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Research on teachers' knowledge, beliefs and identity have contributed with significant new understandings of their respective fields. In this paper I track developments in each of them over the last few decades and address the question of how individual-context relationships have been conceptualized. Part of the answer is that the two first fields have primarily drawn on the constructivist inspiration that initially gave rise to them, while identity research has been based on more fundamentally social understandings of human functioning. Another part of the answer is that none of the three fields has to any great extent drawn on interactionist approaches. I suggest that doing so may be a fruitful way ahead, if we want to understand the role of the teacher for group life as it emerges in schools and classrooms.

Research on teachers and teaching

Studies of teachers and teaching have been a prominent part of mathematics education research for decades [START_REF] Sfard | What could be more practical than good research? On mutual relations between research and practice of mathematics education[END_REF]. This is so not least at CERME conferences, where the research interest seems to have grown consistently over the last 20 years [START_REF] Skott | Classroom practice and teachers' knowledge, beliefs, and identity[END_REF]. Large parts of this research have focused on teachers' knowledge, beliefs and identity, which have often been treated as separate teacher characteristics and dealt with by use of different theoretical frameworks.

Inspired by constructivism, research on teachers' knowledge and beliefs has traditionally considered their respective key constructs mental entities residing within the individual and been premised on the expectation that they have considerable impact on teaching quality and student learning (Cross Francis et al., 2015;Skott, 2015b;[START_REF] Sowder | The mathematical education and development of teachers[END_REF]. In this sense, teachers' knowledge and beliefs have been treated as almost independent variables and semicausal determinants of classroom practice.

Over the last 10-20 years, this approach to research on and with teachers has been challenged and modified, and perspectives with a stronger social and contextual emphasis have been adopted. This is so in two ways. First, studies of teachers' knowledge and beliefs tend to be less inclined than before to expect that these mental constructs may serve as explanatory principles for practice and to a greater extent adopt -or at least call for -dynamic perspectives on the relationships between knowledge and beliefs on the one hand and classroom practices on the other [START_REF] Ball | Uncovering the special mathematical work of teaching[END_REF][START_REF] Skott | Towards a participatory approach to 'beliefs' in mathematics education[END_REF]. Second, the field of teachers' professional identities has grown into prominence, generally using more fundamentally social frameworks when studying teaching-learning processes (e.g. [START_REF] Darragh | Identity research in mathematics education[END_REF][START_REF] Skott | Understanding the role of the teacher in emerging classroom practices: searching for patterns of participation[END_REF]. In general, then, individual-context relationships are viewed differently now than a few decades ago. However, this is so in different ways within and across the three sub-fields.

One aim of the present paper is to outline significant aspects of these developments and elaborate on the theoretical differences involved. This means that rather than discussing specific results on, for instance, teachers' knowledge, beliefs, and identities as they relate to particular mathematical contents (e.g. algebra or problem solving) or particular educational settings (e.g. special categories of schools or teachers), I describe developments from a somewhat different vantage point. Doing so, I am inspired by what Lerman calls "the social turn" in mathematics education research [START_REF] Lerman | The social turn in mathematics education research[END_REF][START_REF] Lerman | Cultural psychology, anthropology and sociology: the developing ʻstrong' social turn[END_REF]. The questions I ask are how and to what extent aspects of "the social" have been taken into account in studies of teachers' knowledge, beliefs, and identity, in particular how the individual-context interface is dealt with. It is part of the answer to the latter of these questions that interactionism has played next to no role. It is another aim of the paper to invite considerations of the potential of interactionism, if intentions of research on and with teachers include understanding the meaning teachers make of their professional lives and the role of teachers for the practices that evolve in their classrooms.

I begin the paper with accounts of the developments and main emphases in research on teachers' knowledge, beliefs, and identities over the last few decades. It is beyond the scope of the paper to present a comprehensive review of research in all three fields, and my presentation of the literature is necessarily selective. I seek to present a critical overview that does justice to significant developments within each of them, including their similarities and differences. One of the differences is the extent to which the literature is self-reflective and discusses its own key constructs (i.e. knowledge, beliefs and identity) and the methodological problems involved in researching them. The notions beliefs and identity, for instance, are recurrent objects of attention, while this is less so with knowledge. Another difference is that there are a few established frameworks that dominate research on teachers' knowledge, all of which draw on Shulman's work from the 1980s, while a similar canon of frameworks does not exist in the two other fields. These differences are necessarily reflected in the structure of my presentation.

Following from that, I relate this account to "the social turn", that is, "the emergence into the mathematics education research community of theories that see meaning, thinking and reasoning as products of social activity" (Lerman, 2000, p. 23). I do so by discussing three aspects of research on teachers' professional identities, those of agency, situatedness and structure. Using this triad, I argue that the individual-context relationship is conceived of differently across and to some extent within the three fields. However, I also suggest that interactionist perspectives are conspicuously absent in all of them and that an interactionist complement to current approaches may be useful when seeking to understand the dynamic character of the teacher's role for the emergence of group life in schools and classrooms. In particular, I refer to a framework called Patterns of Participation (PoP), a result of networking social practice theory (e.g. [START_REF] Holland | Identity and agency in cultural worlds[END_REF][START_REF] Lave | Learning and everyday life. Access, participation and changing practice[END_REF][START_REF] Wenger | Communities of practice. Learning, meaning, and identity[END_REF] with symbolic interactionism (e.g. [START_REF] Blumer | Symbolic interactionism. Perspective and method[END_REF][START_REF] Prus | Symbolic interaction and ethnographic research[END_REF] as one possible interactionist approach.

Research on teachers' knowledge

Background and rationale of research on teachers' knowledge

Teachers' knowledge of the subjects they teach has been discussed for decades, including its relation to knowledge of and proficiency with other aspects of the profession [START_REF] Hill | Assessing teachers' mathematical knowledge. What knowledge matters and what evidence counts[END_REF]. Some of these studies seek to find positive correlations between teachers' academic proficiency with mathematics and their students' performance. The studies by [START_REF] Begle | Teacher knowledge and student achievement in algebra[END_REF] and [START_REF] Eisenberg | Begle revisited: teacher knowledge and student achievement in algebra[END_REF] are classic examples of this. Conducted at the height of the New Maths era, Begle's study tested highly qualified teachers' understanding of "modern algebra" (groups, rings and fields) and the real number system and found that any correlation with student learning was so small "as to be educationally insignificant" (p. 13). [START_REF] Eisenberg | Begle revisited: teacher knowledge and student achievement in algebra[END_REF] did a similar study with a more representative group of teachers, but also found that "teacher knowledge of subject matter had little effect on student performance" (p. 222).

Summing up the results from these and similar studies, Adding it up, a report from the National Research Council in USA, argues much later that "proposals to improve mathematics instruction by simply increasing the number of mathematics courses required of teachers are not likely to be successful" (National Research Council, 2001, p. 375). Based on such results, the rationale behind later research on mathematics teachers' knowledge has been to come to grips with what mathematics teachers need to know and how. The results suggest that this knowledge needs to be closely linked to the work of teaching, if it is to improve instruction (e.g. [START_REF] Hoover | Making progress on mathematical knowledge for teaching[END_REF]. The most dominant frameworks that make such links draw on Shulman's work from the 1980s [START_REF] Shulman | Those who understand: Knowledge growth through teaching[END_REF][START_REF] Shulman | Knowledge and teaching: Foundations of a new reform[END_REF]).

