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Abstract

A previous study has been devoted to the case of optical forces ex-
erted on Rayleigh particles in the framework of generalized Lorenz-Mie
theory (GLMT). This study is here extended to the case of small mag-
netodielectric particles which are characterized by their electric and mag-
netic Mie coefficients a; and by respectively. A partition of optical forces
between incident-scattered mixed terms and recoil terms has been es-
tablished in GLMT since more than three decades. This partition is here
complemented by another partition between gradient, scattering and non-
standard forces. The relationship between these non-standard forces and
curl forces exhibited in the framework of a dipole theory is emphasized.
The case of Rayleigh particles (more generally of electric dipolar par-
ticles) previously published in the GLMT-framework is recovered as a
special case of the case of small magnetodielectric particles discussed in
the present paper. The case of illumination by plane waves furthermore
provides complementary insights on the behavior of non-standard forces.

Keywords : generalized Lorenz-Mie theory; optical forces; scattering
forces; gradient forces; non-standard forces; dipole theory.
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1 Introduction.

The generalized Lorenz-Mie theory (GLMT) is a rigorous analytical theory
to describe the interaction between an illuminating structured electromagnetic
beam and a homogeneous spherical particle characterized by its diameter and its
complex refractive index, e.g. [1] and references therein dating back to 1982 [2].
One of the issues to be considered in this framework is the study of optical forces
and torques, expressed in terms of the beam shape coefficients (BSCs), usually
denoted by g,y and g;'rp (T'M standing for ” Transverse Magnetic”, T'E for
"Transverse Electric”, with n ranging from 1 to infinity, and —n < m < +n)
which encode the structure of the beam. Expressions of optical forces in the
GLMT framework are originally available from [3], complemented by [4], [5], and
[6] (they will serve as basic expressions in the framework of the present paper).
Numerical evaluations of optical forces in the GLMT framework, using these
expressions, possibly in relationship with experimental results, have afterward
been provided in [7], [8], [9], [10]. Optical torques in spherical coordinates have
also been discussed by Polaert et al. [11]. Concerning complementary studies
in spheroidal coordinates, for both optical forces and torques, the reader may
refer to [12] and to [13]. These quotations are from authors having had a direct
connection with Normandie University and Coria, institutions where the GLMT
has originally been derived. Many other works from various worldwide authors
contributed as well to the issue and have been recently quoted in a review paper
with 284 references [14].

The previous review paper has been written on the occasion of Arthur
Ashkin’s receipt of the 2018 Nobel prize in physics for his pioneering work
in optical levitation and manipulation. After Arthur Ashkin’s work, it has been
traditional to think of the optical forces in terms of a partition between gradient
and scattering forces, see [15] for a collection of reprints. However, strange as
it may be, GLMT studies aiming to a categorization of optical forces in terms
of gradient and scattering forces had to wait for a long term before a first
occurrence. As far as we know, such a first occurrence would be due to Lock
[16], in the course of a study devoted to the calculation of radiation trapping
forces in optical tweezers using GLMT with illuminating Gaussian beams. It
was then found that indeed GLMT was perfectly able to categorize optical
forces in terms of gradient and scattering forces. However, the Gaussian beam
in this work has been described within the weak confinement limit. As has
been demonstrated later, this weak confinement limit assumption prevented the
author to observe a third kind of optical forces, that we call non-standard forces
and that will be discussed in the sequel, see [17] for details concerning the story
of the weak confinement limit and of its implications.

A systematic study of the categorization of the optical forces in the
GLMT recently started in 2020 in the case of lossless particles in the Rayleigh
regime [18] and ended with an application to non-dark axisymmetric on-axis
beams of the second kind and to dark axisymmetric on-axis beams [17]. The un-
derstanding of the situation required several papers which were briefly reviewed



in Section 10 of [17]. One of the results of this effort is the categorization of
optical forces in terms of gradient, scattering and non-standard forces and their
relationship with optical forces exhibited in the dipole theory of forces.

Relying on the understanding so gained, the present paper considers
the more general situation of small magnetodielectric particles when we must
retain both the first electric and magnetic Mie coefficients a; and b; respec-
tively. This is equivalent to saying that we are working in a GLMT framework
which, in another context, defines the dipolar approximation since these first
electric and magnetic Mie coefficients are directly related to the induced dipole
polarizabilities of the particle, e.g. [19].

