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ON ONE-DIMENSIONAL BOSE GASES WITH TWO-
AND (CRITICAL) ATTRACTIVE THREE-BODY INTERACTIONS

DINH-THI NGUYEN AND JULIEN RICAUD

ABSTRACT. We consider a one-dimensional, trapped, focusing Bose gas where N bosons interact
with each other via both a two-body interaction potential of the form aN* U (N®(x — y)) and an
attractive three-body interaction potential of the form —bN?*~2W (N®(z — y,x — 2)), where a € R,
b,a>0,0<8<1, U W >0, and fR U(x)de=1= ffRz W (z,y)dxdy. The system is stable either
for any a € R as long as b < b := 372/2 (the critical strength of the 1D focusing quintic nonlinear
Schrodinger equation) or for ¢ > 0 when b = b. In the former case, fixing b € (0,b), we prove
that in the mean-field limit the many-body system exhibits the Bose—FEinstein condensation on the
cubic-quintic NLS ground states. When assuming b = bn b and a = ay — 0 as N — oo, with the
former convergence being slow enough and “not faster” than the latter, we prove that the ground
state of the system is fully condensed on the (unique) solution to the quintic NLS equation. In the
latter case b = b fixed, we obtain the convergence of many-body energy for small § when a > 0
is fixed. Finally, we analyze the behavior of the many-body ground states when the convergence
by b is “faster” than the slow enough convergence 0 < an 0.
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1. INTRODUCTION

After its first observation in gases of alkali atoms in 1995 [2, [4] [12] [IT1] 26], the Bose-Einstein

condensation (BEC) has been intensively studied during the last decades, in both the physics and
mathematics communities. In particular, and remarkably, the stability of focusing Bose gas de-
pends crucially on the interaction between particles, and BEC may collapse when the (two-body)
interaction is attractive and the number of particles excesses a critical value, as observed in experi-
ments [4, 25] (45, [19] [14].

In the present paper, we prove and describe precisely such BEC collapsing for a one-dimensional

e.g., in

Bose gas trapped in a confining potential that interacts via both two- and attractive three-body
interactions. Note that such BEC with attractive three-body interactions has recently been observed,

[22]. Because, as we will see, the kinetic and potential energies of such system behave the
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same under scaling after a mean-field approximation, the system exhibits a critical mass above which
it becomes unstable (this mass-critical unstability of such system is specific to dimension one).

We prove that the ground state energy and the ground states of the system are effectively described
by the cubic-quintic nonlinear Schréodinger (NLS) functional. In other words, the three-R-body
correlation between particles yields a leading order correction to the ground state energy, which
is similar to the NLS regime of the two-R?-body interaction studied in [29] 32, 33]. Finally, we
investigate two types of collapse regimes of the system (onto the Gagliardo—Nirenberg-Sobolev
optimizer) when the number of particles tends to infinity:

e critical regimes: the strength of the attractive three-body interaction tends (from below) to its
critical value faster, in order of magnitude, than the strength of the repulsive two-body interaction
tends to zero;

e non-critical regimes: the strength of the attractive three-body interaction tends (from below) to
its critical value at a speed “proportional” (see Theorem for the precise meaning) to the speed
at which the strength of the (not necessarily repulsive) two-body interaction tends to zero.

Note that in the physics literature, three-body interactions are sometimes taken into account
as non-conservative forces that put an end to the collapsing process by reducing the number of
particles in the trap over time via a phenomenon called three-body recombination. This is not what
our three-body interaction is about. Here, we consider on the contrary conservative three-body
attractive interactions.

Notation. For shortness, we denote throughout this paper |||, := ||| ,»(ra) When there is no
possible confusion on d.

1.1. Model. We consider a system of N identical bosons in R, described by the nonrelativistic
Schrodinger Hamiltonian

N

d2 S a (07 (07

Hgb = g <——2 + |z ) + v g NYU(N*(x; — x5))
: da? N -1 £
=1 g 1<i<j<N
b
— > N?PW(NP(z; — x;), NP (z; — 1.1
1<i<j<k<N

acting on HV := ®g,m5’j, with § := L?(R). Here, N > 3 is the number of particles, s > 0 the power
of the trapping potential, « > 0 and 3 > 0 are scaling parameters, while the factors 1/(N — 1) and
1/((N = 1)(N — 2)) of the coupling constants ensure that the kinetic and interaction energies are
comparable in the limit N — co. The two-body interaction aU can be either attractive (a < 0) or
repulsive (@ > 0) and satisfies

0<U(z) =U(—z) € L*(R) and /RU(QJ) de=1. (1.2)
Moreover, the three-body interaction bW is assumed to be attractive (b > 0) and to verify
0<W e L'n L®(R?), /R2 W(z,y)dedy =1, (1.3)
and the symmetry conditions

W(z,y) =W(y,z) and W(@—-yx—2)=WHy—z,y—2)=W(z—-y,z—2x). (1.4)

Therefore, |a| and b > 0 describe the strengths of the two- and three-body interactions, respectively.
Note that the trapping potential is taken as a power function in order to obtain explicit formulae
for expansions and blow-up profiles, but our mean-field limit results would hold the same for a more
general potential diverging to +oo at oco. Finally, we define the short notation

Un(z) = Uy o(z) = N°U(N%z) and Wy(z,y) = Whs(z,y) = NPW(NPz, NPy).  (1.5)
We are interested in the large- N behavior of the ground state energy per particle of H évb. Namely,

EXN = N~ inf {(Un, HYUN) - Uy € 5V, [Un], =1} (1.6)
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and the corresponding ground state. Roughly speaking, BEC occurs when almost all particles
occupy the same quantum states. That is, in terms of wave functions, when

QN

Un(zi,...,zNn) 2 u®Y (21,...,2n8) = u(xy) ... u(zy) . (1.7)

Inserting in the energy functional the trial state u®V, with the normalization condition [ul, = 1,

we obtain the Hartree energy functional Egl’)N(u) = N~ Hu®N BN, u®N), which expands as

e ) = [ (W @P + o @) do+ § [ Uvte = g)lute)Pu)? dz dy

b
— 2 L Wate = = et lu)P dedy s (1)
This leads to the Hartree ground state energy
BV =it {5 (w) s w e H'(R), Jull, = 1}, (1.9)

which is thus an upper bound to the many-body ground state energy ES&N. When N — oo, since
Un(x —y) and Wy (z — y,x — z) converge respectively to the delta interactions d,—, and dz—y—-,
the Hartree functional formally boils down to the nonlinear Schrédinger functional

s a b
e = [ (WP + ol + §u@l! - glu(@)l* ) da. (110
with associated ground state energy
EyS o= inf {ENS (u) :u € H'(R), |Jull, =1} . (1.11)

Note that, due to our hypotheses, the mass sub-critical term a|u|* in E(I;%S can be focusing (a < 0)
or defocusing (a > 0), but the mass critical term b|u|® is focusing. Consequently, there exists a
critical mass b above which the NLS functional is unstable. More precisely, for any a € R, the
energy EaNII;S is unbounded from below if b > b, where b := 372/2 is the optimal constant in the
GagliardoLNirenberngObolev inequality

g/Ryu(x)\ﬁdxg/R\u/(x)de </R\u(3€)]2dx>2, Vue H\(R). (1.12)

It is well-known (see, e.g., [3, [13]) that (IIZ) has a positive radial optimizer Qo € H'(R), which
is the unique optimizer up to translations, multiplication by a phase factor, and scaling. Such
optimizer (g solves the quintic NLS equation

2
T 3
— Qo+ L@ ZW2|Q0|4Q0 =0. (1.13)
For simplicity, we choose in this paper a translation and a scaling by taking
1
Qo(z) 1= ———= (1.14)

v/cosh mx .

In the following, we always assume that 0 < b < b and we define MNS as the set of NLS ground
states. Below the critical mass b, the existence of NLS ground states follows from the standard
direct method in the calculus of variations. On the other hand, in the mass critical case b = b, NLS
ground states still exist if and only if a > 0.

The effective expression (II0) is analogous to the NLS functional with two-R2-body interaction.
The validity of the NLS theory for the ground states and ground state energies with an attractive two-
R2-body interaction potential has been proved in seminal papers of Lewin, Nam, and Rougerie [29,
32, 33, B9]. Furthermore, the collapse and condensation was studied in [34] (see also [21} [42]). Our
aim here is to extend these results to the three-R-body interaction case.

One might consider the system (LI in higher dimension. In that case, the NLS functional is
mass super-critical with respect to the three-body interaction. For the stability of the quantum
problem, it is necessary for the three-body term to be repulsive. In such defocusing case, the
mean-field approximation was obtained by Chen and Pavlovi¢ [6] in dimensions one and two, and
by Nam, Ricaud, and Triay [38] in dimension three, while the derivation of the time-dependent
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defocusing quintic NLS from many-body quantum dynamics with repulsive three-body interactions
was investigated in [6] [7, 48] [46] 8, 141, 36].

Note however that, except for [46] 36, all these papers —as well for instance as [18] about one-
dimensional NLS ground states— concerned with the defocusing case deal with only a three-body
interaction. Therefore, together with the fact that we consider attractive three-body interactions,
one of the original aspects of the present paper is to consider at the same time two- and three-body
interactions. Finally, note that in [I7] the NLS ground states are studied in a similar settings with a
repulsive two- and an attractive three-body interactions, but with a periodic rather than a trapping
potential.

1.2. NLS theory. In the first part of the paper, we consider the minimization problem (LII).
Our first result is a classification of the values of the parameters a and b for which there exist NLS
ground states.

Theorem 1.1 (Existence of the NLS ground states).
Leta € R, b >0, and E(II\III;S be given in (LII)). We have the following

(i) If b>b or (b="b and a <0), then EaNJI;S = —00.
(i) If b< b or (b="b and a > 0), then EaNJI;S has a ground state.
(iii) If b="0b and a = 0, then ECIL\%S =0, but EQN%S has no ground states.

Note that we can restrict the minimization problem (LII]) to nonnegative functions u since
Egll;s(u) > Eyg;s(lu\) for any u € H'(R). This follows from the fact that |[Vully, > [V]ul|, (see,
e.g., [37, Theorem 7.13]). In particular, the ground state of ECIL\I;;S, when it exists, can be chosen to
be nonnegative. The proof of the case b = b is special: the Com7pactness of the minimizing sequence
for ng{;s cannot be obtained directly using (L12)). By refined arguments using the concentration-
compactness lemma and the singularity of the repulsive cubic term, we will recover this property.

Our next result concerns the collapse of the NLS ground states. By Theorem [[T], we see that the
blow-up phenomenon can only occur when (a,b) — (0,b) in such a way that the condition of
Theorem [Tl stays fulfilled. By the variational principle, we have

b—b a £~

ENES < €5 (63Qu(0)) = P2+ 0% +

s 1.1
12 T S Q ( 5)

for all £ > 0, where Qg is defined in (I.I4)) and where, from now on and for any s > 0, we define

0, = S/R 12710 ()2 dar < 0. (1.16)

By optimizing the right hand side of (II5]) over ¢ > 0, it gives an upper bound to the NLS energy
and allows to determine explicitly the blow-up profile of the NLS ground states, depending on the
collapse regime. We can actually also find the exact expansion of the corresponding energy. Those
results are presented in the following theorem.

Theorem 1.2 (Collapse of the NLS ground states).
Let s >0, ¢ > 0, and Qs as in (LIG). Let {an}, C R and {b,}, C (0,b] satisfy a, — 0 and b, b
as n — +oo, max{0,a,} + (b —b,) >0, and

1

. _stl 6—C _stl =5
nll)r_{loo an(b —by) 542 = WTC #2975 € (—o0, 400 .

