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Entanglement is an indispensable quantum re-
source for quantum information technology. In
continuous-variable quantum optics, photon sub-
traction can increase the entanglement between
Gaussian states of light, but for mixed states the
extent of this entanglement increase is poorly un-
derstood. In this work, we use an entanglement
measure based the Rényi-2 entropy to prove that
single-photon subtraction increases bipartite en-
tanglement by no more than log2. This value
coincides with the maximal amount of bipartite
entanglement that can be achieved with one pho-
ton. The upper bound is valid for all Gaussian
input states, regardless of the number of modes
and the purity.

1 Introduction

Quantum entanglement [1] is commonly seen as an
important resource for quantum metrology [2], quan-
tum communication [3] and quantum computation
[4]. The increase of entanglement is an important
task, since it can be used to strengthen the precision
of quantum metrology [5], the fidelity of quantum
information processing [6, 7] and the efficiency of
quantum computing [8, 9]. Here, we will focus on
light as a particularly interesting platform for quan-
tum information tasks due to its intrinsic resilience
against environment-induced decoherence.
Continuous-variable (CV) quantum optics [10] al-
lows for the deterministic generation of Gaussian en-
tanglement between modes of light. In particular,
Jietai Jing: jtjing@phy.ecnu.edu.cn
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it was used to produce large-scale entangled states
[13, 12, 11, 14, 15, 16, 17, 18]. However, because
the entangled modes are Gaussian, they do not offer a
genuine quantum advantage. To implement protocols
that cannot be efficiently simulated by classical com-
puters non-Gaussian states are required [19, 20, 21].

A common method to produce non-Gaussian
modes of light is adding [22] or subtracting [23, 24,
25, 26] a photon. Here, we focus on this opera-
tion’s capability of increasing the entanglement be-
tween optical modes. Historically, this increase of en-
tanglement was first seen through the study of quan-
tum teleportation [27, 28]. Later, more detailed stud-
ies showed that adding/subtracting a photon to/from a
two-mode squeezed vacuum state increases the states
entanglement [29]. The entanglement of two-mode
squeezed vacuum state was then shown to be progres-
sively enhanced with the number of photons added
(subtracted) when acting on one mode only [30].
Similar results are obtained for single-photon addi-
tion and subtraction for pure multimode Gaussian
systems [31, 32, 33]. This provides a way to over-
come the no-go theorem which forbids entanglement
distillation of Gaussian states with Gaussian mea-
surement [34, 35, 36]. Experimentally, this led to a
demonstration of entanglement distillation on Gaus-
sian input states [37]. Nevertheless, we may argue
that non-Gaussian operations do not merely increase
the entanglement, but also change its nature. After
photon addition or subtraction, the entanglement will
partially be contained in the non-Gaussian part of the
state.

Non-Gaussian entanglement is notoriously chal-
lenging to study for mixed states. To deal with such
states in finite-dimensional systems, negativity is per-
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haps the most practical measure of entanglement
[38]. However, this measure cannot be generalised
to non-Gaussian states in the infinite-dimensional
Hilbert space of continuous variable systems with-
out truncating the state to a finite number of Fock
states. Entanglement of formation is another com-
mon measure of entanglement, but is also faces prob-
lems as it requires a convex roof construction and the
evaluation of the von Neumann entropy [39, 40, 41].
In particular the latter is highly problematic for non-
Gaussian states as there is no clear way to evaluate
the von Neumann entropy based on phase space rep-
resentations. Here, we focus on the entanglement
measure based on Rényi-2 entropy as a viable alter-
native, following [42]. Because the Rényi-2 entropy
is related to the marginal purity of the state, it can be
obtained directly from the Wigner function.

Rényi-2 entropy is a less popular tool than the von
Neumann entropy, because, notably, it cannot be used
to define mutual information for general CV states,
even though Gaussian states have shown to be an
exception [43]. For Gaussian states, the entangle-
ment measure based on Rényi-2 entropy give rise to
monogamy relations [44] and operationally it appears
as a natural upper bound on the secret key distilla-
tion rate when Alice and Bob are restricted to Gaus-
sian measurements [45]. Many of these attractive
features of Rényi-2 entropy cannot be generalised to
non-Gaussian states. Yet, the entanglement measure
of [42] remains well-defined for all CV states, and
we will focus on it throughout the remainder of this
manuscript.

