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ON THE CONVERGENCE OF CRITICAL POINTS OF THE
AMBROSIO-TORTORELLI FUNCTIONAL

JEAN-FRANCOIS BABADJIAN, VINCENT MILLOT, AND REMY RODIAC

ABSTRACT. This work is devoted to study the asymptotic behavior of critical points {(ue,ve)}e>0
of the Ambrosio-Tortorelli functional. Under a uniform energy bound assumption, the usual I'-
convergence theory ensures that (ue,ve) converges in the L2-sense to some (ux,1) as € — 0, where ux
is a special function of bounded variation. Assuming further the Ambrosio-Tortorelli energy of (ue, ve)
to converge to the Mumford-Shah energy of u., the later is shown to be a critical point with respect
to inner variations of the Mumford-Shah functional. As a byproduct, the second inner variation is
also shown to pass to the limit. To establish these convergence results, interior (¢°°°) regularity and
boundary regularity for Dirichlet boundary conditions are first obtained for a fixed parameter € > 0.
The asymptotic analysis is then performed by means of varifold theory in the spirit of scalar phase
transition problems. Lastly, a complete one-dimensional study allows one to exhibit non-minimizing
critical points of the Ambrosio-Tortorelli functional that do satisfy our energy convergence assumption.

1. INTRODUCTION

Let © € RN be a bounded open set with Lipschitz boundary (N > 1) and g € H2 () be a
prescribed Dirichlet boundary data on 0f). For infinitesimal parameters ¢ — 0 and 7. — 0 with
0 < ne < €, we consider the Ambrosio-Tortorelli functional defined by

AT (u,v) := /Q(ns +1}2)|Vu|2d95+/Q <5|Vv|2 + (1}451)2> dz, (1.1)

for all pairs (u,v) € H*(Q) x [HY(Q)NL>(Q2)] satisfying (u,v) = (g,1) on dQ. This functional, originally
introduced in [3] can be interpreted as a phase-field reqularization of the Mumford-Shah functional®

ue SBVA(Q),

MS(u) = /Q (Vul? de +HY (L) + HY T 00N {u # g}) i {v =1inQ, (1.2)

(u,v) —
+00 otherwise .

The Mumford-Shah functional is well known as a theoretical tool to approach image segmentation
[35, 34, 36]. It is also at the heart of the Francfort-Marigo model in fracture mechanics [14], and the
numerical implementation of this model heavily relies on Ambrosio-Tortorelli type functionals [7]. The
use of such phase-field approximation in numerics is usually justified through I'-convergence theory.
In terms of the functionals defined above, it states that AT. I-converges in the [L?(£2)]%-topology as
e — 0 towards the Mumford-Shah functional (see e.g. the seminal paper [4] and Proposition 4.1 below
for the proof of the lower bound inequality).

As a consequence, the fundamental theorem of I'-convergence ensures the convergence of global
minimizers (u.,v.) of AT. to (u,1) as ¢ — 0 where u € SBV?(Q) is a global minimizer of MS. This
result is of course of importance, but it is somehow not fully satisfactory. Beyond the fact that the use
of global minimizers in the models mentioned above remains under debate, this convergence result does
not really provide a rigorous justification of the numerical simulations based on the Ambrosio-Tortorelli

IWe refer to Section 2 for the notation used in the definition of MS.
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functional. One particular feature of AT is its lack of convexity due to the nonconvex coupling term
v2|Vu|? with respect to the pair (u,v). This is a high obstacle to reach global minimizers through
a numerical method. An idea employed in the context of image segmentation or fracture mechanics
consists in performing an alternate minimization algorithm, see [8]. Each iteration of the scheme is
well-posed since AT is continuous, coercive, and separately strictly convex. Letting the number of steps
going to infinity, the sequence of iterates turns out to converge to a critical point of the energy AT,
[7, Theorem 1], but this critical point might fail to be a global minimizer. Consequently, the original
target of numerically approximating global minimizers of the Mumford-Shah functional might be lost.
These issues motivate the question of convergence as € — 0 of critical points of the Ambrosio-Tortorelli
functional and it constitutes the main goal of this article, continuing a task initiated in [13, 23] in
dimension N = 1. In higher dimension, a fundamental issue in such an analysis is the regularity of
critical points of AT.. It is also of importance for numerics as the efficiency of the numerical methods
crucially rests on it. Here, we fully resolve this last question showing smoothness of arbitrary critical
points according to the smoothness of 92 and the Dirichlet boundary data.

A critical point (ue,v.) of the Ambrosio-Tortorelli functional is a weak (distributional) solution of
the nonlinear elliptic system

—div((na + vg)VUE) =0 in Q,

-1
—EAUE—FUET—FUE‘VUEP =0 1inQ, (1.3)
(ue,ve) = (g9,1) on 0N).

To be more precise, critical points of AT, are defined as follows.

Definition 1.1. Let Q ¢ RY be a bounded open set with Lipschitz boundary and g € H%(ﬁﬂ). A
pair

(e, v2) € Ag(Q) == {(u,v) e HY(Q) x [HY(Q) N L=(Q)] : (u,v) = (g,1) on 89}

is a critical point of the Ambrosio-Tortorelli functional if

% ’t:OATE(u g vt tp) =0 for all (6,0) € HY(Q) x [HL(Q) N L=(Q)],
that is
/(ns +0%)Vu, - Vodzr =0 for all ¢ € HL(Q), (1.4)
and ?
g/via Vi dz +/Q (”54; Ly v5|Vu5|2> Ydr =0 forall € H(Q)NL®(Q). (1.5)

By density, test functions (¢,) in (1.4)-(1.5) can equivalently be chosen in [¢>°(£2)]?, and (1.3) holds
in the sense of distributions in €.

One may expect that critical points of AT, with uniformly bounded energy converge along some
subsequence € — 0 to a limit satisfying some first order criticality conditions for M.S. Unfortunately,
the theory of I'-convergence does not provide convergence of critical points towards critical points of the
limiting functional. Even for local minimizers such a result usually fails. We refer to [22, Remark 4.5]
and [9, Example 3.5.1] for counter-examples. However, it has been proved in some specific examples that
critical points do converge to critical points, possibly under the assumption of convergence of critical
values. This is the case for the Allen-Cahn (or Modica-Mortola) functional from phase transitions
approximating the (N — 1)-dimensional area functional [37, 21, 43, 44, 19, 16], the Ginzburg-Landau
functional approximating the (N — 2)-dimensional area functional [2, 5, 28, 42, 38], and the Dirichlet
energy of manifold valued stationary harmonic maps [27, 29, 30, 31, 32]. These functionals share many
features with AT, and we shall take advantage of the existing theory to develop our asymptotic analysis
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of critical points of AT.. In particular, we shall make an essential use of both outer and inner variations
of the energy, a common approach in all these studies.

1.1. Outer and inner variations. Definition 1.1 is simply saying that the first outer variation of AT,
vanishes at (uc,v:) € Ag(Q) in any direction (¢,1). In case of a smooth functional like AT, outer
variations coincide with Gateaux differentials. For (u,v) € A, (2) and (¢,v) € H(Q)x[HL(Q)NL>(Q)]
as before, we introduce the following notation for the first and second outer variations of AT, (see
Lemma A.9 for explicit formulas)

d
1. ATE ) )
- L:O (u+ th, v + 1))

2

d
® AT (u,v)[p, 9] := @‘t:

dAT. (u,v)[p, 9] :=
0ATE (u+to,v+t).

Concerning the Mumford-Shah functional, the notion of critical points requires some definition and
notation. Before doing so, let us first comment on the functional MS in (1.2) we are considering.
Contrary to AT, the admissible u’s for MS are not required to agree with g on 02 in the sense
of traces. In turn, the additional term HN~1(0Q N {u # g}) in the expression of MS(u) penalizes
“boundary jumps” where the inner trace of u (still denoted by u) differs from g. The expression u # g
on 0f) is also intended in the sense of traces. In the sequel, we shall often use the following compact
notation

MS(u) = / \Vul>dz +HN"1(T,), ue SBV(Q),
Q
where J, = J, U (92N {u # g}), so that
Ju=Jo with @:=ulg + Glgng € SBV(RY),
and G € H'(R") is an arbitrary extension of g.

Unlike AT., the Mumford-Shah functional is not smooth and outer variations must be accordingly
defined (see e.g. [1, Section 7.4]). Given u, ¢ € SBV?(Q2) such that J, C J,, the first and second outer
variations of M S at u in the direction ¢ are respectively defined and given by

M)l := 3

:OMS(qut(;S) ZQ/QVU'V¢ dzx,

t

2
2MS(w)g] = - \ MS(u+t¢):2/Q|v¢\2 da.

~ dt2li=0

In this definition, the requirement j¢ C fu ensures the differentiability at ¢ = 0 of the function
t— MS(u+tg) since HN_l(ju+t¢) remains constantly equal to ”HN_I(j;) . As a consequence, these
differentials provide only information on the “regular part” of the function u, and not on the jump
set J,. Note also that the second order condition d2M S (u)[#] > 0 is obviously satisfied at any u, ¢ as
above. On the other hand, the condition f¢ c J, also implies that the direction ¢ must agree with g
on 90 N {u = g}, in agreement with the notion of Dirichlet boundary condition.

It is clear that outer variations are not sufficient to define a notion of critical point for M S since
admissible perturbations leave the “singular part” H¥ ! (j;) unchanged. The way to complement outer
variations is to consider inner variations, i.e., variations under domain deformations. In doing so (up
to the boundary), we shall assume that 9 is at least of class €>.

Given a vector field X € €(RY; RY) satisfying X -vq = 0 on 9Q (here vq denotes the outward unit
normal field on ), we consider its flow map ® : R x RY — R" | i.e., for every x € RN, t — ®(t,2)
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is defined as the unique solution of the system of ODE’s

do
E(tﬂv) = X(q)(t7x)) )

®(0,z) ==x.
According to the standard Cauchy-Lipschitz theory, ® € €1(R x RY; R") is well-defined, and {®;};cr
with ®; := ®(t,-) is a one-parameter group of € -diffeomorphisms of R into itself satisfying ®¢ = id.
Then the requirement X - v = 0 on 9Q implies that ®;(9Q) = 9N for every t € R. Hence (the
restriction of) ®; is a ¢’!-diffeomorphism of 9 into itself, and a €*-diffeomorphism of € into itself.

Definition 1.2. Let u € SBV?(Q), X € €}(RY;RY), and G € H'(RY) satisfying X - vq = 0 and
G =g on 0. Setting {Pt}+cr to be the integral flow of X and

ui=uod;t —Go®; ' +G e SBV3(Q),
the first and second inner variations of M S at u are defined by

d d?
SMSW)X,G]:=—| M SEMSu)[X,Gl = —| M :
S(u)[ 7G] dt li—o S(ut)7 (u)[ 7G] dt2 li—o S(ut)
It can be checked that, provided 92, g, and G are smooth enough, the above derivatives exist and
they can be explicitly computed (see Lemma A.12). Analogously, we define inner variations of the

Ambrosio-Tortorelli functional.
Definition 1.3. Let (u,v) € A4(Q), X € €}(RY;RY), and G € H'(RY) satisfying X - vo = 0 and
G = g on 0f). We set
(u,v1) = (uo @' —Go @' + Guo®; ') € Ay(Q).
We define the first and second inner variations of AT at (u,v) by
2
SAT.(u,v)[X, G] = % AT(uv), AT, 0)[X,G] = %L:O

Once again, the limits in (1.6) exist whenever 91, g, and G are sufficiently smooth, and one can
compute them explicitly (see Lemmas A.10 & A.11).

ATE(Uh’Ut) . (16)

We emphasize that we are considering in Definitions 1.2 & 1.3 deformations up to the boundary.
Compare to the usual deformations involving compactly supported perturbations in {2 of the original
maps, it requires the additional test function G. This is of fundamental importance for the M.S
functional to recover information at the boundary since the Dirichlet boundary condition is implemented
in the functional as a penalization. Of course, the type of deformations we are using includes as a
particular case the usual ones defined only through a vector field X compactly supported in €2, see
Remark A.3.

1.2. First order criticality conditions for M.S. In view of the discussion above, the non smooth
character of M S forces the appropriate notion of critical point to involve both outer and inner variations.
In other words, a critical point of the Mumford-Shah functional is a critical point with respect to both
outer and inner variations, a property obviously satisfied by global (and even local) minimizers.

Definition 1.4. Let @ C R be a bounded open set with boundary of class at least ¢ and g € €2(992).
A function u, € SBV?(Q) is a critical point of the Mumford-Shah functional if
AMS(u.)[¢] =0 for all ¢ € SBVZ(Q) with Jys C J,, , (1.7)
and
OMS(u)[X,G) =0 (1.8)
for all X € €}(RY;RY) and G € €*(R") satisfying X - vq = 0 and G = g on 9.
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From these criticality conditions, one can derive a set of Euler-Lagrange equations which can be
written in a strong form if the smoothness of u, and fu allows it. Specializing first the condition (1.7)
to ¢ € €>(Q) yields

div(Vu,) =0 in 2'(Q). (1.9)
Then, if ju* is regular enough, one can choose test functions ¢ in (1.7) with a non trivial jump set but
smooth up to fu from both sides. It leads to the following homogeneous Neumann condition

dyu, =0 onJ,. , (1.10)

see [1, formula (7.42)]. In other words, allowing test functions ¢ in (1.7) with j¢ C J.. (and not only
in ¢ € €°(Q2)) provides the weak formulation of (1.10) which complements (1.9).

Computing 6 M S(u.)[X, G] (see formula (A.38)) and using equation (1.9), the stationarity condition
(1.8) appears to be independent of the test function G and it reduces to

/ (|Vus’Id — 2Vu, ® Vu,) : DX d;z:—|—/A div7e X dHN-1 = —2/ (Vu, -v)(Xy-Veg) dHN 1
Q T, o

for all X € €}(RY;R") with X -vg =0o0n 0Q. (1.11)

Here div/** X = tr((Id — v, ® v,,)DX) is the tangential divergence of X on the countably HN~1-
rectifiable set j; with v, the approximate unit normal to that set. The boundary term in the right
hand side of (1.11) is interpreted in the sense of duality by (1.9), and V,g denotes the tangential
derivative of ¢g. If J,, and u, are regular enough, then (1.11) provides the coupling equation

Hu* + |:|vu*|2:|i =0 on Ju* )

+

where H,,, denotes the scalar mean curvature of .J,,, with respect to the normal v,,, and [|Vu*|2] the

(accordingly oriented) jump of |Vu.|? across J,, (see [1, Chapter 7, Section 7.4]).

Remark 1.1 (1D case). In the one-dimensional case N = 1, if Q = (0, L) for some L > 0, we can
see that if u € SBV?2(0, L) satisfies conditions (1.9)-(1.10), then u is either piecewise constant with a
finite number of jumps or u is a globally affine function (with no jump). Indeed, the very definition of
SBV?(0, L) shows that u has a finite number of jumps. Then, condition (1.9) implies that u is affine
in between to consecutive jump points, and (1.10) implies that the slope of all affine functions must
be zero. However, condition (1.11) does not play any role because it only implies that |u/| is constant
in (0, L), where «’ is the approximate derivative of u. From this, we just deduce that u is a piecewise
affine function with equal slopes in absolute value, and it is not sufficient by itself to prove that u is
piecewise constant. It indicates that the use of SBV2-test functions in (1.7) can not be relaxed to a
class of smooth functions (in any dimension).

1.3. Main results. As already mentioned, the main purpose of this article is to investigate the as-
ymptotic behavior of critical points of the Ambrosio-Tortorelli functional as € — 0. In view of the
T'-convergence result, one may expect that critical points converge to critical points, possibly under
the assumption of convergence of energies. Without fully resolving this question, our analysis provides
the first answer in this direction in arbitrary dimensions showing that a limit of critical points of AT
must at least be a critical point of M S with respect to inner variations, i.e., a stationary point of M .S.
If a critical point (ue,ve) of AT, is smooth enough, then it is easy to see that it is also stationary,
e, 0AT.(ue,ve) = 0 (see Lemma A.10). Hence, if regularity of critical points AT, holds, proving the
convergence of the first inner variations implies the announced stationarity of the limit. This is the
path we have followed, and the regularity issue is the object of our first main theorem.

Theorem 1.1. Let © C RY be a bounded open set with Lipschitz boundary and g € H2(8Q). If

(ue,ve) € Ag(Q) is a critical point of AT, then (us,v:) € [€>()]* and the following regularity up to
the boundary holds.
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(i) If g € Hz(8Q) N L>® (), then u. € L=(Q).

(i3) If OQ is of class €Y%t and g € €%(0) with k > 1 and « € (0,1), then (ue,ve) € €F(Q) x
cgk\/2,o¢(§)'

We emphasize that the regularity in Theorem 1.1 is highly non trivial since the second equation in
(1.3) is of the form Av = f with f € L' and standard linear elliptic theory does not directly apply.
Instead, we shall rely on arguments borrowed from the regularity theory for harmonic maps into a
manifold, or more generally for variational nonlinear elliptic systems, see e.g. [17]. The key issue is
to prove Holder continuity of v., that we achieve by proving that it belongs to a suitable Morrey-
Campanato space. We treat interior and boundary regularity in a similar way through a reflection
argument of independent interest originally devised in [40].

In our second main theorem, we show that, under the assumption of convergence of energies, limits
(up to a subsequence) of critical points of AT, are critical points of M S for the inner variations.

Theorem 1.2. Assume that Q C RY is a bounded open set of class €*' and g € €*>%(Q) for some
a €(0,1). Let {(ue, ve) tes0 C Ag(2) be a family of critical points of the Ambrosio- Tortorelli functional.
Then, the following properties hold:

(i) If the energy bound

sup AT: (ue, ve) < 00 (1.12)
e>0

is satisfied, up to a subsequence, u. — u, strongly in L*(2) as e — 0 for some u, € SBV?(2)N
L°(2) satisfying Vu, - vg € L2(09), and dMS(u.)[¢] = 0 for all € €>(Q), i.e.,

div(Vu,) =0  in 2'(Q).
(i1) If, further, the energy convergence
AT (ue,ve) = MS(uy) (1.13)
is satisfied, then M S(uy) =0, i.e.,

/ (|Vu.|’Id — 2Vu, ® Vu,) : DX dz + /A div7ee X dHN1 = —2/ (Vu, - vo) (X, - Vyg)dHN 1
Q T a0

(1.14)
for all vector field X € €}(RN;RYN) with X - vq = 0 on 9.

