — G — Q — 1, where M is abelian and Q is free abelian, and suppose that there exists
a submodule N of M such that N is uniform and Co(N) = {1}. Let L be a lift of Q. Then:

i) L is a non-foldable subset of G.
it) If moreover N is torsion-free, then for every non-zero element m of N, the subset
L - Z is a non-foldable subset of G, where Z 1is the cyclic subgroup generated by m.

Proof. In case where the group N is torsion-free, we fix a non-zero element m of N, and
denote by Z the subgroup generated by m. In that case we write J = £ - Z. In case N
admits torsion, we set J = £. We shall prove that 7 is always a non-foldable subset of G.

Fix a finite subset ¥ = 7, and let P = {g~'h: g,h € X, g # h}. We will prove that there
is a non-zero Z@-submodule L of N such that L is contained in H for every H € Sg(P, Q).
This is enough to conclude according to Lemma Note that since N is a subgroup
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of G, we have the inclusion S¢(P,G) < Sg(P,N), so it is enough to find a submodule L
contained in H for every H € Sg(P, N).

Suppose first that we make no torsion-free assumption for N, so that J = £. Then all
the elements of P have a non-trivial projection to @ since L is a lift of (). Since in addition
N is uniform, we are in position to apply Proposition to the subset P and the ZQ-
submodule N. Note that G being finitely generated, M is a finitely generated ZQ-module
[ILRO4, 11.1.1]. Since ZQ is a Noetherian ring [Hal54, Th. 1], it follows that NV is a finitely
generated Z@Q-submodule of M. Condition [ii)| of the proposition is satisfied here because by
assumption Co(N) = {1} and @ is free abelian. The conclusion of Proposition [6.6] therefore
provides a non-zero ZQ-submodule L of N that is contained in H for every H € Sg(P, N),
as desired.

We now deal with the case where N is torsion-free. So here J = £ - Z. Let P’ denote
the elements of P that have non-trivial projection to @, and P” the complement of P’ in
P. The elements of P” are precisely the elements of P that belong to Z. Since P” is finite,
we may find an integer s such that, if we set m’ = m?®, then every subgroup of G that
intersects P” contains m’. Since H n P # (J for all H € Sg(P,N), in particular for all
such H we have the following alternative: m’ € H, or H n P’ # . Let Y be the set of
H € Sg(P, N) such that m’ ¢ H. Since the group N is abelian and m’ € N, the subset Y in
N-invariant. Therefore we deduce that we have H € Sg(P’, N) for every H € Y. As in the
previous paragraph we can apply Proposition and find a non-zero Z@-submodule N; of
N which is contained in all H € Y. Let now Z be the set of subgroups H € Sg(P, N) such
that Ny € H. By definition we have Y n Z = . Then for every H € Z, we have m’ € H
according to the above alternative. Since Nj is a Z@Q-submodule, hence a normal subgroup
of G, the set Z is G-invariant and m’ € H for all H € Z, and thus the ZQ-submodule No
generated by m/ satisfies Ny < H for every H € Z. So every subgroup in Si(P, N) contains
Ni or N, and thus in all cases contains N1 n No. Since Ns is non-zero because m’ # 0,
we have that N1 n Ny is non-zero since N is uniform. Therefore all subgroups in S (P, N)
intersect non-trivially, as desired. O

Corollary 6.11. Let G be a finitely generated metabelian group that is an extension 1 —
M — G — Q — 1, where M is abelian and Q is free abelian of rank d = 1. Suppose that
there exists a submodule N of M such that N is uniform and Co(N) = {1}. Then whenever
Y,---,7vd € G are lifts of generators of Q, (71,...,74) is non-foldable. If moreover N is

torsion-free, then (m,v1,...,74) is non-foldable for every non-zero element m of N.
Proof. This is a direct consequence of Lemma [I.16] and Theorem [6.10] O

In the case of split extensions Theorem [6.10] also implies the following:

Corollary 6.12. Let G = M x Q be a finitely generated group, where M is abelian and Q
1s free abelian of rank d = 1. Suppose that there exists a ZQ-submodule N of M such that
N is uniform and Co(N) = 1. Then for every faithful G-set X we have asdim(G, X) > d.

Proof. Theorem implies that @ is a non-foldable subset of G. Thus the conclusion
follows from Proposition since asdim(Q) = d. O
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6.2. First applications. We now proceed to apply Theorem [6.10] to some explicit families
of finitely generated metabelian groups. We will appeal to the following trivial lemma.

Lemma 6.13. Let Q be a finitely generated abelian group, and let p be a prime ideal of
7Q. Consider the ZQ-module N = ZQ/p. Then the following hold:
i) CQ(N)=Qn (1+p).
it) N is uniform.
i11) the abelian group N is torsion-free if and only if p N 7Z = {0}.

Proof. The annihilator of N is p, so the first statement is clear. The submodules of N are
the ideals of the ring ZQ/p. If I, J are non-zero ideals, then I.J < I nJ and I.J is non-zero
since ZQ/p is a domain. So N is uniform. The last statement is also clear. O

6.2.1. Wreath products.

Theorem 6.14. Consider the wreath product G = AV Z%, where A is a non-trivial finitely
generated abelian group. Then Z¢ is a non-foldable subset of G, and if t € A is an element
of infinite order then Z2 - (t) is a non-foldable subset of G. In particular:
i) If A is finite, then G has a Schreier growth gap n®.
i) If A is infinite, then G has a Schreier growth gap no+!,
i11) every faithful G-set X satisfies asdim(G, X) = d.

Moreover these bounds are sharp.

Proof. Set M = @74A and Q = Z%. Assume first that A is finite, and choose an element
s € A of prime order p. The ZQ-submodule N generated by S is N = @z.C), ~ ZQ/(p).
The module N is indeed uniform by Lemma and clearly Co(N) = {1}. Thus we may
apply Theorem conclusion of the theorem says that £ = Z? is a non-foldable subset of
G. The bound volg x (n) > n? follows from Lemma since f(g,0)(n) ~ n?. This proves
part .

Now assume that A is infinite and choose an element s € A of infinite order. Then
the module generated by s is N = @gZ, a free ZQ-module of rank 1. It also follows from
Theorem that the subset £ = Z%-(s) is non-foldable (in particular, so is the subset Z%),
and the claim on the growth follows again from Lemma since f(q r)(n) ~ n¢t1. The
claim on asymptotic dimension follows similarly from Proposition since asdim(Z%) = d.

