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L'-GRADIENT FLOW OF CONVEX FUNCTIONALS

ANTONIN CHAMBOLLE AND MATTEO NOVAGA

ABSTRACT. We are interested in the gradient flow of a general first order convex functional
with respect to the L'-topology. By means of an implicit minimization scheme, we show
existence of a global limit solution, which satisfies an energy-dissipation estimate, and solves
a non-linear and non-local gradient flow equation, under the assumption of strong convexity
of the energy. Under a monotonicity assumption we can also prove uniqueness of the limit
solution, even though this remains an open question in full generality. We also consider
a geometric evolution corresponding to the L'-gradient flow of the anisotropic perimeter.
When the initial set is convex, we show that the limit solution is monotone for the inclusion,
convex and unique until it reaches the Cheeger set of the initial datum. Eventually, we show
with some examples that uniqueness cannot be expected in general in the geometric case.
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1. INTRODUCTION

We consider the functional

O(u) = /QF(DU) u € BV(Q),
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where Q is a bounded, connected, open subset of R¢, and F : R — [0, +00] is a convex
function with F'(§) > ¢(|{] —1) for some ¢ > 0. We also assume that the set {£ : F(£) < 400}
has non-empty interior and contains 0.
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We are interested in the gradient flow of ® with respect to the L'(Q)-topology, with either
homogeneous Neumann, or Dirichlet boundary conditions; in the latter case the functional
has to be relaxed, with an appropriate boundary integral, if the function F' has linear growth,
and we leave the details to the reader.

In order to show existence of a solution, we follow the general approach in [11] (see also
the comprehensive reference [3]), which is known as the minimizing movement scheme and
applies to functionals on metric spaces, under general assumptions. However, most of the
theory developed in [3] does not apply to our setting, since the Banach space L!(2) does not
satisfy the Radon-Nikodym property (see [3, Remark 1.4.6]). In particular, we cannot derive
uniqueness of gradient flow solution from general results, and we are able to prove it only in
some special cases.

For this reason, the are few results in the literature concerning L!-gradient flows. In [10]
the author considers the L'-gradient flow of a second order functional related to the Willmore
energy, and studies in detail rotationally symmetric solutions. We also mention [17] where
the authors, motivated by a model of delamination between elastic bodies, study a monotone
geometric flow by means of a minimizing movement scheme reminiscent to the one in Section 5.
They show existence of a limit solution and discuss some examples.

The plan of the paper is the following: in Section 2 we introduce the minimizing movements
and we show convergence of the discrete solutions to a limit solution. We also show a general
dissipation estimate from which we derive, under the assumption of strong convexity of F, a
gradient flow equation satisfied by the limit solution.

In Section 3 we analyze the case when the initial datum is a subsolution (see Definition 3.1).
In such case the limit solution is non-decreasing in time and it is indeed unique.

In Section 4 we consider the simplest possible functional, that is, the Dirichlet energy. In
this particular case we can show a stronger uniqueness result, namely that the limit gradient
flow equation always admits a unique solution.

Finally, in Section 5 we consider the geometric evolution corresponding to the L!-gradient
flow of the anisotropic perimeter. Even if we are not able to characterize the limit flow as we
do in the case of functions, when the initial set is convex, we can prove that the evolution is
unique, monotone for the inclusion, and remains convex until it reaches the Cheeger set of
the initial set. In two dimensions we also show that it stays convex until it becomes a Wulff
Shape, and then shrinks to a point in finite time. Simple examples show that the geometric
evolution is in general non-unique, after reaching the Cheeger set.

Acknowledgements. The second author is member of INDAM-GNAMPA and was supported
by the PRIN Project 2019/24. Part of this work was done while he visited CEREMADE,
supported by Univ. Paris-Dauphine PSL.

2. EXISTENCE OF SOLUTIONS

2.1. Minimizing movements. Following [I11], we introduce the L!-minimizing movement
scheme. Given u? € L'(2), we let u™, for n > 1, be a minimizer of

min ®(u) + % </Q o — u"l\dx>2. (2.1)

If F has superlinear growth, then u™ € WH1(Q2). Assuming in addition that F is strictly
convex, we deduce that if ' is another solution, Du’ = Du™ a.e., and v/ —u" is a constant. As a
consequence, any other solution is of the form u™+c¢ where c is a minimizer of ||u™ —u""1 —¢]|1,
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that is, a median value of u™ — u™!. Notice that, by convexity, the set of median values is
an interval. If u"~! € WH1(Q) (which is true for n > 2, and which will we assume for n = 1),
then, since u"™ —u"~! € W1(Q) and Q is connected, it has a unique median value, hence we
have the following result.

Lemma 2.1. Assume that F is stricly convex with superlinear growth, and that ®(u®) < +o0.
Then for any n > 1, there is a unique minimizer to (2.1).

Remark 2.2. In case F' is not strictly convex or the growth is not superlinear, the uniqueness
is not guaranteed. However, in that case,

(1) by strong convexity in u + ||[u — u™!||; of the energy, one easily sees that given any
two minimizers u, v’ of (2.1), ||u —u™ |1 = ||u’ — u"1||1;

(2) one can easily build measurable selections of the solutions 7 — u™ as 7 varies, as
follows. A first observation is that for any p € [1,d/(d —1)], if the energy of w in (2.1)
is finite, then u € LP(2), by Sobolev’s embedding and using that ®(u) controls the
total variation of u. Then, given p € (1,d/d — 1), for € > 0, one can consider the
unique minimizer u®(7) of the strictly convex energy:

1 2
u) + — (/ lu — u"_1|dm> + 8/ |ulPdx
2T [¢) [¢)

and one easily shows that 7 + u®(7) is continuous (in L'(2), as well as LP(f2)).
Sending ¢ — 0 we find that u*(7) — u(7), the solution of (2.1) with minimal L?
norm, which is thus a measurable selection.

We can now define u,(t) := ul/™) where || is the integer part, and we show the following
theorem (whose proof is classical).

Theorem 2.3. Assume that ®(u’) < +oc0. Then, there exists u € CO(]0,+00); L' (2)) and a
subsequence Ty — 0 such that u,, — u in L>=([0,T]; L1(Q)), for all T > 0, and

lu(s) = u(®)[lh < V22(u0) /[t - 5]

for any t,s € [0,T).

Remark 2.4. If we consider the piecewise affine interpolant 4, of u™ in time, defined as
u+(t/7—1)(u" Tt —u™) for nT <t < (n+1)7, rather than the piecewise constant interpolant,
then the convergence is also in C°([0,T]; L' (£2)).

Proof. For any 0 < m < n, we have

n—1

lur(n7) = ur(mr)[IF < <Z lur ((k + 1)7) — ur(kT)!h)

k=m

n—1
—m) > ur((k+1)7) = ur (k7)I}
k=m

n—1

<27(n— Z (ur(kT) — ®(ur ((k+1)7))
k=m

= 2(®(u™) — D(u"))(nT — m7)

< 2®(u®)(nT — m7),
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where we used the Cauchy-Schwarz inequality and the minimality of w,(k7), and the fact
that the sequence (®(u")),, is non-increasing.