Let {un}n be a sequence of (approzimate) ground states of EaNnLg’n defined in (LII)) and Qo be given
in (LI4]). Then,
lim /lpuy (6n+) = Qo (1.17)

n—o0

Land [6] in the sense that the author mention that their result can be extended to a combination of two- and
three-body interactions.
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strongly in H*(R), for

1

(o) wero

b, = . N (1.18)
— Op, s+2 .
(‘=) sero.
FPurthermore,
+1
ENEY = (ST — % - 0(1)> QL5 . (1.19)

We recall that a sequence {u,}, of approxzimate ground states of EaNnLEn is a sequence belonging
to the minimizing domain and satisfying, as n — 400, the property
NL NL NL
BN, < XS (un) < BN, + o(1)

an,bp =

Remark 1.3 (Technicalities about Theorem [[.2)).

e The purpose of the hypothesis max{0,a,} + (b —b,) >0 < (b, < b or (b, = b and a,, > 0)) is to
guarantee, thanks to Theorem [[LT] the existence of NLS ground states for any n. The existence
for large n being guaranteed by the limit condition.

o If ( # 0, then b — b, > 0 for n large enough by ([LI8]). Thence, without loss of generality, we
assume {b,}, C (0,b) if ( # 0.

e If { # 6, then a,,/(6 — ) > 0 for n large enough by (LLI8]). Thence, without loss of generality, we
assume {a,/(6 — ()}, C (0,400) if ¢ # 6. This guarantees for the upper formula for £, in (II7)
to make sense for all n.

e The complicated factor (1—¢/6)¢~(+1)/(5+2) —_which is one-to-one decreasing as a function from
[0,400) to (—o0, +00]— is here to avoid for ¢ to be defined implicitly: if one replaces this factor
by some L € (—o0,+00], then the formulae in (IL.I7) and (LI9) stay the same but with their ¢
defined implicitly as the unique positive solution to ¢!/(5+2) /6 4 L5+ = ¢—(s+1)/(s+2),

JAN

The reader will notice that our result in Theorem covers all possible “proportionality” in
terms of the respective speeds of convergence of a, and b, —that is, { € (0,400)—, as well as
the case where b, converges faster, in order of magnitude, than a,, —that is, { = 0—, but that it
does not cover the converse case where a,, converges faster, in order of magnitude, than b, —that
would be, ( = +00. The reason is that in the limit, and roughly speaking, the two former cases
stay within the framework of in Theorem [[LT] where ground states exist, while the latter case
¢ = 400 tends, still roughly speaking, to the framework of in Theorem [L.T] (more precisely to
the framework b = b and a < 0) where the energy is not even bounded.

1.3. Hartree theory. The Hartree theory can be interpreted as an interpolation theory between
the many-body and NLS theories. A feature of the Hartree theory is that it still describes correctly
the two- and three-body interactions while the Hartree functional has fewer variables and is non-
linear. The properties of the Hartree energy and its ground states are then easier to obtain. Before
turning to our results on the many-body theory, we state the results in the associated Hartree theory
as they will be needed and because they are of their own interest.

Theorem 1.4 (Condensation and collapse of the Hartree ground states).
Let o, f > 0 and assume that U and W satisfy (L2)—(L4).

(1) Let a € R and 0 < b < b be fized with either 0 < b < b or (b =10, a >0 and o > ), and
let {un}n be a sequence of (approximate) ground states of ES;)N defined in ([L9). Then, there
exists a NLS ground state ¢ of (LII) such that

lim uy = ¢ (1.20)
N—o00
strongly in H*(R). Furthermore,
lim BN = ENDS. (1.21)

N—oo ?
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(i) Assume zU(z) € L*(R) and W (z) € L*(R?), and let ¢, Qs, {an}n, {bn}n, and {{x}N be as
in Theorem [L.2, with £ ~ N~ for

: B
0 — .
<77<m1n{8+3,a

Finally, assume o > 8 if ( = 0. Let {un}n be a sequence of (approximate) ground states
of ESJ(TA,CN and Qo be given in (LI4). Then,

.12 3=
Jm Oy tun(En) = Qo (1.22)
strongly in H*(R) and
H,N s+1 ¢ s
E o = aNI\I;iN(l +0(1)) = ( 13 + 0(1)> Q-

Similarly to the NLS case, a sequence {uy }n of approzimate ground states of Ei{]\’]]\ZN is a sequence
belonging to the minimizing domain and satisfying, as N — 400, the property
LN gHN (un) <

an,by = Yan,bn

Notice that the condition {5 ~ N~ is, by definition of ¢y in (LI8]), also a condition on b—by or
on ay, depending on the value of (. The technical assumptions U (x) € L}(R) and 2W (x) € L'(R?)
are used to determine the convergence rate of the Hartree energy to the NLS energy in the limit
N — oo. The condition n < /(s + 3) is then used to ensure that the Hartree and NLS ground
state problems are close in the collapse regime. Moreover, the extra condition o > S applies in
particular to the case where either {by}n equal to b or by b faster than ay N\, 0. This ensures
the singularity of the two-body interaction, and this corresponds to the case ( = 0 in Theorem

H,N
EGNJ?N

+o(1).

1.4. Many-body theory. In this part of the paper, we turn to the N-particle Hamiltonian (1)
with two- and three-body interaction potentials of the form (LH). In the stable regime, we verify
the validity of the effective cubic-quintic NLS (ILI0]). As usual, the convergence of ground states
is formulated using k-particles reduced density matrices, defined for any Uy € $V by the partial

trace

k
’Y\(p])v = Trp 18 W) (U]

(k)

Equivalently, vy, ¢ is the trace class operator on $H* with kernel

k
VWO (@1 T Y k) = /N CUn(@n 2k 2)UN (ks Z) A2
BN

One of the main advantages of the reduced density matrices is that we can write

1 b 1
N <\I’N,Hé\’fb\I/N> =Tr {h'y\(l,ll)v} + gTr [UN%(\%)] -5 Tr [WN’YS)} =3 Tr [H;g’yg])v} )
where
d2

is the one-particle operator and Hj is the three-particles Hamiltonian
a a a b
Hs:=hg, +hgy + hyy + §UN(361 —x2) + §UN(362 —x3)+ §UN(903 —x1) — §WN(901 — X2, X1 —T3).
Furthermore, the Bose-Einstein condensation (7)) is characterized properly by
: (k) ®ky/, k|| _ _
]\}gnooTr Yy — W@ =0, Vk=1,2,....

With Theorem [[.T]in mind, we distinguish two cases: critical three-body interactions, in the sense
of regimes where b converges so fast towards b compared to a towards 0 that it is the sign of a that
determines if ground states exist, and the non-critical case.
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1.4.1. Clritical three-body interactions. We consider here the critical case for the three-body inter-
action. For the mean-field regime, this criticality corresponds to the case where a¢ and b = b are
fixed. In this context, the effective NLS minimization problem(LII]) does not make sense when
a < 0 for the two-body interaction. In the complementary situation, where a > 0 (fixed), we derive
an energy convergence for small 3 > 0. For the collapse regime, this criticality corresponds to ( =0
in Theorem [[.2] and we prove in this situation that the many-body ground states have a universal
blow-up profile described by the (unique) solution of the quintic NLS equation (LI3)).

In the following result, we emphasize that (i), about collapse regimes, covers in particular the
case of the strictly critical three-body interaction where by = b for all IV, since it is a special case
of ( =0.

Theorem 1.5 (Condensation and collapse of the many-body ground states: critical
regimes). Let 0 < f < min{a,s/(9s 4+ 6)} and assume that U and W satisfy (L2)—-(L4).
(i) Let a >0 and b= b be fived. Then,

lim EXYN = NS > —cc. (1.24)
N—r00 ’
(ii) Assume 2U(x) € LY(R) and 2W (z) € LY(R?), and let {, Qs, {an}n, {bn}n, and {{x}n be as
in Theorem [L.2, with { =0 (hence ay >0) and ¢y ~ N~ for

. B s—3B(3s+2)
0 . 1.25
<"<mm{s+3’ 25(25 + 1) (125)
Then,
s+ 1
BN = ENS . (1+0(1) = Q3 (1+0(1)). (1.26)
Moreover, if Oy = EN/ Un(ly+) with ¥ a gmund state of E?A’r by then
: (k) ®ky k|| _ _
A}gnooTr Yo, — Q0 NQy"l| =0, Vk=1,2,..., (1.27)

where Qq is given in (LI4]).

Our method is the quantitative quantum de Finetti theorem developed by Lewin, Nam, and
Rougerie [30} 32]. By using its information-theoretic version [43] 44], one can obtain the convergence
of energy (L.24) for 0 < § < 1/12, which is a larger range than the s-dependence upper bound of
in Theorem only if s < 2.

On one hand, we note that (L.24)) still holds true in the case b = b and a = 0. Indeed, for
0<B<s/(3(3s+2)), we have

QN _ pNLS _
A}gnwEo& =Ly~ =0.
However, the convergence of many-body ground states is not expected in this case since E%)\I%;S does

not admit ground states. On the other hand, while the existence of the ground states of EQ’N

well as of EN{;S, still holds true in the case of fixed a > 0, the convergence of many-body ground
states in the mean-field limit when N — oo seems difficult to obtain. This is essentially due to the
lack of compactness of the many-body ground states and the linearity of the system (L.I]). However,
under the assumption that the NLS minimization problem E}jﬁs has a unique ground state ug, we
can prove that 7

hm Tr |y ( — |u§ >(u8§k| =0, Vk=12,...,

for the whole sequence {¥ y}n of ground states of EgéN with a > 0 fixed. This is a consequence of
a Feynman—Hellman-type argument which relies strongly on the energy convergence (I.24]) and the
uniqueness of the limiting profile. In this case, the proof is similar to the one of (L27]). However,
the uniqueness of the NLS ground states with the repulsive cubic term and the critical attractive
quintic term seems to be open. To conclude about the mean-field limit, and for comparison, note
that we obtained in Theorem [[4] the convergence (L20)), in the mean-field limit, of the Hartree
ground states of the NLS ground states. What make this possible is the nonlinearity of the Hartree
functional EEE,N in (L]]).
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Finally, the restriction 8 < « is only inherited from the comparison between Hartree and NLS.
That is, in order to compare the many-body problem to the NLS one, we compare the Hartree
problem to the latter (see Theorem [[L4]) then the former to the Hartree problem, and we require the
restriction S < « only in the first comparison, not in the second one.

1.4.2. Non-critical three-body interactions. Next, we consider the BEC in the non-critical case for
the three-body interaction. For the mean-field regime, this non-criticality corresponds to the case
where 0 < b < b and a € R are fixed. In this context, the compactness of the many-body ground
states is easily obtained and we are able to derive its condensation in the mean-field limit N — oo by
convex analysis. For the collapse regime, this non-criticality corresponds to ¢ > 0 in Theorem [I.2],
which covers the situations where the convergence by 7 b is either “proportional” to or slower (in
order of magnitude) than the convergence ay — 0, as N — oo. As in the critical case ¢ = 0, we
prove that the many-body ground states have a universal blow-up profile described by the (unique)
solution of the quintic NLS equation (LI3)).
We recall that MNS is the set of NLS ground states. We have the following result.

Theorem 1.6 (Condensation and collapse of the many—body ground states: non-critical
regimes). Let o« > 0, 0 < < 1, and assume that U and W satisfy (L2)—(L4) with VAW €
LR x R,R) for any ¢ > 1.

(i) Let a € R and 0 < b < b be fized. Then,

: Q,N _ NLS
A}gnoo Er = E.p” > —o0. (1.28)
Moreover, for any ground state W ongl’)N, there exists a Borel probability measure p supported

on MNUS such that, along a subsequence,
k k k
W= [ 1) du

If MNS has a unique ground state ug (up to a phase), then for the whole sequence,

lim Tr
N—oo

=0, Vk=1,2,.... (1.29)

; (k) kY (4, @k = —
A}gnooTr W\I,N—|u6® ) ug |‘—0, VkE=12,....

(i) Assume zU(x) € LY(R) and zW (z) € L*(R?), and let ¢, Qs, {an}n, {bn}n and {{x}n be as
in Theorem [L2 with ( # 0 (hence 0 < by < b) and €y ~ N~ for

. g1
0 — 0 1.30
<77<m1n{a,8+3,108 ( )
Then,
N s+1 ¢
E(?N’bN = ENY L (L+0(1) = ( 5 +o(1)> Qb5 - (1.31)

Moreover, if additionally n < 1/(10(s + 2)) and &y = Ex/z\IIN(KN-) with ¥ a ground state
of EN then

an,bn’

. k
Jim Ty — Q5 @FH| =0, VE=12..., (132)

where Qg is given in (LI4).