Finally we justify that these bounds are sharp. If the group A is finite, then the standard
wreath product action of G on X = Z? x A satisfies volg x (n) ~ n? ( If A is infinite,
then we may choose a faithful A-set Y with volsy(n) ~ n (see Proposition . Then the
action of G on X = B x Y, given by ((a),b1) - (b2,y) = (b1 + b2, app,y) is faithful, and
volg x (n) =~ n?*1. Moreover in both cases the asymptotic dimension of the resulting action
is asdim(G, X) = d. O

Remark 6.15. Theorem implies an analogous result when A is an arbitrary finitely
generated group, because any non-trivial wreath product G = A Z% contains a subgroup
isomorphic to either C) Z% or 71 Z%. However in this case the lower bounds obtained on
the growth might not be sharp.
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6.2.2. Baumslag finitely presented groups. Here we consider the extended family of Baum-
slag groups A, 4 from where p is a prime and d > 1. Recall that A, 4 = R, 4 % @,
where Q = 72! and R, q := Fp[T1,..., T, Ty o T (UL + T o (14 Ty) 7Y IF we
denote t1,...,tq,51,...,5q a basis of Z?¢, then t; and s; act on Ry, 4 respectively by multi-
plication by T; and T; + 1.

The ring R, 4 is quotient of the ring ZQ ~ Z[Tlﬂ, e ,T;{il] by the ideal generated by p
and by the polynomials T; — 1 — Ty, for i = 1,...,d, which is a prime ideal. Hence R, 4
is a uniform Z@-module. Since moreover Cg(R, 4) = {1}, all the assumption of Theorem
[6.10] are satisfied. We obtain:

Theorem 6.16. For every prime p and every d = 1, Z?* is a non-foldable subset of G =

Ay q. In particular G has a Schreier growth gap n??,

We note that this lower bound is sharp because A, ; admits a faithful transitive G-set
X with volg x (n) ~ n?¢ (Proposition [2.2).

6.2.3. Free metabelian groups. Let d = 2, and let FM, be the fee metabelian group of rank
d, i.e. the quotient of the free group Fy by its second derived subgroup. If z1,...,x4 are
free generators of F, then for simplicity we still denote x1,...,xz4 their images in FMy.
The group @ = FM,;/FM, is free abelian of rank d.

Theorem 6.17. Let G = FMy. For every non-trivial m € G', the (d+1)-tuple (m, x1, ..., xq)
is non-foldable. In particular G has a Schreier growth gap n®'. Moreover this bound is
sharp.

Proof. Recall that the Magnus embedding is an injective homomorphism from FM, to the
wreath product Z% Q [Mag39]. From this it is easy to see that every non-trivial m e FM/,
has trivial annihilator in ZQ), so that the ZQ-module N generated by m is free of rank one.
In particular Cg(N) = {1} and N is uniform. Therefore Corollary applies and yields
the conclusion. The only thing that remains to be justified is the last claim. Since Z4Z¢ is
isomorphic to a (finite index) subgroup of 7%, the Magnus embedding implies in particular
that G = FMy embeds in Z Z%. Since the standard wreath product action of Z 1 Z% has
growth nd*1) by restricting to G' we obtain a faithful G-set X with volg x(n) ~ ntl. So
the lower bound n?*! from the statement is sharp. O

6.3. Growth of actions and Krull dimension. We recall the following definitions.

Definition 6.18. Let A be a commutative ring with unit. The Krull dimension of A,
written dim(A), is the supremum of the lengths of all chains of prime ideals of A, where
the length of the chain pg < -+ & p,, is n. The Krull dimension of a non-zero module M
over A is defined as dim(M) = dim(A/ann(M)).

We will need the following proposition proven by Jacoboni [Jac19, Prop. 4.2].

Proposition 6.19. Let Q be a finitely generated free abelian group, and M a finitely gen-
erated Z.Q-module of Krull dimension k. Then one can find a subgroup Qo < Q and m e M
such that at least one of the following holds:
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i) Qo has rank k — 1 and the ZQo-module generated by m is a free module;
ii) Qo has rank k and the ZQo-module generated by m is isomorphic to Fp,Qo for some
prime number p.

For a proof of the following, see [Jacl9, §2.2.3].

Proposition-Definition 6.20. Let G be a finitely generated metabelian group, and suppose
G is not virtually abelian. If 1 - M — G — Q — 1 is a short exact sequence of groups
with M, Q abelian, then the Krull dimension of M as a ZQ-module is a positive integer that
does not depend on the choice of M, Q. This integer is the Krull dimension of G.

Theorem 6.21. Let G be a finitely generated metabelian group, and suppose that G is
not virtually abelian. If G has Krull dimension k, then there exists a non-foldable k-tuple
(g1, ..,9%) in G. In particular G has a Schreier growth gap n*.

Proof. Note that if £k = 1 then there is nothing to prove because every element of G of
infinite order satisfies the conclusion. So we assume k > 2. Write M = G’ and Q = G/G’,
and apply Proposition Let Qg and m as in the conclusion of the proposition, and let
N be the ZQy-submodule generated by m. We choose lifts v1,...,74 € G of generators
of Qp, where d > 1 is the rank of Qg, and we denote by Gy the subgroup of G generated
by m and 71,...,74. Then we have a short exact sequence 1 - N — Gg — Qg — 1.
Since the module N is uniform and satisfies Cy,(N) = {1} since N is either a free module
or isomorphic to F,Q)o for some prime number p, we can apply Corollary . In case
N ~ F,Qo we have d = k and by the corollary (71,...,7) is non-foldable; and in case N
is free we have d = k — 1 and again by the corollary (m,~1,...,7x—1) is non-foldable. So
in both cases we have found a non-foldable k-tuple, and hence the proof is complete. [

6.4. Torsion-free metabelian groups. In the sequel A is a commutative ring with unit.
The radical of an ideal I of A is denoted rad(I). Let M be a module over A. Given x € M,
the annihilator of x is denote ann(x). The annihilator of M is denoted ann(M). A prime
ideal p of A is associated with M if there exists x € M such that p = ann(z). We denote
by ass(M) the set of associated prime ideals of M. We will use the following basic facts, a
proof of which can be found for instance in [Bou61]:

(1) If A is Noetherian and M is non-zero, then ass(M) is not empty.

(2) If N is a submodule of a module M, every associated prime of N is associated with
M, and every associated prime of M is associated with N or M /N.