Shulman's knowledge base for teaching

In the 1970s and 1980s, behaviourist process-product studies played a significant role in research on teachers (e.g. [START_REF] Medley | Teacher competence and teacher effectiveness. A review of processproduct research[END_REF]. Shulman challenged this approach and bemoaned its lack of attention to teachers' thinking and to the contents of instruction, which he called a blind spot and a missing paradigm in the field [START_REF] Shulman | Those who understand: Knowledge growth through teaching[END_REF][START_REF] Shulman | PCK. Its genesis and exodus[END_REF]. In response, he built on a study of novice, secondary teachers of English, biology, social studies, and mathematics to develop a description of teachers' knowledge with seven categories, three of which were immediately related to the contents of instruction: curriculum knowledge, content knowledge, and pedagogical content knowledge [START_REF] Shulman | Those who understand: Knowledge growth through teaching[END_REF][START_REF] Shulman | Knowledge and teaching: Foundations of a new reform[END_REF]. Especially the last two of these have been discussed extensively in mathematics education and in other educational scholarship.

In relation to content knowledge, Shulman says that teachers are members of scholarly communities and "must understand the structures of subject matter, [that is] the principles of conceptual organization, and the principles of inquiry" (Shulman, 1987, p. 9). In essence, this does not differ from the knowledge of others, who know the subject. In contrast, pedagogical content knowledge (PCK), the most frequently cited category in Shulman's framework, is specialised to teaching. It is that blend of content and pedagogy that forms "an understanding of how particular topics, problems, or issues are organized, represented, and adapted to the diverse interests and abilities of learners, and presented for instruction" (Shulman, 1987, p. 8). In a continental European tradition this resembles methodological or technical aspects of didaktik and in the US it was part of the testing of teachers, also before Shulman coined the term of PCK [START_REF] Hill | Assessing teachers' mathematical knowledge. What knowledge matters and what evidence counts[END_REF].

Frameworks on mathematics teachers' knowledge that build on Shulman

A long list of studies have drawn on Shulman's knowledge base for teaching, both in mathematics and in other subjects. Generally, they shift the emphasis from analyses of the subjects themselves to how they are used in teaching. It is a joint outcome that it is not only PCK that is special to the profession, so are aspects of the contents itself. Four of the most prominent of these frameworks in mathematics are Ma' [START_REF] Ma | Knowing and teaching elementary mathematics[END_REF] studied the mathematical knowledge of Chinese and U.S. primary teachers. At the time of the study, Chinese teachers were educated in normal schools that recruited grade-9 students for a 2-3 year programme [START_REF] Li | The Chinese Model of Teacher Education: Retrospects and Prospects over a Century[END_REF]. Novice teachers, then, were 18-19 years old and had no post-secondary education. In contrast, all American teachers had at least a college degree. In spite of that, the American teachers were outperformed by their Chinese colleagues on tasks from the primary school curriculum, for instance 1
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, and when asked to suggest educationally relevant situations to represent the meaning of such tasks. Ma concludes that there were significant differences between "the mathematical substance" of the knowledge of the two groups of teachers (p. 92). The Chinese participants were closer to having Profound Understanding of Fundamental Mathematics as they focussed on the relationships among the four operations and on longitudinal coherence, while the American teachers had a fragmented understanding of school mathematics that missed important interconnections among different parts of it.

Carrillo and colleagues introduced a framework called Mathematics Teachers' Specialized Knowledge (MTSK) (e.g. [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model*[END_REF][START_REF] Carrillo | Parallel stories. Teachers and researcers searching for mathematics teachers' specialized knowledge[END_REF]. MTSK, which has been used extensively in recent CERMEs, draws on long-term cooperation between researchers and teachers working at different educational levels. MTSK structures knowledge in terms of mathematical knowledge and pedagogical content knowledge, which are supplemented with a category of beliefs. Mathematical knowledge is divided in the three sub-categories on topics, practices and structure of the subject and PCK consists of knowledge of teaching, of learning and of standards for learning mathematics. MTSK focuses "exclusively on the knowledge specific to the mathematics teacher" (Carrillo-Yañez et al., 2018, p. 237) and considers neither professional knowledge that may be shared with teachers of other subjects, nor whether parts of the knowledge in the model is shared with other professions. As Carrillo (2021) says, it "is the model in its entirety that is specialized" (p. 90).

Rowland et al. worked with prospective teachers and developed the Knowledge Quartet (KQ) as a perspective on the knowledge they need and on the situations in which they need it [START_REF] Rowland | Elementary teachers' mathematics subject knowledge: the knowledge quartet and the case of Naomi[END_REF][START_REF] Rowland | Researching mathematics teachers' disciplinary knowledge[END_REF]. The four parts of the KQ -foundation, transformation, connections and contingency -describe how the participants' content-related knowledge "contribute to their teaching during the […] the school-based placements" (Rowland et al., 2005, p. 256). In Rowland et al.'s terminology, foundations consist of knowledge and beliefs "possessed" and concern "knowledge, understanding and ready recourse to [teachers'] learning in the academy […] irrespective of whether it is being put to purposeful use" (Rowland et al., 2005, p. 260, emphasis in original). Transformation and connections are categories of "knowledge in action". Transformations describe how "knowledge possessed" needs to be transformed to be educationally powerful, and connections concern the coherence of mathematics, that is, how concepts and procedures may be linked and sequenced in education. The last element of the KQ, contingency, is "knowledge in interaction" and concerns teachers' capacity to deal with unexpected, content-related issues, for instance when students ask unexpected questions or make unforeseen conjectures. Contingency, then, includes being able to respond to students' ideas as they come up and the willingness and capacity to deviate from the original plan if necessary.

The most referenced perspective on mathematics teachers' knowledge is Mathematical Knowledge for Teaching (MKT), developed by Ball and her colleagues (e.g. [START_REF] Ball | Interweaving content and pedagogy in teaching and learning to teach: knowing and using mathematics[END_REF][START_REF] Ball | Content knowledge for teaching: what makes it special[END_REF]. Like the frameworks mentioned previously, MKT is an answer to the questions of what knowledge teachers need in instruction and whether and how they need to know it differently from others, who are also proficient with the subject. As mentioned before, Ball et al. build on Shulman, and one contribution of MKT is an elaboration of what may be entailed in PCK in mathematics. Another contribution is a distinction between common content knowledge, that is, knowledge of the contents that teachers share with others who know the subject, and a form of specialised knowledge of the contents itself, "mathematical knowledge that equip [teachers] to navigate […] complex mathematical transactions flexibly and sensitively with diverse students in different lessons" (Ball & Bass, 2000, p. 94). One aspect of specialised content knowledge (SCK) is to be able to "unpack" mathematics, that is, pulling apart compressed concepts and procedures in order to help students understand inherent meanings. SCK is required also if teachers are to deal with tasks such as "responding to students' 'why' questions", "linking representations to underlying ideas and to other representations", and "giving or evaluating mathematical explanations" (Ball et al., 2008, p. 400; the authors list 16 such mathematical tasks of teaching). It is an important aspect of the early work on MKT that SCK be understood in relative isolation from educational issues. It is "a kind of mathematical understanding that is pedagogically useful and ready, [but] not bundled in advance with other considerations of students or learning or pedagogy" (p. 88, emphasis added).

