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In this paper a modified version of the Suzen and Huang [1] transport equation for the
intermittency factor 𝛾 is proposed. The purpose of this factor is to model the gradual transition
from laminar to turbulent flow in a boundary-layer. The model considers longitudinal and
wall-normal variations of 𝛾. It has total control, once transition has started, on the advance of
turbulence through the weighting of the turbulent eddy viscosity 𝜇𝑡 resulting from a turbulence
model. A key parameter of this model is the turbulent spots dimensionless production and
propagation rate 𝑛̂𝜎 which controls the intermittency factor’s initial growth and the extend
of the transition region. A correlation between 𝑛̂𝜎 and the free-stream turbulence level 𝑇𝑢 is
defined for external aerodynamic applications with low 𝑇𝑢. It is validated against experimental
data in the boundary-layer code 3C3D [2]. The resulting model is implemented in the RANS
solver CODA [3], and coupled to Pascal et al. [4]’s transported transition criteria and Allmaras
and Johnson [5]’s turbulence model.

I. Nomenclature
𝐼 = intermittency function 𝛾 = intermittency factor
𝑛 = spot formation rate 𝜎 = spot propagation parameter
𝑁 = non-dimensional breakdown parameter 𝑛̂ = dimensionless spot formation rate
𝑇𝑢 = free-stream turbulence level 𝑘 = turbulent kinetic energy
𝜖 = dissipation rate of k 𝜔 = specific dissipation rate
Δ𝑅𝑒𝑡𝑟 = dimensionless transition length 𝜇 = molecular viscosity
𝜇𝑡 = turbulent eddy viscosity 𝜈 = kinematic viscosity
𝛿∗ = boundary-layer displacement thickness 𝜃 = boundary-layer momentum thickness
𝑅𝑒𝜃 = momentum-thickness-based Reynolds number 𝜆𝜃 = Pohlhausen parameter, (𝜃2/𝜈)/(𝑑𝑈/𝑑𝑠)
v = velocity vector 𝑠 = curvilinear coordinate
𝑥 = longitudinal coordinate 𝑦 = span-wise coordinate
𝑧 = normal coordinate 𝛿𝑖 𝑗 = Kronecker delta

= averaged quantity 𝑖, 𝑗 ,𝑘 = Cartesian index notation
∞ = free-stream variable 𝑙 = laminar variable
𝑡 = turbulent variable 𝑡𝑟 = variable at transition point
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II. Introduction
In order to produce cleaner and more efficient aircraft, one of the options offered to the aeronautical industry is the

reduction of drag forces occurring during flights. Experiments on laminar wing technologies being costly, engineers
heavily rely on CFD (computational fluid dynamics), which is an integral component of aircraft development processes.
In 2017, during the 52𝑡ℎ Paris Air Show, Airbus, Onera and the DLR committed to the joint development of a new
RANS solver named CODA (Code Onera DLR Airbus). In that context, it is necessary to provide CODA the ability to
correctly simulate the transitional behavior of boundary-layers.
The transition region starts with the appearance of turbulent spots resulting, in the case of natural transition, from the

breakdown of Tollmien–Schlichting (TS) waves or of cross-flow instabilities modes. Downstream the transition point,
spots grow, propagate and progressively overlap, eventually coalescing into a fully turbulent flow. The intermittency of
the flow, defined by the intermittency factor 𝛾, represents the relative fraction of time a given point of the transitional
flow is seeing turbulent spots. It is therefore a measure of the progress of the transition from a laminar to a turbulent
flow in the boundary-layer. Since Emmons [6] and the discovery of turbulent spots, researchers have focused on the
determination of an appropriate distribution for the intermittency and many models have been proposed. While at their
beginnings they took the form of algebraic equations [6–8], the use of partial differential equations (PDEs) carrying
the intermittency factor has now become a common practice. Basing their research on algebraic expressions of 𝛾
[6, 7, 9], Steelant and Dick [10] proposed a transport equation of the intermittency factor that represents the longitudinal
distribution of 𝛾 in near-wall flows. In the context of free-shear flows Cho and Chung [11] defined a 𝑘 − 𝜖 − 𝛾 transition
PDE system to simulate cross-stream variations of the intermittency. More recently, Suzen and Huang [1] developed a
model that results from the blending of Steelant and Dick and Cho and Chung longitudinal and cross-stream distributions
of 𝛾.This PDE exhibits the expected behavior both in streamwise and wall-normal directions. Nonetheless, the context of
these studies being that of turbomachinery applications, the aforementioned models are only valid for bypass transition.
Langtry and Menter [12] introduced with the 𝛾 − 𝑅𝑒𝜃 model a PDE for the intermittency. This PDE is based on

phenomenological reasoning as it uses local correlations at Reynolds Average Navier-Stokes (RANS) calculation points
for the computation of physical quantities. This use makes it possible to ignore the complex computation of integral
quantities. However, local correlation based PDEs are limited in their applications by the range of validity of their
correlations.
Thus arises the need for a transport equation of the intermittency factor that can be easily implemented in RANS

solvers, which do not rely on locally correlated variables and that is suitable to natural transition.
This paper presents a transport equation for the intermittency factor, derived from the work of Suzen and Huang,

modified to agree with natural transition, validated in a boundary-layer solver and implemented in CODA.
Relevant intermittency factor models are first presented in Section III. The modification of Suzen and Huang model

is then shown in Section IV and experimental and numerical results are compared in Section V. Finally the integration of
the intermittency PDE in CODA and it’s coupling to transition criteria and turbulence model is discussed in Section VI.

III. Intermittency models

A. The Suzen and Huang intermittency model
It has been shown [9, 13, 14] that the Reynolds stress tensor of a transitional flow is the sum of a laminar, a turbulent

and a laminar-turbulent-interaction contributions:

𝑢′𝑣′ = (1 − 𝛾)𝑢′
𝑙
𝑣′
𝑙
+ 𝛾𝑢′𝑡𝑣

′
𝑡 + 𝛾(1 − 𝛾) (𝑢𝑙 − 𝑢𝑡 ) (𝑣𝑙 − 𝑣𝑡 ) (1)

The laminar contribution is related to the variation of instantaneous velocity due to TS waves. The turbulent
contribution is directly linked to the presence of turbulent spots in the flow. The interaction contribution results from
the difference of mean laminar and turbulent velocities that reflects the interaction of turbulent spots with the laminar
flow in transitional boundary-layers. Simon and Stephens [15] showed that in the context of bypass transition for
plat plates with zero pressure gradient, the Reynolds stress tensor in the transitional flow can be approximated by its
turbulent contribution. They also proved that the intermittency factor can be incorporated in the computation through
the weighting of the turbulent eddy viscosity 𝜇𝑡 , as long as the turbulence model can produce fully turbulent flows
before the transition point.
Drawing on these findings Suzen and Huang [1] proposed an intermittency model for bypass transition, working in

conjunction with Menter’s 𝑘 − 𝜔 SST turbulence model. Indeed the 𝑘 − 𝜔 SST turbulence model can produce fully
turbulent flows in the leading edge of the boundary-layer.
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Suzen and Huang model writes:

𝜕𝜌𝛾

𝜕𝑡
+
𝜕𝜌𝑢 𝑗𝛾

𝜕𝑥 𝑗

= (1 − 𝛾)
[
(1 − 𝐹)𝑇0 + 𝐹 (𝑇1 − 𝑇2)

]
+ 𝑇3 + 𝐷𝛾 (2)

𝑇0 comes from the work of Steelant and Dick and represents the streamwise production of 𝛾. (𝑇1 − 𝑇2) comes from
Cho and Chung and is responsible for the production of 𝛾 due to interactions between turbulent spots and the laminar
flow, and thus represents the cross-stream distribution of 𝛾 in the boundary-layer. 𝐹 is the blending function that enables
the switch from one model to the other. 𝑇3 is a production diffusion-like term from Cho and Chung and 𝐷𝛾 is a diffusion
term, also coming from Cho and Chung and modified by Suzen and Huang. All these terms are thereafter presented.

