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Weak and strong convergence of an inertial proximal method for solving bilevel
monotone equilibrium problems*

A. BalhagT, Z. Mazgouri I and Michel Thérab

Abstract. In this paper, we introduce an inertial proximal method for solving a bilevel problem involving
two monotone equilibrium bifunctions in Hilbert spaces. Under suitable conditions and without
any restrictive assumption on the trajectories, the weak and strong convergence of the sequence
generated by the iterative method are established. Two particular cases illustrating the proposed
method are thereafter discussed with respect to hierarchical minimization problems and equilibrium
problems under saddle point constraint. Furthermore, a numerical example is given to demonstrate
the implementability of our algorithm. The algorithm and its convergence results improve and
develop previous results in the field.

Key words. Bilevel Equilibrium problems; Monotone bifunctions; Proximal algorithm; Weak and strong con-
vergence; Equilibrium Fitzpatrick transform.

AMS subject classifications. 90C33, 49J40, 46N10, 65K15, 65K10

Let K be a nonempty closed and convex subset of a real Hilbert space H, and let f :
K x K — R be a real-valued bifunction. The equilibrium problem [9] associated with the
bifunction f on K is stated as follows: find T € K such that

(EP) f(z,y) >0, VyeK.

This abstract variational formulation constitutes a convenient unified mathematical model for
many problems in applied mathematics such as optimization problems, variational and hemi-
variational inequalities, fixed-point and saddle point problems, network equilibrium problems,
Nash equilibrium and others, see for instance [9, 13, 15, 24] and the bibliography therein.
One of the most popular algorithm for solving (EP) is the proximal point method (PPM)

extended from variational inequalities to equilibrium problems by Moudafi [25]. In this regard,
by introducing the resolvent of the bifunction f (see, [9]), defined, for A > 0, by

H(@) =z € K f(sy) + y{z—wy—2) 20, ¥y € K},

the author in [25] suggested a basic version of (PPM) for (EP) in the monotone frame-
work. This method generates the next iterate x,1, for each n > 0, by solving the following
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subproblem x,,,1 = J,fn (zp), ie.,

1
(01) f(xn-i-hy) + 7<xn+1 —Tn,Y — xn+1> > 01 Vy € K7

n

where {r,} is a sequence of nonnegative numbers.

Under the monotonicity condition on f, Moudafi proved the weak convergence of the sequence
{z,,} generated by algorithm (0.1) to a solution of (EP). Thereby, a great interest has been
brought to the study of (EP) by means of splitting proximal point (or backward) methods;
one can consult [4, 14, 28] and the references therein.

Given its growing interest in applications to different applied domains, the problem (EP)
is currently considered as one of the important research directions in which the optimization
community is interested. Indeed, the study of the existence of a solution to this problem still
falls within the scope of very recent studies concerning new methods of resolution. Let us quote
in this sense the paper [20] in which the authors, by using the celebrated Ekeland variational
principle under a weaker notion of continuity and without any convexity assumptions, studied
the existence of equilibria and quasi-equilibria in the setting of metric spaces. The bibliography
of this article refers to new equilibrium concepts in which quasi-monotonicity and quasi-
convexity are relaxed.

In this paper, we study the problem (EP) in a general framework where we focus our interest
on the following bilevel equilibrium problem: find Z € Sy such that

(BEP) 9(Z,y) =0, Vy €5y,

where g : K x K — R is another real-valued bifunction and Sy stands for the set of
constraints defined by solutions to the second level equilibrium problem (EP) given by
Sp={u € K : f(u,y) > 0 Vy € K}. We denote by S the set of solutions to (BEP)
which we assume to be nonempty.

The problem (BEP) was implicitly introduced in the paper by Chadli, Chbani and Riahi
[15] in the setting of the so-called wiscosity principle for equilibrium problems. This principle
aims at a good selection of the upper equilibrium among solutions to the lower level equilibrium
problem. This class of hierarchical problems covers in both levels, all the cases cited previously
for an equilibrium problem. Besides their unification aspect, bilevel equilibrium problems has
proved over the past two decades, very good applicability in different fields covering mechanics,
engineering sciences and economy, see [21] and references therein. Greater attention was
then paid to this class of problems regarding the existence of solutions via dynamical and
algorithmic approaches and also from the point of view of parametric stability. The interested
reader can consult the following recent investigations [1, 8, 16, 19, 27, 34] and the references
therein. In recent years, algorithmic resolution procedures have been widely studied for solving
(BEP). Moudafi [27] introduced, by using the penalty method [15], the regularized proximal
point method (RPPM) for solving (BEP). This algorithm is described as follows: from
a starting point zo € K, for each n > 0, the next iterate x,41 is defined by the proximal
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iteration x4 := J){j’gng(azn), ie.,

1
(0.2) f@n41,9) + Bng(Tnt1,y) + )\*<$n+1 — Tn, Y — Tpy1) >0, Vy € K,

n
where {3,} and {\,} are two sequences of nonnegative reals. More precisely, under suitable
assumptions on the bifunctions f and g, Moudafi proved that the sequence {z,} generated by
algorithm (0.2) converges weakly to a solution of (BEP) provided that

+oo
liminf A, >0, Y ApfBn < 400 and ||zp41 — 24| = o(Bn).
n—-+oo
n=0
The drawback of the last assumption is the difficulty to choose such a control sequence (f3,,)
because we do not know the convergence rate of ||z,+1 — ,||. The author in [27] conjectured
that this restrictive assumption can be removed via the introduction of a conditioning notion
for equilibrium bifunctions.
Later on, the authors in [19] considered an alternate proximal scheme, which generates

the next iterates x,41 by solving the regularized problem z, 1 := J f:f 9(x,), ie.,

an(xn—l—l; y) + g(xn—&-l; y) + )\i<xn+1 —Tn,Y — xn+1>7 Vy € K.
n

Here, the difficulty of the method (RPPM) mentioned in [27] has been solved. Following
[5] and under a similar geometric assumption formulated in terms of the Fenchel conjugate
function associated to the bifunction f, they analyzed both the weak and strong convergence
of their algorithm to a solution of (BEP). More recently, in [31], the authors proposed a
forward-forward algorithm and a forward-backward algorithm for solving (BEP) under quite
mild conditions where the bifunction of the two level equilibrium problems are supposed pseu-
domonotone.