Remark 1.2. At this stage, it is still open whether or not u, is a critical point of M.S as we do not
know if the outer variation dMS(u.) also vanishes on arbitrary functions ¢ € SBV?(Q) satisfying
j¢ C Jo. (and not only on €>°(2)). In other words, the weak form of the homogeneous Neumann
condition (1.10) on ju* remains to be established. This is the only missing ingredient to obtain that
Uy is a critical point of M S.

An assumption of convergence of energies similar to (1.13) has been used in [33, 24, 25, 26] to prove
that critical points of the Allen-Cahn functional (from phase transitions) converge towards critical
points of the perimeter functional, hence to minimal surfaces. The analysis without this assumption
has been first carried out in [21], and it shows that critical points converge (in the sense of inner vari-
ations) towards integer multiplicity stationary varifolds, a measure theoretic generalization of minimal
surfaces allowing for multiplicities. Interfaces with multiplicities do appear as limits of critical points
of the Allen-Cahn energy and cannot be excluded, see e.g. [21, Section 6.3]. In our context, a similar
phenomenon may appear, so that assumption (1.13) is probably necessary.

In [24, 25, 26], convergence of energies is also used to pass to the limit in the second inner variation.
Following the same path, (1.13) allows us to pass to the limit in the second inner variation of AT;. It
shows that the second inner variations of AT, do not converge to the second inner variation of M.S, but
to the second inner variation plus a residual additional term. As a byproduct, it follows that limits of
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stable critical points of AT, satisfy an “augmented” second order minimality condition. Second order
minimality criteria for M S has been addressed in [11, 6]. We also note that the convergence of the
second inner variation for the Allen-Cahn functional without the assumption of convergence of energies
has been studied in [15], see also [20]. Convergence of second inner variations is our third and last main
result.

Theorem 1.3. Assume that  C RY is a bounded open set of class €>1 and g € €>*(0N) for some
€ (0,1). Let {(ue,ve)}es0 C Ag(R) be a family of critical points of the Ambrosio-Tortorelli functional
and u, € SBV?(Q) N L>(2) be as in Theorem 1.2, satisfying the convergence of energy (1.13). Then,

i) For all X € €2(RN;RY) and all G € €3(RN) with X -vq =0 and G = g on 09,
(i) c

ZAHN (1.15)

lim 62 AT, (ue,v)[X,G) = M S (u,)[X, G] +/ IDX : (Vu, @ v4,)
E— ~

T

(i) If (ue,ve) is a stable critical point of AT, i.e.
A2AT. (ue,ve)[p, 0] >0 for all (¢,7) € [€2°(Q)]?,

then u, satisfies the second order inequality

2 MS ()X, G + [ DX : (v, @ v )2 dHN L > 0
Juy

for all X € €2(RN;RYN) and all G € €3(RYN) with X -vq =0 and G = g on 0.

In the one-dimensional case, the asymptotic analysis as ¢ — 0 of critical points of the Ambrosio-
Tortorelli functional has already been carried out in [13, 23], in the slightly different setting where a
homogeneous Neumann boundary condition is assumed for the phase field variable v. The authors
proved that if {(ue,ve)}eso is a family of critical points of the Ambrosio-Tortorelli functional satisfying
(1.12), then, up to a subsequence, (ue,v.) — (u, 1) in [L2(2)]? with u € SBV?2(f2) that is either globally
affine or piecewise constant with a finite number of jumps, see Remark 1.1 . This result is extended
in [23] to the Ambrosio-Tortorelli functional with a fidelity term. We have also carried out the 1D
analysis in our setting, i.e., with the Dirichlet boundary condition on the v variable. In this case, we
establish a convergence result for critical points without assuming the convergence of the energy (1.13),
but proving (1.13) as a consequence of the energy bound (1.12), see Theorems 7.1 & 7.2 and Remark
7.2. The analysis is very similar to [13, 23], the only difference being in the boundary condition on
v. As in those references, we observe a selection criterion of all attainable critical points which can be
here of two types: either a globally affine function or a piecewise constant function with a single jump
at the middle point of the interval Q = (0, L). As a by-product, this one-dimensional analysis allows us
to exhibit non-minimizing critical points of AT, satisfying our energy convergence assumption (1.13).

1.4. Ideas of the convergence proof. The proof of Theorem 1.2 relies on the classical compactness
argument and the lower bound inequality for the Ambrosio-Tortorelli functional. Indeed, the energy
bound for a family {(uc,ve)}es0 C Ay(Q) of critical points for AT, implies the L?(£2)-convergence
(up to a subsequence) of u. to a limit u, € SBV?(Q), together with a I-liminf inequality MS(u,) <
liminf, AT, (u.,v:). Our energy convergence assumption (1.13) leads to the equipartition of phase field
energy, as well as the convergence of the bulk energy. Then, as in [21], we associate an (N — 1)-varifold
V. to the phase field variable v, which converges (again up to a subsequence) to a limiting varifold V.
The energy convergence (1.13) allows us to identify the mass of Vi, that is ||Vi|| = HVN 1L J,,. Next,
we use the equations satisfied by (ue,v:) in their conservative form to pass to the limit, and find an
equation satisfied by u, and V.. The idea is then to employ a blow-up argument similar to [2] to identify
(the first moment of) Vi, and show that it is the rectifiable varifold associated to ju with multiplicity
one.
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To prove Theorem 1.3, we argue as in [24, 25, 26]. We observe that the convergence V. — V in the
sense of varifolds and the identification of V, implies the convergence of quadratic terms eVv, ® Vo, —
%Vu* Ry, HN L I_ju* in the sense of measures. This information is precisely what is needed to pass to
the limit in the second inner variation of AT, and we infer from a stability condition on (us,ve) € A4(£2)
a stability condition on the limit u, € SBV?(Q).

The paper is organised as follows. Section 2 collects several notation that will be used throughout
the paper. In Section 3, we study the regularity theory for critical points of the Ambrosio-Tortorelli
functional proving first smoothness in the interior of the domain, and then smoothness at the bound-
ary. In Section 4, we prove compactness of a family {(u.,ve)}e>0 satisfying a uniform energy bound
sup, AT, (uc,v:) < co. The regularity result allows one to derive the conservative form of the equa-
tions satisfied by these critical points which itself provides bounds on the normal traces of u. and
ve on 0f). Then, in Section 5, we improve the previous results by assuming the energy convergence
AT (ue,ve) = MS(u,). From this assumption we obtain equipartition of the phase field part of the en-
ergy. Then, we employ a reformulation in terms of varifolds to pass to the limit in the inner variational
equations satisfied by critical points of AT, to prove that the weak limit u, of u. is a stationary point
of the Mumford-Shah energy. The asymptotic behavior of the second inner variations is performed in
Section 6. Finally, Section 7 is devoted to the one-dimensional case.

2. NOTATION AND PRELIMINARIES

2.1. Measures. The Lebesgue measure in RY is denoted by £V, and the k-dimensional HausdorfF
measure by H*. We will sometime write wy, for the £*-measure of the k-dimensional unit ball in RF.

If X ¢ RY is alocally compact set and Y an Euclidean space, we denote by M(X;Y) the space of Y-
valued bounded Radon measures in X endowed with the norm ||| = |u|(X), where |u| is the variation
of the measure u. If Y = R, we simply write M(X) instead of M(X;R). By Riesz representation
theorem, M(X;Y) can be identified with the topological dual of %,(X;Y’), the space of continuous
functions f : X — Y such that {|f| > €} is compact for all € > 0. The weak™ topology of M(X;Y) is
defined using this duality.

2.2. Functional spaces. We use standard notation for Lebesgue, Sobolev and Hélder spaces. Given
a bounded open set 2 C R, the space of functions of bounded variation is defined by

BV(Q) = {ue LY(Q): Duc M(Q;RM)}.

We shall also consider the subspace SBV (2) of special functions of bounded variation made of functions
u € BV (Q) whose distributional derivative can be decomposed as

Du = Vul? + (um —u ), HN L,

In the previous expression, Vu is the Radon-Nikodym derivative of Du with respect to £V, and it
is called the approximate gradient of u. The Borel set J, is the (approximate) jump set of w. It
is a countably H™~!-rectifiable subset of {2 oriented by the (approximate) normal direction of jump
Uyt Ju — SN~1 and u* are the one-sided approximate limits of u on J, according to v,,. Finally we
define

SBV?(Q) = {ue SBV(Q): Vue L*(RY) and HV~1(J,) < oo}.

We say that a Lebesgue measurable set E C 2 has finite perimeter in € if its characteristic function
1x € BV(Q). We denote by 0*E its reduced boundary. We refer to [1] for a detailed description of the
space BV.

We recall the following compactness result which can be found in [10, Theorem 16].
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Lemma 2.1. Let (ug)ren be a sequence in H'(2) N L>®(Q) and (Ex)ken be a sequence of sets with
finite perimeter in Q. Assume that

LN (E) — 0, :ug?—lN_l(a*Ek) < 00,
€

and that

sup {llwellzoe @) + I Vurll 2o\ moray < oo
€

Then, there exist a (not relabled) subsequence and u € SBV?(Q)NL>®(Q) such that Gy, := uglo\ g, — u
strongly in L*(Q), Vi, = Vurlo\g, — Vu weakly in L2(;RY) and

/ |Vu|? dz < liminf |Vug[?dz,  2HN1(J,) < liminf HN 71 (0" Ey).
Q k—o0 Q\Ey k—o0

2.3. Varifolds. Let us recall several basic ingredients of the theory of varifolds (see [41] for a detailed
description). We denote by G_1 the Grassmannian manifold of all (N — 1)-dimensional linear sub-
spaces of R™. The set Gy_1 is as usual identified with the set of all orthogonal projection matrices
onto (N — 1)-dimensional linear subspaces of RY, i.e., N x N symmetric matrices A such that A% = A
and tr(A) = N — 1, in other words, matrices of the form

A=Id-e®e¢

for some e € SV—1,

A (N —1)-varifold in X (a locally compact subset of RY) is a bounded Radon measure on X x G y_1.
The class of (N — 1)-varifold in X is denoted by Vy_1(X). The mass of V € Vy_1(X) is simply the
measure ||V € M(X) defined by ||V ||(B) = V(B x Gy_1) for all Borel sets B C X. We define the
first variation of an (N — 1)-varifold in V in an open set U C RY by

SV (p) = / Duvarphi(z) : AdV (z,A) for all ¢ € €}(U;RYN).
UXGN,1

We say that an (N — 1)-varifold is stationary in U if 6V (¢) = 0 for all ¢ in €(U; RY). We recall that
such a varifold satisfies the monotonicity formula

IVII(Be(xo)) _ [IVII(Br(x0)) |[Pax(x — a0)?

|z — 2|V

V1 N1 dV(z, A)

/(Bg(xO)\Br(IO))XGNl

for all zp € U and 0 < r < p with By(zg) C U, where P4. is the orthogonal projection onto the
one-dimensional space A (see [41, paragraph 40]).

2.4. Tangential divergence. Let I' be a countably ¥ ~!-rectifiable set and let T, I its approximate
tangent space defined for HV~!-a.e. z € I'. We consider an orthonormal basis {7 (z),...,7n_1(x)} of
T,T' and denote by v(z) a normal vector to T,I'. If ¢ : RY — R is a smooth vector field, we denote
by

N—-1
divi¢:=Y 70, =(d-v®v): D
=1

the tangential divergence, and (0,,¢)* = ((05,¢) - v)v = 0,,¢ — Z;.V:_ll(Tj -0, Q)Tj.

3. REGULARITY THEORY FOR CRITICAL POINTS OF THE AMBROSIO-TORTORELLI ENERGY

In this section, we investigate interior and boundary regularity properties of critical points of the
Ambrosio-Tortorelli functional AT, for a parameter € > 0 which is kept fixed.
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3.1. Interior regularity. We first establish interior regularity following ideas used by T. Riviere in
[39] to prove the regularity of harmonic maps with values into a revolution torus.

Theorem 3.1. Let Q C RY be a bounded open set. If (u-,v.) € HY(Q) x [H*(Q) N L>(2)] satisfies
(1.4)-(1.5), then (u.,ve) € [€>(Q)]%.

Proof. For simplicity, we drop the subscript ¢ in (u.,v.) and write instead (u,v). We also assume
N > 2 since in the case N = 1, the regularity of (u,v) solution of (1.4)-(1.5) is elementary.

By (1.4), u weakly solves
—div((n: +v*)Vu) =0 in Q. (3.1)
Setting M := |[v]| L= (q), the matrix field (1. 4+v?)Id has bounded measurable coefficients and it satisfies
neld < (ne +v?)Id < (e + M?)Id a.e. in Q in the sense of quadratic forms. It is therefore uniformly
elliptic and the De Giorgi-Nash-Moser regularity theorem applies to equation (3.1). It provides the
existence of a € (0,1) such that u € €% (Q) together with the estimate:
1

K(w) := sup m/}g - |Vul?dz < oo (3.2)
e(Zo

zo€EwW, 0>0, By(xg)Cw @
for every open subset w such that @ C €2 (see e.g. Theorem 8.13 and Eq. (8.18) in [17]).

Now we claim that the function v belongs to Cﬁlgf(ﬁ) Before proving this claim, we complete the

proof of the theorem. Assuming the claim to be true, we can use the Schauder estimates (see e.g. [17,
Theorem 5.19]) to derive from equation (3.1) that u € %if(ﬂ) On the other hand, by (1.5), v weakly
solves

1 —
—eAv = v

—|Vul?v in Q. (3.3)

Since the right-hand-side of (3.3) belongs to €:*(£2), it follows from standard Schauder estimates that

loc

v e €2 (Q). By a classical bootstrap, it now follows from equations (3.1) and (3.3) that both v and v

loc
are of class > in .
Hence, it only remains to show the claim v € Soﬂlgca(ﬂ) To this purpose, we fix an arbitrary ball

Bar(rg) C €, and we aim to prove that v € Cfl?)’ca(BR(xo)). Consider v; € H'(Bar(g)) to be the

unique weak solution of
1—w
—Avy = in Bog(xg),
1 12 2r(Z0) (3.4)

vT = v on 8B23(x0) .

Since Avy; € L*(Bag(zo)), the Calderén-Zygmund estimates yield v; € VVi’f(BgR(mg)) for every
p < 0o0. By Sobolev embedding, it follows that v; € C’ll.f(BgR(xo)) for every 8 € (0,1). In particular,
we have vy € L®(Bpr(zo)).

Set vg :=v — vy € H}(Bar(0)). By (3.3) and (3.4), vq is a weak solution of

1
—Avy = _§|V“|2U in Bar(zo) - (3.5)

To show that vy € ‘51?)’:‘ (Br(zo)), the Morrey-Campanato Theorem (see e.g. [17, Theorem 5.7]) ensures
that it suffices to prove the following Morrey type estimate:

1
sup 7/ |Vs|? da < 00 (3.6)
B, (y)

YEBR(20), 0€(0,R) ol =242
Let y € Br(xo) and r € (0, R) arbitrary. We denote by w € vy + H} (B, (y)) the harmonic extension of
vy in the ball B, (y), i.e., the unique (weak) solution of

{—Aw = 0 in B.(y),

w = vy ondB.(y). (3.7)
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Since vy = v — vy € L>(Bg(x0)), we have |w| < |[va||po(Bp(zo)) o0 OB, (y), and the weak maximum
principle implies that w € L>®(B,(y)) with [[w|| 1B, ) < v2ll1%(Br(ze))- Moreover, |Vw|? being
subharmonic in B, (y), we get that for every o < r,

N
/ Vel?de < (2) / IVl de .
B, (y) r B.(y)

Recalling w also minimizes the Dirichlet integral among all functions agreeing with vy on 9B, (y), we
infer that
/ |Vv2\2dx§2/ \Vw\de—i-Q/ |V(w—v2)|2dx
By (y) By (y) By (y)

§2<Q>N/ \Vw\de—i—Q/ |V(w—vg)|2dx
r Br(y) Br(y)

N
§2<€> / \Vv2|2dx—|—2/ ‘V(w—vg)}de
" Br(y) Br(y)

for every o < r. Since w — v = 0 on 9B, (y), (3.5) and (3.7) lead to

2 1 2
/ |V(w —vy)|"da = 7/ |Vu?v(w — vs) da < *H’U”LOO(Q)H’UQ”LOO(BR(mO))/ |Vu|? dz .
B (y) € JB.(y) € Br(y
In view of (3.2), we have thus proved that for every y € Br(xg) and 0 < o <r < R,
N
/ |Vug|?da < 2 (Q) / |Vug|? dz + CyrN 212
Bo(y) r Br(y)
with C1 1= 2{|v]| oo (o) [v2]l Lo (B (20)) K (B2r(20)). By using a classical iteration lemma (see e.g. [17,

Lemma 5.13]), we infer that for every y € Br(zo) and 0 < ¢ < R,

1
|Vo|? da < CQQN_2+2“(Q/ |Vv2|2dx+01> ,
/ng) RNZ202% (o)

for a constant C, depending only on o and N. Hence vy satisfies the Morrey estimate (3.6), and thus
vy € ‘flgf (Br(x0)). In turn, v = vy + vs € ‘flgf (Br(zo)) and the proof of the claim is complete. [

3.2. Maximum principle and boundary regularity. We first show a (standard) maximum prin-
ciple which stipulates that v. takes values between 0 and 1, and that u. is bounded whenever the
boundary condition g is.

