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Every diffeomorphism is a total renormalization of a close to
identity map

Pierre Berger? Nicolaz Gourmelon, Mathieu Helfterf

October 12, 2022

Abstract

For any 1 < r < 0o, we show that every diffeomorphism of a manifold of the form R/Z x M is
a total renormalization of a C"-close to identity map. In other words, for every diffeomorphism
f of R/Z x M, there exists a map ¢ arbitrarily close to identity such that the first return map
of g to a domain is conjugate to f and moreover the orbit of this domain is equal to R/Z x M.
This enables us to localize nearby the identity the existence of many properties in dynamical
systems, such as being Bernoulli for a smooth volume form.
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Introduction

0.1 Statements of the main theorems
Let B™ be the unit closed ball of R™.

Definition 0.1. A renormalization G of a diffeomorphism g € Diff (B") is a rescaling of an
iteration of g. In other words, there exists NV > 2 and an embedding v : B" < B" such that:

G=4¢""ogV oy
A long standing open problem of dynamical systems theory is:

Problem 0.2 (1971). Which dynamics can be reached by renormalization of close to identity
maps?

This problem was first studied by Ruelle and Takens in | ]. Motivated by the study of
turbulence, they proved that for any integer n > 2, any dynamic on the n-dimensional torus is
the renormalization of a C"™-close to identity map. This enabled them to construct perturbations
of the identity map of the torus with a strange attractor. Based on this, they conjectured that
this appears as well in fluid dynamics and could be used as a mathematical definition of the
notion of turbulence [ ]-

The main mathematical issue with this result is that the regularity is limited by the dimension
of the torus. However when considering flows, this problem was solved by Newhouse, Ruelle
and Takens in | ]: given any vector filed X equal to a rotation on the torus T", n > 3
and any map Fy € Diff>(T"~!) homotopic to the identity, they perturbed X to X so that
its first return map to a global transverse section is Fy. Yet Diff>(T™) is “much larger” than
Diff**(T"~!) and so the mathematical Problem 0.2 remains unsolved.

A breakthrough was then performed in the seminal work of Turaev who proved that a
C"-dense subset of C"-orientation preserving embeddings of B™ could be obtained after renor-
malization of an arbitrarily close to identity map, for every 0 < r < co.

A first main result is a solution to Problem 0.2, where we improve Turaev’s theorem to
obtain, via a self-contained and new proof, any C”-orientation preserving map of B" (instead
of maps among a dense subset):

Theorem A. For any 1 < r < oo and any orientation preserving G € Diff"(B"), in any
neighborhood N C Dift" (B™) of the identity, there exists g € N such that a renormalization of
g is equal to G. Moreover the rescaling map of this renormalization can be chosen affine.

A natural open problem is whether g can be obtained conservative or symplectic when G is
conservative or symplectic. In this direction let us mention the work of Gonchenko-Shilnikov-
Turaev | ] who proved that, for every 0 < r < 0o, a C"- dense subset of volume preserving
embeddings of B? could be obtained after renormalization of an arbitrarily close to identity
volume preserving map. Recently Fayad and Saprikina in | ] showed that any conservative
map of the n-dimensional ball can be realized by renormalized iteration of a conservative C"-
perturbation of the identity.

If all these theorems indicate the richness of the possible dynamical behaviors nearby the
identity, one can object the following. In the setting of Definition 0.1, the orbit of Ug;ol »(B™)
of the renormalization domain might be extremely small and so experimentally not observable.
This objection is lifted completely when the renormalization domain intersects every orbit. This
leads us to strengthen the notion of renormalization by the following:

Definition 0.3. Let r € {1,...,00} U {w} and let V be a manifold (with boundary). A map
g € Diftf" (V) is renormalizable if there exists a strict submanifold with corners A C V such that:

e there exists a bijective, local diffeomorphism H : A — V| called the rescaling map of the
renormalization domain A,

e the first return time 7 : A — N* into A by ¢ is bounded and the renormalization G =
H o g™ o H~! belongs to Diff" (V).



The map g is totally renormalizable if the forward orbit of A covers V, ie. (J,~09"(A) = V.
The map G is then a total renormalization of g. B

Ezample 0.4. If V = B”, any renormalizable map in the sense of Definition 0.1 satisfies Defini-
tion 0.3 with A = ¢(B") and H = ¢)~!. However these maps are not totally renormalizable.

Ezample 0.5. When V is the circle T, a diffeomorphism g is totally renormalizable iff it does
not fix a point. Indeed in this case, take any point 0 € T and consider the interval A = [0, g(0)).
Then we glue the two endpoints of A using g to obtain a circle and we uniformize it to obtain T.
This defines a map H. For this setting one easily shows that the mapping g is renormalizable.
This construction was intensively used by Yoccoz | ].

Let V be a compact manifold (possibly with corners) and 1 < r < co. We recall that the
support supp f of f € Diff" (V) is the closure of the set of points such that f(x) # «.

Definition 0.6. Let Diff((V) be the component of the identity in Diff" (V). Let Diff] (V) be
the subset of Diffy(V') formed by maps isotopic to id through isotopies (f¢)¢c[o,1) Whose support
Ute[o,l] supp f; is a compact subset of V '\ 9V

Observe that when V' is boundaryless, it holds Diff( (V) = Diff[(V'). A natural question is:

Question 0.7. For which manifold V', any map F € Diff_ (V') is a total renormalization of a
close to identity map?

So far no example of such a manifold V was known. In this work we give a full class of
examples:

Theorem B. Let 0 < r < oo, let M be a compact manifold of dimension > 1 and put V :=
T x M. Let N C Diff" (V') be a neighborhood of the identity. Then any G € DiIffL(V) is a total
renormalization of some g € N

If Theorem A implies that every local dynamical phenomenon can be found nearby the
identity, Theorem B implies that every global dynamical phenomenon can be found nearby the
identity. A new improvement brought by the latter result is that the renormalization domain
is larger than in all of the previous extensions of Ruelle-Takens theorems: its orbit coincides
with the whole domain of the dynamic. In Theorem E, we will give a precise formula defining
the renormalization domain and rescaling map involved in Theorem B. This will enable new
applications such as the proof of existence of maps preserving smooth SRB nearby the identity
(see Corollary C) or universal maps whose renormalization domains decrease as slow as we want
(see Corollary D).

In Proposition 0.10, we show that Theorem B is wrong when T x M ~ T, hence the set of
dimensions of the manifold is optimal. On the other hand, a natural open problem communicated
to us by Turaev is:

Problem 0.8. Show that a dense subset of Diff”(B™) is equal to the renormalization of a close
to identity map in Diff* (B")?

Another natural question is:
Question 0.9. [s Theorem B correct in the area preserving or symplectic categories?

An extension of Theorem B regards the C"-families fo = (f,)pez of maps f, € Diff" (V)
and indexed by a manifold &. A family (f,)pe is of class C" if the following is in Diff" (V x &2):

(0.1) o = (2,0) = (fo(2),p) -

We denote by Diff" (V)4 the space of such families endowed with the topology induced by
Diff"(V x &2). Let Diff’,(V) % be the component of the identity in Diff" (V)4 for homotopies

(fp,t)(p,t)e.@x[o,l] € Diﬁ‘T(V)ng[OJ] whose support U(tvp)e[()’l]xg,supp fp.t X {p} is a compact
subset of the interior of V' x &2. Observe that f4 € Diff_(V x 2).



Theorem B’. Let 0 < r < oo, let M and &2 be compact manifolds of dim > 1 and set V :=
TxM. Let N C Diff" (V) o be a neighborhood of (id)pe o. Then for any (Gp)pe o € Diff (V) o,
there exist (9p)per € N and a rescaling map (independent of p € &) of a total renormalization
domain which renormalizes each g, to Gp.

This theorem implies that any bifurcation in Diff] (V) occurs at small unfolding of the
identity. In Section 1.1, we will state the main general Theorem E which implies Theorems A
and B and also its parametric counterpart Theorem E’ which implies Theorem B’. In Section 0.2
we will give several applications of them. Now let us discuss the optimality of Theorem B.

Proposition 0.10. When r > 2, Theorem B is wrong if V. ~ T (and so dim M = 0).
Proof. Indeed if F' is a renormalization of a close to identity map f for a renormalization domain

A, then we have necessarily |7(8) — 7(6')| < 1 for any 6,6’ € A. Let N := min{7(9),7(6")}. We
compute the derivative of the N — 1 first iterates (6;); and (6}); of # and 0"

DyF Dy fN
log‘ 0 ’:1 ‘ of

’ +o0(1) when f —id

Dy F| ™~ %8| Dy fN
N-—1 D f N-1
0;
= log Do/ +o(1) < |log | Dflllcr - Y 16: — 0] + o(1) = o(1),
1=0 i =0

where the latter inequality uses that || log|Df]||c: is small while the segment [6;, 07] are disjoint
and so the union of their length is at most 1. Hence this proves that the derivative of F is

constant and so that F' must be a rotation. O

Also we cannot change Diff_ (T x M) by Diff(T x M) in Theorem B. Indeed the latter
proposition applied to the boundary of [0, 1] implies immediately:

Corollary 0.11. There are G € Diffy° (T x [0, 1]) which are not total renormalization of C*-close
to identity map.

Yet in view of Question 0.7, Theorem B seems to be generalizable for a manifold V' on which
T acts properly discontinuously without any fixed point.

0.2 Applications and open problems

Smooth SRB nearby the identity In Section 1.1 we will state Theorem E which will
imply together with Katok’s theorem [ ], an answer to an open question of Thouvenot:

Corollary C. In any neighborhood N of id € Diff*(T?) there is a map g € N which leaves
invariant an ergodic smooth volume form and displays positive Lyapunov exponent at Lebesgue
a.e. point.

This corollary will be proved in Section 1.2 from Proposition 1.7, and generalized to higher
dimension using | ].