2 Continuous-variable systems

We study CV systems, which can be though of as en-
sembles of quantum harmonic oscillators [46]. When
the system has m modes, we can define a mode ba-
sis with m associated creation and annihilation opera-
tors labeled &I, e &In and aq, . .., Gy, respectively.
These operators satisfy the canonical commutation
relations
aj,) = 80 [0, 0] = [ahaf] = 0. (1)
Furthermore, superpositions of modes define new

modes, which implies that for any set of coefficients
- 2
cj € Cwith 377 |cj|” =1,

m
i’ = cjay (2)
i=1

is a well-defined annihilation operator and [&/, @’ T] =
1.

When studying the CV aspects of such systems, it
is common to use quadrature operators instead. In

our convention, these are defined as

& =al +a, (3)
pj =i(al —ay). (4)

The canonical commutation relations then translates
to [&;, px] = 2id; . The advantage of using quadra-
ture operators is that they are observables that can can
be measured. In multimode quantum optics, for ex-
ample one uses homodyne detection to measure these
observables. The possible measurement outcomes of
these quadratures are real and form a continuum —
hence CV- and can be grouped together in a 2m di-
mensional optical phase space.

this phase space provides possibilities to represent
any quantum state p in terms of a quasi-probability
distribution [47]. In this work, we rely the Wigner
function, which is given by

W) = G

[, e e T )
R2m

where 7 is a vector of operators, given by Fo=
(&1, ... &m,P1s- -, Pm)and Bis a vector in phase
space that can be explicitly represented as 5 =
(#1,...,Tm,P1s---,Pm) . The Wigner function is
particularly useful since its marginals correspond to
measurement statistics of the quadrature observables
and furthermore it also allows for a direct calculation
of purity, which we exploit in the following sections.

3 Rényi-2 entanglement

Throughout the work, we will restrict ourselves to bi-
partite entanglement. As shown in Fig. 1(a), for an
arbitrary global pure state p = [¢))(¢)|, the entangle-
ment between two subsystems .4 and B can be mea-
sured through the Rényi-2 entropy as

Er(|)) = —logu(p.a), (6)

where p 4 = trgp is the reduced density operator for
subsystem .A. The measure is based on the marginal
purity of one of the two subsystems p4 = tr(p%),
which can directly be calculated from the Wigner
function (5) by

pa= o [ Wa@PEE G (1)

R2™mA
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where m 4 is the total number of modes in subsystem
A. TImportantly, this method works both for Gaus-
sian and non-Gaussian states. Its extension to mixed
states can be obtained by the following convex con-
struction:

enp) = ot [ ApER(E). )
where we minimize over all decompositions
p = [dAp(A)|a) (x| Because the the Rényi-2
entropy is a lower bound on the von Neumann en-
tropy, it naturally follows that Er(p) is a lower bound
on the entanglement of formation. Nevertheless, it is
also a meaningful entanglement measure in its own
right, which we will use to derive an intuitive upper
limit of the entanglement increase: we will show that
for any Gaussian state —mixed or pure— the maximal
increase of bipartite “Rényi-2 entanglement” through
single-photon addition/subtraction is log 2.

4  Photon subtraction

We now focus on entanglement increase via photon
subtraction. This operation is theoretically described
by the action of an annihilation operator on the (in
our case Gaussian) state. We assume that this oper-
ation is implemented on subsystem A, as shown in
Fig. 1. To study the increase of entanglement, we
start by analysing the marginal purity of the photon
subtracted state in subsystem .A:

o dgﬁAdL

Pa= 1. (9)

tr(agagpa)

The label g indicates the mode in which the photon is
subtracted. Using (2) we can take @, to be an annihi-
lation operator acting on an arbitrary superposition of
modes. Our main tool to evaluate the marginal purity
of the state (9) are Gaussian transformations [48]. As
shown in Fig. 1(b), we can write a thermal decompo-
sition form for an arbitrary subsystem .4 as follows

A A MA AL A
pa="DU & pUTD, (10)
1=

where U is a Bogoliubov transformation and D =
ma
Il D(o;) is a displacement operator. The unitary
i=1

displacement operators ﬁ(ai) change the mean field

of the state in mode ¢ and are given by D(«a;) =
1_

7

A

exp {z’(aid + o &i)} such that its action on the an-

nihilation operators is given by Df(a;)a;D(a;) =

4; + «;. It is now convenient to define af =
@}, ,al, )T and @ = (a1, -~ ,dm,) . Assuch,
we find

DIaD = a + a. (11)

In a similar spirit, a Bogoliubov transformation is
generated by a Hamiltonian that is quadratic in the
creation and annihilation operators. However, the
simplest way to define it is through its action on cre-
ation and annihilation operators

UtalU = Ka' + La, (12)

with LTL — KTK = 1 and KL = —LTK. The
specific details of the Bogoliubov transformation U
depend on the state p4 and are dictated by the
Williamson decomposition [48].