As a continuity of the studies of equilibrium problems by means of proximal iterative
methods, we propose an inertial proximal method for solving (BEP). It is well known that the
inertial proximal iteration, where the next iterate is defined by making use of the previous two
iterates, may be interpreted as an implicit discretization of differential systems of second order
in time. The presence of inertial terms improves the convergence behavior of the generated
sequences. We emphasize that the origin of these methods dates back to [3] as part of the
approach to a solution of an abstract inclusion of the form: find £ € H such that

(0.3) 0 € Az),

where A : H = H is a maximally monotone operator and the solution set A=1({0}) is assumed
to be nonempty. In this regard, giving two sequences of nonnegative numbers {a, } and {\,},
the authors in [3] considered the following iterative scheme:

Tn+l — Tn — O‘n(mn - mn—l) + AnA(xn-‘rl) = 07
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and proved the weak convergence of the sequence {z,} generated by the above algorithm

towards a solution of (0.3) under appropriate conditions on the parameters {a,,} and {\,}
+oo

whenever the restrictive assumption Z an|Zn — Tn_1]]* < +oo holds.
n=1
Inspired by the results presented in [26] in the framework of solving (EP) by an approxi-
mate second order differential proximal procedure, and also illuminated by the results explored
in [19, 27], we propose a new approximate inertial proximal scheme to solve (BEP):

Algorithm: (Inertial proximal algorithm (/PA)).

Initialization: Choose positive sequences {3}, {\n}, and a nonnegative real number o €
[0,1]. Take arbitrary xg,z1 € K.

Iterative step: For every n > 1 and given current iterates x,_1,x, € K set y, = z, +
a(xy, — xp—1) and define z,11 € K by 2,41 := J/\’Bzfﬂ(yn), ie.,

1
(0.4) Bnf(Tn+1,9) + 9(Tnt1,y) + T<$n+1 — Y Y — Tny1) >0, Vy € K.

n

In the above algorithm, {\,} denotes the sequence of step sizes, {5,} the sequence of
penalization parameters, and « € [0, 1] the parameter that controls the inertial terms. The
proposed numerical scheme recovers, when o = 0, the algorithm investigated in [19], and if in
addition f = 0, the one suggested in [25]. The Fitzpatrick transform of the bifunction f will
be a key ingredient in our convergence analysis. Indeed, we provide conditions under which
the sequence generated by the algorithm (I PA) weakly or strongly converges to a solution
of (BEP). More precisely, under a discrete counterparts (2.1) of the geometric condition
used in [16] and formulated in terms of the Fitzpatrick transform of the bifunction f, we first
prove that (see Theorem 1) the sequence generated by (I PA) weakly converges to a solution of
(BEP) provided that 0 < a < %, liminf A\, > 0and lim g, = 0. Afterwards, by strengthen-

n—-+oo n— 0o

ing the monotonicity assumption on the upper level bifunction g, and whenever 0 < a < % and
oo

Z An = +00, we show (see Theorem 2) the strong convergence of the trajectories generated

n=1

by the proposed algorithm to the unique solution of (BEP). Then, we show (see Theorem 3)
that, without the need of the geometric assumption (2.1), the sequence converges strongly to
the unique solution of (BEP) when the parameters A\, and 3, satisfy additionally conditions

lim A, =0, lim B, = 400 and liminf A\,3, > 0. The main advantage of our approach
n—+00 n—-+00 n——+00

is that it provides convergence without any restrictive assumption on the trajectories. The
results can be seen as an extension to the second order counterparts of the ones given in
[19, 27]. To our knowledge, such inertial proximal schemes have been studied only for the
first level equilibrium problem (EP), see for instance [18, 23] and the references therein. As
applications, we discuss the hierarchical convex minimization case and equilibrium problems
under a saddle point constraint. Numerical experiment is thereafter given to illustrate our
theoretical results. We end the paper by concluding comments.
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1. Background and technical lemmata. In this section, we give some preliminary results
and definitions that will be used in the sequel. Throughout this paper, unless stated otherwise,
let K be a nonempty closed and convex subset of a real Hilbert space H. We first recall some
well known concepts on monotonicity and continuity of real bifunctions.

Definition 1. A bifunction f: K x K — R is called:
(1) monotone if f(x,y) + f(y,z) <0 for all z,y € K
(ii) ~-strongly monotone, if there exists v > 0 such that

f@y) + fly, ) < —lle —y|? for all 2,y € K;
(#i7) upper hemicontinuous, if

lim f(t2+ (1= )2.9) < f(2.y) for all 2,3, > € K:

(iv) lower semicontinuous at y with respect to the second argument on K, if

flx,y) < lim_i)nff(m,w) for all x € K;
w—y

(v) an equilibrium bifunction, if for each x € K, f(x,z) = 0 and f(z,-) is convex and lower
semicontinuous.

The dual equilibrium problem associated with the bifunction f on K is stated as follows:
find z € K such that

(DEP) fly,z) <0, Yy e K.

The set of solutions to (DEP) is called the Minty solution set. The following result gives the
link between Minty equilibria and the standard ones.

Lemma 1 (Minty's Lemma, [9]).
(i) Whenever f is monotone, every solution of (EP) is a solution of (DEP).
(ii) Conversely, if f is upper hemicontinuous and equilibrium bifunction, then each solution of
(DEP) is a solution of (EP).

The next lemma introduces the notion of resolvent associated to bifunctions. This concept is
crucial in our approach for solving (BEP).

Lemma 2. [17] Suppose that f: K x K — R is a monotone equilibrium bifunction. Then
the following are equivalent:
(i) fismaximal: (z,u) € K x H and f(z,y) < (u,x—y), Yy € K imply that f(z,y)+ (u,x—y) >
0Vy € K;
(ii) for each x € H and X > 0, there exists a unique z) = J{(:):) € K, called the resolvent of f at
x, such that

(11) )\f(Z)\,y)+<y—Z)\,Z)\—‘T> 207 vyEK
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Moreover, z € Sy if, and only if, Z = J{(f) for every A > 0 if, and only if, z = J/{(:E) for some
A > 0.

For the first main result of Section 3 concerning the weak convergence of the sequence
generated by algorithm (0.4), we will make use of the two following useful lemmata.

Lemma 3 (discrete Opial Lemma, [29]). Let C' be a nonempty subset of H and (xj)r>0
be a sequence in H such that the following two conditions hold:
(i) For every z € C, lim ||z} — z|| exists.
k—4o00

(ii) Every weak sequential cluster point of (xj)r>0 is in C.
Then, (z)r>0 converges weakly to an element in C.