Lemma 3.1 (Maximum principle). Let Q@ C RY be a bounded open set with Lipschitz boundary and
(ue,ve) € HYQ) x [HY(Q) N L*°(Q)] satisfying (1.4)-(1.5). If ve = 1 on 9Q, then 0 < v, < 1 a.e.
in Q. In addition, if uc = g on O for a function g € Hz(0Q) N L>®(N), then u. € L>®(Q) and
luellzo @) < l9ll=(o0)-
Proof. For a generic function f € L'(Q2), we set f:= (f+|f|)/2 and f~ := (|f| — f)/2. For simplicity,
we drop the subscript € in (ue,v.) and write instead (u, v).

Since v—1 € Hg(Q)NL>(K), it follows that (v—1)" € Hg(Q)NL>(Q) with V(v—1)* = Voly,sqy.
Using (v —1)T as a test function in (1.5) leads to

5/|V(v71)+|2dz+/ (vl+v|Vu|2) (v—1)Tdr=0.
Q a\ 4

3

Since both integrals are non negative, we infer that

/Q\(v— 1)*2dz = 0.
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Hence (v — 1)T = 0 a.e. in £, which yields v < 1 a.e. in Q. Next, since v = 1 on 92, we have
—v~ € HE(Q) N L>*(Q). The same argument as before with —v~ as test function in (1.5) shows that
—v =0 a.e. in €, that is v > 0 a.e. in .

Now we assume that u = g on dQ with g € H=z(9Q) N L (9Q) and we set M := llgll Loe 92y Since
lg| < M on 09, we have (u— M)" € H(Q) with V(u— M)t = Vuly,sp. Using (u—M)T as a test
function in (1.4) yields

0=/Q(n€+v2)w-V(u—M)+dx=/Q(ne+v2)|V(u—M)+\2dx,

Therefore V(u— M)+ = 0 a.e. in Q which implies that (u— M)™ is constant. Since (u—M)* € H}(Q),
it follows that (u — M)+t = 0 a.e. in Q, that is w < M a.e. in Q. The same argument applied to
(u+ M)~ € Hj(S2) shows that u > —M a.e. in Q, and thus ||u/| L) < M. O

Next we study the boundary regularity of a critical point (uc,v.) of the Ambrosio-Tortorelli energy.
Our strategy is to use a local reflexion argument to extend (ue,v.) across the boundary. The extension
will then satisfy a modified system of PDEs for which we can apply an interior regularity result (similar
to that of Theorem 3.1). The reflexion argument originates in [40] and follows the arguments in [12].
Note that Lemma 3.1 and Theorem 3.2 together with a standard covering argument completes the
proof of Theorem 1.1.

Theorem 3.2. Let Q C RY be a bounded open set and (u.,v.) € H(Q) x [H1(2) N L>(Q)] satisfying
(1.4)-(1.5). Assume that in some ball Bag(xo) with xo € O, the boundary portion 02 N Bag(xo) is of
class €*V21 and (ue,v.) = (g,1) on 92N Byr(zo) for a function g € €%~ (02N Byr(x0)) with k > 1
and a € (0,1). Then (ue,ve) € €*(QAN Byr(wo)) x €FV2*(QN Byr(wo)) for some constant § € (0,1).

Proof. We start by describing the reflexion method that we use to extend functions across 0f2 in a
neighborhood of the point zy. We assume that z¢ € 92 and R > 0 are fixed, and that the assumption of
the theorem is satisfied. Since QN Byr(zo) is (at least) of class €21, we can find a small &y € (0, R/2)
such that the nearest point projection on 9Q N Byr(xg), denoted by mq, is well-defined and (at least)
of class €’1'! in a tubular neighborhood of size 28y of 9Q N Byr(zo) intersected with Bsr(xg). For
d € (0,260], we set

Us := {z € RV : dist(z,09) < 6} N B3r(z0),

Uéin =QnNUs,

ng = U5 \ﬁ .
The geodesic reflexion across 9§2 N Uss, is denoted by oq : Uss, — RY and it is defined by

oq(x) :=2mq(x) —x for all x € Uy, .

The mapping oq is an involutive ¢’*!-diffeomorphism (onto its image) which satisfies oq(x) = x for
all x € 00 N Uss,. Reducing the value of §y if necessary, we have

oo (Us* N Br(2o)) C U N Bag(wg) and oo (U N Br(zo)) C Us* N Bag(zo) for § € (0,25) .
Next we consider the bounded open set
Q := (Us, N Br(x)) Ueoq(Us, N Br(zo)) C Us, N Bag(xo) . (3.8)
The mapping o being involutive, we have
ca@) =0, 0o@NY)=0\0 and oq(Q\Q)=0nQ.
Differentiating the relation oq(oq(z)) = z yields Doq(x)Doq(oa(z)) = 1d, and thus
Dog(oq(x)) = (Dag(x))fl for every z € €. (3.9)
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For z € 90N, one has (Do (z))Tv = 2p,(v)—v for all v € RN, where p, is the orthogonal projection
from RY onto the tangent space T,,(9S2) to 9Q at z, i.e., (Doq(x))T is the reflexion matrix across the
hyperplane T, (092). In particular,

(Do (2)) Dog(z) = (Dog(z)” (Dog(x))T =1d for every z € QN Q. (3.10)
Now we define for x € §~2,
(@) = 4] ifx€QNQ,
J ) ldet Dog(x)] ifzeQ\Q,
and
Id if x € Q,
Alx) =4 . T . P
j(x)[Dog(oa(z))]” Dog(oa(z)) ifzeQ\Q.

In view of (3.10), j and A are Lipschitz continuous in Q and A is uniformly elliptic, i.e., there exist
two constants 0 < Aq < Agq such that

Aalé? < A(x)€ - € < Aglé*  for every (x,6) € Q x RN

With these geometrical preliminaries, we are now ready to provide the extension of (ue,v:) to Q.
We define for z € (,

.  Jue(w) ifxe) 5 () e ve () ifxe{l
U (@) = {us(ag(x)) ifzeQ\Q’ () {vg(ag(x)) ifreQ\Q’ (3.11)
and
~ ) ue(w) ifxe S () e ve () ifzeiz
U (@) = {Qg(ﬂ'g(w)) Cu(oa(s) ifzediq’ @ {2 v(oa@) itrenra 1Y

By the chain rule in Sobolev spaces and the fact that the traces of these functions coincide on both
side of 92N €, each one of them belongs to H'(Q2). In addition, ¥. and 9. also belong to L>(Q) since
ve € L*°(2). We finally set

g:=gomq € %l’a(ﬁ) .
Now we show that these extensions satisfy suitable equations in the domain Q.

Lemma 3.2. We have

—div((ne +92)AVii.) = —2div(1g5(n +82)AVG)  in 2'(Q), (3.13)
and
—ediv(AVT.) = (1g.0 — 15\5)(4%(1 —%.) — (AVa, - vag)@) in 7'(9). (3.14)

Proof. Again, for simplicity, we drop the subscript e. We fix an arbitrary test function ¢ € @(ﬁ)7 and
we define for € ) the symmetric and anti-symmetric parts of ¢,

' (2) = 5(p@) +pooa(@), ¢"(2) = 5(p() —pooa(r)).
The functions ¢* and ¢® belong to €*1() and, by construction,

pooqg=¢° and @?ooqg=—p".



14 J.-F. BABADJIAN, V. MILLOT, AND R. RODIAC

Step 1: proof of (3.13). We start with the identity
/N (n: +7%)(AVa) - Vy* dz = _/~ (n: +92)(AV(uooq)) - V(p* oogq)dx
a\e on
+ 2/~ (0. +0%)(AVY) - Vp*da. (3.15)
e

Using relation (3.9) and changing variables yields

/~ (ne+ 7?) (AV(u o O'Q)) -V(p®oogq)dzr = /~ (ne + 172)Vu(0'9) -V?° (O'Q)j dx
o\

a\Q
=/~ (n- +92)(AVa) - Vo* dz. (3.16)
ano
Therefore, combining (3.15) and (3.16) yields

/~(n5 +9%)(AVE) - Vo' da = 2/~ (ne +02)(AVg) - Vo dz.
Q

a\Q
In the same way, we have
[ e+ 0)(ava)- Vgt do = [ (04 53)(AV (o 0w) - Ve 0 7)o
a\Q oo

+ 2/ (ne +02)(AVg) - Ve dz.

oo
Since % = 0 on 2N, we have @ € H} (2N €). Hence, we can use the first equation in (1.3) to infer
that

/5\9(775 +9%)(AV(uo0q)) - V(p*oog)de = (e +0%)Vu(oq) - Ve (0q)jde

Ql

\
(n: +v*)Vu-Ve'dr=0.

ST~ 55—

2

n
Consequently,

/~(7]E +9%)(AVT) - Vedz = 2/ (n. +02)(AVg) - Vodz,

Q NQ

and (3.13) follows.
Step 2: proof of (3.14). We proceed as above, starting with

(AVD) - Ve®dz,

QMO

e/N (AVD) -V dx = _5/~ (AV(voog)) - V(p®ooq)dr = —s/
o\a oo

which yields

6/~(AV5) -Veider =0. (3.17)
Q
On the other hand,

5/~ (AVD) - Ve dx = 5/~ (AV(voog)) -V(p®ooq)dz=c [ Vv -Ve'dz. (3.18)

\e) 9] ano
Since ¢ € HL (2N Q), we can apply the second equation in (1.3) to deduce that
1
€ Vu-Vedr = —/ |Vul>vp® dz + — (1—v)p*de. (3.19)
QN QNN de Jana
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Summing up (3.17), (3.18), and (3.19), and using that oq is an involution leads to

- o 1 -
5/ (AVY) - Vo dx = —/ |Va|*vp da + — (1-2)pdx
a ano 4e Janao

o 1 ~
+/ |Vi|*tp o oqdr — — (1-?)pooqder.
QN de Jana

Changing variables in the two last integrals, we obtain

~ PO 1 P
s/~(AVv) -Veodr = — /~(1§m§2 - lﬁ\ﬁ)((AVu) - Va)vpdr + — /~(1§m9 - 15\5)(1 —0)pjdx
Q Q de Jo
and (3.14) follows. O

We now provide a general regularity result generalizing the argument used in the proof of the interior
regularity.
Lemma 3.3. Let A: B — Mﬁ{,éN be a Lipschitz field of symmetric N x N matrices which is uniformly
elliptic (i.e., there exist 0 < A\ < A such that \|¢|> < A(x)€ - &€ < A|€)? for all (z,€) € B x RY), and
f € LY(BR) satisfying

1

sup _7/ |f]dz < o0, (3.20)
By(z0)CBr € 217 B, (a0)

for some v € (0,2]. If z € H'(Bg) N L*=(Bg) solves

—div(AVz2) = f in 9'(Bgr), (3.21)
then
1
sup m/ Vz2de < o0, (3.22)
20€Bp /2, 0€(0,R/2] € B, (z0)

and z € €*(Bp2) for every a € (0,7/2).

Proof. Throughout the proof, we fix an exponent a € (0,v/2) and we set 5 := v — 2a > 0. We also
denote by K an upper bound for [|z|[~(p,), and by M an upper bound for (3.20). Then C > 0 shall
stand for a constant (which may vary from line to line) depending only on N, «, v, A, A, K, M, and
the Lipschitz constant of A.

Let us fix #9 € Bp/s and p € (0, R/2] arbitrary, and consider w € H'(B,(x0)) the unique (weak)
solution of

{_div(A(xo)Vw) = 0 in By(xo), (3.23)

w = z on0By(zo).
Recalling that
/ A(zo)Vw - Vwdr < / A(zo)Vw - Viwdr for every w € w + Hy(By(wo)),
Bg(wo) Bg(wO)

we have

)\/ |Vw|? dz S/ A(zo)Vw-Vwdz S/ A(zg)Vz-Vzdr < A/ |Vz|? dz. (3.24)
By (o) By (x0) By (x0) By (o)

Moreover, according to the maximum principle, ||w|ze~(B, @) < 121 (B,(x0)) < K-
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First, we infer from the triangle inequality,

- / ' ! /
—_— AVz-Vzdx <| ————+ AVw - Vwdzx
((Q/Q)N_2+2a Bg (zo0) ) B ((Q/Q)N_2+2a B (zo) )

1
+ <(Q/2)N—2+2a /Bg(wo) A(Vz—=Vuw) - (Vz - Vuw) dx)

e ||
<| ———+ AVw - Vwdr
<<g/2>N—2+2a B (00) )

2

2

[N

2
1
2

+C <1/ A(Vz —Vw)- (Vz—Vw)dz
Bg(wo)

QN—2+20¢
(3.25)

We start by estimating the first term in the right-hand-side of (3.25) using (3.24), and the fact that A
is Lipschitz continuous and uniformly elliptic. It yields

/ AVw - Vwdz < (1—|—Cp)/ A(zo)Vw - Vwdx
By (wo)

By (wo)

§(1+cp)/

A(xo)Vz-Vzdr < (1+ Cp)/ AVz-Vzdz. (3.26)
BQ(IO)

By (o)
To estimate the second term in the right-hand-side of (3.25), we make use of equation (3.21) to write

/BQ(IO) A(Vz = Vu) - (V2 = Vw)do = /

AVz-V(z—w)dx—/ AVw - V(z —w)dx
By (w0)

By (o)

:/ f(z—w)da:—/ AVw - -V(z —w)dx.
Ba(l’o)

B.Q(z())

Using assumption (3.20) on f, we infer that

1 /
— o0 f(z—w)dx
o2 [

On the other hand, Equation (3.23) satisfied by w implies that

<2KMo” . (3.27)

/ AVw -V (z —w)de = / (A—A(zo))Vw - V(z —w) dx
BQ(ID)

By (o)

< C’g/ [[Vw]* + |Vz|?] da
BQ(‘TO)

< Og/ Vz[* dz < CQ/ AVz-Vzdz, (3.28)
By (zo) By (z0)

where we used again (3.24) together with the ellipticity of A.
Gathering (3.25), (3.26), (3.27) and (3.28), we get that

1/2 1/2
1 / 1
—_— AVz-Vzdx <(1+Co 7/ AVz-Vzdx +CoP2.
<(Q/2)N2+2a By o) ) ( Vo) <QN2+2a B (o)
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We now choose o = g, = 2~ **tVR for k € N, and we obtain

1/2 1/2
1 1
< N—2+2a / AVz-Vz dl") < (1+CVR2™(+D/2) <N—2+2a / AVz-Vz dx)
Ok+1 By, (w0) O By, (z0)

+ CRP/29—B(k+1)/2
Next, we observe that if (0x)ren, (0k)ken, and (yx)ren are real sequences such that 0 € (1,00),

0 := [Treobr < 00, o) € (0,00), 0 := > 7,0k < 00, and satisfying yr11 < Oryx + oy, for all k € N,
then yx < 0(yo + o). Applying this principle with

1/2
1
Yp = </ AVz-Vz d:r) . O, =14+CVR2 D2 5 — CRP/29=Ak+1)/2
ng(mo)

QkN—2+2a
yields
1 1
Qk ng (IO) Br

(we have also used the elementary estimates 6 < eCVE and o < CR#/?). Since for all o € (0,R/2],

there exists a unique k € N such that gr4+1 < 0 < g and % < L1 < 2 we conclude that

Ok+1 — 0Ok’

1
QN72+20¢

1

CVR
e(Zo

/ AVz-Vzdz + Rﬁp) Yo € (0,R/2].
Br
Finally, by ellipticity of A and the arbitrariness of z(, we conclude that (3.22) holds with

1 1 —
Bg o Br

By Morrey’s Theorem (see e.g. [17, Theorem 5.7]), it then follows that v € €%*(Bg/2). O
We are now ready to prove the boundary regularity result in Theorem 3.2.

Proof of Theorem 3.2 completed. We consider (uc,v.) € HY(Q) x [H(Q) N L>°(Q)] satisfying (1.4)-
(1.5), and we consider the extensions ., ., U, and v, to the domain Q (depending on zp and R)
provided by (3.11)-(3.12) and (3.8). Again, for simplicity, we drop the subscript &.

We first improve the regularity of u which satisfies (3.13). We aim to apply the De-Giorgi-Nash-
Moser Theorem to infer that @ is locally Holder continuous in Q and that a suitable Morrey estimate

holds for V. Since equation (3.13) is linear with respect to u, we first observe that

/Nf(x, Vu)de < /N f(z,Vw)dz for all w € H*(Q) such that supp(w — u) C Q,
a Q
with
1 ~
flx, &) = 5(175 +02(x)A(z)E - € —h(x)- & forae x€QandallécRY,
and
hi=21g5(n +8%)AVG € L°(%RY).

The function f is a Carathéodory function, and since A is uniformly elliptic and the functions ¥ and h
are essentially bounded, we can find positive constants ¢y, co, and c¢3 such that

c1lé]? —e3 < f(x,6) < coléP + 3 forae x€ Q and all EeRN.
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Hence we can apply the De Giorgi-Nash-Moser Theorem (see [18, Theorems 7.5 and 7.6]) to deduce
the existence of some 5 € (0, 1) such that u € ‘51?)’05(9). From [18, Theorem 7.7] and [17, Lemma 5.13],
we also obtain the Morrey estimate

1

sup N 3738
oN—2+28

/ Vil dz < oo, (3.29)
By (w.)CBsq /2(z0) Bo(zx)

since B, () C €.
Next we consider the equation (3.14) satisfied by v restricted to B, /2(20), that we write

~div(AVT) = H in Z'(Bg, 2(x0))

with

1 i ~ o)~
H = ~(1gg — 1g:a) (3 (1 - 9) - (AVa- Va)d) .

