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Stokes' law and an associated decision problem

In this article, we investigate the standard steps of reasoning to obtain the solutions of the differential form of Stokes' law. We discuss how "0.0 = 0" and "0.0 ̸ = 0" are employed in the "same process of reasoning" to obtain the solutions of a differential equation. This leads us to a Decision problem, posed by Hilbert and Ackermann, on the universal validity of the arithmetic truth "0.0 = 0". Thus, the solutions that can be obtained as a result of imposing the above mentioned results also lead us to a decision problem and we claim that we cannot decide the validity of the solutions obtained.

Introduction -Solutions of Stokes' law and an associated decision problem

The issues regarding which we would like to draw the attention of the reader concern basic mathematics and associated reasoning in a physical context. One of the major significance of roles of logic and language in physics becomes evident from the study of Hilbert's sixth problem, Mathematical treatment of axioms in physics [START_REF] Hilbert | Mathematical problems[END_REF]. However, the notion of an axiom had two different perspective. According to Hilbert, "If in speaking of my points I think of some system of things, e.g. the system: love, law, chimney sweep ... and then assume all my axioms as relations between these things, then my propositions, e.g. Pythagoras' theorem, are also valid for these things" [13]. According to Frege [START_REF] Blanchette | Axioms in Frege, Essays on Frege's Basic Laws of Arithmetic[END_REF], "Each axiom is a determinate non-linguistic proposition, one with a fixed subject-matter, and with respect to which the notion of a 'model' or an 'interpretation' makes no sense". Nevertheless, as a consequence of the above glimpse of Frege's point of view it becomes apparent that there is a role of intuition in defining an axiom. By the word "intuition" we mean the steps of reasoning which can not be formalized logically. The manifestation of the role of intuition along with the process of axiomatization is clearly shown in [START_REF] Majhi | Inadequacy of Classical Logic in Classical Harmonic Oscillator and the Principle of Superposition hal-03556334f 1[END_REF] as an illustration. If we have to be truthful with our experience, we should bring in intuition (also called 'human intellect' [START_REF] Brouwer | Intuitionism and formalism. Inaugural address at the University of Amsterdam[END_REF]), which a machine lacks. A machine cannot take its own decision. This is one of the major results of the Halting problem [START_REF] Turing | On Computable Numbers, with an Application to the Entscheidungsproblem[END_REF].

When we speak about truth and intuition, it is very important to bring in the context by Brouwer [START_REF] Brouwer | North-Holland Publishing company[END_REF]. He asserted "intuition subtilizes logic and denounces logic as the source of truth". However, the modern trend of Hilbert's axiomatization leads to the denial of any sort of intuition. But with this it would be impossible to show the truthfulness in our work. Thus, intuition is indispensable for us to approach the truth. Hence we go with Frege's point of view [START_REF] Blanchette | Axioms in Frege, Essays on Frege's Basic Laws of Arithmetic[END_REF] on axiomatization, which would make more sense than that of Hilbert's [START_REF] Corry | From Grundlagen der Geometrie to Grundlagen der Physik[END_REF]. This principle of axiomatization with intuition has been articulated in the various works of Penrose [START_REF] Penrose | The emperor's new mind: Concerning computers, minds, and the laws of physics[END_REF], Zeilinger [START_REF] Paterek | Logical independence and quantum randomness[END_REF] and others. We could conclude from the ref. [START_REF] Majhi | Cauchy's logico-linguistic slip, the Heisenberg uncertainty principle and a semantic dilemma concerning "quantum gravity[END_REF] that Hilbert's attitude towards axiomatization is outward directed and that of Frege's inward directed.

Here, we shall demonstrate the essence of requirement of axiomatization in physics through some physical context. In this particular context, we have tried to show how "0.0 = 0" and "0.0 ̸ = 0" are manifested in the same process of reasoning to obtain the solutions of a differential equation. The differential equation which we have considered is the differential form of Stoke's law. Stoke's Law has been proved to have a prominent role in building the foundations of physics by Millikan when he employed it in his oil-drop experiment [START_REF] Millikan | On the elementary electrical charge and the Avogadro constant[END_REF] to determine the electronic charge. Moreover, it plays an important role in the study of formation of clouds and other branches of atmospheric physics [8]. In this work, we intend to show a decision problem [START_REF] Hilbert | Principles of Mathematical Logic[END_REF] that arises when we try to solve the differential form of the Stoke's law to obtain the solutions of the differential equation [START_REF] Hilbert | Principles of Mathematical Logic[END_REF]. In this course, we will also discuss the various choices which are involved in writing the general solution of that differential form. We have also provided a detailed analysis on how the laws of Classical Physics fail to explain the arithmetic truth "0.0 = 0" when it is treated as a proposition P . The proposition P can be represented as follows. P : "0.0 = 0" (1)

¬P : "0.0 ̸ = 0" (2) 
From Aristotelian perspective [9], a statement can be either true or false, but not true and false at the same time. Thus, a proposition P can have two following possibilities [10] and we term it as absolute.