We deduce in addition that ®(u,(t)) < ®(u®) for any ¢ > 0, so that, thanks to the assump-
tions on F and together with the bound on |lu,(t) — u°||1, we find that there is a compact
subset of L}(Q) (even LP(Q), for p < d/(d — 1)) which contains u,(t) for any ¢ > 0.

For any t,s > 0, if follows that

lur(t) = ur ()l < V20 (uO)VI[t/7] = s/7][ 7 < V22 (u0)\/T + |t - s].

The compactness and convergence is then deduced by the Ascoli-Arzela Theorem. (|

By a simple interpolation argument, we can show a slightly improved convergence for the
previous theorem.

Proposition 2.5. Let p € [1,d/(d —1)). Then the subsequence (ur,); in Theorem 2.3 also
converges to u in L*>([0,T]; LP(?)) for any T > 0, while the piecewise-affine interpolants tr,
converge in C°([0,T); LP(12)).

Proof. By construction, for ¢ € [0, 7] the norms ||ur(t)|/4/(4—1) are uniformly bounded and for
1 <p<d/(d—1), there is a compact set of LP(Q) such that u,(t) € Cp.

For 0 < e < 1, writing |u(t) — u-(s)|P = |ur(t) — ur(8)[}=|ur(t) — ur(s)[P~1+€ and using
Holder inequality, we have

|WAw—u4$%fﬂwaw—u4$M*(Agm@»—mwﬂ”?j

hence if (p —1)/e +1 < d/(d — 1), for instance for e = (p — 1)(d — 1) < 1 (or any € < 1 if
d =1), we find that

d_(q_
lur(t) = ur(s)lp < CV/T [t —s]7

Hence, the convergence is also in L*°([0,T], LP(2)). O

2.2. Euler-Lagrange equation. The Euler-Lagrange equation for v minimizing (2.1) takes

the form:

n n—1
—div 2" 4 el sign(u” —u""1) 30
T (2.2)

2" Du' = F(Du™) + F*(z")

where the last statement is in a weak sense if F' has minimal growth 1 (Du can be a measure),
otherwise we just have 2" € 9F(Du").

This follows from [13, Prop. 5.6], applied in V = L'(Q) and V* = L*>(Q). In that case,
u +— |lu —u"1|?/(27) is everywhere continuous while ® is lower semicontinuous. Hence,
O(P() + || - —u™ 13/ (27)) = 0@ + 3| - —u™"||2/(27), where the subgradients are elements
of L*>(€2). So a minimizer (u") is characterized by

n Ju" —u™ |y

0 € 0P(u") sign(u™ — u"1) (2.3)

where sign(t) = {1} for ¢t > 0, {—1} for t <0, and [—1,1] for ¢ = 0.
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2.3. Estimate of the time derivative. The class of functionals ® we are considering satisfy
the following fundamental estimate: for any u,v € L'(£),

D(uAv)+ P(uVv) < P(u)+ P(v) (2.4)

(with equality if F' has superlinear growth). Here for z,y € R, z V y = max{x,y} and
x Ay = min{z,y} and the notation extends to real-valued functions. In this context, we can
prove the following:

Lemma 2.6. Let v € L'(Q2), ¢ € L>®(Q) with q € 0®(v). Let u be a minimizer of:
1
D) + - lu— o}
T

Then
lu— vl

< [lglloo-
-

Proof. The following remark is crucial: if ¢ € 9®(v), p € 0®(u), then (denoting as usual
zt=xzVvO0and 2~ = (—z)"):

/ (gq—p)(v—u)Tdx>0 and /(q —p)(v—u)"dx <O0. (2.5)
Q Q

Indeed, one has:

D(u V) > P(u) +/

p(uVv—u)dr and P(uAv)>d(v)+ / g(u Nv—wv)dz. (2.6)
Q

Q

Using that uVv—u = (v—u)" and uAv—v = —(v—u)T, the first inequality in (2.5) follows

by summing the two previous inequalities and using (2.4). The second is proved similarly.
Since in the Lemma, u satisfies the equation (cf (2.3)):

lu = vllx

Ip € 0P (u) N —sign(u — v)——,
-

we deduce from (2.5) that (here “sign” is single-valued as the integrand vanishes for v < u):

0< / <q — sign(v — u)Hu_le> (v —u)tdx < <(ess supq) — Hu—1)]1> /(v —u)tdx
Q T Q T Q
(2.7)
< ess supq ¢. Similarly (multiplying with
—(v —u)~) we show that so that if {v < u} has positive measure, M < —ess infg gq. The
thesis follows. ]

so that if {v > u} has positive measure, fuvlls

We deduce immediately the following result, as a consequence of Lemma 2.6 and the Euler-
Lagrange equation (2.3).

Theorem 2.7. Let v’ € LY(Q), 7 > 0 and (u")n>0 defined by the minimizing movement
scheme. Then

i. for anyn > 1,

n+1

I "

R T

— ?

T T
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ii. if in addition O®(u) # 0, then for any n >0,

HunJrl _ Un”l

< [102°(u”)|o

where 0P denotes the minimal norm of an element in the subgradient.

Corollary 2.8. Let u be an evolution provided by Theorem 2.3, and assume again 0P (u®) # (.
Then u s Lipschitz in time and satisfies, for a.e. t > 0,

. 0(,0
[a(8)][1 < |02 (u”) oo
2.4. Dissipation estimate. We shall prove the following dissipation estimate.

Theorem 2.9. Let u° satisfy ®(u’) < +oo and let u be a limit of minimizing movements
given by Theorem 2.3. Then, for any t > 0, 4 is a measure with marginal s — |4(s)|(Q) in
L2(0,t) and there exists ¢ € L*((0,t); L=(2)) with q(s) € —0®(u(s)) for a.e. s >0 such that

I I
B(t) + 5 [ (i@ s+ 5 [ la(s) uds < D) (28)
Proof. We remain in the framework of Theorem 2.3, assuming that ®(u") < +oc and that
u,, defined above converges, up to a subsequence, to a function u € cot/ 2([0, T); LY(2)).

[0,
As usual (see for instance [3, Sec. 3.2]), for nT <t < (n+ 1)7, we let @ (t) be a minimizer
of

m&n@(u) + m”u —u"||3,
which satisfies the Euler-Lagrange equation
~T t —u” . ~
O (i, (1)) + w&gn(uT(ﬂ —u™) 3 0. (2.9)

2(t — nr)
By Remark 2.2-(1), observe that even if the minimizer might be non-unique, the value of
llar(t) —u™||1 is. In any case, as mentioned in Remark 2.2-(2), we assume that ¢ — @, (t) is
measurable. We also have that |a,(t) — u-(¢)|l1 < /2®(u®)(t — 7) so that @, converges to
the same limit as u,, also uniformly in time.