By the assumption 0 < 8 < 1 in Theorem [[L6], we consider mean-field (by opposition to dilute)
three-R-body interactions. For comparison, our assumption was even stronger in Theorem
where we only obtain the convergence of the many-body energy for small § > 0. It would be very
interesting to extend the above result to the dilute limit. We expect for the threshold to be at
B = 1, above which the particles meet rarely but interact strongly. In other words, the length
scale of the interactions N7 is smaller than the average distance between particles N~! and the
interaction strength N2°~2 is large. This is the same as for two-R2-body interactions. In fact,
for some reasons, three-body interactions in 1D behave similarly to two-body interactions in 2D.
However, the Sobolev inequality in 1D is not available to control the three-R-body interaction. This
complicates our analysis in many places.
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Our method of proof is the information-theoretic quantum de Finetti theory [43] [44] and the
second estimate as in [I5]. Unfortunately with regards to the constraint on 3, the arguments using
moments estimates as in [32] [33], B9] are limited to the case 0 < f < 1. It also requires that b < b
strictly and our technical assumption ViW € LI(R x R, R), for any ¢ > 1.

Finally, we emphasize that Theorems and describe completely the blow-up phenomenon
in the many-body theory for all the collapse regimes ay — 0 and by ' b covered by Theorem

Organization of the paper. The outline of this article is as follows. Section Blis devoted to the
existence of NLS ground states and its blow-up behavior. The condensation and collapse of the
Hartree ground states are studied in Section Bl The mean-field approximation and the collapse of
the system is given in Section @l The appendices contain various technical results and proofs.

Acknowledgments. We thank P. T. Nam for drawing our attention to this problem. D.-T. Nguyen
is funded by the European Research Council (ERC) under the European Union’s Horizon 2020
Research and Innovation Programme (Grant agreement CORFRONMAT No 758620). J. Ricaud
acknowledges financial support from the French Agence Nationale de la Recherche (ANR) under
Grant No. ANR-19-CE46-0007 (project ICCI).

2. EXISTENCE AND COLLAPSE OF THE NLS GROUND STATES

The goal of this section is to establish the existence of the ground states for the NLS problem (L1T])
and investigate its blow-up profile as well as the first order expansion of the ground state energy.

2.1. Proof of Theorem [I.Tl Recall (I.I5]) that
b—b
ENS <222 2 +€‘S/ 2*|Qo(x)|2dz, V> 0.
’ 12 m R

For[(i] —(b > b and a € R) or (b= b and a < 0)—, taking £ — oo gives E(I;{,I;S = —00.

For[(iii)]—b = b and a = 0—, we have E(l)\%s > 0 by (LI12]) then we obtain E(l)\%s = 0 the same way.
Suppose now that there exists a ground state u for E(I)\H;S. Then, (ILI2) implies that H| . |5/2uH2 =0,
which contradicts |Jul, = 1.

The rest of the proof is dedicated to the most demanding case —(0 <b<band aeR)or
(b =b and a > 0)—, for which we prove the existence of a ground state. Let {u,}, C H*(R) be a
minimizing sequence for EaNJI;S, ie.,

NLS : NLS :
Ea,b = nlLH;o ga,b (un) with ”un”Q =1.

By (LI2), we have
[] — b 2 a s 2
ENFS(un) = (7= ) sy + 5 ualf + |1 15
’ b 2 2
It implies ||| - [*/?uy||, < co. Furthermore, using that [|f |2, < 2| fll; |/'llo, hence | flly < 2|1 £ll5 ]l
for any f € H'(R), we have that {u,}, is uniformly bounded in H!(R) if b < b (and a € R). We

prove that the latter still holds true in the case b = b and a > 0. The following arguments also
apply to the case 0 < b < b and @ > 0. We assume on the contrary that |u} |, — oo as n — oco.

Define v, = 6%L/2un(en-) with e, := [[u/]|l;*. Then, |v,], =1 = ||v/,||, and
_ _1a El 2
ENS (un) = & PN (on) <5 ol |1+ 30
Here we used the shorthand notation
NLS 2 b 6
FS(0) 1= [ 2 = & ol
Since g, — 0 as n — 00, the above implies that
: NLS :
Jim 77 (0n) = lim oy = 0. (2.1)

On the other hand, since {v,}, is bounded uniformly in H!(R) we have, up to a translation and a
subsequence, v, — v weakly in H'(R). We claim that |||, = 1. Indeed, we have

il < T .
0 < vlly < liminf fo,fl, =1
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If |jv]ly = O then v, — 0 strongly in L"(R) for any 2 < r < oo (see e.g., [27, Lemma 9]). This
contradicts (2.I]) and the fact that ||v],||, = 1. If 0 < |jv|, < 1 then, by the weak convergence v, — v

nll
in H'(R), we have the energy decomposition

0= lim FS(y,) = FES (v) + lim FLS (v, —v).

This, however, is not possible because

1 b
fé\ILS(vn —v) >0 and ]:é\ILS(v) > (—4 — 1) — ||v||g >0,
vl 6
by (LI2]). Therefore, we must have ||v|, = 1. By the Brezis-Lieb lemma, we have v, — v strongly
in L2(R). In fact, v, — v strongly in L"(R) for any 2 < r < oo, because of the H'(R) boundedness.
In particular, |v,|, — ||v], and v is an optimizer for (LI2)) since

0= lim F™(v,) > FS(w) >0,
n—o0

contradicting |vp ||, — 0 as n — oo.

We have proved that {u,}, is uniformly bounded in H!(R) whence either b = b and a > 0, or
0 <b<bandacR. Then, up to a translation and a subsequence, u, — u weakly in H!(R) and
un — u strongly in L] (R) for any 2 < 7 < 4o00. This strong L, .(R) convergences combined with
the uniform boundedness of H| . |5/2unH2 gives that, up to a subsequence, u,, — u strongly in L"(R)
for 2 <r < 400 (see e.g., [1]). In particular, ||u|, = 1. By the Brezis-Lieb lemma, we have u, — u
strongly in L*(R). In fact, u, — u strongly in L"(R) for any 2 < r < oo, because of the H!(R)
boundedness. Consequently, by weak lower semicontinuity we have

NS = tim &5 (un) > EX5(w) > ENS.
Hence, u is a ground state of EaNlI;S. O

2.2. Proof of Theorem The proof for approximate ground states being the same, with very
few changes, as the one for ground states, we only write the latter.

For shortness, we define B, := b — b, and A,, := a, /7. We start by inserting ¢ = £, defined in
Theorem [[.2] into (I.I5]). Treating separately the cases ¢ # 0 and ¢ # 6, it yields the upper bound
matching (LI9) in both cases:

_ B _ Q s+1 ¢
ENLS < 68 E (5+2) n Anf (S+1) _S = — — 1 368 . 22
ambn— n(n 12 + n + S S 12+0( ) Q n ( )
Let u, be a ground state of ENLSn and @, := 05/ *u, (€y-) for any n. Then, ||iy[y = |Junll, = 1 and

s

ENS =0 [z (52) FNES (i) + A, 8+1>7T I n||4+H| 2a

2] . (2.3)
We now prove the claimed convergence (LI7)), which 1mmed1ately implies (LI9). We distinguish
the two cases for ( > 0: ( # 0 and ¢ # 6.

Case ¢ # 0. Recall that B, > 0 (see Remark [[3)). Combining (2.2]) with (23]) and the definition
of ¢,, depending on B,, yields

1 6 — 1
L o) 2 [ A + (S5 S o) ki + o

Using now (L.I2]), we obtain

S~
R

z] 24

s+1 ¢ L S |2 (6267 i IRRTRRNT
— 5 to s+ (=== 5 + o) ) lanlli + @ |1 B, (25)
s 6 2 2
and using moreover ||iy||; < 2,5, as in the proof of Theorem LT}, gives
s+1 ¢ Ciuwe |6=¢ i il e
— - o) 2 gl - |5 5+ o 1@, + 05| B -

This implies that {iy, }, and {|-|*/?4y, }, are uniformly bounded in H*(R) and in L?(R), respectively.
Notice that if 0 < ¢ < 6, this could have been deduced directly from (24]) and (LI2]), using that
the term in font of ||@,||; in (24) is nonnegative for n large enough.
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Thus, up to a subsequence, i, — u weakly in H'(R) and strongly in L"(R) for 2 < r < co. In
particular, ||ul|, = 1 and, multiplying (Z4]) by B,,/¢ then passing to the limit in n, we obtain

n—-+o0o n—-+o00

. _ . bn | - b
llly < Jim_ [l ], < tim (g ||un||2+0<Bn>)=5||u||2s||u’!!§, (2:6)

where the first inequality is Fatou’s lemma and the last one is (L12)). On one hand, by the uniqueness
(up to translations, multiplication by a phase factor and scaling) of Qg, this implies that u is
an optimizer of (LIZ) thence that, after a suitable rescaling, u(z) = tY/2Qq(tz + x) for some
t > 0 and zg € R. On another hand, it implies that the convergence in H!(R) is actually strong
since |@, |, — [«[ly and @], — v’ in L*(R).

We now show that u = Qg, which proves (but only up to a subsequence) both (LI7) and (LI9]).
That is, we show that ¢ = 1 and xy = 0. Indeed, taking the limit n — oo in ([Z.3]), we get

+1 6 — c s
Ss 12_bH H2 7TH ”4+Q HHQUH2
R 2
— 22 Q41 +t—< T ol + 7005 |- —olio
C 2 C . - s+1 _ £
> o5t +—6 t+7—-g(t)29(1)— 13 (2.7)

For the one-to-last inequality, we used that Qg is strictly symmetric-decreasing and | - |*

symmetric-increasing to obtain (see Appendix [Al for definitions and proof)
. 2 s 2
H|'—ﬂ?o|5QoH2>H|'|2Q0H2, Vo #0, (2.8)

that ||Q)||5 = 72/8 = b/12 , and that |Qo|; = 2/7. For the last inequality, we noticed that ¢/(1) = 0
where ¢/(z) = C2/6+ (6 — ¢) /6 — 2~ 51 is strictly increasing on (0, +00), from —oo to +oo. Hence,
z = 1 is its unique zero, at Wthh g attains therefore its minimum. Consequently, equality holds
in (2.7), which implies ¢t = 1, as well as in (2.8)), which in turn gives zg = 0.

In order to complete the proof, we need to prove that the convergence holds for the whole
sequence {uy}, and not only for a subsequence. This is a consequence of the uniqueness of @y and
of the fact that (.12 and (24) hold for the whole sequence. Indeed, assuming the contrary, there
exists a subsequence that does not converge in H'(R) to Qg. However, this subsequence is also
bounded in H'(R), because the whole sequence is, and we can extract from it a subsubsequence
that converges weakly in H'(R) to some v # Qg. Now, since the reasoning leading to u = Qo
(after u was obtained) relied only on inequalities that hold for the whole sequence {uy,}, it also
yields v = (g, which is a contradiction. The proof in the case ¢ # 0 is therefore complete.

Case ( # 6. Recall that A, /(6 — () > 0 (see Remark [[.3)). Combining ([2.2)) with (23] and the
definition of ¢,, depending on A,, yields

is strictly

s+l ¢ 6—C | NLs,~ 6-¢ m 4 1 2
— S Lo1) > A= e L sal] .
S 12+0( )_6An£n -7'—” (U )+ 6 2||u ||4+Q8 | |2u ) ( 9)
Using now (L12)), we obtain
8+1 C C+01 ~ 2 6 — C T §~
ooz A S Bt o 1 a0

with ¢ + o(1) > 0 even if ( = 0, as a consequence of B,, > 0 and A, /(6 — () > 0.

o If ( > 0, using ||un||4 < 2|@h]l, again, (ZI0) gives the uniform boundedness in H!(R) and,
consequently, that {| - |%/%@,}, is uniformly bounded in L?(R).

e If ( = 0, we cannot recover the H!(R)-boundedness this way, but we have

s+1 ¢
s 12

1 s
o) = A |24 Tt + 07| #a

2

where the factor in front of H&an is nonnegative —see the comment just below (2I0). This
implies that {| - |%/%@y, }, and {i,}, are uniformly bounded in L?(R) and in L"(R) for 2 < r < 4,
respectively. Assume now that ||@, ||, is not uniformly bounded. Then, there exists a subsequence
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(still denoted the same) such that e, := Hﬁ;”;l — 0. Let v, := 571/211”(5”-). It satisfies ||vy]ly =
1= v,lls, lvnlly = e/t |tn |, — 0 when n — 400 (since |y, is uniformly bounded), and
—2/)— ~ s s 2
B, = enly? [féffs(vn) +enlnAng Jonllf + 526 H| 3o, (2] .