Lemma 4. Let 0 < p <1, and let {b,} and {wy} be two sequences of nonnegative numbers
such that, for all £ > 0,
b1 < pbi + wg.

If 37000 wy < 400, then Y120 by, < +oc.
Proof. We have
(1 =p)bg < bg — b1 + wy.

Summing up from k = 0 to n, we get
n n n
L=p)) b <> (be—bpsa) + > wy
k=0 k=0 k=0

n
=bg — bpt1 +Zwk
k=0

n
<bo+ Y wp
k=0

And since 1 —p > 0 and Z::O?) wy, < 400, we conclude that lezog by < +00. [ |
We also need the following technical lemmata.

Lemma 5. [7] For all x,y € H and § € R, the following equality holds,

18z + (1 = B)yl* = Bllzl? + 1 = B)llyll* — B = )l — yII>

Lemma 6. [19] Let {ay} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {ay, }x>0 of {a,} which satisfies

Qp, < Gp,y1 forall £ >0.

Then, the sequence of integers {o(n)}n>n, defined by o(n) := max{k <n : ap < ap41} is a
nondecreasing sequence verifying 1irJ£1 o(n) = oo and, for all n > ng
n—-+0o00o

Qg5 (n) < A5 (n)+1 and ap < Ao (n)+1-
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In the rest of this section we recall some background material from convex analysis. For

a function ¢ : H — R U {400} we denote by dom ¢ = {x € H : p(x) < +oo} its effective

domain and say that ¢ is proper, if dom ¢ # (). We also denote by min ¢ := inIf{gp(x) the
re

optimal objective value of the function ¢ and by argmin ¢ := {x € H : ¢(x) = min ¢} its set
of global minima.
For a proper lower semicontinuous convex function ¢ : H — R U {400} and x € H, let

©* : H — RU{+0o0} be its Fenchel conjugate defined by ¢*(z) := sup{(z,y)—¢(y)}. If p = Ik
yeH

is the indicator function of K C H, i.e., dx(z) = 0 if x € K and +oo otherwise, its Fenchel

conjugate at «* € H is the support function of K at z*, i.e., 05 (2*) = ox(2*) = sup(z*,y).
yeK
The subdifferential of ¢ at z € H, with ¢(z) € R is the set dp(z) = {v € H : o(y) >

o) + (v,y — ), Yy € H}. We take by convention dp(z) := 0 if p(x) = +o0.
The normal cone to K C H at x € H is

Ni(z) = {z*eH:(z*,u—2)<0,Vue K} ifzekK
KW =10 otherwise.

We mention that Nx = 0dk, and that * € Ng(x) if, and only if, ox(z*) = (z*,z). For
every u € K, we denote by f, the function defined on H by f,(z) = f(u,x) if x € K and
fu(x) = +00 otherwise. For an equilibrium bifunction f: K x K — R, the associate operator
Af is defined by

H - — Vye K} if K
Al (x) = Of () = { éz e flrays oy =0 e ) olthirfvise.

The Fitzpatrick transform Fy : KxH — RU{+o00} associated to a bifunction f and introduced
in [2, 12], is defined by

Fy(w,u) = Z’SE“"’ y) + [y, )}

Given its continuity and convexity properties, the function Fy has proven to be an important
tool when studying the asymptotic properties of dynamical equilibrium systems, see [16] for
a detailed presentation of these elements. This section concludes with the following auxiliary
result needed for establishing our results.

Proposition 1. [16] If f(x,y) = ¢(y) —¢(x) where ¢ : H — RU{+o00} is convex and lower
semicontinuous with dom ¢ C K, then for every (z,u) € K x H, Ff(z,u) = p(x) + ¢*(u).

2. The main results. In the remaining part of the paper, f and g are two monotone
and upper hemicontinuous bifunctions. We suppose that for each y € K,dg,(y) # 0 (i.e.,
dom (AY) = K) and that K NSy # 0 and Ry (K — Sf) is a closed linear subspace of H. In
this case, the operator g, + dg, is maximally monotone, see [6, 30], and the subdifferential
sum formula 9(g, + ds,) = 99, + Ng, holds. The following geometric assumption will be
also needed and considered as a key tool in our treatment of the convergence analysis: Vu €
Sy, for all p € Ng,(u),

+00 2 %
(2.1) Z AnBn []:f (u, ) —os, <>} < 400.
2 B B,
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Let us mention that hypothesis (2.1) is the discrete counterpart of the condition introduced
in [16] in the context of continuous-time dynamical equilibrium systems. Note also that it is a
natural extension of similar assumptions known in the literature for the convergence analysis of
variational inequalities expressed as monotone inclusion problems and for constrained convex
optimization problems, see [5, 10, 11] and references therein for further useful comments on
these assumptions.

2.1. Weak convergence analysis. In this paragraph, under natural conditions, we obtain
weak convergence result for the trajectory generated by (0.4) to a solution of (BEP). We
first prove the following preliminary estimation.

Lemma 7. Let {x,} be a sequence generated by algorithm (0.4). Take u € S and set
an = ||n — ul[*>. Then, there exists p € Ng,(u) such that for each n > 1 the following
inequality holds:

ap+1 — Gp — a(an - an—l) + An/an(u7 xn+1)

2.2 2 2
D < (am Dllnes =P+ 20l = 4 0 [ 71 (12) =, (2)].

B
Proof. Since {x,} is generated by algorithm (0.4), we have for each z € K

0< Anﬁnf(xn—&-lv x) + Ang(xn—&-lv x)

(2.3)
+3 (lyn = 2l* =zt — 2| = 201 — yal?) -

By Lemma 5, we have for all n > 1

lyn = @lI* = llzn + a2 — 20-1) — 2|
=11+ ) (2 — 2) = a1 — 2)|?
(2.4) = (14 a)llzn — 2l* = allzn—1 = 2l* + a1 + a)llzn — 2 ]*.

Also, we have

|Zn+1 — ynl® = |Zn41 — Tn — Ty — xn—l)”Q
||xn+1 - xn||2 + QQHxn - xn—1H2 - 205<55n+1 — Tn, Tp — xn—1>
(1= a)[[znt1 — znl]* + (@® — @) [|2n — T ]*.