Now, for n >0, 0 < s < 7, we let h(s) = ® (- (n7 + 8)) + |- (nT + s) — u"||?/(2s), hence
h(7) = ®(u™) + |Ju™tt — u™||2/(27) and lims_o h(s) = ®(u™). It is standard that:
"3

ur(nT+58) —u
(o) < Mot ) =l
so that (using h(7) = limeo h(e) + [ h/(s)ds)
n+l _ . n T |5 |2
@(un-i-l) + HU > u ||1 < (I)(un> . ;/0 ||UT(TZT '1‘8;) u Hlds.
Thanks to the Euler-Lagrange equation (2.9), we deduce:
1 DT 1 [T
o4y [ s g [ ) s < @),
nr nr

where for all ¢, q,(t) € —0®(u,(t)), and u(t) is the piecewise-affine interpolant, which also
converges to u up to a subsequence (in C°([0, T); LP(Q)) for 1 < p < d/(d — 1), see Prop. 2.5).
Summing this inequality from n =0 to [¢/7| — 1, for 0 < ¢ < T, we find:

Bur®) +5 [ N5 [ o) eds < 900,
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By lower-semicontinuity of the convex functions appearing in the integrals we claim that (2.8)
is deduced, where ¢ is a weak limit (in L2([0,T]; L” (Q))) of ¢, and p/ the conjugate exponent
of some p € (1,d/(d —1)).

The only difficulty is with the measure term. Given ¢ € C2°([0,T) x §2), it is not difficult
to check that for 7 small enough:

1 t—7
5] N> [ 0@ - / R / lo(s)]12ds
0

so that, passing to the limit along an appropriate subsequence,

t 1 [t 1 [t—7 .
/ ©(0)u’dr — / / pudrds — / lo(s) |2, ds < liminf / s (s)||3ds =: L.
9] 0 Q 2 0 T7—0 2 0

In particular (using also that u(t) — u° ast — 0), we deduce immediately that the distribution
@ is a bounded Radon measure (in [0,7") x ), satisfying for all ¢ < T

o1t
[ i [ lets)Rds <
[0,t]x2 0

Lettingn > 1,0 =1t < t; < --- < t, =t and considering m; > 0,7=1,...,n, and the
supremum over all functions ¢ with ¢ € C([ti—1,t;) x Q) with H@HLOO ) < my
we deduce:

7.17) zla

SN

Zmim“[tifl,ti) x Q) — (t; — 151-,1)m7 <.
=1

By uniform approximation of a smooth function ¢y € C2°([0,¢); Ry) by piecewise constant
functions, we deduce that the marginal measure |4|(€2) in (0, ) satisfies:

[ i@ - Juisas <

and it follows that |4|(Q) is indeed in L?(0,t), with

;| (il ()%ds < ¢

Now, we check that ¢(t) € 0®(u(t)) a.e.: given ¢ € C°((0,T) x Q), we have

T T T
/0 q)(gp(t))dtZ/o (ID(uT(t))dtJr/O /Qq.r(t,x)(uT(t,z)gp(t,x))dwdt.

Since @, — u in L®([0,T]; LP(R)) (using Prop. 2.5) and ¢, — ¢ in L%([0,T]; L (Q)), we

obtain that
T T
/ / qr(t, )i, (t, z)dxdt — / / q(t, x)u(t, x)dzdt.
0 Q 0 Q
It follows that

/OT(p(SO(t))dtZ /O ))dt + / [ atto)ute.o) ~ it )aode.

We deduce that for a.e. t, —q(t) € 0P (u(t)) O
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A dissipation estimate like (2.8) usually implies that the flow wu(t) is a curve of maximal
slope in the sense of [3, Def. 1.3.2], satisfying

P (u(t)) = —/ q(t)u(t) dz for a.e. t > 0. (2.10)
Q

However, as already observed in the Introduction, the results in [3] fail to apply in the (1, 00)-
duality, since L'(£2) does not satisfy the Radon-Nikodym property.

We shall rigorously prove (2.10) in the next section, under the additional assumption that
F' is smooth and strongly convex.

2.5. Strongly convex case. In this part, we first assume that in addition there exists v > 0
such that F' is y-convex:

F(n) 2 F(©)+p- (1) + 30— €

for any n,¢ € R? and p € 9F (). Then (2.6) becomes

S(u Vo) > P(u) +/

Q

D(uNv)>P(v) —|—/

Q

p(u Vo —u)d$—|—;/ |D(uV v —u)|*dx
Q

q(u Av —v)dz + % / |D(uAv—v)|2da.
Q
One now deduces, following the arguments in the proof of Lemma 2.6:

’y/ |Dv — Dul?dz < /(q—p)(v—u)+daf
{v>u} Q (211)

’y/ |Dv — Du|*dz < —/(q—p)(v—u)daﬁ.
{v<u} Q

Summing, we find:
’y/ |Dv — Dul?dz < /(q —p)(v —u)dx.
Q Q

Using v = u", u = u"*! and (2.3), it follows for all n > 1:

'y/ |Du™ ! — Du™|?da
Q

Hun+1 _ Un”l

N [ 1
< / —sign(u" — u" )= Fsign(u" — u™)
Q T T

> (u" — v dx
1 n+1 n||2 1 n n—1 n+1 n
< ==l = u" T 4+ flu” =" e = u"
T T
(there is an abuse of notation here since “sign” is multivalued, however we use only that
sign| < 1 and sign(u"*! — u™)(u" — u™*!) = —|ju"*T! — u"|), which we rewrite:

2

un-l—l —um 1 Hun—‘rl _ un”?
D d n+l _  nj., n__ ,n—1 2
T e I e e [ U IR
i — w2

< o= (2.12)
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Then, summing (2.12), we get the estimate:

nrT . 5 ”ul _ u0H2
0 T
Remark 2.10. If the initial speed is not bounded we can sum from m to n and get
nr . m+1 umH2 1 m
Di(t 2dt<Hu 1~ E+1 K2
3 [ WD) < P < it 2 T =
using Theorem 2.7, i. Then, using the minimality in the energy, we obtain:
nrt . 9
'y/ | Dy (¢ + 7|2t < (). (2.14)
mT mT

Recalling Theorem 2.7, ii., we are in particular able to deduce the following result:

Theorem 2.11. Assume F is ~y-convexr and let u be given by Theorem 2.3. Then 4 €
L2((t,+00); HY(Q)) for any t > 0, with

+o00 P 0
7/ \Daf2ds < 202
2 J, t

If in addition 0®(u®) # 0, then

+oo
v [ D < Jeetd)
0

Remark 2.12. Taking into account (2.11) when deriving (2.7), we can derive slightly more
precise estimates which may be useful in case the initial speed ¢° € 9®(u’) has a sign. Indeed,
we obtain for instance that:

e If {u! > 4"} has positive measure, then

Jul — Oy 0 Jo |D(u —u®)Pda
——F < esssup(—q ) — ;
- ) = =y,

e If {u! < 4"} has positive measure, then

[u' —u®lx o JoD(u! —u®)"Pdz
—— < esssupq — .
r Tl =)
In particular, if ¢° < 0 a.e., we deduce that u! > u" a.e., but then ¢! := —sign(u! — u")||u’ —

ul||?/7 € 0®(u') is also non-positive and again, u? > u! a.e.: by induction we find that
w1 >y for all n > 0.