Over the last few years, Ball has focused increasingly on the work of teaching itself, rather than on a knowledge base on which it is expected to rest. She deplores that "[s]cholars were [previously] studying classrooms and analysing discourse, tasks, and interactions, but were not unpacking what is involved for the teacher in doing those things" (Ball, 2018, p. 14). This perspective challenges the connotation of knowledge stability, which is apparent in Ball's earlier work, and it is reflected also in a change of terminology, as Ball (like others) shifts her wording from knowledge to knowing and from teacher to teaching. The more dynamic understanding of the teacher-context relationship reflects the recognition that "teaching is coconstructed in classrooms through a dynamic interplay of relationships, situated in broad socio-political, historical, economic, cultural, community, and family environments" (p. 15). The shift of emphasis invites interpretations of teaching and teacher proficiency that align more closely with the social turn. They also seem to question the previous claim that mathematical knowledge is not "bundled" with considerations of students and pedagogy.

Looking across the frameworks on mathematics teachers' knowledge: professional emphases and constructivist inspiration

The frameworks presented above have contributed significantly to shifting our understandings of what teachers need to know by emphasising the professional and specialised aspects of teachers' knowledge. They differ in their empirical grounding as well as with regard to their interpretation of what specialised may mean; to the categories of knowledge they use; to whether beliefs are included or not; and to their relative emphasis on knowledge itself relative to the situations in which the categories become professionally relevant.

The frameworks, however, all build on Shulman's work from the 1980s, which, as mentioned earlier, may be seen as a response to process-product studies of teachers and teaching. There are two related aspects to this. First, process-product research had no interest in the contents of instruction. In line with Shulman, the four frameworks refocus attention to the contents. They also take Shulman's emphasis on professionalism a step further by suggesting that it is not only PCK, but also parts of teachers' knowledge of the subject matter itself that is special to teaching. Content knowledge is, then, not merely a matter of knowing mathematics, but a matter knowing what and how mathematics is used in teaching. As [START_REF] Ball | Toward a practice-based theory of mathematical knowledge for teaching[END_REF] say the knowledge teachers need "has features that are rooted in the mathematical demands of teaching itself" (p. 4). In this sense, there is a contextual element to the understandings of teachers' knowledge in all of them: knowledge of the contents is at least to some extent contextualised to the profession.

Second, Shulman's knowledge base for teaching was a response to the behaviourist stance of process-product studies. In contrast, he and his team focused on "teacher thinking, teacher knowledge, teacher planning, teacher decision-making, and teachers' conceptions of their subject matter and how that related to how they performed" (Shulman, 2015, p. 6). There is a cognitive emphasis and a focus on individual meaning-making in this (cf. [START_REF] Shulman | How and what teachers learn: a shifting perspective[END_REF]) that aligns with attempts in mathematics education at the time to initiate "a constructivist revolution […] to countermand the stranglehold that behaviorism had on the field" (Steffe, 2007, p. 281). This "revolution" brought with it new perspectives on students' learning and knowing, by arguing that knowledge and meaning are acquired and possessed individually, although possibly supported or constrained by the social situation. A similar interpretation seems to have guided the frameworks on mathematics teachers' knowledge, at least until fairly recently. Although they are different, the frameworks all originally carried connotations that knowledge is possessed by and resides in the individual, although enactment may be contextually framed. Until recently, they did not draw on other understandings of what it may mean to know.

Research on teachers' beliefs

Background and rationale of belief research

Research on teachers' beliefs also gained momentum in the 1980s, both in mathematics education and in other educational scholarship [START_REF] Ashton | Historcal overview and theoretical perspectives of research on teachers' beliefs[END_REF][START_REF] Skott | Towards a participatory approach to 'beliefs' in mathematics education[END_REF]. There were two aspects to the background for the growing interest (Skott, 2015b). First, some researchers sought to understand classroom processes from the teachers' perspectives (e.g. [START_REF] Nespor | The role of beliefs in the practice of teaching[END_REF]. [START_REF] Elbaz | Teacher thinking. A study of practical knowledge[END_REF], for instance, explained her own intention of doing so by distancing herself from the general field of research on teachers:

Too frequently the emphasis was on diagnosing teacher failings and on prescribing improvements, whereas I was interested in seeing and understanding the situation from the teacher's own perspective. (Elbaz, 1983, p. 4) Second, there was an interest in solving "problems of implementation". The constructivist revolution coincided with a shift of emphasis from subject matter products to processes, in mathematics for instance from algorithms, definitions and proofs to problem solving and later to for instance reasoning and communication. The (sometimes implicit) question in belief research was -and still is -how one may expect this reform to materialise, if its priorities are not shared by the teachers. Therefore, much research has focused on (1) what teachers' believe about mathematics and its teaching and learning, sometimes focussed on particular mathematical topics (e.g. problem solving, probability, algebra) and supplemented with their beliefs about themselves as learners, teachers and doers of mathematics; (2) how beliefs may change; and [START_REF] Horn | Developing practices in multiple worlds: the role of identity in learning to teach[END_REF] what the relationships are between beliefs and classroom practice. [START_REF] Thompson | The relationship of teachers' conceptions of mathematics and mathematics teaching to instructional practice[END_REF] was one of the first in mathematics to point to belief research as a possible challenge to the behaviourist underpinnings of most research on teachers and teaching at the time. She used the term conceptions about a union of teachers' "beliefs, views, and preferences" and argued that "[f]ailure to recognize the role that the teachers' conceptions might play in shaping their behavior is likely to result in misguided efforts to improve the quality of mathematics instruction" (p. 106). Based on a multiple case study of three American junior high school teachers, she addressed the questions of (1) whether there were "incongruities between the teachers' characteristic instructional behavior and their professed conceptions"; (2) how such incongruities may be explained; and (3) whether differences among the teachers may be accounted for with reference to their conceptions (p. 107).

Thompson's second research question suggests that she considered teachers' conceptions the default explanation for classroom practice, as any discrepancy between the two was in need of an explanation. Based on a similar premise, a tremendous amount of research has been conducted on teachers' beliefs ever since, both in mathematics education and beyond (e.g. [START_REF] Clark | Teachers' thought processes[END_REF][START_REF] Conner | Teacher support for argumentation: An examination of beliefs and practice[END_REF][START_REF] Grossman | Teachers of substance: subject matter knowledge for teaching[END_REF][START_REF] Hoffman | Measuring teacher beliefs: for what purpose[END_REF][START_REF] Pajares | Preservice teachers beliefs: a focus for teacher education[END_REF]Richardsen, 2003;[START_REF] Thompson | Teachers' beliefs and conceptions: a synthesis of the research In[END_REF][START_REF] Wilson | Mathematics teacher change and development. The role of beliefs[END_REF][START_REF] Yurekli | Teaching mathematics for conceptual understanding: Teachers' beliefs and practices and the role of constraints[END_REF]. In fact, the expectation of belief impact on practice has been the main raison d'être of the field, even to the extent that it has at times been turned into one of direct causality (e.g. [START_REF] Ernest | The philosophy of mathematics education[END_REF][START_REF] Schoenfeld | Learning to think mathematically: problem solving, metacognition and sense making in mathematics[END_REF].