(2.5)

AV

Combining (2.4) and (2.5) with (2.3), we get for every x € K

ln g1 = 2 = (1 + @) llon — 2 + allzn — 2|

2.6
( ) < (Oé - 1)”£n+1 - anQ + 20[”17371, - -7371,—1”2 + 2An/8nf(xn+17$) + 2)‘ng($n+1,x)-

Since u € S, according to the first-order optimality condition, we have
0 € 9(gu + ds;)(u) = A9 (u) + Ng, (u).
Let p € Ng,(u) be such that —p € A9(u), we have for every n > 1

(27) AHQ(UH xn-‘rl) + >‘n<_p7 u— .Tn+1> Z 07
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and by taking = u and a,, = ||z, — || in (2.6), we also have

an+1 — (1 + @)ap, + aapn—1 < (a—1)||xps1 — azn||2 + 20|z — a:n,1||2

2.8
( ) +2)\n/8nf($n+la u) + 2)\ng($n+17 U)

By summing up the above inequalities and using the monotonicity of g, we get

ns1 — an — a(an — an_1) < (@ = D[zng1 — zal” + 202 — 2 |)?
+ 2\ B0 f (Tpg1,u) + 20 (=P, u — Tpy1).

Using the monotonicity of f, we obtain

ant1 — an — a(an — an—1) + A Bnf(u, Tpi1)
< (a—D||zns1 — zal|® + 20|20 — 2n_1]|? + MBuf (@nai1,u) + 22X (—p,u — Tpy1)
= (o = Dllzps1 — za]® + 20|20 — 2p1|?

+AnBn [<%,xn+1> + f(@py1,u) — <§%,U>] :

Finally, using the fact that p € Ng,(u), i.e., ds,(u) + 05, (p) = (p,u), we obtain

an+1 — Gp — a(an - anfl) + )‘nﬁnf(ua anrl)
< (a—Dllzpgr — anQ + 2a|z, — wn—1H2

o [supser { (32.0) + T} —os, ()]
= (a = 1)||zpy1 — anQ + 20|z, — xn—1||2

2 2
|77 (0 2) o, (2]

The proof is complete. u
+o00o

Remark 1. We can continue our analysis assuming that Z |2n — 2n_1]|* < +00; however
n=1

this condition involves the trajectory {z,} which is unknown. In the next corollary we prove
that the above condition holds under a suitable control of the parameter a.

Corollary 1. Under hypothesis (2.1) and by assuming that 0 < o < %, we have
+o0

Z |5 — Tp—1|? < +o00;
n=1
+o00

Z ABnf (U, Xpy1) < 400, for each u € S.
n=1

Proof. (i) First we simplify the writing of the estimation (2.2) given in Lemma 7. Since
u € Syand A\, 3, > 0, we have A\, 3, f (u, Ty,41) > 0. Setting d,, = |zn —2n_1]|?, then inequality
(2.2) gives

(2-9) ant1 — an — a(an — an-1) + (1 = a)dp41 — 2ad, < Ay |:‘7:f <u7 Zp) — 08y <Zp>:| ‘
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In order to simplify its summation we rewrite (2.9) as

Apt1 — ap — alan — ap—1) + (1 — @) (6ps1 — 0n) + (1 — 3)dy,

S Y e R 3

Now, summing up (2.10) from j =1 to n, we obtain

(@n+1 —a1) — alan —ao) + (1 = a@)(Ony1 — 1) + (1 — 3a) 37, 9;

. 2 2
S (- 5) - (3]

Assumption (2.1), infers that

(2.11) (an1 — @an) + (1= a)dppr + (1= 30) > _5; < C,
j=1

for some nonnegative constant C.
Since a < % yields 1 —3a > 0 and 1 — « > 0, then inequality (2.11) implies for all n > 1
(2.12) ani1 < aay + C.

Recursively we obtain for all n > ng > 1

ng1 < Q" Pap, + C(1+a+a+.. +a" "0

1—a™" ™

= Oén_noano + C 1— a

Therefore the sequence {x,} is bounded and since

(2.13) Sup ||Tn41 — Tnll < 2sup ||z,|| < 400,
n n

the sequence {0, } is also bounded. Combining (2.13) with (2.11) and noticing that 1—3a > 0,

yields
+o0
25]' < +o0,
j=1

ensuring (7).
Returning to inequality (2.2), we have

Ap4+1 — Qpn — a(an - an—l) + Anﬂnf(uaxn—kl) < )\nﬁn |:Jrf <u7 ;p> — 08y (Zp>:|

+ (v — 1) dpg1 + 2000,.
——

<0

2 2
oo o) o (2
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+ 2a0,.

By summing up from n = 1 to 400, we obtain

+oo +00
Z )\n/an(ua xn-i-l) <ap —aay+ Z AnBn |:./~“f <u, Zp> — 08 <Zp>:|

+oo
+ 2042 20 — zn_1]?
n=1

Then, assumptions (2.1) and (i) ensure (i7). [ ]
In order to further proceed with the convergence analysis, we have to choose the sequences
{A\n} and {5, } such that lim +inf An > 0 and 3, — +o0o. We are now able to state and prove
n—-+0o0o
the first main result of this section.

Theorem 1. Suppose given monotone and upper hemicontinuous bifunctions f and g. Let
{z,,} be a sequence generated by algorithm (0.4). Under hypothesis (2.1) and by assuming
that

0<ax< %, liminf A, >0 and lim g, = 400,
n——+o0o n——+o00
the sequence {z,,} weakly converges to = € S.

Proof. The proof relies on the discrete Opial Lemma. To this end we will prove that the

conditions (i) and (ii) in Lemma 3 for C' = S are satisfied.

Returning to inequality (2.2), since v € Sy and X3, > 0, we have X\, B, f(u,zp41) > 0, and
then

2 2
An41 — Ap, < a(an - an—l) + 206"3377, - xn—lHQ + )\nﬂn [-Ff (u, Bp> — 05, <p>] .

Taking the positive part, we immediately deduce that

2 2

P Bn
+oo
Using assumption (2.1) together with the fact that Z |2n — 2n_1]|> < 400 and applying
n=1
Lemma 4 with
2p 2p
bn = [an — an71]+ and Wy = QOZHIETL — xn71||2 + )\nﬂn |:]:f <u, ) — O'Sf <>:| 5
Bn B
we obtain
+o0
Z[an — ap_1]y+ < +o0.
n=1

Since a,, is nonnegative, this implies the existence of lim a, and the one of
n—-+00
lim ||z, — u.
R
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It remains to show that every weak cluster point & of the sequence {x,} lies in S. Let
ny — +oo as k — +oo such that z,, — z. We want to show that £ € S. Thanks to the

monotonicity of f and g, inequality (0.4) ensures that for all y € K and for all k large enough
1 1
(214) f(y7 xnk-‘rl) < _7g(y> xnk-‘rl) + 7<xnk+1 —Ynpr Y — xnk-‘rl)'
6 )\nk Bnk

Nk

Since dgy(y) # 0, one can find z*(y) € H such that for every z € K

9(y,2) > (2" (y),z —y) > —ll=* W) - ly — 2|I.