This, combined with (2.2]) and since each of the three term on the right hand side are nonnegative
(using again (LI2]) and b, < b for the first term, and A,, = 6A,,/(6 — () > 0 for the second), gives

s+1 (
S 12

which in turn implies, by the same arguments as in the proof of Theorem [Tl that v,, — v strongly
in L"(R) for 2 < r < oo, where v is an optimizer of ([LI2). In particular, |jv,|, — [v|l, # 0,
contradicting |v,[, — 0. This concludes the proof that {@,}, is uniformly bounded in H!(R).

Therefore, for all 0 < ¢ # 6, {@,}n and {| - |*/%@,}, are uniformly bounded in H'(R) and
in L?(R), respectively. From here, we omit the detail of the proof because it follows strictly the
one in the case ¢ # 0. The only differences are that we multiply (2.9) by A,¢,/(6 — {) instead
of 24) by B, /¢ and that the O(B,,) in ([2.6]) becomes a O(A,¢,/(6 — ¢)). This concludes the
proof of Theorem

0 < Fpt5(5,) < ( > Q.05 222(1 + 0(1)) — 0,
n—

3. CONDENSATION AND COLLAPSE OF THE HARTREE GROUND STATES: PROOF OF THEOREM [ 4]

The goal of this section is to prove Theorem [[L4: to establish the condensation of the Hartree
ground states in the limit N — oo and to investigate its blow-up profile as well as the first order
expansion of the ground state energy. To do so, we prove first an elementary lemma which will be
heavily used in the proof of Theorem [[.4] but will also be useful in the rest of this work.

Lemma 3.1. Let u € H'(R). Then,

0< [ lu@itde= [ Uy u@P P dedy < Julfp o(yoie (1)
and
0< /R () dz— // [ Wy (@ = o2 = 2) [u@)Plu(u)Plu()? de dyd= < Julls o) nosoc (32

with the o(1)’s independent of w.
Furthermore, if xU(x) € LY(R) and W (x,y) € L'(R?) then

0< /R ju(a)]* dz — //R Uy () Ju() Phuly)? de dy < ON~ U @) Jull el (33)
and
0 [l e [J] Wite -0 = o) lulo) ) dedy oz
< AN W (2, ) |y S e (3.4)

We emphasize that the first two results are not a consequence of the last two ones, as the former
hold even if ||zU(z)||; and |[zW (x,y)|, are infinite. The point of [B1]) and (B.2)) is precisely to hold
in full generality, but without any explicit rate of convergence, while the point of (B3] and (B4
is precisely the rate of convergence, which requires these extra assumptions. Notice that, by the
symmetry of W in (L4), [|[xW (z,y)[|; < +o0 is equivalent to ||(z, y)W (z,y)|l; < +oo.

Proof. The nonnegativity in (3] is a consequence of the Cauchy—Schwarz inequality on reals,

Un >0, and ||Un||; = [|U]l; = 1. We have
u(2))* + |u(y)*
[ oxte = PP asdy < | owte - MO qray — [ jutas.

The one in ([B.2) is a consequence of the Cauchy—Schwarz inequality, Wy > 0, [|[Wx|, = |[W]; =1,
and the symmetry of W. We have

//R3 Wi (z = y,z — 2)lu(@)]? [u(y)*|u(z)|* de dy d=
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Ju(@)|® + Ju(y)|® + |u(=)[° _
S//Ra Wn(z -y, —2) 3 dxdydz—/R|u(az)|6dx.

The limit in (3] is the 1D analog of the limit in [33] Lemma 7] for the 2-body interaction in 2D.
For the limit in (3.2]), we adapt the arguments therein to our 3-body interaction in 1D case.

By the assumption ||IW], = 1, the changes of variables y — 2 — N~ %y and z — x — N~%z and
W(y,z) = W(z,y), we have

/'“ |6dx_// W (@ =y, 2 = 2) [u(@)[*[u(y)*|u(2)[* dz dy dz
://Rg Wy, 2) Iu(a:)l + |u(z = N7Py)| )Iu(a:)|2 <IU(x)| —|u(x—N*5z)|2) dzdydz. (3.5)

As in [33], we split the integral over z into two parts. On |z| > L, we use
2fu(@)*lu(z — N™P2)]* < |u(@)|* + u(z = NP2)|*,

then Holder inequality (on the integral on x). On |z| < L, we use
1 /
lu(z)|? — Ju(z — N782)|? = Nﬁz/ (Jul?) (z — tN~Pz)dt, (3.6)
0
then the diamagnetic inequality ||u|’| < |u’|, hence |(|u|?)'| = 2|ul||u|’] < 2|u||u’|. We obtain
[t as— [ Wy @y = 2) ule)Plut) Pu)? ds dydz
R R3
<7 W(y,2) [ (lu@)?+ Ju(e = Ny)P) (3ju@)* + u(e - N2)[*) dzdyd
g v, Yy u(z u(z 2 xdydz
l-I>L JR R

2_"73 1 W(y,2) | (Ju@) + ulz — N~Fy)P?
/o H<z Jr R( )

X u(z)2u(z — tN~P)||u/ (x — tNP2)|de dzdy dt

1
<t W playds+aver [ / [ W)l o, 4= dy
[|>LJR o JI<LJR

< 4C [lufp </ /Wy, z)dydz+ 4N~ 5L||W||1> 0,
>z

LN-6-0

where we used Sobolev inequalities for the last line.

The convergent rate (3.3)) is [32, Lemma 4.1]. See the details of its proof for our exact formulation
(recalling that |V|ul||, < |Vul,). For the convergent rate (3.4]), we adapt the arguments therein to
our 3-body interaction in 1D case. We start by applying (8.6]) to (B.5) without splitting the integral
on z, which leads to

JIL Wy @ = = 2 P ) Pt de dyaz — [ ju(o) o
=_N#8 /01 //11&2 2W (y, 2) /R u(x)|? (|u(m — N7 Py)2 + |u(m)|2) (|u|2)/ (x —tN"P2)dedzdydt.

By the diamagnetic inequality |(|u|?)’| < 2|u|[«/| and Hélder’s inequality we have
/R lu(@)Plu(e = NP2)P(jul?) (@ = tN~Pg) da < 2 ull§y /]l -
Similarly, we have
[ ) (P o = sN* ) de < 2l o'
Thus, by triangle ineqality we obtain (B.4]), concluding the proof of Lemma B11 U

With this lemma at hand, we can now prove Theorem [L4]
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Proof of Theorem [I.4 The proof for approximate ground states being the same, with very few
changes, as the one for ground states, we only write the latter.

We first consider the limit N — oo and prove (L20) and (T.2I]). When a <0 and 0 < b < b, it is
immediate from the nonnegativity in (B.I]) and (Bﬂ) that EH N> ENLS On the other hand, choosing

a ground state for E}i{;s as a trial state for Eab , the Varlatlonal principle together with (B
and (3.2) imply that

o(1) + EXES > BILN (3.7)
Next, we consider the case where a > 0 and 0 < b < b. We use again Lemma [B.1] to obtain B).
For the energy lower bound, we process as follows. Let uy be a ground state for E . On one

hand, when 0 < b < b, it follows from (B.7)), the nonnegativity in ([B.2]), and (LI2]) that [y lly is
bounded uniformly in N. Then, the variational principle together with Lemma B.1] imply that
H,N
E," > Egy® +o(1).
On another hand, when b = b, we prove that ||[u/y |, is bounded uniformly in N under the assumption

a > > 0. We assume on the contrary that |uly|, = oo as N — oco. Define vy = 6%21@\/(6]\/-)

with ey := [[u/y]; . Then, we have [lux |, = 1 = [vy[, and

i () = 2 S ow) + 5 [ Untenta = p)low(@)Plox ) dr .

Here, we have used (3.2) on vy and the nonnegativity of the external potential. Since ey — 0 as
N — o0, the above and ([B.7)) imply that

FS(ow) 50 and [ exUn(ent@ - p)lon(e) o) dedy -0
R2

as N — oo, where we recall that fé\ILS is defined in (2.I]). As usual, the former implies that vy — v
strongly in L"(R) for any 2 < r < oo, where v is an optimizer for (LI2]). On the other hand, we
observe that ey > C'N~8. This follows from (3.7)), which implies

_ b
57 =l < g ] Wt = v = s (@) Plus )P () dedyds + BN + o(0),

and |[Wy|l, = N??|[W|.. When a > 3, we have that N%y > ON®? — o0 as N — co. Then,
the scaled two-body interaction enyUn(en-) must converge to the delta interaction 0y—y. More
precisely, by (B —which applies the same to exUn(en+) as long as ey N — +o0o—, we have

0< [ low@)itde = | exn(ente = u)low (@) Plov () dedy < fonlfp of1) = of0),

and we now use crucially that this o(1) does not depend on vy, in order to obtain the contradiction

/|v ) dx = hm /|v |4dx—// enUn(en(z — ) |on () *lon (y)? dz dy
= lim /|1)N(x)|4dx—//R26NUN(6N(x—y))|vN(x)|2|vN(y)|2dxdy:0.

N—oo R

Therefore, we must have desired convergence of energy (L21]).

We now turn to the proof of (L20). On one hand, we have proved in all cases that the sequence
of Hartree ground states {uy}y is uniformly bounded in H!(R). On another hand, (3.7), (31,
B2), and (LI2)) imply the uniform boundedness of H\ e NHQ' Therefore, up to a subsequence,
uy — ¢ weakly in H'(R) and strongly in L"(R) for 2 < r < +oc0. By B1), (2), and the weak
lower semicontinuity, we have

lim £5" (uy) > ENFS(9) > ENGS.

N—o00
Together with (IL.21]), the above implies that ¢ is a ground state of EGN%S. We also obtain
I ML
N HUNHQ [ HQ

Hence, uy — ¢ strongly in H!(R). This completes the proof of (L20).
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As for the proof of collapse for Hartree ground states in (I.22]), we start with the upper bound
matching the ground state energy expansion. We rewrite

e ) =5, ) + 5 [ Onta = plu@Plu)P dedy - 5 ] ju(o)*da
% // | W = o = Dlu@)Pluly) Plu(z) P de dy dz + o // [ u(e)® s

for any u € H'(R). Choosing Qy := 671/2620(6;\,1-) and using (B.3]) and (B.4]), we obtain
BN < e N (Qn) < ENS (Qn) — Cmin{0, an }N~R2 + CoyNTPI2 .

an,by — Yan,bn aN by

By Theorem and since £y = N7, it yields
BN < ENLS (1 +o(1) — Cmin{0, ay } "IN + CN"<8+3>—5)

aN7bN —

and the error term is negligible since n < min{3/(s + 3), a} and aNﬁj_V(SH) = 0(1) for all ¢ > 0.
Let un be a ground state of ECIL{A’]AIZN and Uy = E%QUN(KN-). Then, |an|, = |lun|, =1 and

+ %N //RQ Un(Un(z —y)|an (=) Plin(y) > dz dy, (3.8)

where we used the nonnegativities in ([B.2]) and of by. We now prove the claimed convergence ([L22]),
which immediately implies the ground state energy expansion. Again, we distinguish the two cases

¢ #0and ¢ #6.

Case ( # 0. Recall that By = b — by > 0. Combining the upper bound on Etlz{&]\l[m with (B.8)), the
definition of ¢ depending on By, and (.12]), we obtain

EH,N > /= 2J,—_-NLS( )_i_es

an,bn

S o
R

s+1 ¢ ¢ B .
s Tt ()ZEHUNHi"‘Qslu"QUNH
6
+< 6C 3t (1)> /R2 InUn(Un (2 = y)|an (2) Plax (y)]* dedy. (3.9)
Thus, by BI) and || < 2|y, we have
s+1 ¢ C e 6—C m B .2
5 —E+0(1)Z—HUNH§ ‘T —+o(1 _}_QSIH|.|2UNH2,

implying that {@n}y and {| - [*/2@ N }  are uniformly bounded in H'(R) and in L?(R), respectively.
Hence, up to a subsequence, @y converges to u weakly in H!(R) and strongly in L"(R) for 2 < r < co.
Therefore, by (BI]) —which applies the same to {yUpn (¢x) as long as £y N — 400, which is ensured
by n < min{3/(s + 3), a}—, we have

0< [Jav@)tde— [[ exUs(tte — ylan()Plav )P dedy < sl o(t) = of1) .
R R
and we now use crucially that this o(1) does not depend on @y in order to obtain

lim INUN(Ey (@ = )iy (@) [y (y)]* dedy = Jim s dz = full; -

N—oo J/R2

Inserting the above into (8.9]) and adapting the arguments in the proof of Theorem [[.2] it concludes
the proof in the case ¢ # 0.

