N

N

Stackelberg-Nash null controllability for a non linear
coupled degenerate parabolic equations
Landry Djomegne, Cyrille Kenne, René Dorville, Pascal Zongo

» To cite this version:

Landry Djomegne, Cyrille Kenne, René Dorville, Pascal Zongo. Stackelberg-Nash null controllability
for a non linear coupled degenerate parabolic equations. Applied Mathematics and Optimization,
2023, 87 (2), pp.1-41. hal-03808416

HAL Id: hal-03808416
https://hal.science/hal-03808416
Submitted on 10 Oct 2022

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03808416
https://hal.archives-ouvertes.fr

Stackelberg-Nash null controllability for a non linear coupled
degenerate parabolic equations

Landry Djomegne *  Cyrille Kenne T René Dorville *  Pascal Zongo ®
October 10, 2022

Abstract

The main purpose of this paper is to apply the notion of hierarchical control to a coupled degenerate
non linear parabolic equations. We use the Stackelberg-Nash strategy with one leader and two followers.
The followers solve a Nash equilibrium corresponding to a bi-objective optimal control problem and the
leader a null controllability problem. Since the considered problem is non linear, the associated cost
is non-convex. We first prove the existence, uniqueness and the characterization of the Nash quasi-
equilibrium, which is a weak formulation of the Nash equilibrium because the cost associated to the non
linear problem is non-convex. Next, we show that under suitable conditions, the Nash quasi-equilibrium
is equivalent to the Nash equilibrium. Finally using some Carleman inequalities that we established, and
the Kakutani’s fixed point Theorem, we brough the states of our system to the rest at final time T

Mathematics Subject Classification. 35K05; 35K55; 49J20; 93B05, 93C20.
Key-words : Degenerate parabolic system; Carleman inequalities; Null controllability; Stackelberg-Nash
strategies.

1 Introduction

Let Q = (0,1) be an open and bounded domain of R. Let w, w; and ws be three non empty open subsets of
Q such that w;Nw =10, fori=1,2. Wefix T > 0and set Q = (0,7) x Q, wr = (0,T) Xw, w17 = (0,T) X wy
and we 7 = (0,T) x wy. Then, we consider the following non linear coupled degenerate system

Y1t — (a(z)yr,), + Fi(y1) hxw + 0" Xw;, +0%Xw, In Q,

Yo — (a(@)y2,e), + Fo(y2) +dyr = 0 in Q, ()
U (t, 0) =Y (tv 1) = y2(t7 O) = y2(t7 1) =0 on (07 T)?
Y1 (07 ) = y?v y2(07 ) = yg in Q.

In the system (1), y = y(t,2) = (y1,y2)" is the state, v' = v'(t,x), i = 1,2 and h = h(t,x) are different
control functions whose act on the system through the subsets w; and w respectively. These functions v’
and h are the followers and leader controls respectively. Here x,, and x., are respectively the characteristic
function of the control set w and w;, y° = (y?,49)t € [L*(Q)]? is the initial data and the function d € L*°(Q).
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We assume that the real functions a := a(-) and F; : R — R, i = 1,2 satisfy the following assumptions:

{ a€C([0,1)NnC'((0,1]), a>0in (0,1] and a(0) =0, @)
Ir €10,1) : zd'(x) < Ta(z), z €10,1]
and

F;(0) =0,

F; € C*(R), (3)

IM >0: |F/(r)|+|F/'(r)| <M, Vr eR, i=1,2.

Note that the above hypothesis on a(:) are true in the case where a(z) = 2% with 0 < a < 1. Then, in
this case, the system (1) will be called a weakly coupled degenerate system. We can also obtain the same
results of this work in the case where 1 < o < 2 and this time we will rather take the Neumann condition
(a(x)yz) (0) = 0 and the system (1) will be called a strongly coupled degenerate system (cf. [2]). We denote
by y1,+ and y; , the partial derivative of y; with respect ¢t and z respectively.

In the context of population dynamics, the system (1) can models the dispersion of a gene in two given
populations (cancer cells and healthy cells for instance) which are in interaction. In this case,  represents
the gene type, y1(t,2) and ys2(t,z) denote the distributions of individuals at time ¢ and of gene type x of
both populations. In this paper, the function a(z) is the diffusion coefficient which depends on the gene type
and degenerate at the left hand side of its domain, i.e. a(0) =0, (e.g a(z) = 2%, « > 0). In this case, we
say that the system (1) is a coupled degenerate parabolic equation. Genetically speaking, such a property of
degeneracy is natural since it means that if each population is not of gene type, it cannot be transmitted to
its offspring.

In this paper we are interested in the hierarchic Stackelberg-Nash strategy for system (1). More precisely,
for ¢ = 1,2, we introduce the non-empty open sets w; 4 C €2, representing the observation domains of the
followers, and the fixed target functions y; = (yi 4,45 4)" € L*((0,T);w1,4) x L*((0,T);ws,a). Let us define
the following cost functional '

Q;

T T _
Bt ) = S [0 = P = 0h) dade+ 5[ [ P e,
2 0 Wi,d 2 0 w;
where «; and p; are two positive constants and p,. = p.(t) € C°°(]0,T) is a suitable positive weight function
blowing up at t =0and t =T

Remark 1
The weight function p.(t) defined in (4) will help us to establish a suitable observability Carleman in-
equality in the Section 3.

We want to choose the controls v* and h in order to achieve two different objectives:

e The main goal is to choose h such that the following null controllability objective holds:

y1 (T, - by o', v?) = 4o (T, - by, 0?) = 0 in Q. (5)

e The second goal is the following: given the functions y4 and h, we want to choose the control v’
minimizing J; given by (4). This means that, throughout the interval (0,T), the control v* will be
chosen such that:

the solution y(, z; h;v!,v?) of (1) remains "not too far” from a desired target y’(t, x)
in the observability domain w; 4, @ =1, 2.

(6)



Our goal is to prove that, for any initial data y° € [L?(Q2)]?, there exist a control h € L?(wr) (called leader)
and an associated Nash equilibrium (91, 9?)" = (61(h),9%(h))* € H = L%((0,T); L*(w1)) x L*((0,T); L*(w2))
(called followers) such that the associated state y of system (1) satisfies (5). To do this, we shall follow the
Stackelberg-Nash strategy which is described as follows:

1. For each choice of the leader h, we look for a Nash equilibrium pair for the costs J;, i = 1,2 given by
(4). That is, find the controls (9, 9%)" = (91 (h),92(h))* € H satisfying
Ji(h; 01, 9%) < Ji (ks Vol € L?((0,T); L*(w1)), )
Jo(h; 01,9%) < Jo(h; 0t 0%),  Vo? € L*((0,T); L (w2)),

SE
<
S
o
~—

or equivalently

o
I

) min 1(h;
v 6L2((O,T);L2(w1)) (8)
i by ot 1)2).

min 5
v2€L2((0,T);L?(w2))

2. Once the Nash equilibrium has been identified and fixed for each h, we look for a control h such that

g (T, 5T 0 (), 02 (R)) = ya (T, - By ' (R), 6(B)) = 0 in . (9)

Remark 2

(a) In the linear case, the functionals J;, i = 1,2 are differentiable and conver and in this case, the pair
(0%,92) is a Nash equilibrium for (Ji,J2) if and only if

%(h;f;l,@z)(vl,()) =0, Yol e L?((0,7);L*(w1)), o' € L3((0,T); L*(w;)), (10)
a—ﬁ(h?@laﬁz)(oavz’) =0, Yo’ e L*((0,T); L*(w2)), o' € L*((0,T); L*(wi)).

(b) In the semi-linear framework, the corresponding functionals J; and Jo are not convex in general. For
this reason, we must consider the weaker definition of Nash equilibrium given below.

Definition 1.1
Let the leader control h be given. The pair (9%,92) is called a Nash quasi-equilibrium of functionals (Ji, Jo)
if the condition (10) is satisfied.

In this paper, we are interested by the concept of Stackelberg competition introduced by [36]. It is
a strategy game between several firms in which one of the firms (called the leader) moves first and the
others firms (named followers) moves according to the leader’s strategy. In case of many followers with each
corresponding to a specific optimality objective, the Nash equilibrium is the most suitable.

In the framework of partial differential equations (PDEs), the hierarchic control was introduced by J-L.
Lions in [27, 28] to study a bi-objective control problem for the wave and heat equations respectively. In the
last years, other authors have used hierarchical control in the sense of Lions, see for instance [31, 32, 14, 24, 25,
18, 30, 15]. There are in the literature some important results about Stackelberg-Nash strategy for PDEs. In
[3], F. D Araruna et al. developed the first hierarchical results within the exact controllability framework for
class of parabolic equations (linear and semi-linear), with pointwise constraints on the followers. In [13], N.
Carreno and M. C. Santos applied the Stackelberg-Nash strategy to the Kuramoto-Sivashinsky equation with
a distributed leader, and two followers. Their results were achieved by proving a partial null controllability



result for a system of non linear fourth-order equations with boundary coupling terms. In [16], the author
studied the Stackelberg-Nash strategy for a non linear parabolic equation in an unbounded domain. His
results were achieved using a Schauder’s fixed point Theorem under the assumption that the uncontrolled
domain is bounded. In [34], Dany Nina Huaman applied Stackelberg-Nash strategy to control a quasi-linear
parabolic equations in dimensions 1D, 2D or 3D. In [9], the authors applied hierarchical control to the
anisotropic heat equation with dynamic boundary conditions and drift terms. Even though the hierarchical
control of several types of problems has been intensively considered by researchers (see e.g [7, 6] ) there only
a few addressing the important case of coupled systems.