1. P is TRUE.

P is FALSE.

Considering the whole process of reasoning in writing the solutions of the differential form (4) of Stokes' law, the following can be inferred.

• On propositional ground, both P and ¬P are true in the same process of reasoning (P ∧ ¬P ). This contradicts the definition of classical negation and also violates the law of non-contradiction.

• On propositional ground, either P or ¬P is true if the same process of reasoning is false (¬(P ⊻ ¬P )). This violates the law of excluded middle.

Since ¬(P ∧ ¬P ) ≡ ¬(P ⊻ ¬P ), we can understand that the basic laws of classical logic are inadequate to explain the solutions of eq.( 4). We intend to show that there is something beyond the classical logic which can explain the above mentioned situation. A reasonable explanation can be provided by the middle way (Mulamadhyamakakarika) [START_REF] Garfield | The Fundamental Wisdom of the Middle Way: Nagarjuna's Mulamadhyamakakarika[END_REF]. According to it a proposition P has four possibilities 1. P is TRUE.

2. P is FALSE.

3. P is both TRUE and FALSE.

P is neither TRUE nor FALSE.

The third and fourth options given above are not present for a proposition P which is considered to be absolute (Aristotelian perspective) [10]. One can understand that third and fourth options convey the loss of possibility on the usage of the word Proposition (P ) in the given context. In logic [9], a proposition in a given context is the meaning of a declarative sentence and makes any sentence that expresses it either true or false. However, the third and fourth options contradict it. To be more precise, the former signifies the complete expression of some truth for a proposition P , where as the latter is exactly the opposite. Thus, it is only these two options which give the contextual validity of any proposition P . We claim that these two options are complete and henceforth can be called absolute. So, we call them the middle [START_REF] Garfield | The Fundamental Wisdom of the Middle Way: Nagarjuna's Mulamadhyamakakarika[END_REF] and the first two options are generated by the middle.

The explanation which is provided regarding the third and fourth options may not look obvious and would most likely make the readers skeptical. In order to demonstrate this, we will consider the differential form of Stokes' law (4) by performing the standard steps of reasoning. The general form of the Stokes' law is given by

F d = λv ∋ λ ̸ = 0 (3)
where, F is the drag force or viscous force, λ is the proportionality constant, v is the velocity. The differential equation of drag force (F d ) or viscous force is given by,

d 2 x dt 2 = λ dx dt ∋ λ ̸ = 0 ( 4 
)
where λ is a constant and x is a function of t. Keeping aside the physical interpretation of eq.( 4), which is available in many standard books of fluid mechanics (see ref. [START_REF] Batchelor | An Introduction to Fluid Dynamics[END_REF]), we focus here on the logical structure of the particular method discussed by Boole on pp. 194-195 in ref. [START_REF] Boole | An Investigation of the Laws of Thought[END_REF] with which we solve eq.( 4). The procedure is as follows:

1. We assume the solution is of the following particular form:

x(t) = Ae kt ∋ A ̸ = 0 (5)
2. Considering the assumption and eq. ( 4) we get

(k 2 -λk) = 0 ∋ λ ̸ = 0 (6) 
This eq.( 6) is named as the auxiliary equation or the characteristic equation.

3. The auxiliary equation ( 6) is factorised to obtain the following

k(k -λ) = 0 ∋ λ ̸ = 0 (7) 
We can observe that there are two roots, i.e., k takes two values viz. 0 and λ.

4. Finally, we come to a conclusion about the solutions of eq.( 4) (a) Considering k = 0 and the assumption (5), we write x(t) = A ∋ A ̸ = 0 (b) Considering k = λ and the assumption (5), we write x(t) = Ae λt ∋ A, λ ̸ = 0 (c) We also write the general solution of eq.( 4) by linearly superposing two particular solutions by choice1 and this is the principle of superposition. The general solution by invoking this choice is written as

x(t) = A + e k+t + A -e k-t ∋ A + ̸ = 0 ̸ = A -; ∋ λ ̸ = 0; k + = 0, k -= λ
Therefore, we call the above three steps of reasoning as 4(a), 4(b) and 4(c) respectively.