1. Streamwise distribution
𝑇0 was derived from the algebraic equation of Dhawan and Narasimha [7] that writes:

𝛾(𝑠) =
{

0 (𝑠 < 𝑠𝑡𝑟 )
1 − exp

(
−(𝑠 − 𝑠𝑡𝑟 )2 𝑛𝜎

𝑈∞,𝑡𝑟

)
(𝑠 ≥ 𝑠𝑡𝑟 )

(3)

where 𝑛 is the spot formation rate and 𝜎 the dimensionless spot propagation parameter. By differentiating eq. (3)
along a streamline 𝑠, Steelant and Dick obtained:

𝜕𝜌𝛾

𝜕𝑡
+
𝜕𝜌𝑢 𝑗𝛾

𝜕𝑥 𝑗

= (1 − 𝛾)𝜌√𝑢𝑘𝑢𝑘𝛽(𝑠) (4)

with:

𝛽(𝑠) = 𝑑𝑓 (𝑠)2

𝑑𝑠
(5)

Under the hypothesis of concentrated breakdown 𝑓 (𝑠) is defined as:

𝑓 (𝑠) =
√︂

𝑛𝜎

𝑈∞,𝑡𝑟

(𝑠 − 𝑠𝑡𝑟 ) (6)

Equation (6) is modified in the work of Suzen and Huang to account for the distributed breakdown hypothesis,
characteristic of bypass transition.

𝑇0 is then defined as :

𝑇0 = 𝜌
√
𝑢𝑘𝑢𝑘𝛽(𝑠) (7)

𝑇0 is based on the universal model of 𝛾 fromDhawan and Narasimha and is responsible for the streamwise distribution
of the intermittency factor in near-wall flows.

2. Cross-stream distribution
(𝑇1 − 𝑇0) comes from Cho and Chung PDE source term where:

𝑇1 − 𝑇2 = 𝛾
𝐶1
𝑘
𝜏𝑖 𝑗

𝜕𝑢𝑖

𝜕𝑥 𝑗

− 𝛾𝜌𝐶2
𝑘3/2

𝜖

𝑢𝑖√
𝑢𝑘𝑢𝑘

𝜕𝑢𝑖

𝜕𝑥 𝑗

𝜕𝛾

𝜕𝑥 𝑗

(8)

with 𝐶1 = 1.60, 𝐶2 = 0.16 and:

𝜏𝑖 𝑗 = 𝜇𝑡

[
𝜕𝑢𝑖

𝜕𝑥 𝑗

+
𝜕𝑢 𝑗

𝜕𝑥𝑖
− 2

3
𝜕𝑢𝑘

𝜕𝑥𝑘
𝛿𝑖 𝑗

]
− 2

3
𝜌𝑘𝛿𝑖 𝑗 (9)

𝑇1 expresses the creation of 𝛾 due to the production of turbulent kinetic energy. 𝑇2 represents the destruction of 𝛾
due to interactions between the laminar flow and the intermittency field. In eq. (2), (𝑇1 − 𝑇2) is multiplied by (1 − 𝛾).
(𝑇1 − 𝑇2) is thus controlled by 𝛾(1 − 𝛾) and therefore tends to 0 for low and high values of 𝛾 and is maximal in the
middle of the transition region.

(𝑇1 −𝑇2) is a source term related to the creation and destruction of 𝛾 due to interactions between turbulent spots and
the laminar flow. It is responsible for the production of 𝛾 in the wall-normal direction.

3



3. Blending function
𝑇0 and (𝑇1 − 𝑇2) are blended with a function 𝐹 to enable a gradual switch from Steelant and Dick to Cho and Chung

model during the transition where:

𝐹 = tanh4
[

𝑘/(𝑆𝜈)
200(1 − 𝛾0.1)0.3

]
(10)

With 𝑆 the magnitude of the strain rate:

𝑆 =
√︁

2𝑆𝑖 𝑗𝑆𝑖 𝑗 where 𝑆𝑖 𝑗 =
1
2

(
𝜕𝑢𝑖

𝜕𝑥 𝑗

+
𝜕𝑢 𝑗

𝜕𝑥𝑖

)
(11)

When 𝑘/(𝑆𝜈) >> 200(1−𝛾0.1)0.3, 𝐹 tends to 1 and inversely to 0. Therefore, for a given height in the boundary-layer,
moving away longitudinally from the transition point increases 𝛾 and thus 𝐹. The parameter 𝑘/(𝑆𝜈) increases rapidly
with distance away from the wall in the boundary-layer. Thus, for a given longitudinal position in the transition region,
moving away from the wall increases 𝑘/(𝑆𝜈) and in turn 𝐹.
The blending function 𝐹 enables 𝑇0 at the beginning of the transition and near the wall and switches smoothly to

(𝑇1 − 𝑇2) with increased longitudinal and wall-normal distances.

4. Diffusion terms
Two diffusion terms are incorporated in Suzen and Huang PDE: 𝑇3 and 𝐷𝛾 .
𝑇3 is a production diffusion-like term developed by Cho and Chung which represents the increase of 𝛾 due to

inhomogeneities in its gradient:

𝑇3 = 𝐶3
𝑘2

𝜖

𝜕𝛾

𝜕𝑥 𝑗

𝜕𝛾

𝜕𝑥 𝑗

(12)

where 𝐶3 = 0.15.
𝐷𝛾 comes from the work of Libby [16] and corresponds to the diffusion of the intermittency due to differences in

relative mean velocities between turbulent spots and the laminar flow:

𝐷𝛾 =
𝜕

𝜕𝑥 𝑗

{
𝛾(1 − 𝛾) (𝑢 𝑗𝑙 − 𝑢 𝑗𝑡 )

}
(13)

With the help of Lumley [17]’s velocity jump model, Byggstøyl and Kollmann [18] rewrote the previous equation
for thin shear flows which is incorporated as such in Cho and Chung model:

𝐷𝛾 =
𝜕

𝜕𝑥 𝑗

{
(1 − 𝛾)𝜈𝑡

𝜕𝛾

𝜕𝑥 𝑗

}
(14)

Suzen and Huang extended the above equation to take into account compressibility effects and a new term 𝛾(1− 𝛾)𝜇
which considers the diffusion of 𝛾 in the viscous-sublayer is added:

𝐷𝛾 =
𝜕

𝜕𝑥 𝑗

{
[𝛾(1 − 𝛾)𝜇 + (1 − 𝛾)𝜇𝑡 ]

𝜕𝛾

𝜕𝑥 𝑗

}
(15)

Suzen and Huang intermittency model was tested against both zero pressure gradient and variable pressure gradient
flows with multiple high free-stream turbulence levels. It was able to predict Savill [19]’s ERCOFTAC T3A, T3B, T3C1
and T3C2 experiments.
The streamwise distribution of 𝛾 being a function of 𝑛𝜎, the applicability of the previously discussed model depends

on the domain of validity of this product.
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B. Correlations for the spot formation rate
As shown previously, 𝑇0 is responsible for the streamwise distribution of 𝛾. 𝑇0 is derived from eq. (3) and depends

on 𝑛𝜎/𝑈∞,𝑡𝑟 . It was shown by Dhawan and Narasimha that whatever the cause of transition, all transition regions define
a single universal intermittency distribution. Therefore the 𝑛𝜎/𝑈∞,𝑡𝑟 product is the sole governing parameter of the
longitudinal distribution of 𝛾 for a given height in the boundary-layer.