(3) If Ais Noetherian and M is a Noetherian A-module, then rad(ann(M)) = ﬂpeass(M) p.

(4) If A is Noetherian and M is a Noetherian A-module, then there exists a series of
submodules 0 = My & My < ... & M, = M such that each M;,1/M; is isomorphic
to A/p;41 for some prime ideal p;;1, and ass(M) < {p1,...,pn}-

Lemma 6.22. Let Q be a finitely generated abelian group. Let P be a property of 7.Q)-
modules such that the zero module has P, and P is stable under taking finite direct product
of modules, submodules, quotient modules, and extensions.
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Let M be a finitely generated ZQ-module that does not have P. Then M admits a
submodule N that is isomorphic to ZQ/p for some prime ideal p of ZQ such that N does
not have P either.

Proof. Consider a series 0 = My My < ... 2 M, = M as in above. So M;1/M; is
isomorphic to ZQ/p;+1, and ass(M) < {p1,...,pn}. Let i be the least integer such that M;
does not have P. By the assumption on M such an integer exists, and we have 1 < ¢ < n.

Since M; admits ZQ/p; as a quotient module, we have ann(M;) < p;. hence rad(ann(M;))
is contained in p;. We claim that p; € ass(M;). Suppose for a contradiction that this is
not the case. Then M;_; and M; have the same associated primes (because every prime
associated with M; but not with M;_; would be associated with M;/M;_1 by (2)), and
M;/M;_1 has p; as only associated prime since M;/M;_; is isomorphic to ZQ/p;). So by
property (3) we deduce that rad(ann(M;_1)) < p;, and in particular I := ;;11 p; < p;. Now
the module ZQ/I embeds in H;;ll ZQ/p;. By the definition of the integer 4, each module
ZQ/p; has P, and since P is stable under taking products and submodules, ZQ/I also has
P. Therefore, being a quotient of ZQ/I, the module ZQ/p; also has P, and finally so does
M; as an extension of two modules M;_1 and ZQ/p; that have P. This is a contradiction.
So we indeed have p; € ass(M;), and the statement holds with N = ZQx, where x € M; is
such that ann(z) = p;. O

Lemma 6.23. Let G be a finitely generated metabelian group, and assume that G is not
polycyclic. Choose abelian groups M, Q such that G is an extensionl - M - G — Q — 1.
Then there exists a submodule N of M whose underlying abelian group is infinitely generated,
and such that N is isomorphic to ZQ/p for some prime ideal p of ZQ).

Proof. M is a finitely generated Z@Q-module, and the assumption that G is not polycyclic
is equivalent to saying that M is infinitely generated as an abelian group. The statement
follows by applying Lemma [6.22) with the property P equals “M is finitely generated as an
abelian group”. (]

Theorem 6.24. Let G be a finitely generated torsion-free metabelian group, and suppose
that G is not virtually abelian. Then there exists a pair (g1, g2) that is non-foldable.

Proof. In case where G is polycyclic, Proposition [3.15] provides a subgroup H of G isomor-
phic either to H3(Z) or ZF x Z with k > 2, such that H is a non-foldable subset of G. It
immediately follows that if g1, g2 are two non-trivial elements of H such that the subgroups
generated by g1 and g9 intersect trivially, then the pair (g1, ¢g2) is non-foldable.

Now suppose that G is not polycyclic. Choose abelian groups M, @ such that G lies in
an extension 1 - M — G — @ — 1, and choose N as in Lemma[6.23] So N is isomorphic
to ZQ/p for some prime ideal p of ZQ, and N is infinitely generated as an abelian group.
This last property ensures that the rank d of Q/Cq(NN) is at least one. Let Q1 be a free
abelian subgroup of rank d of @ such that Qi intersects C(N) trivially. If m € N is a
generator of N as a ZQ-module, that Q; intersects Cg(N) trivially is equivalent to saying
that no non-trivial element of ()1 centralizes m. Let g1,...,g94 € G be lifts of generators
of @1, and let G be the subgroup of G generated by m and ¢1,...,94. The group G;
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lies in a short exact sequence 1 - L — G; — @1 — 1, and we denote by Ny < L the
7ZQ1-module generated by m. The annihilator p; of m in ZQ; equals p n ZQ1, and hence
is a prime ideal of ZQ1. Moreover Q1 acts faithfully on N1 because no non-trivial element
of Q1 centralizes m. So the ZQi-module N; satisfies C, (N1) = {1} and N is uniform by
Lemma Therefore we may apply Corollary to the group G1. Since N is torsion-

free, the conclusion says that (m, g1, ..., g4) is non-foldable in G;. A fortiori (m, g1,...,94)
is also non-foldable in G. In particular the pair (m, g;) is non-foldable for all i, and we have
proved the statement. O

6.5. Finitely presented metabelian groups. In this section we show how our results
from §6.1] combined with results of Bieri and Strebel, provide the existence of expansive
pairs in finitely presented metabelian groups.

Let @ be a finitely generated abelian group, and M a finitely generated Z@-module.
Following Bieri-Strebel [BS78| [BS80|, for v € Hom(Q, R) we denote by @, the set of g € Q
such that v(q) = 0, and by X the set of v such that M is a finitely generated Z@Q,-module.
The module M is called tame if Hom(Q,R) = X5 u —Xjs. The main result of [BS80]
states that if G is a metabelian group and 1 - M — G — @) — 1 is a short exact sequence
where M, () are abelian, then G is finitely presented if and only if M is a tame ZQ)-module.

We record the following properties, proven in [BS80, Proposition 2.5].

(1) A submodule of a tame Z@-module is tame.
(2) If G is a tame Z@-module and R < @ is a finite index subgroup of @, then M is a
tame ZR-module.

Theorem 6.25. Let G be a finitely presented metabelian group that is not virtually abelian.
Then there exists a pair (g1,92) that is non-foldable.

Proof. The polycyclic case has already been treated in Theorem so in the sequel we
assume that G is not polycyclic. Choose abelian groups M, @ such that G is an extension
1> M —G— Q — 1, and choose N as in Proposition Since the group G is finitely
presented, M is a tame ZQ@-module according to [BS80|. Therefore N is also tame by
above. In the sequel we write Q@ = Q/Cg(N), which is an infinite abelian group. Note N
is naturally a tame ZQ-module.