Universal mappings A map f € Diff" (V) is said to be universal if there exists a dense
subset of Diff§(V') such that each of its element is a renormalization of f. Bonatti and Diaz
in [ ] have shown that universal maps are locally C'!-generic on B3. Turaev in | | has
shown that universal maps are locally C*°-generic on B2. Yet mathematicians wondered whether
we can “see” the universality of such mapping. While there are infinitely many renormalization
domains, the above proofs lead to a very small volume for the union of their orbits.

Corollary D. Let1 <r < 0o andn > 2. For any sequence (F;);>0 of maps F; € Diff(Tx|0, 1])
and any sequence of positive numbers (£;)i>o s.t. > ¢; < 1, there exists a C"-arbitrary close to
identity map f € Diff((T x [0,1]) which displays a family of renormalization domains (A;);>o0
such that:



1. a renormalization of [ associated to A; is F; for every i > 0,
2. the orbit A; := Unso £ (A:) has volume equal to ¢;,

3. the sets A; and Aj are disjoint for i # j.

This corollary will be proved in Section 1.2.

The proof of the main theorem is constructive and it seems to us that, in the case where
M is boundaryless, the map g of Theorem B depends smoothly on G in a neighborhood of the
identity. This leads us to propose:

Conjecture 0.12. For every compact boundaryless manifold M of dimension > 1, there exists
a neighborhood Ny of id € Diff ™ (T x M) such that for every neighborhood N of id € Diff (T x
M), there is a smooth (tame) injective map T : G € Ny — g € N such that G is a total
renormalization of g = Z(G) for every G € Ny.

Roughly speaking, this conjecture asserts that modulo total renormalization, a fixed neigh-
borhood Ny of id € Diff**(T x M) can be smoothly embedded into any smaller neighborhood.
This defines infinitely many inverse branches of the renormalization operator with image con-
verging to the identity.

0.3 Sketch of proof

Plugins and pluggable dynamics: The framework of the proof of the main theorem
relies on a new object called plugin and the notion of pluggable map. A plugin is a renor-
malizable map of a special form, so that it has a canonical renormalization called its output.
See Def. 1.1 and 1.3 below and Figs. 1 and 2. We will say that a map is pluggable if it is
the output of an arbitrarily close to identity plugin and likewise for its inverse. In particular a
pluggable map is a total renormalization of a close to identity map. Most of this work will be
dedicated to show Theorem F stating that:

any map of Diff°(T x M) is pluggable.

The finite regularity counterpart of Theorem F is stated as Theorem E in Section 1.1 and will be
deduced from Theorem F in Section 2.3. We will deduce Theorems A and B and Corollaries C
and D from Theorem E in Section 1.2.

In Section 1.3 we precise the topologies of the involved spaces. Also we will show that the
following group is formed by pluggable maps, see Proposition 1.16:

G ={(0,y) = (0 +E(y),y) : E€ CZ(M,R)}.

Topological group structure on Plug. It is easier to work with pluggable maps rather
than directly the set of total renormalizations of close to identity maps. Indeed, we will show
in Proposition 2.4 that the set Plug of pluggable maps endowed with the composition rule o
is a group. To prove this, we will define in Section 2.1 a binary operation * on compatible
plugins g1, g2 such that the output of g; * g2 is the composition of the outputs of g; and go. See
Fig. 5. In Section 2.2 we will show that the following group is formed by pluggable maps, see
Proposition 2.7:

Go = {(0,y) € T x M v (8, F(y)) : F € Diff=*(M)} .

Then in Section 2.3 we will show that Plug is closed in Diff 0°(T x M), see Proposition 2.9. To
prove this, we will construct plugins whose dynamics enlarge an iterate of the renormalization
domain and will perform a perturbation therein. Note that the elements of Diff;°(T x M) gener-
ated by compositions of elements of G; and G, have constant derivatives w.r.t. 6. Consequently
we will need to construct other diffeomorphisms in Plug to prove Theorem F. To do so we will
study the space plug of vector fields whose flow is pluggable:

plug := {X € 0iff>°(T x M) : Fly € Plug, VteR},



where ?iffo” (T x M) denotes the space of compactly supported smooth vector fields on T x M

and FltX denotes the flow of X at time ¢. Using that Plug is a closed subgroup, we will deduce

in Section 2.4 that plug is a closed sub-Lie algebra of diffo” (T x M), see Proposition 2.16.
Note that the following Lie algebras are formed by fields whose flows are in G; or Ga:

01 ={X1:0,y) eTx M (£y),0) eERxTM : £€ C®(M,R)} Cplug,

go={X2:(0,y) eTXMw— (0,f(y)) ERXxTM : fediffo(M)} C plug .

Construction of pluggable flows. In Section 3.1, using the connectedness of Diff2° (T x
M) and that Plug is a closed group, we will show that, to prove Theorem F, it suffices to show:

plug = 0iffo (T x M) .

This equality will be stated in Proposition 3.3. Its proof relies on two phenomena. The first
one is stated in Proposition 3.7 as:

{Y € diff°(T x M) : 3X € plug such that Y = [X, Y]} C plug,

where [, ] denotes the Lie brackets. This will be proved in Section 3.2 by noting that for any
Y = [X,Y], it holds Fl}, = Fl% o FI._., o FI}°. Then by using the same technique as for the
proof of the closure of Plug, we will show that arbitrarily close to identity there exists a plugin
with output Flffsy for any s large enough. We will conclude the proof by doing two x products
of the latter with plugins with outputs F1% and F13°.

The second phenomenon, stated in Proposition 3.9, is that for any vector field T' € diffo” (M),
there exist finite families (X;);, (Y2):, (Z;); of vector fields in diffo° (M) such that:

T=Y[V;,Z] and Y;=[X,Y].

From this we will deduce the same statement for vector fields in go. To show Proposition 3.9,
we will remark that when M = R, X = 1 and Y (0,y) = y, it holds Y = [X,Y] and for any
T € 0iffe°(R), with Z = [Y_ T(t)dt, it also holds T = [Y, Z]. Then we will deduce a compactly
supported and parametric version of this property which will enable to prove Proposition 3.9
in the case M = R"”. Finally, we will use a partition of unity to deduce the proposition for any
manifold.

These phenomena will enable to prove Proposition 3.1 stating that for any T € go and
¢ € C°(Tx M) depending only on 6, the field ¢-T is in plug. Indeed, by the second phenomenon,
there are X;,Y;, Z; € g2 s.t.:

¢-T=> ¢-[Vi,Z] =) [6-Y;,Zi] and Yi=[X,;Vi].

K2

Also a simple computation shows that [¢ - Y;, X;] = ¢ - Y;. As X, is in go C plug, we deduce
by the first phenomenon that ¢ - Y; is in plug. This gives that ¢ - T € plug as stated in
Proposition 3.1. In Section 3.1, we will use Fourier’s Theorem and the closure of plug to deduce
Proposition 3.1 that any vector field of the form (0,Y(6,y)) is in plug. Finally using this with
a Lie bracket with an element of g; will enable to obtain that any vector field has a pluggable
flow (plug = 2iffo” (T x M)) as stated by Proposition 3.3.

Parametric counterparts. At the end of each subsection, we will prove a parametric
generalization of the aforementioned statements. This will enable to show the parametric coun-
terpart Theorem F’ of Theorem F. It will imply the parametric counterparts Theorem E’ of
Theorem E and Theorem B’ of Theorem B.



1 Plugins and Pluggable dynamics
1.1 Plugins

For the rest of this article, we fix 1 <r < co and compact connected manifolds M
and & of dim > 1.

For o > 0, define the rotation:
Ry:(0,y) e TxM— (0+o,y) €TxM

We are now ready to introduce:

Definition 1.1. A plugin with step o € {27 : k > 1} is a map g € Diff" (T x M) satisfying the
following assertions:

(7) g restricted to A, :=[0,0) x M is equal to R,,
(#4) the first return time in A, of g is a well defined and bounded function 7 : A, — N*,
(¢4i) the union of the iterates |J; d"(A,) equals T x M.

Remark 1.2. One can show by compactness of M that, under condition (), condition (i) is
equivalent to (i4¢) and that in (i¢) the return time is necessarily bounded.

Figure 1: Plugin g of step o.

Let H, := (0,y) € Ay — (0/0,y) € T x M. Tt is a bijective local diffeomorphism.

™0

Figure 2: Rescaling map H,: A, = T x M.

Definition 1.3. The output of a plugin g of step o is the following rescaling of the first return
map g": Ay = Ay
G:=Hyog"oH,;': Tx M —Tx M.
Ezample 1.4. For every k > 0, the map g : (6,y) — (0+27%, y) is a plugin of step 27%, iteration
2% and output the identity.
Actually, we can show that the output of a plugin is always smooth:

Proposition 1.5. Let 1 < r < oco. The output of a plugin g € Dift" (T x M) is in Diff" (T x M)
and depends continuously on g. In particular, the output is a total renormalization of the plugin.

This proposition is a consequence of a classical, yet beautiful, argument which will be recalled
in Appendix A. We are now ready to state the general result:

Theorem E (Main). Let 1 < r < oo and a compact manifold M of dimension > 1, and let
N C Diff"(T x M) be a neighborhood of the identity. Then any G € Diff,(T x M) is the output
of some plugin gg € N



And here is its parametric counterpart:

Theorem E’. Let 1 < r < oo and a compact manifold M of dimension > 1, fix a compact
manifold & and a compactly supported family (Gp)pez in Diff (T x M)g. Let N C Diff" (T x
M) 5 be a neighborhood of (id)pe 2. Then there exists a C"-family of plugins (gp)pez € N such
that G, is the output of g, for everyp € Z.