However, belief research has turned out to be a complicated endeavour. Belief change, often seen as an affective counterpart to conceptual change, is difficult to accomplish [START_REF] Gill | A "hot" mess: Unpacking the relations between teachers' beliefs and emotions[END_REF]; beliefs are not readily observable, and it has proven difficult methodologically to elicit, infer or attribute beliefs, to teachers, based on more readily observable indicators [START_REF] Abd-El-Khalick | Improving science teachers' conceptions of nature of science: a critical review[END_REF][START_REF] Philipp | Mathematics teachers' beliefs and affect[END_REF]; and the congruity thesis has been challenged as much as confirmed in empirical studies [START_REF] Fives | Spring cleaning for the messy construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF]. This last difficulty has led to modifications of the initial emphasis on impact. Before discussing this issue further, I introduce one other challenge, the conceptual problems with the key construct of beliefs.

The concept of beliefs

As mentioned above, Thompson used the term of conceptions about a combination of beliefs, views and preferences. She did so without specifying differences between the three elements or relationships between the higher-level concept of conceptions and each of them. This is not uncommon in the field. As [START_REF] Pajares | Teachers' beliefs and educational research: cleaning up a messy construct[END_REF] said, the construct of beliefs is "messy" and travels under alias. [START_REF] Mason | Beliefs: A hidden variable in mathematics education[END_REF] made a list of related terms, indeed, one or more beginning with every letter of the alphabet -affect, beliefs, conceptions, …, zeal -and commented at the end: "No wonder it is hard to make sense of it all!" (p. 347). This terminological multiplicity goes hand in hand with conceptual confusion and there is little consensus about how beliefs -or many of the other terms on offer -may be defined and relate for instance to knowledge [START_REF] Gill | Introduction[END_REF][START_REF] Kagan | Implications of research on teachers' belief[END_REF][START_REF] Philipp | Mathematics teachers' beliefs and affect[END_REF][START_REF] Russ | What constitutes teacher learning?[END_REF].

Beyond discussions of the concept of beliefs itself, considerable effort has gone into considerations of how beliefs are held and how they function (e.g. [START_REF] Cooney | Conceptualizing belief structures of preservice secondary mathematics teachers[END_REF][START_REF] Pajares | Teachers' beliefs and educational research: cleaning up a messy construct[END_REF]. It is argued, for instance, that they may be unconscious and implicit (e.g. [START_REF] Buehl | The relationship between teachers' beliefs and teachers' practices[END_REF][START_REF] Kagan | Implications of research on teachers' belief[END_REF][START_REF] Rokeach | Beliefs, attitudes, and values. A theory of organization and change[END_REF]. [START_REF] Green | The activities of teaching[END_REF] suggests that beliefs may have a mutual quasi-logical relationship, as they may be primary or derivative in relation to one another. Further, they may be central or peripheral in terms of psychological significance, and they are held in clusters that are internally coherent, but may be somewhat mutually isolated. As an example, one may consider possible quasi-logical relationships for a teacher among different beliefs about mathematics, students, learning, and about herself in relation to mathematics. One may also wonder what the relative significance is of these beliefs, whether and how they are clustered with each other or other professionally relevant beliefs, and what it matters for belief impact how they are held.

It has also been argued that different beliefs serve different functions. Based on a comprehensive literature review, [START_REF] Fives | Spring cleaning for the messy construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF] argue that beliefs may filter information and be important for what a teacher pays attention to for instance in professional development (PD). Beliefs may also structure interpretations of situations and problems, for instance a problematic classroom situation. Finally, they may guide action, for instance when self-efficacy beliefs play a role in the teacher's perseverance in a classroom interaction.

In spite of the confusion about the concept, there does seem to be some consensus about how the term of beliefs is used. A core of the beliefs construct -as used in the literature -may be summed up in four features, namely that beliefs are (1) subjectively true and (2) affectively laden and that they (3) build on substantial prior experiences and (4) have some explanatory power in relation to action and meaning-making (Skott, 2015b). These four characteristics of how the term is used suggest, respectively, that the term is associated with significant degrees of conviction, commitment, stability and impact. The last two of these indicate that the notion of beliefs is an example of what [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF] calls objectifications, that is, reifications of processes and actions that take on a life of their own as they are interpreted as self-sustained entities with predictive power [START_REF] Skott | Towards a participatory approach to 'beliefs' in mathematics education[END_REF].

Returning to the quandary of belief impact

As indicated earlier, one finding in belief research is that the impact of teachers' beliefs on classroom practice may not be as direct as initially expected. For the larger part of the field, however, beliefs are still considered the default explanation for classroom practice and as for [START_REF] Thompson | The relationship of teachers' conceptions of mathematics and mathematics teaching to instructional practice[END_REF] an apparent lack of congruity calls for explanations. Sometimes explanations for lack of documented belief impact refer to methodological problems with accessing these elusive constructs or to the conceptual issues outlined above. [START_REF] Fives | Spring cleaning for the messy construct of teachers' beliefs: What are they? Which have been examined? What can they tell us[END_REF] argue that if different beliefs may serve different functions (filtering information, framing observations, and guiding action), it is hardly surprising that beliefs inferred from a teacher's response to a questionnaire differ from those accessed when observing how she acts in a possibly conflictual classroom situation. Others have argued that apparent lack of compatibility between espoused and enacted beliefs may reveal that the beliefs are held differently, for instance that beliefs enacted may be unconscious, but more centrally held than those espoused in a research interview (e.g. Cross Francis, 2015). Still others suggest that the problem is caused by methodological difficulties and may be solved by using more specific self-report items or more fine-grained methods of analysis (e.g. [START_REF] Speer | Connecting beliefs and practices: a fine-grained analysis of a college mathematics teacher's collections of beliefs and their relationship to his instructional practices[END_REF][START_REF] Yurekli | Teaching mathematics for conceptual understanding: Teachers' beliefs and practices and the role of constraints[END_REF]. Finally, [START_REF] Leatham | Viewing mathematics teachers' beliefs as sensible systems[END_REF] suggests viewing beliefs as "sensible systems", which -in a situation with apparent inconsistencies -requires the researcher to "look deeper, for we must have either misunderstood the implications of that belief, or some other belief took precedence in that particular situation" (p. 95). Leatham suggests an interpretive stance in which inconsistency is an observer's perspective that does not do justice to the complexities of teaching.

The approaches above come to the rescue of the premise of belief impact by referring to the conceptual or methodological problems of the research process itself. Others have pointed to more substantive issues by suggesting more dynamic interpretations of belief-practice relationships (cf. Skott, 2015b). [START_REF] Schoenfeld | How we think. A theory of goal-oriented decision making and its educational applications[END_REF] modifies his previous deterministic description of belief impact somewhat and suggests that classroom dynamics may require the teacher to reconsider his/her approach. However, subsuming beliefs under the broader heading of orientations, he maintains that the teacher's "routine and non-routine decision making can be fully characterized as a function of his [mathematics-related] resources, goals and orientations" (p. 13). [START_REF] Sztajn | Adapting reform ideas in different mathematics classrooms: beliefs beyond mathematics[END_REF] and [START_REF] Skott | The emerging practices of a novice teacher: the roles of his school mathematics images[END_REF] suggest that the significance of mathematics-related beliefs may be challenged and overruled by other educational concerns in a teaching-learning situation, and [START_REF] Lerman | A review of research perspectives on mathematics teacher education[END_REF] and [START_REF] Hoyles | Mathematics teachers and mathematics teaching: a meta-case study[END_REF] argue that beliefs are situated and that differences between for instance those espoused in a research interview and observed in a classroom interaction are different by virtue of those situations. The last two sets of approaches do away, respectively, with the premise that mathematics-related beliefs impact practice and the expectation of belief stability across contexts. However, they both use beliefs about objectified mental entities, although the significant beliefs in a particular situation may not relate to mathematics and may not be temporally and contextually stable.