Case ( # 6. Recall that Ay /(6 —¢) > 0 with Ay = ay /7. Combining the upper bound on E b
with (3.8]), with the definition of /5 depending on Ay, and with (IL12]), we obtain

N

s+1 ¢
s 12 1° o(1) >

C+0

S

) a ] + 07 IRE NH

+ % 2 /RQ INUn(En(z — y))|iin (2)P|an (y)|* dz dy

with ( + o(1) > 0 even if ( = 0, as in the proof of Theorem
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e If ¢ > 0, we conclude the proof by similar arguments as in the previous case (but with the formula
of /n depending on Ay and not By).
e If ( = 0, we assume further that 3 < a. As it is now usual, we cannot recover the H'(R)-
boundedness as before, but we have
s+1 o1) ., 112 _ s_ 120w - -
= to(l) = (T) liwlly + 0t |1 - 12w+ 5 // ENUn (Ux(a — )iy @) Plan (y) de dy,
R
with the factor of ||&§V||§ being nonnegative. Hence, {|-|*/?uy}y is uniformly bounded in L?(R).
We now prove the uniform boundedness of {fiy}y in H*(R). Assume, on the contrary, that it is
not the case. Then, there exists a subsequence (still denoted the same) such that ey = [|@y ||, g

0. Let vy := 6]1\{212]\[(6]\/-). It satisfies |lon|, = 1 = ||[vly]l, and it follows from (B.8) and the upper

bound on E(II{AIC that
NHON

s+1 S _9,_ s s s 2
( P 0(1)> Qulyy = e U Foy S (uw) + el H\ : PUNH2

+5 //RQ Un(entn(@ —y))|on (@) lox (y)]* dz dy .

All terms being nonnegative (using (LI2) again) and since {n,eny — 0 as N — oo, it implies

2 (s+1
0< //26N€NUN(6N€N(x —y))|vN(x)|2|vN(y)|2dxdy < — ( . —i—0(1)> ey — 0
R

N—o0
and
0< FplS(on) < (14 0(1)) Qo3 %% — 0.
N—oo

The latter implies that vy — v strongly in L"(R) for any 2 < r < oo, where v is an optimizer
to (ILI2)), by the same arguments as in the proof of Theorem [Tl On the other hand, we observe

that enfy =N H&M\;l > CN—F. Indeed, since ay > 0, the upper bound on ECIL{]’V%N yields

67 s < 5 // | Wl (@=y). (o =)l @)l ()l ()] de dy dz+0(Ey) = OV*),

where we also used |[Wx/|, = N?|W||_ and {y ~ N~ Hence, en{yN® > CN“ P — 400
and (BI)) —which applies the same to en{NUn(enln-) as long as en{ny N — +oo— implies

0 < Jlowlly — //RQ enUn(en(z = y))low (@) Plon () dz dy < Jox|Gn o(1) = o(1),

and we now use crucially that this o(1) does not depend on vy, in order to obtain the contradiction

lolly = lim [ox]s— lim // entnUn(entn(z —y)on () *lon (y)]? dedy = 0.
N—o0 N—oo J)Rr2

This concludes the proof of the uniformly H'(R)-bounded of {@y}x. Together with the uniformly
boundedness of H| . |8/2ﬂNH2, it gives (up to a subsequence) that @y — u weakly in H'(R) and
strongly in L"(R) for 2 < r < oco. From here, the proof is the same as in the case { # 0 above
and we therefore omit it.

O

4. THE MEAN-FIELD LIMIT AND COLLAPSE OF THE MANY-BODY GROUND STATES

The goal of this section is to prove Theorems and The strategy and main difficulty is
to compare the quantum energy E(?I’JN in (L6) and the Hartree energy ECIL{I’)N in (IL9). The upper

bound can be obtained using trial states u®", and the main difficulty lies in the lower bound. Once
those bounds are obtained, the result then comes from Theorem [I.4l
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4.1. Proof of Theorem We start by working under the setting 0 < b < b and a > 0. Note
that the two-R-body interacting term is controlled by the kinetic term, using the 1D Sobolev’s
inequality and removing center of mass as in [32, Lemma 3.7]. We have

aN“UN*(x —y)) < e(hg + hy) + C- (4.1)
for every a@ > 0 and £ > 0. Furthermore, the three-R-body interacting term Wy defined in (L5
satisfies [Wx ||, = |[W|, = 1 and |[Wy|, = N??|W|_.. Hence,

EQN _ (Un, HYUN)
a,b N
where we also used b < b and a > 0. This gives an a priori estimate on the kinetic energy, i.e.,

> T[] - g Wil > T [1r)] - o822,

Tr [m&j}v] < ON?28. (4.2)

Taking (A2]) as a starting point and using the localization method in Fock space [28], one can
obtain (L24). A major ingredient in our proof is the quantitative version of the quantum de Finetti
theorem, originally proved in [10] (see also [16} 9} 23] B1],[32] 33]). The following formulation is taken
from [38, Lemma 15].

Theorem 4.1 (Quantitative quantum de Finetti).
Let Uy € HY = ®N L?(R) and P be a finite-rank orthogonal projector. Then, there exists a

sym
positive Borel measure puy, on the unit sphere SP$ such that

12dim(P$H
Tr P8y () pes — / |u®3>(u®3|dp\p]\,(u)‘ < # (4.3)
5P$
Furthermore, with Q =1 — P, we have
1> / Ay, (u) = Tr [P®37§) P®3] >1-3Tr [Qw&} )} : (4.4)

We will apply the above with P a spectral projector below an energy cut-off L > 0 for the
one-body operator h given by (L23])

P=1(h<L). (4.5)

Note that, from [32, Lemma 3.3], we have the following semi-classical inequality “a la Cwikel-Lieb—
Rozenblum”

dim(P$H) < Lzts . (4.6)

This, together with (43]), gives a good control the error term made of the energy estimate in low
dimension, which is the case in our present work. Now, we use Theorem [4.1] to derive an energy
lower via the de Finetti measure.

Lemma 4.2 (Energy lower bound with the de Finetti measure).
Let Uy be an arbitrary wave function in V. Let uy,, be the Finetti measure defined in Theorem[f.1]
with the projector P given by ([&X). Then, for all L > 1 we have

(U, Hap V) N L+ N% N38

H .
e e P§) —
g ﬁ€a7b (u)dpg, (u) — C I dim(P$H) — C T

(4.7)

Proof. Following the proof of [33, Lemma 4], we write

(Un,HYUN) 1 1 1
T’ = 5 Tr [H?)f)/\(;])v} = g Tr [H3P®3’)/\(Ii)vp®3} + g Tr |:H3 (’)/\(Ii)v - P®3’7\(1§])VP®3>] (48)

and will bound each term from below.
For the main term in (48]), we use (4.3]) to obtain
L
Tr |:H3/ [u®3) (u®3| d,u\pN(u)} - CN dim(P$) — CN?~1 dim(P$)
SP$

= i (u) dpu (1) — C% dim(P$) — CN?’~1 dim(P$).
ﬁ b
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Here, the first error term is due to (4J]) and Ph < LP, while the second error term follows from
the simple estimate

P3NP < ON2P P3|
Let’s estimate the error term in (4.8]). We use that
h = PhP + QhQ
and obtain the following decomposition for the three-body noninteracting Hamiltonian
halel+190hl1+1010h=P® hell+10hl+1®1®h)P®3
+PhPRP®Q+PhPRQ®P+PhPRQ®Q
+PRPhPR®Q+Q®PhPR®P+Q®PhP®Q
+PRQRXIPRP+Q®P®PhP+Q®Q&® PhP
+RMITRIT+LIRQRQIT+1T®1RQIQ.

For the two-body interaction term, we write
1 1 a3 @3 1
§(UN®]1+]I®UN):§P (Uyvo1l+1®Uy)P +§H(UN®]1+]1®UN)H

+%P®3(UN®11+11®UN)H+%H(UN®11+11®UN)P®3
with the orthogonal projection
MI:=PRPRQ+PRIQIP+PRQQ+QRL®1.
To bound the error terms we use the inequality
XAY + YAX > —eX|A|X — e 'Y|AlY,

valid for any self-adjoint operator A, and any orthogonal projectors X, Y. Using now Qh > LQ,
(1), and collecting our estimates, we find

1
h®]l®]1+]l®h®]l+]1®]1®h+§(UN®]1+]1®UN)

1
> p®3 <h®11®11+11®h®11+]1®]1®h+§(UN®]1+]1®UN)>P®3

-1

1—
helel+lehel+loleh)+

L 1
+H<Z+§ (UN®11+11®UN)>H

—eCP® (Uy®1+1Uy)P®

1
> p®3 <h®11®11+11®h®11+]1®]1®h+§(UN®]1+]1®UN)>P®3

L
+<Z—C—Ce2)H—sC(h®11®11+]l®h®]l+]l®]l®h+0).

Choosing now e proportional to L~1/2 such that L/4—C —C/e? > 0 for L > 1, taking the trace
against 7\(1?1)\7, and finally using (4.2]), we obtain for L > 1 that

1
Tr|:<h®]1®]l+]l®h®]l+]l®]l®h+§(UN®]1+]1®UN)> (fyg’])v—P%fyff])VP@?’)}

> _CL3 <Tr [hv&ﬂ +C> > _CL 3N (4.9)
To deal with the three-body interaction term, we use the Cauchy—Schwarz inequality for operators
+(XY + YV*X*) <rXX*+r7 Y, Vr>0,
and we write, for all » > 0, that
3 3
+2 (7&,3\{ — P®37‘(1f1)v P®3)

= £ (1= PP, 98 (1= P) + PE3) (1= P2) 4 (1= P#%) o) P9?)
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<2r (1= P40 (1= P9) 407t (4, + PS5 P97

Taking now the trace against Wy and optimizing over r > 0, we find

N

Ty [WN < (3) _ pE3y 3 )P®3>} > V2 (Tr [WN <7‘(1?1)v n P®37‘(I?1)VP®3)D

x (T Wiy (1= P) 8 (1= P#%)] ) (4.10)

N

For the first trace under the square root, we use Wy < CN?2 to obtain
Tr (Wi (2§, + P25, P9%) | < ON?7. (4.11)

For the second trace under the square root, using again Wy < CN?*, Q < L~'h and (4.2)), we find
that

26 48
®3) -, (3) ®3 26 m] o N m] . CN
Te (W (1= P29, (1= P3| S ONP T [QhQay) | < —5—Tr ) | < =——. (4.12)
The second error term in the lower bound ([&7) to the quantum energy follows from (£9)—(412). O
Coming back to (£1) and taking into account (4.6]), we obtain

3,1
Lats N38
EyN > BN > 5H N(u)d e -C—.
By choosing optimally L = N(38+1)s/( 23“) we finally obtain

H,N N H,N 3B(3s+2)—s

c> NN >ESN > ELN (u) gy (u) — CN™ 552

SP$H
3B8(3s+2)—s
> B / dpg, (u) — CN™— a2 (4.13)
SP$H

Note that, with the choice of L, the de Finetti measure py, converges to 1 as N — oo, by (4.4).
We can now prove complete the proof of Theorem With the above work, the proof of (i)
reduces to the combination of ([AI3]) at b = b with (I.2I)) —hence the requirement o > f—, since
it gives (L.24)).
For the proof of (i), the collapse of ground state energy in ([L26]) follows from |, spg dwy (u) =1,
(#13), and Theorem L4l Hence, we are left with proving (L27)). Note that, by (@I3]), (£4), and
the assumption (L.25]), we have