In the context of hierarchical strategy for coupled systems, Kéré et al. [26], considered a bi-objective
control strategy for a coupled parabolic equations with a finite constraints on one of the states. Their results
were achieved by means of an observability inequality of Carleman adapted to the constraints. In [21] and
[23], V. Herndndez-Santamaria et al. studied a Stackelberg-Nash strategy for a cascade system of parabolic
equations and for a cascade system of parabolic equations with the leader as a vector function acting in the
two equations. More recently in [33], J. Limaco et al. applied the Stackelberg-Nash strategy to a coupled
quasi-linear parabolic system with controls acting in the interior on the domain.

In all the above cited works, the hierarchic strategy were applied to non degenerate systems. To the best
of our knowledge, there do not exists any work in the literature addressing the Stackelberg-Nash strategy for
a coupled degenerate parabolic system. As far as we know, the only work dealing with hierarchical strategy
applied to a single degenerate equation is the one of F. D. Araruna et al. [5], where the authors studied the
Stackelberg-Nash strategy for a semi-linear degenerate parabolic equations. In the present paper, the main
novelty is that, we extend the results concerning the Stackelberg-Nash control to the coupled degenerate
parabolic equation (1).

1.1 Main results

We will prove that if p;, ¢ = 1,2 are sufficiently large, then the functionals J;, i = 1,2 given by (4) are
indeed convex. More precisely, we have the following results.

Theorem 1.1

Assume that (2), (3), y° € [L2(Q)]? and y;, € L*°((0,T);w1,q) x L=((0,T);ws,q) are satisfied. Assume
that h € L*(wr) and p;, i = 1,2 are sufficiently large. Then, if (9',9%) is a Nash quasi-equilibrium for
Jiy, 1 =1,2, there exists a constant C' > 0 independent of p;, 1 =1,2 such

D} Ji(h; 0", 0%) - (w',w') 2 Cllw'l|Za0, 1120 Y@' € L2((0,T); L (wi)), i =1,2. (11)

In particular, the functional (J1, Jo) are convex in (01, 9%) and therefore the pair (v',9?) is a Nash equilibrium
for Ji, i =1,2 of the system (1).

To state the main contribution of this paper, we assume that the control regions satisfy the following
assumptions:

w1,q = wa 4 : the common observability set will be denoted by wy,
(12)
wa Nw # 0.

Our main result of this paper is the following:



Theorem 1.2
Suppose that (12) holds, the u;, i = 1,2 are large enough, a(-) satisfies (2) and the function F;, i = 1,2
satisfy (3). Let Oy be a non-empty subset of w such that the following inequality holds:

d>dy>0 in (0,T)x Oa. (13)

Then, there exists a positive real weight function k = k(t) (the definition of k will be given later) such that
for any vl = (4} 4,95.0)" € L2((0,T);w1,4) x L*((0,T);w2.q) satisfying

T
/ / K2|yk gf? dadt < +oo, i,j=1,2, (14)
0 wq

and for any y° € [L?*(Q)]?, there exist a control h € L*(wr) and an associated Nash equilibrium (0',9%) €
H = L?((0,T); L*(w1)) x L?((0,T); L*(w2)) such that the corresponding solution to (1) satisfies (9).

Remark 3
In this work, we assume that w; Nw = 0. This means that the followers control cannot act on the leader’s
domain.

The rest of this paper is organized as follows. In Section 2, we give the proof of existence, uniqueness and
characterization of Nash equilibrium. Section 3 deals with the proof of some suitable Carleman estimates. In
Section 4, we deduce the null controllability result of system (1). Concluding remarks is made in Section 5.

2 Preliminary results

2.1 Well-posedness result of system (1)

In the sequel, the usual norm in L*°(Q) will be denoted by || - |- In order to study the well-posedness of
system (1), we introduce as in [10, 11, 12] the weight spaces H.(Q) and H2(Q2) as follows (in the sequel, abs.
cont. means absolutely continuous):

HY(Q) = {u € L*(Q) : uis abs. cont. in [0,1] : vau, € L*(R), u(0) = u(1) = 0}, (15)
H2(Q) ={uec HX(Q) : a(z)u, € H'(Q)},
endowed respectively with the norms
HUH%(;(Q) = HUH%Q(Q) + H\/EUwH%?(Q)a ue Hy (), (16)
HUqug(Q) = HUH%I;(Q) + ||(a(17)ux)x|\%2(g)v ue Hf(Q)-
Under the assumptions (2), we have the following embedding (see [17, Lemma 2.2])
HY(Q) — L>=(Q). (17)

Proceeding as in [1, Proposition 2.3] by using the semi-group theory or using the variational approach
[29, Theorem 1.1, page 37], we can prove the following result.

Proposition 2.1
Assume that (2) and (3) are valid. Lety® € [L*(Q)]?, h € L*(wr) and (v',v?)t € H = L2((0,T); L*(w1)) ¥
L?((0,T); L*(w2)). Then, the system (1) admits a unique weak solution

y € H=L*((0,7); [Hy()]*) N [C([0, T]; L*())]*. (18)



Moreover, there exists a constant C = C(T,K) > 0 such that the following estimation holds:

sup ] [y (7, ')||2Lz(9) + :EPT] [y2(T, ')||2Lz(9) + HylH%Q((O,T);H;(Q)) + ”y?H%Q((O,T);H;(Q))

T€[0,T

< C (10 12 sy + 1022y + 1y + 188120y + 188113500 )
where K is the Lipschitz constant.

We state the Hardy-Poincaré inequality that will be useful for the rest of the paper. This inequality is
similar to the one stated on [2, Proposition 2.1] as well as its proof.

Proposition 2.2 (Hardy-Poincaré inequality)
Assume that a : [0;1] — Ry is in C([0;1]), a(0) = 0 and a > 0 on (0;1]. Furthermore, assume that a

a(z)

6
— x
zero. Then, there is a constant C > 0 such that for any z, locally absolutely continuous on (0; 1], continuous

is such that there exists 6 € (0;1) such that the function x — is non-increasing in a neighbourhood of

1
at 0 and satisfying z(0) = 0 and / a(z)|2'()|? dr < +oo, the following inequality holds

/ ()|z |2d:c<C/ ()]? da. (20)
a(x)

Moreover, under the same hypothesis on z and the fact that the function x — —;> is non-increasing on
x

(0;1], then the inequality (20) holds with C' =

(1-0)*

2.2 Characterization of Nash equilibrium

First, we give the following characterization of Nash quasi-equilibrium pair (recall Definition 1.1) (9%, ©2) of
(1) for J;, i = 1,2 given by (4).
Proposition 2.3

Let h € L?(wr) and assume that ji;, i = 1,2 are sufficiently large. Let also (91, %) € H = L?((0,T); L*(w1)) ¥
L2((0,T); L*(w2)) be the Nash quasi- equilibrium pair for (Ji,J2). Then, there exists p* = (pt,ph) € H such
that Nash quasi-equilibrium pair (61,9%) € H is characterized by

: 1
= ——p;2 toin (0,T) x wi, (21)

where y = (y1,y2) and p' = (pi,ps) are solutions of the following optimality systems

1 1 _ .
yie — (a(@)yr2), + Fily)) = hxw - e *P1Xen — L PiXer i Q,
Yo, — (a(2)y2,0), + Fo(y2) +dyr = 0 in Q, (22)
Y1 (tu O) = (tu 1) = yQ(tu O) = y?(ta 1) = 0 on (07 T)u
yl(oa ) = y?a yQ(Oa ) = yg in Q
and _ _ _
=Py — (al@)pi ), + Filyo)pi +dpy = ai (1 =91 4) Xewrw i Q,
—phy = (a(@)phs), + Fo(y2)ph = i (Y2 = Yha) Xwww  Q (23)
pi (t5 O) - l(tv 1) pé( ) pé(ta 1) =0 on (Oa T)a



Proof
If (¢!, 9?) is a Nash quasi-equilibrium in the sense of the Definition 1.1, then we have

/ / (y1 — y1 D2+ (g2 — y%d)zﬂ dx dt
Wz d

(24)
‘HM/ / p2o't dxdt =0, for all v* € L*((0,T); L*(w;)),
0 Wi
where 2% = (z{, 24) is the solution of the following system
2= (al@)2l,), + F{(ynzl‘ — e W Q
% - (a(x)zz w)m + F2 y2 Z2 + le = O in Qa (25)
2i(t,0) = 2i(t,1) = 22_(t 0) = zz(t, 1) = 0 on (0,7),
21(0,-) = 25(0,-) = 0 in Q.

If we multiply (23) by 2% solution of (25) and integrate by parts on @, we obtain

T T
. / / (1 — o )2k + (v — vh0) 7] dodt = / / vip! dadt = 0.
0 Wi,d 0 w;

Combining this latter equality with (24), we obtain

T
/ / v’ (pl + pip3t’) daxdt =0, for all v € L*((0,T); L*(w;)),
0 wi

from where (21)-(23) follows. =

Remark 4

1. Notice that the existence and uniqueness of a solution for (22)-(23) implies the existence and uniqueness
of a Nash quasi-equilibrium in the sense of Definition 1.1. Proposition 2.1 guarantees the existence and
uniqueness of solution for system (22)-(23).