We first consider the case when Q is virtually cyclic. We choose an infinite cyclic subgroup
Q1 < Q of finite index such that no non-trivial element of () centralizes N. By (2) above, NV
is a finitely generated tame Z@Qi-module. Again by the main result of [BS80] the subgroup
G1 := N x @ is finitely presented. According to Theorem A in [BS7§| this implies that
(G1 splits as an HNN-extension over some finitely generated subgroup of N. Since G
has no free subgroups, this HNN-extension is necessarily ascending. In this situation by
Proposition 3.3 in [BST78] the torsion subgroup of N is finite, and hence trivial here because
N is isomorphic to ZQ/p for some prime ideal p. Therefore in this situation the group G;
is torsion-free. Since G is not virtually abelian, G; falls under the scope of Theorem
and the existence of a non-foldable pair in is thus guaranteed.

Now we consider the case where the torsion-free rank d of @Q is at least 2. As in the
proof of Theorem we choose a torsion-free subgroup @)1 inside @) of rank d such that
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no non-trivial element of ()1 centralizes N. We choose lifts gi,..., g4 € G of generators of
@1 to G; and consider the subgroup G of G generated by m and g1,...,gq, where m is
a generator of N as a ZQ-module. Repeating the argument from the end of the proof of

Theorem [6.24] we apply Corollary to G1, and deduce that (gi,...,gq) is non-foldable.
This completes the proof. O

Corollary 6.26. Let G be a finitely presented metabelian group that is not virtually abelian.
Then G has a Schreier growth gap n®. If moreover G is torsion-free, then G has a Schreier
growth gap nd.

Proof. The first statement directly follows from Theorem[6.25] In order to prove the second
statement, we assume that G is torsion-free and follow the proof of Theorem [6.25] In the
polycyclic case, any faithful G-set verifies volg x (n) > n* according to Proposition and
Corollary 39 Suppose now G is not polycyclic. We retain the notation N,Q,m,... as
above. In case @ is virtually cyclic, as in the previous proof we find a cyclic subgroup
Q1 of @ such that G; = N x (1 is a finitely presented subgroup of G which splits as an
HNN-extension over a torsion-free finitely generated subgroup of N. It follows that NV is
an ascending union of finitely generated torsion-free abelian groups whose rank is bounded,
and that GGy is a group of finite rank. Hence in that case the conclusion is provided by
Theorem . In case @ has torsion-free rank d > 2, we choose gi,...,9q € G whose
projections generate a free abelian subgroup @1 of @ in which N has trivial centralizer,
and we obtain from Corollary that (m,g1,...,9q) is non-foldable. O

Remark 6.27. When G is finitely presented and torsion-free (and not virtually abelian),
although faithful G-actions have growth > n3 by Corollary G does not always admit
a non-foldable triple (g1, g2, g3). For example for the Baumslag-Solitar groups BS(1,n) ~
Z[1/n] x Z, n > 2, it is not hard to see that for every triple (g1, g2, 93), the map Z3 —
BS(1,n), (ni,n2,n3) — g5°g5°g7", is non-injective. In particular no triple can be non-
foldable (Lemma [1.16)).

7. TORSION-FREE SOLVABLE GROUPS

Based on the results from the previous sections, we make the following conjecture:

Conjecture 1. Let G be a finitely generated solvable group which is virtually torsion-free,
and not virtually abelian. Then G has a Schreier growth gap n?.

The purpose of this section is to establish the following results:

e Conjecture |1]is true if G admits a nilpotent normal subgroup N such that G/N is
virtually abelian. This includes in particular solvable linear groups.

e Conjecture [1|is true under a strengthening of the torsion-free assumption on G, see
Theorem [7.9

e Conjecture [I}is true if we restrict to actions with finitely many orbits, see Theorem

14
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7.1. Nilpotent-by-abelian groups. First recall that we have proven in Theorem [6.24]
that the above conjecture is true when G is a metabelian group. This has the following
straightforward consequence:

Corollary 7.1. Let G be a torsion-free solvable group, and assume that G admits a finitely
generated metabelian subgroup which is not virtually abelian. Then G contains an expansive
pair. In particular Conjecture [1] is true for G.

We recall the following:

Lemma 7.2. Let N be a torsion-free nilpotent group. If N is virtually abelian, then N is
abelian.

Proof. Let g,h € N. Since N is virtually abelian, there are m,n > 1 such that g™ and
h"™ commute. Then g™hg™™ and h have the same n-th power, and hence ¢™hg™™ = h
since N is torsion-free [LR04, 2.1.2]. So h~'gh and g have the same m-th power, and again
h=lgh = g. O

Recall that a group is nilpotent-by-abelian if G admits a nilpotent normal subgroup N
such that G/N is abelian. Corollary readily implies the following.

Theorem 7.3. Let G be a finitely generated torsion-free group that is nilpotent-by-abelian,
and not virtually abelian. Then G contains a non-foldable pair. In particular Conjecture []]
is true for G.

Proof. By Corollary it is enough to show that G contains a finitely generated subgroup
H which is metabelian and not virtually abelian. Let N be a nilpotent normal subgroup of
G such that G/N is abelian. If N is not abelian, then N is not virtually abelian by Lemma
and we can choose H to be a copy of the Heisenberg group in N (Lemma . If Nis
abelian, then G is metabelian, and we take H = G. O

Since solvable linear groups are virtually nilpotent-by-abelian by a theorem of Malcev
ILR04, 3.1.8], Theorem implies:

Corollary 7.4. Let G be a finitely generated solvable linear group which is virtually torsion-
free. If G is not virtually abelian, then G contains a non-foldable pair. In particular
Congecture 1] is true for G.

Remark 7.5. The above results are entirely based on the case of metabelian groups, proven
in the previous section. However in general the reduction to metabelian subgroups is not
enough to prove Conjecture [I] As we show in a separate work in preparation, there exist
finitely generated torsion-free solvable groups that are not virtually abelian and with the
property that all finitely generated metabelian subgroups are virtually abelian.

7.2. Lifting non-foldable subsets. The goal of this paragraph is to prove Proposition[7.8]
This result enables, under suitable conditions, to lift a non-foldable subset from a quotient
to a non-foldable subset of the ambient group. For solvable groups, this mechanism can be

applied inductively, and will be used in
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We fix the following notation: G is a group that is an extension 1 - A - G —> @ — 1,
where A is abelian and torsion-free. For r = 1, we denote by A, the intersection of all
subgroups of A of index at most . The subgroup A, contains (r!)-powers of all elements
of A, and hence is non-trivial. Note also that A, is a characteristic subgroups of A. In
particular A, is Q-invariant.