H,N
lim Md — ] d —
pwy (u) = lim pwy (u) =1. (4.14)
N—oo SP§H EaN b N—o00 SP$

From (43) and Cauchy—Schwarz inequality, we also obtain

() . ®3\/,,®3 _
Jim T, = [ 0 e, ()| = 0.
which in turn implies that
lim Tr |y - / ) (] dpe, ()| = 0.
— 00 SP."_)

To complete the proof, it suffices to prove the convergence of one-body density matrix, which is
equivalent to

tim [ 1w Q) dprag () = 1, (415)
N—oo SP§H

where Qn = E;,l/ 2Q0(€;V1-) as in the proof of Theorem [[L4l Defining

H,N
o Epnon (W)
5]\/’ = spg EHT -1 dM\I}N(U) s

an,bn
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we have dy > 0 and, by (£I4]), )y — 0. Let T be the set of all positive normalized functions v in

S P$ satisfying
H,N
0< aN7bN( )

—1< /6 (4.16)
aN,bN

The Tn’s are non-empty since they contain Hartree ground states.
We prove that we must have

lim inf [(u,QnN)| = (4.17)

N—ooueln
If this was not the case, and since |[(u, Qn)| < |lul, |@n]y = 1, there would exist a (sub)sequence
{un} C Tn such that

limsup [(un,Qn)| < 1. (4.18)

N—o00
Since uy € Ty and oy — 0, we would deduce from (4.I6]) that

H,N
. an,bn
li LN

an,bn

(un)

N—00
That is, {un } v would be a sequence of approximate ground states. Theorem [[.4] would then imply
N—o00

contradicting (4.I8]). Hence, we must have (4.17).
On the other hand, by the choice of Ty, we have

Eanby (W) —
an,by

for any u € l:TN := SP$H \ T. Therefore,

Eanin () Eany ()
5N::/ﬁ N 1 d#WNQOE?/ﬁ —— 1) dmun (w) > Vonpay ().
SP$ E, " CTyn E
NHON an,ON

Thus, py N(ETN) < V/0n — 0 and consequently py, (Tn) — 1, by (£I4). The latter convergence
and (£.I7) imply that
| 1@l () = [ 10 Q)| dpa (0) = o (T) inf [(0.Qu)] =1,
SP$H Tn u€TnN

Thus (£I5) holds true and the proof of Theorem [[.5lis finished. O

4.2. Proof of Theorem We start with an inequality on the one-body kinetic operator h,

defined in (L23)).

Lemma 4.3. As operators, we have
d2
—+1<Ch,.

Proof. From Sobolev’s inequality in 1D (see, e.g., [37, Theorem 8.5]), we have

1
I£15 =/ Iis +/ 1P < 20If1% +/ 2 |°|f (2)]? de
-1 R\(—1,1) R\(—1,1)

) )

<271, 11 + / 2P| f () da
1
<sWB+20F 1+ [ feblf@P da,

for every function f € H'(R). Hence

P2 < a7 +2 /R 2?1 ()2 dz
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d2

which is nothing else than the operator inequality 1 < —4 + 2|z[*. Thus,
d? d?

Note that (42) is a bad priori estimate on the kinetic energy and cannot be improved in the
case b = b. In the contrary case where b < b, one can derive moment estimates. Together with a
bootstrap argument as in [33], 39], one can obtain the convergence of energy (IL.28) for a wider range
of 8 > 0. A major ingredient in our proof is the information-theoretic quantum de Finetti theorem
from [35, [5]. The following formulation is taken from [20, Theorem 3.2] (see [43, 44] for a general
discussion and more references).

Theorem 4.4 (Information-theoretic quantum de Finetti).

Let $ be a complex separable Hilbert space, and $Hn = H®¥N the corresponding bosonic space. Let
7\(1?1)\7 be the 3-body reduced density matriz of a N-body state vector Wy € $Hn (or a general mized
state) and P be a finite dimensional orthogonal projector. There exists a Borel measure py, with
total mass < 1 on the set of one-body mized states

Sp := {~ positive trace-class self-adjoint operator on P$), Try =1}
such that
log(dim P)

¥ (4.19)

sup Tr
0<A,B,C<1

3
A®B®C <P®375PJ)VP®3 - /S v duw(w)) ‘ <C
P
where the sup is over bounded operators on P$). Furthermore,
1> / Qg () = Tr [P P2 > 1 - 3T (4] ]
Sp

We will again apply Theorem [4.4] to the spectral projector P given by (4.5]). In order to made use
of (£I9), we shall decompose the interaction operators using the Fourier transform in the manner

NCU(N%(z —y)) = / U(N~“k)e™ e dk (4.20)
R
and
N2PW (NP (z — y), N®(z — 2)) = / W(N Py, N~Pky)eik1tha)ze=ikryo=ikaz qp, dy . (4.21)
R2

The involved multiplication operators in the above integral are indeed of the form A ® B® C. We
will interject a simple control of each term separately.
Our two key ingredients in the proof of Theorem are the new two lemmas.

Lemma 4.5 (Lower bound with the de Finetti measure).
Let U be an arbitrary wave function in V. Let uy,, be the Finetti measure defined in Theorem [{.]]
with the projector P given by ([&3). Then, for all L > 1 and 0 < § < 1/2 we have

log L

Uy, HN U
(T Moy ¥) S Llog N = CL™3 Tr [y |

~ > / EXPN(v) dpay () — C
Sp

PN

et (T [m®]) 7 (T e m))H . e

Here, E?E’N(W) 1s the modified Hartree energy defined on positive trace-class self-adjoint operators,
mH,N a a «
e ) =Tl + 5 [ NUW o= ) ) 0) dedy

B g //R3 N2W (NP (x = y), Nz — 2))py () (y)ps (2) d dy dz

and the density p,(x) = ~v(x,x) —defined properly by the spectral decomposition— satisfies [ py =
Tr~ = 1. Moreover,

1> /S dpay () 2 1= 3Tr |Q1y) | = 1317 T [y | - (4.23)
P
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Lemma provides a sharp lower bound to the ground state energy if we have a strong enough
a priori control of the error terms in ([£.22)). To go further, we need the following moment estimates.

Lemma 4.6 (Moments Estimates).
Let0 < B < 1, U € HY be a ground state of Hévb, and E(?I’)N’e be ground state energy associated to

the modified Hamiltonian Hévf = Hévb —¢ Zjvzl hj , i.e.,

EEVE = N7Vinf {(wn HY Wn) s Wy € 5V, U]y =1}

a7

Then, for every e € (0,1), we have
Q?N7
< Lt ‘Eavb ]

Tr [h%(pl])v] S— — and Tr [h ® hw\(li)v} <

1+ |EHY

- (4.24)

The first moment estimate in (£24]) can be obtaind directly using the Schrédinger equation
satisfying by the ground state Wy. In order to obtain the second moment estimate in (£24]), we
need the following bounds for the three-body interactions, some of which will also be used in the
proof of Lemma

Lemma 4.7 (Operator bounds for three-body interaction).
Let h be given by [L23). For every W € LP(RxR,R) with p > 1 and satisfying the symmetries (L),
the multiplication operator W (x — y,z — 2) on L?(R3) satisfies

Wz =g,z =2)[ S [WIl, (1= Ay = Az) S W], (hy + h2) (4.25)

and
Wz —y,x —2)] < ||Gsl|% W], (1= A,)ZH(1 —A,)3+

1
< G5 1G5 )15 IW ly (yh=)2*? (4.26)

for any 6 > 0. Here G5 is the Green function of (1 — A,)~1/279,
If in addition ViW € L1(R x R,R), for any q > 1, then

e, W = y,2 = )} S (IW], + IVWI,) ha(ly + h2) (4.27)
Note that, from now on and for shortness, we denote by {A, B} the anticommutator AB + BA.

Remark 4.8. The bound in (£.28) shoud be distributed to all variables and we can actually prove
that

Wz —y,z—2)| <C(1— A3 (1— A1 — AT vs>0.
With this better operator bound, however, we need to control the third moment estimate which is
not available. A

Proof of Lemma[{.7]. The proof of the first inequality of (£25]) relies on the Sobolev embedding
H'(R?) — L"(R?) for 2 < r < oo and goes as follow. For 2 <2¢ < ooand 1 < p=¢q/(qg—1) < oo,
we have

(g, 2, W (e =y, — 2)| f(2,9,2)) paggey < W], /R 1@ ) Bas e o

< W, /R 1@, s ey A

= ||W||p (flzyy,2),(1 = Ay = AL) fw,y, Z)>L2(]R3) .

The second inequality of (427 is obtain using Lemma [£3]
For the proof of ([£26)), we use as in [40, Proof of Lemma 3.2] that (£26]) is equivalent to

_1_ _1_
VIW(@ =y, =2)|[(1 = A) 72 (1= A,) 72V [W (e —y,z — 2)] < G5l % W], -

The Fourier transform of the Green function G of (1 — A,)~1/279 is

- 1
Gs(&) = | e ™ Gs(z)da = —————
5(€) /Re 5(x) dz RS
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which verifies for any § > 0, that

(Goll < 1Gall = | ——s < ¢
R (1 +4n2¢2)2t

Thus, for every f € L?(R3), recalling the symmetries (L4) of W, we have
(F VW@ =y =21 = A) (1 = A) 30 W — gz - 2)If )
- [ Ty W =gz = AlGaly ~ o)
X Gs(z — WIW(x —y,x — 2)|f(x,y, 7)) de dydzdy’ d2
< Gsllz /R5 (@9, 2)VIW (@ —y,z = 2)VIW (e —y, 2~ 2)||f(z,y,2)] de dy dz dy' d'

= G5l Wy 1/ Z2 e -

The inequality is obtained again using Lemma [4.3]
For the proof of (£.27)), recalling the symmetries (IL4]) of W, we have

W(X,Y)=W(,X) = ViW(X,Y) = VoW (Y, X).

Hence, we obtain
VilW(x —y,z—2)] = Vi[W(z —y,z —2)] + Vo [W(z —y,z — 2)]
— Wz — gy — )+ Vi W — 2,5 — )]
Then, a straightforward computation using integration by part gives us
(fiE2{-2e W(z —y,z —2)} f) = £2R(Vof, Vo [W(z —y,z — 2)f])
= +2(V,f,W(x—y,x—2)V,f)
£ 2R (Vo f, (ViW) (2 —y, 2 — 2)[)
1 2R(V,.f, (ViAW) (z — z,x — y) f)
for any f € H?(R3). Moreover
(Vo f, W(z —y,z —2)Vaf) < (Vo f, [W(z —y,2 — 2)|Vof)
and
F2R(Vof, (ViW)(z =y, 2 — 2) f)
<2(IVa VIV (& = yow = )L VIV )@ — g2 — 2)])
< (Vo (VW)@ =y, 2 = 2)|Va f) + (fI(ViIW) (@ — y, 2 = 2)|f) -
Now, we apply (L25)) to [W (z —y,z—2)|, |(ViW)(z —y,z—z)| and |(ViW)(z — 2,2 — y)|, together
with Lemma [4.3] and obtain
(fi2{-0e,W(z —y,x - 2)} f)
S W, (f, (1= Ay = A2) (=) f) + [ViW |, (f, (1 = Ay = Az)(1 = Ag) f)
S AW, (hy + h2)(=A2) f) + VW, (f, (hy + ) (1 = Ag) f) (4.28)
We conclude by proving, for any s > 0, that
{2l Wz —y, 0 —2)} = £2W(z —y,z — 2)[z]* S (W], (hy + hz)|]*.

For any f € L?(R), we can suppose |-|*/2f € L?*(R) as the inequality is otherwise trivially true since
the RHS is then +oo. Therefore, we can use (4.25) to obtain

£l W (@ = yow = 2)f) S W, (212, (g + h)|el3 ) = W1, (F, (y + he)lal )
Together with (£.28)), this gives the announced result
ke, Wie =g,z = 2)} S ([Wl, + [ViW],) (hy + ho)he
This concludes the proof of Lemma, .71 O
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With Lemma 7] we can now prove Lemma The proof follows very closely the one of the
same result [33, Lemma 5] for the 2-body interaction in 2D. The proof of the first result is even
strictly the same. For the convenience of the reader we nevertheless do it here in details.