Furthermore, single-mode thermal states p; can be
fully characterised by the amount of thermal noise in
units of shot noise n;. Since the Gaussian unitary DU
does not affect the marginal purity of subsystem p 4
can be directly expressed as [48]

1

If the global state is pure, this marginal purity can
directly be connected to the amount of entanglement
in the initial Gaussian state through (6).

As shown by the green circles in Fig. 1(b) and
Fig. 1(c), if we subtract a photon from the mode g
of subsystem .4, we can use Bogoliubov transform to
convert the photon-subtraction operation at mode g
into a combined operator b, which adds and subtracts
a photon on each thermal mode

1

tr (A)TZA)?M Di) (14)
with b= U'Dla,DU.

We can combine (11) and (12) to explicitly write that

b="k-a +1-a+ oy where k = (ki, -+, km_)

and [ = (l1,--+ ,lm ) are m 4-dimensional complex

vectors, and «ay is a complex number, all depending
on the specific choice of mode g.

5 Relative marginal purity

Based on both the Williamson decomposition (10)
and Bogoliubov transformation (14), we can derive
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(see Appendices A and B) a general expression of
relative marginal purity

- mA ng ma 2
pa L 1 Nivg 1 k,l.ni_12
» —2+l2(gm) + 5lagl +\; ili=g |
A kili(n? — 1) KA K (n? - 1)
*2 1\ "% 2 171\
+ay (; o )+ag(i:21 o )
ma ma
g | ZNZ] /(O Ni+ logl*)?, (15)
i=1 i=1
where N; = [k;|?2H 4+ |22, and N; =

| ki |2”7T+1 —|l; |2”ZT_1 By minimising this expression,
we find that

HA

KA

We thus show that photon subtraction decreases
the marginal purity of an arbitrary state by at most
a factor two. In the examples at the end of this
Article, we show that this lower bound is tight in the
sense that there are states for which p; = p./2.
Furthermore, when there is no entanglement in the
initial Gaussian state, i.e. when 4 = 1, we find that

py =1

>1/2. (16)

6 Bounds on the increase of Rényi-2
entanglement

When the state for the global system is pure, we can
immediately combine the definition (6) with (16) to
obtain that the entanglement increase is governed by

AER = logpa —log iy <log?2. (17)
For mixed states, on the other hand, we use the
definition of (8), which implies that we must con-
sider all possible decompositions of the state. For
each state in the decomposition we can use (7) to
calculate £r(]1)))) based on the Wigner function.
This construction naturally implies that Ex(p%) <
[ AXp' (N)ER(|y)), for any possible decomposition
of p in pure states. For Gaussian states this idea was
explicitly used to define Gaussian entanglement of
formation [49] as an upper bound to the entanglement
of formation. A similar idea was later used to define
the Gaussian Rényi-2 entanglement [43]. Here, we
generalise this idea to the class of photon-subtracted
states by using that every mixed photon-subtracted
state can be decomposed as a mixture of pure photon-
subtracted states.

(a) Global system
o Gaussian mode
o Non-Gaussian mode
f.o _____ I
| |
L §ub_sys_teT4 | Subsystem 3
<b>r - = —ﬁ_— - - - -
h—] H
—{ H F—
p,— H F—!
[ olDl:
. . : |
e
T :
Ipm_A _—__a

Figure 1: (a) Schematic diagram of assigning all modes in
a global pure state to subsystems A and B. The green dots
refer to non-Gaussian modes, and the small black circles refer
to Gaussian modes. (b) Thermal decomposition of subsys-
tems A, in which a photon is subtracted (surrounded by a
green circle) in the mode-g after the displacement operator
D. (c) A combined operator b (surrounded by a green el-
lipses), which adds and subtracts a photon to and from each
thermal mode before the unitary operator U. The operations
in (b) and (c) are different, but the Bogoliubov transform tells
us that the ultimate output state is strictly the same.