Although developed in the framework of GLMT stricto sensu devoted to
the case of homogeneous spherical particles, our approach applies as well to the
cases of multilayered particles when the expressions of the BSCs are unchanged,
requiring only to modify the expressions of the Mie coefficients [20], [21], and to
other kinds of particles leading to expressions which are formally identical to the
ones of the GLMT stricto sensu, namely assemblies of spheres and aggregates
[22], and spheres with an eccentrically located spherical inclusion [23], [24], [25].
Other papers relevant to the issue discussed in the present paper will be quoted
later when appropriate.

The paper is organized as follows. Section 2 recalls expressions of opti-
cal forces in the GLMT framework with a partition between incident-scattered
terms (IS-terms) and recoil terms. Section 3 specifies the optical forces in the
GLMT framework, in terms of BSCs, in the case when only the first Mie coeffi-
cients a; and b; are retained in the analysis. Section 4 provides an interpretation
of the optical terms obtained in Section 2 in terms of gradient, scattering and
non-standard forces. Section 5 discusses the case of electric dipolar particles as
a special case of the magnetodielectric particles considered in the present pa-
per, refines the interpretation of the non-standard forces with respect to another
partition introduced in the dipole theory of forces, and discusses the special case
of plane wave illumination which provides a few more insights on the behavior
of non-standard forces. Section 6 deals with a conclusion together with a brief
prospectus for future work.

2 Optical forces in the GLMT framework.

We consider a Cartesian coordinate system O pxyz with a scatterer located
at the origin Op of the coordinates. The scatterer is illuminated by a structured
beam encoded by the double set of BSCs g1, and g;'rp. The axis Opz is
traditionally chosen to define the direction of propagation of the beam. The time
dependence of the beam is assumed to read as exp(iwt). The optical forces may
be expressed by using cross-sections denoted as C),.;. In the present paper,
it may be convenient, by metonymy, to use the name ”force” to denote the
cross-sections. Although expressions for optical forces have been presented in



a paper whose most part is restricted to Gaussian beams [4], they are valid as
well for arbitrary shaped beams [5], [6]. They are presented as well in textbooks
devoted to the GLMT, e.g. [1]. For convenience to the reader, we shall refer
to such a textbook which provides a comprehensive unified presentation of the
theory (although a few misprints will have to be corrected, for which the reader
may refer to [4], as will be mentioned below). The reader wanting to check the
details would better begin from Section 3.11, p.66 of [1]. Furthermore, we use
the normalization condition FgH{/2 = 1. The validity of such a normalization
is ensured by the fact that beams considered in GLMT propagate in vacuum
(so that the electric Fy and magnetic Hy strengths are proportional with a
coefficient of proportionality which is an intrinsic impedance pertaining to the
set of real numbers).

In the longitudinal direction O,z, the radiation pressure cross-section
component Cp, . is then expressed by the relation (e.g. Eq.3.146 in [1]):
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in which the integrations are performed on the surface of a sphere S, cen-
tered at Op, and of radius r >> A, E and H denote the electric and magnetic
fields respectively, the superscripts ¢ and s denote incident and scattered fields
respectively, and (r, 6, ¢) are usual spherical coordinates attached to the Carte-
sian coordinates (z,y, z).

The first term in the r.h.s. represents the forward momentum removed
from the beam and the second term represents minus the forward momentum
given by the scatterer to the scattered wave. Because the first term results from
mixed contributions between incident and scattered fields, we shall call it the
incident-scattered mixed term (or IS-mixed term in short). A more traditional
denomination is the one of ”extinction” term in agreement with the notations
cos 0 Ceyt, sin 0 cos p Cepy and sin 0 sin ¢ Ceyy borrowed below from Van de Hulst
[26], but we have a preference for the more explicit IS-denomination.

Concerning the second term, it only involves scattered field components,
expressed in terms of scattered intensities Ij and I expressed by Eq.(3.107)
in [1]. Because the momentum given by the scatterer to the scattered wave is
lost by the scatterer, this term has been called the recoil term in the literature.
Eq.(1) therefore expresses a first partition of optical forces in terms of IS-mixed
forces and recoil forces, a partition already introduced in 1985 in [3], although
we here use a different language to express it. Such a partition will later occur
as well for transverse optical forces discussed below. It must be noted that such
a dichotomy between IS-mixed forces and recoil forces does occur as well for




torques as discussed in the framework of the dipole theory of forces by Nieto-
Vesperinas in [27] and [28], and as evidenced in the framework of GLMT by
Eq.(2) of [11].