Lemma 7.6. Retain the above notation.
i) If H is a subgroup of G, then

Qur ={q€Q:(¢—1)A, < H}
s a subgroup of Q.
ii) The map Sub(G) — Sub(Q), H — Qpu,, is equivariant, where G acts on Sub(Q)
by conjugation via the projection G — Q.

Proof. The fact that Qp, is a subgroup follows from the fact that A, is Q-invariant and
the equality

(@1g;" —Da= (g1 =gy 'a— (g — Vg3 ',
which holds for all ¢1,¢2 € Q and a € A.

To see that H — Qp, is equivariant, fix g € G and take q € Qyp4-1,. Using module
notation, that (¢ — 1)A, lies in gHg~! can be rewritten as 7(g) (¢ — 1)A, < H. Now we
have

m(9) " a— 1A, = (n(9) " am(g) — 1) A,
since A, is Q-invariant, so we deduce 7(g) ~'qm(g) € Qu., or equivalently g € w(9)Qu,m(g9) L.

This shows Qg1 < 7(9)Qu,rm(g) !, and the same argument also shows that equality
holds. O

Proposition 7.7. Retain the notation from Lemma [7.0. Suppose that the group G is
an extension 1 - A - G — @ — 1, where A is abelian, torsion-free, and such that
A = Cg(A). Suppose P is a finite subset of Q\ {1}, and Pg is a finite subset of G of
cardinality r such that w(Pg) = P, where m is the projection G — Q. Then:

i) Qur € So(P,Q) for all H € S¢(Pg,G).

i) If
(N L=#{1},
LESQ(P,Q)
then

(| H=#{1}.

HGSG(Pg,G)

Proof. By Proposition [5.3] for every H in Sg(Pg, G) there exists g € Pg such that (7(g) —
1)A, < H. This means that 7(g) € Qp . So we have Qu, NP # J for all H € Sq(Pqg, G).
Since H — Qp,, is equivariant, this implies that Qn, € So(P, Q) for all H € Sg(Pq,G).
This proves the first statement. For the second, the assumption implies that there exists
a non-trivial element ¢ such that ¢ € Qp, for all H € Sg(Pg,G). This means that
(g—1)A, < H for all H € S¢(Pg,G). Since ¢ is non-trivial, (¢ — 1) A is non-zero according
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to the assumption that A = Cg(A). Since A has no torsion by assumption, (¢ — 1)A4, is
also non-trivial. Since (¢—1)A, is contained in () Se(Pg,c) H» we obtain the conclusion. [

Proposition 7.8. Suppose that the group G is an extension 1 > A —> G — Q — 1, where
A is abelian, torsion-free, and such that A = Cg(A). Suppose that L < Q is a non-foldable
subset of Q. Let Lo < G be a lift of L. Then Lg is a non-foldable subset of G.

Proof. This follows by combining Proposition [7.7| with Lemma [1.12 O

7.3. Torsion-free Fitting series. Observe that if the successive quotients N;1/N; in a
series {1} = Ny <INy <--- < N = G are all torsion-free, then the group G is evidently
torsion-free. In general the converse does not hold, in the sense that some torsion-free
solvable groups do not admit a series with torsion-free abelian factors. The goal of this
paragraph is to prove Conjecture [I] under the assumption that the factors in the Fitting
series of G are torsion-free. Recall that the Fitting series of a solvable group G is defined
inductively by Fo(G) = {1} and F;+1(G)/F;(G) = Fit(G/F;(G)). So Fi(G) = Fit(G), and
the series eventually reaches G since G is solvable. The Fitting length of G is the least ¢
such that Fy(G) = G.

Theorem 7.9. Let G be a finitely generated solvable group, and assume that all successive
quotients F;11(G)/F;(G) in the Fitting series of G are torsion-free. If G is not virtually
abelian, then G contains a non-foldable pair. In particular Conjecture[d] is true for G.

To prove Theorem we need some further preliminaries. We will use the following
result of Lennox (see [LR04, 2.3.14]).

Proposition 7.10. Let G be a finitely generated solvable group, and H a subgroup of G
such that for every g € G there is n = 1 such that g" € H. Then H has finite index in G.

Recall that by Corollary[7.1] in order to prove Conjecture[I] there is no loss of generality in
restricting to solvable groups whose finitely generated metabelian subgroups are all virtually
abelian. It is convenient to introduce the following ad-hoc terminology.

Definition 7.11. We say that a solvable group G is restricted if every finitely generated
metabelian subgroup of G is virtually abelian.

Proposition 7.12. Let G be a finitely generated restricted solvable group. Suppose Fit(G)
1s torsion-free. Then the following hold:

i) Fit(G) is abelian and contained in the FC-center of G.
it) If Fit(QG) is finitely generated, then G is virtually abelian.

Proof. By Lemma every nilpotent subgroup of Fit(G) is virtually abelian, and hence
abelian by Lemma Now if Ny, Ny are two abelian normal subgroups of GG, then N1 Ny
is nilpotent by Fitting’s theorem, and hence abelian. So all abelian normal subgroups of G
commute, and hence Fit(G) is abelian.

Now let a € Fit(G), and let H be the centralizer of a in G. If there is g € G such that
g™ ¢ H for all n = 1, then a and g generate a non-virtually abelian subgroup of G, that
is metabelian because Fit(G) is abelian. This is impossible by our assumption. So for all
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g € G there is n > 1 such that ¢g" € H, and hence by Proposition [7.10] the subgroup H has
finite index in G. So a has a finite conjugacy class, and Fit(G) is indeed contained in the
FC-center of G.

Finally if Fit(G) is finitely generated, then it follows from the previous paragraph that
Cq(Fit(G)) is a finite index subgroup of G. But for G is solvable, C¢(Fit(G)) is always
contained in Fit(G) |[LR04, 1.2.10]. So Fit(G) has finite index in G, and G is virtually
abelian. O

Proposition 7.13. Let G be a finitely generated solvable group such that Fit(G) is torsion-
free. If G/ Fit(G) admits a non-foldable pair, then so does G.