If F is y-convex and C!, we have additionally (Remark 2. 10) that u(t) € HY(Q) for t > 0,
and ¢(t) = divVF(Du(t)) for a.e. ¢ > 0. In addition, 0;®(u) = [, VF(Du) - Didx =
— fQ qudz so that

B(u(0)) - / [ atsyitsydzas < 3 / la(s)II% + lis) |12

which combined with (2.8), yields that g(s) € 9| - ||3(w(s))/2 for a.e. s > 0. Hence we have:
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Theorem 2.13. Assume F is C' and strongly convex, and let u be a limit of minimiz-
ing movements given by Theorem 2.3, starting from u® with ®(u®) < +oo. Then, u €
L2((t, +00); HY(Q)) for any t > 0 and satisfies the equations

|div VF(Du)| < ||ul1 a.e. in £ x (0,+00) (2.15)
udivVF(Du) = |d|||a]l;  a-e. in Q x (0,400). '
2.6. Minimal surface energy. The case where ®(u) = [, /1+ |Du|?dz is in between

the prevous section and the last Section 5, where we mtroduce a geometric version of this
gradient flow. In that case, we remark that if we can show that when u? is L-Lipschitz for some
constant L. > 0, u remains L-Lipschitz, then from Section 2.5 we deduce that the solution
satisfies & € H'(Q) for positive time and that the characterization (2.15) holds. Indeed, in
that case, since the gradients are all bounded by L, F' is y-convex, with v = (1 + L2)*3/ 2,
This is the case for instance if we consider the problem in a periodic setting (Q = R?/Z%):

Lemma 2.14. Let Q = R%/Z¢, F(p) = \/1 + [p2, v a L-Lipschitz, L > 0 function and v a

minimizer of:
. 1 ?
min ®(u) + — |lu —v|dz | .
u 27 9}

Then u is L-Lipschitz, and unique.

Proof. 1t is enough to show it for the unique solution w,, p > 1, of:

1 2/p
min ®(u) + — </ lu — v\pdw> (2.16)
u 27’ Q

since in the limit p — 1 one recover a minimizer (hence the minimizer) for p = 1.
We first show the following: let v > v/, let v minimize, for some A > 0:

IDID(I) / |lu —v|Pdx (2.17)
and let u’ solve the same problem with v replaced with v'. Then, comparing the energy of u

with the energy of uw V v/, and the energy of u’ with the energy of u A v’ and summing both
inequality we end up (using (2.4)) with:

/\u’—v'[pdx—/ ]u/\u'—v’\pdx</\u\/u'—v\pdx—/ lu — v[Pdz,
) Q ) )

/ |u' — V' |P — |u — v |Pdx < / |u" — v|P — |u — v|Pdx.
{u<u'} {u<u'}

One may write this:

that is:

/ / plt — o/ (@) P2t — v'(x)) — plt — v(@) P2(t — v(z))dx <0,
{u<u'}

which, since —v(z) < —v'(z), is not true unless u > u’ a.e.
Now, assume v is L-Lipschitz and let u = u, be the minimizer of (2.16). For z € R? >0,
let v'(z) = v(x —2) — L|z| —e < v(z) and «/(x) = u(x — 2) — L|z| — € be the solution of (2.16)
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with v replaced with v/. The Euler-Lagrange equation for v and v’ are:

—0B(u) + L (fo |u—v|Pdz)*" ™" fu—vP~2(u —v) = 0,
—0®(W) 4+ L ([ v — v’|pda:)2/p_1 lu' — V' [P2(u — ') =0

hence letting A = |ju — v||>"P/7 = |lu’ — ¢||>"P/7, we find that u is a minimizer of (2.17)
while v’ is a minimizer of the same problem with v replaced with v/. We deduce that v’ < u.
Sending € — 0, it follows that

u(x — 2) — L|z| <u(z) Vee zeR?

which shows that u is L-Lipschitz.

We now observe that if there is another solution u’ € BV (R?/Z%), by convexity arguments,
the absolutely continuous part of the gradient must be the same as Du, and they can differ
only by a singular part. On the other hand, the regularity theory for minimal surfaces shows
that {(z,v'(z)) : x € RY/Z%} C (RY/Z4) xR is C1* (for any a < 1), so that if it has a vertical
part, one must have |Du| = +00 somewhere, a contradiction. Hence w is the unique solution
of the problem. O

Hence, we obtain the following result:

Theorem 2.15. Let u® a Lipschitz function over Q = R%/Z%. Then the discrete motion
conwerges to u(t) € C°([0,T]; LP()) for any p < d/(d — 1), with [ |Duf*dt < C®(u’)/s for
any s > 0, and satisfies

{rwn <l a.c. in

ora.e.t>0
—uky(z) = |4]||0]1  a.e. in Q 4 -

where kK, = div (Du/\/l + |Du]2) a.e.

Remark 2.16. The proof of the existence of a L-Lipschitz solution on the torus when u" is
L-Lipschitz is valid for any convex function F'(Du), so that the results in this section are also
true for F' smooth and strongly convex on any bounded subset of R%.

0

3. MONOTONE SOLUTIONS

In this section we consider the case of Dirichlet boundary conditions (dom(®) = u® +
HY(€)), and we assume that u® € BV () a subsolution in the following sense:

Definition 3.1. We say that u° € BV(Q) is a subsolution if for any v € BV () with
{v # 4’} cC Q, we have
v <u’ = d(v) > d(u?).
Lemma 3.2. If u® is a subsolution then, for any v € BV (Q) with {v # u°} CC Q, we have
®(max{u’,v}) < ®(v).
Proof. Since ug is a subsolution, we know that ®(min{u’,v}) > ®(u’). Recalling that
®(min{u’,v}) + ®(max{u’, v}) < ®(v) + d(u),
it follows that ®(max{u’,v}) < ®(v).
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Replacing u° with max{u®, u'} in the variational problem which defines u!, we find that
u! > 40 a.e. in Q; in particular, the Euler-Lagrange equation reads:

ut — uOlly

oD (ul) + | o(x) =0, ¢ esign(u' —u®) ae. in Q.

T

Proposition 3.3. If u¥ is a subsolution then, for any n > 1, u™ > u™ ' and u" is also a

subsolution.

Proof. This follows the proof of a similar result in [12] for mean-convex sets, see also Sec. 5.1.
By Lemma 3.2, for any v € BV () with {v # v’} CC ©Q, we have

®(max{u’,v}) < (v).
Let v € BV(Q) with {v # v’} CC Q, and assume v < u'. We have
lut — u®llx
.

B(v) > B(max{u®, v}) > B(ul) +/Q .

(max{u®,v} — u')dz

_ 1 [u' =y 1 0 1
=®(u) + (v — max{u",v})dx > ®(u")
T {ul >u0}
showing that u! is also a subsolution, and the thesis follows by iterating the argument. [
Let us set now A\; = |lu' — u®||1/7. We observe that for any v > u® with v — u° with

compact support, one has

d(v) > ®(ul) + N /Q —p(v —ut)dz.