Eq.(1) may be rewritten as (Eq.3.147 in [1]):

Cpr,z = €080 Cegy — cosl Cyeq (2)

in which cos 6 indicates integrations weighted by cos, Cey; is the extinction
cross-section (Eq.3.142 in [1]), and Cj., is the scattering cross-section (Eq.3.137
in [1]). Eq.2 uses a symbolic notation borrowed to and generalized, from a
plane wave notation to an arbitrary wave notation, from [26]. The first term
still represents an IS-mixed term in agreement with the fact that it is related
to both absorption (of the Incident light) and scattering (through the Scattered
wave), while the recoil term is only related to scattering.
These terms may be evaluated in terms of BSCs according to (Eqgs.3.158
and 3.155 in [1]):
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As a whole, from Egs.2, 3 and 4, we obtain (Eq.3.159 in [1]):
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Similarly, the transverse cross-section components along = and y may be
decomposed into IS-mixed and recoil terms according to (Eqs.3.162 and 3.163
in [1]):

Cprz =58 cosp Cegt —sinh cos g Cyeq (6)

Chry =sin6 sin pCeyy —sinf sin pCieq (7

The quantities of Eq.6 may be expressed in terms of BSCs as follows
(respectively: Eq.3.180 in [1] with the subscript in the rightmost summation
corrected fromm =p—1tom=p—1%# 0 as in Eq.158 of [4], Eq.3.174 in [1]):
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in which (respectively: Eqs.3.177 and 3.178 in [1], with the rightmost sub-
script of Eq.3.178 corrected from TE to TM, as in Eq.156 of [4]):
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and (e.g. Egs.3.167 and 3.168 in [1]):
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Then, from Eqgs.6, 8 and 9, we obtain as a whole (see Eqgs.3.181 and
3.182 in [1]):
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Establishing the expression for C,, , is fully similar. It is found that
sinf sinp Cy and sin® sing Cgyy are deduced from sinf cosy Cse, and
sinf cosp Ceyt respectively, by changing Re to Im. The final expression for
Chr,y is therefore identical to (14) but with Re replaced by Im as well.

These expressions have been obtained by using a radiative balance of
momentum. Such an approach would have been qualified as being heuristic
by Bohren and Huffman ([29], p.120). From Wikipedia, ”a heuristic technique
is any approach to problem solving or self-discovery that employs a practical
method that is not guaranteed to be optimal, perfect, or rational, but is never-
theless sufficient for reaching an immediate, short-term goal or approximation”.
In view of this definition, the qualification of ”heuristic” by Bohren and Huff-
mann might look pejorative. Actually, the radiative balance approach has the
advantage of emphasizing in a direct way the physics supporting the calcula-
tions. Another, more abstract approach, is by using the Maxwell stress tensor.
After checking, it has been established that both approaches lead exactly to the
same results (possibly within irrelevant normalization prefactors), as stated for
example in [30], p.66.

In view of these remarks, some statements found in the literature might
be misleading. An example is a paper by Chen et al. [31] devoted to a study of
pulling forces. In the last section named ”Methods”, the authors wrote: ”We
calculated the time-averaged optical force that acts on a spherical particle via
a surface integral of the time-averaged Maxwell stress tensor over the surface of
the sphere. The electromagnetic fields needed in the Maxwell stress tensor were
computed by the rigorous and accurate generalized Lorenz-Mie theory”, with
no reference to GLMT associated with this sentence. The exposition provided



in the present section shows that actually expressions to calculate optical forces
were already displayed in the framework of the GLMT in 1985, 25 years be-
fore. As an easy formal clue for the identification between the radiative balance
approach and the Maxwellian stress tensor, the reader may compare the decom-
position of the present section in terms of IS-mixed terms and recoil forces, and
Eq.(16) in the Supplementary Information of [31]. An acknowledgment of the
existence of two complementary approaches to the evaluation of optical forces
is however provided by a paper from Zheng et al. [32] to which we shall return
later.