1.2 Proof of the corollaries of the main Theorem E

Observe that Theorem E implies immediately Theorem B and that Theorem E’ implies immedi-
ately Theorem B’. In this subsection we show that Theorem E implies furthermore Theorem A
and Corollaries C and D. To this end, the following will be useful:

Fact 1.6. If the output of a plugin restricted to {0} x M is the identity, then the return time T
of the plugin is constant on the renormalization domain A.

Proof. As f preserves the orientation it suffices to show that 7 is constant on the interior of A.
As 7 is integer valued and M is connected, it suffices to show that 7 is continuous on int A to
conclude the proof. We start by showing that 7 is lower semi-continuous on A. Suppose that it
is not the case. Then there exist N > 2, a point z € A and a point 2’ € A arbitrarily close to
x such that N = 7(2') < 7(z). By continuity of g, it holds ¢g" (z) € cl(A). By assumption, we
have gV (z) ¢ A. Thus gV (z) € {o} x M and since g is the translation by o on A it holds then
that ¢V ~!(z) € A and consequently 7(x) < N, which contradicts the assumption.

We now show that 7 is upper semi-continuous on int A. Consider x € intA. As ¢ is a
bijection of A which leaves invariant {0} x M, it comes that ¢”(x) is in the interior of A. Then
for every 2’ close to z, the iterate ¢g7(*)(z’) belongs to A and so 7(2') < 7(z). O

Proof that Theorem E implies Theorem A . Let G be in Diff"(B") = Diff{(B"). We observe!
that G is the restriction to B,, of a diffeomorphism G in Diff],(2-B"). As 2-id conjugates G to
a map in Diff] (IB%”), without any loss of generality we can assume that G belongs to Diff (B").

Let M :=B""! and embed i : B" < T x M so that the embedded ball i(B") does not meet
{0} x M nor the boundary of T x M. Extend then G by id to a diffeomorphism G' € Diff(T x M).
By Theorem E, G is the output of a plugin § € Diff"(T x M) arbitrarily close to id. Since G
leaves {0} x M invariant it holds by Fact 1.6 that the first return time 7 of the plugin g is a
constant N. In particular, the restriction gV |i(B") is conjugate to G.

Extend to
g € Diff(B%)

G: ‘ 1d ) s the output of g:
@ g close to id

T x M

Figure 3: Proof of Theorem A.

To conclude it suffices to embed T x M into the interior of B" and extend g then the
diffeomorphism g to a diffeomorphism g of B™ that is close to id. O

The following enables to localize nearby the identity the existence of some ergodic properties:

!By connectedness, there exists an isotopy (ht)teo,1) between G|OB™ and idss» that can be chosen C"-smooth,
made of diffeomorphisms and and flat at the endpoints. Note that we can extend G on 2-B" \ B" by hj.-1 (H%\I)
to construct and element of Diffy(2 - B™).



Proposition 1.7. Let g be a plugin of step o and G its output. Then there is a canonical bijec-
tion py — pua between G-invariant probability measures and g-invariant probability measures:

A .
Wy — pe = Hes #g|A and  pG — pig = Zg*NHng|{T>N}.
tg(A) N>0

Moreover:

1. pg is ergodic iff ug is ergodic,

2. g 1s hyperbolic iff ng is hyperbolic.

3. pg s a smooth volume form iff puq is a smooth volume form,
Proof. We recall that H, conjugates G with the first return time ¢” of g in A. Then it is

sufficient to prove the analogous properties for the following classical bijection between ¢”-
invariant probability measures and g-invariant probability measures:

pgr = g = gV pgr {7 > N} and g o pgr = -2
N>0 Mg( )
Indeed it is well known that p,- is ergodic iff p14 is ergodic (see for instance [ , Lemma

2.43]), this implies 1. Also it well known that the Lyapunov exponent of ug are equal to the
mean of 7 times the Lyapunov exponent of p4, from which we deduce 2.

Let us prove 3. If ug is smooth, then py|A = pg- is smooth on A and py|A U g(A) =
tgm + g* g is smooth on A U g(A). Now observe that for every x € T x M there exists a

neighborhood U and N > 0 such that ¢~ (U) € AU g(A). Then by invariance, the density of

pg on U is as smooth as pg|A U g(A). Conversely, if i, is smooth, then pg- := :g(‘ﬁ) must be
9

smooth. Since g is a plugin, the density p, at the left hand side of A is equal to the translation
by (0,0) of the density of p, at the right hand side of cl(A). Thus py- is pushed forward by
H, to a smooth volume form pug on T x M. O

Proof of Corollary C. Katok in [ ][Thm B] showed the existence of Bernoulli diffeomor-
phisms homotopic to the identity and preserving a given smooth measure on any surface. Hence
there exists G € Diff5°(T?) preserving a smooth Bernouilli volume form pg. Equivalently by the
Pesin Theorem the measure pi is a volume form which is ergodic and hyperbolic. By Theorem E,
arbitrarily close to the identity, there exists g whose output is G. Then by Proposition 1.7, the
volume form pi¢ induces an ergodic and hyperbolic volume form g, for g. O

We now proceed to:

Proof of Corollary D. We will construct a sequence (A;);>1 of domains with disjoint closures
and of the form A; :=[0,0;) X (s8;,8; +1;) C Tx[0,1]] with0 < o; <1land 0 < s; <1—1,.
Then we will be able to construct a map f that renormalizes to F; on each A; and such that
the orbit of the renormalization domain A; is exactly T x (s;, s; + ;). Moreover we will be able
to take f arbitrarily close to identity.

To do so, consider a sequence (I});>o such that > I/ < 1 and I > [; for any ¢ > 0. For
1 > 0 denote s; = Zj<il;- and B; := T X [s;,8; + l;]. Note that B; has volume [; and that
cl(B;)Nel(B;) = 0 for any ¢ # j > 0. Let us define the map ¢; : (6,y) € Tx[0,1] — (0, s;+1;-y)
that sends T x [0,1] to cl(B;). Now by Theorem E, for any ¢ > 0, there exists a plugin
fi T x [0,1] — T x [0, 1] arbitrarily close to identity with renormalization domain with output
F;. Let step o; be its step. The map f; := 1; o ﬁ o w;l : B; — B; is close to identity.
Also a renormalization of f; associated to A; := [0,0;) X [s;,s; + I;] is F;. Since the supports
supp f; = cl(B;) are disjoint and each f; is close to identity, there exists a close to identity map
f:Tx[0,1] = T x [0, 1] that coincides with f; on B;. Such a map verifies the conditions of the
Corollary D. O



1.3 Pluggable dynamics

We will first work in the C*°-topology. Indeed, the proof relies on the fact that Diff (V) is a
Fréchet Lie group, which is not the case of Diff" (V') for » < co. The C” case will be deduced
from the C'*° case in Section 2.3.

1.3.1 Topologies on spaces of smooth maps and parameter families

We endow V' with a Riemannian metric. Let diff> (V') be the space of smooth vector fields on
V that are tangent to the boundary (if any). We endow Diff® (V') and the space 0iff*° (V') with
the following distances:

_ —k : k k
do(f,9) = max kz;: 27" min(1,d(D; f, D;9))

and
do~(X,Y) =max » 2 Fmin(1, || D*X — D*Y|cr) .
o= (X.Y) =32 win(l | le-)

For these distances Diff (V) and 2iff*°(V) are complete. Actually Diff*(V) is a Lie group
with algebra the Fréchet space iff> (V). We endow the connected component Diff;° (V') of the
identity with the topology induced by Diff** (V).

On the other hand, we endow the space Diffo°(V) and the space of compactly supported
smooth vector fields diffo” (V) with the finer Whitney topology. A basis of open sets of these
respective topologies is:

Up.p.m = {g € Diff°(V) : d(D3 f, Dyg) < n(x),Vk < m}

and
Upx.m :={Y € 0ff(V) : |DiX — DEY || < n(x), Yk < m} ,

among m € N, f € Diff.°(V), X € 0iffo°(V), and positive continuous functions n : V'\ 9V —
(0,00). A well known theorem asserts that f, — f in Diffo°(V) if and only if there exists a
compact subset K C V' \ 9V such that the supports of f and f, are included in K for n and
for every r > 1, we have f,, — f in the uniform C"-topology when n — oo. The analogous
property holds true for diffo” (V).

We endow Diff" (V)4 and Diff (V) with the topologies induced by Diff"(V x &) and
Diff’ (V x &) with the inclusions:

Diff"(V)» — Diff"(V x &) and Diff (V)4 — DII(V x &)
via fo = (fp)per — f;) where:

for = (v,p) €V x P (f,(v),p) -

The spaces Diff" (V') % and Diff (V')  endowed with the composition law fgogs = (fpogp)pe
are groups.
Note that we have:

Fact 1.8. The following inclusion is a morphism of topological group:
fo = (fp)per € Difig"(V)» = fo € D7 (V x ).

The latter fact will be used among some proofs of the parametric counterparts.
From now on we will work with V =T x M.
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1.3.2 The space Plug of Pluggable maps

Every time, but when explicitly stated, we will focus on the case r = co: plugins will
be of class C* and their outputs as well. Recall that we endow T = R/Z with the Euclidean
Riemannian metric, M and & with their Riemannian metric. The product spaces T x M,
TxMx £ and M x & are endowed with their product Riemannian metric.

Definition 1.9. A map G € Diff;°(T x M) is semi-pluggable if there is a sequence (gx)g>1 of
plugins gx € Diff>*(T x M) with step 27%, so that for every large integer k the output of g is
G and g;, — id for the C*°-topology when k — co. The map G is pluggable if G and G~! are
semi-pluggable. Let:

Plug := {G € Diff ;°(T x M) : G is pluggable} .