The Wigner function [48] of a Gaussian state ﬁG
can be written as

G, 2 expl—5(8—do) TV (B — do)]
WHB) = (2m)m \/det(V) (18)
Whereg: (xla"' s Tmy P11, 7pm)T GRQm is a

set of amplitude and phase quadrature and ¢ is the
corresponding displacement vector. And the covari-
ance matrix V' can be decomposed as V' = V), + V,,
where V), is the covariance matrix of a pure state, and
V. is some positive-definite matrix that describes ad-
ditional classical noise. This decomposition is gener-
ally not unique, but we can use a constructive tech-
nique to prove that this decomposition always exists
[32]. We can think of the state )¢ as being gener-
ated by injecting a pure state p,, into a noisy Gaussian
channel, so that the Gaussian state )& can be decom-
posed [49] as

p° = [, maD@igD@p(@, (19

where p,, is a pure squeezed vacuum state with co-
variance matrix V},. We also introduce the probability
distribution

—L(@—ap) TV, Ha—ao)
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with & the mean field of 5. This gives us an explicit
way to decompose any Gaussian state as a mixture of
squeezed vacuum states. This decomposition of the
Gaussian state can be used to decompose the associ-
ated photon-subtracted state as

= [ @, (@)

where the pure state p, , is the state that is obtained
by subtracting a single photon from ﬁ(a) ﬁpf)f(a),
and p, («) a probability distribution that is explicitly
given by [32]

L tr[Vyg] + [|@g|1* — 2
. (Oé):< [ PQ} ! 9”2 )
tr[Vy] + [ldio;g[|* — 2

(22)

el 5 (a@—do) "V (a—do)]

(2m)m \/det(V,)
where we introduce V,; and V), as the 2 x 2 sub-
matrices of V' and V), respectively, that describe the
mode g. Analogously, the 2-dimensional vectors
and @,y describe the projections of & and d, respec-
tively, to mode g.

The definition (8) imposes to take the infimum
over all possible decompositions of p~ in terms of
pure states. This implies that the average entangle-
ment of the pure state in any possible decomposition
is higher than Er(p~). The decomposition (21) can
thus be used to derive an upper bound for the entan-
glement increase, optimised over all possible decom-
positions of V. This leads to a first important result,
we find that

A . oIMm = — = A
Er(p )<‘}pgfv o 40P (@)Er(P, 7). (23)

We may then use (22) to explicitly bound Eg(p~) by
using only the initial state’s covariance matrix V, the
mean field @, and the subtraction mode g. Still, ap-
proaching the infimum in (23) remains a challenging
task, which we will not explore in detail in this Arti-
cle.

Rather than looking for state-dependent bounds,
we now focus on a universal bound that quanti-
fies the best possible entanglement increase through
photon subtraction.  Because p,, is a single-
photon subtracted pure state, we can use (17) to ob-
tain that Eg(p, ;) < log2 + Er(D(@)pp,D(a)h).
Furthermore, because entanglement is unchanged
under local unitary transformations, we find that
Er(D(@)ppD(a@)) = Er(pp). Inserting all these el-
ements in (23), we find that

Er(p™) <log2+ Vipng[ER(ﬁp)]- (24)

N
S
N—

Figure 2: Two examples of multimode entangled pure states.
The optical modes are indicated by black circles, in which the
color code indicates the increase (AER) in Rényi-2 entangle-
ment between the corresponding mode and the rest of the
system. The mode g with one photon subtracted is indicated
by a downward green arrow and its neighboring mode, mode
g', are marked with a green circle. (a) is a parallel optical
network with 10 modes, and all these modes are in the initial
vacuum sates. S indicates the two-mode squeezer operator
with parameter r = 1. D is the displacement operator, which
makes mode g produce a displacement of ag = 0.5. (b) is a
3 x 3 graph state. All these modes are in the initial squeezed
vacuum with 10 dB of squeezing. And the mode g also has
a displacement of oy = 0.5.

The second term of the right side is by definition the
Gaussian Rényi-2 entanglement of the mixed state 5
[43]. This entanglement measure is defined by min-
imising over all possible Gaussian decompositions,
but it is a priori not clear that there cannot be any
decomposition in non-Gaussian states that yields a
lower entanglement. In other words, we know that
Hifv Er(pp) < Er(PY), but it is not clear whether or
<

not this is actually an equality.

Hence, we have shown that photon subtraction
on any arbitrary Gaussian state p© can increase the
Rényi-2 entanglement by at most log 2 as compared
to its Gaussian Rényi-2 entanglement. A completely
analogous calculation for photon-added state results
in the same bound even though photon subtraction
and photon addition tend to increase the entangle-
ment by different amounts depending on the state.