𝑛𝜎 is in 𝑚−1𝑠−1 and can be expressed under two dimensionless formalisms. Firstly, with the non-dimensional
breakdown parameter 𝑁 from Dhawan and Narasimha and secondly with the dimensionless spot formation rate 𝑛̂ from
Mayle [20]:

𝑁 = 𝑛𝜎
𝜃3
𝑡𝑟

𝜈
; 𝑛̂ = 𝑛

1
𝑅𝑒2

1𝑈∞,𝑡𝑟

(16)

In a thorough study covering a wide range of free-stream turbulence levels 𝑇𝑢 (as low as 0.3%) and pressure
gradients 𝜆𝜃 , Gostelow and Walker [21] proposed a correlation for the non-dimensional breakdown parameters 𝑁:

𝑁 =

{
0.86 × 10−3 exp

(
2.134𝜆𝜃,𝑡𝑟 ln (𝑇𝑢𝑡𝑟 ) − 59.23𝜆𝜃,𝑡𝑟 − 0.564 ln (𝑇𝑢𝑡𝑟 )

)
𝜆𝜃,𝑡𝑟 ≤ 0

0.86 × 10−3 exp (−0.564 ln (𝑇𝑢𝑡𝑟 )) 𝜆𝜃,𝑡𝑟 > 0
(17)

with the pressure gradient parameter 𝜆𝜃,𝑡𝑟 , evaluated at the transition point being equal to:

𝜆𝜃,𝑡𝑟 =
𝜃2
𝑡𝑟

𝜈𝑡𝑟

d𝑈∞,𝑡𝑟

d𝑠
(18)

Using intermittency measurements, Mayle [20] correlated the dimensionless spot formation rate to free-stream
turbulence levels at the transition point for turbomachinery applications:

𝑛̂𝜎 = 1.25 × 10−11𝑇𝑢
7/4
𝑡𝑟 (19)

A modified version of this last correlation accounting for gradient pressure effects is used by Suzen and Huang in
the expression of 𝑇0.

𝑁 and 𝑛̂ were mainly defined in the context of bypass transition. The applicability of these correlations in conjunction
with Suzen and Huang model is not pertinent for natural transition.

IV. Correlation for natural transition
A new transport equation of the intermittency for natural transition is needed: Suzen and Huang longitudinal

distribution must be modified to account for the concentrated breakdown hypothesis. A correlation on 𝑛𝜎 valid for
external aerodynamic application is required. It must be easily implemented in CFD solvers and coupled with the AHD
transition criteria from Arnal et al. [22] and the ONERA parabolas method [23].

A. Properties and Hypothesis

1. Concentrated breakdown hypothesis
The concentrated breakdown hypothesis states that for flat plate flows with zero pressure gradient, turbulent "spots

form at a preferred streamwise location randomly in time and in cross-stream position" [8]. Steelant and Dick modified
the term 𝛽(𝑠) in eq. (4) to account for the distributed breakdown hypothesis specific to bypass transition. It is simply
decided to keep the PDE derived from the differentiation of eq. (3) along a stream line 𝑠 unchanged. 𝑇0 is thus replaced
in Suzen and Huang model by:

𝑇0 = 2𝜌
𝑛𝜎

𝑈∞,𝑡𝑟

(𝑠 − 𝑠𝑡𝑟 )
√
𝑢𝑘𝑢𝑘 (20)

2. On transition length
As shown previously, 𝑛𝜎/𝑈∞,𝑡𝑟 is responsible for the longitudinal distribution of 𝛾 in the boundary-layer and can

thus be linked to the transition length Δ𝑅𝑒𝑡𝑟 . Δ𝑅𝑒𝑡𝑟 is a dimensionless parameter defined as the difference of Reynolds
number between the longitudinal position for which 𝛾 = 0.75 and 𝛾 = 0.25:
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Δ𝑅𝑒𝑡𝑟 = 𝑅𝑒𝑠𝛾=0.75 − 𝑅𝑒𝑠𝛾=0.25 (21)

By computing 𝑠𝛾=0.75 and 𝑠𝛾=0.25 with eq. (3), the dimensionless transition length can be expressed as a function of
Mayle’s dimensionless spot formation and propagation rate:

Δ𝑅𝑒𝑡𝑟 =
1

√
𝑛̂𝜎

[√︁
−ln (0.75) +

√︁
−ln (0.25)

]
(22)

The transition length Δ𝑅𝑒𝑡𝑟 at a given boundary-layer height is thus entirely controlled by the dimensionless spot
formation and propagation rates 𝑛̂𝜎.
In a series of experiments over a flat plate with zero pressure gradient, Schubauer and Skramstad [24] studied the

impact of free-stream turbulence levels on transition. Their results, presented in fig. 1, show that with decreasing levels
of free-stream turbulence, the transition onset is moved to higher values of 𝑅𝑒𝑥 all the while the transition length Δ𝑅𝑒𝑡𝑟
stays constant.

Fig. 1 Effect of levels of free-stream turbulence on the start of transition and on the transition length. Flat
plate, zero pressure (Schubauer and Skramstad [24]).
In a study on the effect of free-stream turbulence levels on transition, Fransson et al. [25] observed that decreasing

levels of 𝑇𝑢 were linked to decreasing rate of spot production which were correlated to increasing transition lengths.
Nonetheless, in a boundary-layer, one can expect each start of transition to eventually generate a fully turbulent flow
downstream the transition point.
The possibility that there may exist a maximum transition length which is independent of free-stream turbulence

levels when 𝑇𝑢 is bellow a threshold will be thereafter investigated. 𝑛̂𝜎 behavior with respect to 𝑇𝑢 will hence be
examined for the natural transition of 2D flows over a flat plate with zero pressure gradient.

B. Experimental determination of the intermittency

1. Experimental data
In order to investigate 𝑛𝜎 for natural transition an experimental study of the intermittency of the flow over a flat

plate is performed. Two sets of experimental data are used. They are the results of experiments over a flat plate in
ONERA TRIN 2 subsonic wind tunnel, under local atmospheric conditions.
The first data-set named 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 is made of 15 experiments which come from a study by Methel et al. [26] on

the effects of two-dimensional positive surface defects on the laminar–turbulent transition of a sucked boundary-layer.
The second set of data, named 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2, is composed of 22 experiments resulting from a study by Ducaffy et al. [27]
on the effects of surface roughness on the laminar-turbulent transition of a 2D incompressible boundary-layer.
In all 37 experiments, a flat plate is covering the entire width of a test section and its leading edge geometry is

designed to have a pressure coefficient 𝐶𝑝 null. For Methel et al. the maximum free-stream turbulence was found to be
below 0.13% for an operating Reynolds number of 2.6 × 106 m−1. In these conditions, the baseline flow at which all
data were acquired is of approximately 40m.s−1. Three suction panels which could be covered were tested during the
study. These suction panels were categorized based on their porosity 𝑝. The experiments from Methel et al. used in this
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paper were performed with no suction and with panels of porosity equal to 0%, 0.26% and 1.34%. All longitudinal
measurement were made at a constant boundary-layer height of 300µm which was found to be the height for which the
maximum amplitude of the TS wave eigenfunction was obtained.
Ducaffy et al. reported free-stream turbulence levels below 0.04% for operating Reynolds numbers ranging from