3 Optical forces exerted on small magnetodi-
electric particles.

We now specify the expressions from the previous section to the case of small
magnetodielectric particles when we retain only the first Mie coefficients a; and
b1. From Eq.3, we then obtain, after a bit of straightforward computations in
which we used Re(z) = Re(z*):

2

- 3\
cos0C 1 = 5 Re(a1Gg + b1GR) (15)
T
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in which the subscript E stands for ”Electric” because Gg is multiplicatively
associated with the electric Mie coefficient a1, while H stands for ”Magnetic”
because G is multiplicatively associated with the magnetic Mie coefficient b;.
For further use, we may decompose cos C,;; as the summation of four terms
reading as:

932
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. 32
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in which the subscripts F and H correspond to electric and magnetic contri-
butions respectively, associated with the electric and magnetic Mie coefficients
a1 and by respectively, while the superscripts R and I are associated with real
and imaginary parts of Gg and Gg. It is worth noting that Gg above identifies
with the G of Eq.(24) in [18] and of Eq.(4) in [33].
Similarly, from Eq.4, we obtain:

2

€08 0Cscq = Relia; b} (g%,TMgi*TE - g;%‘Mg;;E)] (22)

whose decomposition will be considered in subsection 4.4.
For the transverse force along the z-direction, we use Eq.6 and after
easy although somewhat tedious computations, we obtain:

Cprz = sinf cos pCeqt — sin b cos pCseq (23)

in which the first term in the r.h.s. is found to read as:

2
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Hy = gg,*TE(g%,TE + g;’;E‘) (26)
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Let us note that H; identifies with H given in Eq.(38) of [34]. Similarly,
from Eq.3.174 in [1], the second term occurring in Eq.23 is found to read as:

2
sin0cos pCoca = 5 — Reliarbl[¢Vrp(91 rar = 91ma) + 90 ras (91,1 — 917)]}
(27)
We decompose Eq.24 as follows:
sin 0 cos pClyt = [8in 0 cos pCort| pr + [SIN 0 08 Cort]| o (28)
in which:
. A2
[sin 0 cos pCept) pr = e Re(a1 Hy) (29)
™
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The electric term [sin 6 cos ¢Clyt] g may then be decomposed according
to:

[sin @ cos pCleyt| B = [sin b cos <p0m]§$ + [sin 6 cos @Cext}f% (31)
in which:
- —)\?
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[sin 6 cos pClui] B, = g

Re(a1) Re(H:) (33)

The magnetic term [sin 6 cos ¢Ceyrt] gz of Eq.30 may as well be decom-
posed according to:

[sin 0 oS @Ceypt) iz = [sin O cos <pcm]f§,m + [sin 6 cos @CE”]{% (34)
in which:

_ —A?
[sin 0 cos Clyt]ly, = e Im(by) Im(Hs) (35)

T
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T

Similarly, we have:

Cpr,y = sin @ sin 9Ceqy — sin 6 sin ¢Cyeq (37)

For sin 0 sin ¢C.,+ and sin 0 sin ¢Cy.,, we start from sin 6 cos ¢Cl,y and
sin 6 cos pClyeq respectively, and replace Re by Im [4], [1]. We then proceed
similarly as above and obtain:

2
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T
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in which:
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Let us note that the Hi of Eq.39 exactly identifies with the H' found
in [35]. Furthermore, it is found that:

2
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(41)
This is completed by the following similar decomposition:
Sin0sin Ceqyr = [sin05in ¢Clut] py + (50 05in pCoui] 1y (42)
in which:
S A2 :
[sin 0 sin @Ceqt] gy = In Im(a Hy) (43)
7
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(in which H{ is H', for instance in [36]). The electric term is furthermore
decomposed in two terms according to:

[inOsin 9Ceyil py = [5in f5in @Ceyi) B, + inbsin pClpih, (45)
in which:
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Similarly, for the magnetic term [sin 0 sin ¢Ceyt| fry, we have:

Fn050 @ Coni] iy = P08 Conr]}, + B0 pContlly,  (48)
in which:
- A2 /
[sin 6 sin ngzt]Zy = 1 Im(by) Re(H,) (49)
e — 2 ’
[sin 6 sin goC’eg;t]ny = — Re(b1) Im(H,) (50)