7 Examples

To get a better understanding of the quality of the
bound and its physical interpretation, we will con-
sider a range of examples. Because there is no ex-
act method to calculate the entanglement for non-
Gaussian mixed states, we restrict ourselves to pure
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states where we can use (17) to calculate the entan-
glement increase. We consider the following two typ-
ical entangled pure states as examples:

1. We subtract a photon from a linear entangled
network, which is composed of several two-
mode squeezer gates, as shown in Fig. 2(a).
All the modes are initially in vacuum states
Do, then the output state can be expressed as
p = DUpOUTDT where U = S-S
with S; = exp[r(d;dir, — a az+1)/2} To test
the effect of a mean field, we add the operator
D that adds a displacement (o) to the mode-
g. Thus the covariance matrix of the state p is
Vaetwork = C'C, where C' is a symplectic ma-
trix that implements the multimode squeezing
operation on the quadratures Ut Bﬁ =C B .

2. We subtract a photon from a graph state, as
shown in Fig. 2(b), which is the backbone of
measurement-based CV quantum computation.
We start out from a set of independent squeezed
modes, with a joint covariance matrix given by
Vo = diag(s,---,s,s71,---,571). Every edge
of the graph corresponds to a C'; gate, which
turn those non-correlated modes into a graph
state. On the level of covariance matrices, the
action of the set of Cz gates is represented by a
symplectic transformation C, applied to V; [33]:

Vgraph = Ct‘/(]C, with C = 1 A

0 1 , Where

A is m X m adjacency matrix.

We can use methods purely based on phase space
representations [32, 31] to describe the Wigner func-
tion of a reduced photon subtracted state for any sub-
system A. A very detailed derivation can be found in
[47], leading to the general expression

Wz (Ba) =(IXVZ (Ba — Ga) — G,l? (25)
Htr(Vy = XV XT) = 2)

o WS (54) 7
HO‘QHQ + tr(Vg) -2

where 54 € R?™4 and X = GT(V — 1)A. Here,
G is a 2m x 2 matrix where the two columns are the
basis vectors g*(fﬂ) and ¢ associated with the two
phase space axes of mode g:

G=|g® g»|. (26)

Analogously, A is a 2m X 2m4 matrix where
the columns are the symplectic basis vectors
a™, ..., a%,a”, ... &%), that generate the phase

space of subsystem A:

| | | |
A=a® o A e | e

al “ee moa

In (25), we then obtain the matrices V4 = ATV A
and V, = GTV@, and the displacement vectors
a4 = A'd and @; = G'd. We can now use stan-
dard techniques of Gaussian integrals to evaluate the
marginal purity (7) from W ( 3.4) for an arbitrary bi-
partition \A. This in turn allows to directly evaluate
the entanglement increase (17).

In Fig. 2, each circle represents a mode in a mul-
timode quantum state, and the color code inside the
circle indicate the increase in entanglement between
the mode (subsystem .4) and the rest system (subsys-
tem 3). When a photon is subtracted from the mode
g (marked by the green arrow) in the pure multimode
systems, non-Gaussian features will spread from the
mode g to other modes, whose entanglement can also
increase. In Fig. 3(a) and Fig. 3(b), we respectively
show the increase of entanglement (A& g) related to
mode g and mode ¢’ (representing the neighboring
mode of g and marked by a green circle in Fig. 2). As
shown by the blue and pink curves, A€ i increases as
the degree of squeezing increases until it approaches
a maximum. The maximum values are usually differ-
ent for different initial Gaussian states, but they are
all less than log 2. In Figs. 3(c) and 3(d), each dots
represents a different bi-partition for the examples of
Figs. 2(a) and 2(2), respectively, which we group de-
pending on the number of modes in subsystem .A.
The entanglement increase varies depending on the
modes that are comprised in each subsystem, but it is
never greater than log 2.

Finally, we aim to provide an intuition for the
value log 2 of entanglement increase. To this goal,
we restrict to a two-mode system prepared in a non-
displaced pure state [¢)) = U(|0) ®|0)), where U is a
Bogoliubov transformation. When we subtract a pho-
ton in one of the two modes, we can use (14) to write
the photon-subtracted state [¢)~) = Ub(|0) ®[0)) /N
(with A/ a normalisation factor). We recall that b=
UT&gﬁ —k-al +1-a, which implies that

97) = U1 ) ©10) + B2 [0y @ (1)) (28)

In particular in the limit where the squeezing induced
by U is small, we find that |¢)) resembles the vacuum
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state with negligible entanglement. On the other
hand, [¢)7) is close to a single photon that passed
through a beam splitter. The maximal entanglement
in this low squeezing limit is achieved for the Bell
state [¢~) =~ (|1) ® |0) + |0) ® [1))/ /2, which
has a Rényi-2 entanglement Er(|¢)) = log2. This
corresponds exactly to the maximal entanglement
increase and thus we can interpret our findings
as a generalisation of this phenomenon to mixed
states of arbitrary many modes with arbitrary
amounts of squeezing. Because of this connection
to Bell states, the maximal entanglement increase
AER = log 2 may also be referred to as one ebit [50].