Ezample 1.10. The identity id of Tx M is pluggable with the family ((6,y) € T x M — (6 4+ 27%,y))
as in Example 1.4.

k>1

We give in Section 1.3.3 more sophisticated examples of pluggable dynamics. Note that in
Definition 1.9, we are only interested by plugins whose output is compactly supported (out-
side of the boundary). This is because not every mapping of Diffg°(T x M) is pluggable by
Corollary 0.11, while we will show that every map in Diff;°(T x M) is pluggable:

Theorem F. We have Plug = Diff °(T x M).

Observe that the first assertion of Theorem E in the case r = oo is an immediate consequence
of Theorem F.

Parametric counterpart. The proof of Theorem F is (basically) constructive and depends
smoothly on the output. For the sake of completeness, we will verify this by giving the parametric
counterpart of each statement. Some of the proofs will be designed to be verbatim the same.
For a first reading of the proofs, we advise the reader to skip the all parametric counterpart of
the arguments. Here is the parametric counterpart of the notion of plugin:

Definition 1.11. A family g» = (gp)pep € Diff™(T X M) 5 defines a &-plugin if the diffeo-
morphism:
9z : (2,p) € M X P = (gp(),p)

in Diff (T x M x &) is a plugin.
Similarly we have the parametric counterpart of the output of a &2-plugin:

Definition 1.12. The output of a Z-plugin go € DIff (T x M) of step o is the family G
such that for each p € 2, the map G, is the rescaling of the return map g,": A, — A,:

Gp::Haog;Pngl:TxM%TxM.

By Proposition 1.5 the output é,\gz of the plugin g on T x M x £ is smooth and so:
Fact 1.13. The output of a &P-plugin of T x M lies in DIff((T x V) 5.
In the parametric setting, Definition 1.9 becomes:

Definition 1.14. A family G» € Diff )°(T x M) is &-semi-pluggable if there is a sequence
(9k#) >, of P-plugins with step 27 so that for every large k, the output of g, is G and
Gro — idry pmrx 2 for the C-topology. The family of maps G » is Z-semi-pluggable if G  and
G, = (G, )pew are P-semi-pluggable. Let:

Plug, := {G» € Diff°(T x M) % : G is P-pluggable} .

To obtain Theorem E’ in the case r = oo, it suffices to prove:

Theorem F’. We have Plug g = Diffo°(T x M) .

11



1.3.3 Examples of pluggable dynamics
Consider the following subgroup of Diff;” (T x M):

Gyi={(0,y) €T x M (0+v(y),y):veCMR)}.

This gives a first example of a subgroup of pluggable maps:

Gy C plug .

Proposition 1.15. The group is included in Plug.

The subgroup G; was first studied in | ] into a set of generators of symplectomorphisms.
A T A

Figure 4: Dynamics of an element of G;.

Proof. Let p € C°(T,RT) be a function with support contained in [%, %] C T and integral 1.
For € € [-27%72,27%=2] ' we define the smooth vector field:

(1.1) X :0ecTw—2F/(14€-p(9).

Let ¢! be the flow of X,. The time taken to go all around the circle equals to:

(1.2) 7(e) = /1r Xgl(ﬁ)da = /11‘2k (1+e-p0)dd=2F-(1+¢).

If we stop at time 2¥, then the lacking or exceeding time for a complete lap is 2%¢ € [~ 1, 1]. As

nearby 0 the vector field X, equal 27%, this implies that the image of 0 by qbzk is equal to €. So
for every v € C°(M,R), for every k large, the map:

(1.3) gk = (0,y) — (d%—ku(y) (0),y)

coincides with Ry—# on a set which contains the complement of S = [i, %] x supp v. Thus g is

a plugin with step 27*. Furthermore, by the above discussion, its output equals to:
(1.4) G:(0,y)— (0 +v(y),y) withv e C°(M,R) .

Finally observe that g is C'°°-close to identity. Thus G is semi-pluggable. Hence Gy is formed
by semi-pluggable maps, and as G is a group, it is formed by pluggable maps. O

Parametric counterpart. Let G;4 be the subset of Diff °(T x M) g formed by families
(Gp)pe such that G, € G for every p € Z.
We have similarly:

Proposition 1.16. The group G4 is included in Plug .

Proof. An element (Gp)pe» € G1o is formed by mapping of the form Gy, : (6,y) — (0+v,(y),v)
with (v)pe s smooth. Thus the vector field Z,, : (6,y) — (Xz-,, (y),0) depends smoothly on

p. Hence the time one maps g, form a family of plugins (g,)pe (With output G, and step 27%)
which depends smoothly on p € &. O

12



2 Topological group structure on Plug

2.1 Group structure on Plug

In this section we show that Plug endowed with the composition rule is a group. To this end,
let 7: Tx M :=R/2Z x M — T x M = R/Z x M be the canonical 2-sheeted covering map and
denote by 1 : (0,y) € T x M + (6/2,y) € T x M the canonical diffeomorphism. The following
defines a binary operation x on the space of plugins:

Definition 2.1. Let g; and go be two plugins with same step o = 27k Let g and gy €
Diff (T x M) be the lifts of g; and go such that g1(0,y) = go(0,y) = (o,y) for every y € M.
Let g1 * go be equal to the lift gy on the first half of T x M and be equal to the lift of g; on
second half of T x M:

_ Go(6,y) if0e0,1)+27, B
gl*goz(e,y)ETle—){ .glo((e 5)) 1f9€%1 2;+2Z a’ndput g1 *9o0 3:77[1 1Ogl*goo¢'

Remark 2.2. Given a neighborhood V of id in Diff((T x M), there exists a neighborhood W of
id such that for any pair of plugins f,g € W of same steps, we have fxg € V.

Rfoz x M Rz x M
Tx M ’H‘ x M
2-sheeted cut &
@ lift paste
plugins g; g1 * 9o
of step 27% Gi of step 27F~1

Figure 5: Concatenation of two plugins.

The x-product associates to a pair of plugins of the same step a plugin of half that step and
whose output is the composition of the outputs:

Proposition 2.3. If gy and g1 are plugins with a same step o and outputs Go and G1 then
g1 * go is a plugin with step o /2 and output Gy o Gy.
Proof. The set A = ([0,0) + Z) x M lifts into the union of the two sets:

Ao = ([0,0) +2Z) x M and A; = ([1,1+0)+27Z) x M.

Let m; be the restriction of 7 to each A,;.

Note that go and g; coincide with the translation by (o, 0) on Ag UA;. Hence the map
Ggo*xg1isa smooth diffeomorphism that also coincides with the translation by (o,0) on AgUA;.
Then g7 * go™*°" sends Ay onto A; by gi°°™ and sends A; onto Ag by g7'°". Thus we have:

3T Ag = 7r1_1 oH 'oGyoH,omy and gJ'*°"|A; = o 1o H'oGioHyom .
Therefore the return time of gy * g into Ay is defined on Ag and the first return map is:
7T0_10HU_10G10G00HUO770.

This implies that g; * go is a plugin with output G; o Gg and step o /2. O

Proposition 2.4. The set Plug is a subgroup of DifiS°(T x M) endowed with the composition
rule.

Proof. By Example 1.10, Plug contains the identity and by definition it is stable by inversion.
Thus it remains to show that semi-pluggability is stable by composition. Let G, Gy be semi-
pluggable. Then for every k large, C'°*°-close to identity, there are plugins g; and gy with step
27% and with outputs G; and Gy respectively. Then by Remark 2.2 , the map g; x go is close
to identity when k is large. By Proposition 2.3, the output of g1 * gg is G1 o Gy and its step is
2%~ Thus G; o Gy is semi-pluggable. The second assertion is proved similarly. O
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Parametric counterpart. The proofs of the two latter propositions imply immediately:

Proposition 2.5. If fo, g are two Z2-plugins with same step o and output Fep and G », then
(fp * gp)pez is a P-plugin with step /2 and output (Fp 0 Gp)pep-

Thus we deduce:

Proposition 2.6. The set Plug is a subgroup of DiffS°(T X M) g endowed with operation:

(Fp)pez o (Gplper = (Fp o Gp)pew -

2.2 Another subgroup included in Plug
Consider the following sub-group of Diffo°(T x M):

Go:={(6,y) € T x M~ (0, F(y)) : F € Diff*(M)}

Proposition 2.7. The group Go is included in Plug.
A TiA

Figure 6: Dynamics of a plugin with output in Ge.

Proof. As G is connected and Plug is a group by Proposition 2.4, it suffices to show that
a neighborhood W of id in Gg is included in Plug. Indeed by [ , Prop 3.18], any such
neighborhood W generates Go. Up to replacing W by W N W1, it suffices to show that any
element of W is semi-pluggable.

In order to do so, we develop an idea which appears in | ]. Take W sufficiently small so
that for every G : (0,y) — (0, F(y)) € W, the map F is sufficiently close to id to be isotopic to it
via a smooth path. In other words, there exists a C*°-family (F});c[o,1) of maps F; € Diff2" (M)
such that Fy = id and F; = F. Such a family can be obtained using the exponential map exp
of the Riemannian metric, via the formula F; := y +— exp, (t - exp, ' F(y)). Define:

(2.1) Y(t,y) :=0:Fy 0 F '(y)

and observe that F' is the time one map of the (compactly supported) non-autonomous vector
field Y. Let 7 : T — [0,1] be a smooth map which is smooth on T \ {0} and such that nearby
0% it equals 0 and nearby 0~ is equal 1. For k large, let:

(2.2) Xi:(0,y) € Tx M (275,275 . 957(0) - Y((6),y)) .

Let gr be the time one map of this vector field. Observe that for k large enough, g is a
plugin with step o = 27 and return time o~'. Furthermore, its output is G. Indeed the second
coordinate of the output is the time o~ map of the flow of 9y7(6) - Y (7(6),y) which is the time
one map F' of the flow of Y. Thus we have:

(2.3) g;/o oH,(z) =H,oG(x), Vrel,.