47

4 Interpretation of optical forces in terms of
gradient, scattering and non-standard forces.

4.1 The T-transformation.

From the expressions for the electric E and magnetic H fields, e.g. Eqs.(85)-
(90) in [4] or (3.39)-(3.50) in [1], it is found that:

H=T(E) (51)

in which the transformation 7 changes Fy to Ho, g7y to + gp'rp and
In're t0 —g,'rar, in which however Ey and Hy are forced to satisfy the nor-
malization condition EgH§/2 = 1. We shall soon return to this issue when
appropriate. We also have:

Gu =T(Gp) (52)
Hy =T(Hy) (53)
Re(Hy,) = T Re(H)) (54)

This T-transformation is actually a well-known dual transformation be-
tween E and H, e.g. [37], pp. 367-376, which is however here expressed in the
framework of GLMT. According to this duality transformation, changing g7,
to + gn'rp and ¢)'rp to —g' s, and forgetting the electric Fy and magnetic
Hy streﬁgths, we obtain H — —E.

13



4.2 Preliminaries.

The interpretation of the optical forces exhibited in the previous section
requires the evaluation of gradients and Poynting vector components at the lo-
cation of the particle (denoted by the subscript P). We begin with the evaluation
of gradients. It is demonstrated that, e.g. Eq.(61) in [35]:

[0- [E*]p = —2k| Eo|* Im(Gg) (55)

which does satisfy the normalization convention EyH{/2 = 1 of the present
paper, e.g. Eq.(3.106) of [1]. Specifically, for a nonabsorbing medium in which
w and e are real numbers, we have Ey = Hyv/u/e in which p and € are the
permeability and the permittivity of the vacuum (more generally of the sur-
rounding nonabsorbing medium) respectively. This leads to |Eo|* = 2/u/e, so
that Eq.55 becomes:

0. |E[*]p = —4knIm(Gp) (56)

in which n = y/p/e is the impedance of the surrounding medium. From
Egs.51 and 52, we then have:

0. |H|*|p = —2k |Ho|” Im(G'#r) (57)

while the normalization condition leading to |Eg|* = 21 as above leads as
well to |Ho|* = 2/n, implying:

0. [H]’]p = —41% Im(Gr) (58)

in which the change n — 1/n from Eq.56 to Eq.58 ensures a coherence of
units, in accordance with the relation |Hy|* = |Eo|® /n? which implies to change
7 in Eq.56 to 1/n in Eq.58.
Similarly, from Eq.(56) in [36] and Eq.53 above, we obtain:

0. B}y = ko T (#1) (59)

0, ] p = %%Im(fb) (60)
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Concerning the derivatives with respect to y, we use Eq.(57) in [36]
(with the misprint Im in the rightmost term changed to Re) and Eq.54 of the
present paper to obtain:

0, 1B = >k Re(H}) (61)

0, 1B = 5 Re(11) (62)

We now consider the components of the Poynting vector at P. We start
from the fairly complicated expressions of the Poynting vector demonstrated in
[38], [39] and the values of the components at P are thereafter evaluated. For
the z-component, we obtain (see Eq.(66) in [18] and (37), (93) in [33]):

[S:]p 2 Re[i(gf,lTMgf,zlr} — 91 rm91E)] (63)

2 Re[i(g%,TEg%,*TM - gl_zlrng;*M)]

The components along z and y are given by Eq.(61) and (68) in [34]
according to:

[Selp = Re{i[gg,TM(gf,lT*E - g%,*TE) + g?,TE(gi*TM - 91_1T*M I} (64)

= Re{i[gg,TE(g%,*TM - 91_%*1»1) + 9V (91rE — g;;“E)”’

*

= Re{i[Q?,TE(gf,lTM - g%,TM) + g(lj,TM(gl_,;“% - g%*TE)}}

[Sylp = Relgi7p(gira + Q;;M) - R rm(9ire + gflTE)] (65)
= RG[QRTE(Q;;*M + g%TTM) - g?,TM(g;%“*E + g%*TE)]

0 —1x% 1% (0F3 —1 1
Re[9) re(91 7ar + 91 r0e) — 91rm (91 78 + 91,78)]
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4.3 Interpretations of electric and magnetic optical
forces.