Thus there exists y(y) := ||z*(y)|| > 0 such that for every z € K

(2.15) -9y, 2) <v(¥).lly — =]

Returning to (2.14), we can write

7(y) 1
f(ya xnk-‘rl) < B Hy - xnk—HH + A 5 ”xnk+1 - ynkHHy - xnk+1H'
Nk N MNg

Passing to the limit, and using the facts that {x,, } is bounded, {5,, } = +oo, llim inf A\, >0
—+00

and ||Zn,+1 — Yn, || = 0, we deduce that f(y,Z) <0 for all y € K. Lemma 1 leads to = € Sy.
By using (0.4) and the monotonicity of f and g, we have for every u € Sy,

)\nﬂnf(u7 $n+1) + )\ng(u7 xn—f—l) < <yn — Tn+1, Tnt1 — U>

By exploiting that lilf |zn, — || exists and thanks to (7) of Corollary 1, we deduce that
n—-+0oo

<yn — Tn+1, Tn+l — U) —n—s+oco 0.

Using (7i) of the same Corollary, we obtain that limsup Ang(u,xn+1) < 0. Since g(u,.) is
n—+00

lower semicontinuous, from the assumption lim Jirnf An > 0 we derive that g(u, ) < 0. Lemma
n—-+00
1 allows us to conclude that
9(z,u) >0, Vu € Sy,
establishing the proof. |

2.2. Strong convergence analysis. In this paragraph, under additional assumption on
the monotonicity of the bifunction of the upper level g, we ensure the strong convergence of
the trajectory in (0.4).

2.2.1. Strong convergence under assumption (2.1).

Theorem 2. Suppose that the bifunctions f and g are monotone and upper hemicontinu-
ous. Under hypothesis (2.1), if the bifunction g is p-strongly monotone, and if

1 o
0§0¢<§ and Z)\n:—i—oo,

n=1

the sequence {x, } generated by algorithm (0.4) strongly converges to a unique solution u € S.
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Proof. Uniqueness of the solution for (BEP) follows from strong monotonicity of g. For
the existence, see [15, Theorem 4.3].
Using inequalities (2.7) and (2.6), with £ = u, by summing up and using the p-strong mono-
tonicity of g, we get for a, := ||z, — ul|?

A1 — an — a(ap — ap-1) < =2pApans1 + (@ — D)||2pt1 — 20]* + 202y — 21 ||?
+ 2)\n/8nf(xn+1> U) + 2)‘n<_p7 u — xn+1>-

We follow the arguments in the proof of Lemma 7 to obtain

g1 — ap — @(an — an—1) + 2pApan1 < (= 1)||zp g1 — $n||2 + 2al|z, — l'nleQ

2 2
o7 (52) o (52)]

Then, by summing up from n = 1 to 400, we obtain

+oo “+o00
2 2
203 Anllznss — ull’ < a1 —aag+ Y Anf [ff (u Bp) s, <ﬁpﬂ

n=1 n=1
—+o00
+ 2« Z lxn — xn,ll\Q.
n=1

Using condition (2.1) and assumption (i) of Corollary 1, we deduce that

+oo
Z)‘n”xn—i—l —ul? < +oo.

n=1
Since lim ||z, —ul| exists and Y7 ; A, = +00, we conclude that lim |z, —u|| = 0, which
n—-+o0 - n—-+oo
guarantees the strong convergence of the whole sequence {x,} to u. |

2.2.2. Strong convergence without assumption (2.1). We will show that in this case,
the algorithm strongly converges without the need of the geometric hypothesis (2.1).

Theorem 3. Suppose that the bifunctions f and g are monotone and upper hemicontinuous
with Sy # () and g is p-strongly monotone. Suppose moreover that

+o0
0<a<g, ngglw An =0, Z;))\n 400, nll}rfooﬁn 400 and légl_il_lgof AnfBn >0
n=

Then, the sequence {z,} generated by algorithm (0.4) converges strongly to the unique solu-
tion u of (BEP).

Proof. Under assumptions on the two bifunctions f and g, we get the unique solution
denoted by z of the bilevel equilibrium problem (BEP).

Step 1: We show that {z,} is bounded.
Since {x,} is generated by algorithm (0.4), then by (2.6), we have for each z € K

lznr1 = 2)? = (1 + &) lan — 2] + allzn—1 — 2|

2.16
@16) (o= Dllznss — 2l + 20]2n — 2o 1]® + 220Bnf (Ens1,2) + 20ng(ns1, 2).



14 A.BALHAG, Z. MAZGOURI , M. THERA

Fix z € Sy, and set a,(z) = ||z, — z||* and 6, = ||, — ¥5,—1]|*. Thanks to the monotonicity
of f, then for each n > 0,

ap+1(x) — aap(x) + 200,41

2.1
(2.17) < (an(z) — aan—1(z) + 2ady,) + (3o — 1)0p41 + 2An9(Tnt1, ).

By setting b, () = an(x) — aan—1(x) + 2ad,, we obtain, for n > 1,
(2.18) bpti1(x) < by(x) + (Ba — 1)dpt1 + 2Ang(xnt1, ).

If there is ng € N such that {b,(x)} is decreasing for all n > ng, then b,(x) < by, (z), which
infers that

an+1(7) < aan(z) + by, forall n > ng.
Recursively, we obtain for all n > ng > 1

1 _ anfno

ans1(2) < 0"y (&) + by~

)

and the boundedness of the sequence {a,(x)}.

Otherwise there exists an increasing sequence {k,} such that for every n > 0, by, (z) >
bk, (r). By Lemma 6, there exist a nondecreasing sequence {o,} and ny > 0 such that

lim o0, = oo, and for all n > ng, by, () < bo,+1(z) and by(x) < by, 41(x). For n = oy
n—-+o0o

in (2.18), we get

(2.19) 0 < bg,+1(x) = by, () < (Ba—1)dg,+1 + 2X5,,9(T0, +1, ).