Proof. Note that the assumption that G/ Fit(G) admits a non-foldable pair implies that G
is not virtually abelian. If G is not restricted, then we can invoke Theorem If Gis
restricted, then A = Fit(G) is abelian by Proposition and we have A = Cg(A) [LR04,
1.2.10]. Hence we may apply Proposition which implies that any pair (g1, ¢g2) that is a
lift of a non-foldable pair (g1, ¢g2) of @, is a non-foldable pair of G. O

Proof of Theorem[7.9. Recall that when G is not restricted, the conclusion follows from
Theorem We argue by induction on the Fitting length £. Since G is finitely generated,
the case £ = 1 corresponds to the case where G is nilpotent. Since G is not virtually abelian,
Proposition [7.12] says that in that case G cannot be restricted, and hence the statement is
true. Suppose now that G has length £+ 1, £ > 1. According to Proposition [7.12] we may
assume that Fit(G) is abelian. If Q@ = G/Fit(G) is virtually abelian, then G is virtually
metabelian, and again the conclusion holds. Now if @ is not virtually abelian, then @
satisfies all the assumptions of the theorem. Hence in that case we can apply the induction
hypothesis to @, and the conclusion then follows from Proposition [7.13] O

7.4. Quasi-transitive actions. Here we prove Conjecture [I]in the special case of transi-
tive actions. Actually the same argument extends without much effort to quasi-transitive
actions. In the sequel we call a G-set X quasi-transitive if the action of G on X has
finitely many orbits.

Theorem 7.14. Let G be a finitely generated torsion-free solvable groups, not virtually
abelian. Let X be a faithful quasi-transitive G-set. Then volg x(n) > n.

The proof requires some additional ingredients.

Definition 7.15. A subgroup H of a group G is absorbing if for every g € G, there is
n = 1 such that ¢" € H.

In the sequel, given f,g: N — N we write f(n) * g(n) for the negation of f(n) > g(n).

Thus f(n) * g(n) if and only if liminf,,_, % =

Proposition 7.16. Let G be a finitely generated group, and N a normal subgroup of G
such that Q = G/N s solvable, and denote pg the projection of G to Q. Let X a G-set
such that volg x(n) ¥ n®. Then for every x € X, at least one of the following hold:

i) N n Gy is absorbing in N.
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ii) po(Gz) has finite index in Q;

Proof. Fix x € X, and suppose that N n G, is not absorbing in N. By definition this means
that there exists g1 € N such that g ¢ G, for every non-zero integer n. We want to show
that pg(G,) has finite index in (). According to Proposition it suffices to prove that
pQ(Gy) is absorbing in @ since @ is a finitely generated solvable group. So we shall prove
that for every g € @, there are n > 1 and g € G, such that pg(g) = ¢". Clearly it suffices
to treat the case where ¢ has infinite order. Let go € G such that pg(g2) = ¢. The subset

L = {gég{ D i,) € Z} satisfies f(g r)(n) > n? since g1 € N and pg(g2) = ¢ has infinite

order in (). Since X satisfies volg x(n) * n? by assumption, by Lemma it cannot be
the case that £ is non-folded in X. Hence there exist (i,7) # (k,¢) such that G, contains
g=(ghg]) 'gkgl = 97795 gk gt. 1f i = k, then necessarily j # £, and hence G, contains a
non-trivial power of g1, which is impossible. So n = ¢ — k is non-zero. Since g € G, and

pQ(g9) = po(9%), we have obtained the desired conclusion. O

Lemma 7.17. Let G be a group, and N be a normal subgroup of G contained in the FC-
center of G. Let H, K € Sub(G) such that there is a sequence of conjugates of K that
converges to H in Sub(G). If N < H, then N < K.

Proof. Let g € N, and let g© be the conjugacy class of g. Since N is normal and N < H, ¢
is contained in H. Since g© is finite, it follows that the set of subgroups of G containing ¢“
forms an open neighbourhood of H in Sub(G). Hence it follows from the assumption that
there is a conjugate of K that contains ¢©, which is equivalent to saying that K contains
¢%. Since g was arbitrary, we have N < K. O

Proposition 7.18. Suppose G is a finitely generated solvable group, and A is an abelian
normal subgroup of G contained in the FC-center of G. Let Q = G/A. Let X be a transitive
G-set such that volg x(n) ¥ n*. Then at least one of the following holds:

i) there exists a normal subgroup N of G such that N < A, A/N is a torsion group,
and N acts trivially on X;

i1) there ezists a finite index subgroup L of Q such that for all g € L, there isrT > 1
such that r(q — 1)A < Gy for allz e X.

Proof. Note that since A is abelian, a subgroup B of A is absorbing if and only if A/B is
a torsion group. Let
S(X) ={G; : € X} < Sub(G).

By Lemma ﬂ we have that volg q/p(n) * n? for every H € S(X). Hence we are in
position to apply Proposition to the action of G on G/H, with N = A. Suppose
that there exists H € S(X) such that the first alternative of Proposition holds, that
is A n H is absorbing in A. Then for every finitely generated subgroup M of A that is
normal in G, there exists a finite index subgroup M’ of M that is normal in G and such that
M’ < H. Now since A is contained in the FC-center of G, the finitely generated subgroups
M of A that are normal in G exhaust A. Hence it follows that there is a normal subgroup
N of G such that N is absorbing in A and N < H. Fix z € X. Since the G-action on
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X is transitive, S(X) is equal to the closure of the G-orbit of G5 in Sub(G). Since N is
contained in the FC-center of G, H € §(X) and N < H, Lemma|[7.17)says that N must be
contained in G,. It follows that N acts trivially on X, and hence the first conclusion holds
in this case.

Hence in the sequel we assume that for every H € S(X), the second alternative of
Proposition holds, that is pg(H) has finite index in @, where Q = G/A. Observe that
for H € S(X), since pg(H) is finitely generated, there exists an open neighbourhood U of H
in S(X) such that pg(K) = pg(H) for every K € U. Since S(X) is a compact space, S(X)
can be covered by finitely many of these open sets, and hence that there is a finite index
subgroup L of @ such that pg(H) contains L for every H € S(X). Fix a non-trivial element
q € L. We have that for every H € S(X) there exists h € H such that pg(h) = ¢. Since the
condition of containing A is an open condition, using compactness again we obtain a finite
subset P = {h1,...,h,} such that pg(h;) = ¢ for all i and every H € S(X) intersects P.
So P is confining for (H,G) for all H € S(X). So the conclusion follows from Proposition
5.3l O

Proof of Theorem[7.1]. The case where the group is metabelian has already been treated
in Theorem [6.24] regardless of the number of orbits. This implies that if G is not restricted,
then the statement holds true. So in the sequel we assume that G is restricted. By
Proposition the subgroup A = Fit(G) is abelian, and A is contained in the FC-center
of G. Let Q = G/A.