One may regret the lack of an agreed-upon definition of beliefs and the methodological difficulties involved in researching them. These problems may be seen as an impediment to growth in the field and to the accumulation of research results. However, developments in belief research indicate that the conceptual core of the term as outlined previously suffices for it to function as what [START_REF] Blumer | Symbolic interactionism. Perspective and method[END_REF] calls a sensitizing concept, that is, a concept that does not "provide descriptions of what to see, […] [but] merely suggest directions along which to look" (p. 148)1 . In combination with the multiplicity of methodological approaches used in the field, this has led to more nuanced and multi-faceted understandings of affective aspects of teaching, including modifications to the field's own initial rationale, the expectation of semi-causal relationships between stable, mathematics-related beliefs and practice. There has, then, been a move from beliefs to dynamic affect systems (cf. Pepin & Roesken-Winther, 2015), a move that has also been apparent at CERMEs [START_REF] Skott | Classroom practice and teachers' knowledge, beliefs, and identity[END_REF]. As suggested above, however, these modifications do not seem to change what is meant by the term beliefs. The larger part of the field draws on the original constructivist underpinnings, and even when these are challenged by notions of situatedness [START_REF] Hoyles | Mathematics teachers and mathematics teaching: a meta-case study[END_REF][START_REF] Lerman | A review of research perspectives on mathematics teacher education[END_REF], the perspective on beliefs as objectified mental entities may persist.

Research on teachers' professional identities

Background and rationale of research on professional identities

Since the turn of the century, teacher identity has become a significant field in mathematics education, even though it has only played a minor role at CERMEs [START_REF] Skott | Classroom practice and teachers' knowledge, beliefs, and identity[END_REF]. As with studies of teachers' beliefs, there seem to be two mutually related and often combined aspects to the research interest: One is to understand the lives of prospective or practising teachers in view of cultural and social demands and affordances (e.g. [START_REF] Arslan | The mathematics teacher identity of two early career mathematics teachers and the influence of their working communities on its development[END_REF][START_REF] Beauchamp | New teachers' identity shifts at the boundary of teacher education and initial practice[END_REF][START_REF] Brown | Becoming a mathematics teacher. Identity and identifications[END_REF][START_REF] Cochran-Smith | A longitudinal study of teaching practice and early career decisions: A cautionary tale[END_REF][START_REF] Hong | Pre-service and beginning teachers' professional identity and its relation to dropping out of the profession[END_REF][START_REF] Lutovac | How failure shapes teacher identities: Pre-service elementary school and mathematics teachers' narrated possible selves[END_REF][START_REF] Skott | Changing experiences of being, becoming, and belonging: teachers' professional identity revisited[END_REF]; the other is to consider the character and development of identities as they relate to teachers' participation in teacher education or PD programmes (e.g. [START_REF] Bobis | Sage on the stage" or "meddler in the middle": shifting mathematics teachers' identities to support student engagement[END_REF][START_REF] Darragh | To Tia with love": Chilean mathematics teacher identities after professional development[END_REF][START_REF] Gresalfi | Negotiating identities for mathematics teaching in the context of professional development[END_REF][START_REF] Heyd-Metzuyanim | Changing teaching practices towards explorative mathematics instruction -The interweaving of teacher identity and pedagogical discourse[END_REF][START_REF] Hodgen | Emotion, identity and teacher learning: becoming a primary mathematics teacher[END_REF][START_REF] Horn | Developing practices in multiple worlds: the role of identity in learning to teach[END_REF][START_REF] Jong | Linking reform-oriented experiences to teacher identity: The case of an elementary mathematics teacher[END_REF][START_REF] Ntow | Identity resources and mathematics teaching identity: an exploratory study[END_REF]. Irrespective of which of these interests dominate a particular study, identity research moves beyond cognitive configurations such as knowledge and beliefs when seeking to understand teaching and teacher development. [START_REF] Hodgen | Emotion, identity and teacher learning: becoming a primary mathematics teacher[END_REF] wording that their case study of a primary teacher in the UK is based on the premise that professional change "involves at least in part becoming a 'different' teacher and a 'different' person" (p. 474) seems indicative of much research on professional identity. Part of the background to the interest in identity, then, is to challenge purely cognitive or epistemic approaches and move towards more comprehensive understandings of teachers and teaching, including social and cultural perspectives on identity and identity development. This is reflected in discussions about the concept itself.

The concept of identity

Teacher identity has become a productive line of research, but there is no agreement about a theoretical stance in the field, let alone about a definition of the concept itself (e.g. [START_REF] Beijard | Reconsidering research on teachers' professional identity[END_REF][START_REF] Darragh | Identity research in mathematics education[END_REF][START_REF] Day | The personal and professional selves of teachers: stable and unstable identities[END_REF][START_REF] Lutovac | Future directions in research on mathematics-related teacher identity[END_REF]. In fact, the concept of professional identity seems as "messy" as the one of beliefs (cf. the section on beliefs).

Based on her review of the literature, [START_REF] Darragh | Identity research in mathematics education[END_REF] lists five different categories of frameworks used in identity research in mathematics education: participative (based on social practice theory), discursive, narrative, psychoanalytic, and performative (based on positioning theory). All of these have also been used in the subset of identity studies on teachers' identities and sometimes combined in different ways (e.g. [START_REF] Brown | Becoming a mathematics teacher. Identity and identifications[END_REF][START_REF] Losano | The development of a mathematics teacher's professional identity during her first year teaching[END_REF][START_REF] Mosvold | Positioning in identifying narratives of/about pre-service mathematics teachers in field practice[END_REF]. However, the participative approach seems to dominate research on mathematics teachers' professional identities [START_REF] Lutovac | Future directions in research on mathematics-related teacher identity[END_REF].

One main difference between the frameworks on offer is the emphasis on local contexts relative to broader structural issues for the character and development of identities. In the first case, the main concern is with whether and how teachers negotiate and identify with normative identities in the locally social, for instance when engaged in PD. In the second case, structures and power relations beyond the current situation are from the beginning part of the conceptual framework.