2. Using the idea of [16, Proposition 2.1], we can prove the existence of a constant C > 0 such that
18", 0*)]l1 < C (14 12l L2wr)) - (26)

Now, we introduce the following results useful for proving the Theorem 1.1. We consider the system

2z —(a(x)zy), +c(t,x)z = g in Q,
z(,0)=2(,1) = 0 in (0,7), (27)
2(0,) = 2% in Q.
We set
K = H'((0,T); L*(Q)) N L*((0,T); HZ () N C([0, TT; Hy (). (28)

Then we have the following result proved in [2, Theorem 2.1].

Theorem 2.1 Let 2° € HL(Q), ¢ € L>®(Q) and g € L*(Q). Then, the system (27) admits a unique weak
solution z € K. Moreover there exists a positive constant C = C(T) such that

T
e 120y + / (122220 + l@@)22)a sy ) ddt < CUIL ey + lollBag)- (29)
€0,



Lemma 2.1 Let 2° € HX(Q), ¢ € L>®(Q) and g € L*(Q). Then the unique weak solution z € K of (27)
belongs to L>®(Q). Moreover there exists a positive constant C = C(T) such that

Izllz(@) < CUI2° () + llgllz2@)- (30)
Proof. Let t € [0,T], then by (29), we have

sup [|z(E)l a2y < C 180N a2 + lgll2@)] - (31)
t€[0,T]

Using the embedding (17), we obtain for almost every ¢ € [0, T,

l2(t)[| L) < Cllz(t)] 1 (o)

Therefore
[2lL=(@) < C sup 120 12 () (32)
telo
Combining (31) and (32), we deduce (30). m
Next, we prove Theorem 1.1 establishing the equivalence between Nash quasi-equilibrium and Nash equi-
librium in the semi-linear case. The technique of the proof is inspired by [3, Proposition 1.4].

Proof of Theorem 1.1.
Let h € L?(wr) be given and let (41, 6i2) be the associated Nash quasi-equilibria. For any w', w? € L?(w; 1)
and s € R, let us de note by y* = (y5,y5) the solution of the following system

,t ( (z )yiw)z + I (yf) = hxw+ (vl =+ Swl)le + U2Xw2 in Q,
yi(t, 0) yf(t 1) = y3(t.0) = y3(t,1) = 0 on (0,7),
yf( ) ):y?a y;(ov):yg in Q

and let us set y; := y§|s=0-
Now, we have

T
Dy Jy(h; o' + sw'! UQ)-wQ—DlJl(h;ﬁl,ﬁQ)-wQ=8u1/ / prwtw? dedt
0 w

1

v [ L foi vt s -ha] wa (34)
w1
o[ / (11 = ko)t + (2 — vh.0)23] dad,
w1
where 2% (z% 5 221 %) is the derivative of the state y with respect to 9 + sw! in the direction w?, i.e. z*
is the solution to
A~ (a@s2) +ReDAT = v, @
af - (a@)5)) +BE)m +dl* = 0 m o Q, (35)
SH(0) = 20 (1) = 20 0) = 246 1) = 0 on (0,T),
2°(0,) = 2°(0,) = 0 in  Q,

0]



and we have used the notation z} == z"*|s—o, i = 1,2.
Let us introduce the adjoint of (35)

—pis = (al@)pis) + e +dpy = a1 (v —vla)xes I Q.
péf—( p“) + By = @ (yé—yé,d)xwl,d n Q, (36)
VE(,0) = pro (8, 1) = pyo(t,0) = 15(t 1) = 0 on (0,7),
( )=p(T,) = 0 in Q.

and let us use the notation p} := p;”*|.=o.
Multiplying the first and the second equation of (35) by p1 *® and p;’s, respectively and integrating by parts
over (), we obtain

T
o / / [(yf —yia)a” + (v —y%,d)zfé’s} dedt = /Q WPy Y, drdt. (37)
0 w1,d

From (34) and (37), we have

Dy Jy(h; ot + swh, %) - w® — Dy Jy(hy 0!, 0%) - w? = sul/ / plwtw? dadt
“1 (38)
+ / / (p1° — p1)w? dadt.
w1
Note that
(y7 —y1)e — (a(@) (Y5 — 1)), + [F1(y]) — Fi(y1)] = sw'xu,,
(¥5 = y2)e — (a()(y5 — y2)z), + [F2(y3) — Fa(y2)] + d(y; —y1) =0
and
—(py* = pi)e — (a(w)(pi’s —p%)m)m +[F{(y) = Fl(w)] pr° + F{(y)pr* — pi + d(py”* = pb),
= a1(y] = ¥1)Xewr 4>
—(py" = b — (a(@) 0} —ph)s) -+ [F3(45) = F3(u2)] py” + F(y2)ph” = ph = 01(43 = 2)Xr -
Consequently, using that F' € C2(R), we obtain that the following limits
1
Ls _ pl = lim — (v — v, =
n; = lim =(p;”* —p;) and ¢; = lim (i i), fori=1,2
exist and satisfy
—ni,— (a(@)ni,), + Flly)m + F(y)opi +dp, = or¢ixe,, in Q,
—1 — (a(:v)n%,m) + Fyo)nh + Fl y2)daph — Md2Xe, I Q, (39)
i (t,0) = ni(t,1) —772(15 0) = Wz(t ) =0 on (0,7),
771(T )—772(T ) =0 in Q
and
P10 — (a(x)d12), + Fily1)pr = w'xw, in Q,
b2t — (a(®)P2,0), + Fa(y2)p2 +d1 = 0 in Q, (40)
¢1 (t7 0) = ¢1 (tu 1) = ¢2(t7 O) = ¢2 (t7 1) = 0 on (07 T)7
#1(0,-) = #2(0,-) = 0 in Q.



Thus, from (38)-(40) for w? = w!, we have

T T
D3 Jy(h; o', 0%) - (w,w') = / / pintw! da:dt—!—ul/ / |w! [? dxdt. (41)
0 w1 0 w1

Let us show that, for some constant C' > 0 independent of h, n', ¢, w', one has

pimw' dedt] < Cllw!|[ 22, - (42)
w1
The energy estimates associated to systems (40) and (39) are given respectively by
611172 + 621172(q) < Cllwt 120, 1) (43)
and
||77%||%2(Q) + H77§||2L2(Q) < O||w1||2L2(w1,T)' (44)

( 1.9?) is a Nash quasi-equilibrium, ¢* € L?((0,T);w;) and vy, € L>((0,T);w1,4) x L=((0,T);w2,4),
then, p* = (pi, pd) solution of (36) belongs to [L?((0,T); H1(£2))]? and using energy estimates, we obtain

1P11172(0) + IP2ll72(0) < C, (45)

where C is a positive constant which is independent of p; and ps. In addition with the change of variables
t — T —t and applying Lemma 2.1 with ¢ = F{(y1) € L*(Q) and g = a1 (y1 — ¥{ ¢)Xw, . — dp3 € L*(Q) and
combining the result with (45), we deduce that

Ip1ll=(@) < C, (46)

with C' a positive constant independent of 7 and ps. Using systems (39)-(40) and the estimates (43)-(46),
we obtain

/ pin}wl dxdt
w1, T

/Qﬂi (a1]p1 P Xwa — F{' (y1)|611p1 — dnyr) dadt

aillénllaq) + ||F1"||oo||¢1|I%2(Q)|Ip%||mo<@) +lldlloolnz | 2 (@) 1011l L2(@)
Cllw'|7

ININA

(w1 T)
where C' is independent of p; and po.
We can use (42) in (41) and we obtain
D3 Jy(h;ot,9%) - (whw') > (u1 — C)/ |w![? dzdt, Yw' € L*(wi 7).
w1, T

In a similar way, we can prove that there exists a positive constant C' independent of p; and pe such that
DR (14, 0%) - (%, 0?) 2 (ua =€) [ PP dad, Vu? € L(war).
w2, T

Taking p; sufficiently large, then the functional J;, ¢ = 1,2 given by (4) is convex and therefore the pair

(9',9?) is a Nash equilibrium in the sense of (8). [ |
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3 Carleman estimates

In this section we establish an observability inequality that allows us to prove the null controllability of
system (22)-(23). We start by proving an observability inequality for the adjoint systems associated to the
linearized version of (22)-(23)

—P1t — (a’(‘r)pl,:ﬂ)m + blpl + dp? = ali/J%le,d + a21/’wa2,d in Q7
—p2p = (a(2)p20), +b2p2 = 1UpXwr 4 T O2YiXws, I Q (48)
pl(tv O) = pl(tv 1) = pQ(tv O) = pg(t, 1) =0 on (OvT)v
p(T,-) = p?v p2(T,-) = Pg in

and

Vi = (a(xﬁ/ﬂi o), H o

1 _ .
——p % piXw, in Q,
Hi

_ Py — (alz )x ey +dyi = 0 n @, (49)
Ui (t,0) = vi(t, 1) 3 t,0) = ¢2(t ) =0 on (0,7,
$1(0,) = ¢5(0,-) = 0 in

where by, b, c1,co,d € L=(Q) and pT' = (pT, pI) € [L2(Q))2.
Since the first assumption of (12) holds and if we set g; = 0411/1]1- + 0421/1]2, 7 =1,2, then we obtain

—p1e — (a(x)p1,2), +br1pr +dps = o1xw, in Q,
—pa — (a(x)paz), +baps = o02Xw, in Q, (50)
pl(tuo) :pl(tul) :p2(t70) :P2(t71) =0 on (OuT)u
pl(Tu ) = p,{u p2(T7 ) = Pg in Q
and
o @ .
o0 — (a(@)o12), 11 = —p.° <M—1xw1 + M—zxm) p1 in @,
02t — (a(x)02,2), + o020 +dor = 0 in @, (51)
Ql(ta O) = Ql(ta 1) = QQ(ta O) = QQ(tv 1) = 0 on (Oa T)a
91(0, ) = QQ(O, ) =0 in Q.