2.8 to 4.1 × 106 m−1 corresponding to free-stream velocities between 42 and 66m.s−1. Longitudinal measurements
were made at a constant wall-distance of 600µm, which corresponds to a distance to the wall which is low enough to
always stay in the boundary-layer and high enough not to be in regions where velocity gradients are too important. All
measurements from Ducaffy et al. thereafter studied were made over a smooth plate without added roughnesses.
A summary of experimental settings is shown in table 1:

𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2

𝑅𝑒 [m−1] 2.6 × 106 2.6 − 4.1 × 106

𝑈∞ [m.s−1] 40.0 44.0 - 66.0
𝑇𝑢 [%] 0.13 0.04
𝑦 [µm] 300 600

Table 1 Experimental conditions

2. Intermittency Measurements
In this section the process used to extract the intermittency of the flow from longitudinal instantaneous velocities

along the flat plate is presented. One experiment from each data-set is used as an example.
The intermittency of the flow at a given boundary-layer height is calculated with the newly developed "rational

method for determining intermittency in the transitional boundary-layer" by Veerasamy and Atkin [28]. The idea behind
this new method is to define a singular threshold value 𝑇ℎ for counting the intermittency based on the magnitude of
the maximal laminar perturbation in the boundary-layer. This maximal laminar perturbation is expected to be found
at the transition point 𝑥𝑡𝑟 . This point, according to Bertelrud and Anders [29], should correspond to the streamwise
location for which the skewness 𝑆 of the instantaneous velocity is at its maximum. Due to non-continuous longitudinal
measurements, the point 𝑥0 for which 𝑆 is maximal may not be equal to 𝑥𝑡𝑟 . The signal skewness, shown in fig. 2, is
defined by Veerasamy and Atkin as:

𝑆(𝑥) = 𝑢(𝑥)3

𝑢(𝑥)3
𝑟𝑚𝑠

=
1
𝑛

∑
𝑖 𝑢(𝑥)3

𝑖(√︃
1
𝑛

∑
𝑖 𝑢(𝑥)2

𝑖

)3 (23)

Fig. 2 Skewness of the signal. 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1.
At the point 𝑥0 for which the skewness of the signal is maximal, the instantaneous velocity signal is sensitised to

high frequencies by squaring its second derivative:
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𝐷 (𝑡)𝑥0 =

(
𝜕2𝑢(𝑥0, 𝑡)

𝜕𝑡2

)2

(24)

The set of times corresponding to high frequencies 𝑇ℎ 𝑓 in 𝐷 (𝑡)𝑥0 is defined as:

𝑇ℎ 𝑓 =

{
[𝑡𝑖−3, 𝑡𝑖+3] , ∀𝑡𝑖 ∈ 𝐷 (𝑡)𝑥0 | 𝐷 (𝑡𝑖)𝑥0 > 2𝐷 (𝑡)𝑥0 ,𝑟𝑚𝑠

}
(25)

where the time interval around 𝑡𝑖±3 is here to incorporate turbulent dropouts and tailing signal to the set of turbulent
perturbations times.
As shown in shown in fig. 3, Veerasamy and Atkin subtracted the sensitised signal related to turbulent perturbations

in 𝑇ℎ 𝑓 from 𝐷 (𝑡)𝑥0 (gray curve) to obtain the laminar perturbation 𝐷 (𝑡)𝑥0 ,𝐿 (red curve). The threshold on laminar
perturbation (green line) is then defined as the root mean square of the laminar sensitised signal at 𝑥0:

𝑇ℎ = 𝐷 (𝑡)𝑥0 ,𝐿,𝑟𝑚𝑠 (26)

Fig. 3 Determination of the threshold value 𝑇ℎ for counting the intermittency. 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1.
In order to obtain the intermittency, the sensitised signal 𝐷 (𝑡)𝑥 is first smoothed with a moving-average window of 7

times the sampling rate, at each streamwise measurement point. It is then then compared to the threshold 𝑇ℎ. It comes
naturally that the intermittency function and the intermittency factor are:

𝐼 (𝑡)𝑥 =

{
0 if 𝑚𝐷 (𝑡)𝑥 < 𝑇ℎ

1 if 𝑚𝐷 (𝑡)𝑥 ≥ 𝑇ℎ
𝛾𝑥 =

1
𝑛

𝑡𝑖=𝑛∑︁
𝑡𝑖=0

𝐼 (𝑡𝑖)𝑥 (27)

with 𝑚𝐷 (𝑡)𝑥 the moving-average value of 𝐷 (𝑡)𝑥 .
𝐼 and 𝛾 are easily identified in fig. 4. 𝐼 (𝑡)𝑥 equals 1 every time 𝑚𝐷 (𝑡)𝑥 is red and 0 otherwise. 𝛾 is the ratio of all

times for which 𝑚𝐷 (𝑡)𝑥 is red over the total measurement duration of 𝑚𝐷 (𝑡)𝑥 .
The resulting intermittency factor for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 and 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 can be seen in fig. 5

3. Intermittency Post-processing
Veerasamy and Atkin applied their algorithm for the determination of 𝛾 to signals taken at 𝑦/𝛿∗ = 0.5, with 𝛿∗ the

displacement thickness. The value of this ratio was chosen because Matsubara et al. [30] showed that wall-normal
distribution of 𝛾 is constant as long as 𝑦 ≤ 𝛿∗. The previously introduced data-sets present measurement heights that
are constant. They are of 300µm for 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 and 600µm for 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2.
As 𝛿∗ decreases with increasing Reynolds number, a single computation of the displacement thickness for a fully

laminar and a fully turbulent flow at 𝑅𝑒 = 4.1×106m−1 is undertaken with 3C3D, a boundary-layer solver from ONERA.
In fig. 6, 𝑦/𝛿∗ resulting from the aforementioned computation is plotted, with 𝑦 = 600µm. The unit Reynolds number
and the measurement height 𝑦 here taken are the highest of all present in the different experiments. Consequently all
𝑦/𝛿∗ extracted from the 37 experiments would be plotted below the red curve in fig. 6.
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Fig. 4 Experimental determination of 𝛾. In gray, the sensitised velocity fluctuation at given measurement points.
In green, the moving average of 𝐷 (𝑡)𝑥 𝑚𝐷 (𝑡)𝑥 at times for which 𝑚𝐷 (𝑡)𝑥 is below the threshold 𝑇ℎ. In in red
𝑚𝐷 (𝑡)𝑥 at time for which it is higher than the threshold. 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1.

(a) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 (b) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2

Fig. 5 Experimental 𝛾 obtained with Veerasamy and Atkin algorithm.
Therefore, it is certain that measurements taken in the transition region (usually starting at 𝑥/𝐿 > 0.3) were all

sampled at a height for which 𝑦 ≤ 𝛿∗. Measurement points in the laminar regions, especially for experiments in
𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 are likely to present a 𝑦/𝛿∗ ratio higher than one.
The intermittency distribution for the 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 experiment presented in fig. 5 is not ranging from 0.0 to 1.0

but from around 0.2 to 1.0. Contrary to Veerasamy and Atkin, the present experiments were made at a constant
boundary-layer height and so at a non-constant 𝑦/𝛿∗. Hence in the laminar region, most of 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 measurements
were taken at a height 𝑦 for which 𝑦/𝛿∗ is higher than 1.0. TS waves amplitude being function of 𝑦/𝛿∗, the magnitude of
the laminar perturbation is less than what it would have been if measured at a lower 𝑦/𝛿∗ ratio. Consequently, Veerasamy
and Atkin algorithm produces values of 𝑇ℎ that are lower than what would have been obtained at lower measurement
heights. Hence, the lower threshold produces non-zero 𝛾 in the laminar region.
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Fig. 6 𝑦/𝛿∗ for fully laminar and fully turbulent flows over a flat plate.𝑦 = 600𝜇m, 𝑅𝑒 = 4.0 × 106 m−1, 3C3D.
As shown in fig. 6 a ratio of 𝑦/𝛿∗ lower than one is to be expected in the transition region. It means that in that region,

longitudinal measurements of 𝛾 are all made at heights for which 𝛾 is maximal. According to Dhawan and Narasimha
the longitudinal distribution of 𝛾 is universal. Therefore, it is possible, starting from data points in the transitional and
turbulent regions, to recreate the laminar and the initial growth of the experimental intermittency distribution that 𝛾
would present if measured at a height for which 𝑦 ≤ 𝛿∗ and with 𝑦/𝛿∗ constant.
The distribution that 𝛾 would follow if measurement points were made at that height can be found by determining

the transition point 𝑥𝑡𝑟 that would enable an intermittency distribution starting in 𝑥𝑡𝑟 to fit the experimental data in the
transitional and turbulent regions. For concentrated breakdown, one can define a function 𝐹 (𝛾) =