Furthermore, when k£ is large, the plugin g is close to identity. Thus G is semi-pluggable. [J
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Parametric counterpart. Let Goo be the subset of Diff°(T x M) formed by families
(Gp)pe such that G, € G, for every p € &2. The following is a counterpart of Proposition 2.7:

Proposition 2.8. The group Gag is included in Plug .

Proof. Let W be as defined in the proof of Proposition 2.7. We define W4 as the subset of
Diff °(T x M) formed by families (G,)pe such that G, € W for every p € &. For the
same reasons it suffices to show that any element of Wy is &2-semi-pluggable. Similarly, for
any family (Gp)per =: (idr X Fp)pew € W , the family (F},)peo is isotopic to the identity
via a smooth path ((Fpt)pegz)te[o 1 Where Fpy =y exp,, (t - exp, ' Fp(y)). We define:

(2.4) Yolt,y) i= 0uFpe o Fiy(y)

Note that the family of vector fields (Y})pe# is smooth. Define then the family of vector fields:
(2.5) Xip: (0,y) €T x M — (27%,27% . 9p7(0) - Y, (7(0),y))

where 7 is the function defined in Proposition 2.7. For k large enough, the family of time one
maps (grp)per is a P-plugin with output the family (Gp)pes. Moreover, when k — oo, the
P-plugin (grp)pe 2 tends to the identity id € Diff ° (M) . O

2.3 Closure of the group Plug

In this section we prove that Plug is closed in Diffo°(T x M).

Proposition 2.9. The subgroup Plug C Diff2°(T x M) is closed.
This proposition uses the following lemma proved below:

Lemma 2.10. For any 1 <r < oo, for any neighborhood N of id € Diff"(T x M), there exist
N > 1 and a neighborhood N, of id € DIff_(T x M) such that for all G € N and k > N, there
is a C"-plugin g € N with output G and step 2.

Note that the latter lemma is redacted for any regularity 1 < r < oo. It will allow to deduce
Theorem E from Theorem F.

Proof of Proposition 2.9. It is suffices to show that the set of semi-pluggable maps is closed.
Indeed, the continuity of the involution G' > G~! implies that the set of maps with semi-
pluggable inverse is closed; and so it comes that the intersection Plug of these two sets is closed.

Let (G;) >0 be a sequence semi-pluggable maps converging in the C*°-topology to a diffeo-
morphism G € Diff °(T x M). Let us show that G is semi-pluggable. In other words, let us
show that for every neighborhood V of id € Diff (T x M), for every k large enough, there exists
a plugin g € V with output G and step 27%.

To this end, let us fix a small neighborhood of A of id € Diff (T x M) and j large so that
Gj_l o G belongs to the open set N, given by Lemma 2.10. Hence for every k > 0 large enough,
there exists a plugin g; € N with output Gj_1 o G and step 27%. As G; is pluggable, for every
k large enough, there exists a plugin gy € N with output G; and step 27, Now we merge the
plugins g; and go to obtain a plugin g = g;  go of G of step 27%~1. By Remark 2.2, when N is
small, the map g is close to identity and so in V. O]

The idea of the proof of Lemma 2.10 is to find, for each fixed small § > 0, a sequence of close
to identity plugins g, with step 2% and output the identity such that some iterates of each gy,
stretch the 27%-thin fundamental domain A,-« onto a wider fundamental domain, isometric to
[0,28[x M. The iteration by gi will produce a horizontal zooming effect on A,—x. Then we will
be able to perturb the plugin on this stretched fundamental domain, to obtain an open set of
outputs independent of k.

The following produces the sequence (gi)x:
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Sub-Lemma 2.11. For every neighborhood N of id € Diff (T x M), for every § > 0 small,
there exists N > 1 and a sequence (gi)r>n of plugins in N with step 2=k output id such that:
e forallye M and 0 € [1, %], we have g(0,y) = (60 + 6,y),
o gk is of the form g : (6,y) € T x M v (64(0), ).

Proof. Let A= [5,2] and B = [1, 1]. Let ¢4, ¢ € C°°(T, [0, 1]) be two non-negative functions
with disjoint supports, vanishing at a neighborhood of 0 and such that:

(2.6) YalA=1 and ¢p|B=1.
For 8 > 0 we define the following vector field on the circle T:

(2.7) X =0-Ya+pB vp+1—tpa—1bp) 275

Let 73 be the time needed to make one turn around the circle along the flow of Xg. This
number is large since ¢ is small. Note that 75 depends smoothly on 3 > 0. Also 75 — o0
when 3 — 0 and Jg7g,,, < 0. Let N > 1 be so that § > 2N Let k> N. We have § > 27%. If
B = 27F, then the time 78,k is smaller than 2% Thus by the mean value theorem, there exists
a unique 3 = B(k, ) close to 27* such that Ts,8(k5) .k = 2k,

Then the time 1 map gy, of the flow of (Xpg(x) x,0) satisfies the sought properties. O

We have now the tools to prove the following restricted version of Lemma 2.10:

Sub-Lemma 2.12. For any 1 < r < oo, for any neighborhood V of id € Diff"(T x M), there
exist N > 1 and a neighborhood N, of id € DiffL(T x M) such that for any k > N and every
G € N. whose restriction to a neighborhood of {0} x M or a neighborhood of {1} x M s the
identity, there is a C"-plugin g € V with output G and step 27F.

Proof of Sub-Lemma 2.12 . Let N be a neighborhood of id € Diff" (T x M) such that®> N € V.
We apply Sub-Lemma 2.11 which provides § > 0, N > 1 and a sequence (gx)r>n of plugins
v (0,y) = (6r(0),y) with output id and step 27%. By Sub-Lemma 2.11, there exists ny > 0

minimal such that 6, := ¢3*(0) € [3,1]. Taking A small, we have that ) is smaller than
% - %(5, and so g equals the translation by 6 on (6, 0 + %5) Let A, be a small neighborhood

of id € Diff (T x M). Let G € N. be equal to the identity nearby {0} x M or {3} x M. We
would like to C"-perturb g so that its output is G.

Case 1: If G € N, coincides with the identity nearby {0} x M, then we perform a pertur-
bation of gi supported by (0k,0r + ) x M and therein equals to:

§k3[9k79k+5]><M — [9k+(5,9k+25]><M

29 O +2,y) — (O +0,0)+3-G(6  a,y)

where G : R x M — R x M is a lifting of G which fixes {0} x M. Note that g is a C"-plugin
with output G and step 27%. Furthermore, if A, is small enough (at ¢ fixed), then for every
k > N, the map g is uniformly close to g € N in the C"-topology and so g belongs to V.

Case 2: If G € N, coincides with the identity nearby {%} x M, then we perform a pertur-
bation of gi supported by (6x + %, O + %6) x M and therein equals to:

Gt [0k + 5.0k + 3] x M — [0k + 36,0, + 30] x M

2. ~
(2.9) On+3+2y) = (Oe+5+60)+35-GO0 z,y).

Similarly, this is a C™-plugin of output G and step 27%, which is in V for every k provided that
N, is small enough. O

%in the sense that the distance between N and the complement of V is positive.
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Proof that Sub-Lemma 2.12 implies Lemma 2.10 . First let us ‘fragment’ any C"-close to iden-
tity map G € N, into the composition of two C"-maps G o Gy such that G coincides with the
identity nearby {0} x M and G coincides with the identity nearby {4} x M.

To this end, we use the exponential map exp associated to the geodesic flow of T x M and
a function p € C°(T x M, [0,1]) such that p|{0} x M =1 and p[{3} x M = 0. Let A, be a
sufficiently small neighborhood of id € Diff5°(T x M) such that for every G € N, the following
is a smooth diffeomorphism:

(2.10) Go =z +— exp(p(x) - exp; 'G(x)) .

Let G; := G o Gy' and note that G = G o Gy.

Sub-Lemma 2.12 states that there are C"-plugins g; and gy close to identity with step 27%
and outputs G; and Gy for every k large enough. Then by Remark 2.2 and Proposition 2.3, the
C7-plugin g1 x go of step 2751 is close to identity and has output G; o Gy = G. O

Proof that Theorem I implies Theorem E . When r = oo, the result of Theorem E corresponds
to the one Theorem F. Consider now r < co. Let G € Diff.(T x M), and N' C V two neighbor-
hoods of id € Diff”(T x M). We smooth the map G into a map G € Diff>*(T x M) such that
the map G~ o G belongs to the neighborhood N, given by Lemma 2.10. Then for every k > 0
large enough, there exists a plugin go € N with output G~ ' oG and step 27%. By Theorem F,
for k large enough, there exists a plugin g; € N with output G. We merge go and g; to get a
plugin g = g1 * go with output G. By Remark 2.2, when A is small, the map g is in V. O

Parametric counterpart. Here is the parametric counterpart of Proposition 2.9:
Proposition 2.13. The set Plug s is closed.
To show this proposition we will use the following counterpart of Lemma 2.10 proved below:

Lemma 2.14. For any 1 <r < oo, for any neighborhood N of id € Diff" (T x M), there exists
N > 1 and a neighborhood N. of id € Diff[(T x M)z such that for all (Gp)pez € N, and
k> N, there is a 22-C"-plugin (g,)pez € N with output (Gp)pez and step 27F.

Proof of Proposition 2.13. We proceed literally as in the proof Proposition 2.9, by applying
Lemma 2.14 instead of Lemma 2.10, and considering families instead of single maps. Note that
the continuity of x given by Remark 2.2 is also valid for families since (fp), € Dt (T x M)z —
fo € DIT"(T x M x &) is an embedding which commutes with the *-product. O

Proof of Lemma 2.14. The explicit construction of Sub-Lemma 2.12 gives directly a parametric
counterpart of this lemma. Indeed note that the maps g defined in its proof depends smoothly
on GG. Moreover the maps Gy and G obtained in the proof of Lemma 2.10 by the fragmentation
formula depends smoothly on the involved diffeomorphism. O

Similarly, we show:

Proof that Theorem F' implies Theorem E'. This goes exactly the same as for the proof that
Theorem F implies Theorem E’. Tt suffices to replace maps in Diff.(T x M) by families of maps
in Diff_(T x M), plugins by &-plugins and Lemma 2.10 by Lemma 2.14.