Using Eq.56, we see that [cos 0C..:]5 of Eq.18 is a gradient electric force
which may be denoted C’ﬁg, in which the superscript G stands for ” Gradient”.
Conversely, [cos 0C.,¢] % of Eq.19 is expressed in terms of G'g which is expressed
by Eq.16 to be compared with Eq.63 from which we may conclude that it is the
summation of a scattering term, defined as being here proportional to [S,]p,

and of a non-standard force according to:

3\
S . p— —_ *
Cﬁ«,z = o Re(ay) Re[l(ngTMgL%; - g%,TMgiTE)] (66)
2
CENS _ 3\ Re(a )RC[ —1 —1=% + 1 1x* 4 l 0 0% ] (67)
prz T o 1 91,rm92, M T 91, 7MYI2, T M 391,TM92,TM

in which the superscript S stands for ” Scattering” and the superscript VS for
”Non-Standard”. In the present paper, scattering forces gather all forces which
are proportional to components of the Poynting vector, while non-standard
forces are forces which are neither gradient nor scattering forces. This defines
a point of view which will be opposed to a different complementary point of
view when we later discuss the interpretation of non-standard forces. For the
NS—term, see as well the summation of the terms G'? and G° of Eqgs.(45)-(46)
in [18].

Similarly, using Eq.58, we see that [cos 0C..]%; of Eq.20 is a gra-
dient magnetic force which may be denoted ng, while [cos §Ceys|E of Eq.21
is expressed in terms of Gy which is expressed by Eq.17 to be compared again
with Eq.63, so that it may be again decomposed as a summation of scattering
and non-standard forces according to:

32 ‘ . 1 e
C;{Sz = o Re(by) Re[z(g%,TEgiTJW - 91,1TE91,1TM)] (68)
HNS 3)‘2 —1 —1x 1 1% 1 0 (0F%
Cpr,z = o Re(b1) Re[91,TE92,TE + 91,792 7E T+ §91,TE92,TE] (69)

From Eq.59, we see that [sin 6 cos pC..|%, of Eq.32 is a gradient term,
while, using Eqgs.25 and 64, it is found that [sinf cos pC.ri|E, of Eq.33 is a
summation of scattering and non-standard forces according to:
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3>\2 . —1x% * * — —
CpEr:gm = I Re(ay) Re{l[Q%TM(Ql,’.lFE - g%,TE) + g(l),TE(gl,%‘M - 91,:1FM)]} (70)

A2 . _
Cﬁﬁvs = in Re(ay) Re[gg,TM (giTJM + 91,1TM) (71)

* —1x%
_39(1),TM (g%,TM + 9o 1)

* —1 —2x%
—12(91 7ar957ar + 9y 70192 70r)]

Next, from Eq.60, we see that [sin 6 cos ¢Cey]l;, of Eq.35 is a gradient
term although, as a magnetic term, it is better expressed in terms of [8, [H|*]p
rather than in terms of [0, |E\2]p. Conversely, [sin 6 cos ¢Cey|% . of Eq.36 may
be decomposed again in two terms (scattering and non-standard) according to:

322 . . 1k « -
Cﬁ«i = . Re(b1) Re{l[g(l),TE(giTM - 91,1TM) + g(l),TM (giTE - 91,%E)]} (72)

22 i _
ngs = I Re(by) Re[gg,TE(giTE + 91,%13) (73)
*39(1),TE(9%,*TE + 927%"73)

_12(9%,TEQ%,*TE + 917;“3927?13)]

Next, we consider [sin € sin (pC’mt]gy of Eq.46 which, by virtue of Eq.61,

is found to a be a gradient term. Conversely, [sin 6§ sin @Cert]{Ey of Eq.47, by
virtue of Eq.65, may be again expressed as the summation of a scattering and
of a non-standard term according to:

3>‘2 * — * —1x%
CpEri/ = i Re(ar) Re[g?TE(g%,TM + 91,;1\4) - g?,TM (g%,TE + 91,"}15)} (74)

A2 . _
CIE"],ZS = ERe(al)Im[gg,TM(gl,;“M_giTM) (75)

_3g?,TM(g%,*TM - 92_;“*1\4)

1 2% -1 -2«
—12(91,TM92,TM 91, 7MmY92, 1M ]
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Similarly, [sin € sin ¢C€zt]gy of Eq.49 is a gradient term as may be seen

from Eq.62, while [sin 6 sin @Cezt]fqy of Eq.50, using Eq.65, is once more the
summation of a scattering and of a non-standard term according to :

3\ . 1k . -
Cg’i = dr Re(b1) Re[Q?,TE(giTM + 91,%“M) - g(l),TM (gi,TE + 91,;E)] (76)
HNS >\2 1
* — 1
Cory” = in Re(b1) Im[gg,TE(gl,TE —91,7E) (77)
_39(1),TE(9%,*TE - 92_%’}))
_12(9%,TEQS,*TE - gl_%“EQQ_%*E)]
4.4 Interpretation of magneto-electric optical forces.