8 Discussion

We strictly prove that single-photon subtraction can
reduce the purity of any multimode Gaussian state by
at most a factor 1/2. This means that for any bipartite
entanglement of all Gaussian pure states, the amount
of Rényi-2 entanglement that can be gained by single-
photon subtraction is at most log2. We then show
that mixed photon-subtracted Gaussian states can be
decomposed as a mixture of pure photon subtracted
states and that the upper bound on entanglement in-
crease also applies to mixed states. A fully equivalent
treatment of single-photon addition yields the same
result (see end of Appendix B). Finally, we evaluate
the actual Rényi-2 entanglement of two multimode
examples based on the Wigner function and show that
the bound can be reached.

Furthermore, we highlight that eq. (23) can more
generally be used to evaluate state-dependent upper
bounds for the increase in Rényi-2 entanglement
due to photon subtracted states. It can thus be
used to evaluate the robustness of the additional
non-Gaussian entanglement to photon loss using the
methods of [51]. Furthermore, photon subtraction is
also a method to remotely generate Wigner negativity
through Einstein-Podolsky-Rosen Steering [52, 53].
As an outlook, we expect that the bound of eq. (23)
can help understand whether there is a trade-off
between the generated Wigner negativity and the
increase in non-Gaussian entanglement. This high-
lights the importance of our results in understanding
the resourcefulness of non-Gaussian operations and
their potential use in quantum technologies.
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Figure 3: (a) and (b) are the increase of entanglement AE R
as the degree of squeezing changes, corresponding to the
network and graph states in Fig. 2, respectively. The solid
and dash curves correspond to the photon-subtracted mode
(mode-g) and its neighboring mode (mode-g’), respectively.
The blue (cyan) and the red (pink) curves correspond to
the small displacement a; = 0.5 and ay = 0, respectively.
The single-mode Wigner functions are shown for the curves
pointed by the green thin arrow. (c) and (d) Each scattered
dot represents a different bi-partition with m 4 modes in sub-
system A. The blue and the red scattered dots in Panel (c)
correspond to the first example in Fig. 2(a). The cyan and
the pink scattered dots in Panel(d) correspond to the second
example in Fig. 2(b).
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A Decomposition of single-photon subtraction operation

In CV quantum optics, for an arbitrary m-mode Gaussian state pg, we can write a thermal decomposition as

>

b>

A

puUTDT, (29)

where U is an arbitrary canonical unitary and D = H (ai) is displacement operator, which displace the

vacuum state to generate coherent states |a;) =

m

D(a;)|0). Furthermore, pp; = & pi, where single- mode

i=1

thermal states p; = (0,V;) can be fully characterised by a covariance matrix V; = diag(n;,n;), , where n;
is the fraction of thermal noise compared to shot noise. Then the purity of po(X, V') can be expressed as

(A2 o
Ho = Hl tr(p7) = ‘H1 o
P

1=

When subtracting a photon to the mode-g, it corresponds to a unitary Bogoliubov transformation

01Dt DU = b+ o,

where af = ( cval )T anda = (a1, -+, am) "
N/

[= (Iq,--

. A'set of 1 x m complex matrices k= (k1,-

- =

with b=Fk-a' +1-a, (30)

-+ k) and

1
m) corresponds an canonical unitary U. Thus, we convert the single-photon subtraction operation

on the mode g into the addition and subtraction operation on each thermal mode. Thus the single-photon

subtracted state can then be written as

agpoag

DU+ ag)pu (b + o) UTDT

tr(agpodt)

o , G
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where the normalization factor ' = tr(bpasbt) + g |?. Due to DU will not change the purity, so the purity of
an arbitrary single-photon subtracted state can be expressed as

pN? = tr([bpard’ + ag|”par + agprrb’ + agbpa]?)
= tr((bparb! + |og*pna)? + (agpardt + agbpar)?)
= tr(bparbTbparb’) + ag| 't (ph) + g tr(pard parbT) + ag®tr(bparbpar) +
g [ex(parbparbt) + tr(bpnrb o)) + o Plox (5arbBpar) + tr(bparpnrd)l.  (32)
where we have used that tr(lA)ﬁMlA)TﬁMIAJT) = tr(lA)ﬁMlA)TlA)ﬁM) = tr(ﬁMﬁMlA)T) = tr(ﬁMl;ﬁM) = 0, since p; is a
diagonal matrix, and &}L (a;) is off-diagonal matrices. Similarly, for single-photon addition, the calculation is

equivalent the same expression just by swapping the values of k and [ and the values of ag with ag.
For the same Gaussian state, different form Eq.(29), we can also take the following decomposition

po=UDE)puDE)TT. (33)

In this case, we just need to to replace a;, with Yot ki + ;o in Eq.(32), which is still applicable, regardless
of the decomposition form.