Classically, to establish Carleman inequality, we define some weight functions according to the nature of
model. In our case, these functions are stated as follows:
Since wg Nw # 0 (recall (12)), then, there exists a non-empty open set O € wy Nw and o € C%([0,1]) be a
function such that

o(z)>0 in (0,1), o(0)=0(1)=0, (52)
oz(x) A0 in [0,1]\ Oo,
where Op € O; is an open subset. We refer to [19] for the existence of such a function o.
Let 7 € [0,1) be as in the assumption (2) and r,d € R be such that
4in(2) - 5
r> andd > ————. (53)
[llloo a(1)(2 - )
- 2rllollee — 1) 4(e27llolle — grliolios
If r and d verify (53), then the interval I = a(l )g WG ), (e ¢ ) is non-empty
da(l)(2-71)— 3d

11



(see [8]). Then we can choose A in this interval and for r, d satisfying (53), we define the following functions:
o) 1 Ve (0,T), o) A(/ Y g J)
= T a4 ) ) x) = — ay — )
(T =) o a(y)

o(t,2) == O(1)S(x), n(t,x) = Ot)e™®), (54)

U(x) = (em(x) - eQT”"”“’) , D(t,z) :=0(t)T(x).

Using the second assumption in (53) on d, we observe that §(x) < 0 for all # € [0,1]. Moreover, we have
that ©(t) — 400 as ¢ tends to 07 and T~. Under assumptions (53) and the choice of the parameter ), the
weight functions ¢ and @ defined by (54) satisfy the following inequalities which are needed in the sequel:

4
E‘I)S(PS‘I) on @, (55)
20 < ¢ on Q.

Remark 5
The weight function p, € C*([0,T]) in (4) is such that

pu(t) > e ¢+/2, (56)

where v, = mig o(t,z) and ¢ is defined in (54). This weight function will help us to prove a Carleman
zE

inequality for the solution of system (48)-(49). We can refer to [25, 3, 22] for a similar use of weight
function as (56).

Before going further, we consider the following result inspired by [1, Lemma 4.1] useful for the rest of the
paper.

Lemma 3.1 (Caccioppoli’s inequality)
Let O be a subset of O1 such that O" € Oy. Let p = (p1, p2) and o = (01, 02) be the solution of (50) and
(51) respectively. Then, there exists a positive constant C such that

T 2 T 2
| [ Yt sdnvaasc [ [ 203k a) e doa, (57)
0 i 1 0 JOu i=1
where the weight functions ¢ and © are defined by (54).
We state the following Carleman type inequality in the degenerate case proved in [8, Proposition 3.3].

Proposition 3.1
Consider the following system with f € L*(Q), ap € L*=(Q) and zr € L*(Q),

-zt — (a(®)ze)e +aoz = [ in Q,
z(t,0)=2(t,1) = 0 on (0,7), (58)
z2(T,:) = zpr in S

Then, there exist two positive constants C and so, such that every solution of (58) satisfies, for all s > so,
the following inequality:

12



T
I(z)<C (/ |f|?e?*¢ da dt + sa(l)/ Oz2(t,1)e?s# 1) dt) , (59)
Q 0

where

2
I(z) = /QT % (|Zt|2 + |(a(3:)zm)z|2) e dxdt —|—/Q <53@3 ag(jx) 2%+ s@a(z)zi) e**% dx dt, (60)

the functions © and ¢ are given by (54).

The next result is concerned with a classical Carleman estimate in suitable interval (by, b2) C [0, 1] proved
in [19].

Proposition 3.2
We consider the following system with f € L*(Qy), ap € L°°(Qp) and a € C([by1;bs]) is a strictly positive
function,

—z— (a(2)20)s + a0z = f in Qy,
{ z(t,bl):z(t7b02) = 0 on (OIZT)7 (61)

where Qp := (0,T) x (by,b2). Then, there exist two positive constants C' and s2, such that every solution of
(61) satisfies, for all s > s1, the following inequality holds

T
K(z)<C (/ |f|2e*® da dt +/ / 3P 22e?? dx dt) ) (62)
Qb 0 O

1
K(z) = / — (|z,5|2 + |(a(:1c)zm)w|2> e dadt + / (830322 4 sn22)e?*® dx dt (63)
Qr 51 Q

and the functions n and ® are defined by (54).

where

3.1 An intermediate Carleman estimate

Now, we state and prove one of the important result of this paper which is the intermediate Carleman estimate
satisfied by solution of systems (50)-(51). This inequality is obtained by using the Carleman estimates (59)
and (62), the Hardy-Poincaré inequality (20) and the Caccioppoli’s inequality (57).

Theorem 3.1
Assume that the hypotheses (2) on a(-) are satisfied. Then, there exists a constant Cy > 0 such that every
solution p and o of (50) and (51) respectively, satisfy, for any s large enough, the following inequality

T
T(p1) +Z(p2) + Z(01) + Z(02) < Cy / / 303 (p2 + p2 + 02 + 02)e** du dt, (64)
0o Jo,

where the notation Z(-) is defined by (60).
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Proof. Let us choose an arbitrary open subset O' := (¢, ) such that O’ € O;. Let us introduce the
smooth cut-off function £ : R — R defined as follows

0<¢<1, zeR,
1, z€]0,q], (65)
£(x) =0, ze[B,1].

Let p = (p1,p2)" and 0 = (01, 02)" be respectively solutions of (50) and (51). We set p; = £p;, @ = 1,2 and
0i = &p;, i =1,2. Then, p and g are respectively solutions to

—p1e — (a(x)pr,2), +b1pr +dpa = Di1Xw, — (a(2)&e p1), — & a(z)pr In Q,
_52 t — ( ( )52 z) + bQﬁQ = §2de - (a(x)é.m p2)m - é.m a(x)pQ,I in Qv (66)
FL(1,0) = (1) = ma(t,0) = pa(t,]) = 0 on (0,7),
p(T,) =pi, paAT,) =p5 in Q
and ~
o1t — (a(r)01,2), +c1o1 = G in Q,
02t — (a(2)02,0), + 2020 +dor = —(a(x)és 02), — & a(r)o2, in  Q, (67)
01 (t,O) = 51 (t, 1) = Eg(t 0) = Qg(f 1) =0 on (O,T),
El( a') = 92(07 ) =0 in Qv

g _ Qaq (65) ~
where § =~ (2, + 2 ) i @) 21, - & oo
Let us also set p, = ¥p;, ©+ = 1,2 and p; = Jo;, ¢ = 1,2 with 9 =1 — £. Then, the support of p; and p; is
contained in [0, 7] x [, 1] and are respectively solutions to

—P1t — ( (z)py ) +b1py +dpy = O1xo, — (a(x)Vs p1), — V2 a(z)pr. 0 Qa,
Py — (a(@)pa ), +b2y = Doxo, — (al@)Vs p2), — Vs a(z)p2e I Qa, (68)
1(t,0) =7, (t,1) = 5y(1,0) = py(t,1) = 0 on (0,7),
ﬁl(Tv') :_{7 ﬁ2(T7') :pg in Q
and _
014 — ( (z)o1 x) +tao, = ¢ in  Qa,
02,0 — (a(x)02,2), + 202 +dor = —(a(x)Vy 02), — Vs a(x)02 in  Qu, (69)
01(t,0) =2,(t,1) = 02(t,0) =25(t,1) = 0 on (0,7),
01(0,:) =2,(0,-) = 0 in Q,

_ « v
where, G = —p; 2 (ﬂ—lxwl + fm 71— (a(2)9s 01), — Vs a(z)o1,x and Qu = (0,T) x (a,1).
1 2

We make the rest of the proof in three steps:
Step 1. We prove that there exists a constant C' > 0 such that

Z(p1) + Z(p2) + Z(01) + Z(02) < C/ / s20%(p? + p3 + 07 + 03)e**? dx dt. (70)

Applying the Carleman estimate (59) to the first equation of (66) with the second term f = —dps +
o1xo, — (a(z)é: p1), — & a(x)p1,2, and using the fact that py (¢, 1) = 0, we obtain

Z(p)

IN

C/ |~dp2 + 1 x0, — (a(2)é p1), — & a(x)p1 o] €22 dzdt (71)
Q

IN

c /Q (7212 + 13 x0, 2 + [(@(@)espr)e + a(2)eaprol?] 2% dudt.
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From the definition of &, we have