Since v > u?, we get

/ —p(v —ub)dr = / ut —vdr + / —p(v —u')dzx
Q {ul>ul} {ul=u0}

2/ ul—vdm—/ v—uodx:/ul—vdm,
{ul>u0} {ul=u0} Q

d(v) +)\1/ vdr > d(u') —{—)q/ utdz.
Q Q

It follows that u! is a solution of the obstacle problem (with Dirichlet boundary conditions)

and we deduce that

min ®(v) + A / vdz.
v>ul Q

Notice that, if F has superlinear growth and is strictly convex, the solution is unique.’ Observe
also that, if v, v’ are minimizers of the above obstacle problem for, respectively, two different
non-negative parameters A and X', then the inequality

@(v)—i—)\/vda:+<1>(v')+>\’/v'da:ﬁ@(v/\v’)—k)\/
Q Q Q

shows that (A — X') [,(v —v')Tdx < 0. Hence, if X > X’ one has v < v’

v/\v’dm+¢(vVv')+A'/vVv'daz
Q

When F has linear growth such a statement is unclear, we only know that, for all A\; but a countable
number, the solution is unique, otherwise it is trapped in between a minimal and a maximal solution.
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Let us now introduce, for m > 0, the volume function
f(m) := min {@(v) cv>ul,v=u’ on 89,/ v —uldr = m} . (3.1)
Q

From now on we shall assume that F' is strictly convex and superlinear. For any A € R,
we define v as the solution of the obstacle problem with parameter \, that is, the unique
minimizer of

min ~ ®(v) + )\/dex. (3.2)

v>u9 v=u0 59
Observe that limy_, 1 v* = 1%, Thanks to the uniqueness of the solution and the comparison
principle, we observe that the domain D := {(z,t) : # € Q,u’(z) < t < supy<ov*(x)} is such
that for any (z,t) € D, there is a unique A > 0 such that ¢ = v*(x). Indeed, since both

supy~y v and infy .y v are minimizers of (3.2), they must coincide for all A. In particular,
the function

)\r—>/v’\—u0d:v::m>‘
Q

is continuous and decreasing, going from 0 as A — 400, to some maximal value m < 400
as A — +00” One can check easily that for any m, one has f(m) = ®(v*) for any \ such
that m = m?*. On the other hand, if v is another minimizer of (3.1), for m = m?*, then since
(V) + A [ov'de = ®(v*) + A [ v dx, v also minimizes (3.2) and by uniqueness v/ = v*.

In addition, given m,m’ and corresponding X, \’, we have

F(m') +am’ = d(™) + )\/

N —uldr > () + /\/ v —uldz = f(m) + Am,
Q

Q
showing that
f is convex and —\ € 9f(m). (3.3)

Observe that, in case F' is not superlinear or not strictly convex, one can still build by
approximation an increasing family of minimizers with increasing masses, minimizing the
obstacle problem for some non-increasing multipliers, but one might lose uniqueness.

Proposition 3.4. Let F be strictly convex and superlinear, and let u® be a subsolution, then
u™ = v’ for any n > 1, where A\, := |[u™ —u"" Y| /7.

Proof. By the above analysis u” is the unique solution of
min ¢ (v) + )\n/ vdx
vZu”fl Q
with A, = [[u™ — u"!||;/7. We show by induction that this is also v*», knowing that it is

true for n = 1. Assume it holds for «"~!, then by comparison principle and the fact ), is
non-increasing (see Theorem 2.7), one has v* > w1, Hence we get

O(u") + )xn/ udr < d(v™) + )xn/ v’ da
Q Q

But since u” > 40, the reverse inequality is also true, hence u™ and v are both minimizers
of the obstacle problem for \,. By uniqueness, we deduce that they coincide. O

2If domain of F is not the entire space, the maximal reachable mass m can be finite.
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Observe that A\, can be also built as follows: given A\,_1, when X\ decreases from \,,_1 to 0,
then || —u™~1||; /7 increases from 0 to ||v° — v 1|1 /7 > 0, and there is a value in (0, \,,_1)
for which they coincide. Moreover, letting m, = [, u™ — u’dx, by Proposition 3.4 and (3.3)
we have

My — My

= € —0f (), (3.4)
for any n > 1, so that the sequence (m,,), solves the discrete implicit Euler scheme for the
gradient flow of the convex function f.

Theorem 3.5. Let F be strictly convexr and superlinear, and let u® be a subsolution with
®(u’) < +o00. Then there exists a unique limit solution u given by Theorem 2.3 with initial
datum u®. Moreover, the function u is non-decreasing in t, and u(t) = v*® for ace. t >0,
where \(t) € L*((0,+00)) is positive and non-increasing.

Proof. The monotonicity of u in ¢ follows directly from Proposition 3.3.

Letting A7 (t) = Ajy/7j41 and m,(t) = myy/;j4 for £ > 0, by Helly’s Theorem we may
assume that, up to a subsequence, A; and m, converge pointwise to functions A(t) and m(t)
which are respectively non-increasing and non-decreasing. By Proposition 3.4 we then get
that u-(t) — u(t) = v and [, u,(t) — u’dz — m(t) = m*® as 7 — 0, for a.e. t > 0.

Recalling (3.4) we also have that m is the unique solution of the gradient flow

m+9df(m) >0

with initial value m(0) = 0, see for instance [5]. It follows that u(t) is the solution of (3.1) for
m = m(t), and since the latter is unique, we deduce that also the limit flow w(¢) is unique,
and that u, — u as 7 — 0, without passing to a subsequence. The fact that A € L?((0, 4+00)),
by the dissipation estimate 2.8. O

Remark 3.6. Observe that |[u" —u™7 ||y =73 1 N = [ A(s)ds, hence
to
llu(te) — u(tr)]|1 = A(s)ds for all 0 < t; < to,
t1

which is equivalent to

m(t) = /Qv/\(t) (z) — u®(z)dx = /Ut A(s)ds for all ¢t > 0. (3.5)

If F is of class C!, recalling that the functions v* satisfy
—divVE(Du) +A=0 a.e. in {v* > u'},
equation (3.5) implies (2.15).

Remark 3.7. If F is of class C! one can check that two different values of ) yield different
functions (when v* > 1, since in that case one has —div VF(Dv*)+ X = 0 a.e. in {v* > u°}).
Then, using that t — u(t) = v*®) is Hélder continuous in L'(€) by Theorem 2.3, it follows
that A(t) is continuous.
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4. THE DIRICHLET ENERGY

In this section, we consider the simplest case F/(¢) = |£|2/2, so that

1
o) = ; [ 1DuP
2 Ja
is the Dirichlet energy of .

In what follows, we shall consider either the case of Dirichlet boundary conditions (dom(®) =
u® + H(9)), or the case of homogeneous Neumann boundary conditions (dom(®) = H(12)).

4.1. Uniqueness. Assuming that ®(u") < +o0c, the limit solution u provided by Theorem 2.3
satisfies

1 [t 1 [t
/IDU(tvw)IdeJr/ IIiL(S)I?d8+/ HAU(S)IliodSS/ |Du*dz, (4.1)
Q 2 Jo 2 Jo Q

which is (2.8), and we take into account (¢f Theorem 2.11) that @ € L ([t, +oc]; H'(£2)) for
any t > 0, and 0P(u(t)) = {—Au(t)} for a.e. t. As usual, this can be rewritten:

/Ot </ﬂ Du(s,x) - Du(s, z)dz + %Hu(s)”% + ;‘AU(S)HZO> ds <0,

which is possible only if Au(s) € ||i||1sign(4) a.e. in €, for a.e. s € [0,T], and we obtain the
equations

< || e i
{‘Au| < ||y a.e. in ae. in [0,7], (4.2)

WwAu = |d]||alj;  a.e. in Q

of (2.15).
It turns out that this defines a unique evolution starting from u € H'(€). Indeed, for
different solutions w, v of (4.2) we have

i u— Dv|dt = u—Dv)-D(u—v)dr = — u— Av) - (u—v)dx
dt/Q’D Do|=dt Q/Q(D Dv) - D( )d 2/9(A Av) - ( )dx < 0. (4.3)

Theorem 4.1. For any v’ € HY(Q), there is a unique flow u € C°([0,+o00); HY(Q)) which
solves (4.2). In addition, the minimizing movements i, converge to u in C°((0,+00); H(2))
(ie., locally uniformly in time), as T — 0. The semi-norm of the speed || D1||2 is non-increasing
m time.