Suppose for a contradiction that volg x(n) * n?. Let Xi,..., X, be the G-orbits in X.
We have volg x, (n) ¥ n? for all i (Proposition, so we can apply Propositionto each
X;. Let Xq,..., X, be the components that satisfy the first conclusion of the proposition.
So forall i € {1,...,/} there exists a normal subgroup N; of G that is an absorbing subgroup
of A and such that Nj; acts trivially on X;. For j € {¢+1,...,m}, there is a finite index
subgroup L; of @) such that for every g € L;, there is r; > 1 such that r;(¢ — 1)A acts
trivially on X;. Note that M; := [ N; is also an absorbing subgroup of A, and M acts
trivially on U;<¢X;. Moreover since G is not virtually abelian, the group @ is infinite, and
hence L := () L; is non-trivial. Fix a non-trivial element ¢ of L. Then we can find r > 1
such that r(¢ — 1)A acts trivially on uU;~,X;. Since A is equal to its own centralizer in G
[LRO4, 1.2.10] and ¢ is non-trivial, we have that (¢ — 1) A is non-trivial. Since A is torsion-
free, it follows that r(q — 1)A is also non-trivial. Hence if My is the normal subgroup of
G generated by r(q¢ — 1)A, then M, is non-trivial and My acts trivially on U;~,X;. The
subgroup Mj n Ms is an absorbing subgroup of Ms, and hence is non-trivial. Since My N Mo
acts trivially on X, we have reached the desired contradiction. (|

7.5. Higman-type extensions. In this paragraph we focus on the following specific class
of groups:

Definition 7.19. We call a group G a Higman type extension if there is a finitely
generated free group Fy and a normal subgroup N of Fy such that G = Fy/N'.
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So G is an extension of the group @ = F;/N by the abelian normal subgroup N/N’.
Our choice of terminology comes from the article [High5|, where Higman showed that the
group G is always torsion-free.

Proposition 7.20. Let G = Fy/N' be a Higman type extension. Let L be a torsion-free
abelian subgroup of group Q = Fgq/N, and let L be a lift of L to G. Then the following hold:

i) L is a non-foldable subset of G;
it) volg x(n) > fo,r(n) for every faithful G-set X.

Proof. Let ¥ be a finite subset of £, and P = {g 'h: g,h € P,g # h}. Note that ell
elements of P have a non-trivial projection to ). We shall prove that there is a non-trivial
normal subgroup of G that is contained in H for every H € S (P, N/N’). By Lemma
this will prove that £ is a non-foldable subset of G.

The subgroup M = N/N' is a torsion-free abelian normal subgroup of G. Let r be the
cardinality of P, and let M, = (r!)M. According to Proposition[5.3} for every H € S¢(P, M)
there exists b € P such that (mg(b) — 1)M, < H. Since mg(b) belongs to L and L is
abelian, it follows that if we set ¢ = [[p(mg(b) — 1), then ¢M, is contained in H for
every H € S (P, M). Now since L is torsion-free abelian, the group ring ZL has no zero
divisors. Since 7g(b) is non-trivial for every b € P, it follows that ¢ is non-zero in ZL < ZQ).
Moreover according to [Pas75|, M = N/N' is a faithful ZQ-module. Hence ¢M # {0}, and
since M is torsion-free we also have ¢M, # {0}. Since ¢M, < H for every H € Sq(P, M),
this terminates the proof of the first statement.

By considering for every element of L a preimage in G of minimal word length, we see
that one can choose a lift £ of L such that fq .(n) =~ fg )(n). Hence the second statement
follows from the first together with Lemma [I.13] O

Remark 7.21. The result from [Pas75|] used in the above proof shows that if @ is not a
torsion group, then G always contains a copy of Z ! Z. In particular solvable Higman-type
extensions satisfy Conjecture

The previous result is most useful when the group @ is not too small. We illustrate this

for free solvable groups (compare with Theorem [6.17)):

Theorem 7.22. Let G = FSy be the free solvable group of rank d = 2 and length £ = 3.
Then G has a Schreier growth gap exp(n).

In the proof we will use the following easy lemma.

Lemma 7.23. Let Q = FSy, be the free solvable group of rank d > 2 and length { = 2, and
let L = Q=Y. Then fio,0)(n) =~ exp(n).

Proof. Let x1,...,xq be the images in () of free generators of Fy, and set ¢ = wy_1 € L,
where wj is defined inductively by wy = [z1, 23] and w;+1 = [21,w;]. For i = 0 we also set
c = $Zic.7}1_i. The map from {0, 1}" to L that maps (1,...,&n) to w(er,..., &) =] -+
is injective, and w(eq, . .., e, ) has word length at most (|c| + 2)n with respect to z1, ..., x4.
Hence the ball of radius (|¢| + 2)n contains at least 2" elements of L, and it follows that L

indeed has relative exponential growth in Q). O
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Proof of Theorem[7.23. We have G = Fy;/N’, where N = Fééil), and Q = Fy/N ~FSy ;.
The subgroup L = Q=2 is a torsion-free abelian subgroup of @, and fg. 1 (n) ~ exp(n) by
Lemma Therefore the conclusion follows from Proposition [7.20] O

8. ADDITIONAL COMMENTS AND EXAMPLES

8.1. Pointed growth of transitive actions. When X is a transitive G-set, there is
another natural notion of growth, called the pointed growth of the action. It is defined
by fixing a point z € X, and considering volg x »(n) = |S™ - z|. By transitivity of the
action, volg x »(n) is easily seen to be independent of the choice of x up to ~. Clearly
volg x (n) > volg x(n), and in general volg x(n) is strictly larger than volg x z(n) (see
the examples below). Here we would like to emphasize that in our setting the growth
function volg x(n) is more natural and better suited for our purposes than the pointed
growth. The first advantage of considering volg x(n) rather than the pointed growth is
that the latter only makes sense for transitive actions. Restricting ourselves to transitive
actions is not desirable here, for instance because it is not stable when passing to a subgroup.
On the contrary volg x(n) remains defined when passing to a subgroup and is monotone
under this operation (Propositions and . Another advantage of volg x(n) is the
fact that it behaves nicely with respect to the topology on Sub(G). One illustration of
this is that our notion of non-foldable subsets, which by definition provides lower bounds
for volg x(n) (Lemma [1.13]), has a simple reinterpretation in terms of confined subgroups
in Sub(G) (Lemma 1.]2;. Another illustration is given by Lemma which says that
volg x(n) decreases when taking a limit point in Sub(G). Here we also note that this
lemma fails if one replaces volg x (n) by the pointed growth (see Example .