Since u = 2g — u and Vg, A, j, and v are essentially bounded, we infer from (3.29) that

1

sup 77/ |H|dz < co.
By(2.)CBsy ja(a0) € Jy(an)

Applying Lemma 3.3, we deduce that v € C50’”’(350/4@0)) for every v € (0, 5). In particular, we have
v € €°7(QNBs, 4(20)) for every v € (0, 8). Using the equation (1.3) satisfied by u together with the (up
to the boundary) Schauder estimate (see [17, Theorem 5.21]), we obtain that u € €7 (Q N By, /5(x0))
for every v € (0, 8). Then, in view of the equation (1.3) satisfied by v, and owing to the classical elliptic
regularity at the boundary, we obtain v € €%7(QN Bs, /6(x0)) for every v € (0, 3). Back to the equation
in (1.3) satisfied by wu, elliptic regularity at the boundary now tells us that u € €1*(Q N By, j7(0))
in the case g € €100 N Byp(wo)), and in turn v € €>*(Q N By, s(xo)) still by (1.3). If g €
€%*(00N Byr (7)), then v € €2*(QN By, /5(70)) and once again, elliptic boundary regularity implies
that u € €**(Q N By, j9(w0)).

If QN Byg (o) is of class €% and g € €% (00N Byr(z0)) with k > 3, one can iterate the preceding
argument using elliptic boundary regularity to conclude that v and v belong to €% (Q N Bygr(zo)) for
some 6 > 0 small enough. O

4. COMPACTNESS RESULTS

We start by establishing a weak compactness result, in the spirit of the compactness argument in
the T'-convergence analysis, under the only assumption of uniform energy bound (1.12).

Proposition 4.1 (Weak compactness). Let Q C RY be a bounded open set with Lipschitz boundary,
g € Hz(0Q) N L>®(09Q), and &, — 0t be an arbitrary sequence. Assume that (un,vy) = (ue, ,ve,) €
Ag(Q) satisfies 0 < v, < 1 a.e. in Q, |lupllpo@) < |l9lle=aq), and the uniform energy bound
sup,, AT, (tun,v,) < 0o. There exist a (not relabelled) subsequence and u. € SBV?Z(Q) N L>*(Q)
such that

(Un,vn) = (us,1)  strongly in [L?(2)])?,
v Vi, — Vu, weakly in L*(Q; RY).

Moreover,

/ |V, |* dz < 1iminf/ 02|V, > dr < liminf/(nen +02)|Vu,|? dz, (4.1)
O n— o0 Q n—oo Q
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and

HN (T, U (09N {u, # g})) < lirginf/(l — vn)| V| dz
n oo Q

2

< liminf/ <€n|an|2+ M) dz. (4.2)
n—oo [ 4e,,

Proof. First of all, it is clear from the energy bound that v,, — 1 strongly in L?(Q). Moreover, up to a

subsequence, there exist u, € L>(£2) such that u,, — u. weakly* in L>(Q).

Let Q' be a bounded open set such that Q@ C Q' and ¢’ € HY(Q')NL>(Q') be an arbitrary extension
of g satisfying [|g'[| L) < 9]l (o). We extend (u,,v,) by (¢',1) in Q' \ @ and we still denote by
(un, vy,) the extension.

According to Young’s inequality, we have

2 2 o (vn —1)°
02/ (Ne,, + v52) | V| dx—l—/ en|Vo,|* + ———— | do
Q/ Q/ 4671

2/ vi|Vun|2dx—|—/ (1 —v,)|Vop|dz. (4.3)
1% o

Using the coarea formula and the fact that 0 < v, < 1, we can reconstruct the second integral in the
right hand side by integrating along the level sets of v,, i.e.,

b

1
/,(1fvn)\an|dx:/0 (17t)7-lN’1(8*{vn<t})dt2/ O (Y HN (0 fon < 1)) dt,

a

for all 0 < a < b < 1, where ®(¢) :=t — t?/2. By a change of variables and the mean value Theorem,
we can find some t,, € [a, b] such that the set E,, := {v, < t,} has finite perimeter in " and

/ (1= 0,)|[Von| dz > [B(b) — B(@)HY (3" {v, < tn}). (4.4)
Moreover, the previous energy estimate ensures that HN~1(9*E,) < C, for some constant C' > 0

(possibly depending on a and b, but independent of n). Then, according to the Chebychev inequality
and since t, <b,

1
LB, =LVN{1— v, > 1—1,}) < /(1—vn)2dm§ Cen

1—t0)2 /g 1- 02

Since a < t, <wv, on U\ E,,

t 1 C
/ |V, |? de < —2/ |V, |? de < —2/ 02 |Vu,|? do < — -
\E, = JanE, = JanE, a

Applying Lemma 2.1, we can extract a (not relabeled) subsequence and find u' € SBV2(Q') N L> ()
(at this stage possibly depending on a and b) such that u, = u,1lon g, € SBV?(Y)NL>®(Q) satisfies

Un, — v’ strongly in L?(QY'),
Vi, — Vu'  weakly in L2(Q;RY),
2HN =1 (Jy) < liminf, HN-Y(0*E,).
Since u, = ¢ in @'\ Q and LY (E,) — 0, we infer that u'|onq = ¢’ and H¥1(J, \ Q) = 0 because

g € H'(Q'). Moreover, since u, — i, = unlg,, then |[u, — Uyl 2 < |9l p=00) LY (En)'/? — 0, and
thus u'|q = u.. We finally get that «’ is independent of a and b and that J,, = J,,, U (0Q N {us # g})
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up to an HY~l-negligible set. Consequently, u, € SBV?2(2) N L>(Q) satisfies

Up — Us, Uy — Us  strongly in L2(Q),
Vi, — Vu, weakly in L2(;RYN),
QHN (T, U (00N {u. # g})) < liminf, HN "1 (0*E,).

In the sequel, to lighten notation, we shall write

~

Ju, = Ju, UOQN{us #g}).
For an arbitrary test function ¢ € €>°(Q; R”Y), we have

/(vnVun—Vu*)-apdx:/(UnVun—Vﬂn)~<,0dm+/(Vﬂn—Vu*)-<pda:.
Q Q Q

The second integral tends to zero as n — co because Vi, — Vu, weakly in L?(Q; R"). Concerning
the first integral, using that Vi, = 1\ g, Vu,, we can estimate it as

/(vnVun — Vi) - pd
Q

g/ vn\vun|\¢|dx+/ (1= v,) | Vit || de
E

<Nvn V| 2 irm |9 Lo @) LN (En) /2

+ 11 = vnll 2@ IV L2 (@m™) @l Lo (@) — 0

Since the sequence {v, Vu,} is bounded in L?(Q; RY) according to the energy bound, we deduce that
vV, — Vu, weakly in L2(Q;RY). By lower semicontinuity of the norm with respect to weak
convergence, we have

/ |V, |* de < liminf/ 02|V, |? de < liminf/(nsn +02)|Vu, > dz .

On the other hand, (4.4) implies that for all 0 < a < b < 1,

_1\2
hminf/ (5”|an|2 + M) dx > liminf/ (1 —v,)|Vu,|dz
n—oo Jq 4e, n—oo Jq
> [®(b) — ®(a)] liminf HN 15" E,)
n—oo
> 2[@(b) — D(a)|HN () -

Letting a — 0 and b — 1 leads to

—1)2 ~
liminf/ (en|V1}n|2 + (1}”)) dz > liminf/ (1 — )| Vo, | dz > HN (T,
Q n Q

n—00 4e n—oo

since ®(0) = 0 and ®(1) =1/2. O

The regularity of solutions established in Theorem 1.1 allows us to prove that critical points of the
Ambrosio-Tortorelli functional satisfies a Noether type conservation law, which is the starting point of
their asymptotic analysis.
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Proposition 4.2. Let Q@ C RN be a bounded open set with boundary of class €** and g € €*(90Q)
for some a € (0,1). If (uc,ve) € Ag() is a critical point of AT:, then for all X € €}(RY;RY),

/ (ne +v2) [2Vue ® Vue — [Vu.’Id] : DX dz
Q
o (ve — 1)
+ 2eVve @ Voo — | e|Voe|* + ——— | Id| : DX dz
Q 4e
= / [(775 + 1)(8uus)2 + 6(3y1)5)2 - (775 + 1)|V79|2] (X : VQ) duN !
Fle)

e+ 1) /8 @)X, Vo) dHY L (45)

where X, := X — (X -vq)vq is the tangential part of X, and Vg is the tangential gradient of g on 0.
Proof. Let us fix an arbitrary X € €}(RY;R"Y). By Theorem 1.1, (u.,v.) € [¢**(Q)]? and (1.3) is

satisﬁed in the classical sense. Multiplying the first equation of (1.3) by X - Vu. (which belongs to
€1(Q)) and integrating by parts yields

0= / (e +02)Vue - V(X - Vu)de — (ne +1) [ OyucX - Vu dHN !
Q o

1
:/(ng+v§)(vus®vua);Dde+§/(ns+u§)X.V(|vue\2)dx
Q Q

et 1) /8 (@ (X - v) Y~ (4 1) /8 (@)X, Vrg)

since V,u:. = V,g on 0. Integrating by parts the second integral in the right hand side, we get
1
0= /Q(nE +v2)(Vu. ® Vu.) : DX da — 3 /9(775 +02)|Vue AdivX dz

—/vg(X-VvE)\Vug|2dx+L—H/ |Vue|?(X - vg)dHN !
Q 2 Jaa

- (775+1)/m(8,,u5)2(X~uQ)dHN_l - (n5+1)[)9(8yu5)(X7-VTg) dHN !

Rearranging terms leads to

1
0= / (e +v2) [(VUE ® Vug) — 2Vu5|21d} : DX dx — / v (X - Vv.)|Vu|? do
Q Q

o ne+1
2

ne +1
2

- (- + 1)/59(8”“5)()(7 Veg)dHN T (4.6)

/(aqu)Q(X-VQ)dHN_l—&- / IV, gl2(X - vq) dHN 1
on o

Similarly, multiplying the second equation in (1.3) by X - Vv, (which belongs to ¢ (Q)) and performing
similar integration by parts yields

0:5/ (WE@@WE)—1 |vu5|2+i(v6—1)2 Id :Dde+/v€(X-Vv€)|Vu€|2da:
Q 2 de Q

_ ¢ 02X - v N-1 .
5 [ @K )

since v. = 1 on 0f2. Then the conclusion follows summing up (4.6) and (4.7). O
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Remark 4.1. The fact that critical points (u.,v.) enjoy the higher regularity [¢>(£2)]? allows one to
obtain a strong form of the conservative equations for (uc,v:). In particular, some information on the
boundary are recovered since the vector field X does not need to be tangential on 0f2. This additional
information will be instrumental in Section 5 to characterize the boundary term occurring in the first
inner variation of the Mumford-Shah functional. A slightly weaker form can be obtained through inner
variations of the energy by using deformations of the form u; := uo <I>t_1 - Gofl)t_1 +G and v :=vo <I>t_1,
where ®; is the integral flow of a vector field X € €}(RY;RY) satisfying X - vo = 0 on 9Q and G is
an arbitrary extension of g to the whole domain €2. It leads to the following inner variational equation
(see A.11)

/ (ne +v2) [2Vue ® Vue — |[Vu.[’Id] : DX dz
Q

(ve — 1)2

+/ {%Vve ® Vv, — (fs|VvE|2 +
Q de

)Id] : DX dx

= 2/ (ne +v3)Vu. - V(X - VG) dz
Q

for all X € €}(RY;RY) and G € €?(RYN) satisfying X - vg = 0 and G = g on Q. Integrating by
parts the right hand side and using equation (1.3), we arrive at

/ (e +v2) [2Vue ® Vue — [Vu’Id] : DX dz
Q
e 1 2
+/ {%Vue ® Vo, — (EIWEF + (”46)) Id] : DX dzx
Q

=2(n. +1) /(Z)Q(ayug)(XT -V.g) dHN L.

Note that we used that X - VG = X - Vg on 99 since X - vg = 0 on 0f).

Owing to the previous results, we get the following property for the weak limit u, as € — 0 of a
converging sequence of critical points the Ambrosio-Tortorelli functional.
Lemma 4.1. Let Q@ C RN be a bounded open set with boundary of class €*' and g € €**(09Q) for
some o € (0,1). Along a sequence e — 0T, let (ue,v.) € Ag(Q) be a critical point of AT, satisfying the
uniform energy bound (1.12) and the conclusion of Proposition 4.1. If u. denotes the weak limit of u.
as e — 0, then Vu, € L>(Q;RY) satisfies div(Vu,) = 0 in 2'(Q), its normal trace Vu, - vg belongs to
L?(09), and

Oyue — Vu, - v  weakly in Lz(aﬂ) ase — 0.

Moreover, up to a subsequence, there exists a nonnegative Radon measure A\, € M*(9Q) such that

[(Dpue)? + (v ) JHN 7L OQ 2 N, weakly™ in M(09).
Proof. We first claim that (1. +v2?)Vu. — Vu, weakly in L#(Q; RY). Indeed, on the one hand we have
M Ve L2(0rv) < Ve ||V 1 + v2Vue : <Cyme — 0, (4.8)
and on the other hand, for all p € €>(Q; RY),

‘/ vEVug-gpdx—/U§Vu5~<pdac
Q Q

Gathering both information and using Proposition 4.1 leads to (1. + v2)Vu. — Vu, weakly* in
D'(Q; RY). Since the sequence {(n. +v2)Vu.} is bounded in L?(; RY), its weak L2-convergence fol-
lows. We can thus pass to the limit in (1.4) in the sense of distribution and conclude that div(Vu,) =0

in 2'(Q).

L2 (RN

< el oo (@i [lve Ve | L2 (irn) lve = 1lz2(0) — 0.
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Since Vu, belongs to L*(Q; RY), and div(Vu,) = 0, the normal trace Vu, - v is well defined as an
clement of H~2(91). Recalling that v. = 1 on €2, we get that

(e + 1)0pue = (e + v2)Vue - v — Vu, -vq  weakly in H™2(99).

We now improve this convergence into a weak convergence in L?(9Q). For that, let us consider a test
function X € €}(RY;R") such that X = v on 99 in relation (4.5). Using that the left-hand side of
(4.5) is clearly controlled by the Ambrosio-Tortorelli energy (see (1.12)), we infer that

sup/ [(ne + 1)(Opuc)® + e(Dpve)?] dHN ! < 0.
e>0Jo0Q

On the one hand, we obtain that {8, u.}.~0 is bounded in L2?(9€), hence d,u. — Vu, - vq weakly
in L2(0Q). On the other hand, there exists a nonnegative Radon measure A\, € M*(9Q) such that

[(Oyue)? + (v ) JHN LI 2 A\, weakly™ in M(99). a

Remark 4.2. Our choice of Dirichlet boundary conditions for both u and v in (1.3) allows one to obtain
an e-dependent boundary term which is nonnegative in the boundary integral involving X - vq in (4.5).
This sign information is essential to get a limit boundary term which is a measure A\, concentrated
on 0. If we had chosen a Neumann condition for v and a Dirichlet condition for u as in [13], one
would have obtained a more involved boundary term which would lead to a first order distribution on
O in the e — 0 limit. It is not clear in this case how to perform the analysis in Section 5 (in particular
Lemma 5.3).

5. CONVERGENCE OF CRITICAL POINTS

Our objective is to show that u, is a critical point of the Mumford-Shah functional. We now improve
the convergence results established at the previous section by additionally assuming the convergence of
the energy (1.13), i.e.,

AT (ue,ve) = MS(uy).
Under this stronger assumption, we can improve the above established convergences and in particular
obtain the equipartition of the phase-field energy.

Proposition 5.1. Let Q C RYN be a bounded open set with Lipschitz boundary and g € H%(aﬁ) N
L>(0Q). Let us consider a critical point (ue,ve) of the Ambrosio-Tortorelli functional satisfying the
energy convergence (1.13) and let u, € SBV?() be given by Proposition 4.1. Then, up to a further
subsequence

Ve +v2Vu. — Vu,, v.Vu. — Vu. strongly in L*(;RY). (5.1)
Moreover, setting ®(t) :==t —t2/2, and
we 1= P(ve), (5.2)
then
{VwSEN LQ>0 - weakly* in M(Q; RN, (5.3)
Vw LV LQ S HN-IL T, weakly* in M(Q), '

where we recall that ju* = Ju, U (02N {us # g}). Finally, there is equipartition of the phase-field
energy, i.e.,

lim

1
E\VUE\Q -—1- vg)2
e—=0 Jq 4e

dz = lim/ |26|Vve|* — |V || dz = 0. (5.4)
e—=0 Jo

Proof. According to the convergence of energy assumption (1.13) and the lower semicontinuity proper-
ties (4.1)-(4.2) established in Proposition 4.1 (which applies by Lemma 3.1), we deduce that

/|Vu*|2dac: lim/ 02|V > de = lim/(n€+v§)|VuE|2dx (5.5)
Q e=0 Jq e—=0 Jq
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and

~ . —1)2
HN Y (T,,) = gg% Q(1 —v:)| V| do = Ehg%/Q <€|V1}5|2 + (U4<€)> dz. (5.6)

Convergence (5.5) combined with the weak L2-convergence of v. Vu. to Vu, implies that v, Vu, — Vu,
strongly in L?(Q; RY). Moreover, it follows from (5.5) that V1 Vue — 0 strongly in L?(Q; RY). Hence
Ve + 12 Vue — Vu, strongly in L*(Q; RY) as well.