Using the p-strong monotonicity of g and relation (2.15), we deduce that for n > ny
(2.20) =26, Y(@)V A0, +1(2) < 205, 9(2, 25, +1) < (Ba — 1)ds,+1 — 2Xs, POg, +1(T).
Since 3a — 1 < 0, we conclude that for n > ng

2 2
(@) 29°(2) Ao
2.21 o < |—= d d, < —.
(221) rnle) < () and 00 < 200
Hence, {as,+1(x)} is bounded and since, {),, } is bounded, then {d,, 1} is bounded, which
means that {b,, (z)} also is bounded. So, for all n > ng, we have

an(r) < aap—1+ by(x)
S Qlnp—1 + ban (x>
< aap1+C
< Odnfnoano (.%') + Cl—ixj;"o )

Therefore the sequence {a,(z)} is bounded, ensuring the boundedness of {z;,}.
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Step 2: We show that the sequence {r,} strongly converges to z, the unique
solution of (BEP).

Let us consider two cases:

Case 1: There exists ng such that {b,(Z)} := an(Z) — @a,—1(Z) +2ad,, is decreasing for n > ny.
Then, the limit of sequence {b,, ()} exists and ngrfw(bn(j) —bp11(7)) = 0. Since T € Sy, then

by (2.18) we have

(2.22) bp+1(Z) < b (Z) + (Ba — 1)0pt1 + 2Mng(zp41, T).
Hence, since 3a—1 < 0, lim A, =0 and g(-, Z) is lower semi-continuous, then lim §,11 =
n—+o00 n—+-00
0.
Summing up inequality (2.22) from 1 to +oo, we deduce that
+oo
(2.23) > —Ang(@ni1, T) < 01 (E),
n=1
“+o0o
which in combination with Z An = +oo leads to liminf —g(zp,41,2) < 0.
n—0 n—oo

On the other hand, since g is p-strongly monotone, then we have

3 - _ . . _72
M ansa(@) = lmnfons -2l
< Lliminf— 2 4L ; s
(2.24) = p;gli{)lo 9($n+1,x)+p :zrgigg 9(Z, py1)
<0
< _%ggﬂgg(fﬁ%ﬂ)-

Hence, to prove that the sequence {a,+1(Z)} converges to zero, it is enough to verify that
liminfg(a?,xn+1) > 0. Since {z,} is bounded, let x be a weak cluster point of {z,}, i.e.
n—-+0oo

T=w— l}m o Ine By using the weak lower semicontinuity of g(z,-) we have
nel,C

9(z,z) < liminf g(Z, Tp41).
nel
Since Z is the unique solution of (BEP), we need just to check that € S¢. In doing so, by
(2.15) and (2.6), we have for every y € K,

(2.25) @ 2ns1) < —Anlﬁn (bs1 (9) — bu(y)) + zgnfwy) ().

We have
bn(y) — but1(y)
= (an(y) — aan—1(y) + 2adn) — (an+1(y) — aan(y) + 2adn41)
= (an(y) - an+1(y)) +a (an(y) - anfl(y)) + 2a (5n - 5n+1)
= (an(?) — an+1(Z) + 2(zn — Tn41,% — Y))
(anfl(i') - an(f) + 2<l'n — Tp-1,T — y>) + 2« (511 - 5n+1)
=bp(Z) — bp1(Z) + 2(xp — Tpt+1,Z — y) + 20(Tp — Tp—1,T — Y).
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Since Er}rn (b (Z)—bp41(x)) = 0 and grf |Xns+1—2n] = 0, then 3111 (bn(y)—bny1(y)) = 0.
By using the weak lower semicontinuity of f(y, -) and the fact that {x, } is bounded, lim X\, =

n——+o0o

0, liminf A\, 3, > 0 and lim g, = 400, we conclude from (2.25) that for every y € K
n—-+o0o n—-+o0o

f(ywr) < liminff(y,x,Hl) < 0.
nel

Hence, by using Minty’s lemma we deduce that x € S;.
Therefore,

0< g(‘f?x) < hminfg(‘fvxn-l-l)?
nel

and so lim a,(z) =0.
n——+0oo

Case 2: There exists a subsequence {xy,} of {x,} such that b, (Z) < b,;11(Z) for all j € N.

By Lemma 6, the sequence o(n) := max{k <n : by < bgy1}isa nondecreasmg, hrf o(n) =
n—-+0oo

oo and, for all n > nyg
bg(n) < bg(n)Jrl and b, < bg(n)Jrl.

Let us take n = o(n) and = = = in (2.18). We have

(2.26) 0 < bo(n)4+1(T) = bo(n) (%) < 2251 9(To(n)+1, T),

which yields g(zg(n)+1,%) > 0, and thus limsup g(z,(n)41,7) < 0.

n—r—+o0o
Using again the p-strong monotonicity of g and passing to the limit we have

lim sup a,(ny41(7) < % lim sup —g(z4(n)+1, %) + lim sup —g(Z, Zg(n)+1)
n—+o0o n—+oo n—+o0o

(2.27) e

< —Lliminf g(z, To(n)+1)-

P n—+o0

Under the boundedness of {z,}, and similarly to the case 1, one can show that

lim inf (2, 25 (n)41) 2 0.

Hence, by (2.24), we conclude that EIE Ag(n)+1(T) = 0.
Since b, (%) < by (n)41(T) for each n > ng, we derive that

HETOO an(i) < ngrfoo bn(i) < ngrfoo ba(n)—l—l ('T)
< ngr—ir-loo (a ( ) + 2a50’(n))
< (IT+4a) lm agm)(Z) + 4o lim  as(m)-1(Z)
= 0,
thus guaranteeing the strong convergence of the whole sequence {z,} to Z. |

3. Application to optimization and saddle point problems. In this section, we give two
examples of particular bifunctions, for which our main weak and strong convergence theorems

apply.
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3.1. Hierarchical minimization. Our contribution in this paragraph discusses the follow-
ing hierarchical minimization problem:

(HMP) min_ p(x),
reargmin ¢
K

where 1) : H — R U {400} is a proper, convex and lower semicontinuous extend real-valued
function such that K = dom ¢ is closed and ¢ : H — R U {+oo} is a differentiable and
lower semicontinuous function such that K = dom ¢ is closed. The above problem can be
equivalently expressed as:

find € argmin ) such that
K

(3.1) () <ply), Yye arg}tglin Y.