√︁
−ln (1 − 𝛾) (see

Narasimha [8]) which behaves linearly past the transition point. This linear behavior has a slope that is directly linked to
the distribution of gamma and that is not related to measurement heights.

(a) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 (b) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2

Fig. 7 Determination of the transition point.
By fitting the affine part of the function 𝐹 and finding the point for which this affine fit cut the line 𝐹 = 0, one can

determine the point for which transition would occur for an intermittency distribution at an height such that 𝑦 ≤ 𝛿∗ and
with 𝑦/𝛿∗ constant.
The function F is computed from the experimental intermittency factor. The affine part of 𝐹 is smoothed with the

help of a polynomial fit of order 5, named 𝑃5. It was found to best capture the initial slow growth, the affine behavior
and the saturation of 𝐹 for all experiments. 𝑃5 is itself fitted with an affine fit, named 𝑃1. This fit is performed on values
of 𝑃5 ranging from 0.656 to 1.337 which correspond to intermittencies of 0.35 and 0.85. This way, the affine fit is only
applied to the linear part of 𝑃5 which corresponds to the linear growth of 𝐹. The transition point 𝑥𝑡𝑟 corresponding to a
full distribution of 𝛾 is found at the intersection of 𝑃1 and 𝐹 = 0. The application of this process is shown in fig. 7.

10



It can be seen that for the 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 experiment which already present a full distribution of 𝛾, 𝑥𝑡𝑟 corresponds to
an abscissa of 𝐹 for which its linear growth is starting. For the experiment in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2, where 𝛾 and 𝐹 are not zero
in the laminar region, this technique allow the finding of a transition point 𝑥𝑡𝑟 , upstream 𝑥0 which would belong to the
function 𝐹 such that 𝑦 ≤ 𝛿∗ and and with 𝑦/𝛿∗ constant.

(a) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 (b) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2

Fig. 8 Intermittency factor extracted from experimental data and fitted to Narasimha equation.
With the newly computed transition point 𝑥𝑡𝑟 , Dhawan and Narasimha’s Equation (3) is used to fit the experimental

data using a non-linear least square method. The fit is performed on values of 𝛾 for which 𝑥 > 𝑥𝑡𝑟 . The resulting
numerical 𝛾 can be seen in fig. 8. The coefficient of determination 𝑅2 is computed. For the experiment in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1,
an almost perfect fit is obtained. It once more proves that the streamwise distribution of 𝛾 follows the behavior predicted
by Narasimha. For the experiment in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 a perfect fit for values of the intermittency higher than 0.2 is observed.
It can be seen that the numerical intermittency possesses a full distribution that matches the experimental 𝛾 past 𝛾 = 0.2.
The 𝑅2 is here lower than for the experiment in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 as the fit includes data of 𝛾 in its initial growth below 0.2.
It can nonetheless be concluded that the method enables the finding of full distributions of 𝛾.

V. Validation of the model and discussion
The process presented in section IV.B.2 and IV.B.3 is reproduced for the 37 streamwise measurements at our disposal.

Numerical 𝛾 resulting from Dhawan and Narasimha’s equation fit are retrieved. They are algebraic equations from
which the term 𝑛𝜎 can directly be extracted.

A. Correlation of 𝑛̂𝜎
In order to compare the product of the turbulent spot production per unit length in the span-wise direction with the

dimensionless spot propagation parameter between multiple experiments, the dimensionless quantity 𝑛̂𝜎 introduced by
Mayle is used.
The value of 𝑛̂𝜎 is extracted from every experiments. First, the impact of surface porosity for experiments in

𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 must be analyzed.
The distribution of 𝑛̂𝜎 for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 is presented in fig. 9. Every square point is colored based on

the value of its 𝑅2, and the percentage of porosity is underlined by different colored circles. High porosity experiments
(red circle) present values of 𝑛̂𝜎 higher than those from no porosity experiment (green circle). Lower percentage of
porosity are not related to specific values of 𝑛̂𝜎 as no specific relation can be found between low porosity and no porosity
experiments. Experiments with high porosity or with 𝑅2 lower than 0.95 are discarded.
Due to experimental values of 𝛾 that are not zero in the laminar region for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2, coefficients

of determination 𝑅2 tend to be lower than for data in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1. The distribution of 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2 𝑛̂𝜎 is presented is
fig. 10. Experiments with 𝑅2 lower than 0.85 are discarded.
The resulting averaged value of 𝑛̂𝜎 is found to be equal to:

𝑛̂𝜎 = 1.46 × 10−11 (28)
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Fig. 9 Distribution of 𝑛̂𝜎 for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1. Squares color: 𝑅2. Circles: Green - p=0%, Yellow -
p=0.26% with tape, Blue - p=0.26%, Black - p=1.34% with tape, Red - p=1.34%.

Fig. 10 Distribution of 𝑛̂𝜎 for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2.
B. Validation of the model
Suzen and Huang intermittency equation is implemented into 3C3D [2], a boundary-layer solver from ONERA. It is

validated against ERCOFTAC T3A and Suzen and Huang own results as seen in fig. 11.
An excellent agreement is obtained between the data of Suzen and Huang and those obtained from the 𝑘 − 𝜔 − 𝛾

SST model implemented in 3C3D. Indeed The two 𝐶 𝑓 curves are perfectly superimposed.
𝑛̂𝜎 is added to the modified expression of 𝑇0 presented in eq. (20) such that:

𝑇0 = 2𝜌𝑛̂𝜎𝑅𝑒2
1 (𝑠 − 𝑠𝑡𝑟 )

√
𝑢𝑘𝑢𝑘 (29)

(𝑇1 − 𝑇2) as well as the diffusion terms are switched off to validate the longitudinal distribution of 𝛾 resulting from
the modified 𝑇0.
The 37 previously described experiments are simulated with 3C3D. The free-stream velocity, the free-stream

turbulence intensity, the unit Reynolds number, and the transition location are imposed in the boundary-layer code.
𝑛̂𝜎 is set at 1.46 × 10−11 and Suzen and Huang modified model is used in conjunction with the 𝑘 − 𝜔 SST turbulence
model. Figure 12 shows a comparison between experimental 𝛾, numerically fitted 𝛾, and 𝛾 resulting from the 3C3D
computation.
A very good agreement is found between the different experimental distributions of 𝛾 and their corresponding

simulation in 3C3D for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1. This agreement is less good for experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2. It is
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Fig. 11 Validation of Suzen and Huang model’s implementation coupled to 𝑘 − 𝜔 SST in 3C3D.
believed the measurement height, and the resulting post-processing aimed at correcting for the high 𝑦/𝛿∗, introduces
error in the measurement of 𝛾 and is thus responsible for the distribution of 𝑛̂𝜎.
However, while experiments in 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 present free-stream turbulence levels two times higher than experiments

in 𝑑𝑎𝑡𝑎− 𝑠𝑒𝑡2, no specific distribution of 𝑛̂𝜎 can be found to be correlated with 𝑇𝑢. Indeed, 𝑛̂𝜎 values from 𝑑𝑎𝑡𝑎− 𝑠𝑒𝑡2
are found to distributed around those of 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1.
It thus comes that below a certain threshold for 𝑇𝑢, the transition length is not related to free-stream turbulence

intensity, and the dimensionless quantity 𝑛̂𝜎 can be found to be constant with respect to 𝑇𝑢.