Across the most frequently used approaches, however, professional identities are considered socially constituted, in either a local or more structural sense, and consequently considered multiple, dynamic and contextually dependent, rather than somewhat stable personality traits. This profound role of "the social" in identity research is evident also in the most frequently used theoretical imports used in the field. [START_REF] Wenger | Communities of practice. Learning, meaning, and identity[END_REF], for instance, talks about identities as negotiated ways of being a person in a context. Looking back on her own work on situated learning, Lave (2019) says that one goal was "to parse a community's day-today practice with respect to producing 'old-timers' from 'newcomers'" (p. 138), and that the concept of identity was introduced "to insist that knowledgeable skill is only a small part" of that process (p. 137). [START_REF] Holland | Identity and agency in cultural worlds[END_REF] say that identities "must be conceptualized as they develop in social practice" (p. 5). And Gee (2000Gee ( -2001) ) uses identity about "being recognized as a certain kind of person in a given context" (p. 99). The recurrent references to contexts and practices in these wordings suggest that identities deal with the sense people make of themselves and each other at a particular time and place. They are conceived as individualities that are multiple and contextually dependent.

Aspects of the core of identity

There seem to be three common aspects to and perspectives on lived identities in the definitions above, those of agency, situatedness, and structure [START_REF] Skott | Changing experiences of being, becoming, and belonging: teachers' professional identity revisited[END_REF]. In combination with the concern for lived individualities, this identity triad may be seen as the core of the identity concept (figure 1). Like the core of the beliefs construct, it functions as a sensitizing concept that does not determine what to look at, but suggests directions along which to look.

Agency is an individual or communal willingness and capacity to act within social worlds, to influence how they unfold (e.g. [START_REF] Holland | Identity and agency in cultural worlds[END_REF]. It does not carry connotations of an independent and autonomous actor; rather the premise is that [b]oth the immediate and broader social contexts orient teachers' actions, but do so in openended ways, leaving space for professional decision-making and agency. Experiences of this agentic space and of the outcomes of manoeuvring within it are aspects of identity. (Skott, 2019, p. 470) Agency functions both when engaging actively in social practices and when being reluctant to do so. As an example of the latter situation, consider a teacher, who distances herself from the activities in the mathematics department at her school, because she experiences her colleagues as in opposition to the notion of quality instruction promoted by practices at her recent teacher education programme, which still functions an affectively-laden inspiration for her. Both her dissociation from the department and her affective and active affiliation with the teacher education programme are aspects of agency that may affect her professional experiences of herself at the school, that is, her professional identities.

The second core aspect of professional identity is that of situatedness. It acknowledges the local negotiation of the meanings of a practice, including the significance and use of artefacts, reifications and relationships. Such negotiation relates to identity as it both establishes and unfolds by means of mutually acknowledged positions that influence professional experiences. In the example above, the positions of the teacher in the department and at the school more generally are continually renegotiated, for instance positions of being an outsider, being elitist, or being a good mathematician. This negotiation may take place in department meetings, when having lunch in the staff room, and when establishing other -and possibly more productivecollaboration with colleagues beyond the department or with the leadership.

Finally, there is a structural aspect to identity. The way I use the term, structure concerns issues stemming from beyond the immediate situation and therefore subject to little agentic control, even if their meaning is negotiated locally. People, reifications, artefacts as well as networks of relationships among them may be subject to such structural influence. A dominant political discourse on teachers and teaching is in this sense structural. Schooling, as constituted globally and locally, is structural with its organisation within and between institutions, formal power relations and divisions of labour, and with the related formal qualification procedures and requirements, timetables, and assessment systems. These structural aspects position teachers and significantly influence lived experience in the profession. Consider again the example above. If a government decision is issued on the subject matter competence of teachers (e.g. all teachers need a Master's degree) or on the introduction of new mathematical contents (e.g. computational thinking) the teacher may be positioned differently at the school, leading to different experiences of herself as (not) valued, as (in-)competent, and possibly as redundant.

As we shall see later, the relative emphasis on and understandings of the relationships among the nodes of the identity triad differ between studies. But to some extent, most identity studies include all three, indicating a more fundamentally social understanding of the individualcontext relationship than in research on teachers' knowledge and beliefs.

Summary -so far

It is time to sum up the discussion in order to address the questions of how research on teachers' knowledge, beliefs and identity have developed over the last few decades, in particular how individual-context relationships are conceived and whether and how developments align with "the social turn". I use the answers to set the stage for the following section.

The phrase of the social turn refers to a set of developments in mathematics education research beginning in the second half of the 1980s. This was at the peak of the constructivist revolution, but it was also the period in which the first references were made to theories and frameworks that challenged the exclusive emphasis on individual cognition and conceptualised learning and human functioning in more fundamentally social terms. Ever since, increasing numbers of studies have drawn on theoretical imports to mathematics education such as generations of cultural-historical activity theory [START_REF] Engeström | Expansive Learning at Work: Toward an activity theoretical reconceptualization[END_REF][START_REF] Vygotsky | Mind in society. The development higher psychological processes[END_REF][START_REF] Vygotsky | Thought and language[END_REF][START_REF] Wertsch | Vygotsky and the social formation of mind[END_REF], social practice theory [START_REF] Holland | History in person: An introduction[END_REF][START_REF] Holland | Identity and agency in cultural worlds[END_REF][START_REF] Lave | Cognition in practice[END_REF][START_REF] Lave | Learning and everyday life. Access, participation and changing practice[END_REF][START_REF] Lave | Situated learning. Legitimate peripheral participation[END_REF][START_REF] Wenger | Communities of practice. Learning, meaning, and identity[END_REF][START_REF] Wenger | Communities of Practice and Social Learning Systems: the Career of a Concept[END_REF], discourse analysis (Gee, 2000(Gee, -2001[START_REF] Gee | An introduction to discourse analysis[END_REF], and positioning theory (Harré & Van Langenhove, 1999), as well as on Sfard's theory of commognition [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF]. They have all fuelled "the strong version" of the social turn, as they describe "learning as development within socio-cultural historical practices and […] see meaning, thinking and reasoning as products of social activity" (Lerman, 2006, p. 172).

My argument so far is that research on teachers' knowledge and teachers' beliefs that developed in the wake of the constructivist revolution were decidedly cognitive in their approach. In both fields, the respective key constructs were considered teacher characteristics that functioned almost as independent variables in relation to instruction and classroom practice. These constructivist underpinnings still seem to inform these lines of research. However, contextuality has gradually been taken into account in both fields, also at CERMEs [START_REF] Skott | Classroom practice and teachers' knowledge, beliefs, and identity[END_REF]. The frameworks developed have explicitly phrased their understandings of teachers' knowledge with reference to the profession, and both fields increasingly consider social challenges to how knowledge and beliefs are enacted, that is, adopt a dynamic acquisitionist stance. This means that to some extent the initial expectation of a semi-causal relationship between contextindependent knowledge and beliefs on the one hand and classroom practice on the other has been modified, and that context is considered a possible support to or limitation on the enactment of individuals' knowledge and beliefs. Recently, steps have been taken in research on "knowledge" to adopt more fundamentally social perspectives on human functioning, reflected for instance in the use of the gerund knowing. In belief research, the more dynamic understandings do not encompass a reformulation of what it means to believe, for instance if reflected in a similar shift from beliefs to believing or affectively relating. Beliefs are still considered relatively stable mental entities that are acquired and possessed by individuals. In general, then, these fields have not turned social.

The situation is different in research on professional identities. This field took off after references to sociology, anthropology, and cultural psychology had become commonplace in mathematics education research. The emphasis on situatedness and structure and the understandings of agency in identity research indicate that it differs from most research on teachers' knowledge and beliefs with regard to its stance on "the social". In identity research, "the social" is generally not considered merely a set of external constraints on the otherwise autonomous functioning of the individual. Rather, "the social", in the local as well as in the structural sense, significantly influences, and in some interpretations constitute professional identities.