Clearly, (3.1) can be viewed as a bilevel equilibrium problem (BEP) such that the associated
bifunctions are defined for all z,y € K by f(z,y) = ¥ (y) —¢¥(x) and g(z,y) = ¢(y) —¢(x). In
this case the bifunctions f and g are obviously monotone and upper hemicontinuous. Hence
theorems on weak (resp. strong) convergence apply, whenever (2.1) (resp. (2.1) and strong
monotonicity) is satisfied.

- Weak convergence: Without any loss of generality we assume ming ¢ = 0.

Set M = argmin), and consider ¥ (z) = () if € K, and 9(z) = +oo if x ¢ K; then
K
Y(x) — pr(z) <0 for all x € H. Using the reverse inequality for their Fenchel conjugates,

we deduce @*(p) —opm(p) > 0 for all p € H, and in view of Proposition 1, condition (2.1)
becomes: Vu € M, for all p € Nys(u),

S (3) ()] =

Applying Theorem 1, and supposing that M is nonempty, liminf A\, > 0, lim 3, = +oo and
n—-+o0o n—-+00

0<ax< %, then the whole sequence {z,,} generated by algorithm (0.4) weakly converges to a
point Z solution of (HM P).

1
Consider the particular case where ¢ (z) = §d(az, M)? and M C K is a nonempty closed

— 1
convex set satisfying d(x, M) = in{/[ |z — y||. Then, ¥ (p) — oar(p) = §HpH2 for all p € H.
ye

+00
A
Here, M is the minimum set of ¢, and then condition (2.1) is equivalent to Z Fn < +o00.
n
Remark 2. We note that the condition (3.2) is simply the assumption originates from [5]
in the framework of solving a variational inequality of the forme

n=1

Az + N¢(x) 50,
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where A : H = H is a maximally monotone operator and C' C H is a closed convex set. For
this problem, the authors in [5] obtained solutions by means of the convergence analysis of
the trajectories of the following prox-penalization algorithm

Tn = (I + )\n(A + Bnaw))_lxn—la

where {3, } and {\,} are two sequences of nonnegative reals and ¢ : H — RU {400} acts as
an external penalization function with respect to the constraint x € C'. Indeed, several ergodic
and non ergodic convergence results have been justified for {z,} under the key assumption:
for all p € R(N¢),

“+o0o
« [ D p
)\n n E — 0 n < —|—OO,
; . {‘” (ﬁn) C<ﬁn>}
where R(N¢) denotes the range of N¢.

- Strong convergence: To deduce the strong convergence of the algorithm (IPA) to
a solution of (HM P), we’ll have to add a strong monotonicity condition on the function g.
However, when we set g(z,y) = ¢(y) — ¢(x), the strong monotonicity of g is not assured,
so that we take g(x,y) = (Vp(z),y — x), where Vi is the gradient of ¢ (we identify ¢ with
P(x) = p(z) if v € K, and p(z) = +oo if z ¢ K). In this case our inertial proximal scheme
associated to the problem (3.1) is the following: vy, := =, + a(xy, — ©,—1) and x,4+1 € K such
that

1

(3.3) Bn(¥(y) — Y(Tn+1)) + (Vo(Tn+1), Y — Tnt1) + )\7<xn+1 —Yn, Y — Tny1) 2 0, Vy € K.

Moreover, if we suppose ¢ to be strongly convex on K, i.e., for some £ > 0 and for all z,y € K
and all ¢ € [0, 1]

p(te + (1 —t)y) < tp(z) + (1= t)p(y) — xt(1 - t)l|lz —y|*,
we deduce that g is strongly monotone, and thus the conclusion of Theorem 2 is valid when-
oo
ever Z/\n:+oo and 0 < a < %

n=1

3.2. Equilibrium problem under a saddle point constraint. Let Hi, Ho be two real
Hilbert spaces, U C H; and V C Hs be nonempty closed convex sets, and let L : U x V — R
be closed and convex-concave, i.e., for each (u,v) € U x V the real functions L(.,v) and
—L(u,.) are convex and lower semicontinuous.

We consider the saddle-point problem: find (@,7) € U x V' such that

(SP) L(u,v) < L(u,v) < L(u,v) for every (u,v) € U x V,
which is equivalent, see [22], to

max inf L(u,v) = minsup L(u,v) = L(u,v).
e fnf Ll v) = mip sup L, ) = L(3,7)
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Setting H = H1 X Hy, K = U x V, we define the bifunction f: K x K — R as:

f((u1,v1), (u2,v2)) := L(ug,v1) — L(u1,ve2), for each (uj,v1), (uz,v2) € K.

Let us observe that problems (SP) and (EP) are equivalent and we denote the solution set
of (SP) by Sr.

Using the definition of the Fitzpatrick transform Fy, we have
for all (u1,v1), (ug,v2) € K:

Fr((ur,v1), (uz,v2)) = sup {(uz,z) + (v2,y) + f((x,9), (u1,v1))}

(z,y)eK

= sup {(v2,y) + L(ur,y) — L(z,v1) + (u2, )}
(z,y)EK

= sup{(v2,y) — (=L((u1,¥))} + sup{(uz, z) — L(z,v1)}
yev zelU

= (=L(u1,.))" (v2) + (L( 01))" (uz).

Therefore the condition (2.1) is satisfied when for all pairs (u,v) € Sy and (p,q) € Ns,(u,v),

(3.4) z)\nﬁn [(—L(u,.))* (;Z) +(L(,0)* (ZJZ) o, <Zf, ;Z)] < 400,

We consider two single-valued monotone operators A and B such that K C dom A x dom B
and A x B + Ng, is a maximally monotone operator (see [32, 33]). Furthermore we suppose
that the solution set Sy, of 0 € AT x By + Ng, (Z,y) is nonempty. By A x B, we mean the
operator defined for (u,v) € H = Hy X Ha by (A x B)(u,v) = Au x Bv. When the monotone
operator A x B + Ng, is maximally monotone, then

(Z,7) € Sy < (Z,y) € Sy and (AZ,u — T) + (By,v —g) >0, Y(u,v) € Sg.
For each (u1,v1), (u2,v2) € K, let us set

g((u1,v1), (u2,v2)) := (Auy, ug — u1) + (Bvy, vy — v1).

Then, our inertial proximal algorithm (IPA) used for approaching a solution to the problem
(BEP) associated with the above bifunctions f and g, i.e., for finding a solution in Sy,
takes the following form: for every n > 1, given current iterates (z¢,_;,z%) € K, i = 1,2, set
vl = al, + ozl — 2% _,) and define (21,22 ;) € K in this way:

for all (u,v) € U x V,
(3.5) ﬁ«x}wlﬁiﬂ) - (y'rlzvy'r%)a (u,v) — (xrlz+1a $121+1)> + <Aa:711+1, U — $711+1>
+<B$%+1’ v = x%+1> -+ 5n(L(Ua$%+1) - L(l}llﬂa v)) > 0.