/ [(a(®)&xp1)x a(fp)gmpl,zﬁezw drdt = / ((a(z)€x)apr + 2“(33)51/’1796)2625@ dz di
Q
< [ PP + Slal)t) ] 5 do
Q
T
< C/ / (p% —|—piz) e2%% dx dt. (72)
O ’
2
In the other hand, using the fact that —— is non-decreasing on (0, 1], thanks to Hardy-Poincaré inequality
a(x
(20) to the function e*?g; and using the definition of ¢, we get
- 1 a(x)
2 2s¢p t < ~2 ZSgad dt
/Q|91| e“*Pdxdt < —a(l)/Q—:Z:Q oie x
C
< — dz dt
< a(l)/ (@@ )l do
<

02e%%% dx dt)

le 25“"d:vdt+/@ 520? :1(0)

Using the fact that there exist a positive constant M7 such that

1< M© and ©%< M,03, (73)
we obtain
2
/Q |o1%e?*% dadt < C < /Q Oa(z)0] ,e**7 dz dt + /Q 8263%5%628% dx dt> . (74)
Proceeding as before, we obtain
2
/ |dpo|?e?*¢ dadt < C / Oa(x)ps ,e**? dx dt —|—/ s2®3x—ﬁge25“’ dxdt ) . (75)
Q Q ’ @ o)

Combining (71)-(75), we obtain

T 2
Z(p1) < C/ / (p? + pi,)e* P dxdt + C’/ <@a(z)@21 t 52@317—)@?) ¢ dx dt
0 ’ ? Q ? a\x

2
+O/ (@a(x)ﬁ% .t 52@3x—[)§> e dx dt. (76)
Q ’ a(x)
Arguing in the same way as in (76) with pa, 91 and g2, we respectively obtain
2
Z(p2) < C/ / (p2 + p2 e 250 dggdt+C/ (®a sz 1 5203 ﬁ 2) e2%% du dt, (77)
’ X
T 2
I(91) < C/ / (0] + 01 ,)e** du dt + c/ <@a( )01 +5°0° mﬁf) ¢ dx dt (78)
0 ¢ Q
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and

Z(02) <c/ / (05 + 03, )2dedt+c/ (®a )01, + 5°©° MOL 1) e**¢ dx dt. (79)

Combining (76)-(79) and taking s large enough, we obtain

2 T
Z(p1) +Z(p2) + Z(01) + Z(02) < CZ/ / (p? 4 0? + P?,m + 912,1)625“’ dz dt.
. O/

Using Caccioppoli’s inequality (57) in the left hand side of this latter estimate, we obtain (70).
Step 2. We prove that there exists a constant C' > 0 such that

K + K7 + K@)+ K@) <C [ [ 90008+ 61+ e doc, (50)

where the notation K(-) is defined by (63).
Since on @, all the above systems are non degenerate, applying the classical Carleman inequality (62) to
the first solution 7, of (68) with by = «, bo =1 and f = —dpy + 0, x0, — (a(x)V; p1), — V2 a(z)p1,2, We get

K1)

IN

T
C [ [l + el + (@@} + o) epnal] P e+ [ [ g amar
Q 0 01

IN

C/Q [|dp | + [0 Xwa |* + [(a(2)92p1)s + al@)Vaprol?] €*® du dt (81)

T
+ / / s30%52e**® dx dt
o Jou

because 7)(t, z) := O(t)e"@ < O(t)ello@ll= Using the definition of the function 9, we have

/ (aa)bapr)s + ale)apraP e dodt = [ (@(@)0)apr + 20(0)0ap1.V2e do
Q
< [ @@ 01? + S(a(@)0. 268 ] 2 do
Q
T
< C/ /(p§+piz) e*® dz dt. (82)
0 !’

2
On the other hand, since % is non-decreasing on (0, 1] and thanks to Hardy-Poincaré inequality (20) to
a(z

the function e*®p,, we get

1
/|@1|2e25‘1>dxdt < —/ 01e*? dx dt
Q a(l
C
< —/ a(x Ve|? da dt
a(1) Q
< C/ (a(z glz—l—a (2)s°n%07) **® dx dt.
Q



Using (73), the fact that a € C*([a; 1]) and n~t € L>°(Q), we get
/ 02e® Y dodt < C/ (n@%m + s*ng7) e dw dt.
Q Q
Arguing as before, we obtain
/ |dp,y|2e®*® dx dt < C / (173, + $*n°P3) € da dt.
Q Q

Combining (81)-(84), we obtain

T T
K(p;) < C/ / (p? + pt ,)e**® dx dt + C/ / s303p2e?*® dx dt
0 / ' o Jo,
+C/ (n@%ym + 8277%%) e2® du dt + C/ (nﬁ%yx + 82n3ﬁ§) e25® du dt.
Q Q

Applying the same way as in (85) to py, 9, and gy, we respectively obtain

T T
K(py) < O/ / (5 + p3 4 )e**® da dt + O/ / s°03p2e?® dr dt
0 ! 0 O,

+C/ (n@%)m + 52773@%) e?*® dx dt,
Q

T T
K(o,) < C/ / (02 + 01 ,)e**® dw dt + C/ / s30°%02e?*® dx dt
0 ' ' o Jo,
+C/ (173 o + *n°p7) €% da dt
Q
and

T T
K(o,) < C'/ / (03 + 02 ,)e**® dx dt + C'/ / 5303 02e?*® dx dt
0 ' ’ o Jo,

+C/ (775%,1 + 52773?%) e2*® dz dt.

Q

Combining (85)-(88) and taking s large enough, we obtain

2 T
K@) + K(p2) + K(@1) + K(2,) < C ) / / (P} + 07 + Pl + €f0)e™ " dudt
=170 JO’

T
+C’/ / s°0%(p} + p3 + 0f + 03)e*** du dt.
0o Jo,

Combining this latter estimate with Caccioppoli’s inequality (57), we obtain we obtain (80).

Step 3. Now, we prove the inequality (64).
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2
Thanks to inequalities (55), the fact that a € C*([a, 1]) and the function i non-decreasing on (0, 1],
a(x

one can prove the existence of a constant C' > 0 such that for all (¢,z) € (0,T) X [a, 1], we have

2
x
enga < 62.9<I>7 enga < Cve2s<1>7 a(x)eQSga < Ce2s<I>' (89)

a(z)
Using (89), the inequality (80) becomes

I3,) + I(7) + (31 + T(@s) < C / / SO+ 2+ G+ )P dudr. (90)

Combining (70) and (90) and using the first inequality of (89), we obtain

Z(Py + p1) +Z(Py + p2) + Z(21 + 01) + Z(2y + 02) < C/ / s°O%(pT + p3 + 0f + 05)e** T dwdt.  (91)
Using the fact that o; = 0; +9;, ¢ = 1,2 and p; = p; + p;, i = 1,2, then we have
loil> <2 (|ail* +[@:*) . |pil* <2 (15sf* + I7:]?)
l0ia* <2 (18ial® + 1252 ) » |pial® < 2(1Pial® + [7i 4 ]) -

Combining (91) and (92), we obtain the existence of a constant C; > 0 such that

Z(p1) + Z(p2) + Z(01) + Z(02) < Cl/ / 303 (p2 + p2 + 02 + 03)e*® dx dt.
This completes the proof. m

3.2 An observability inequality result

This part is devoted to the observability inequality of systems (50)-(51). This inequality is obtained by using
the intermediate Carleman estimate (64).

Proposition 3.3
Under the assumptions of Theorem 3.1, there exists a constant Cyq > 0, such that every solution p and o
of (50) and (51), respectively, satisfy, for s large enough, the following inequality:

T
Z(p1) +Z(p2) +Z(01) + Z(02) §C4815/0 /|p1|2dxdt, (93)

where the notation Z(-) is defined by (60).

Proof.

The proof of this proposition is inspired by techniques from [35, Lemma 1]. We will achieve it in two
steps.
Step 1. First, we want to eliminate the local term corresponding to o1 and g2 on the right hand side of

18



(64). So, let Oz be a non empty open set such that O € Oy € wg Nw. We introduce as in [35] the cut off
function & € C§°(Q) such that

O§§1§11HQ §1zlin(91, 51:0iHQ\02, (94&)
See ¢ 12(0y), S € 17(0y). (94b)
1 &

Set u; = s303e2*®. Then u1(T) = u;(0) = 0 and we have the following estimations:
luréy| < 502, |(u1€1)s] < Cs*@8e25%¢,,
(95)
[(u1&1)s| < Cs*© ¢y, l(a(z)(u1€1)2)s| < Cs°O%?5%¢,

where C' is a positive constant.
If we multiply the first and the second equation of (50) by u1£101 and u1&; 02, respectively, and integrate

by parts over @), we obtain

J+Jt+ds+Jdit s+ Je+ Jr = / wiéi(lo1|* + |02 Xw, dxdt, (96)
Q

e e o(u
N=—— [ wé&lp*xw, dvdt— —2/ ur&i|p1|* X, drdt, Jo :/ p101 (161) dx dt,
1 Jg 12 Jo Q ot

J3 = /szgz (8161) drdt, Jy = —/Q(G(UC)(Ulﬁl)m)m pro1 dxdt, J5 = —/Q(G(UC)(Ulfl)w)w p202 dz dt,