O

2.4 Vector fields whose flow is pluggable

In this section V' denotes a manifold. We recall that Diff>° (V') endowed with the composition
rule o is a Lie group. The space diffe (V) of C*®-vector fields X on V whose support is a
compact subset of V'\ 9V is a Lie algebra endowed with the Lie bracket:

[X,Y]:=DY(X)—DX(Y), VX,Y €difi(V).
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We will work with the Lie algebra counterpart of the considered subgroups. We recall that a
subset of diffo° (V) is a Lie subalgebra if it is a vector space stable by Lie Bracket. To define the
counterpart, we will use the flow (Fl%); of vector fields X € 2iff>* (V).

Definition 2.15. We denote plug the set of vector fields whose flow is pluggable. In short:
plug := {X € 0iff>°(T x M) : Fly € Plug, Vt € R} .

Using that Plug is a closed subgroup, the following is an immediate consequence of Propo-
sition B.1 of Appendix B:

Proposition 2.16. The space plug is a closed Lie subalgebra of diffe. (T x M).
The following are closed Lie algebras of 9iffo” (T x M):

g1 = g1(M) == {X €iff°(TxM) : Fly, € Gy, Vt € R} = {X : (0,9) — (v(y),0) : v € C°(M,R)} .

g2 = g2(M) := {X €0iff°(Tx M) : Fly € Go, Vt € R} = {X : (0,9) = (0, f(y)) : f € 0iff° (M)} .
The subgroups G; and Gy are in Plug, so:

(2.11) g1 C plug and go C plug.

Parametric counterpart. We denote 0iff.° (V) » the subspace of families X 5 = (X,)pe 2
in 0iffo° (V) such that

(2.12) Xo: (,p) = (Xp(2),0)

is smooth and compactly supported, that is, such that )/(; € diffoo(V x #2). By Fact 1.8, the
space 0iff.” (V) # is a Lie algebra endowed with the Lie bracket [X»,Ys| = ([Xp,Yp))peo.

Definition 2.17. The Z-families of vector fields whose flow is &-pluggable is denoted:

plug = {(Xp)pegz € DWff(T x M) : (Fly )per € Plug, Vi € ]R} :

Using that Plug is a closed subgroup, the following is an immediate consequence of Corol-
lary B.2 of Appendix B:
Proposition 2.18. The space plug s is a closed Lie subalgebra of diffe” (T x M) .

Also note that the space plugg contains:
012 = {(Xp)per €Vffe (T x M) : X, € g1, Vp € £} .

and
922 = {(Xp)per € (T x M)» : X)) € g2, Vp € P}

We define also:
@:Z{@:Xyeglga} and @::{)/(;:Xgemg}.

Observe that:
g1z = {(0,y,p) = (v(y,p),0,0) : v € CZ(M x Z,R)}

and
g2z = {(0,y.p) = (0. f(y,p),0) : (£,0) € (M x Z)} .
Thus we have g1 = g1(M x 2) and gam C g2(M x 2).
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3 Construction of Pluggable flows

In this section we show Theorem F by proving that any vector field has a pluggable flow. In
order to do so we will show that the following subspace of diffs (T x M) is in plug:

g3 := g3(M) = {X €:0iffo°(T x M) : X has null T-coordinate} .
The non-trivial remaining part of the proof is to show the following;:
Proposition 3.1. Any vector field of g3 has pluggable flows:
g3 C plug .

The proof of this proposition will occupy Sections 3.2 and 3.3. In the next section we show
that it implies main Theorem F. The proof of several propositions will involve the following
notation. If g and b are two sub-Lie algebras, we denote [g, h] the vector space spanned by Lie
brackets of elements of g and bh:

i:finite
Parametric counterpart. Similarly we set:
932 = {(Xp)pewr € A (Tx M) : X, € 93, Vp € P},

and .
G320 ={Xp: Xp €gsp} Cg3(M x P).

We will prove the following parametric counterpart of Proposition 3.1 in Sections 3.2 and 3.3:

Proposition 3.2. FEvery smooth family of vector fields in g3 has a &-pluggable flow:
g3z C plugy .

3.1 Proof of main Theorem F and Theorem F’
The first step of the proof is the following:
Proposition 3.3. Any vector field has a pluggable flow:

plug = 0iffo° (T x M) .

Proof. As plug is a Lie algebra by Proposition 2.16 and since g; and gs are in plug by Eq. (2.11)
and Proposition 3.1, it suffices to show that the Lie algebra generated by g; and g3 equals
0iffo” (T x M). We first prove the statement of the proposition for M = R™. Let X € diffo” (T x
M) and f € C°(T x R™,R) be its T-coordinate. Let W € g3 be:

(3.1) W= (0, f,0,...,0).

Let p € C°°(T x M, R) be a compactly supported function which is equal to 1 nearby the support
of f. Let Y € g1 be:

(3.2) Y(0,y1,-- - yn) = (p(6,y) - 41,0,...,0).
A computation gives a Lie bracket of the form:
(33) [VV? Y](e’ y) = (f(aa y)7 _89f(6a y) “y1,0,... aO) .

Thus X — [WW,Y] is in g3 which gives the sought result for M = R".
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When M is another manifold, we fix a locally finite covering (U;); by balls U;. Using a
partition of the unity, every X € diffo° (T x M) can be written as a sum:

(3.4) X=>X;.

where each X is supported by U;. As X is compactly supported, the X; are almost all null and
thus the above sum is finite. As each U; is diffeomorphic to R™, we can apply the case M = R™
which gives Y;, Z; € g3 and W; € g all supported by T x U; such that [W;,Y;] + Z; = X;. We
conclude by summing over 1. O

Remark 3.4. We proved that [g3, g1] + g3 = 0iffo (T x M).
We now have the tools to show:

Proof of Theorem F. Let G € Diff °(Tx M) and let (G¢)se[o,1) be a compactly supported smooth
path from Gy = id to G; = G in Diff 2°(T x M). Derivatives X; := 0;G; define a smooth family
X = (X}): of vector fields all supported in a compact subset K C V'\9V. In particular, the time
1/N-map F; of the vector field X,y is supported by K, and likewise for F' = Fy_; 0--- o Fp.
By definition of the Whitney topology, it suffices to show that for every » > 1, when N is large,
the map F is C"-close to G to obtain that F is close to G in Diff3°(T x M).

Note that indeed each F} is Ocr(1/N?)-close to Fj := G(it1)/N © G;/}v and so it holds:

(35) G:FN_IO"'OFO:FN_lo"'OFO+OCT(1/N):F+OC7‘(1/N) .

As each F; belongs to Plug, and since Plug is a closed group by Proposition 2.13, it comes that
F belongs to Plug and its limit G when N — oo as well. O

Parametric counterpart. To prove Theorem F’ we will use the following parametric
counterpart of Proposition 3.3:

Proposition 3.5. The flow of every &2-family of vector fields is &2-pluggable:
(3.6) plug » = DfF (T x M)

Proof. As in the proof of Proposition 3.3, it suffices to show that the Lie algebra generated by
g1 and g3z equals plug . We start with the case M = R™ and & = R%. Let X» = (X,)pe»
be a Z-family in 0iffo° (T x M) and f, € 9iff.(T x M) be the T-coordinate of X,, for each
p€E P Let Wop € g3 be:

W = ((0, f5,0,...,0))pecz .

With Y as defined in Eq. (3.2), it holds by Eq. (3.3):
[va Y]<07 y) = (fp(aa y)7 780]0;0(97 y) * Y1, Oa R 0))17632 .

We set Y := (Y),e20812. The latter computation gives:

(37) [Wgz, Y(@](ea y) = ((fp(ea y)7 780.]017(07 y) * Y1, 07 ce 70));0632 .
Thus X — [We,Ys] is in gze. Now for the general case we conclude by using a partition of
unity as before. O

It allows to conclude:

Proof of Theorem F'. Consider G € diffe (T x M)g. As a corollary of Theorem F, for any
r > 0, the map é; € Diff°(T x M x &) can be approximated by a composition of flows of
vector fields with a zero &-coordinate. Thus the family G4 can be approximated arbitrarily
close by a composition of compactly supported families of flows of vector fields in the C"-norm
for any r > 0. By Proposition 3.3, each of the families of flows belongs to Plug . Since Plug 4
is a group by Proposition 2.13 the above composition belongs to Plug, as well and it comes
that (Gp)pe is in Plugg by closure of Plug . O
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3.2 Eigenvectors of the adjoint representation

Observe that the Lie algebra generated by g; and g, contains the vector fields that do not
depend on the T-coordinate. To obtain more elements in plug we study the eigenvectors of
operators of the form:

adx 1 Y € 0iff°(T x M) — [X,Y] € 0iff°(T x M) ,

for X € 0iffo°(T x M).
In this subsection, we show that if Y is an eigenvector of adx for X € plug then Y is in plug
(see Proposition 3.7). This will enable to prove Proposition 3.1 in Section 3.3.

Definition 3.6. Let V be a manifold and let g be a subspace of diffo° (V). We denote:
Ciglady) :={Y € 0iffo°(V) : 3X € g such that Y = [X, Y]} .

The following is the key proposition enabling to construct new examples of pluggable flows:

Proposition 3.7. If Y € diffo°(T x M) satisfies adxY =Y for X € plug then Y is in plug:
Cig(adymg) C plug .

Proof. We recall that the adjoint of X by f € Diff2°(V) is Ady X := DfoXo f~1. The following
contains a key idea for the proof of the main theorem:

Lemma 3.8. IfY satisfies [X,Y] =Y, then for every s,t € R it holds:
(3.8) FI, = FIy* o FI° o FI% .