In this case, Theorems 1 and 2 can be summarized as follows:
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Corollary 2. Let {x} 22} be the sequence generated by (3.5). Under hypothesis (3.4) and
whenever 0 < o < g, hm 1nf)\ > 0 and {B,} — +0o0, the weak convergence of {zl, 72} to a

solution of Sy, is ensured Also the strong convergence of {z}, 22} to the unique element of

n? n
Sy is ensured when 0 < o < g, Z Ap = 400 and A x B is strongly monotone on K.
n=1
Next, let us give an example where the condition (3.4) is verified.

Ezample 1. Take K = [0,1] x [0,1] and L the closed convex-concave function defined on
K by L(u,v) = u?(1 +v). Then, the set of saddle points of L, which is also the solution set

S¢,is Sy = {0} x [0, 1].
We also have
(p, q) S N({O}X[OJ])(O,U) -~ (p, q)(s,t — U) <0,V (S,t) S {0} X [0, 1] = q(t — ’U) <0, Vte [0, 1]
and then
Ns,(0,0) =R xR_, Ng,(0,1) =R x Ry and Ng,(0,v) =R x {0} for every v €]0,1].
To ensure (3.4), we check

<2p 2q> C {U2q} Zq if ¢g>0
/Bn Bn Ue [)pl] Bn On if q § 07
2q .
. « (20 _ 2 \_ ) 7 ifg>0
(=L(0.) <5") oiggl{ﬁ(t)s} ﬁon if g <0,
and )
«(2) _ Py N G
(L(.,v)) <Bn> 02;21 {an (I14+wv)s } e
Thus N
= « 29 2p 2p 2q
>\n n —L 5. —_— L . —, =
2 b [( () (ﬂn) + L0 (ﬂn) 78s (ﬁn ﬂn)]
2 *fxn
09 245,
+o0 A,
and then (3.4) is satisfied, whenever Z 5— < 400.

4. Numerical experiment. In th1s section, we present a numerical experiment to illustrate
the convergence of the proposed algorithm. Let us consider the constrained minimization
problem (HM P), with

K =R 90(35):1(331—562—2)2 and ¢($):i($1+$2—4)2-

4
Since ¢ is convex, the minimum set of 1 is Sy, = V¢71(0,0) = {z = (21,72) € R? : 25 =
4 — x1} and the solution set of the hierarchical problem Iréingo is S={z} ={3,1)}.

v

We evaluate 1d(z, Sy)? where d(z, Sy) = lensf ly — z|]2 and ||(z1,22)|]2 := /2% + x3. For
Yoy

r = (71,72) € R?, we have
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9 . 2 02
d(z, Sy) —yllréfR((yl r1)" + (y1 + 22 4)) yllfé%a(yl)-

Since a(t) = (t — x1)% + (t + 22 — 4)? is strongly convex and
/(1) = 2021 + 22 — 4 —21) = 0 & 1 = §(@1 — 22 +4),

we get
d(z,8y)* = a(fr) = (1 — 21)* + (51 + 22 — 4)* = 2)(2),
400
A
which yields ¢ (z) = 3d(z, Sy)?. Thus condition (2.1) is equivalent to Z /8—" < +o0.
n=1""

Note that the associated bifunctions are defined for all z,y € K by f(x,y) = ¢¥(y) — ¥ (x)
and g(z,y) = ¢(y) — ¢(x), that f and g are monotone and that weak and strong convergences
coincide in finite dimension.

By using the proximal operator of ¢ + 8,1, the drawing in Figure 1 displays the asymp-
totic behavior of the trajectories x,, = (yn, zn) from the initial values (yo,20) = (0,0.5) and
(y1,21) = (0,0.5) with & = 0.1, A, = 2 and different values of 3,. We also use the iterate
error ||z, — Z||2 as a measure to describe the computational performance of our algorithm.
The numerical results in Figure 2 illustrate the rate of convergence of ||x,, — Z||2 for different
choices of §, and o = 0.1, while Figure 3 displays the convergence rate of ||z, — Z||2 for
different choices of o and 3, = (1 +n).

d s P =log{l 1)
18 o [#—%—* Fu=1(1+4n)
| f=il+n)*

0B

08—

0.4+

0.2+

Figure 1: The asymptotic behavior of the trajectories x,, = (yn, 2n).
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2

|z — Z|

B =Iog(l 4 n)
Bu=114mn)
o= (1 4+n)*

Figure 2: The rate of convergence of ||z, — Z||2 for a = 0.1.

2

xy — I

e o=
——ka=10
#—%—*k a=0.
#—%—*k a=10

a =0

b=

Figure 3: The convergence rate of ||z, — Z||2 for 8, = (1 +n).

We note in Figure 2, that when [, increases then the rate of convergence of ||z, — Z||2
rapidly increases to 0, while in Figure 3, the constant coefficient « acts inversely on the speed
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of convergence of ||z, — Z||2, (the convergence gets worst as the values of o exceed %), which
confirms the importance of taking o < % in our theoretical results.

We note that all codes in this digital test are written in SCILAB-6.1.

5. Concluding Remark. In this paper, we presented an inertial proximal method for
solving bilevel monotone equilibrium problems in Hilbert spaces. Our analysis shows the
weak and the strong convergence of the trajectory generated by the algorithm under natural
assumptions. Our results can be seen as an extension and improvement of some known results
in the literature. In particular, the geometric assumption (2.1) shows that, as conjectured in
[27], the restrictive assumption ||zp4+1 — Zn|| = o(e,) may be removed via the introduction
of a notion of conditioning for equilibrium bifunctions. We illustrate this assumption with
two concrete particular cases and conclude this work by a numerical experiment, which shows
that, with a suitable choice of the parameters, the convergence conditions are satisfied and
the proposed iterative method succeeds in approximating a solution to bilevel equilibrium
problems.

Finally, we note that, to the best of our knowledge, our approach seems to be the first
introduced inertial proximal scheme for solving (BEP) and then several extensions of our
main results may be analyzed. In particular, an interesting direction of future research will
be to obtain the above weak convergence result without condition (2.1) and also to develop
new splitting inertial proximal algorithms for solving bilevel equilibrium problems.
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