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Abstract: We report a procedure for measuremingt magnetic field gradients generated by a macroscopic 

coil. A micromechanical cantilever oscillator covered with a magnetic material is used to detect variations 

of the magnetic force field at distances exceeding several times the coil diameter (4 mm). The detection 

is based on the phase of the first eigenmode of the cantilever while modulating the magnetic field at low 

frequencies. The nanoscale oscillation of the cantilever along with the high-quality resonance factor are 

responsible for a coherent oscillation allowing high sensitivity. A detection sensitivity, under ambient 

conditions, of the order of 10-13 T/nm2 is estimated with the help of numerical calculations. The approach  

is useful for measuring the spatial variation of the magnetic field gradients generated by any source of 

magnetic field when the magnetic field can be modified at rates below the resonant frequency of the 

cantilever. These results can be useful for gradient fields monitoring in macro- and micro-scale magnetic 

resonance imaging, non-contact electric currents identification from stray magnetic fields, electrical power 

monitoring, 3D-magnetic fields mapping, or miniature orientation devices. 
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I. INTRODUCTION  

High-resolution sensing of magnetic field gradients1 is essential for various applications including 

nuclear and electron magnetic resonance2,3, electric micro/macro motors4,5,6, translational medicine7,8, or 

biophysics9,10,11. Magnetic fields can be generated by a variety of electric and magnetic components such 

as permanent magnets12,13, electrical coils14,15,16, and transformers17,18, or generically, by any electric 

power line or charge-carrier currents19,20. They are of growing concern in hybrid and electric vehicles21, 

medical instrumentation22, quantum information technologies23, and other domains where interaction 

fields controls or impacts the operation of electric and magnetic  components. The evaluation of the spatial 

variation of the field outside a magnetic field source is therefore of paramount importance. Nevertheless, 

the measurement of a field gradient is complexified as the distance from the field source is large and a 

high spatial resolution is required24. 

There are several techniques able to measure magnetic fields25,26,27, with the most recurrent and 

sensitive being based on low-temperature SQUIDs28. This technique has a high sensitivity but it has the 

disadvantage of not being a spatially-resolved method. Alternatively, solid-state sensors which include 

magneto-diodes, magneto-transistors, Hall-effect devices or magneto-resistors have been considered29,30. 

To achieve even higher spatial resolutions, methods based on optical detection of spin properties in 

scanning probe tips presenting well defined atomic defects, such as nitrogen vacancies in diamond, have 

been recently developed31,32,33. While these methods have indeed demonstrated high spatial resolution in 

the measurement of magnetic fields, they are not suited for magnetic field gradient detections34,35,36,37 or 

for a direct evaluation of the spatial variation of the magnetic field gradients.  

Magnetic force microscopy (MFM)38,39,40 is known as a tool for visualizing the stray field distribution 

above magnetic nanostructures of dimensions down to individual nanoparticles41,42. MFM uses the 

magnetic interactions between the magnetic probe and the magnetic stray field emerging from the sample. 
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The signal is generally measured by converting the magnetic interaction into the amplitude or phase 

change of a cantilevered magnetic tip, yielding a force gradient mapping38, which is a measure of the 

variation of the magnetic field gradient.  

In the present work, we present a method, based on a MFM set-up, able to measure, with nanometer 

scale resolution, spatial variations of the gradient of the magnetic field at macroscopic distances from the 

magnetic field source. The method is particularly adapted for measuring dynamic fields such as those 

generated by variable currents or micro/macro coils powered with currents presenting low-frequency 

components. In addition, the results can be of interest for direct excitation methods of micromechanical 

cantilevers, where a driving force is directly applied to the cantilever without acoustic transmission 

through additional components, methods particularly valuable when operating in liquids. Along with 

photothermal driving43,44, magnetic excitations of cantilevers are indeed possible by attaching a magnetic 

bead to the cantilever45,46,47 or by coating the cantilever with a magnetic thin film48. 

 

II. EXPERIMENTAL DETAILS 

 

Experiments were performed using an atomic force microscope (AFM) apparatus operating at ambient 

conditions. The microscope was adapted to allow acquisition of phase signals without a nearby surface, 

such that the cantilever remains free to oscillate without any interactions other than those induced by the 

magnetic field gradient. The probes were silicon cantilevers covered with a hard-magnetic coating 

presenting a coercive field of about 300 Oe and a remnant magnetization of about 300 emu/cm3 

(NanoSensorsTM – code: PPP-MFMR). The spring constant of the cantilever was 𝑘 = 2.8 N/m and the 

resonance quality factor 𝑄 = 660, resulting in a 𝑄/𝑘 ratio of 235. The resonance frequency of the cantilever 

is about 75 kHz. The amplitude of the cantilever oscillations was set  to a few tens of nm. An iron core 

coil was employed to generate the magnetic field. An AC current of rectangular shape with a frequency 
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of 1 Hz was supplied to the coil, generating an alternating magnetic field around the coil. The cantilever 

was continuously excited at resonance with the help of a piezoelectric element placed in contact with the 

cantilever support. The phase of the excitation was continuously compared with the oscillation phase of 

the cantilever which was monitored with the help of the optical detection system of the AFM microscope. 