Proof. Let Y := Adpy (Y) := DFI% oY o FI®. Observe that X = Adp (X). Thus since
Y = [X,Y], it holds:

(3.9) [X, Y] = [Adpig, (X), Adpig, (V)] = Adpig ([X,Y]) = Adpg (V) =Y

Also for every s € R, we have:

(310) 8SYS = at(}/:q+t)|t:0 = 3,5Adpltx (}/s)\t:() = 8t(DF1fX o sz o Fl;(t>‘t:0
and thus:
(3.11) 8Ys=DX oY, —DY,0X = —[X,Y,] = —Y,.

Consequently 9,Ys = —Y; and thus Yy = e7° - Y. It follows that e - Y = Adps, (Y). After
integration between 0 and e~ - t, we obtain the sought equality. O

We can now prove Proposition 3.7. Fix a neighborhood N of id € Diff*™(T x M) and let
us show the existence of a plugin in N whose output is FI},. Let N. be the neighborhood of
id € Diff™*(T x M) given by Lemma 2.10. Let s € R be sufficiently large such that F1$
belongs to the neighborhood N, of the identity. Then for any k > 1 large enough Flf:s‘t is the
output of a plugin g € N of step 27%. Since X € plug, it holds F1% € Plug so for any k > 1
large enough Fl% and F13° are the outputs of plugins h and f in N of respective steps 2k
and 27%=1. So for any large k the map Fl% is the output of the plugin (h % g) x f with step
27k=2_ Since this holds for any neighbourhood A of the identity the plugin (h* g) x f can be
taken arbitrary close to identity. Therefore for every t, there exists a plugin with output Fl}
arbitrarily close to identity for any small enough step. Hence X is in plug. O

A second main ingredient of the proof of the main theorem is the following of independent
interest:
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Proposition 3.9. For every T € diffo"(V), there exist finite families (X;):, (Yi)i, (Z:); of vector
fields in Oiffo° (V') such that:

T=Y[V,Z] and Y;=[X;Yi].

The proof of this proposition and its parametric counterpart will occupy the full Section 3.3.
Now note that the following is an isomorphism of Lie algebras:

lQXGlefSO(M) — (O,X) € go.

Thus, by applying this isomorphism to the image of sets involved in the statement of Proposi-
tion 3.9 for every T' € go, there exist finite families (X;);, (Y;)i, (Z;); of vector fields in gg such
that:

T=> Y2 and Y;=[X;Y].

In other words, we proved:

Corollary 3.10. Any element of go can be written as a sum of Lie brackets of elements of ga
with elements in €ig(ady,) N go.

This corollary allows to deduce:

Proof of Proposition 3.1. Let pg : T x M — T be the projection on the T-coordinate.
First note that by Fourier’s theorem, the space g3 is the closure of the vector space spanned
by elements of the form:

popg-Y for p € C*°(T,R) and Y €gs.

Since plug is a closed vector space by Proposition 2.16, it suffices to show any such ¢ opy - Y is
in plug. To do so, we first start with the case where there exists X € go such that Y = [X, Y],
i.e. we assume that Y € €ig(ady,). Since the T-coordinate py o X of X is zero, it follows:

(3.12) [X,¢opy-Y]=dopy- DY (X)—DX(¢popg-Y)=0dopy-[X,Y]=¢opy-Y.

Thus by Proposition 3.7 we have ¢gopg-Y € plug since X € go C plug. Now in the general case,
for every Y € go, by Corollary 3.10, there exist an integer N > 1, Z; € go and Y; € €ig(adg,)Ngs
for any 1 < ¢ < N, such that:

(3.13) Y=Y [V;,Z].

1<N

By the first case for any 1 < i < N we have ¢ o py - Y; € plug. Since plug is a Lie-algebra and
each Z; is in go C plug, it immediately follows:

(3.14) gopy-Y = > dops-[Yi, Zil= Y [bops-Yi Z] € plug.
1<i<N 1<i<N

Parametric counterpart. The following is the parametric counterpart of Proposition 3.7.

Proposition 3.11. If Yo € 0iffo(T x M) o satisfies [X»,Yo| = Yo for X € plugs, then
Yo € plug .
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Proof. Let X» =: (Xp)pew and Yo =: (Y,)pe. By Lemma 3.8, it holds:
(3.15) Fly, =FI o FIy¢ o FIY

for any ¢,s € R. For any neighborhood N of id € Diff>*(T x M) 4, we denote N, the neigh-
borhood of id € Diffo°(T x M) given by Lemma 2.14. For all ¢ € R and for s large enough

(Fl%}sis)peg C N, and thus it is the output of a Z2-plugin in A of any small step. We now re-
gard the x product of the latter plugins with &2-plugins of (Fli(p )pe 2 and (Fl)_(i)pé & to obtain

a P-plugin with output (Fl@p)pe 2 of any small step. Moreover, by construction, this &-plugin
can be taken arbitrarily close to identity family, which ends the proof. O

For g C diffo" (V) %, we denote:
Cigladg,,) == {Y» € 0iff.°(V)» : 3X» € g such that Y = (X5, Yo} .

The following parametric counterpart of Proposition 3.9 holds:

Proposition 3.12. For every T € 0iffe (V) o, there exist finite families (X; )i, Yi )i, (Zi):
of vector fields in diffe” (V) o such that:

Ty = Yip, Ziz] and Yip = [Xi»,Viz] .

Using the isomorphism:

Xz € lefSO(M)gz = (0, Xp)pe@ € go»
leads as before to:

Corollary 3.13. Any element of gog can be written as a sum of Lie brackets of elements of
go with elements in €ig(adgy,, ) Ng2.

The latter allows to deduce:

Proof of Proposition 3.2. By the Fourier theorem, the space gz is the closure in diffo” (T x M)
of the vector space spanned by vector fields of the form (¢ opg-Y,)pecp with ¢ € C°(T,R) and
(Y,)pew € g22. Since plugy is a closed vector space by Proposition 2.18, it suffices then to
show that (¢ opg - Yp)pe s is in plug. To do so, we first start with the case where there exists
X € gaw such that Yo = [X »,Y»|. By Egs. (3.12) and (3.14) of the proof of Proposition 3.1,
for each p € &, it holds ¢popy - Y, = [X,, dpopg-Y,]. And thus the family (¢ opg-Y,)pes is in
plug s by Proposition 3.11.
Now in the general, by the latter Corollary 3.13 we can decompose:

(3.16) Yo =Y Yie,Ziz|,
with Y;» € €ig(gow) Ngaw and Z;» € gaswe. Thus Eq. (3.14) applied for each p € &2 leads to:
(3.17) (bopo-Yp)pewr = Y [(dops- Yip)pew, Zi) ,

where (Yip)pew» = Yigp. Since Z;» € gop C plugy and (¢ opg - Yip)pesm € plugy by the first
case, it follows that (¢ o pg - Y,)pe o lies in the sub Lie algebra plug, as well. O
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3.3 Decomposition of vector fields

To prove the Theorem F, it remains only to show Proposition 3.9. We first prove this proposition
in the case M = R"™, which we will deduce from the case M = R and a parametric version thereof.
This whole section is dedicated to this proof. For a manifold M, let us denote:

Cig(M) == {Y € 0iff>°(M) : 3X € 0iff>° (M) such that adyY = [X,Y] =Y} .

We can rephrase Proposition 3.9 as:
Proposition 3.14. Every vector field in T € diffo°(V) is a finite sum of vector fields of the
form [Y;, Z;] with Y; € €ig(M). In other words:

[€ig(M), diff" (M)] = i (M).

Two key ingredients of the proof of this proposition are the following observations:
Fact 3.15. The vector field Y : y — 1 on R satisfies [X,Y] =Y with X : y € R— —y.

Fact 3.16. For any diffeomorphism v: W — V between manifolds and any vector fields X, Y €
Viffoc (V) satisfying [X,Y] =Y, it holds [¢v* X, ¢*Y] = ¢*Y.

An important consequence of the latter fact is:

Fact 3.17. For any diffeomorphism: W — V from a manifold W into V, if X € [€ig(V), diffo"(V)],
then ¥*X € [€ig(W), 0iff° (W)).

Let Q be a manifold. We define:
Cig(R)g = {YQ € 0iffo’(R) g : there exists a family Xg € diffo”(R)g such that [Xg,Yg] = YQ}.

We can prove Proposition 3.14 in the case M = R:

Lemma 3.18. We have:

[€ig(R), 0iffc" (R)] = 2iffc°(R) .
Moreover for any manifold Q, every Tg € diffo”(R)g satisfies Tg = [Yo, Zg| for some Yg €
Cig(R)g and Zg € 0iffo’ (R)g.-

Proof. We first give an intuitive idea of the proof using Fact 3.15. First note that for every
T € 0iffo°(R), there exist X,Y,Z € 0iff °(R) such that Y = [X,Y] and T = [V, Z]. Indeed it
suffices to take X: y— —y, Y:y— land Z: y — ffoo T'(t)dt. This almost proves the first
assertion of the Lemma. To have exactly the sought result we shall modify X, Y and Z to make
them compactly supported. Let T' € diffo”(R). Take intervals [—A, A] C (—a,a) containing its

(aZ—y?H)~1

support. Consider the map ¢: y — y - €© from (—a,a) to R. We compute:

pla2—y?)~1

(3.18) 0,0 (y) = dly) - . with ¢(y) = 142y - (a® — y?) 2 V)
Thus the map ) is a diffeomorphism. This allows to consider the push-forward:
(3.19) T=4,T=DpoTorp".

Now we define as above:

y
(3.20) Xy~ -y, Y:y—1 and Z:y+—>/ T(t)dt.