Next, setting w. = ®(v.), with ®(t) = t — ¢2/2, and using that v. — 1 strongly in L?(f2) yields
we — 1/2 strongly in L*(Q). Furthermore, owing to the chain rule in Sobolev spaces, we have Vw, =
' (v.)Vv. = (1 —v.)Vv.. According to (4.3), we deduce that {Vw,.}.¢ is bounded in L'(Q; RY), and
thus Vw. LNV L Q = 0 weakly* in M(€; RY). Moreover, reproducing the proof of Proposition 4.1 we
can see that for every open set U C Q' € RY, we have

HN (T, NU) < liminf/ |Vwe| dz,
e—0 U
and, using (5.6) shows that
/ IVw.|dz — HN1(T,.). (5.7)
Q

Thus [1, Theorem 1.80] implies that [V |£N L Q 2 #V=1L ], weakly* in M(9Q).
The equipartition of energy is obtained by observing that

1
ATE(uE,vE):/(n€+v§)|vu€\2dx+/ |Vw€\dx+/ ‘\ﬁ|V1}E|—(1—UE) dx,
Q Q Q 2\/e

and by using (1.13), (5.5) and (5.7). Indeed, we get that

J

and then, by the Cauchy-Schwarz inequality,

J

2

1
Vel Vue| — Ts(l —v)| dz—0,

NG

1
g|Vve|? — g(l —v.)?| da

< (/\fv - 5=

5 1/2
dx)

5 1/2
dx) — 0.

zdx>1/2 (/ﬂ‘ﬁmw%u—vs)

SC(/Q

Finally, using again that [Vw.| = (1 — v¢)|Vve|, we observe that

Vel V.| - Qiﬁu )

2
2 o (1—w)? 1
_ — _ T - (1-

/Q|2€|VUE| [Vwe|| dz /Q | V| " + (ﬁ|VvE| 2\/5( ve) | | dz

1—v,)2 1 2
< I St / = ——(1—v)| 4 :

< /QE\VU\ " ’ T+ Q\/E\Vv\ 2\@( ve)| dz— 0

This implies (5.4). O

The proof of Theorem 1.2  is based on (geometric) measure theoretic arguments. Let us define the
(N — 1)-varifold V. € Vy_1(f) associated to the phase-field variable v. € H(Q) by

Vuw Vuw —
V,(p>::/ @(x,ld— £ ® E)|Vw dz forall p € €(Qx Gy_1),
(Ve QN{Vw.#£0} [Vwe| — [V | e '
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where w. := ®(v.), and ®(t) = t —2/2 for t € [0,1]. By the coarea formula, this definition is
equivalent to the definition of a varifold associated to a function in [21]. By standard compactness of
bounded Radon measures, at the expense of extracting a further subsequence, there exists a varifold
Vi € Vn_1(£2) such that
V. 2V, weakly* in M(Q x Gn_1).

Note that |[VZ|| = ||Vi|| weakly* in M(Q) by definition of the mass of a varifold and thanks to the
compactness of G _1. Recalling the definition of w. in (5.2), we observe that ||V.| = |[Vw. LN LQ =
HN-1L_J,. weakly* in M(Q) according to (5.3), and it follows that

Vil = HN 'L T, .

According to the disintegration Theorem ([1, Theorem 2.28]), there exists a weak®™ H¥ ~!l-measurable
mapping x € Qs V, € M(Gpy_1) of probability measures such that V, = (HN "L J,,)®V,, i.e., for
all p € (2 x Gy_1),

/QXGN—l QO(‘T, A) av- (1‘7 A) B /ju* </GN—1 QO(Z‘, A) dVI(A)) d,HN_l(I) ’ (5-8)

For HN-1 almost every z € J,_, we set
A(z) = / AdV,(4). (5.9)
GnN-1

Owing to our various convergence results, we are now in position to pass to the limit in the inner
variation equation (4.5). The limit expression is for now depending on the abstract limit varifold Vi
through its first moment A of V., and the abstract boundary measure A, introduced in Lemma 4.1.

Lemma 5.1. Let Q C RY is a bounded open set of class €** and g € €% (0Q) for some o € (0,1). Let
us € SBV2(Q) be a limit of critical points of the Ambrosio-Tortorelli functional as in Proposition 5.1.
For all X € €}(RY;RY), we have

/(|Vu*|21d—2Vu*®Vu*) :Dde—&-/A A:DXdHN !
Q

= —/ (X'VQ)d)\*-f—/ IV, g% (X - vg)dHN ! —2/ (Vg - v0)(Xy - Vog)dHN L. (5.10)
on oN onN

Proof. Using the strong convergence (5.1) established before, it is easy to pass to the limit in the first
integral and in the left hand side of (4.5). We get for all X € €}(RY;RY),

/(2(\/775+v2Vu5 (Ve +v2 Vue) — (e + v2) |V, | Id) : DX dz
Q

(2Vu, ® Vu, — |Vu,|’Id) : DX dz. (5.11)
e—=0 /o

According to Lemma 4.1 we can also pass to the limit in the boundary integrals in the right hand side
of (4.5), we get that

/ (0 + 1)(Opue)® +e(0pv2)?] X - wdHN !
[2}9)

1+n€/ X - v|Veg?dHN "t + n5+1/ (Oyue)( Xy - Vrog)dHN !
o

— (onxg)d)\*f/ IV g|(X - vq) dHN~ 1+2/ (V- v0)(Xy - Vog)dHN 7L (5.12)
=0 Joq 99 o0
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It remains to pass to the limit in the second integral in the left hand side of (4.5). Using the chain
rule, we have Vw, = ®'(v.)Vov.. The equipartition of energy (5.4) thus implies that

—1)2
lim <2svu5 ® Vo, — &|Vu.[2Id — (064)Id> . DX dz
9

e=0 /o
= lim 2|V, |? ( Ve ® Ve —Id) : DX dx
20 Jon{vu.£0} Ve — [V
— lim V. | (m & e _ Id) . DX da
=0 Jon{Vw.#0} [Vwe| — [Vw|
:—/ A: DX (z)dVi(z, A) = —/ A:DXdAHNTE (5.13)
ﬁXGN_l ju*
Gathering (5.11), (5.12) and (5.13), we infer that (5.10) holds. O

Let us now identify the first moment A of the measure V,. We first establish some algebraic
properties of this matrix.

Lemma 5.2. For HY~'-almost every z € ju*, the matriz A(x) satisfies

A(z) >0, tr(A(z))=N-1, p(A(x)) =1,
where p denotes the spectral radius.

Proof. To simplify notation, we set

A = (Id —

Vw, ® Vw,
[Vwe| = [Vwe| )

The matrix A, is well-defined on the set QN {Vw, # 0}, it is a symmetric matrix corresponding to the
orthogonal projection on {Vw.}*. It satisfies

A: >0, tr(A.)=N-1 and p(4:)=1 inQN{Vw. #0}.
For all ¢ € €°(Q2), we have

/A tr(A)pdHN 1 = /7 tr(A)p(z) dVi(z, A)
Ju, OXGN_1
= lim tr(A)p(r) dVe(z, A)

e—0 OXCGN_1

= lim tr(A:) | Vw, | dx
=0 Jon{vw.#0}

= V=Dl [ oIVl da

- - 1>ﬂ pdHN
J.

ws

which shows that tr(A) = (N — 1) ¥~ '-a.c. on J,,. If further ¢ > 0 and z € RY, then

[ @eant = [ () V(e a)
T OxGn_1
= lim (Az - 2)p(z) dV.(z, A)

e—0 OxGny_1

= lim (Acz - z) p|Vwe|dz > 0.
=0 Jon{Vw.#0}
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As a consequence, for all z € RY, we have Az -z > 0 HV '-a.e. on JA'U*, from which we deduce that A
is a nonnegative matrix H¥"!-a.e. on J,,,.
Since for all ¢ € €°(Q) we have

Vuw, Vw, — _
|Vw, (Id -—® ) pdr — Ap(z) dVi(z, A) = / ApdHN—1,
/Qﬁ{VwE;éO} | ‘vw€| |Vw5| ﬁXGN_l 7

we deduce that
AV LN LQ ANV T, weakly* in M(Q; MV*N) (5.14)
Using that the spectral radius p is a convex, continuous, and positively 1-homogeneous function on the

set of symmetric matrices?, it follows from Reshetnyak continuity Theorem (see [1, Theorem 2.39]) that
for all ¢ € €°(Q),

/ o dHN ! = lim/ p|Vw|dz = lim/ cpp(AE)\Vw€|dx:/ op(A) dHN L,
7 e—0 /o e—0 Jo 7

hence p(4) = 1 H¥L-a.c. on J,.. O
We now focus on the interior structure of the varifold V..
Lemma 5.3. For HN t-a.e. x in J,, = :7;* neQ,
Alx) =1d — v, (7) @ vy, (2),
where v,, is the approzimate normal to the countably HN ~1-rectifiable set J,,, .

Proof. Step 1: Let us show that for HN ~'-a.e. z in J,,, A(z) is a projection matriz onto a (N — 1)-
dimensional hyperplane.

To this aim, we perform a blow-up argument on the first variation equation (5.10). Let o € J,,, be
such that

(1) zo is a Lebesgue point of A with respect to HYN =1L J,,;

(2) J,, admits an approximate tangent space at ¢ given by T, = {vu, (70)};

(3)

/HN_l(Ju* mBQ(QUO)) -1

e : (5.15)

lim
0—0 WN-10
(4)

1
Q—>0 Q Bg(l’o)

It turns out that HN~!-almost every point xo € .J,, satisfies these properties. Indeed, (1) is a
consequence of the Besicovitch differentiation theorem, (2) and (3) are consequences of the rectifiability
of J,, (see Theorems 2.63 and 2.83 in [1]), while condition (4) is a consequence of (3) together with
the fact that the measure |Vu,|2LY L Q is singular with respect to HN 1L J,, .

Let ¢ € J,, be such a point and let ¢ > 0 be such that B,(z¢) C . For ¢ € €°(RY;RY) such
that Supp(¢) C By, we set

Tr — X

Brono(®) = (

so that ¢u, , € €°(RY;RY) and Supp(¢,.0) C By(wo). Taking ¢, , as test vector field in (5.10)
(note that ¢, , = 0 in a neighbourhood of 0f2) yields

/ A Doy o dHN 1 = —/ (IVu.*1d = 2Vu, ® Vu,) : Dy, o dz.
Ju, NBy(z0) By (o)

) for all z € RV,

2For a symmetric matrix we can write p(A) = max|;|—; Az - x, hence p is convex as a supremum of affine functions.
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Dividing this identity by o™ 2 yields

1 _ -
ﬁ/ A:qu( xo) dHN -1
0 Ju,NBy(z0) 0

-1 -
- F/ (|Vu.]’Id = 2Vu, ® Vu,) : D¢ ( 0) dz.
BQ(IO) Y

We first show that the left hand side of the previous equality tends to zero as ¢ — 0. Indeed, thanks
to our choice of xy, we have

1 _
F/ (|Vu.]’Id = 2Vu, ® Vu,) : D¢ (a: x()) dz
Bg(f()) Y

D . . X
D¢, (B N>/ [V, |2dz — 0,
o By (o)

for some constant C' > 0. For what concerns the right hand side, using first that z¢ is a Lebesgue point
of A and (5.15), we get that

§C|

1 - 7 ‘550) N-1
—_ A— A(zg)) : D dH

D oo . X p— J—
< el S / [A — A(zo) | dHN ' — 0,
0 Ju,NB,y(z0)

so that

—
1m
0—0 oN—1 Ju,NBy(0)

|
>
<
A
|
8
o
~
a
X
r

— 1 - — X _
= Az :limi/ D < )d’HN L
(o) 0—0 pN -1 Ju, NBy(zo) ¢ 0

Using next that J,, admits an approximate tangent space that we denote by T3, at xo, we obtain that
1 -
lim —— / D¢ (0) ARV = / DedHN .
0—0 0 Ju.NBy(z0) 0 TyyNB1

/ A(x0) : DedHN 1 =0 for all ¢ € €°(By; RY). (5.16)
ngmBl

Hence,

-N
Let t € (0,1) be such that t <+/N , the measure v := ——HN-1_T, satisfies

WN-—1

N1 <u(B,) <v(By) <1.

According to [2, Lemma 3.9] with 8 = s = N — 1, we get that the matrix A(x() has at most N — 1
nonzero eigenvalues. Recalling that tr(A(z¢)) = N —1 and that all eigenvalues of A(xg) belong to [0, 1],
this implies that A(xg) has exactly N — 1 eigenvalues which are equal to 1, and one eigenvalue which
is zero. Hence, there exists e € SV ! such that A=Id —e®e.

Step 2: Let us show that e = +v,,, (o). Let us consider the varifold
‘7 = HN_II_TwO & 6Z(Io) S M(Bl X GNfl) y

whose action is given by

/ oz, A)dV (2, A) = / oz, A(z0)) AHN"1(2)  for all p € €0(By x Gy_1).
Bl><GN71 BlmTzo
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Since A(wg) is a projection matrix onto the hyperplane e, it follows that V € Vy_1(By) is a (N —1)-
varifold in By with ||V || = HN 1 L T,,. Moreover, condition (5.16) shows that V is a stationary varifold,
cf. Section 2.3. It follows from the monotonicity formula (see e.g. formula (40.3) page 236 in [41]) that
for all # € T,;, N By and all ¢ > 0 such that B,(z) C By,

HN-YT, NB HN-YT, N B, Sy —x)]?
( ]\({)71 Q(x» _ ( ]\?,1 (l‘)) +/ |€ (y Nx42|1 d?—lN_l(y)
e r Ty NBo(2)\Br () ly — |
for all 0 < r < p. Since
HN_l(Txo N Br(x)) - HN_l(TZO N BQ(@) _
rN-1 - oN-1 =WN-1,
we deduce that o )|2
c-\y—a N—1
W=D gy N=1(y) = 0.
~/TIO|’TBQ(:C)\BT(QC) ly — x[N+1

Choosing = = 0, ¢ = 1, and letting 7 — 0%, we infer that y-e = 0 for H¥ " l-a.e. y € T, N By which
implies that Ty, = et, hence e = £, (z0). O

Next we focus on boundary points.

Lemma 5.4. For HN " '-a.e. 2 € ju N o, we have
A(z) =1d — vo(r) @ vo(z),
where vq is the outward unit normal to Of).

Proof. We perform again a blow-up argument, this time at boundary points. Let z¢ € ju N 0N be
such that:

(1) zo is a Lebesgue point of A with respect to HYN =1L J,,;

(2) J,, admits an approximate tangent space at g which coincides with the (usual) tangent space

of 9 at x¢ (this in particular implies that v, (xg) = £va(xo));

3) )

,HN_l(Ju* N By (o)) —1-
N-1 e

lim
0—0 WN-10

(4)

limi/ Vu*de:O;
00 oN =1 By (x0)NQ | |
(5)

«(B 1
lim As(By(20)) =0, lim / |Vu, - vl dHN-1 — 0.
00 N2 00 N =2 00N B, (x0)

It turns out that H™V~! almost every point zo € ju N 0N satisfies these properties. Indeed, (1) is a

consequence of the Besicovitch differentiation Theorem while (2) comes from the rectifiability of ju
(see [1, Theorems 2.83]) together with the locality of approximate tangent spaces (see [1, Proposition
2.85)). Condition (3) is again a consequence of the rectifiabilty of .J,, and the Besicovitch-Marstrand-
Mattila theorem (see [1, Proposition 2.63]). Condition (4) is a consequence of (3) together with the
fact that the measure |Vu.|>?LN L is singular with respect to HV ! L J,.. To justify (5), we define

for x € 092,
As(Bo()) )

O(x) := limsup e

0—0
According to standard density arguments (see e.g. [1, Theorem 2.56]), we have

tHYN2({0>1}) < M({0>1}) <oo forallt>0.
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Hence HY~1({© > t}) =0 for all t > 0. As a consequence, HV~1({© > 0}) = 0. The second property
of (5) can be obtained similarly replacing A, by |Vu, - v|HN =1L 9.

We choose such a point zo € 92N J,, and we take o > 0.

Step 1: We first prove that vq(xg) is an eigenvector of A(xg). Consider first a test vector field ¢ of

the form
T — X0

p(x) == ¢ (

where ¢ € €>°(B;) and 7 € €} (R™;R") is such that 7-vq = 0 on 9Q. Plugging ¢ in (5.10) and using
estimates similar to the proof of Lemma 5.3, we obtain

) T(x) for all x € By(zo),

/ A(xo) : (F(z0) @ Vo) dHN 1 =0 for all p € €°(By). (5.17)
TJ.OOBI
Note that to get (5.17), the boundary term is cancelled thanks to the second property of (5). Let
{71,...,7n-1} be an orthonormal basis of T, and v := vo(zo) be the outward unit normal to Q at zg
(i.e. v is a normal vector to Ty,). We choose the vector field 7 in such a way that 7(xz¢) = 7, and we
decompose V¢ along the orthonormal basis {71,...,7xy_1,v} of RV as

N-1

Vo =Y (9;0)7; + (Oup)v.
j=1

Since szoﬂBl jpdHN=1 =0 for all 1 < j < N — 1, we infer from (5.17) that

(Aar)-v) [ apan™ ~o.

zo M B1

From the arbitrariness of ¢, it follows that (A(xg)7;) v = 0 for all 1 < i < N — 1. Since A(x)
is symmetric, we deduce that A(zg)v € T, that is A(zo)v = cv for some ¢ € [0,1] (recall that all
eigenvalues of A(xg) belong to [0,1] by Lemma 5.2). Thus v is an eigenvector of A(z), and by the
spectral theorem, we can also assume without loss of generality that 7, ..., 7n_1 are also eigenvectors

of A(zp).

Step 2: We next show that A(xg) is the projection matriz onto the tangent space to O at x.
We now consider a test vector field ¢ of the form
T — X

o) = (o
o
where ¢ € €>°(B;) and 7 € €}(RY;RY) is such that 7(x) is a normal vector to dQ at z € 90

satisfying 0(zo) = va(z). Using again estimates in a similar way to the proof of Lemma 5.3 (this time,
the boundary term is cancelled thanks to the first property of (5)), we obtain that

> for all z € B,(zo),

/ Axo) : v @ Vp)dHN 1 =0 forall p € €°(By),
Ty B:

and thus, by Step 1,

c/ Dy dHN 1 =0.
TooNB1

By arbitrariness of ¢, this last equality shows that ¢ = 0. As a consequence, there exist real numbers
€1,...,¢n—1 € [0,1] (the eigenvalues of A(zg) associated to the eigenvectors 7y, ...,7y_1) such that

N—-1
A(Jﬁo) = Z CiTi @ Tj -
=1
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According to Lemma 5.2, tr(A(zg)) = ¢; +---+cny_1 = N —1, and we deduce that ¢; = --- = cy_1 =
Hence,

N-1
A(zg) = Zn@n =ld-vev,

i=1

as announced. O
We can now complete the proof of our second main theorem.