The optical system consisted in a standard deflection system composed of a laser beam (670 nm) and a 

four-quadrant photodiode.  

 

III. EXPERIMENTAL RESULTS  

 

The oscillation phase of the cantilever was tracked using a lock-in amplifier. This gives a phase shift 

() signal which is evaluated by comparing the cantilever phase with respect to the mechanical excitation 

phase. A schematic of the detection configuration is shown in Fig. 1 (a).  The current intensity through 

the coil was chosen low enough to produce magnetic fields with strengths below the coercive field of the 

magnetic coating. As a consequence, the magnetization of the cantilever coating remained constant and 

fixed along the cantilever axis (horizontal x-axis).  

 

A.  Phase signal formation and detection  

Figure 1 (b) shows an example of the phase shift of the cantilever as a function of time for two lateral “x” 

distances with respect to the center of the coil. The vertical position of the cantilever was kept fixed at z 

= 0.6 mm with respect to the surface of the coil end.  It can be seen that the phase signal presents abrupt 

changes of sign at a rate of 1 Hz, indicating a change of the magnetic interaction sign, i.e. from repulsive 

( > 0) to attractive ( < 0). Considering the magnetic interaction component along the oscillation 

direction of the cantilever (z-axis) the phase shift can be written as:38,49  

∆ ൌ െ 
ொ

௞
 
ௗி೥

ௗ௭
                                 (1) 

with 𝑄 the quality factor of the cantilever, 𝑘 the spring constant, and 
ௗி

ௗ௭
 the gradient of the magnetic 
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force along the z-axis. The ratio 𝑄/𝑘 is therefore critical for the phase signal sensitivity. Accordingly, ∆ 

signal is similar to the phase measurements used in MFM with the difference that, in the present case, the 

relevant magnetization is that of the cantilever coating which is along the x-axis (horizontal). This 

magnetization interacts with the x-component of the magnetic field (Hx). The interaction is not constant 

along the z-axis, because Hx varies with z, giving rise to an interaction gradient along z, i.e. a force 𝐹௭. 

Since the cantilever oscillates along the z-direction (vertical), only force gradients along z-axis can change 

the oscillation phase. The force gradient is thus given by the interaction between the magnetization of the 

cantilever [Mc – blue arrow in Fig. 1(a), which is fixed], and Hx generated by the coil, which moreover 

changes direction [red arrow in Fig. 1(a)]. Nonetheless, in each case, (insets with antiparallel/parallel 

arrows) the cantilever senses a force gradient when oscillating up and down. This is given by the second 

derivative of Hx along the z-axis: 

𝑑𝐹௭

𝑑𝑧
ൌ  න 𝑀௖

𝜕ଶ𝐻௫

𝜕𝑧ଶ 𝑑𝑉 , ሺ2ሻ
 

௏
 

where the integral is over the whole magnetic volume of the cantilever.  

It is therefore important to stress that the magnetic interaction is along the x-axis. Because of the 

cantilever vibration axis ∆ detects the gradient of the respective force along z-axis (see below for details). 

According to Eq. 1, positive and negative values of ∆  indicate changes in the magnetic interaction sign, 

which follows the inversion of the current direction within the coil. In Fig. 1, the positive and negative 

values of ∆ are symmetrical with respect to zero because of the inversion of the current into the coil. 

More importantly, the magnitude of ∆ depends on the position of the cantilever with respect to the center 

of the coil (Fig. 1). For instance, in Fig. 1, it is shown that a large ∆ value is recorded when the cantilever 

is placed at 1.8 mm on the x-axis, whereas the signal drops considerably at 11.3 mm. Nonetheless, it is 

remarkable to have a detectable signal at such large distances from the coil. Note that for a constant 



6 
 

cantilever magnetization, the value of ∆ is proportional to the variation of the magnetic field gradient 

generated by the coil at the cantilever position.  

 

 

Fig. 1. (a) Schematic of magnetic field generated by a coil as probed with a micromechanical cantilever system. The (0,0) 

origin of the (x, y) axes is located at the center of the coil end (black dot). All x and z values in the manuscript refer to locations 

of the cantilever with respect to this (0,0) position. (b) Phase shift signal for two periods of magnetic stray field modulated at f 

= 1 Hz recorded at two different locations on the x-axis and a vertical distance of z = 0.6 mm. 

 

Our set-up enables the detection of the variation of magnetic field gradients at any positions around 

the coil. As a second example, we show the results with the cantilever at z = 1 mm and different locations 

along the x-axis. The phase shift, recorded over two periods of alternating magnetic field, is shown in Fig. 
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2. In the first interval 0 – 2.4 mm, the absolute value of ∆ increases as the cantilever approaches the coil 

edge [Fig. 2 (a)]. Then, between 3.0 – 20.3 mm, ∆ progressively decreases closer to zero [Fig. 2 (b)].  