B  Generalized expression of relative purity

B.1 When o, =0

When a = 0, only the first term of (32) is retained.
Let us take m = 1, so that (32) becomes

N2 =tr(bpasbtoparb) (34)

=|k1|*tr(al prasal pray) + || tr(apralar pral) + K2te(al pratal pral) + k22t (aprasay pran)

e [P0 *er(@l pranaa pral) + te(arpralal pran)] + 1k Plb Ple(@l pralan pran) + tr(anpanal pral)]
+Hk PRl (@l pranal pral) + te(al palalpran)] + [k PRl (@] prasanpran) + tr(aapranal pran)
PRl [te (@ pralal pral) + tr(al prafan pral)] + 1 ki [te(ar pralaspran) + tr(an prasas pral)].

Remove the zero traces and replace the subscript 1 with ¢, we get any single-mode purity

11;:N? :|ki|4tr(azﬁididTﬁi&i) + |l'|4tr(aiﬁi&T&iﬁiAT) (35)
AAAAAAA

F2lkil 2 Pee(al praiaspial) + 21k 2| (@l pial aspras).

When we generalise this to a state with an arbitrary number of modes m, we find that the purity can be expressed
as

1 m moq
Z ZMN S H - +4- Z[kzilitr(&iﬁi&jﬁi) . ni|2 Z |kilitr( azpla Di) nz| H n—
=1 =1 =1 =1 =1
moq
[(an tr(al p2as) + |1 Pte(agp?al)] - ni)? an Ptr(al p2ay) + |l Pee(aipa)))? - nd) - I o
i=1 i=1 =1
m TR m o m 1
(Il + 1) ox @spia] )] - mi)® = S [(kal + [l ex@aprarf po))? -] - [T — (36)
=1 =1 =1 """

where N; = \ki|2tr(&1pi&i) + |li\2tr(&ipid1). Therefore, the traces in (36) are related to the single-mode
photon-added and -subtracted thermal states, which are the key to deriving the expression of final purity. For-
tunately, Winger function provides us with an easy way to calculate these traces. For a single-mode Gaussian
thermal state p;, the Wigner function is

1 2 2
exp[- Lt Pi)

37
2 n; 2ni ( )

wi(qi, pi) =
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where ¢; and p; are amplitude and phase quadrature. Then the Wigner functions due to photon addition or
subtraction are

n;+1 1

w(;41)(qi pi) = (—— o (¢7 +p7) — ni)wi(q“pi)’ (38)
n; — 1

w(;,—1)(¢i, Pi) = (Tn(qzz +p7) + —)wilgi; pi)- (39)

Thus, we can calculate the traces by the above Wigner functions:

-1
tr(&ﬁidT) / qz sz widg;dp; — 1 = 2 ) (40)
+ 1
tr(&Tﬁid) / qz sz widgidp; — 1+ 1= nl;_ , (41)
which are the quantities related to the average-photon in the thermal state. Similarly, we can get that
tr(dﬁ'&Tdﬁ&T) (1+n?) n;—1
asatanat) = ¢ i a5.a7)2 = i) % 2
tr(apa’apia’) = tr(apan? tr(apa’)” = 23 (—5—)% (42)
TR 14+n7) ni+1
tr(alpsaa’ pia) = ( 2n§l)( 22 )%, (43)
which are quantities related to the purity of the photon-added and -subtracted states.
ats.aan:at as-atats:a s.atalsaa (ng —1)?
tr(a' p;aap;a’) = tr(ap;a'a’p;a) = tr(p;a'a’ p;aa) = a3 (44)
i

which can be obtained by photon-added and -subtracted Wigner functions through the following integration

2,2 2 .2
At A AAA A C +D; S+ D;
tr(afpaapsal 47T/w (i,41) * W(,—1)dgidp;) - (/ P dgidp; — 1)- (/ g 1 & w;dg;dp;)(45)
(n? —1)?