Proof of Lemma[4.6. For the first result in ([£.24]), we have on one hand EQ Ve < EQ N < EH N <o
and, by definitions of HN6 and EQ N it implies that EQ N <o+ ‘EQ N1y On another hand,
again by definition of EC? Ve we have Héve >N E(?’N’e and consequently

N
N, N, N 2 € N
ERVE <~ <\I/N,Ha,b€\IlN> = BV IO — = D (Un by ) = BEY — e (Un, ha¥y),
j=1
where we used that Wy is a ground state (in particular, |Uy|l, = 1). Therefore, combining the
1)

above and using the definition of vy, , we obtain

e Tr ) | =@y oy < BEY - BN <o (14 ‘Egi)N,a

) : (4.29)
For the second result in ([4.24)), the strategy is to bound Tr {h ® hvgj)v}, using the definition of

the two-body density matrix 7\(1,2])\,, as follows

N 2 N
<\I/N, (Z h]) \I/N> = (Un3TN)+ D (Un, by Ty)
Jj=1 Jj=1 1<j#k<N
~ NTr [mg}g] FN(N-1)Tr [h @ hy'? } > ON? T [h ® m&f}v] . (4.30)
Then, we bound the LHS of (£30) by

N 1+ BN
<\IIN, > hy, HY, \IIN> and (+ ) :

- €
Jj=1

and finally the former by the latter. We start from the identity

N N N N 2
> ki, HY, b = (Z hj>Hng +HY, (Z h]) =2 (Z hj> + Wy, (4.31)
j=1 j=1 j=1

j=1

where

WN ::_(N—l _2 Z Z {hi,WN(.%'j—.%'k,.%’j—.%’g)}

1<z<N 1<j<k<t<N
and distinguish two cases for the summation on four indices. On one hand, for any fixed i, using

SIS DI (D DI IEED SRS DR |

1<j<k<t<N  1<j<k<t<N Ni=j<k<l<N 1<j<k=i</<N 1<j<k<f=i<N
Gk O£

the definition of Hé\’[f through the identity

N
b N
NSOV =9 E WN(xj—xk,ﬂ:j—ﬂ:g):Haf—(l—e)E h;,
1<j<k<t<N j=1

and the symmetries of W, we obtain for any r > 0 (and still any fixed ) that

b
_ EEE) Z WN(xj — Tk, X — )

1<j<k<(<N
JikLFi
al b
N7
:Ha,be_(1_€)<zhj>+(N_1)(N_2) Z WN(wi_xjam'i_xk)
= 1<j<k<N

i#i#k



ON 1D BOSE GASES WITH 2- AND ATTRACTIVE 3-BODY INTERACTIONS 25

b||W,
> NEO(LQI,)N,E . (j :h ) ” N”H—r § : (hj +hk)
7 - DIV -2) 1<j<k<N
JFiFk

N
,N, 2r g1
> NEEY — (1= e+ Cb Wy, N27) S n;
j=1

Here we used the definition of EQ’NE

Therefore,

- W= Z > b Walaj — a2 — z0)}

1<z<N 1<]<k<Z<N

and ([£.27]) for the first inequality and h > 0 for the last one.

g,k £
N 2r N 2
> N ENe (Z h]) —2 (1 — e+ CH|W], NW5’1> (Z h]> . (4.32)
j=1 J=1
On another hand, by ([£27) and using the splitting
) D DL D DL DD
1<j<k<t<N i=j<k<t<N 1<j<k=i<l<N 1<j<k<tl=i<N
ie{j.k, 0}
as well as N/(N —2) <1 (for N > 3), we obtain, for any r,t > 0,
b
_ (N_l)(N_Q) Z {thN(xj —xk,$j—$g)}
1<j<k<t<N
i€{j.k, 0}
b
(N—-1)(N -2) 1<;N ‘ Lo
1<j<k<N
Gk
b
> — C (W, \S114 hi(hj + h
- (N_l)(N_z) (” N||1+7"+|| 1 N||1+t) 1<Z<N l( .]+ k‘)
7
1<G<k<N
J,k#i
b 2r ot
= = O3 (N2 Wl + NP VAW ) D iy
J#i

N 2
b
> - O (NT Wy, + N2 90w ) (Z hj> :
j=1

Choosing 7 > 1 and t = (r — 1)/(r + 3) € (0,1) so that the two powers of N are equal, we have

N 2
b 2 5
- (N—l)(N—Q) Z {hiawN(xj_xlmxj —.%'g)} > _CrbN1+T6 1<Zh]> ) (433)
1<j<k<t<N j=1
i€{jk, 0}

where

Crim € (W e VAW gy o ) -
Inserting (4.32)) and (A33)) into (£31)) yields

N N NETTB N 2
7N7 "

E hj,Hé\fb ZQNEgb 5<§ hj>+<2€_CTbN—1> <E hj> .

J=1

J=1

Hence, using the trivial bound ESE)N’e > — ‘E?l’)N’e

then (£29]), we obtain
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N
<\I/N, > hi HY, \I/N>
j=1

2 Q7N,€
> —2N?|E

2
1+ (EQ’N < ) 2 N2
2 ( a,b Nt
> —-CN e + ( - C, b 1) <\I’N, <§ hj> \IIN> . (4.34)
For the upper bound on {Z;Vzl hj, Hévb}, using that Uy is a ground state, we write

N

N
<szN, > hyj HY, xpN> =2NEHY <\I/N, (Zhj>qu> =2N?ESN (W, hTy)

j=1 j=1
€

Here we used again (£.29]) and ‘EQ N‘ <C (1 + ‘EQNE ) Finally, if 5 < (r 4+ 1)/(2r) —note that

(r+1)/(2r) € (1/2,1) for r > 1 as we assumed—, then 2¢ — C,bN?"8/(+7) /(N —1) > ¢ > 0 for N
large enough and the above inequality, together Wlth (£30) and ([434]), gives the wanted result

1+‘EQN€

ol

) L |
We now turn to the proof of the energy lower bound (£22) in Lemma
Proof of Lemma [{.5] Again, we use the decomposition
Uy, HN U 1 1
(O Hy) ) b N _ ST [H; P PP+ S Tr 15 (2, - P2 PR ). (4.35)

For the main term in (£35]), we define

oy ® —/ Y& Ay (7) -
Sp

By decomposing the interaction term as announced in (4.20) and (4.21]), using the triangle inequality
with (£I9) and recalling (4.6]), we obtain

1 1
ST [H pes,® P®3} > ST [H3P®3 (3)P®3} R={ Ny dugy(y) —R. (4.36)
Sp

Here, in order to control the error term

log L
R:=C ng <L+ > /HPekPH U(N—°k)| dk

epe{cos(k-),sin(k-)}

+ > // | Per, Pl | Per, P | Per, 1, Pl W (N =Py, N~ ks) | dky dk‘2>
ep€{cos(k-),sin(k-)}

we make use of the following lemma, which is the 1D analogue of [39, Lemma 3.4] and has a similar

proof that we therefore omit it for brevity.

Lemma 4.9 (Multiplication by plane waves).
Let k € R, k # 0 and ey, be the multiplication operator on L*(R) by either cos(k-) or sin(k-). Let P
be the spectral projector given by (&I). As operators, we have

1
.
+Pe, P < min {1, %} .
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The first error term in R, L, is the operator norm of P®3(hy, + hy, +hey ) P®3 /3. The second error
term, made of the two-body, interaction can be estimated using Lemma[£.9 and the condition (T.2)),
which ensures U € L*(R), as follows

/||PekP||2|ﬁ(N_O‘k)|dk§/min{ Cz}w( ~k)| dk
R R K|

<Nl / dk:+/ CL ) <c+cr
k<1 k1 k2

Similarly, we use again Lemma [£.9] and the condition (L3]), which ensures Wel?n L>(R?), to
estimate the third error term in R made of the three-body interaction. We have

[, 1Pes, PUIPew, PL LPes o1 P W Nk, N~ks) i

1 1
CL: cL: | —
< min mind 1, —— dmin{ 1, ——— Y |W(N Pky, N Pky)| dky dk
<. { rklr} { rkzr} { rmkzr}’ W R )
< Wl dky dky + C %” oo 4ry iy + ¢ L MWhee 4y ar
= i<t 1502 <\k |<4N‘3 k1] [ |<1 | K2 L
|k2|<1 1<|ko|<2NP
||W|| / [W(N =k, N~ ks)|
Lo L
0 flapzons T 4082 [ I
1<|ko|<2NP |ka|>2NB
[W(N Py, N-Pky)| [W(N~ky, NP hy)|
C dky dky + C dk; dk
T a4 * T e e + Rl 142+ fy<ne or + Fol o] LA
|ko|<2NP |ka|>2N8

<C+CL:logN +CLlog N + CL.

The error terms R in ([A36]) give the first error term on the lower bound of the quantum energy
in (Z22]).

Now we deal with the error in (£35]). By the same arguments as in the proof of Theorem [[L5] we
have

1
Tr |:<h®]l®]l+]l®h®]l+]l®]l®h—|—§(UN®]I+1®UN)> (ygj’; —P®37§’LP®3>}
~CL 2Ty {hfy(l) }
Furthermore, we recall from (£I0]) that
1
o i -y ) 2 o )
1
x (T Wiy (1= P#) 8 (1= P#%)] ) (a37)
For the first trace under the square root in ([£37), we use (£26]) to obtain
1 1
Wy(x —y,z—2) < C'(g(hyhz)%J“s < Cs <<§ + 5> rilhyhz + (— 5) T1+§§>

for any 0 € (0,1/2) and any r > 0, where we have applied to ¢t = hyh, and kK = 1/2 + ¢ the identity

t" = inf <mfr_1 +(1- /{)rﬁ> , Vt>0,Vke (0,1). (4.38)

r>0

Taking the trace against VSI?J)V + P®37\(Ii)v P®3 < 27\(13 then optimizing over r > 0, we find that, for

all § € (0,1/2),
Tr |:WN(.%' -y, — %) <’y\(1,])v + P®37§J)VP®3)]

< 2@;{(% +5> I 1@ he k)| + (% - 5> P25 T [V@]}
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~20s [ o m@ ] (439

For the second trace under the square root in (437), using the relations Qh"P = Ph"Q = 0,
Qht < L*'h, and Ph® < L"P at k = 1/2+ 6 € (0,1), as well as Q < L~ 'h and P < 1, and
again (£.26]) and (4.38]), we obtain
(1- P®3) Wy(z —y,z—2)(1- P®3)
< Cs5(1—P®) (1 ®hh)r (1 - P®)
— (]1 @ h2 T @ Qh 0 + 1@ QhrHQ © PhiHP +QQ © PhitP e Ph%+5p>
Cs
379
Here, we can again use ([£38]) to write, for any x € (0,1) and any r > 0,

<

<]1®h%+5®h+]1®h®h%+5+h®1®h%+5).

19 @h+10hh " +he1h < '(10heoh+10heh+he1®h)
+(1-—kyr1010h+10h@l+h1®1).

Using it at k = 1/2 4§ € (0, 1), taking the trace against 7\(1;31)\7’ and optimizing over r > 0 leads to

Tr [WN( — pEB) 4 (3) ) (1 - P®3)] 065 (W 1y [h@hy(z)} (1 k)ri% T |:h,_y(1)]>

L2

< Lf (Tr [h@h%”]) 7t <Tr [h'y(l)]) - (4.40)

for any ¢ € (0,1/2). Finally inserting (£39]) and (£40) into (£37), we obtain

T [Wy (48, - P Po9)] 2~ (1 [md)]) 2 (1 [ @])

This yields the second error term on the lower bound of the quantum energy in (4.22]). O
According to Lemmas and [£.6], we have
§+§5
log L 1+ (EQ S A
1 1
B > [ e ) dug, () - 02 Lo N - gprids | (4.41)
b SP b 6

for all 0 < § < 1/2 and 0 < £ < 1. On one hand, using the convexity of the kinetic energy [37,
Theorem 7.8], we have the Hoffmann-Ostenhof-type inequality

L) = [ 95
Then, it follows from 31, (32)), and (I2]) that

EMIN(y) = N (py) = —C (4.42)

On another hand, we note that the error terms in (£41)) are exactly the same as in [39]. By a
bootstrap argument as in [33] B9], we deduce that ‘Egl;N’E is bounded independently of N. We

then deduce from the upper bound on Egl’)N in (413), from ([@41]), and from ([£42]) that

m /log L 141
Etlz{,;JN = Ec(z;?i)N 2 /S Ea,;{’N(V) dpwy (v) = Cs ( N LlogN + L 4+25>
P
H,N log L _141
ZEa,b dpwy (v) = Cs N LlogN + L 172 ,
Sp

forall 0 <§ <1/2, L > 1 and N > 2. Choosing optimally L = N2/5_ we obtain

BN =BG = [ e dpu () - OGN 2 ERY [ dpuy( -GN 0y

SP Sp
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for all 0 < o < 1/10.