Note that 7 = ¢*T and put X = ¢*X and Y = ¢*Y. Then by Fact 3.16, it holds:

(3.21) Y =[X,Y] and [YV,Z]=T.
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Let us show that these pulled-back vector fields on (—a, a) extend smoothly by 0 to R. For any

vector field S € diffe°(R), we have ¢*S = (9y¢) ! - So¢p = gjl’ It follows:

(3.22) Xy) =0 XW) = g5ty = sy and V() =¥V () = 535

Observe that ¢(y) grows exponentially fast to +0o when |y| — a. Thus X and Y have all their
derivatives tending to 0 as y tends to a. So they extend smoothly by 0 to vector fields in
0iffo”(R). Also note that Z(y) = 0 for y < ¢(—A) and Z(y) = [ T(t)dt for y > ¥(A). Thus:
(3.23)

Z(y)=v*Z(y) =0 for —a<y<—A and Z(y)= !

0yY(y)

Likewise NZ extends smoothly by 0 to form a vector field in ?iff°(R). As Y = [X,Y] and
[Y, Z] =T, this proves the first assertion of the lemma.

~/T(t)-dt for A<y<a.
R

For the parametric assertion, observe that 1, X and Y depends only on the segment [—a, al.
Hence given To = (fq)qeg € ffo°(R) g, we set [—A, A] C (—a,a) containing the supports of
all Tq and define ), X and Y as above. Then we observe that Zq = ¢* [ T, depends smoothly
on ¢ and define a family ZQ € 0iffo°(R) o which satisfies the sough equalities with TQ and the
constant families (X)qeg and (?)qeg. O

We are going to use the parametric assertion of the latter lemma to obtain:
Lemma 3.19. We have [€ig(R™), diffo” (R™)] = diffo (R™).

Proof. Lemma 3.18 corresponds to the case n = 1. For n > 2, given T € diffo”(R"™), we

write its components as T = (71,...,T;,). By linearity of the condition, it suffices to show
that each vector field (0,...,0,7;,0,...,0) is in [€ig(R™), diffo” (R™)]. Using an adjunction by a
permutation of the coordinates and Fact 3.17, its suffices to show that each (7},0,...,0) is in

[€ig(R™), 0iffo” (R™)]. In other words, it suffices to prove that the following subalgebra h(R"™) of
i (R™) is included in [€ig(R™), diff>° (R™)] :

HR™) := {y € R" > (h(y),0,...,0) : h € C(R",R)} .

To this end, note that Xgn-1 € 0iffo” (R)gn-1 — X/Rn\_l € h(R™) is an isomorphism of Lie
algebras. By Lemma 3.18 with @ = R"~!, we have:

-

h(R") = [€ig(R) g, h(R")] .

Finally we note that @mg is formed by vector fields of the form }//; such that Yo = [X g, Yo
for Xg € 0iffo°(R)g. Thus Yo = [Xg, Yo, this proves that h(R™) C [€ig(R™), h(R™)].

We can now treat the general case:

Proof of Proposition 3.14. Let T € 2iff."(M). Then it decomposes in a finite sum 7' = ). T;
where each T is compactly supported in an open set U; which is diffeomorphic to R™ via a map
;: U; = R™. Consider the push forward ¢;.T; € diffo°(R™). By Lemma 3.19 the field ;. T;|U;
belongs to [Eig(R™),diffo” (R™)]. Thus by Lemma 3.18, it holds T;|U; € [€ig(U,), diffa” (U;)].
This means that T; = > piielYjs Z;] with Y; = [X;,Y;] for some X;,Y;,7Z; € oiffe” (R™).
Extending all these vector fields by 0, we obtain that T; belongs to [Eig(M), diffe” (M)]. So does
T=YT. O
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Parametric counterpart. We set:
Cig(M)z = {Yo €0iff(M)» : Yo = [Xo,Yo] with X € 0iff° (M) 2} .
We shall prove Proposition 3.12 that we rephrase as:
Proposition 3.20. It holds:
[€ig(M) 2, 0iff . (M) 2| = diff." (M) 2.

Similarly to the proof of Proposition 3.14, Proposition 3.20 is an easy consequence of the
following:
Lemma 3.21. We have [€ig(R™) o, diffo. (R") 2] = diffo. (R") o.

Proof. As in the proof of Proposition 3.14, we only need to prove that the following Lie subal-
gebra h(R™) & of diffo” (R™) o is included in [€ig(R™) &, diffs” (R™) o] :

HR™) 2 = {((hp,0,....,0)pe : hop = (hp)per € CF(R",R) 2} .
To this end we proceed as in Lemma 3.19, by using the isomorphism of Lie algebra:
X1y € 0f° (R)gniym — Yoo € h(R™) 5 such that Xgn—1y 5 = Yo ,

and using Lemma 3.18. O

A Smoothness of outputs

The proof of Proposition 1.5 stating that the output of a plugin is necessarily smooth is sim-
ilar to the classical renormalization performed by Douady-Ghys | ], Yoccoz | ] and
Shilnikov-Turaev | ].

Proof of Proposition 1.5. Let g be a plugin with step 0. Let 7 : Tx M :=Rx M — T x M =
be the canonical cover. Let g be a lifting of g such that §(0,y) = (o,y) for every y € M.

Fact A.1. The action ¢ : (k,z) € Z X T x M +— G (z) € T x M is free, proper and discontinuous.

Proof. The action is free since no point of A+7Z is fixed by § nor in its complement (every point
must come back to A 4+ Z). It is discontinuous since any x € R x M has its orbit which equals
the one of a certain z € [k, k + o) x M for some k € Z by Definition 1.1.(iii), and the orbit of z
is discrete by Definition 1.1.(i). Finally the action is proper since 7 is bounded by some N > 1
by Definition 1.1.(ii), and so any g™V (6, ) has its R-coordinate greater than 6 -+ 1. O

Thus the quotient €' := T x M /¢ is a manifold. As g sends the left hand side of A to its
right hand side, the image of A by the group action is both open and close, hence equal to the
connected set C'. Therefore, A, = [0,0) x M is a fundamental domain of this group action.
Also the rescaling map H, : A, — T x M induces a diffeomorphism between C and T x M.

o O g |

T 4

Now observe that T : (8,y) — (6 4+ 1,y) and § commutes: T 0§ = §oT. Thus T defines
a smooth diffeomorphism 7" on C. To determine T, we (abusively) identify A, to a subset of
both T x M and T x M. Given & € A,, the point T(z) € [1,1+ ¢) x M is equivalent to the
point y € A, such that there exists k > 0 satisfying §*(y) = T'(z). Note that k = 7(y) and
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SO T(gc) = ¢"(y). Composing by 7, we obtain that 2 = ¢"(y). Hence T is equal to the inverse
of the action of ¢" on C. Therefore G is a diffeomorphism. Observe that this construction
depends continuously on g and so the output depends continuously on the plugin. As the space
of plugins is connected, it comes that the space of output is connected to id by Example 1.4.
O

B Lie algebras associated to closed subgroups

This section is dedicated to show Proposition 2.16 which states that plug is a closed Lie algebra.
We prove this using general arguments on closed subgroups of Diff;°(V') where V' is a manifold.

Proposition B.1. For every closed subgroup G C Diffo°(V), the following is a closed Lie
subalgebra of viffo"(V):

g:={X €0iffX (V) : Fly € G, Vt € R}.

We immediately deduce the result of Proposition 2.16 by applying the latter proposition
with V =T x M and G = Plug.

Proof of Proposition B.1. g is a vector space. First note that if X € G and A € R, it holds
A-X € g. Now for XY € g, for any large integer N and r > 1, observe that Fl%ivy =

Fli(/N o Fli,/N + O(N~2) for the C"-norm. Thus we have:

N
Flk y = (Fzﬁ(/N ° Fl}/N) + O0cr (N7YY,

1/N N\ . . .
and the supports of (Fl ¥ oFIY ) are included in the union of those of X and Y. Thus

N
Fl .y is the limit of (Fl;/N o Fl;,/N) when N — oo in the topology of Diffo°(V). As G is a

group, the map (Fl}(/NoFli,/N)N belongs to G, and since G is closed the map FZ}H_Y also belongs
to G. Also for every ¢t € R, by replacing X,Y by (tX,tY), we obtain that Flf  , = Fl}y.
belongs to G.

g is a Lie algebra. For XY € g and r» > 1, we have for the C"-norm:

2
FIfx vy = [FI%, FI{] + O(7°)

Thus by taking 72 = 1/N small we have:
N -1
Flly v, = ([Fl}{ﬁ,mﬁ]) +OWN ).

So Fl[lx’y] is in G. Similarly, we have for any ¢ that Fl[ltX’Y] € G, and so Fle’Y] = Fl‘[ltxyy] e G.
g is closed. As for every t > 0, the map FI' : X € Diff>°(V) + Fl is continuous and G is

closed, the set {X € 0iff>°(V) : Fl5 € G} is closed. Thus the intersection g of the latter sets
for all ¢ is closed. O

To state the parameteric counterpart of the latter proposition, given a manifold &, we
define:
FI': X = (Xp)per € 0iff(V)» — (Fl, )pesr € DIff°(V) o .

Note that the following diagram commutes:

me
diffo(V)e —  0iffo(V x 2)
FI l 1 FI
Diff*(V)p» <« Diff*(V x 2)
nc

—

where inc(X &) := )/(;a and inc(f) = fo.
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Corollary B.2. For every closed subgroup Gg C Diffo° (V) 5, the following is a closed Lie
subalgebra of ¥iffe" (V) o

g2 = {X5 €0iff° (V)5 : Fly € G, Vt € R}.

Proof. First note that inc(Gg) is a closed Lie sub-group of Diff°(V x £2). Hence it define via
Proposition B.1 a closed Lie algebra gz. By commutativity of the diagram, we have:

inc(g) = (32) -
Hence g is a closed Lie subalgebra of diffo° (V) &. O
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