Proof of Theorem 1.2. i) This point is a consequence of Lemma 4.1.
ii) Using that v,, = +vq HV l-a.e. in 92N J,, and gathering Lemmas 5.3 and 5.4 yields

A=1d—v,, @v,, HVN aec inJ,.

Thus according to (5.8) and (5.9), we get that

A:DX dHN ! = /A (Id — vy, ®vy,): DX dHN L,
T

T,

Then Lemma 5.1 implies that

/ (|Vu.]’ld = 2Vu, ® Vu,) : DX dz + /A (Id — vy, @ vy,) : DX dHN !
Q Ju*

:—/ (X-VQ)dA*Jr/ \Vrg|2(X-1/Q)d7-lN_1—2/ (V- vo) (X, - Vyg) dHN !
oN on o

for all X € €}(RY;RY). Specifying this identity to vector fields X € €} (RY; RY) satisfying X -vg =0
on 0f) leads to

/ (|Vu.]’ld — 2Vu, ® Vu,) : DX dz + /A (Id — vy, ®vy,) : DX dHN !
Q T,

= —2/ (Vg - v0) (X, - Vog) dHN L,
oN

and (1.14) follows from the definition of the tangential divergence of X on the countably H~~!-
rectifiable set J,,, . (]

The results of this section also give the following convergences that will be used in Section 6.

Corollary 5.1. Let (uc,v.) € Ay(Q), w. given by (5.2), and u., € SBVZ(Q) N L¥(2) be as in
Theorem 1.2. Then,
Vw, Vw,

V.| ® WTEMVU}‘SMNLQ S v, QU HN TV T, weakly® in M(Q; MYV (5.18)

eV, @ Vo LV LQ & %V“* @ vy, HN ! I_ju* weakly* in M(Q; MYV >N (5.19)

Proof. The first point (5.18) follows from (5.14) together with Lemmas 5.3 and 5.4 by observing that
Vu, = Fvg HY¥lae. in 90N J,,. The second point (5.19) follows from the first one, the equipartition

of energy (5.4) and the fact that % = ;gfl. O
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6. PASSING TO THE LIMIT IN THE SECOND INNER VARIATION

The aim of this section is to complement Theorem 1.2 proving also the convergence of the second
inner variation of AT.. As a consequence, we shall deduce that if the limit u, comes from stable
critical points of AT, then u, satisfies a certain stability condition for M.S. Our analysis and result
parallels completely the ones in [24, 25, 26] for the Allen-Cahn type energies arising in phase transitions
problems.

Proof of Theorem 1.3. Assume that 99 is of class ¥>! and g € €>*(9Q) for some a € (0,1). By
Theorem 3.2, if (ue,v) is a critical points of the Ambrosio-Tortorelli functional then it belongs to

[&2 (@)

To prove the convergence of the second inner variation, we use Lemma A.11 and formula (A.25).
From Proposition 5.1, we know that

Ve +v2Vu, — Vu, strongly in L2(Q; RYN),
* 1 _ - . ~

e|Vu 2PN L & §HN YT, weakly* in M(Q),

(ve — 1

2 ~ J—
e Vevigxs %HN‘ll_Ju* weakly* in M(Q) .

On the other hand, Corollary 5.1 ensures that
« 1 ~ _
eVu. @ Vo LN LQ & 5V ® v, HY 7L T, weakly* in M(Q; MYV*V)

Let X € €2(RY;R"Y) and G € €%(RY) be such that X-vg = 0and G = gon 99, and set Y := (DX)X.
Observing that |[DX7Vov.|? = (DX (DX)T) : (Vv. ® Vu.), we can pass to the limit in all the terms of
§2 AT, (ue,v:)[X,G] in (A.25) to find that

lir% 82 AT, (ue,v)[X,G] = / (\Vu*\zld —2(Vu, ® Vu*)) : DY dx + / divf“*Yd/)'-lN_1
e— Q j‘U*
+/ IV, |? ((divX)? — tr(DX)?) — 4((Vu, ® Vu,) : DX)divX dz
Q
+/ [4(Vu, ® Vu,) : (DX)? 4+ 2|DXTVu,|?] dz
Q

[Vu* V(X - VG)divX

;3\

~(Vu. ® V(X - VG)) : (DX + (DX)T)] da
+2/ vu*-V(X.V(X-G))d:cH/ V(X -VG)|? dz
Q Q

+/A [(divX)? —tr(DX)? = 2((Vu, ® vy,) : DX)divX] dHV !

Uy

+2/ [(vu, ®v0.) : (DX)? + | DX vy |?] dHN (6.1)
J

U e

<

Using the geometric formulas stated in the proof of Theorem 1.1 p. 1851-1852 in [24], we infer that

(divX)? — tr[(DX)?] — 2((1/“* ®vy,) : DX)AivX +2(vy, @ vy,) : (DX)? + DX, |?

N— N—-1
(div “*X2+Z|6T7X = > (70, X) (75 0, X) + ((vu, ®@vu,) : DX)? . (6.2)

i=1 i,j=1
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According to the expression of the inner second variation of the Mumford-Shah energy stated in Lemma
A12, (6.1) and (6.2), we infer that

(Vu, ® v, ) DX)erHN*1 .

lim 82 AT (., v.) (X, G] = M S () [X. G + /
e— Tl

Now assume that (u.,ve) € Ay(Q) is a stable critical point of AT, i.e.
d® AT (ue, ve )¢, 9] 2 0 for all (¢,9) € Hy () x [Hy(2) N L>(Q)], (6.3)

where d2AT.(u.,v.) is the second outer variation of AT, at (u.,v.) given by formula (A.19).
Let us fix an arbitrary vector field X € €2(RY;RY) and an arbitrary function G € €3(RY)
satisfying X - vg = 0 and G = g on 0. According to Lemma A.10, we have

82 AT, (ue,v.)[X, G = A®AT.(ue,v)[X - V(ue — G), X - Vo]
+ dAT. (ue,v)[X - V(X - V(ue — G)), X - V(X - Vu.)].

Since (ue,ve) = (g,1) and X - vg = 0 on 0%, we have X - V(u. —G) = X - Vve = 0 on 9. As a
consequence, the functions X -V (u.—G) and X -V, belong to €2(£2) and also vanish on 9. Therefore,

X VX -Vu—-G)=X-V(X-Vuv.)=0 ondN.
Next, (ue,ve) being a critical point of AT, it follows that

dAT, (ue,v:)[X - V(X - V(ue — G)), X - V(X - V) = 0.
Back to (6.3), it follows that

§* AT, (ue, v:)[X, G) = d*AT.(ue,v)[X - V(ue — G), X - Vo] > 0.

Passing now to the limit in the second inner variation yields

82 M S(u)[X, G +/ (a, ®v,) : DX)? dAHN-1 >0,
T

and the proof of Theorem 1.3 is now complete. O

Remark 6.1. In [11, 6], the authors explore second order minimality conditions for the Mumford-Shah
functional in the case where the jump set is regular enough. Such conditions could be derived in our
context, taking care of the Dirichlet boundary data and thus of the fact that the jump set can charge
the boundary. We do not develop this point here and refer to [11, Theorem 3.6] where the authors
provide another expression for §2M.S(u) defined for smooth vector fields X compactly supported in
(see Remark A.3). But we indicate that, as a consequence of Theorem 1.3, it can be seen that, if
(ue,ve) € Ay(R) is a stable critical point of AT, such that, up to a subsequence, u. — u, in L*(Q) and
(1.13) hold, then wu, satisfies the second order minimality condition for the Mumford-Shah functional
derived in [11, 6]) provided J,. is sufficiently smooth. This follows by choosing X € € (RY; RY) of

the form X = ¢v,, oIl; in a neighborhood of Ju. and satisfying v, - (DXv,,) = 0 on J,,,, where

IT;  denotes the nearest point projection onto ju and ¢ is an arbitrary smooth scalar function.

7. THE ONE-DIMENSIONAL CASE

The goal of this section is to investigate the one-dimensional case (N = 1) and show the existence of
non globally minimizing critical points (ue,ve) of the Ambrosio-Tororelli energy satisfying the energy
convergence (1.13). Most of the arguments are borrowed from [13] (see also [23]). However, we cannot
directly use their results because of our different boundary condition for the phase-field variable.

Let N =1, Q= (0,L) with L > 0 and a Dirichlet boundary data g(0) = 0 and g(L) = a > 0. As
explained in Remark 1.1, in this setting, a function v € SBV?2(0, L) is a critical point of the Mumford-
Shah functional in SBV?(0, L) if and only if u(z) = %% for « € [0, L] or u is piecewise constant with
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a finite number of jumps Jy = {z1,...,2m} with z; € [0, L] for all i = 1,...,m. In the first case the
energy of u is

a2

MS(u)z/OL‘Z‘Z dxzf,

MS(u) = #(J, N[0, L]) =m.
Thus, if a® < L then u(x) = az/L is the global minimizer whereas if a> > L then a constant function
with exactly one jump anywhere in the closed interval [0, L] is a global minimizer (if a> = L then all
previous functions are global minimizers). In particular, we have

while in the second case

a2
i MS =minq —,1, . 1
SBI‘}lzl(I(l)’L) S mln{ T } (7.1)

We now consider a family of critical points of AT, i.e., a family {(ue, ve)}eso in [H1(0, L)]? satisfying

[(n- +v2)ul] =0 in (0,L),

Ve — 1 .
=0 0,L),
de n (0.L) (7.2)

u:(0)=0, wu.(L)=a,
v:(0) = v (L) =1.

We also assume the uniform energy bound

L L (ve — 1)?
AT (ug,v.) = / (ne +v2)|ul* dz +/ (€|vé|2 + 4€> de < C. (7.3)
0 0

The following result extends [13, Theorem 2.2] to the case of Dirichlet boundary conditions for the
phase-field variable v. It also improves Theorem 1.2 in the one-dimensional case since assumption (1.13)
on the convergence of energies is no longer required.

Theorem 7.1. Let {(uc,v:)}es0 C [H(0,L)]? be a family satisfying (7.2) and (7.3). Then, up to a
subsequence € — 0,

(i) (ue,ve) = (us,1) in [L2(0,L)]? where s € {Ujump, Uatt } with

—ev +velul* +

azr
Ujump = a1[1/2,1] » Uagr () = T for all z €0, L]. (7.4)

(ii) (ne +v2)[ul]PLTL(0, L) = [u PL'L(0, L) weakly* in M([0, L]),

712 (1 7 1)5)2 . 1
(i) |e|ve]® — 5 — 0 strongly in L*(0, L),
5
(iv) elv’|2L'L(0,L) > adr weakly™ in M([0, L]), with a = 0 or o =1/2. Moreover, if u. = Ujump,
then o = 1/2.

Remark 7.1. We emphasize that we must have a = 1/2 for u, = ujump. However we are not able to
prove that & = 0 for u. = u.g. Indeed o = 1/2 provided v, has a v-jump at L/2 in the terminology
of [13], i.e., as soon as v.(L/2) < /C.e for some constant C, > 0. However it could happen that this
v-jump disappears in the limit and does not create a discontinuity for u,.

As in the case with Neumann boundary conditions we are in presence of a selection phenomenon.
Critical points of AT, cannot approximate any critical points of M.S but only specific ones. Here the
selection phenomenon is much stronger in the sense that only two critical points %jump and w.g of M .S
can be reached as limits of critical points of AT.

As in [13], we also show the existence of a family of critical points of AT, approximating wjump.
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Theorem 7.2. There ezists a family {(uc,v:)}es0 C [H(0,L)]? satisfying (7.2)-(7.3) and such that
(te,ve) = (Ujump, 1) strongly in [L*(0,L)]* as e — 0.

Remark 7.2. According to Theorem 7.1, we obtain that the family in Theorem 7.2 satisfies the energy
convergence (1.13) i.e. AT:(uc,ve) = MS(Ujump). Furthermore, if a® < L, then (7.1) ensures that
Ujump 15 Not a global minimizer of M.S. This shows the existence of non minimizing critical points of
AT, satisfying the assumption of convergence of energy in Theorem 1.2. This example can be made
N-dimensional adding artificially (N — 1)-variables and considering periodic boundary conditions in
those extra variables.

The rest of this section is devoted to the proofs of Theorem 7.1 and Theorem 7.2, reproducing some
of the arguments in [13] for completeness.

7.1. Preliminary estimates. We start by using the first equation in (7.2) to find a constant ¢. € R
such that
(e + 0D, = ., (7.5)
which implies that «. has a constant sign. Since we assume u.(0) = 0 and u.(L) = a > 0, we deduce
that u’E > 0 and ¢. > 0. Then the second equation in (7.2) can be rewritten as
I v, ve — 1
—ev, + 022 P 0. (7.6)

We observe that, thanks to the energy bound (7.3),

L L
ace = / ulce dr = / (ne + vl ?de < AT (ue,v.) < C,
0 0

hence {cc}e>0 is bounded and, up to a subsequence, we can assume that
Ce — Cp . (77)
As in [13, Lemma 3.2] (and using Proposition 4.1), we have the following result.

Lemma 7.1. Let {(uc,v:)}es0 C [HY(0, L)]? satisfying (7.2) and (7.3). Then, up to a subsequence,
(ue,ve) — (ux, 1) strongly in [L*(0, L)]? with u, € SBV?(0,L). Furthermore, u. — co a.e. in (0,L),
|Du|((0,L)) < a and ¢o < a/L.

In the one-dimensional setting, the Noether type conservation law of Proposition 4.2 reads as

(1—wv.)? /
(S et = e D) =0 0.2,
and it implies the existence of a constant d. € R, sometimes called discrepancy, such that
(1—v.)2
4e

Thanks to the energy bound (7.3), it is easy to see that {d.}.>0 is a bounded sequence, and thus (up
to a further subsequence)

—ele? = (e +v2)|uz® = de . (7.8)

d. — do . (7.9)
It also ensures the following uniform bounds (see [13, Lemma 3.4]).

Lemma 7.2. For e > 0 small enough,

2
||u/sHL°°(O,L)§ ﬁ’ ”UéHLOO(O,L)S
€

™ | DN

Moreover, if co > 0, then the following refined estimates hold

2 . C()\/g
HulaHLoo(o,L) < 60757 [r(r)l’lLr]lUg > 5
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We next show the following strong maximum principle.
Lemma 7.3. Let (uc,ve) € [H'(0, L)]? satisfying (7.2), then 0 < ve < 1 in (0, L).

Proof. Let x¢ be a minimum point of v, in [0, L]. If v.(xg) = 1, using that 0 < v, < 1, we deduce that
ve = 1 in [0, L]. Inserting into the second equation of (7.2), we find that u. is a constant function in
[0, L] which is in contradiction with u.(0) = 0 and u.(L) = a > 0. As a consequence of the Dirichlet
boundary condition for v., we have o € (0,L) and thus v/ (xg) > 0. If v.(xg) = 0, using again
the second equation in (7.2) we find that —ev!(zo) = 4 > 0 which is a contradiction. Therefore,
Ve > ve(x0) > 01in (0, L).

Likewise, let 1 be a maximum point of v in [0, L]. If 21 € (0, L) and v.(z1) = 1, then we use that
v/ (21) < 0 together with (7.6) to obtain that ¢. = 0. This implies by (7.5) that «. = 0 which is a
contradiction since u.(0) = 0 and u.(L) = a > 0. It shows again that v. < 1 in (0, L). O

The selection phenomenon already observed in [13] is due to the following symmetry property which
is similar to [13, Lemma 4.1].

Proposition 7.1. Let {(uc,v:)}es0 be a family in [H(0,L))? satisfying (7.2) and (7.3). Then v.
possesses a unique critical point in (0, L) located at L/2, which is a minimum of ve on [0, L]. Moreover,
ve is decreasing in (0,L/2), increasing in (L/2,L) and the graph of v. is symmetric with respect to the
vertical line x = L /2.

Proof. From Lemma 7.3, v. cannot be identically constant equal to 1. Thus by Rolle’s theorem, v,
admits critical points in (0, L).
Let o € (0, L) be an arbitrary critical point of v, in (0, L). If 29 € (0, L/2) then the function

- {ve(x) if x € (0, o]

ve(2xg —x) if x € (x0,220)

is a solution of (7.6) in the interval (0,2zg). In particular, v. and 0. are two solutions of an ODE
of the form v/ = f.(x,v.) in (xg,270) for some function f. of class €2 with v.(xg) = ¥.(xg) and
vl(zg) = ¥L(x0) = 0. Cauchy-Lipschitz Theorem yields in turn that v. = ¥, in (z¢, 2x¢). In particular,
ve(220) = v-(0) = 1 which contradicts Lemma 7.3 since 2z¢ € (0,L). Thus z¢ € [L/2,L) and a
symmetric argument shows that z € (0, L/2]. Finally, the only possibility left is o = L/2.

In particular, ve admits a unique critical point in (0, L) at the point L/2, which must be a minimum
of v. on [0,L]. Moreover, the graph of v, is symmetric with respect to the vertical line {x = L/2}.
Since v, is a smooth function satisfying v.(0) = 1, v.(L/2) < 1 and v # 0 in (0, L/2), we deduce that
v is decreasing in (0, L/2). By symmetry v, is increasing in (L/2, L). O

A crucial step in the proof of Theorem 7.1 is the following characterization of possible limiting slopes
¢o in (7.7), which strongly rests on the symmetry property of v.. We refer to [13, Lemma 4.4] for the
proof.

Lemma 7.4. The limiting slope cy in (7.7) satisfies that either co =0 or ¢g = a/L.
Using that u. = —%= in (7.8), we find that

7]5+U§

(1—wv.)? cg
4e

fs|v(;|2—77 2 =d..
€ 5

Thus, since v. < 1 and ¢. and d. are bounded, we obtain that, for some constant C, > 0 independent
of €,

v?(L/Q)(l - UE(L/z))2 < (ng + vg(L/z)) (1 - vE(L/2)>2 <Ce.
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This implies, thanks to the study of the function X + X2(1 — X)2? on [0, 1], that

either v, <§> >1-— \/CTs or v (5) </ Cie.