The identity triad -a tool for characterising approaches to identity research

Different understandings of the relationships among the three aspects of the identity triad may serve to characterise approaches to identity research (Losano & Skott, submitted). [START_REF] Darragh | To Tia with love": Chilean mathematics teacher identities after professional development[END_REF], for instance, study the effects of long-term PD participation for a group of primary teachers in Chile. They explicitly distance themselves from approaches that do not sufficiently take "the wider social, cultural and political context" into consideration (p. 519). As they use the term, identities are discursive entities existing in a cultural realm beyond the individual and the local situation. Teachers select among and attach themselves to these cultural identities. With the terminology of the present paper, this is a highly structural perspective, and agency is a matter of selecting among predefined identities on offer in cultural worlds (cf. Losano & Skott, submitted).

A different perspective is offered by [START_REF] Westaway | The role of reflexivity in the emergence and expression of teachers' identities in teaching primary school mathematics[END_REF]. She emphasises agency when focusing on how the experienced teacher in her South African case study enacts her professionalism. This is done in ways that are supported and constrained by local and structural conditions. Not least in South Africa, structures and cultural mechanisms in the form of conflicting systemic roles stemming from the apartheid and post-apartheid eras "condition the way teachers express their […] teacher identities" (p. 484). However, Westaway distances herself from "systemic accounts" of identity, and in her study "the agency of the teacher is re-inserted into understanding why teachers continue to reproduce the old systemic roles of a teacher" (p. 490).

Finally, some research focuses on situatedness. This is often so in studies of whether and how a teacher education or PD programme supports teachers in moving from peripheral to more comprehensive participation in the reform (cf. [START_REF] Lave | Situated learning. Legitimate peripheral participation[END_REF]. In this case, reform-oriented practices become the centre of attention [and] the trend is to prioritise a particular set of practices, those related to the PD or teacher education programme, and a related figured world, the reform. (Skott, 2018, p. 608) Often, tensions between practices promoted by the PD in question and the ones that dominate teachers' school life are acknowledged. [START_REF] Gresalfi | Negotiating identities for mathematics teaching in the context of professional development[END_REF], for instance, argue that there are normative identities for teaching in both a school context and in a PD, and the question is whether and how participants identify with others' expectations in these contexts, that is, develop personal identities that align with the normative ones.

An interactionist complement to identity research

I suggest that there is a need for a complement to the three approaches to identity research mentioned above, notwithstanding the potentials of each of them. There are two reasons for this, one that relates to studies with significant emphases on agency or structure, and one that refers to studies that emphasise structure or situatedness. My arguments, then, refer less to the nodes of the identity triad, than to approaches located near two of the three axes between them. I refer to these approaches as variable oriented and community/society oriented, respectively. My argument is that in the first case there is a risk of not acknowledging the significance of the locally social that emerges for instance in a classroom or among colleagues at a school. In the second case, the risk is that, somewhat ironically, identity research may lose sight of the individual, as it focuses on pre-established social practices or structures. I suggest that what may be missing in both cases is an interactionist complement that focuses on the emergence of group life, and I argue that Patterns of Participation is one possible framework for doing so. In this section I introduce PoP before returning to possible limitations of the approaches located near the two axes mentioned above.

PoP revitalises symbolic interactionism (SI) when researching learning and lives in schools and classrooms and combines SI with social practice theory (e.g. [START_REF] Skott | Understanding the role of the teacher in emerging classroom practices: searching for patterns of participation[END_REF]. SI seeks to understand the emergence of group life and focuses on how meaning evolves in the locally social when people interact with one another. Interaction, then, is not merely a term for people taking turns in a communicative setting; it is the process through which "people come to fit their activities to one another and to form their own individual conduct" (Blumer, 1969, p. 10). In this process, they instantaneously see themselves and the objects attended to from the perspectives of individual or generalised others and adjust their own contributions accordingly. A teacher may, for instance, see herself and the task or contents attended to in a particular situation through the eyes of the students and anticipate and interpret their verbal and physical reactions to her own conduct, for instance their tone of voice or their lifted eyebrows. She may also -to use a symbolic interactionist phrase -take the attitude to herself of generalised others in the form of practices and figured worlds beyond the current situation such as collaborative settings with colleagues, the discussion at a recent parent meeting, the reform as promoted in a PD, or a different set of pedagogical concerns that may be unrelated to the contents of instruction [START_REF] Skott | Changing experiences of being, becoming, and belonging: teachers' professional identity revisited[END_REF].

The PoP perspective that I use, define teacher identities as the fluctuating experiences of being, becoming and belonging that evolve as teachers engage with their students, their colleagues, the leadership or others in relation to the profession. Such experiences may include being a good mathematician (or not), becoming recognised as an important adult by the students (or not), and belonging at the school or in the wider professional community (or not). In what follows, I use the identity triad to show how this perspective differs from the approaches to professional identity mentioned previously.

The agency-structure axis: Variable oriented approaches and an interactionist response

Studies that attach primary importance to agency or to structure do not necessarily disregard the role of situatedness for teacher identity. Indeed, [START_REF] Darragh | To Tia with love": Chilean mathematics teacher identities after professional development[END_REF] are explicit that teachers select a specific identity "in a particular context and for a particular audience" (p. 518). In spite of that, there is little attention to the role of the locally social and no concern for the possibility that unfolding, local events co-constitute identities, or for what makes the teacher select a particular identity "in a particular context and for a particular audience". Similarly, but at the other end of the axis, an over-emphasis on agency may overlook aspects of identity that emerge in the locally social. In this sense, neither approach is particularly concerned with the negotiation of identities as teachers engage in local practices.

Studies that highlight agency and structure differ in their perspectives on identity, but in both there is, then, a risk of disregarding the significance of the locally social (see figure 2). If this is the case, they become examples of what [START_REF] Prus | Symbolic interaction and ethnographic research[END_REF] refers to as "variable oriented social science", that is, approaches that "reduce the study of the human condition to 'individual properties' or 'social structures'" (p. xviii). In contrast and in line with SI, Prus suggests that social science is to understand group life as it unfolds, and acknowledge and attend to the ongoing accomplishment of everyday life in the 'here and now' (while mindful of the evershifting present within people's experiences with the past and their anticipations of the future). (Prus, 1996, p. xviii) Figure 2: Variable-oriented approaches: Individualities in Context (IiC) near the agency-structure axis; little attention to situatedness
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The interactionist perspective, then, takes the dynamic view of identities beyond merely being a matter of enacting identities (although possibly constrained by local or structural conditions) or selecting among a number of pre-given ones in some situation. It suggests that identity is itself an emergent phenomenon, "a moving target", one that may be in flux, for instance as classroom processes unfold (Losano & Skott, submitted). It invites a focus on processual identifyings, rather than identities, to avoid the objectifying connotations of the latter term. The criticism of variable-oriented approaches, then, is that they do not sufficiently pay attention to situatedness, that is, life as it emerges locally.