Jo = —2/ a(x)(u1é1)ep101,0 dedt, J; = —2/ a(x)(u11)z 202, dr dt.
Q Q
Let us estimate J;, ¢ =1,---,7. Using Young’s inequality, we have

1o p2

a? a3 x?
(_2 + _2> / 83@3 2ssa|p1| dIdt-i—C/ / 3@3 25 20 —¢) |p |2d$dt
H1 Ha Q a(z) Oy

L < (ﬂ + %) c/ $303e25%¢, |y |? da dt
Q

J, < C / 51082 %¢ |py 01| dr dt
Q
62 I2 T ( ) d—
< s303 —— 25“"|91|2dazdt+052/ / $5918 L) 25(20—) |p1|2dz dt,
2 Q ( ) 0 O2 ‘T
J3 < C/ s108e?* ¢ | py 0| da dt

T
53 3@3 z? 25¢|Q2|2d:p dt + 053/ / 85613 a(f) 625(2<I>—<p)|p2|2dx dt,
2 Q a(x) 0 Jo, z
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Jy < C / s°0%e25%¢ | p1 01| dx dt
Q
K} 2 T
< %4 Sg@gx—€2sw|91|2d$dt+clg4/ / 87@7&§)e2s(2<1>7<,'2)|p1|2d$dt7
2 Jo a(x) 0o Jo, x
Js < C / §°0°e* ¢ | paa| dr dt
Q
2 T
< 55 Rt 25“"|92|2da:dt—|—055/ / 87670'(:5)e2s(2'i>fap)|p2|2dxdt7
2 Q a(z) 0 JO, z
Jo < C/ s4®4a(:1c)e25¢§1|p1g1,1|dwdt
Q
06 T
< = s@a(x)ezss"|gl)m|2dxdt+056/ / s707a(z)e**2*=9)| p,|2du dt,
2 Q 0 O3z
Jr < C/ 54@4a(x)625¢§1|p29211|dxdt
Q
o7 2 2 g Q7 2s(2® 2
< — [ sOa(z)e**?|02,| dxdt+057/ / 5707 a(x)e*** =9 | py P dx dt.
2 Q 0 Oq

1 1
E and 56 = 67 = 2—6'1, where Cl is
the constant obtained to Theorem 3.1, it follows from (96) and the previous inequalities that

Finally, choosing the constants ¢; such that do = d3 = d4 = J5 =

T
1
/ / 5203 (|o1)? + |02|?) dzdt < 20 Z(o )-|- I( 2)
0o Jo,
(- )/ / 9L o
1 (97)
i / / TOUUD 2022 (o2 4 o) v
02
+O/ / 57@7“625(2¢’“°’(Ip1|2+|p2|2> de dt.
0 Jo,
Combining (64) with (97) and taking u;, ¢ = 1,2 large enough, we obtain
g 7o13 @) 2520 2 2
Z(p1) + I(p2) + Z(01) + I(02) < C/ / G) - (|12 + |p2)?) dxdt
T
+C/ / s"07a(x)e* =) (|p1|* + |pa?) dx dt. (98)
0o Jo,
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a(x
Since (—2) and a(z) are bounded on Oy, then using (98), we obtain the existence of a positive constant Cs

X
such that
T
I(pl)-i-I(pg)—l—I(gl)—i—I(gg)SCQ/ / sTOe2 20N (o) 2 + | po?) dux dt. (99)
0 02

Step 2. Now, we want to eliminate the local term ps on the right hand side of (99). We take a non empty
open set O3 such that Oy € O3 € wg Nw. Let & € C§° () a cut off function such that

0§§2§11HQ, {2:11n(92, €QZOiHQ\03, (1003)
52,:1):1) oo 527:0 %)
1/2 €L (03), 1/2 cL (03) (100b)
2 2

We set ug = s7@B25(2%—%) Then, there exists a positive constant C' such that the following inequalities
holds:

|’U/2§2| < 87(__)13625(2<I>—<p)€27 |(u2§2)t| < 088618625(2<1>—g0)§2,
(101)
(u262)s| < Os*OMeP P96, |(a()(u262)a)s| < Cs"OPe> P00,
Multiplying the first equation of (50) by ua&2p2 and integrating by parts over @, we obtain
/du2§2|p2|2 drdt = Ky + Ko + K3 + K4 + K5 + K¢ + K7, (102)
Q
where
K, = —/ p1p2(u2fa): dxdt, Ky = —/ uzop1p2,e drdt, Kz = / (a(z)(u2é2)s)e p1p2 drdt,
Q Q Q
K, = 2/ a(x)(u282)eprp2,e drdt, Ks =/ u2apr(a(x)p2,.e)e drdt,
Q Q

K¢ = —/ byt uzbapip2 dadt, Kq :/ u28201P2Xw, dT dt.
Q Q

Let us estimate K;, i = 1,--- ,7. Using inequalities (101), we have

2 T
K < ﬂ/ IO e**?|po|da dt—|—0»h/ / 513@33—a($) 625(4@_3“")|p1|2d:1: dt,
2 Jo a(x) 0o Jo, 2

1 T
K> < E/ —625“’|p27t|2dxdt+Cw/ / 315927625(4(1’_3“")@1|2dxdt,
2 Q S@ 0 O3

- 2 x

2 T
K; < 3 / 303 z 625¢|p2|2d17 dt + O’Ys / / 515@27(1(:5) 625(4<I>73<,o)|p1|2d:Zj dt,
Q a(r) 0o Jos

T
K, < %/ s@a(x)ezss"|p27x|2dxdt—|—C',M/ / 515627a(x)625(4¢_3‘/’)|p1|2d:1:dt,
Q 0 O3
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1 T
Ko< 2 [ e la@padede+ €, [ [ SO70 59 oy s e,
Q S 0 O3

2
Kg < 2 / 3@3 € 25<p|p2|2dxdt+c’m/ / 11@23 ( ) 25(4<I> 3@)|p |2d17dt
a( ) O3

For K7, we have

2
K, < _/ 5303 €T 625“"|p2|2d:1c dt +C / / 11923 254~ 3¢)|Q |2d:v dt.
2 a(x) Os

Thanks to (55), we have 4® — 3¢ < 0, then ©23¢2*(4®=3¢) ¢ [°°(Q). Furthermore, &926) is bounded on Os.
T

Then, K7 becomes

2 T
K /33®3x—e25‘pp 2dadt + C S/ / o01|dz dt.
7 < 2 a(a:) | 2| Y7y 0 s | 1|

d
ﬁ and v2 =75 = Y4 = 2—2, where Cy is
a(x)

the constant obtained in (99) and dp is defined in (13). Using the condition (13) and the fact that —= and
T

a(x) are bounded on O3, we obtain from (102)

We choose the constants 7; such that v = v3 = 76 = 77 =

do
dO/ / 7@13 25(42—3p) |Q |2 dx dt < _1(92 + CB/ / s15933¢ 25(42—3p) |P |2 dx dt
02 O3

20,
/ / |o1|2dx dt.
O3

(103)

Putting the estimate (103) in (99), we get

T T
Z(p1) +Z(p2) + Z(01) + Z(02) < C4/ / s15@33e2549=32) | 5112 g dt + C(s)/ / lo12dzdt.  (104)
0 3 0 03

In order to eliminate the last term in the previous inequality, we establish the energy estimates for the system
(51) and we obtain:

T 2 2 T
o o _
/ / (lo1]? + lo2f?) dwdt < C(|lerllsc, le2lloc, o, T) (—5 + —3) / / 021 dadt. (105)
0 O3 1251 Ha 0 O3

Using the definition of p.(t) given in Remark 5, we get p,? < e*#* < e*¢. Furthermore, © € L>°((0,T)) and
2
x

a(z)

is non-decreasing on (0, 1]. Then, the inequality (105) becomes

)/ / - ¢ el dodt.
1 O3

(106)

T
//<|@1|2+|92|2>dxdtsc<||c1|\oo,||c2|\oo,||d|\oo, (
0 O3
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Combining (106) with (104) and taking p;, ¢ = 1,2 large enough, we obtain
T
Z(p1) +Z(p2) + Z(01) + Z(02) < 04/ / s15@33e25(42=30) | 12 g dt. (107)
0o Jos

Thanks to (55), we have 4® — 3p < 0, then ©33¢2(4®=3%) ¢ [°°(Q). Furthermore, using the fact that,
O3 C w, we deduce the inequality (93) and we complete the proof of Proposition 3.3. m

To prove the needed observability inequality, we are going to improve the Carleman inequality (93). To
this end, we modify the weight functions ¢ and © defined in (54) as follows:

T . T
g0<5,:1c> if te 0,5],
)= T (108)
o(t,z) if te E’T]

T T
(=) if te|0,=],
o(t) = (2> 2 (109)

o) if te g,T .

and

Then in view of the definition of ¢ and ©, the functions 3(.,z) and ©(-) are non positive function of class
C! on [0, T[. From now on, we fix the parameter s. We have the following result.

Proposition 3.4

Under the assumptions of Proposition 3.3, there exist a positive constant
C = C(C4,||b1]loos 2]l 0os ll€1lloos Ie2lloos |l ooy 15 p2, T) > 0 and a positive weight function k such that every
solution p = (p1, p2) and Y* = (Y, L) of (48) and (49), respectively, satisfy the following inequality:

2 T
19100, )220 + 19200, Ny + 3 /Q (AP + [94f2) de dt < © / / 2 de dt, (110)
=1 w

where the constant Cy is given by the Proposition 3.3.