In Fig. 3, the mean values of ∆  as a function of x-displacement for both attractive and repulsive 

magnetic interaction regimes are shown. There is a symmetrical distribution of the ∆  signal when 

comparing the two regimes, which is due to the symmetric but opposite current flows into the coil at the 

frequency of 1 Hz. 

 

 

 

Fig. 2. Phase shift ∆ signal at z = 1 mm for x = 0.0 – 2.4 mm interval (a), and x = 3.0 – 20.3 mm interval (b), respectively.  

The data is traced as a function of time for two periods of alternating magnetic field (f = 1 Hz). Note that the signal progressively 

increases in (a) as the cantilever approaches 2.4 mm, i.e. the edge of the coil, then the signal decreases when the cantilever is 

getting further away from the coil (b).  
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The evolution of the ∆ signal along x displays the same trend at several lifts, although as can be seen, 

the magnitude of the signal is larger for z = 0.6 mm than for z = 1.0 mm, as the cantilever is closer to the 

coil. A maximum signal is measured at about x = 2.6 mm and x = 2.4 mm for z = 1.0 mm and z = 0.6 mm, 

respectively. The fact that the phase signal presents a maximum at these values indicates that the field 

gradient of Hx (second derivative of Hx with respect to z) is maximum at x-distances comparable with the 

radius of our coil, i.e. at the coil edges (see Fig.1). For a magnetization direction inside the coil aligned 

along the z-direction, the x-components of the magnetic stray field are indeed expected to be maximum  

above the coil edges, providing that the measurements are performed at modest lifts (i.e. z-values).  

Fig. 3. Phase shift ∆  signal as a function of the lateral position of the cantilever (along the x axis) for z = 1.0 mm (a), and z = 

0.6 mm (b) for both interaction regimes – repulsion and attraction. The maximum of the signal at about 2.5 mm corresponds to 

the edge of the coil, where the Hx magnetic field is indeed expected large. 

0 5 10 15 20

-0.50

-0.25

0.00

0.25

0.50

z = 1  mm






X (mm) 

 repulsion
 attraction

0 5 10 15 20

-0.50

-0.25

0.00

0.25

0.50

z = 0.6 mm






X (mm)

 repulsion
 attraction

(a)

(b)



9 
 

 To give an estimation for the detection limit of our technique, we calculate the Hx magnetic field 

generated by a magnetized iron cylinder using the analytical expressions from Caciagli et al.50. The 

numerical results are shown in Fig. 4. The strength of the Hx magnetic field generated above the upper 

base (top) of the iron cylinder is presented in Fig. 4 (a). The (0,0) coordinates represents the center of the 

upper base of the cylinder (also see Fig. 1). In Fig. 4 (a), it can be seen that the Hx magnetic field is rather 

weak (red color) with the exception of a region near the edge of the cylinder, where the field presents a 

maximum (blue color). The field value of this maximum decays along the z-axis, as expected (see color 

scale).  

 

Fig. 4. (a) Calculated two-dimensional map of the x-component of the magnetic field (Hx) in the z-x plane. (b) Second 

derivative of the Hx with respect to z, calculated at z = 0.6 mm (dashed) and z = 1.0 mm (solid). Blue and red colors correspond 

to right and left orientations of the field, which is given by up and down magnetized cylinder, respectively. 
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 The calculated fields from Fig. 4 (a) permit the calculation of the first and second derivative of Hx 

with respect to z, at any z distance. The variation of the second derivative of Hx with respect to z (d2Hx / 

dz2) along the x-axis, at z = 0.6 mm (dashed curves) and z = 1.0 mm (solid curves) is shown in Fig. 4 (b). 

As expected, the shape of the peaks does not perfectly reproduce the experimental data, because the 

experimental coil is not a perfect cylinder.. Nevertheless, the maximum values of d2Hx / dz2 at about 2.5 

mm clearly show the dominant role played by the x-components of the magnetic field, as well as their 

spatial variations. These calculations agree with the phase measurements and show that the second 

derivative of the Hx is indeed responsible for the configuration of the phase variation along the x-direction. 

The values of d2Hx / dz2 are of the order of 10-14 T/nm2, presenting a maximum at about x = R = 2.5 mm. 

This agrees with the experimental ∆ signal from Fig. 3. Thus, it can be concluded that spatial variations 

of the gradients of the magnetic field of the order of 10-13 T/nm2 can readily be detected. Note that this 

estimation of the detection limit, which is almost one order of magnitude below the calculation values, is 

not given directly by the experiments but rather by the comparison with the numerical data. 

 

VI. CONCLUSION 

 In conclusion, the oscillation phase of a micromechanical cantilever covered with a magnetic thin film 

can be used to measure spatial variations of the magnetic field generated by an electromagnet at 

centimetric distances. The technique can be useful for mapping magnetic field homogeneities of 

electromagnetic devices or for detecting embedded magnetic objects in non-magnetic materials. The 

experiments realized in the present study at cm-scale distances can in principle be applied to detect 

variations of the magnetic fields generated by a large variety of field sources, providing that the field can 

be periodically varied at low frequencies. 

Notes 
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