Investigating the standard steps of reasoning

In the standard steps of reasoning, which we have discussed in the previous section, it is not clear as to how we can arrive at conclusion regarding the value of k. The solution to this issue can be addressed in two ways as follows:

• From page number 37 in ref. [START_REF] Boole | An Investigation of the Laws of Thought[END_REF], Boole writes, " We know that " 02 = 0", and that " 1 2 = 1"; and the equation x 2 = x, considered as algebraic, has no other roots other than 0 and 1". By invoking this particular statement in our problem, i.e., in eq.( 6), we get the roots of the equation to be 0 and λ. Based on our knowledge of "0 2 = λ.0 = 0" and "λ 2 = λ.λ" we verify eq.( 6) by putting 0 and λ, one at a time in the place of k in eq.( 6).

• Otherwise, we can factorise k 2 = λk as k(k -λ) = 0 and can infer that the roots of this equation are 0 and λ. The previous method is called induction and this one is termed as deduction.

Before we address the second issue, we focus a bit more on the deduction method of solving the quadratic equation. By assuming the factorised and the polynomial forms to be equivalent to each other, from the factorisation of k 2 = λk as k(k -λ) = 0 we obtain the roots by equating each term to 0, but one at a time. Now, we would like to know the mathematical obstacle which prevents us from making both terms to 0 at the same time. The dilemma can be addressed with the following example: From our basic knowledge in arithmetic we can conclude the following.

1. "a = n ̸ = 0" AND "b = 0" [using "n.0 = 0 such that n ̸ = 0"] 2. "a = 0" AND "b = n ̸ = 0" [using "0.n = 0 such that n ̸ = 0"] 3. "a = 0" AND "b = 0" [using "0.0 = 0"]

From the above reasoning we do not find any mathematical obstacle for making both the terms of k(k -λ) = 0 (i.e., k and (k -λ)) to be 0 at the same time by using the arithmetic truth " 0.0 = 0 ". This is demonstrated in the following ABOX.

A BOX 1. " k =0 . (k -λ) =n̸ =0 = 0 "0.n = 0"
" ← "k = 0" AND "(k -λ) ̸ = 0" ≡ "k = 0" AND "k ̸ = λ"

2. " k =n̸ =0 . (k -λ) =0 = 0 "n.0 = 0" " ← "k ̸ = 0" AND "(k -λ) = 0" ≡ "k ̸ = 0" AND "k = λ" 3. " k =0 . (k -λ) =0 = 0 "0.0 = 0"
" ← "k = 0" AND "(k -λ) = 0" ≡ "k = 0" AND "k = λ"

Now, let us ignore the third possibility in A BOX by choice 2 . We may call this as a choice of ignorance as this is equivalent to the denial of the arithmetic truth " 0.0 = 0 ". This can be equivalent to saying that " 0.0 ̸ = 0 ". The reasoning is presented in the following B BOX.

B BOX 1. " k =0 . (k -λ) =n̸ =0 = 0 "0.n = 0" " ← "k = 0" AND "(k -λ) ̸ = 0" ≡ "k = 0" AND "k ̸ = λ" 2. " k =n̸ =0 . (k -λ) =0 = 0 "n.0 = 0" " ← "k ̸ = 0" AND "(k -λ) = 0" ≡ "k ̸ = 0" AND "k = λ" 3. " k =0 . (k -λ) =0 = 0 "0.0 = 0" " ← "k = 0" AND "(k -λ) = 0" ≡ "k = 0" AND "k = λ" (choice of ignorance)
Hence, from all the above mentioned reasoning we can infer that in order to claim 0 to be one of the roots of " k 2 -λk ", we have to consider the validity of " 0.0 = 0 ". On the other hand, the value of k is claimed to be either 0 or λ, which is founded upon the use of both " 0.0 = 0 " and " 0.0 ̸ = 0 " in the same process of reasoning. If we consider the three cases of A BOX as a whole and consider it as one context, then certainly the reasoning is founded on a contradiction, i.e., the proposition " 0.0 = 0 " is both true and false [START_REF] Boole | An Investigation of the Laws of Thought[END_REF]. However, if we consider all the cases as an individual process of reasoning, then we can claim that " 0.0 = 0 " is only contextually valid and thus the reasoning can be saved from contradiction.

Digression -A decision problem

Another way to look at the above mentioned reasoning is captivated by a problem to decide whether " 0.0 = 0 " or " 0.0 ̸ = 0 ". This can be identified as a decision problem [START_REF] Hilbert | Principles of Mathematical Logic[END_REF]. Thus the usual way of solving by implementing choice of ignorance is equivalent to claiming " 0.0 ̸ = 0 ", which is an arithmetic contradiction. Sticking to the contextual validity of " 0.0 = 0 " in this particular problem results in " 0 = λ 2 ∋ λ ̸ = 0 " which is again an arithmetic contradiction. Therefore, we conclude that we cannot arrive at a conclusion regarding the value of k. This is because we cannot decide whether " 0.0 = 0 " is universally valid. We term this situation to be undecidable.