Proof.
We proceed in two steps.
Step 1. We prove that there exist a constant C' = C(Cy, ||b1]|so, |D2]l s, ||d]|oc; T') > 0 such that

2 T
1100, )22 + 1920, ) Zacqy + 3 Zioury (2) + Zio.my (05) < C / / 2 de dt, (111)
i=1 w

where Z(-) is defined in the follow by (115).
Let us introduce a function 8 € C1([0,T]) such that

0<B<1, B(t)y=1fort€0,T/2], B(t) =0 for t € [3T/4,T], |5 (t)| < C/T. (112)
For any (t,z) € Q, we set
zi(t,x) = B()e " TV pi(t,x), i = 1,2,

23



where r > 0. Then in view of (50), the function z = (z1, z2) is solution of

—z14— (a(®)21,2), + b121 +dzg = Pe " "I 01Xy — Be " T Vo in Q,
—20 — (a(@)z2,2), + b2z = ﬂe T 0y Xy — Ble T t’ in Q, (113)
21 (ta O) = Z1 (tv 1) = ZQ(tv 0) = ZQ(ta 1) = on (07 T)v
21(T, ) = 2(T,:) = O in Q.

Using the classical energy estimates for the system (113) and using the definition of 8 and z, we get

T/2 T/2

0. oy + 120 iy + [ [ 1o ot [ [ ata)lono +1pasl?) daa
3T/4 3T/4

< C(bulo 2]l oo |y T) (/ /<|gl|2+|92| )dmdt+/ /<|p1| +laf?) da:dt>.
0 Q T/2 Ja

The functions @ and O defined by (108) and (109), respectively, have lower and upper bounds for (¢,z) €
[0,T/2] x Q. Furthermore, due to the hypothesis (2), we have that a € C([0,1]) and a > 0 in (0, 1]. Therefore,
2

T
there exist positive constants a; and as such that a(x) > a3 and —— > «@s. Then, we introduce the

a(x) —

corresponding weight functions in the above expression and we get

19100, )72y + 19200, )| F2(0) +Zjo,zy21 (p1) + Zio,zy2 (p2)

3T/4 , ) 3T/4 ) ) (114)
< C([Iblloo [1b2]locs lldl o0, T') (lo1|” +lo2]”) dadt + (lo1|” +1p2l”) dzdt |

0 ) T2 Ja

where .

Tiauy (1) :/ 63 L2572 d:cdt—i—/ Ba(z)e®?|l,|? dx dt. (115)
' o Jo  alz) Q

a

Adding the term f[07T/2](91) + i[o)T/Q] (02) on both sides of inequality (114), we have

110, W72y + 19200, )17 2() + Zio,1/21(P1) + Tio 1721 (p2) + Tpo w21 (1) + Lo 21 (02)
3T /4 3T/4

< C(bn s 2o ], T) (/ [l + 1P dode+ [ [ (i + |paP) d:cdt> (116)
0 Q /2 Ja

+f[O,T/2](Ql> + i[O,T/2] (02)-

In order to eliminate the term f[O7T/2](Q1) + f[oyT/Q] (02) in the right hand side of (116), we use the classical
energy estimates for the system (51) and we obtain:

T/2 T/2
//|91|2+|92| dxdt+// V(loral? + |0s.0]?) dadt

o1 | X e 2
< Clleles ezl )(m )/ o da

< C(lerlloes ealloon dlloe, T < )/ /Q2S*°|p1|2dxdt
l

where C' is independent of u;, i = 1,2. The functions ¢ and © have lower and upper bounds for (¢,z) €
2 2

[0,T/2] x Q. Moreover, the function is non-decreasing on (0; 1] and L az > 0in (0, 1]. Then, from

a(z) o(2)
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the previous inequality and using the fact that ¥ < 1 for all (t,z) € @, we obtain

f[o,T/z] (01) + f[o,T/z] (02) -
2, (117)
< Cllerlooy, lezlloo, dlloos T ( )/ / e dah
1

Replacing (117) in (116) and taking pu;, i = 1,2 large enough, we obtain

10100, )72y + 19200, ) 172 () +I[OT/2](/)1)+I[OT/2](p2)+I[O r/21(01) + Zjo /9 (02)

(118)
< C(1b1los [2lloor [l oos T) /m /Q<|p1|2+ 122 + oa? + |oal?) du dt.

The functions ¢ and O defined in (54) have the lower and upper bounds for (¢, z) € [T/2,3T/4] x Q2. Moreover,
2

the function —— is non-decreasing on (0, 1]. Using (93), the relation (118) becomes

a(z)
10100, )1 Z2(0) + 10200, 17202y + Zio.r/21 (1) + Zio, 7721 (p2) + Zio, /21 (01) + Zpo, 1) (02)
2

< C(|Ibrlloos [1Blloos 1lloos T) Y~ (Zirj2aryay (pi) + Tz j2isryay(0:)) (119)
i=1

ol Wl Wl ) [ [ It

where Z(+) is defined by (60) and the constant Cj is defined in the Proposition 3.3.
On the other hand, since © = © and ¢ = ¢ in [T/2,T] x 2, we use again estimate (93) and we obtain

2 2

Zf[T/z,T](pi)+f[T/2,T](Qi) < ZI[T/z,T](pi)+I[T/2,T](Qi)
i=1 i=1 (120)

T
< c<o4,||b1||oo,||b2||oo,||d||oo,T>/ /|p1|2da:dt.
0 w

Adding (119) and (120), we get

2 T
101 (0, M2y + 10200, M2y + 3 Tiomy (03) + Ty (0) < € / / | da dt,

i=1 0 Jw

and then, we deduce the estimation (111).
Step 2. Now, we prove that there exist a constant C' = C(Clu, ||b1]|cos ||D2]|0os |1 |l0o, [|€2]l00s [|dlloos 21, 2, T') >
0 and a positive weight function s such that

2 T
Z/ 52(|¢§|2+|¢§|2)dxdt§0/ /|p1|2da:dt. (121)
i=17@ 0 Juw

Let us introduce the function

$(t) = min (¢, ) (122)

and define the weight function  by:
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k(t) = e*?® e L=(0,T). (123)

0
Then k is a positive function of class C! on [0,7). Furthermore, a—f is also a positive function on (0,7).

Now, multiplying the first equation and the second equation of (49) by x%y! and xk2yi, respectively and
integrating by parts over ), we obtain that

1d , , , 1 Y 8p, .
Ly T dw+/n2a<w>|wi,zl2 dr = —/Kﬁcl i 2 dw——/ K207 put dw+s/n2—“’|wll2 dx
2dt Jq Q Q Wi Jo, o Ot
1 ) 1
< (ot 5) [ R20iP ot 5 [ o

and
1d 200 12 2 P2 g = 2 02 g — 2 gl 2 d 2%1‘26[

R de+ [ Ra@lin?de = — [ RerliiP do— [ R2digif dets | 222 do

IN

LA 1
N R
06
We obtain the two previous inequalities using the fact that a—f is a positive function on [0,7). Adding the

two previous inequalities, we obtain

d

. , . . 1
d /n2<|¢1|2+|w;|2> da sc/n2<|¢1|2+|¢;|2> dx+—2/ W lpu? dr,
dt \ Ja Q 7

i Jw;

where C' = (||¢1]|oo, lle2loo, [|d]loo). Using Gronwall’s Lemma and the fact that % (x,0) = 94(z,0) = 0 for
x € ), we obtain that

[ iR+ sy do < © [ @i de, v e 0.7), (124)
Q Q

where C' = (||¢1]loo, llc2lloos |dlloos Ty g1, pi2).  Using the definition of ¢ and & given by (122) and (123),
respectively, we have

K2(t) < 2P0 yr e Q. (125)
Thanks to the fact that ©~! € L>®(0,T) and that the function a(? is non-decreasing on (0, 1], using (125),
x

we have )
. . ~o0 T ~
[ uie 1) e < [ @2 ara,
Q Q@ ax)
which combining with (124) and (111) yields

T
/ﬁ(lwﬂ%w;ﬁ) d < c/ /|p1|2d:cdt,
Q 0 w

where C' = (Cy, ||b1]|0o, |D2]|0os l|€1 11005 [|€2lloos |dlloo, Ty 11, pt2). Adding this latter inequality with (111), we
deduce (110). =
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4 Null controllability problem

In this section, we will end the proof of Theorem 1.2. The proof is inspired by well-known results on the
controllability of non linear systems where controllability of linear systems and suitable fixed point arguments
are the main ingredients.

4.1 Null controllability of an auxiliary linear system

Here, we prove the null controllability of a linearized version of (22)-(23). In fact, for given b1,b2,c1,c2,d €
L>°(Q), we consider the linear systems

1 _ 1 _ .

yie — (a(@)yre), +biyn = hxw — P *P1Xwn — L PiXe, I Q,

Y20 — (a(2)y2,0), +b2y2 +dyr = 0 in Q, (126)
yl(ta O) = yl(ta 1) = yQ(tv O) = yQ(tv 1) =0 on (Oa T)a
yl(ov ) = y?a yQ(Oa ) = yg in Q
—pig— (a(@)pl,) +api+dpy = ai(y1 =yl 4) Xws 0 Q,
—Plé,t - (a(ﬁf)pé,m)z + C2p§ = Q4 \Y2 — yé,d Xws 0 Q, (127)
p1(t,0) =pi(t, 1) = pé(tv 0) = pé(f, ) =0 on (0,7,

and the corresponding adjoint systems (49)-(50). Thanks to the Proposition 3.4, we will able to prove the
null controllability of (126)-(127). We have the following result.