Proof. The uniqueness follows from (4.3) in the case of Dirichlet boundary conditions. In
the case of Neumann conditions, assume we have two different solutions u(t) and u(t) + ¢(t),
c(t) € R (with ¢ € HY(R,) thanks to (4.1)). The equations state, then, that for a.e. ¢ and
a.e. x € €2, both tAu = |4]||@]); and (@+¢é)Au = |a+¢|||a+¢||;. In case {Au = 0} has positive
measure, we deduce that either [|u/; = 0 but then 0 = |¢[2|Q2] on a set of positive measure,
meaning ¢ = 0, or |u| = 0 on a set of positive measure and on the same set, |¢|||u + ¢|[1 = 0.
Hence again, ¢ = 0 (or we would have @ = —¢ # 0 a.e., a contradiction).

Hence, we assume [{Au = 0}| = 0. Since in addition, [, Au =0 (in the case of Neumann
conditions), € is split into two sets QF of positive measure, with Au > 0 a.e. in QF, hence
@ >0, and Au < 0 a.e. in 7, hence @ + ¢ < 0. This contradicts « € H'(Q) if ¢ > 0, since
one would have |[{—¢ <4 < 0} = 0. Symmetrically, one cannot have ¢ < 0, hence ¢ = 0. We
deduce that ¢(t) = 0 (since ¢ must be continuous with ¢(0) = 0), and it proves uniqueness in
the Neumann case.
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The convergence of 4, to the unique possible limit u is guaranteed by Theorem 2.3 and
Proposition 2.5, at least in C°([0, T]; LP(2)) for any T > 0 and p < d/(d — 1). In addition, it
follows from (2.14) by standard arguments that || Di,(t)—Dii,(s)|| < 2/min{t, s} [, |Du’|*dz,
from which we also deduce the uniform convergence on any interval [¢t,T], T' >t > 0.

Eventually, the fact that the speed is non-increasing in H! follows from the fact that,
using (4.3), |[|[Du(t + €) — Du(t)||2 < ||Du(s + €) — Du(s)||2 for any t > s > 0 and any
e>0. U

We observe that the contraction property in the continuous setting also has a counterpart
for the discrete flow:

Lemma 4.2. Letv,v' € LY(Q), v—v' € HY(Q) (resp. HL(Q) in the case of Dirichlet boundary
conditions) and assume u is a minimizer of

1
oo llu ol + @ (w)
and v a minimizer of the same problem with v replaced with v'. Then:
1 1 1
= / |D(u —u')|2dx < / |D(v —v')|2dx — = / |D(u — ' — v+ )| de. (4.4)
2 Ja 2 Ja 2 Ja

and in particular
[Du — Du'[|2 < || D(v = v')|Ja-

Proof. Subtracting the Euler-Lagrange equations for u and v/, multiplying by (u—v)— (v —v)
and integrating by parts, we get:

/(Du— Du) - (D(u—v—u +v)der <0
Q
thanks to the monotonicity of the subgradient of || - [|2/2. It follows

—Ul 21’ U—Ul . U—U, Xr
/Q|D<u )2 s/ﬂm )- Dw—v)d
(4

from which we deduce (4.4). O

Specializing (4.4) to the case v = u", v/ = u"~!, for n > 1, we find:

/|D(u”+1—u”)]2dx§/ ]D(u"—u"_l)\zdx—/ D™ — 20" )Pz, (45)
Q Q Q

which shows that also for the discrete flow one has that ||Dii,||2 is non-increasing in time.

4.2. Energy decay estimate. In the case of homogeneous Neumann or Dirichlet boundary
conditions, we expect that limy_ [, [Du(t)[*dz = 0. Actually, we have the rate:

Proposition 4.3. Let u solve (4.2), with u* € H'(Q) (with Neumann boundary conditions)
or u® € H}(Q) (with Dirichlet boundary conditions). Then, for any t > 0 we have

/|Du(t)|2dfc§ecn/ DU Pz,
Q Q

where Cq is the constant in the Poincaré-Wirtinger (Neumann) or Poincaré (Dirichlet) in-
equality.
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Proof. We consider the minimizing movement scheme, and, given 7 > 0, n > 1, we com-

pare the energy of u" with the energy of u, := u" ! 4+ ar(u" ' — m"!), a € R, where

m" ! = [, u""1dx/|Q] is the average of u"~! for Neumann boundary conditions, and 0 for

homogeneous Dirichlet boundary conditions. One has in particular, thanks to the Poincaré(-
Wirtinger) inequality:
Hunfl o uaH% — a27_2Hun71 o mnflng < aQTZCQ/ |Dun71‘2‘
Q
Hence:
1 1
5 [ 1Du e+ o~
2 0 2T
1
< (14 2ar + T2a2)/ | Dy dx + TQ2CQ/ |Du™ 12,
2 Ja 2 Q
Choosing a = —1/Cq, we find:

1 2 1 —1)2 T 72
; [ipupar < 1D iE (- g4 ).

1 n|2 1 0,2 T 72 n
Q/Q\Du\deZ/Qwa (1—C—Q+C—§) .

We conclude using that

Hence,

t

2\ —
lim <1——T + I ) —e Ca.
Cao ' C3

n—oo,nT—t

5. GRADIENT FLOW OF ANISOTROPIC PERIMETERS

Given a norm ¢ on R? we consider the anisotropic perimeter

E s P,(E) := /M o(v) dHI .

Letting ¢° be the dual norm of ¢, we recall that the convex set

W, :={z e R": ¢°(z) <1},
usually called Wulff Shape, is the unique volume-constrained minimizer of P,, up to transla-
tions and dilations. We say that ¢ is smooth (resp. elliptic) if the function ¢?/2 is smooth
(resp. strongly convex).

We now introduce the geometric L'-minimizing movement scheme. Given 7 > 0 and
E C R?, we consider the minimum problem

. 1 2
min P, (F) + E’EAF‘ , (5.1)

and we let T FE be a (possiblynon-unique) minimizer of (5.1).
Given an initial set E° C R?, for all n € N we let E" := T"Ey. For (z,t) € R? x (0, +00),
we also let
E.(t) := Elt/] ur(7,t) = Xg, 1)(T)-

The function ¢ — E.(t) is the discrete L'-gradient flow of P,, with initial datum E°.
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We point out that the analogous concept for the L2-gradient flow of P,, where (5.1) is
replaced by the problem

1
min P, (F) + — / dist(z, OF) da, (5.2)
F 2T EAF
was originally introduced in [I, 16] as a discrete approximation of the mean curvature flow.

From (5.1) it follows that
1
P,(E™) < P,(E™')  and §|E”AE”_1|2 < P,(E™) — P,(E™), (5.3)

for all n € N, so that

n 2
|E"AE™? < <Z \E’“AE’“H)

k=m-+1
< 2r(n—m) i (Rp(Ekfl) - P¢(Ek)> (5.4)
k=m+1
< 27(n— m)PSD(EO),

for all 0 < m < n.
Reasoning as in the proof of Theorem 2.3, from (5.3) and (5.4) we get the following result.