The structure-situatedness axis: Community/society oriented approaches and an interactionist response Studies that highlight structure or focus on situatedness share their concern for the social constitution of identity and for pre-defined social structures or practices. They focus on what the situated-normative or structural identities on offer are in a particular situation. For ease of communication, I refer to these as community/society oriented. [START_REF] Lutovac | Future directions in research on mathematics-related teacher identity[END_REF] argue that such approaches may not do justice to key aspects of identity, as they lose sight of the individual. Similarly, I have argued that there is a need to recentre the individual, rather than a particular practice, if the intention is to understand teacher identities as they evolve in interaction [START_REF] Skott | Re-centring the individual in participatory accounts of professional identity[END_REF]. From this perspective, community/society oriented approaches pay limited attention to agency, which is reduced to a matter of selecting among predefined identities on offer or choosing (or not) to identify with and move from peripheral to more comprehensive participation in a pre-established practice (figure 3). This is at odds with the interactionist approach. As [START_REF] Blumer | Symbolic interactionism. Perspective and method[END_REF] says, people act towards the meaning situations have for them, rather than towards structures, and meaning emerges in and from social interaction as an outcome of people taking (each) others' attitude to the situation at hand. As an example, Leticia Losano and I have argued in our study of an experienced, Brazilian primary teacher, that agency is located squarely in the locally social as an aspect of a personpractice interface (Losano & Skott, submitted). Agency is a matter of how the teacher combines and capitalises on the different attitudes she may take to herself in interaction, including how she actively renegotiates the meaning and significance of previous and anticipated future practices and figured worlds in view of interactions as they unfold at the instant. From this perspective, professional identities are not viewed as determined by pre-given structures or practices, but as dynamic experiences of being, becoming and belonging that evolve as teachers participate in group life.

The agency-situatedness axis: The location of the interactionist approach

The suggested interactionist complement to other approaches to identity is located along the agency-situatedness axis, that is, an axis oriented towards emerging individualities in the locally social. Neither the variable oriented, nor the community/society oriented approach disregard the aspect of identity located outside their main axes, although these aspects play a minor role. In a somewhat similar sense, approaches located on the locally-social axis, including the interactionist approach, do not disregard structural issues. However, it is not an a priori decision that these issues play a role, but empirical questions whether, how and why this is so. The PoP framework, with its interactionist complement to the other approaches, is based on networking social practice theory and symbolic interactionism (e.g. [START_REF] Skott | Understanding the role of the teacher in emerging classroom practices: searching for patterns of participation[END_REF][START_REF] Skott | Re-centring the individual in participatory accounts of professional identity[END_REF][START_REF] Skott | Changing experiences of being, becoming, and belonging: teachers' professional identity revisited[END_REF]. The intentions with PoP include developing dynamic and contextual understandings of teachers and teaching, including their professional identities. The attempt is, then, to re-centre the individual, while maintaining the participatory stance of most studies of identity and as part of that to shift the emphasis from identity to fluctuating identifyings (figure 4). It was a main point in my discussion of research on teachers' knowledge and beliefs that these fields have "turned social" to a lesser extent than research on professional identity, and, indeed, to a lesser extent than most mathematics education research. Recently, suggestions have been made to do away with the acquisitionist underpinnings of research on teachers' knowledge, but the field does not seem to have moved far in that direction (yet?). To the extent that beliefs and knowledge are still considered objectifications, that is, reified mental entities residing within the individual with substantial impact on practice, agency is a matter of enacting such objectifications, and structure and situatedness are merely considered external constraints. Interpreted in the terms of the identity triad, research on teachers' knowledge and beliefs are located close to the agency node, and there is little in these fields that corresponds to the move from identities to fluctuating identifyings in identity research. This invites the question of whether it is helpful for understandings how teachers contribute to classroom practice and student learning to shift the emphasis from Mathematical Knowledge for Teaching to Mathematical Knowings When Teaching and from Beliefs about mathematics and its teaching and learning to Affectively relating to mathematics and students in classrooms (cf. the section 'Summary -so far'). I suggest that the answer is in the affirmative and that the PoP framework is one possible way of doing so. PoP was initially developed as a participatory challenge to mainstream belief research, and I have argued elsewhere that it is a useful alternative [START_REF] Skott | Understanding the role of the teacher in emerging classroom practices: searching for patterns of participation[END_REF](Skott, , 2015a)). It differs significantly from the cognitive underpinnings of belief research and sheds light on the emergent character of how teachers relate affectively to mathematics, to their students' learning of mathematics and to the acts of teaching as classroom processes unfold.

So far little has been done with PoP in relation to teachers' knowings when teaching. My recent study with Despina Potari and Chara Papakanderaki suggests that it may also have some potential in that field, that is, for understanding how teachers' ways of knowing relate to interactions as they unfold for instance in a classroom (Skott et al., submitted). This study brings to the fore relationships between agency, situatedness and structure in the case of an experienced and highly qualified Greek teacher, Elena. In the course of the study, Elena moves from a somewhat traditional secondary school in Athens to an "experimental and model school" that is well known for developing innovative approaches to teaching. The data are from two teaching-learning sequences on functions in grade 10, one from each school. Although they are on the same contents and both taught by Elena, the two sequences are very different. The students' ways of participating differ and so do the mathematical objects of attention, even the object of function. Also, Elena's experiences of belonging differ, and so do the ways of knowing required of her, in particular how she deals with relations between informal and different aspects of formal mathematics. The point in the present context, then, is that it is not only aspects of Elena's professional identifyings that change in and through the interactions; so do her ways of knowing the contents.
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  Profound Understanding of Fundamental Mathematics; Teachers' Specialized Knowledge of Mathematics developed by Carrillo and his colleagues; Rowland et al.'s Knowledge Quartet; and Ball et al.'s Mathematical Knowledge for Teaching.

I reluctantly refer to Blumer here. As we shall see later, his theoretical stance is at odds with those adopted in belief research and he argues explicitly against the significance attached to constructs like beliefs. In spite of that, I find the notion of sensitizing concepts useful as a metaphorical description how the term of beliefs has functioned in belief research.

Summary and conclusion

Research on and with mathematics teachers has over the last 40 years taken the professional tasks of teaching still more seriously and acknowledged that teaching is relational work conducted in local situations and conditioned by broader structural contexts. After having challenged the behaviourist approach in process-product studies as well as the emphasis on academic mathematics in early mathematics education scholarship, our field changed the emphasis towards (1) understanding teachers' thinking and meaning making as they relate to the profession, with special emphasis on mathematical knowledge for teaching (not necessarily in the MKT sense) and (2) the beliefs teachers hold about the subject and about its teaching and learning. To some extent this takes the social situation of schools and classrooms into account. After the turn of the century, more fundamentally social approaches have been used in the study of teachers' professional identities.

The outline above suggests that research on and with mathematics teachers in general turned social later than other fields of mathematics education, and it may be argued that research on teachers' knowledge and beliefs still has not done so to any great extent. The question I have addressed in the present paper, however, is not merely whether or not specific subfields have turned social, but what it may mean to do so.

To address this last question, I used the identity triad to locate different approaches to research on and with mathematics teachers, and argued that neither research on teachers' knowledge, teachers' beliefs nor teacher identity has adopted an interactionist approach to understanding the emergence of group life. I suggest that this may be needed, if the ambitions of research on and with teachers include understanding the contextual meanings they make of learning and lives in schools and classrooms.