The following simple examples also illustrate that the lower bounds obtained for volg, x (1)
fail in general for the pointed growth.

Ezample 8.1. Let G = Z1Z. Recall that volg x(n) > n? for every faithful G-set X by
Theorem We claim that this bound fails for the pointed growth. Consider a pair of
generators s,t, where t is a generator of the base group Z, and s is a generator of lamp
group at position 0, and for i € Z set s; = t'st~*. Fix an increasing sequence of integers
di, = 1, and let H be the subgroup of G contained in @Z consisting of all configurations
f € ®Z such that f(d) € 2FZ. The action of G on X := G/H is easily seen to be faithful.
In particular volg x(n) > n® By contrast, we claim that if (dj) grows sufficiently fast,
then the pointed growth of the action of G on X, henceforth denoted v(n), can be made
strictly subquadratic. To see this, let k(n) := max{k: dy < n}. Let g € G be an element of
word length |g| < n. Then g can be expressed as g = t¢ [T, s, with £ <n and m; < n.
Note that for each i, we have s;""H = H if i # dj, k > 1, and for every i of the form i = dj,
for some k we have s;r;d’“H = 32’2 H, where r; is the remainder of the euclidean division
Tk

of mg, by 2% Since moreover the s; commute, we have gH = tesgll x -sdk(("))H. Counting

n



46 ADRIEN LE BOUDEC AND NICOLAS MATTE BON

possibilities for £ and r; with i < k(n), we obtain the upper bound

v(n)<n 1_[ 20 < n2km?,
=1

For a fixed o > 1, we choose d, = 29k for all k. The above computation yields v(n) < n1+i,

and hence v(n) ¥ n?.
The following example was suggested by Yves Cornulier.

Example 8.2. Consider the Heisenberg group G = H3(Z) = {a,b,c: [a,b] = ¢,[a,c] =
[b,c] = 1). Recall that every g € G admits a unique decomposition g = c*bYa”, with
,y, 2 € Z. The word metric is given up to constants by |g| ~ max(|z|, |y|,/]2]), and as a
consequence the volume growth of G is volg(n) ~ n* (see e.g. [DKI8, §14.1.1]). Recall from
Proposition [3.§ that the group G is non-foldable, and in particular every faithful G-set X
satisfies volg x (n) ~ volg(n) ~ nt. Now let H be the cyclic subgroup generated by a. For
every g = c*bYa®, the coset gH coincides with ¢*bY H. If |g| < n we have |y| < Cn, |z| < Cn?
for some C' > 0, so that there are ~ n? possibilities for the pair (y, z). Hence the pointed
growth of the G-action on G/H is ~ n3. Note that since H is not confined, this example
also shows that Lemma fails if one replaces volg x by the pointed growth.

8.2. Connection with groups of dynamical origin. As mentioned in the introduction,
Schreier growth gaps provide an obstruction to the existence of embeddings between groups,
which has applications to the study of topological full groups. Recall that given an action
G —~ € by homeomorphisms on the Cantor set, the topological full group of the action is the
group F(G, €) of all homeomorphisms of € that locally coincide with elements of G. This
notion was introduced (for G = Z) by Giordano, Putnam and Skau, and further developed
by Matui, and has been studied extensively in recent years [JM13, [Nek19, [Nek18|. This
construction also encompasses many more specific groups studied in the litterature, such as
Thompson’s groups V' and some generalisations, and subgroups of the group IET of interval
exchanges.

Despite various advances, it remains quite mysterious how the properties of the G-action
on € constraint the group F(G,€) and its possible subgroups. Non-foldable subsets and
graphs of actions naturally fit in this setting due to the following basic and well-known
remark.

Proposition 8.3. Let G be a finitely generated group and G —~ &€ be an action on the
Cantor set. Then for every finitely generated subgroup H < F(G,€), the identity map
¢ — € defines a Lipschitz embedding of the graph T'(H, €) inside T'(G, €). In particular, we
have vol ¢(n) < volg ¢(n) and asdim(H, €) < asdim(G, €),

Hence our results immediately provide restrictions on the nature of the solvable subgroups
of the topological full groups of various actions. Without being exhaustive, we point out
some simple illustrations.
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8.2.1. Topological full groups of Z%-actions. Matui showed that for every minimal action of
Z on € that is not an odometer action, the topological full group F(Z, €) contains a copy
of the lamplighter group CyZ [Matl3]. By contrast, Theorem shows that neither
ZZ nor Cyp Ut Z* embed in F(Z,€). The case of C), 1 Z* solves Conjecture 2 from [Sal21].
More generally for every action of Z? on €, the groups Z1Z% and C, 1 Z4*! do not embed
in F(Z%,¢).

8.2.2. Brin—-Thompson groups. Consider the generalizations nV of Thompson group V from
[Bri04]. It is not difficult to see that for the natural action of nV on the Cantor set €, the
graph of the action on each orbit is quasi-isometric to a product of n trees (see e.g. [MBI18|
Lemma 11.10]). Thus I'(nV, €) has asymptotic dimension n. Hence Theorem implies:

Corollary 8.4. The group nV does contain a wreath product Ay Z"+ ', with A # {1}.

By contrast it is not difficult to see that Co{ Z™ embeds in nV. Hence this gives another
proof of the result [MBI18, Corollary 11.20] that nV embeds in mV only if n < m.

In the case n = 2, Corollary also immediately implies the following (that problem
was notably raised in [Zar):

Corollary 8.5. Every polycyclic subgroup of 2V is virtually abelian.

8.2.3. Interval exchanges. Dahmani, Fujiwara and Guirardel studied solvable subgroups of
the group IET of interval exchanges in [DEG20]. It is well known that the natural action
of a finitely generated subgroup of IET has polynomial growth. One result of [DFG20]
is that every finitely generated torsion-free solvable subgroup of IET is virtually abelian.
They deduce in particular that this holds true for polycyclic subgroups [DFG20, Cor. 3.2].
The arguments in §3| provide a soft proof of this last result, since Corollary implies
that every polycyclic subgroup of IET is virtually nilpotent, and hence virtually abelian
by [Nov09]. However we stress that the absence of torsion-free solvable subgroups in IET
[IDEG20] cannot be proven relying only on considerations on growth (as torsion-free solvable
groups can admit actions of polynomial growth).
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