Theorem 5.1. Assume that E° C R? is a set of finite perimeter. Then there exist a se-
quence T, — oo and a function u(x,t) € L=((0,4+00), BV (RY))NC2((0, +00), L' (RY)), with
u(z,t) = Xpu (v) for some family of sets E(t), such that

lim sup ||u(-,t) —ur (-t ay =0 VT > 0.
Jim s )= ()

Following [16, Lemma 1.3, Remark 1.4], we show a density estimate for minimizers of (5.1).

Lemma 5.2. There exists ¢ > 0 depending only on ¢ and the dimension d such that the
following holds: let E C R? and F a minimizer of (5.1), then

(1) for a.e. x € F\ E and all r > 0 such that |B(z,7) N E| =0, |B(z,r) N F| > cr?;
(2) for a.e. x € E, and r > 0 such that |B(xz,7) N E| =0, if |B(z,7) N F| < cr?/2, then
B(z,r/2)NF = 0.

) and, introducing

Proof. Following [16] we compare the energy of F' and F'\ B(z,r) in (5.
z,r)NE|=0:

1

b>a>0s.t. alx| < ¢(x) < blz|, we observe that for a.e. r > 0, if |B(x,r)
1 1

PoF) + 5| BAFP < Po(F\ B(x,) + 5-[(BAF)\ B(a,r)P

implies aH?~ Y (OF N B(z,7)) < bHYY(0B(z,r) N F). Introducing f(r) = |F N B(z,r)|, this
is rewritten (a + b)H* 1 (O(F N B(x,r))) < f/(r), and using the isoperimetric inequality we
deduce that for some constant v > 0 depending only on d, a, b, vf(r)!=1/% < #/(r). The thesis
follows from a version of Gronwall’s Lemma. O

Remark 5.3. A symmetric statement holds for points x € E, with B(z,r) N F replaced with
B(xz,r)\ F.
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Remark 5.4. A similar proof (see [16] again) shows that there exists 7(7) > 0 such that for
r < r(r), for a.e. x € F, |B(z,r) N F| > cr?, and for a.e. x ¢ F, |B(x,r) N F| > cr?. In
particular, the points of Lebesgue density 1 (resp. 0) of F' form an open set, the reduced
boundary of F is H% !-essentially closed, and there is no abuse of notation in denoting it dF.

5.1. Outward minimizing case.
Definition 5.5. Let Q C R? be open. We say that a set E C Q is outward minimizing if
P,(E) < Py(F) VF D EFCqQ.

Notice that if ¢ is smooth and E is an outer minimizer with boundary of class C? then E
is p-mean convex, that is, H,(x) > 0 for any « € OF, where H,(x) is the ¢-mean curvature
of OF at x (see for instance [9] for a precise definition). Conversely, if H,(x) > ¢ > 0 for any
x € OF one can build 2 DD FE such that E is outward minimizing in 2. Notice also that a
convex set is always outward minimizing.

We recall the following result proved in [12, Lemma 2.5] (see also [9, Section 2.1]).

Lemma 5.6. E is outward minimizing if and only if
P,(ENF) < P,(F) VF C Q.
From Lemmas 5.2 and 5.6 we obtain the following result.

Proposition 5.7. Assume that E CC € is outward minimizing in 2. Then, for 7 small
enough (depending only on ¢, dist(E,09), and the dimension) we have that T;E C E and
T, E is outward minimizing in 2.

In particular, the limit flow obtained in Theorem 5.1 is non-increasing and outward mini-
mizing in €.
Proof. The first assertion follows from the minimality of T F and from the fact that

1 1
P,(T,ENE)+ —|(T,ENE)AE]* < P,(T,E) + 2—|TTEAE]2,
T

27"
with equality iff T, E C E. We use here Lemma 5.6 which holds if we can prove first that
T:E C Q. Let r := dist(E, 92)/2. Then for 7 small enough, we have (comparing the energy of
T,F and F in (5.1)) that | T, E\E| < \/27P,(E) < cr?/2 where c is the constant in Lemma 5.2.
Using point (2) in Lemma 5.2, it follows that {z : r/2 < dist(z, E) < 3r/2} NT.E = ) and
we deduce that T, E C {z : dist(z, E) <r/2} CC Q.

In order to prove the second assertion, we fix F' such that T, FE C F' C €2, and we notice
that

1 1
Po(T-E) < Po(F N E) + o—|(F N EYAE? - 2—|TTEAE|2 < P,(FNE) < P,(F),
T T

where the last inequality follows from the outward minimality of E.
O

Remark 5.8. From Proposition 5.7 and (5.1) it follows that the set T F solves the minimum
problem
1 1
in P,(F) — = |E||F|+ —|F|? 5.5
min P,(F) — ~|B| |F| + 5_|FP. (55)

hence T E is also a solution of the volume-constrained isoperimetric problem (see also (5.12)

later on)
i P,(F). 5.6
FCE,T%1|2|TTE\ o (F) (56)
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If ¢ is smooth and elliptic (that is, ¢?/2 is smooth and strongly convex), from (5.5) it
follows that T E Nint(E) is smooth and satisfies the Euler-Lagrange equation

Hy(z) = EATEL

-
If in addition OF is of class C1!, by classical regularity results for the obstacle problem [0, 5]
OT.E is also of class CY! outside a closed singular set of Hausdorff dimension d — 2, and
satisfies the Euler-Lagrange inequality

_ |B\T:B]
T

Passing to the limit in (5.7) and (5.8) as 7 — 0, and reasoning as in Theorem 2.13, we may
expect that the limit flow F(t) satisfies the equations

for z € 0T, E Nint(E). (5.7)

0 < Hy(x) for a.e. x € 0T, E. (5.8)

0<H, < —%|E(t)| a.e. on 0E(t)
(5.9)
H, = —%|E(t)| a.e. on OE(t) Nint(EY),

for a.e. ¢ > 0.

Remark 5.9. We cannot expect that there always exists a constant A > 0 such that T F is a
solution of
in P,(F) — \F 1
min B, (F) — A|F], (5.10)

as it happens in the case of functions (see Section 3). In the sequel we shall see that, in the
case F is convex, this is true only if E does not coincide with its Cheeger set, and 7 is small
enough so that A is greater than the Cheeger constant of E.

5.2. Convex case. We now consider the special case of a convex initial set.

Proposition 5.10. Let d = 2 and assume that ¢ is smooth and elliptic. Assume also that
E° is a bounded convex set. Then the limit flow E(t) obtained in Theorem 5.1 is given by a
decreasing family of convex subsets of E°.

Proof. As in [17, Section 4.1] one can easily show that T, E is a convex subset of E with
boundary of class C11, satisfying (5.7) and (5.8). As in [1, Section 9] (see also [15, Theorem
2.3]), it follows that each connected component of 07 ENint(E) is a graph and it is contained
in rOW,,, with r = 7/|E\T-E|. As a consequence, if r is greater than the inradius of £, then

T.E = E; = U (x +rWe),
z+rWe: (z+rWy,)CE
otherwise T E = rW,, + s for some segment s C F, and s is a point if 7 is smaller than the
inradius of E.