(a) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡1 (b) 𝑑𝑎𝑡𝑎 − 𝑠𝑒𝑡2

Fig. 12 Experimental, numerical and simulated intermittency factor with 𝑛̂𝜎 = 1.46 × 10−11.

VI. Integration and coupling of the intermittency factor in the RANS solver CODA
The next step of this study consists in the integration of the modified intermittency model into the RANS solver

CODA and its validation on a simple test case. To the best of our knowledge, it is the first time this model has been
implemented in a RANS solver as Suzen and Huang only implemented their intermittency factor PDE in a boundary-layer
solver.

A. Integration and coupling of the intermittency factor
CODA is an unstructured finite volume compressible flow solver aimed at industrial aerodynamic applications. It

has been thoroughly described by Leicht et al. in these two papers: [3], [31].
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In this solver, under the RANS formulation, the previously derived intermittency factor model was coupled to the
Navier-Stokes equations, to Pascal et al. [4]’s transported transition criteria and to the modified version [5] of the Spalart
and Allmaras [32]’s one-equation turbulence model. The resulting set of equations reads:

𝜕𝑡u + ∇ · (F𝑐 (u) − F𝑑 (u,∇u)) = S(u,∇u) (30)

where the vector u represents the following conservative variables:

u =

𝜌; 𝜌v𝑇 ; 𝜌𝐸︸              ︷︷              ︸
Mean-flow

;

Turbulence︷︸︸︷
𝜌𝜈̃ ; 𝜌𝑅𝑒𝜃,𝑐𝑟 ; 𝜌˜̄Λ2; 𝜌𝑠𝑐𝑟 ; 𝜌𝑠𝑡𝑟︸                                     ︷︷                                     ︸

Transition

;

Intermittency︷︸︸︷
𝜌𝛾


𝑇

(31)

with 𝜌 being the density, v the velocity vector, 𝐸 the specific total energy, 𝜈̃ the modified eddy viscosity, 𝑅𝑒𝜃,𝑐𝑟 the
critical momentum thickness based Reynolds number, ˜̄Λ2 the integral along a streamline 𝑠 of the Pohlhausen parameter,
𝑠𝑐𝑟 the curvilinear abscissa measured from the critical point, 𝑠𝑡𝑟 the curvilinear abscissa measured from the transition
point, and 𝛾 the intermittency factor.

F𝑐 (u) and F𝑑 (u,∇u) are respectively the convective and diffusive fluxes of u and of its gradient. S(u,∇u) is
the source term vector. It acts on conservation equations for all but mean-flow variables. Mean-flow, transition and
turbulence equations are detailed in section VIII.
Boundary-layer quantities are calculated from the mean-flow and used in the stability based transition model to

evaluate transition criteria along streamlines. Once the transition is found, the curvilinear abscissa measured from the
transition point is retrieved. 𝑠𝑡𝑟 is in turn injected in the intermittency model where the distance to the transition point is
required. The resulting intermittency factor 𝛾 weights the turbulent eddy viscosity 𝜇𝑡 obtained from the turbulence
model. The effective eddy viscosity, defined as 𝜇𝑒 𝑓 𝑓 = 𝛾𝜇𝑡 , is integrated in the diffusive part of mean-flow equations
(see section VIII.A). It however does not appear in the production, destruction or diffusion term of the turbulence model.
Thus the turbulence model enables the solution of 𝜇𝑡 to display fully turbulent features before the transition location, as
recommended by Suzen and Huang. It thus gives the intermittency factor the full control on the transition progress.

B. Validation and Discussion
To validate the implementation and coupling of mean-flow, transition, intermittency and turbulence models in

CODA, a preliminary study was carried out.
This study consists in the simulation of the flow along a flat plate without pressure gradient, at Mach number

𝑀𝑎 = 0.3, and at unitary Reynolds Number 𝑅𝑒 = 1.925 × 106. The body reference length is 1 unit. A structured mesh
with 33282 nodes was used. Figure 13 shows the layout of the flat-plate grid, along with the boundary conditions.

Riemann Invariant
𝑃𝑡/𝑃𝑟𝑒 𝑓 = 1.064
𝑇𝑡/𝑇𝑟𝑒 𝑓 = 1.018

Riemann Invariant
𝑃/𝑃𝑟𝑒 𝑓 = 1.0

Symmetry Adiabatic Solid Wall

Farfield Riemann

𝑥

𝑦

[0.0, 0.0] [1.0, 0.0][−0.2, 0.0]

[−0.2, 0.1] [1.0, 0.1]

Fig. 13 Flat-plate boundary conditions
The free-stream intensity at the leading edge is 0.1% and the viscosity ratio is 𝜇𝑡/𝜇 = 4.0 for the Spalart and Allmaras

turbulence model. A linearized implicit Euler method is used in conjunction with a finite volume discretization. Integral
quantities required in the transition model are computed every 10 iterations, and drag coefficients every iterations.
The residual of u’s variables, which is the 𝐿2 norm of the initial residue, can be seen in Figure 14a. The drag

convergence is detailed in Figure 14b. Before the transition point is found by the transition model, 𝑠𝑡𝑟 and 𝛾’s residuals
do not exist, 𝛾 is set to 0 everywhere and drag coefficients converge toward laminar values. With our current numerical
settings, transition is found after around 250 iterations. From that iteration onward, we observe a quick drag convergence,
and a steep decrease of every residual.
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Fig. 14 Residuals and Convergence.
The transition model found the transition onset at 𝑥𝑡𝑟 = 0.639. The behavior of the intermittency factor and other

relevant variables past this point is discussed thereafter.
𝑇0 controls the initial production of the intermittency factor. Its normal variations seen in Figure 15a are due to the

presence of the norm of the velocity in its definition. Its longitudinal linear growth is proportional to 𝑠𝑡𝑟 .
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Fig. 15 Intermittency factor source terms.
𝑇1 and 𝑇2 are shown in Figure 15b and Figure 15c. 𝑇1 is close to 0 everywhere but near the the wall. Indeed, 𝑇1 is

function of 𝑃𝑘 , a turbulent kinetic energy production-like term. It thus produces intermittency in regions where the
production of 𝑘 is important. 𝑇2 relates velocity gradients to intermittency gradients and thus represents the production
and destruction of 𝛾 due the interaction between turbulent spots and the laminar flow in the boundary-layer. It has a
destructive effect at the wall, where 𝑇2 is positive, and a productive effect in the boundary-layer, away from the wall,
where 𝑇2 is negative.