In the latter case, L/2 corresponds to a so-called v-jump according to the terminology of [13]. The
previous dichotomy implies that either v. converges uniformly to 1 or there exists exactly one v-jump
which is a minimum of v, located at L/2.

7.2. Proof of Theorem 7.1. We are now ready to prove items i) and ii) of Theorem 7.1, i.e., the
selection principle for limit of critical points of AT, and the convergence of the bulk energy.

Proof of i) and i) in Theorem 7.1. Step 1. Assume first that v.(L/2) > 1 —+/C,e. Then we have that
0<1—wv, <4/Cie — 0 uniformly in [0, L]. For € small enough we also have that v. > 1/2 so that the
energy bound (7.3) yields

1

L L
5 [ liPdes [T+ P <o
0 0

Since {u.}e>0 is bounded in H'(0, L) up to a subsequence we have that u. — u, weakly in H*(0, L)
with u, € H'(0,L). We can pass to the limit in the first equation of (7.5) using (7.7) to obtain that
ul, = ¢p in (0,L). Since u.(0) = 0 and u.(L) = a we find that u, = u.g and ¢y = a/L. Moreover,
thanks to the uniform convergence of v,
L L L L L

. 112 1 2 112 N T / _ / _ /2

g% ; |uz|* dx 725%/0 (e + v2)|u.|* dz 7512%65/0 u.dz = co/o Upg d 7/0 |upg]” de .
It yields u. — uag strongly in H'(0, L) and, in particular (n. + v2)|uL|? — |ul4|? strongly in L'(0, L),
hence also weakly* in M([0, L]).

Step 2. Assume now that v. (£) < \/Cie. We first notice that u.(L/2) = a/2. Indeed, thanks to
the symmetry property of v. and a change of variables, we find that

L Lo, L2, I
az/ ulgdx:/ £ 2dgc:2/ £ 2dx=2u5<>. (7.10)
0 0o Met Vg 0o Me Ttz 2

We next claim that for each 0 < § < L/2, the function v, — 1 uniformly on [0, §]. To this purpose,
define A, := {x € (0,L) : v.(z) < 1—¢'/*}. By the monotonicity properties of v, the set A, is a
closed interval centered in L/2. Thanks to the energy bound (7.3),

L4 .. \2 1
Cz/ (v | o LA
0 9

cl/z

which implies that
L
diam(A,.) < Ce'/? < 3~ 0
for ¢ small enough. Hence A, N[0, 4] = () for € small. In particular v. — 1 uniformly on [0, ], and then

ul = nﬁv? — ¢o uniformly on [0,0]. We deduce that

us(x) = /0 ul(t) dt — cox uniformly with respect to = € [0, 4] .

Thus u.(z) = co for a.e. « € (0,%), and we prove in the same way that u.(z) — a —co(L — z) for a.e.
T € (é, L). Since ¢y = 0 or ¢y = a/L by Lemma 7.4, then we find that either u, = Ujump OF Usx = Uag
(see (7.4)). Observe that the case u, = Ujump only occurs in the case v.(L/2) < 1/Cie.
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We finally show the convergence of the bulk energy. From the first equation in (7.2) we can write
that (1. + v2)|ul|? = ccul. Thus, for all ¢ € €>(R),

L L L L
/ (ne + v ulPode = CE/ uLpdr = —cg/ us' dz + ccap(L) — —co/ us’ dz + coap(L) .
0 0 0 0

If co = 0, then u. = Ujump and uf,, . = 0. We thus get in that case,
L L
o [ g’ o+ coap(2) = 0= [ P
0 0

If ¢cg = a/L, then u, = u,g and thus

L a L L
—Co/ Uar ' dz + coap(L) = f/ Upgep da :/ g P o da .
0 0 0
In any case, we obtain

L L
e + )|l Pode — u 2o de
(e +v2)ucl ede,
0 0
which proves the announced items i) and ii). O

From now on, the function u stands for either u.g or %jump. The argument in the previous proof
actually shows that u = uag if ¢o = a/L, while u = Ujump if ¢o = 0.

At this stage, it remains to show the equipartition of energy and the convergence of the diffuse
surface energy (points iii) and iv) in Theorem 7.1). The key argument is the following result stating
that there is very few diffuse surface energy far way from L/2, the only possible limit jump point. The
proof is an adaptation of [13, Lemma 6.1].

Lemma 7.5. For every compact set K C [0, L]\ {L/2}, there exists a constant Cx > 0 such that

1— 2
/ (6v;|2 -+ (UE)> de < Cgel/t.
K 4e

Proof. We already know that the set A, := {z € (0,L) : v.(z) < 1—¢'/*} is a closed interval centred at
L/2 with diam(A.) < C/e. Let § < 1dist(L/2, K). Ife > 0 is small enough then A, C [L/2—6, L/2+446],
hence KN A, = 0. Since K C V5 :=1[0,L]\ [L/2 —§,L/2 + 4], it suffices to show that

1-v,)?
/ (ev;|2 + (U)> dr < Orel/t,
Vs 4e

We multiply the second equation in (7.2) by v. — 1 € H}(0, L) and we integrate by parts to obtain
12 (ve — 1)2 o
elvl|* + ——— ) de =ev(L/2 — §)(ve(L/2 —0) — 1)
Vs 4e

—ev(L/2+6)(ve(L/2+6) — 1) +/ cue(l—ve) .

Vs (175 + Ug>2
By definition of A, and Vs, we have |1 — v.| < €'/* on V;. Using further the gradient bound for v, in

Lemma 7.2, we find that
—1)2
/ (5v2|2 + (vs)> dz < Cge'/*,
Vs 4e

which completes the proof of the lemma. O

Arguing as in [13, Lemma 6.3], we also have the following result which relates the limit slope ¢q to
the limit dy (respectively defined in (7.7) and (7.9)).

Lemma 7.6. The real numbers cy and do satisfy do + 0(2) =0.
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We are now in position to complete the proof of Theorem 7.1.

Proof of i) and i) in Theorem 7.1. Step 1. Let us consider the function

. ('Ug _ 1)2 /19 2 712 / Cg
foim Ol ok B = el =

If uy = Ujump, then
L
|z o,
0

hence c.a = c. fOL uldr = fOL(ng + v2)|ul]*dz — 0. It shows that ¢ = 0 and thus dy = 0 owing to
Lemma 7.6. We thus infer that
L
J

Assume next that u, = u.g. In that case, we have

(ve — 1>2

112
— dex — 0.
— —ellP| de

L
A<m+ﬁwg%xﬁm

and the same argument as before shows that ¢y # 0. Then dy # 0 by Lemma 7.6. In particular d. # 0
for € > 0 small enough. The function f. reaches its maximum when v, is minimal, i.e., at the point
L/2. Since L/2 is a critical point of v., we have

(ve(L/2) —1)

>0.
4e -

ma = f.(L/2) =
[O,L}]( fe=f<( / )
Similarly, f. reaches its minimum when v, attains its maximum. Since v, is maximal on the boundary
with v (0) = v.(L) = 1 we find that

inf. = £.(0) = —¢|v.(0)]> <0.
f&ﬁf fe(0) = —¢lv(0)|7 <

As a consequence, there exists s. € (0, L/2) such that f.(s.) = 0. From Lemma 7.6, it follows that

2 2
C C,
Rl =m - F o -D 1,
€

Up to a subsequence, there exists so € [0, L/2] such that s. — so. By monotonicity of v., we get that
veljos.] = 1jo,s) for a.e. s € (0,L/2). Hence using again Lemma 7.6,

62

Se S0
dese + coue(se) = / (da + _i 2) dz — / (do+c2)dz =0. (7.11)
0 0

g ,Us

Using the symmetry of v., (7.10) and (7.11), we compute

L _1)\2 L L/2
/ (e =17 do = / \fa|dx:2/ \fo| da
0 0 0

4e
L/2

= —2/ fedx +2 fedx
0

Se

= 2d. <§ - 2sa> + 2. (ue (g) - 2%(36))

— Ld0+60a20.

— elv?

It completes the proof of the equipartition of energy.
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Step 2. We finally show the convergence of the diffuse surface energy. According to Lemma 7.5, we
have

e 1 2 *
(€|’U;|2 + (045)> LY(0,L) = weakly™ in M([0, L]),

for some nonnegative measure 1 € M([0, L]) supported on {L/2}, and thus of the form y = cdr, /o with
¢ > 0. On the one hand, since p is concentrated at L/2, we have

L 12
c¢=p((0,L)) = lim <€v;|2 + M) dzx.
0 4e

e—0

On the other hand, the equipartition of energy ensures that

L 2 L 2
712 (UE - 1) ’ / ’ 1—v,
_ 1—wv.)) dz = - d
A (€|’U€| + de |'U€|( v )) €T 0 \/avs| 2\@ T

S/L ‘1_1)6‘2
0

4e
Since v, < 0 on (0,L/2) and v, > 0 on (L/2,L), by symmetry of v. with respect to the vertical axis
{x = L/2}, we have

glvl]? — dz — 0.

L L2
/ |’U;|(17’Us)d1':72/ V(1 —v.)de = (1 —v-(L/2))%.
0 0

If v.(L/2) < /Cie, then ¢ = 1 and p = 61,9, while if v.(L/2) > 1 — /C,e, then ¢ = 0 and p = 0.
Using again the equipartition of energy, we infer that

el L' (0,L) = §5L/2 weakly* in M([0, L]),

so that the desired convergence holds with a = § € {0, %} If u+ = Ujump, then we must have
ve(L/2) < \/Cie, and it follows that & = 1/2 in that case. O

7.3. Proof of Theorem 7.2. This section is devoted to prove Theorem 7.2, following again arguments

similar to those of [13, Section 5]. By the symmetry properties of Theorem 7.1 it suffices to construct a

critical point (u.,v.) of AT in (0, L/2) such that v.(0) =1, vL(L/2) = 0, u.(0) = 0 and u.(L/2) = a/2.
To this aim, let a € (0, 1) independent of ¢, and set

V= {v € H'Y(0,L/2): v(0)=1, v (g) < a} :

B = {(u,v) € H'(0,L/2) x V: u(0) =0, u(g) = ‘2’} .

For (u,v) € Band 0 <r < s < L/2, we define the localized bulk and diffuse surface energies by

s s 1— 2
E(u,v;m, ) :/ (ne + )| dz,  Fo(v;r,s) ::/ <<€|v’|2 + (4;)> dx,
and the Ambrosio-Tortorelli energy localized on (0, L/2) by
AT (u,v) := E-(u,v;0, L/2) + F-(v;0,L/2).
The following result has been established in [13, Section 5].

Lemma 7.7. For all 1, z2 and x3 € (0,L/2) we have
Fe(via1,23) > [@(v(x1)) + @((v(w3)) — 28(v(2))],

with ®(t) =t — t2/2.
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Using the monotone increasing character of ® on [0, 1] and choosing z; = z2 = 0 and xz3 = L/2, we

get for all v € V
F. (v;O, g) > (1) - @ (v (5)) > % — ®(a). (7.12)

Moreover, arguing as in [13, Section 5], we can show the existence of a minimizer (u.,v.) over B of 1/4\7/“5
such that

lim sup ﬁs (ue,ve) <

e—0

. (7.13)

DN | =

We will show that, for a convenient choice of o € (0,1), such a minimizer is a critical point of
AT, with the desired boundary conditions. The proof of the following result is similar to that of [13,
Lemma 5.1 & Proposition 5.2].

Lemma 7.8. There exists a € (0,1) independent of € > 0 such that if (ue,v:) is a minimizer over B

of AT ., then it is a critical point of AT with vl (L/2) =0 for € small enough.

Proof. Tt is sufficient to show the existence of a € (0, 1), independent of €, such that if (ue,v:) is a
minimizer over B of AT, then v.(L/2) < . Indeed, in that case the minimizer (u.,v.) belongs to the
interior of B and variations of the form (u. + t¢, v. +t)) with ¢ € €>°((0, L/2)) and ¢ € €°((0, L/2])
are allowed. Let a € (0, 1) small enough so that

a2

7 —28(a) > 0. (7.14)

Assume by contradiction that there exists e; — 0 such that v.,(L/2) = « for all j € N. Then consider
the sequence

N .
a::= min v () <«
77 zefo,L/2) s (%)

Applying Lemma 7.7 with 21 = 0,73 = L/2 and x5 = y; where v.,(y;) = o] leads to
— 1
AT, (ue;,ve;) > 5 + @(a) = 2@(aj) .

We claim that for all j € N,

)
D(a) —20(a) > % >0. (7.15)
Provided the claim is proved, we infer from (7.13) that
1 — 1 @
g 2 fmsup AT (e, > 5 + ),

which is a contradiction since ®(a) > 0. We are now reduced to show (7.15).
Proof of the Claim. Let oy € (0,) be such that ®(a) > 4®(c;) and assume by contradiction

that ve, (z) > oy for all 2 € [0,L/2]. Using variations with compact support in (0, L/2), we get that
(ue;,ve,) solves

/
(ngj + vgj)u;j) =0 in (0,1/2),

Ve, — 1
—evl + e Jul, [P + 6757 =0 in (0,L/2).
J

From the first equation we obtain that ul (1., + vgj) = ¢; a.e. in (0, L/2), for some constant ¢; € R.
The upper bound (7.13) shows that v., — 1 in L?(0, L/2) and

. L/2 L/2 ac
ATEj(u€j7v€j) Z / (nifj +U?j)‘u;j|2d$:/ cjulsj d.’E: 7]
0 0
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It implies that {c;};en is bounded so that, up to a subsequence, ¢; — ¢ for some ¢y € R. Since
ve; > ai, we deduce that {u;j }jen is bounded in L>°(0, L/2). Then Lebesgue’s dominated convergence

yields
a L/2 L)2 . L/2
7:/ ulg_dx:/ - 2d:];‘—>/ codx,
2 0 ’ 0o Me; TV 0

so that ¢g = a/L. Now,
L/2 L/2 a2
liminf/ (Ne; +v3)\u’_|2dz:hminf/ cju. dor = cpa = —,
0 J J J L

. € -
Jj—o0o j—oo Jo

and thus, by (7.12) and (7.13),

L AT, ( )>a2+1 B()
— > limsu (e, , Ve, — 4+ - — P(«
9 = jﬁoop ej\Vejr Vej) = 9 )
which is in contradiction with (7.14).
We have thus proved by contradiction that minj r /9 ve; = af < aj. Since we assumed that
() > 4®(ay) > 4®(aj), we infer that (7.15) is satisfied. O

We can now conclude the proof of Theorem 7.2.
Proof of Theorem 7.2. Let (ue,v.) € B and « € (0,1) given by Lemma 7.8 (see (7.14)) so that (uc,v.)
satisfies ,

(e +v2)) =0 in (0,L/2),

Ve —
4e

ue(0) =0, u(L/2) =a/2,

v:(0) =0, v.(L/2) =0.

By the first equation, there exists ¢, € R such that u. =

1
—ev! 4+ v |ul]? + =0 in (0,L/2),

Ce
715+U§ :
with respect to the vertical axis {x = L/2}, we obtain a function (still denoted by v.) which belongs

to H'(0, L) with v.(0) = v.(L) = 1 (this reflexion argument is possible since v.(L/2) = 0). Note that
the boundary conditions satisfied by u. implies

a Lz qg - L dz -
Ce = = / 2 =a / 2 ’
2\Jo metuZ 0o Me T Vg

where the last equality holds because v, is symmetric with respect to the vertical axis {x = L/2}. The
function u, is extended to (0, L) (into a function still denoted by uc) by setting

T ce
ue(x) = /(; 7775 20 dt.

(. +02)) =0 in (0,1),
ve — 1
4e
u:(0) =0, u.(L) =a,

v:(0) = v.(L) = 0.
Moreover, the symmetry properties of u. and v. together with a change of variable yield

lim sup AT (ue, ve) = 21imsup/A\f€(u6,v5) <l1. (7.16)

e—0 e—0

Extending v. to (0, L) by symmetry

By construction, (u.,ve) solves

—ev! + ve|ul]® +

=0 in(0,L),
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By Theorem 7.1, up to a subsequence, (ue,v:) — (u, 1) in [L2(0, L)]? where w. € {Ujump, Uar }. Assume
by contraction that u, = u.g. According to Proposition 4.1, we have

a? L 9
Y i 712 . )
=< h%lf/o (e + V)l dee (7.17)
By (7.12) together with a change of variable and the symmetry property of v., we obtain
L 2
1-— L
1ir€n_>i(r)1f/0 <5|v;2 + (458)> de = 2hm1nf]-' (Us, , 2) >1-29(a). (7.18)

Combining (7.16), (7.17) and (7.18) leads to a?/L — ®(«) < 0, which is in contradiction with our choice
of ain (7.14). Therefore uy = Ujump, and the proof is complete. O

APPENDIX: FIRST AND SECOND VARIATIONS

In this appendix we derive explicit expressions for outer and inner variations of the Ambrosio-
Tortorelli and Mumford-Shah functionals.

First, we recall the expression of the first and second outer variations of AT, defined by

AT, (u, v)[6, 9] - dt’ (u+ to,v + 1)),
and &
A2 AT, (u, v)[6, ] = @\ AT (u + t,v + 1) .