Proposition 4.1

Suppose that (12) holds, the p;, i = 1,2 are large enough, a(-) satisfies (2) and the coefficients by, ba, c1,
ca and d belong to L=(Q). If the condition (13) is satisfied, then for any y° € [L*(Q)]? and k%Y’ , € L*(Q),
there exists a control h € L*(wr) such that the corresponding solutions to (126) and (127) satisfies (9).
Furthermore, there exists a positive constant C' depending on Cy, ||b1]|cos [|02]l0o [€1loos l|€2]loos [|]|cos f41, 12
and T such that

9 2 1/2

||B||L2(MT) < ¢ (O&% Z H’%ilyil,dui%wdﬂ,) + Oég Z Hliily?,dHi%wd,T) =+ ||y§)|‘%2(9) + Hyg”%ﬂ(ﬂ)
i=1 =1
(128)

Proof.
To prove this null controllability problem, we proceed in three steps using a penalization method.
Step 1. For any £ > 0, we consider the following cost function:

1 1
Je(h) = 2—/ (Iy2 (T, )1 + |ya(T, ) [?) da + —/ |h|? da dt. (129)
€ Ja 2 wr
Then we consider the optimal control problem:
inf  J.(h). (130)

heLZ(wrp)
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We can prove that J. is continuous, coercive and strictly convex. Then, the optimization problem (130)
admits a unique solution h. and arguing as in [16], we prove that

he = p1e in wr, (131)

with (pe,?) is the solution of the following systems

(alwis + an}%E)Xu}d in Qa

_pls,t - (a(x)pls,m)z + blpls + dp2s
(alwés + a2¢§5)de in Q7

—P2e,t — (G(UC)Pza,m)m + b2P25

p1:(t,0) = p1e(t,1) = pac(t,0) = pac(t,1) = 0 on (0,7, (132)
1 1
pla(Ta ) = _gyla(Tu ) pQE(Ta ) = —gy%(Ta ) in Q
and .

wzlls,t - (a’(‘r)wzls,z)m + Clwis = _;p;2p1€Xu}i in Qv

Wby — (al@)he ), +ovh H APl = 0 nQ, (133)
Vie(t,0) = ¥ (t, 1) = ¥5.(8,0) = ¥5.(t,1) = 0 on (0,7,
’@[115(07 ) = w%a (07 ) =0 in  Q,

where (ye,pl) is the solution of systems (126)-(127) associated to the control h..

Step 2. If we multiply the first and the second equation of (132) by yi. and yo. respectively, then we
multiply the first and the second equation of (133) by pi. and ph_ respectively, we integrate by parts over Q
and add the different equations, we obtain from (131)

1 1
el T2 ury + g||y15(T, Mz + g||y2s(T, Mz =~ /Q yip1=(0,-) dx — /Q Yopaz (0,-) do+

2
|
i=1Y%

2
yratidrdt + oy ) / Y2 idz dt.
=1

d,T d, T

Using the Young inequality, we obtain
2 1 2 1 2
[hellZ2(wr) + g||y18(T, M2 + g||y28(T= N2

2 2 1/2
< (afz 15 5152 0 + 08 DT Wl sy 198120y + 19812y | (134)
=1 =1

2 2 1/2
(Z k| 3a i + 2 1882 520 + 101200, )2 + 22 (0, ->||%2<Q>> :
=1 i=1

Using the observability inequality (110), we deduce from (134) the existence of a positive constant C' depend-
ing on Cy, [|b1]oos |D2]lccs [|€1 100, €200y [|d]|oos 41, 42 and T such that

2 2 1/2
||h€||L2(wT) <C (O‘% Z H“ilyil,duiz(wdj) + ag Z H’iilyzdniz(wdyﬂ + ”y?H%%Q) + Hyg”%?(ﬂ) )
=1 =1
(135)
2 2 1/2
_ 2 _ 2
ly1(T, ')||L2(Q) <Cye <Oé§ Z Hfi 1yi1,dHL2(wdyT) + 04% Z H’f 1yi2,dHL2(deT) + ||y(1)||2L2(Q) + ||yg||%2(ﬂ)>
=1 =1

(136)
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and
9 9 1/2
_ 2 _ 2
HyQE(Tv ')||L2(Q) < C\/g <O¢? Z H’% lyil,dHL2(deT) + O‘% Z ||’{ 1yi27d||L2(wdyT) + ”y?H%P(Q) + Hng%?(Q)
i=1 i=1

(137)
Using (135)-(137) and systems (126)-(127) associated to the control h. given by (131), we can extract sub-
sequences still denoted by h., y. and p’ such that when ¢ — 0, we have

he — h weakly in L*(wr), (138a)

yie — y; weakly in  L?((0,7); HX()), i = 1,2, (138b)

ph. = pj weakly in  L*((0,T); Hy(Q)), 4,5 = 1,2, (138c)

Yie(T,-) — 0 strongly in L*(Q), i =1,2. (138d)

Arguing as in [30, 16], using convergences (138), we prove that (y, p’) is a solution of (126)-(127)

corresponding to the control h and also y satisfies (9). Furthermore, using the convergence (138a), we
have that h satisfies (128).
]

4.2 Proof of Theorem 1.2

We have proved in Proposition 2.3 and Theorem 1.1 that the Nash equilibrium for (Jy,J2) given by (4),
(01,09) is characterised by (21)-(23). In Proposition 4.1, we proved that the linear systems (126)-(127) is
null controllable at time ¢ = 7. We are now going to prove that, there exists a control A € L?(wr) such that
the solution of (22)-(23) satisfies (9).

We define W = [L2((0,T); HL(Q))]?. For every w € W, we consider the linearized system for (22)-(23)

1 _ 1 _ .
Yt — (a(x)yl,m)m + biuyl = hXW - Zp* QP%le - Ep* 2p%Xw2 m Qu
Yo — (a(®)y2,0), +05y2+dyr = 0 in Q, (139)
yl(ta O) = yl(ta 1) = yQ(tv O) = yQ(tv 1) =0 on (Oa T)a
Y1 (07 ) = y?u y2(07 ) = yg in Q
and _ _ _ _
—pis— (a@)pl L), + il +dpy = @iy —vig) X, 0 Q,
_pé,t ( (z )pé x) + 5 pz = Qjl\Yy2— de Xw,q n @, (140)
pi(t,0) = pi(t,1) = ph(t,0) = pz( ) =0 on (0,7),
l(T, J=p5(T,) = 0 in Q,
where )
by = / Fl/(ow;)do, ¢’ = F!(w;), i=1,2. (141)
0

1
Observe that systems (139)-(140) are of the form (126)-(127) with b; = b}’ = / F/(ow;)do, i =1,2 and
0

¢ =c¥ =F/(w), i=1,2.

Thanks to the hypothesis of F; and F» given by (3), we have that b%’,bY¥, ¢}’ and c§ belong to L>=(Q).
In view of Proposition 4.1, there exits a control h(w) € L?(wr) such that the solution (y,p’) to (139)-(140)
with h = h(w) satisfies (9).
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Combining (19), (128) and (26), we obtain

lyall 2o,y m o)) + 192l L2co.mysm @) < C (I lez@) + 11951 22 - (142)

For every w € W, we define

I(w) = {h € L*(wr), (y,p") solution of (139) — (140) satisfies (9) with h verifying (128)} (143)
and
A(w) = {(y,p") : (y,p") is the state associated to a control h € I(w) and (y,p’) satisfies (142)}.  (144)
In this way, we introduce a multivalued mapping
w — A(w).

We want to prove that this mapping has a fixed point y. Of course, this will imply that there exists a control
h € L?(wr) such that the solution of (22)-(23) satisfies (9).

To this end, we will use the Kakutani’s fixed point Theorem that can be applied on A. Proceeding as in
[33, Theorem 1.3] or [8, Theorem 1.1], we can prove the following properties for every w € W:

e A(w) is a non empty, closed and convex set of .
e A(w) is a bounded and compact set of W.

e The application w — A(w) is upper hemi-continuous.

This end the proof of Theorem 1.2 and furthermore the proof of null controllability of system (1). |

5 Conclusion remarks

We proved the Stackelberg-Nash null controllability of a coupled degenerate non linear parabolic equations
with one leader and two followers. Since our functionals are not convex because the system is non linear,
we considered first the Nash quasi-equilibrium. In the first time, for each leader fixed, we have proved
the existence, uniqueness and characterization of Nash quasi-equilibrium. Then using some hypothesis, we
have showed the equivalence between Nash quasi-equilibrium and Nash equilibrium. By suitable Carleman
estimates, we have established an observability inequality which is the key to deduce our controllability result.
As future direction, we will extend the results obtained in this paper to a more general system of m cascade
coupled parabolic degenerate PDEs as in [20)].
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