15



𝑇3, which is shown in Figure 15d, is null everywhere but at the beginning of the transition and near the boundary-layer
edge, where intermittency gradients are important.
The blending function 𝐹 represented in Figure 16 shows that 𝑇0 is activated at the beginning of the transition and at

the wall. (𝑇1 − 𝑇2) is activated in the boundary-layer, with increasing distance away from the transition point and from
the wall. The blending function defined by Suzen and Huang is only valid inside the boundary layer. We thus force
𝐹 = 1.0 outside of the boundary-layer.
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Fig. 16 Blending function.
The resulting intermittency can be seen in Figure 17. Its is null before the transition point and from there, smoothly

increases with longitudinal distance away from 𝑥𝑡𝑟 .
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Fig. 17 Intermittency factor 𝛾.
The behavior of 𝛾 in the wall normal direction is detailed in Figure 18. For a given longitudinal position, the

maximum of 𝛾 is found close to the wall, at about 𝑦/𝛿∗ = 1.
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Fig. 18 Variation of 𝛾 profiles through transition.
With increasing distance away from the wall, the intermittency factor fades away, and 𝛾 is null outside of the

boundary-layer. These intermittency profiles are in accordance with Sohn et al. [33] experimental profiles.
It should be noted that contrary to Menter et al. [34]’s intermittency model, 𝛾 is null outside the boundary-layer.

Indeed 𝛾 does not impact the production of turbulence, but only weights on the Reynolds stress tensor in the diffusive
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part of the RANS equations. Thus, turbulent features are not impacted by 𝛾, and they can develop in the free-stream
region even-though 𝛾 is null.
Figure 19 shows the familiar longitudinal distribution of 𝛾 at the wall. It also presents the skin friction coefficient

during transition. The skin friction coefficient increases before transition starts. It is due to viscous-inviscid interaction

x [­]

γ
 [

­]

C
f [

­]

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0.001

0.002

0.003

0.004

0.005

Skin friction coefficient

Intermittency factor

Fig. 19 Skin friction coefficient along a flat plate boundary layer undergoing transition.
that arises when intermittency is seen to behave in a point-like manner. Indeed, Stock and Haase [35] showed that
point-like transition results in sharp gradients due to the sudden decrease of the displacement thickness near the onset
of transition. These gradients induce important interactions between viscous and inviscid flows which have strong
influence in region just upstream the transition location.
To overcome that problem, Ströer et al. [36] proposed the use of an offset length 𝑙𝛾 in order to shift downstream

the production onset of effective eddy viscosity, and in doing so, to avoid viscous-inviscid interaction upstream the
transition. The addition of such an offset will be considered in a future study.

VII. Conclusion and future work
In the present work, the Suzen and Huang intermittency model was modified to account for natural transition. A

series of 37 zero pressure gradient flat-plate experiments on laminar-turbulent transition with low free-stream turbulence
levels were used to develop a correlation for the spot formation and propagation parameter 𝑛̂𝜎. The intermittency of the
flow was extracted from instantaneous velocities and post-processed to account for non-constant 𝑦/𝛿∗ measurement
heights. Dhawan and Narasimha equation was fitted to the experimental intermittency, from which the spot formation
and propagation parameter was obtained. It was found that 𝑛̂𝜎 is independent of 𝑇𝑢 for low levels of free-stream
turbulence. The correlation for 𝑛̂𝜎 was used in a modified version of Suzen and Huang intermittency model in
3C3D. Good agreements between simulation and experimental data were found. The correlation offers a simple and
easy-to-implement expression of 𝑛̂𝜎 for zero pressure gradient flows with low free-stream turbulence levels.
The intermittency model was implemented in CODA, a 3D compressible finite volume RANS solver, and coupled to

Pascal et al. transported transition criteria and to the one-equation negative S-A turbulence model. The transition of
a boundary-layer over a flat-plate without pressure gradient has been simulated. It was shown that these models can
capture the transition onset, and produce a smooth transition from a laminar to a turbulent boundary-layer.
Futures works includes a thorough analysis of the model’s behavior on industrial configurations, the consideration

of the viscous/inviscid interaction at the transition onset, and the coupling of the transition and intermittency model to
the 𝑘 − 𝜔 SST turbulence model.

VIII. Appendix

A. Navier-Stokes equations

𝜕𝑡u𝑛𝑠 + ∇ · (F𝑐 (u𝑛𝑠) − F𝑑 (u𝑛𝑠 ,∇u𝑛𝑠)) = 0 (32)
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where:

u𝑛𝑠 =


𝜌

𝜌v𝑇

𝜌𝐸

 ; F𝑐 (u𝑛𝑠) =


𝜌v𝑇

𝜌vv𝑇 + 𝑝I
𝜌𝐸v𝑇 + 𝑝v𝑇

 ; F𝑑 (u𝑛𝑠 ,∇u𝑛𝑠) =


0
𝜏

v𝑇𝜏 + q𝑇

 (33)

with

𝑝 =

(
𝐶𝑝

𝐶𝑣

− 1
) (

𝜌𝐸 − 1
2
𝜌v · v

)
, 𝜏 =

(
𝜇 + 𝜇𝑒 𝑓 𝑓

) (
∇v + (∇v)𝑇 − 2

3
(∇ · v) I

)
, q = −

(
𝜇

𝑃𝑟
+
𝜇𝑒 𝑓 𝑓

𝑃𝑟𝑡

)
𝐶𝑝∇T (34)

The effective turbulent viscosity 𝜇𝑒 𝑓 𝑓 comes from the weighting of the turbulent eddy viscosity 𝜇𝑡 , given by the
turbulence model by the intermittency factor: 𝜇𝑒 𝑓 𝑓 = 𝛾𝜇𝑡 . The Prandtl number is set to 𝑃𝑟 = 0.72 and the turbulent
Prandtl number to 𝑃𝑟𝑡 = 0.9. The Sutherland’s law is used to give the relation between viscosity and temperature.

B. Transition Model
Pascal et al. [4] transition model accounts for natural transition induced by Tollmien-Schlichting instabilities (AHD

transition criteria [37]) and by transverse transition mechanisms (C1 criterion [22]). It consists of 4 partial differential
equations. The first 3 PDE transport variables needed for the AHD and C1 criteria: the critical 𝑅𝑒𝜃 , the integral along
a streamline of the Pohlhausen parameter Λ2 and the curvilinear abscissa from the critical point 𝑠𝑐𝑟 . The last one
transports the curvilinear abscissa from the transition point 𝑠𝑡𝑟 needed for the intermittency model.
The transition model is defined as follow:

𝜕𝑡u𝑡𝑟 + ∇ (F𝑐 (u𝑡𝑟 )) = S (u𝑡𝑟 ,∇u𝑡𝑟 ) (35)

u𝑡𝑟 =


𝜌𝑅𝑒𝜃,𝑐𝑟

𝜌Λ̃2

𝜌𝑠𝑐𝑟

𝜌𝑠𝑡𝑟


; F𝑐 (u𝑡𝑟 ) =


𝑏𝑐𝑟 𝜌𝑅𝑒𝜃,𝑐𝑟v𝑇

𝜌Λ̃2v𝑇

𝜌𝑠𝑐𝑟v𝑇

𝜌𝑠𝑡𝑟v𝑇


; S (u𝑡𝑟 ,∇u𝑡𝑟 ) =


(1 − 𝑏𝑐𝑟 )

(
𝑅𝑒𝜃,𝑐𝑟 − 𝑅𝑒𝜃,𝑐𝑟

)
𝑏𝑐𝑟 (1 − 𝑏𝑡𝑟 ) 𝜌 ∥v∥2 Λ2 − 𝜌(1 − 𝑏𝑐𝑟 )Λ̃2

𝑏𝑐𝑟 𝜌 ∥v∥2 − 𝜌 (1 − 𝑏𝑐𝑟 ) 𝑠𝑐𝑟
𝑏𝑡𝑟 𝜌 ∥v∥2 − 𝜌 (1 − 𝑏𝑡𝑟 ) 𝑠𝑡𝑟


(36)

𝑏𝑐𝑟 and 𝑏𝑡𝑟 are booleans. They are set to 1 where 𝑅𝑒𝜃 is respectively greater than 𝑅𝑒𝜃,𝑐𝑟 ,𝑒 and than 𝑅𝑒𝜃,𝑡𝑟 . They
are set to 0 elsewhere. Their role is to indicate if a given point along a streamline is downstream the critical point and
the transition point.