4

8n3
With the help of Wigner function of single-photon added or subtracted and Gaussian thermal state Wigner
function, we can get
? + p} ni+1,mn;—1
tr(pia! pia) = tr(piapial) = (47T/wi - w(;,—1)dgidp;) - (/ 4 1 B 2P dgsdp; — 1) = ;ng ( 12 )-

7

Due to the noncommutative nature of creation and annihilation operators, we have
tr(ap;aa’pal) = tr(apatapal) + tr(pfata) = tr(alpaa’ pa) — tr(pfa’a) — tr(p?),

then we can deduce the following traces

n; —1)2 I ni +1)32 o n aata n? —1)>2
tr(p?ata) = (241%2), tr(pfaal) = (147%2) and tr(ap;aa’pial) = (18713’) (46)
By bringing the results of these traces into (36), we get
po =5 QN+ 5 Z Mo/(z i)
24 2 n;
=1 i=1 =1

where N; = |k‘i|2”i2Jrl + |li|2"12—1 and N; = |k:l\2”ZT+1 - |ll|2”lT_1 Hence, we can immediately know the
relative purity is

L 1 "N, 1 m

g z /(Y N)? > 12

Mo 2 = =
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B.2 When o, #0

According to similar approach above, we can derive the following traces

|og[*tr(p,) = |ag|4N07 (47)
2 a7t X . At A kil (n? — 1)
g’ tr(parb parb’) = 20,5° Zk‘ litr(aqpia; pi)ni)po = ag (Z T on )10, (48)
i—1 i—1 i

2 s O Kili(nf — 1)
Qg tr(bparbpar) = 20, Zk‘ Litr(@ipia; pi)ni)po = o (Z —_t
i=1 i=1

s (49)

and
g [tr(parbpnrbl) + tr(bpard’ par) + tr(parbbpas) + tr(bparpas?)]

= 2la P[D (1Kl + L) tr(@pial piyns + > (ki Pee(p2asal)ng + |LPtr(p2alas)na) o

= Q\Qg\ZZNiuo. (50)

Thus the relative purity is

po 1 1
S =N+ 5 R “ o laglt +
Ho i=1 i=1 Z
o~ kil (nf —1) kl
ag’ (D~ ) g DL ZN + logl*)?
i=1 t i=1
1 1N 1 non?
:*+[§(Z;)2+§\ag|4+|zkili :
i=1 " i=1 v
2 2 mkflf(”%_l) kl(
g ZNi—i—ag (Z B e )+ag (27 ZN +|ag| ) (51)
i=1 i=1 ' i=1

Since (g + 3)? > 0 and (og — a)? < 0, thus we have —2|a| < a2 + a}” < 2|ag]2. Then

" kFF(n? — 2 kili(n? — "k (n? — O kili(n? —
LRI L 1))2_2‘3,%2@11(5 1)>'JZM(7 D oo

i=1 2nl i=1 =1 2711 i=1

where B = a,. Furthermore, The left side of the equation has

’Z ‘2 ZZI (2ni)2 +zzuzlklk EAL kl) 2n,~ ]2nj
n?—1
<y BEREOE = 4 55t i P P L
1=17=1
= (Z ’ki\Q\liP(;ﬁ)Z. (53)
i=1 v

So that
o kil (ng = 1) 2 e Eili(n? — 1) n (n? —1)
B3 S ) + B ) 2 =B Y kiRl (54)
i=1 ' i=1 v i=1 i

and we add |B|> -7, N; to both sides of the equation

.- - kilE(n? — 1) vo o Kili(ng — 1)
BP YN+ By M Ty ey M), (55)
i=1 i=1 g i=1 v
S S (nf —1)
> 183 - 5 =)
=1 =1 v
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Due to "151 > 0, thus

m m

ZNz Z /]k| \l; ,2(27_1))
=1
kPR - 1) - i)

Iy
R \/IZP D2 e ><ﬁ’2_nF>1

5

=1

.

> 0, (56)
so that
s "k (n? — 1 kili(ng —1
B> Ni+ B* ()~ i ))+B*2(Z Rilini = 1), 5 (57)
— — 2n; — 2n,;
=1 =1 =1
Therefore, the relative purity is always 1/2+ a positive number, so that
Hm 5 1/9. (58)

Ho

It is a proof that for any Gaussian state, single-photon subtraction (or addition) can reduce the purity with at
most a factor 1/2.

The case of photon addition yields the same expressions with o, and o interchanged. In practice, the case
of photon addition will also lead to different values for k; and ;. However, this does not change any of the
proofs and as a consequence, we also find 4.}, /110 > 1/2 for photon addition.
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