Lemma A.9. Let Q C RN be a bounded open set with Lipschitz boundary and g € H%(aQ). For all
(u, ) € A,(9) and all (6, ) € HA(Q) x [HH(Q) N L=(Q)],

dAT: (u,v)[¢,¢] = 2/Q [(ng + ) Vu - Vo +eVu - Vi + [Vul?v + (U;gl)ﬂ dz,
1/12]

AT (0] = [ |0+ AIVOR + avuTuc Vo DU 4+ [Tt + | o (419
Q
The computations of inner variations rely on one-parameter groups of diffeomorphisms over Q, or
equivalently on their infinitesimal generators. More precisely, assuming that 0 is of class %! with
k > 1, and given a vector field X € €F(RY;RY) satisfying X - v = 0 on 95, we consider the integral

flow {®;};er of X defined through the resolution of the ODE for every x € RY,

d
E@t( r) = X (®4(x)),

(bo( ):J)

Then &y = id and the flow rule asserts that ®;s = ®; o &,. Since X - vg = 0 on 90, {P;}ecr is a
one-parameter group of €*-diffeomorphism from € into itself, and from 9 into itself.

Given a (sufficiently smooth) boundary data g, we consider an arbitrary (smooth) extension G of g
to O to define a one-parameter family of deformations {(u¢, v¢)}er C A, () satistying (uo, vo) = (u,v)
for a given pair (u,v) € Ay(Q) by setting

(A.20)

u=uo®_;, —God_;,+G and v, :=vod_,.

The first and second inner variations of AT, at (u,v) are then defined by

AT, (u,v)[X,G] : T (ut,ve)

=il
and
AT, x.a= L] ar
BPAT(u,0)[X, 6] 1= 5| ATo(u ).
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Remark A.3. We emphasize that §AT.(u,v)[X, G] and §2AT.(u,v)[X,G] depend on both the vector
field X and the extension G of the boundary data g, because the family of deformations {(u, vi)}er
depends on X and G. It allows one to perform inner variations of the energy up to the boundary.
This type of deformations includes the more usual variation {(uo ®_;,v 0 ®_;};er with X compactly
supported in 2. Indeed, in this case we may choose an extension G supported in a small neighborhood
of 0 in such a way that supp G Nsupp X = ). Then Go ®_; = G, and thus u; = v o ®_;.

If the pair (u,v) and 02 are smooth enough, one can compute the first and second inner variations
of AT, at (u,v) using the Taylor expansion of (u,v;) with respect to the parameter t. One may for
instance follow the general setting of [26, Lemma 2.2 and Corollary 2.3].

Lemma A.10. Let Q C RY be a bounded open set with boundary of class €2, g € €*(0S) and
(u,v) € Ag(Q) N[€2(Q)]*.
(i) Then for every vector field X € €}(RN;RYN) and every estension G € €*(RYN) satisfying
X vg =0 and G =g on 01,
AT (u,v)[X,G]) = —dAT.(u,v)[X - V(u — G), X - V).
(ii) If further OSY is of class €3, g € €3(09), and (u,v) € Ay (Q) N[€3(Q)]2, then for every vector
field X € €*(RN;RYN) and every extension G € €3(RYN) satisfying X -vq =0 and G = g
on 082,
82 AT, (u,v)[X,G] = A2 AT, (u,v)[X - V(u — G), X - Vv]
+ dAT.(u,v)[X - V(X - V(u—G)),X - V(X - Vv)].

Proof. Define ; := uo®_; —Go®_;. Since (u,v) and G belong to €2(2), we can differentiate (u,v;)
with respect to ¢ and use (A.20) with the flow rule ®;s = ®; o ®; to find

. d d _ _ —
U= EUt - E s=0ut+s =-X- Vut € cgl(Q)’
and q 4
’l-)t = avt = &’5:01&4»5 =-X- V’Ut € (gl(ﬁ) .
In particular, we have
(1'1,0,’(')0) = (—X~V(U—G),—X'VU) . (A.Ql)

If 00 is of class €3, g € €3(0N), and (u,v) € A, (Q) N [3(Q))?, then we can differentiate (i, v;) with
respect to t to obtain

’l',lti iut:—XVuthV(XVﬂt)

Tt
and
. d . .
Uy = avt:—X-Vvt:X~V(X-Vvt).
Hence,
lip=X V(X -V(u—G)) and =X V(X Vv). (A.22)
Next elementary computations yield
d .
EATE(U“ Ut) = dATE(’LLt, vt)[ut, ’Ut] ,
and
d? 9 N N
@ATE(Ut,U:&) = d AT, (ug, ve) g, 0] + AAT (ug, ve)[ihe, Ue]

so that the conclusion follows from (A.21)-(A.22) evaluating those derivatives at ¢ = 0. O
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In case the pair (u,v) only belongs to the energy space A4(€2), we can compute the first and second
inner variations of AT, by making the change variables y = ®;(z) in the integrals defining AT, (u,v).
Then one expands the result with respect to ¢ using a Taylor expansion of ®;. If X € €?(R™;RM),
the second order Taylor expansion near t = 0 of the flow map ®; induced by X is given by

/2
¢, =id +tX + §Y+o(t2), (A.23)
where Y € €}(RY; R”) denotes the vector field
Y = (DX)X,

DX being the Jacobian matrix of X (i.e., (DX);; = 0;X; with ¢ the row index and j the column
index), and o(s) denotes a quantity satisfying o(s)/s — 0 as s — 0 uniformly with respect to z € R".

Lemma A.11. Let Q@ C RY be a bounded open set with boundary of class €2, g € €*(0S) and
(u,v) € Ag(Q).
(i) Then for every vector field X € €X(RN;RYN) and every extension G € €*(RY) satisfying

X vg =0 and G =g on 01,
SAT. (u, v)[X,G] = / (e +v2)[\vu\21d - 2%@%} . DX dz
Q

_1)2
+/ [(E|V02 + (1)481)) Id —2eVu ® Vv] : DX dx + 2/ (n: +v*)Vu-V(X - VG) dz. (A.24)
Q Q

(i) If further O is of class €2, g € €3(09Q), then for every vector field X € €2(RN;RYN) and
every extension G € €3(RYN) satisfying X -vg =0 and G = g on 052,

82 AT, (u,v)[X,G] = /9(775 +v?) (|Vu|21d -2(Vu® Vu)) : DY dz
+ 4/ (e + v} [(Vu - V(X - VG))divX
Q
— (Vu® V(X -VQ)) : (DX + (DX))] da

+2/(ng+v2)Vu~V(X-V(X-VG)) dx+2/(n5+v2)|V(X-VG)|2 dz
Q Q

+ e|Vol? + ="V~ 9:v0 0 Vol - DY du
ol =
/Q(ns + vz){ Vul?((divX)? — tr((DX)?)) — 4((Vu ® Vu) : DX)divX

+4(Vu® Vu) : (DX)? + 2|DXTVu|2} dz

+/Q (er|2 + (v ;81) >((divX)2 —tr((DX)?)) dz

- 4/ e((Vv® Vv) : DX)divX dx+4/ (Vo ® Vo) : (DX)? dz
Q Q

+2/ el DXTVo|? dz. (A.25)
Q

Remark A.4. From (A.24) we see that if (u,v) € A,(Q) is a critical point of AT, in the sense that
dAT, (u,v)[¢, 1] = 0 for all admissible (¢, 1)), then AT, (u,v)[X, G] is independent of the extension G.
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Indeed, an integration by parts shows that, in this case,

/(775 + v Vu - V(X - VG)dr = —/ div((ne +v*)Vu)(X - VG) dz
Q Q

+(me+1) [ duX- -VG)dHN L.
oQ

The first term in the right-hand side vanishes thanks to the first equation in (1.3) and, since X -vq =0
on 0f), we can write X - VG = X; - V.G = X, - V.g where X; = X — (X - vq)vg and V., is the
tangential gradient on 9f).

For the second inner variation (A.25), even if (u,v) € Ay (Q) satisfies dAT.(u,v)[¢p,9] = 0 for
(¢, 9) € [€2°(2)]2, the expression §2 AT (u,v)[X,G] does depend on the extension G and not only on
the boundary data g because of the terms

/ (e +v*)[(Vu- V(X - VG))Id — 2Vu® V(X - VG)| : DX dz + / (n: +v*)|V(X - VG)|? dz.
Q Q

If we take X € €>°(Q;RY) and G € €%(RY) an extension of g such that supp G'Nsupp X = (), and
if we assume (u,v) € A4(2) to be a critical of AT,, then the expression of the second-inner variation
(A.25) simplifies. Indeed the terms that contain Y = (DX)X disappear, since by regularity we have
AT, (u,v)[Y,G] =0, and all terms containing G disappear. In this case, we end up with

82 AT. (u,v)[X,G] = /Q("e + 1/2){ ((divX)? —tr((DX)?)) — 4((Vu ® Vu) : DX)divX
+4(Vu® Vu) : (DX)? + 2|DXTVU|2} dx

+/Q (a|w2 + (”4_&_1)) ((divX)® — tr((DX)?)) dz

- 4/ e((Vo® Vo) : DX)divX dx + 4/ (Vo ® Vo) : (DX)? dz
Q Q

+2/ el DXTVo|? dx.
Q

Proof of Lemma A.11. For simplicity, we assume that 92 is of class €2, g € €3(012), and we observe
that the computation of §AT. below only requires ¢ regularity. We fix X € €?(RY;RY) and
G € €3(Q) satisfying X - v =0 and G = g on 9Q. We set

U =uo®_; and G;:=God_;.
Since u; = Uy — (Gt — G), we have
AT, (uy,v;) = AT (Ty, vp) — 2/ (n- +v?)Vii; - V(Gy — G) do + / (n- +0)|V(Gy — Q)] dx
Q Q

=1 A(t) + B(t) +C(t). (A.26)

We aim to compute the first and second derivatives at ¢ = 0 of A, B, and C, starting with A.
By the chain rule in Sobolev spaces, we have

Vi, = [D®_ )T Vu(®_;) = [DO(D_)] TVu(®_,). (A.27)
On the other hand, in view of (A.23), we have
2
[D®,] ' =T —-tDX — %Y +12(DX)? + o(t?), (A.28)
and )
det(D®;) = 1 + tdivX + % [divY + (divX)? — tr((DX)?)] + o(t?). (A.29)
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Using the change of variables © = ®;(y), we obtain

/(ng +02) |Vt |* do = / (ne + 1)2)‘[D<I>t]_TVu’2det(D<I>t) dy .
Q Q

Hence,

/(ng+v$)|vat|2 dx:/(n5+v2)|Vu|2 dx+t/(775+v2) [[Vu|’ld — 2Vu ® Vu] : DX dz
Q Q Q

2

- [ [ AITUP (@Y + (@) = x(DX)P) e =4 [ 1o+ 0))((Tu s V) s DX)AivX da
Q Q

-2 / (ne +v*)(Vu® Vu) : (DY —2(DX)?) dz + 2/ (ne +0?)|DXTVu|? dz| + o(t?). (A.30)
Q Q
Similarly,

/ |V, |? da :/ |Vol? dx—l—t/ [[Vv[’ld — 2Vv ® Vo] : DX dz
Q Q Q

12 2( 1 . 2 _¢p 2 — v o) : . .
+2[/QVUI (divY + (divX)? — tr((DX)?)) d 4/{1((v ® Vo) : DX)divX d

—2/(W®vu) 1 (DY —2(DX)?) d:c+2/ |IDXTVu|? dm] +o(t?), (A.31)
Q Q
and
Vg — 2dx = v—1)2% dz v — 1)%div x
/Q( 1)°d /Q( 1)2d +t/ﬂ( 1)2divX d
+ % / (v —1)*[divY + (divX)? — tr((DX)?)] dz + o(t*). (A.32)
Q
Gathering (A.30)-(A.31)-(A.32) leads to

A'(0) :/Q(ns—&—vg) [[Vul’ld — 2Vu ® Vu] : DX dz

+/Q {<5|Vv|2 + W ;El)2> Id —2eVo ® Vv} : DX dz, (A.33)
and
A”(0) = /Q(ng + v2){|Vu|2(divY + (divX)? — tr((DX)?)) — 4((Vu ® Vu) : DX)divX
—2(Vu® Vu) : (DY —2(DX)?) + 2|DXTvu|2} dz
+/Q (5|W|2 + (”;{_:1)2> (divY + (divX)? — tr((DX)?)) — 4e((Vo ® Vo) : DX)divX dz
- 2/ (Vo ® V) : (DY —2(DX)?) dx + 2/ e|DXTVo|> dz. (A.34)
Q

Q

Next we compute the derivatives of B. To this purpose, we observe that
Viprs = [DPy(@-)] TV (D), VGips = [DPs(D_,)] T VGHPy),
and by (A.28),
[D®,]"TVG, — VG(®,) = V(G — G) — s(DX)'V(G; — G) — sV(X - VG) + o(s) .
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Using the change of variables x = ®,(y) and (A.28)—(A.29) again, we obtain
/Q(fla + 074 ) Vs - V(Giys — G) da
= /Q (e +v7) ([D®,] " Vy) - ([DP,]" VG — VG(®y))det(D,) dy
= /Q(ns +v))Vi, - V(G — G) dz — s /Q(ne +0v*)Vi, - V(X - VG) dz
+ s /Q(ns +v)) [(Vie - V(Gy — G))divX — (Vi ® V(G — G)) : (DX + (DX)T)] dz + o(s).
Consequently,
B'(t) = 2/9(775 + 02V, - V(X - VG) dz

— 2/9(175 +07)[(Vi, - V(G — G))divX — (Vi ® V(G — G)) : (DX + (DX)T)] dz,
and in particular,
B(0) = 2 / (. + 02V - V(X - VG) da . (A.35)
To compute B”(0), we write B'(t) =: I(t)Q— I1(t), and we set for simplicity
H:=X -VG.

Since
VH(®,) =VH +tV(X -VH) —t(DX)TVH + o(t),
we can change variables y = ®4(z) and use again (A.27)-(A.28)-(A.29) to find

I(t)=2 /9(776 +0?)Vu-VH dz + Qt/Q(ﬁs +v*)Vu - V(X - VH) dz
+ Qt/Q(ng +0°)[(Vu- VH)divX — (Vu® VH) : (DX + (DX)")] dz + o(t).
Since Gy — G = —tH + o(t), we easily infer that
II(t) = —Zt/Q(ng +0?)[(Vu- VH)divX — (Vu® VH) : (DX + (DX)T)] dz + o(t)
and consequently,
B"(0) =2 /Q(ns +0?)Vu - V(X - VH) dz

+ 4/ (e +v?)[(Vu- VH)divX — (Vu® VH) : (DX + (DX)7)] dz. (A.36)
Q
Similarly,
oty =2 / (ne + )| VHP dz + of?),
Q

so that
C'(0)=0 and C"(0)= 2/ (n- +v?)|VH|? dz . (A.37)
Q

In view of (A.26), gathering (A.33)-(A.35)-(A.37) or (A.34)-(A.36)-(A.37) leads to the announced
formula for §AT. (u,v)[X,G] and 62 AT (u,v)[X, G] respectively. O
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Similar computations together with the well known first and second inner variations of a countably
HN L rectifiable set (see e.g. [41, Chapter 2, Section 9]) lead to explicit expressions for the first and
second inner variations of the Mumford-Shah functional.

Lemma A.12. Let Q C RN be a bounded open set of class €%, g € €*(02) and u € SBV?(Q).

(i) Then for all vector field X € € (RYN;RY) and every extension G € €*(RN) with X - vg =0
and G = g on 0N, we have

OMS(u)[X,G] = /(\Vu\QId—QVu@)Vu) : DX dz
Q
+/A div7 X dpHN +2/ Vu-V(X-VG)dz. (A.38)
J. Q

Ju

ii) If further Q is of class €3 and g € €3(0R0), then for all vector field X € €2(RYN;RY) and
every extension G € €3(RN) with X - vq = 0 and G = g on 09, we have

SPMS)X,G] = / (|Vul’Id — 2Vu ® Vu) :Dde+/A div7*y dHN !
Q

[[Vul® ((divX)? — tr((DX)?)) — 4((Vu ® Vu) : DX)divX] dz

+
S

+/ [4(Vu® Vu) : (DX)? +2|DX"Vul?] dx
Q

N-1 N-1
+/A (div" X))+ > [0, X) P = > (05, X) (15 0, X) | dHNT!
Ju i=1 i,j=1

Vu-V(X-V(X-G)dz+2 | |[V(X-VG)|*dx
Q Q

+4/ [(Vu V(X -VG))divX — (Vu® V(X - VQ)) : (DX + (DX)T)} dz,
Q

where (71, ...,Tn—1) 1S a basis of the tangent plane to j; at a given point x € ju

Proof. The second inner variation of the part fQ |Vu|? dz is computed exactly as in the proof of
Lemma A.11, recalling that the chain rule still holds for the approximate gradient V(uo ®_;) =
[D®_,)TVu(®_,). For the singular part of the energy, we use that HN=1(.J,,) = HN~1(J,,) where
Uy =40 ®_4 and 4 = ulg + G1lgn\q- The second variation of such a functional is computed with the
area formula as in [41, Chapter 2] together with the following geometric formulas

(divX)? — tr[(VX)?] = 2((y @ ) : DX)divX +2(v, @ 1) : (DX)? + |DX v, |2

N-1 N-1
= (div" X)? + D (0, X) = D (1 05, X) (150 05, X) + (v @ 1) 1 VX)?
i=1 ij=1
stated in the proof of Theorem 1.1 p. 1851-1852 in [24]. O

Remark A.5. Asin Remark A.4, M S(u)[X, G] is independent of the extension G when u is a critical
point for the outer variations of M S, while §2M S(u)[X, G] does depend on the extension G in general.
If u satisfies SM S(u)[X,G] = 0, then for all X € €>°(Q,RY) with supp G Nsupp X = 0, then the



50

J.-F. BABADJIAN, V. MILLOT, AND R. RODIAC

formula of the second inner variation reduces to

(1]
(2]
(3]
(4]

5

(18]
(19]

20]
21]
[22]

23]

2MS(u)[X,G]

/ [Vul® ((divX)? — tr((DX)?)) — 4((Vu ® Vu) : DX)divX dz
Q

+ / 4Vu® Vu : (DX)? +2|DXTVul? dx
Q

N-1 N-1

+ /A (div’* X)? + STNOX) P =D (7 05,X) (75- 0, X) | AN
Ju i=1 i,j=1
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