Next, we deduce from ([£.24)) and the boundedness of E(?,’)N’a

, for small enough 0 < ¢ < 1, that

Tr [h’y\(l}])v] <C..
(1)

Since h has compact resolvent we deduce (modulo subsequence) that Yy (1) strongly in trace-

class, for some limit one-body bosonic density matrix 4(2). But we also have (again, modulo subse-
quences)

7\(12 j\y(k), Vk=1,2,...

weakly-* in the trace-class. Applying the weak quantum de Finetti theorem [30, Theorem 2.2] we
deduce that there exists a measure v on the unit ball of L?(R) such that

~ (k) :/|u®k><u®k|du(u), Vk=1,2,...
But since v() must have trace 1, the measure v must actually live on the unit sphere of L*(R), i.e.,

SL*(R) = {u € L*(R), / lu? = 1}.
R
By the choice of L, [£23]) implies that

lim d/’L\I/N(fY) =1.

N—oo Sp

Thus, the sequence of measures {uy, }n given by Theorem 4] is tight on the set of one-body mixed
states
S = {*y positive trace-class self-adjoint operator on L*(R), Try = 1} .

Modulo a subsequence, {uw, }n converges to a measure p.
Next we claim that the two measures p and v just found are related by

[ ) = [ 1 dvta). (1.44)
S

Indeed, let P =1, <f Where L is a fixed cut-off (different from L above). Testing (@I9) with A, B,C

finite rank operators whose ranges lie within that of P we get
Tr[A@B@C’y\(I?)} — Tr[A®B®0/7®3d,u('y)]
N] N—oo S

using the convergence of j1y, to p. On the other hand, by the convergence of 7\(;])\[ to v we also

have

Tr [A@B@C%(I?)} — Tr [A@B@Cv(g)] =Tr | A9 B®C [u®3) (u®3| dv(u) | .
N] N—oo SL2(R)
Thus,
Tr [A ® B ® C/ ~®3 d,u(y)] =Tr | A9 B®C [u®3) (u®3| dv(u) (4.45)
S SL2(R)

for any A, B,C' with range within that of P. Letting finally L — oo yields P — 1 and thus (Z.45)
holds for any compact operators A, B, C. This implies (4.44]). In particular, since the left-hand side
of [@Z4) is v, a bosonic operator, 1 must be supported on pure states v = |u)(u|, see [24].
Let us return to (£43]). We split the integral over one-body states v between low and high kinetic
energy states
K. ={yeS:Trlhy] < Ckin} and Ki=S\K_.
with Ckin a constant independent of N. Using (8. and (3.2)), we obtain, for every o < 1/10,

H,N N H,N _
BN > BN > /S EPN (1) dpig  (7) — CN 7
P
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> CKin/K dpw () +/ 5mNLS( ) dpwy (v) —o(1) = CyN™°

> / min { Ckin, EmNLS (")} dpwy () = o(1) = C,N 7. (4.46)
Sp

Here,
a b
e = Tel] + 5 [ prl@fde = [ (o) da,
’ 2 Jr 6 Jr
Passing to the limit N — oo in (£40), using (L21]), then taking Cki, — oo, we obtain

Eyy® 2 lim EEN > /S ENS(y) du(y) - (4.47)

But, as we saw above, © must be supported on pure states v = |u)(u|, which yields both the energy
lower bound and the fact that y must be supported on MN'S. Because é’g‘g\ms(*y) is a linear function
of ¥®3, we can also combine ([@47) with [@44) to deduce that v must also be supported on MNIS,
which proves (L29]).

Let’s complete the proof of Theorem [[6] by proving (L31]) and (L32]). The collapse of ground
state energy in (L31]) follows from (£.43]) and Theorem [[4l From the proof of Lemma [£.6] we have

EQN _ gANe EQN Qe
Ty [h’}/\(pl])\,] ,S an,bn an,by and Tr {h ® h,}/\(ﬁ])\/] 5 an,by an,by :
€ g

Choosing £ = 1 — by /b, using the nonnegativity of the trapping term and the asymptotic formula
of the ground state energy in Theorem [l we obtain

Tr [hfy(l) ] <(b—by) 2  and  Tr [h ® hy'?) } < (b —by) w2, (4.48)

On the other hand, let EC?I;N be the associated ground state energy of the modified Hamiltonian

1 N
f{é\,[b = Hé\,[b -3 Z |lz51°
j=1
ie.,
EQN .= N~inf {<q/N,FIngq;N> Uy €Y [Ty, = 1} .
By variational principle, we have

QvN ~Q7N
“ | 'Y\I/N] S EaN,bN o EanbN )

We use again the asymptotic formula of the ground state energy in Theorem [[LG] we obtain

Tr |- 174 ] < (6 = bw) 2. (4.49)
Inserting (£.48]) into Lemma and using (4.42]), we obtain
(W, Hév yUN)

log L 141 __2 (5,35
/ fi‘N]iN (VA7) iy (7) = O\ == Llog N = Cs L7383 (6 — by) 552 (i+%)
forall 0 <§ <1/2, L>1and N > 3. Furthermore,
1> / dpwy, (7) = 1 3L71(b — by) 742
Sp

It is straightforward that, if additionally to (L30]) we assume that n < 1/(10(s + 2)), then we can
choose L > 0 appropriately such that

H,N
EaN,bN =

gHN (V)
lim oIy VIV g () = lim [ dpgy(y) =1. 4.50
A fe gy puy(y) = lim 5, ~ () (4.50)

an,by
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Let &y = Ex/z\IlN(KN-). Then, it follows from (£48]) and (4.49) that

Tr {h’yg]zr} <C.
Since h has compact resolvent, we deduce that, up to extraction of a subsequence, 'Y<(I>113r converges to
~1) strongly in the trace class. Modulo a diagonal extraction argument, one can assume that the
convergence is along the same subsequence. By [30, Corollary 2.4], ’yc(bk]\)[ converges to 7% strongly

as well for all £ > 1. By the quantum de Finetti Theorem, there exists a Borel probability measure
v on the unit sphere S§$) such that

3 = [ @ dvla), Vh= 12,

Now, let us define

D 7 — d2 S s
P=1(h <L) with h_Ede 5 + Ozl
On one hand, it follows from (£50) that
RN GV GeD) |
A}lm TN dpay (v) = lim dpe,(v) = 1. (4.51)
—oo Jo_ E N—oo Jg_
P an,bn
On another hand, we deduce from (£19) that
lim TrA@BeC < &P —/ ~4®3 d,uq>N(’y)>‘ = 0. (4.52)

for every bounded operators 0 < A,B,C <1 on P$.
To complete the proof, it suffices to prove the convergence of one-body density matrix

Jim T [QF)(QF — [ 27 dsa ()] =0, (45)
yel
which is equivalent to
lim Tr / Qo )| dtang (1) = 1 (4.54)
N—o0

Before proving the above, we explain how to conclude the proof of (1.32). Let P =1(h < L) where
L is a fixed cut-off (different from L above). Testing (&52]) with A, B, C finite rank operators whose
ranges lie within that of P and combining with (£53]) we get

Tt [AeBe Oy | — T[AsBeClQo)Q™ .

On the other hand, by the convergence of 7\(;’ ) to 73) we also have

Tr [A@B@ny( )] — Tr [Z@E@E’y(?’)} .
N—o00
Thus,
Tr [A® B @ ClQ¥%) Q%3] = Tr [ME@W?»]

for any A, B,C with range within that of P. Letting finally l~L —> o0 ylelds P — 1 and thus the
above holds for any compact operators A, B,C. This implies 73 = QY ><Q6®3| and concludes the
proof of the strong convergence 7<(I>137 — Q¥ >(Q8§3| in the trace class, which in turn yields the
convergence %(13137 — |Qo)(Qo|. The limit being rank 1, this implies the convergence of higher order

density matrices to tensor powers of the limiting operator by well-known arguments (see e.g., [44],
Section 2.2]).
We now come back to the proof of (£54]). Defining

H,N —-1/2 _
gaN,bN <£N / \/IO‘/(ENl')>
5N = / EH’N -1 d/’L@N(fY)a

an,by
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we have 6y > 0 and, by (EI]), oy — 0. Let Ty be the set of all positive trace-class self-adjoint
operator v on P$) with Tr~y = 1 satisfying

Ennn (O3 VR (3)
0< i ng ) ~1</ox. (4.55)

an,bN

We prove that we must have

lim inf [(\/py, Qo) =1. (4.56)

N—ooveTN

If this was not the case, there would exist a sequence {yy} C T such that
lim sup |<’/p’YN7QO>| <1. (4.57)
N—o00

Since vy € Tx and dny — 0, we would deduce from (£55) that

HN [,~1/2 1
gaNJ?N <€N/ VPN (EN ))
H,N =
an,by

lim

N—oo

That is, {51_\,1/ 2 /Pw (0 )} v would be a sequence of approximate ground states and Theorem [[4]
would then imply

li V/ =1
NgnooK p’YN7QO>| Y
contradicting (4.57)). Hence, we have (4.56]).

On the other hand, by the choice of Ty, we have

gH,N 571/2 =1
anbN( ]EV;H]\\I/W( o )> —1>/oy.

an,by

for any v € CTy. Therefore,

A (v~ (el
ON 2% = N( AN ) —1 | dpay (1) > Vonpay CTn) .
Ty :

an,by

Thus, ,qu(BTN) < V/6n — 0 and consequently pe, (Tn) — 1, by (@5I). The latter convergence
and (4.50) imply that

/8 {Qo. o) | dpay (7) > /T (Qo, /)| dptay (u) > MéN(TN)ViG%fN (Qo. ) = 1.

N

Thus ([@.54) holds true, concluding the proof of Theorem O

APPENDIX A. A PROPERTY OF THE QUINTIC NLS SOLUTION

This appendix is dedicated to the proof of the inequality
. 2 N 2
[I-=vis Qo> |1 Feo|,. vy 0. (A1)

which was used in the proofs of Theorems and [[L4], and where @ is the (unique) solution of the
quintic NLS equation (LI3]).

Following [37, Section 3.3], we say that f : R? — R is strictly symmetric-decreasing (resp.
strictly symmetric-increasing) if f(x) = f(y) when |z| = |y| and f(x) > f(y) when |z| < |y| (resp.
f(z) < f(y) when |z| < |y|). We have the following.

Lemma A.1. Let d > 1. Let f be strictly symmetric-increasing and g be strictly symmetric-
decreasing. Assume h(0) < +oo for h : R? — R defined by h(y) := [pa f(z — y)g(z)dz. Then,
h(y) > h(0) for any y # 0 such that h(y) > —oc.
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The inequality (A.T]) is then a direct application of Lemma [Adlto d = 1, f = |-|* with s > 0,
and g = Qg, for which the condition h(y) < 400 holds for all y € R by the exponential decay of Q.
Actually, by the positivity of our g and the nonnegativity of our f # 0 we even have h(y) € (0, 4+00)
for all y € R. The ideas for the proof of this lemma can be found, e.g., in the proof of a similar
result in [47]. We nevertheless give a detailed proof here, for the convenience of the reader.

Proof. Let y # 0 with h(y) > —oo. We assume h(y) < 400 as otherwise the result obviously holds.
First, we have

fla—y)g(x)dz = | f(-z—-y)g(-z)dz= | f(z+y)g(x)dz="h(-y),
R4 R4 R

which proves in particular that h(—y) < +o0. Second, we compute
2[h(y) — h(0)] = h(y) — h(0) + h(=y) — h(0)

— [ [fe=v) - f@lg@)de+ [ 11+ y) - f@lglo)ds
Rd

R4
= [ [f@) = et plgta+ wde+ [ (£ ) = F@gla)da
= [ 1@ = fa+ st +3) — gla)ldz > 0.
because the last integrand is positive by the properties of f and g, and since y # 0. U
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