By iterating the previous argument, and taking the limit as 7 — 0, get the thesis.
O

Remark 5.11. By the argument above we get that

E(t) = E_ te 0,77,

where r(t) is continuous, increasing, and 7" > 0 is the first time such that r(7") equals the
inradius of E. In particular, the limit flow is unique on [0, 7.
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Remark 5.12. By approximating a general norm ¢ with a sequence of smooth and elliptic
norms, following the proof of Proposition 5.10, we obtain that there exists » > 0 such that
T E=FE orT,E=rW,+ s for some segment s C E.

As a consequence, also in the case of a general norm, there exists at least one limit flow
E(t) given by a decreasing family of convex subsets of E. We point out that, in the general
case, we do not prove uniqueness of the limit flow.

In [7] it has been proved that, in any dimension d > 2, a volume-constrained minimizer
of P, inside a convex set E is unique and convex if its volume is greater or equal than the
volume of the Cheeger set of E, which is the minimizer F* of the variational problem

. PelF)
=\
PCE|F|
(A* is called the Cheeger constant of E), and is unique when E is convex [2, 8, 141]. The

Cheeger set is also characterized as the largest minimizer ({) being the smallest one) of the
problem minpcg P, (F) — X*|F|, which has value 0.

For A > )\*, there is a unique minimizer F* to (5.10), which is convex, and coincides
with the above volume-constrained minimizer (and is continuous with respect to A, see [7]).
Moreover, if ¢ is smooth and elliptic, A coincides with the mean curvature H, of OF ANintE
(otherwise it can be thought of as a variational mean curvature).

It follows that, as long as |E™| > |F*|, where F* is the Cheeger set of EY, we can define a
non-increasing sequence \, > A\* such that E” = F* and which satisfies, for n > 1,

| — BT

T

= )\n7

or equivalently for all n > 1,

n
|E°| = |E"|=7) A
k=0
In the limit 7 — 0, similarly to Section 3, up to a subsequence the non-increasing function
Alt/r]+1 converges pointwise to a non-increasing function A(t), while £.(¢) converges to FA1),
In particular, in the limit we find that:

B — |E(t)] = /O A(s)ds (5.11)

for all 0 < ¢ < T*, where A\(T™) = \*.

If ¢ is smooth and elliptic, since the sets F* are all different, the function ¢ ~ A(t) is
continuous on [0,7*], so that the function t — |E(t)| is of class C! by (5.11). We deduce
that (5.9) holds for all ¢ € (0,7%).

We then obtain a partial extension of Proposition 5.10 to arbitrary dimensions and for a
general norm .

Proposition 5.13. Assume that EV is a bounded convex set not coinciding with its Cheeger
set. Then there exists T* > 0 such that limit flow E(t) is given by a decreasing family of convex
subsets of E° fort € [0,T*]. Moreover, each set E(t) is a volume-constrained minimizer of
P, inside E°, and E(T*) = F* is the Cheeger set of EV. In particular, for t € (0,T*] E(t) is
the unique minimizer FMY) of (5.10) for some \(t) > A* which solves (5.11).
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For m € [0, |E°|] we let
f(m) :=min {P,(F): F C E°|E°\ F|=m}. (5.12)

Reasoning as in Section 3 we have that, for any m € [0,|E® \ F*|] there exists a unique
A™ > \* such that |[E?\ FA"| = m and P,(F*") = f(m). Moreover the function m — A™ is
non-increasing in this interval, and

“A™ € 9f(m), (5.13)

which implies that f is convex on [0, |E?\ F*|]. With almost the same proof as Theorem 3.5,
we can show the following uniqueness result for the limit flow E(t).

Proposition 5.14. Assume that E° is a bounded convex set not coinciding with its Cheeger
set. Then the flow E(t) given by Proposition 5.153 is unique and satisfies

dlE()]

dt

for allt € (0, T*), where A(t) coincides with the mean curvature of OE(t) inside E° and E(T*)
is the Cheeger set of E°.

= A1) (5.14)

Remark 5.15. If ¢ is smooth and elliptic, from (5.14) it follows that E(t) satisfies (5.9).

Recalling the proof of Proposition 5.10, when d = 2 the minimizer E™ in (5.12) is uniquely
characterized and coincides with the set £ as long as m > |E [, where 70 is the inradius of
E° and v™ > 7Y is such that |E.| = m. When m < |E| the minimizer E™ is only unique
up to translations.

If in addition ¢(x) = |z|, it has been proved in [15] that the function f is convex on [0, m°],
where m® = |EY| — | B,o| and E™ is a solution of (5.10) with A\ = 1/r,,, among sets of volume
greater of equal to | B, |. Observing also that f(m) = 24/7m(|E°| —m) for m € [my,|E"),
reasoning as above we get that f satisfies (5.13) for all m € (0, |E?]|), so that we can partly
extend the result in Proposition 5.14.

Proposition 5.16. Let d = 2, p(x) = |z|, and assume that E° is a bounded convex set. Then
the flow E(t) is defined on a mazimal time interval [0, Tinax), with
lim |E(t)| =0,

t— Tn) ax

it is unique up to translations, and satisfies (5.14) for all t € (0, Tyax), where A(t) coincides
with the curvature of OE(t) inside E°. Moreover, E(t) is unique as long as |E(t)| > |E|.

We show with two simple examples that uniqueness of the flow cannot be expected for
t > T*. In the following we fix d = 2 and ¢(x) = |z|.
Example 1. Let EY = Bpr(xg) for some R > 0 and zg € R2. Then, by the isoperimetric
inequality, T EV is a ball contained in E° of radius r minimizing the function

2
T 27 + —;T (R? —r?)?, (5.15)
T

that is, r = R—7/(27R?) +o(7) as 7 — 0. By iteration, it follows that the discrete evolutions
E7(t) converge, up to a subsequence as 7 — 0, to E(t) = Bg(z(t)), with

1
3t 3 2
- 3 Z 3
R(t) := (R 27r> for t € [0, SR )
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and z(t) is a Lipschitz function such that |2(t)| < |R(t)| for a.e. t € [0, 2TR3).
Notice that in this case the limit evolution is non-unique.

Example 2. Let E° = Bg,(21) U Bg,(z2) for some Ry > Ry > 0 and 1,22 € R? such that
|z1 — 9] > Ry + Ry. As in the previous example, we have that T, E° = B, (1) U By, (Z2),
with By, (Z;) C Bg,(x;) for i € {1,2}, and the radii ; minimize the function

2
2T
If R1 > R, by an easy computation it follows that r; = Ry and r9 minimize the function in
(5.15) with R replaced by Ry, that is, 7o = Ry — 7/(2mR3) + o(7) as 7 — 0. In particular, in
the limit as 7 — 0, we obtain the evolution E(t) = Bg, (z1) U Bp,)(72(t)), with R(t) and
x2(t) as in the previous case of a single ball.

On the other hand, If Ry = Ry = R then either r1 = R and r9 minimize the function in
(5.15), or viceversa ro = R and 71 minimize the function in (5.15). This implies that, in the
limit as 7 — 0, only one of the two balls start shrinking, whereas the other does not move
until the first ball disappears. As above the limit evolution is non-unique.

(ri,72) = 2m(r1 +72) + o= (RY =7} + B3 = 13)”. (5.16)
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