C. Turbulence Model
In the CODA solver, under the RANS formulation, the negative Spalart-Allmaras turbulence model [5] reads

𝜕𝑡u𝑡𝑢𝑟𝑏 + ∇ · (F𝑐 (u𝑡𝑢𝑟𝑏) − F𝑑 (u𝑡𝑢𝑟𝑏,∇u𝑡𝑢𝑟𝑏)) = S (u𝑡𝑢𝑟𝑏,∇u𝑡𝑢𝑟𝑏) (37)

where:

u𝑡𝑢𝑟𝑏 =

[
𝜌𝜈̃

]
; F𝑐 (u𝑡𝑢𝑟𝑏) =

[
𝜌𝜈̃v𝑇

]
; F𝑑 (u𝑡𝑢𝑟𝑏,∇u𝑡𝑢𝑟𝑏) =

[
1
𝜎
(𝜇 + 𝑓𝑛1𝜌𝜈̃) ∇𝜈̃𝑇

]
S (u𝑡𝑢𝑟𝑏,∇u𝑡𝑢𝑟𝑏) =

[
−𝜌 (𝑃𝜈̃ − 𝐷 𝜈̃) − 𝑐𝑏2

𝜎
𝜌∇𝜈̃ + 1

𝜎
(𝜈 + 𝑓𝑛1 𝜈̃) ∇𝜌 · ∇𝜈̃

] (38)

𝑃𝜈̃ and 𝐷 𝜈̃ represent the production and destruction of 𝜈̃ and are defined as:

𝑃𝜈̃ =

{
𝑐𝑏1 (1 − 𝑓𝑡2) Ω̃𝜈̃ (𝜈̃ ≥ 0)
𝑐𝑏1 (1 − 𝑐𝑡3) Ω̃𝜈̃ (𝜈̃ < 0)

; 𝐷 𝜈̃ =


(
𝑐𝜔1 𝑓𝜔 − 𝑐𝑏1

𝜅2 𝑓𝑡2

) (
𝜈̃
𝑑

)2
(𝜈̃ ≥ 0)

−𝑐𝜔1

(
𝜈̃
𝑑

)2
(𝜈̃ < 0)

(39)

where 𝑑 is the distance to the nearest wall.
Ω̃ is the modified vorticity magnitude defined as:
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Ω̃ =


Ω +Ω

(
Ω ≥ −𝑐𝑣2Ω

)
Ω +

Ω

(
𝑐2
𝑣2Ω+𝑐𝑣3Ω

)
(𝑐𝑣3−2𝑐𝑣2)Ω−Ω

(
Ω < −𝑐𝑣2Ω

) , with Ω =
𝜈̃

(𝜅𝑑)2 𝑓𝑣2, and 𝑓𝑣2 = 1 − 𝜒

1 − 𝑓𝑣1
(40)

where Ω, the magnitude of the vorticity tensor𝑊𝑖 𝑗 is written:

Ω =
√︁

2𝑊𝑖 𝑗𝑆𝑖 𝑗 ; 𝑊𝑖 𝑗 =
1
2

(
𝜕𝑢𝑖

𝜕𝑥 𝑗

+
𝜕𝑢 𝑗

𝜕𝑥𝑖

)
, (41)

The previous functions read:

𝑓𝑛1 =

{
1 (𝜈̃ ≥ 0)
𝑐𝑛1+𝜒3

𝑐𝑛1−𝜒3 (𝜈̃ < 0)
; 𝑓𝑡2 = 𝑐𝑡3exp

(
−𝑐𝑡4𝜒2

)
, 𝑓𝜔 = 𝑔

(
1 + 𝑐6

𝜔3

𝑔6 + 𝑐6
𝜔3

)1/6

, (42)

with

𝑔 = 𝑟 + 𝑐𝑤2 (𝑟6 − 𝑟), 𝑟 = min
(
𝑟𝑙𝑖𝑚,

𝜈̃

Ω(𝜅𝑑)2

)
(43)

Constants in the model are: 𝑐𝑏1 = 0.1355, 𝑐𝑏2 = 0.622, 𝑐𝑣1 = 7.1, 𝑐𝑣2 = 0.7, 𝑐𝑣3 = 0.9, 𝑐𝑤2 = 0.3, 𝑐𝑤3 = 2.0,
𝑐𝑡3 = 1.2, 𝑐𝑡4 = 0.5, 𝑐𝑛1 = 16.0, 𝜎 = 2/3, 𝜅 = 0.41 𝑟𝑙𝑖𝑚 = 10.
Solving this PDE yields 𝜈̃ from which the turbulent eddy viscosity can be computed:

𝜇𝑡 =

{
𝜌𝜈̃ 𝑓𝑣1 (𝜈̃ ≥ 0)
0 (𝜈̃ < 0)

; 𝑓𝑣1 =
𝜒3

𝜒3 + 𝑐3
𝑣1

; 𝜒 =
𝜈̃

𝜈
(44)

D. Reconstruction of the Turbulent Kinetic Energy and its Dissipation Rate
The turbulent kinetic energy 𝑘 and its dissipation rate 𝜖 are needed for the computation of the intermittency factor

source terms (see eq. (8)). They are reconstructed from the Spalart-Allmaras turbulence model following a modified
version of the Bradshaw model [38] from Rahman et al. [39].
Starting with the Bradshaw hypothesis:

| − 𝑢𝑣 |
𝑘

= 𝑎1 = 𝑓𝑣1 𝜈̃
𝑆

𝑘
(45)

The turbulence structure parameter 𝑎1 is modified to account for near-wall variations with 𝑎1 = 𝐶𝜇 𝑓
2/3
𝑣1 , which gives:

𝑘 = 𝑓
1/3
𝑣1 𝜈̃

𝑆√︁
𝐶𝜇

(46)

𝑆, the magnitude of the strain rate tensor is replaced by 𝑆𝑘 =

√︃
𝑆2 + 𝑆2

𝛼, where 𝑆 account for the effect of the
magnitude of the vorticity tensor Ω on 𝑆 and 𝑆𝛼 is a correction that considers the mean strain rate away from the wall:

𝑆 = 𝑓𝑘

(
𝑆 − |𝜂 | − 𝜂

𝐶𝑇

)2
, 𝑆𝛼 =

𝑓𝑣1

𝜅2

(
𝜕
√
𝜈̃

𝜕𝑥𝑖

)2

(47)

where:

𝑓𝑘 = 1 − 𝑓𝑣1
𝐶𝑇

√︁
max (1 −ℜ, 0); 𝜂 = 𝑆 −Ω, ℜ = |Ω/𝑆 | (48)

which yields:

𝑘 = 𝑓
1/3
𝑣1 𝜈̃

𝑆𝑘√︁
𝐶𝜇

and 𝜖 =

√︃
𝜖2
𝑤𝑎𝑙𝑙

+ 𝜖̃2, with: 𝜖̃ =

√︁
𝑓𝑣1𝐶𝜇𝑘

2

𝜈̃ + 𝜈
, 𝜖𝑤𝑎𝑙𝑙 = 2𝐶𝜇𝜈𝑆

2
𝑘 (49)

The constants in the model are: 𝐶𝜇 = 0.09, 𝐶𝑇 =
√

2, 𝜅 = 0.41.
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