Formal reasoning

Now, we shall present what we have discussed till now formally in terms of propositions so as to demonstrate the decision problem which we have discussed in the previous section. We represent the relevant statements in quotes ("") as propositions (denoted by capital letters), which can be either TRUE (T ) or FALSE (F ). These propositions are the elements of reasoning.

C BOX

D : "(k 2 -λk) = 0", B : "k(k -λ) = 0", B + : "k = 0", B -: "k = λ", ¬D : "(k 2 -λk) ̸ = 0", ¬B : "k(k -λ) ̸ = 0", ¬B + : "k ̸ = 0", ¬B -: "k ̸ = λ",
, P : "0.0 = 0", ¬P : "0.0 ̸ = 0" Now we write the truth table for D and B with B + , B -as inputs.

B + B -D B F F F F T F T T F T T T T T U T U U T F
The fourth row of the above truth table explains the situation when both B + and B -are true at the same time. The truth value of D is undecidable because we cannot readily decide the value of k which we need to substitute in the equation k 2 -λk = 0. The fifth row corresponds to the case when F is false but D is true.

If such a situation occurs the value of both B + and B -remain undecidable. The most crucial step in our reasoning in the present context is to decide the truth value of proposition P . In order to show it we have the following truth table in which we consider both P and ¬P as two independent elements so that we can present all the possibilities. The analysis which will be presented below is particular for the present context, i.e., for the equation k 2 -λk = 0.

P ¬P ¬P ∨ P ¬P ⊻ P ¬(P ∧ ¬P ) F F F F T T F T T T F T T T T T T T F F
From the laws of mathematical logic, (¬P ∨ P ) and (¬P ⊻ P ) are logically equivalent to each other, i.e., the law of excluded middle should be written as (¬P ⊻ P ). But the fourth row of the truth table clearly shows that these both are not. In addition to this, the first row of the truth table in which both P and ¬P are false corresponds to the undecidability of P because both P and ¬P are false, i.e., neither P nor ¬P . The above mentioned inconsistencies can be removed by claiming both, the law of non-contradiction and the law of excluded middle, to be a tautology. We can perform this by simply striking out the first and the fourth row of the truth table.

We term this process as the choice of ignorance.

P ¬P ¬P ∨ P ¬P ⊻ P ¬(P ∧ ¬P ) F F F F T T F T T T F T T T T T T T F F
Now, the law of excluded middle is a tautology, i.e.,¬P ∨ P ≡ ¬P ⊻ P is always true.

Concluding remarks

In view of our discussion with k 2 -λk, we can readily conclude that we cannot decide the validity of "0.0 = 0" in this context. In a nutshell, we present our observation as follows:

1. " 0.0 = 0 " is true when we claim 0 is a root of k 2 -λk.

2. " 0.0 = 0 " is false when we make the choice of ignorance to claim that the roots are Either 0 or k.

3. " 0.0 = 0 " is both true and false in the whole process of reasoning.

4. The validity of " 0.0 = 0 " cannot be decided in the whole process of reasoning.

Since we cannot decide the validity of " 0.0 = 0 " in this present context, we cannot conclude anything regarding the value of k in the equation k 2 -λk = 0. The value of k remains undecidable. From the literature [START_REF] Boole | An Investigation of the Laws of Thought[END_REF], the solutions of eq. ( 4) can be obtained by putting the value of k in [START_REF] Walker | Fundamentals of physics[END_REF]. This implies that the solutions of eq. ( 4) also remain undecidable. From the above, we can understand that the third and fourth options are complete, henceforth, we call them as absolute. They generate the first and second options, which we claim as the middle.

As far as our present work is concerned, the essence of middle way can be understood by the act of self inquiry3 .

  Given a.b = 0, where a and b are two numbers, what are the possible conclusions?

We write the solutions by linearly superposing the particular solutions by choice because we can even multiply them and write the general solution which can be verified by the differential equation[START_REF] Hilbert | Principles of Mathematical Logic[END_REF] 

This is based on Boole's conclusion on the roots of the equation x 2 = x, where he claims that a variable can take a value of "EITHER 0 OR 1". Thus applying it in our present context k can take a value "EITHER 0 OR 1"

A refinement in one's reasoning is achieved by asking oneself at each and every steps on how he can be truthful with his own reasoning. This is one of the important features in eastern philosophy named as Atmavichar[START_REF] Potter | Encyclopedia of Indian Philosophies, Volume II -Indian Metaphysics and Epistemology, The Tradition of Nyaya-Vaisesika up to Gangesa[END_REF] 
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