Decompositions of magneto-electric optical forces (i.e. forces related
to a multiplicative contribution of both magnetic and electric Mie coefficients)
are found to be better discussed here in the same section as the interpretations
for a better (more aesthetic) balance of the display of the material. We then
begin with cos 0Cs., of Eq.22 which may be decomposed as:

cos 0Cscq = [cOs QC’SC@]ZEHR + [cos OC’SCQ]ZEHI (78)
in which:
— _3)‘2 * - * — —1x
[cos chca}fHR I Re(a1b7) Re[l(g%,TMg%,TE - gl,’}Mgl,;“E ] (79)
+3)2

[c0s 0C o) FHT = Im(a1b}) Im[i(g) par91rm — gl_%‘Mgl_;“*E)] (80)

in which the superscripts EH recall us that we deal with a Magneto-Electric
coupling term, while the superscripts R and I recall that we deal with the real
and imaginary parts of the BSC-terms.
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From Eq.63, we conclude that [cos 0C,.,]FH ¥ is a scattering term. Since

[cos 0C,cq | EHE is a scattering term, the comparison between Eqs.79 and 80
demonstrates that [cos 0C;..|FH! is not a scattering term. Furthermore, since
Gg, Gy, Hy, Hs, HL Hé, which define gradient terms through Eqs.56, 58,
59, 60, 61, 62, do contain BSCs with m = 0 which do not occur in Eq.80, it
follows that [cos 0C,..]EHT is not a gradient term neither. This term therefore
displays a new kind of non-standard forces. Up to now, non-standard forces
where associated with IS-mixed forces and encompassed couplings between n =
1 and n = 2 partial waves. From now on, they may be denoted as IS non-
standard forces. Conversely, the non-standard forces of [cos 0Cs..]E! only
contain BSCs associated with n = 1, without any coupling. They may be
denoted as recoil non-standard forces.

Next, we consider sin € cos ¢Cly., of Eq.27 which may be decomposed ac-
cording to:

sin 6 cos Clcq = [sin 6 cos @Csca]xEHR + [sin @ cos @CSCG}EHI (81)
in which:

i D) e 3)\2 * . * — —1x* *

[sin 6 cos pClyeq) EHE = o Re(a1b7) Re{z[g(l),TE (91}M—9%,TM)+9(1),TM (91,%“E_giTE)]}
(82)

o D) e A _3>‘2 * . 0% — —1x *

[SIH 0 cos @Csca]fHI = Ton Im(a;b7) Im{l[Q?,TE(91,;1\4*9%,TM)+9?,TM(91,1TE*9%,TE ]}
(83)

But, recalling Eq.64, we see that [sinf cos pCy.q]EHR is a scattering

term, while, similarly as above, [sin 6 cos pCjsqq]EH1 denotes recoil non-standard
forces. Finally, we deal with sin 6 sin ¢C'., from Eq.41 and, proceeding as above,
we have:

sin 0 sin pClyeq = [sin 6 sin (pCsca]fHR + [sin 6 sin @CSCG]Z;EHI (84)
in which:
i ) el A EHR 3>\2 - * (OF3 -1 1 0 —1x% 1%
[sin 0 sin 9Ceq], 7 = o Im(ia1b7) Re[gy 1 (91 7ot 91, 700) =90 700 (91 16T 91 TE)]

(85)
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PN, O 3>‘2 . * * — —1% *
[sin f'sin oCyca) ) = o Re(ia1b7) Im[g?,TE(91,%!’M+g%,TM)7g?,TM (91,%‘E+g%7TEH

(86)

in which, by virtue of Eq.65, [sinfsin @Csm}yEH B denotes scattering forces,

EHI

while [sin € sin wCsca]y of Eq.86 denotes recoil non-standard forces.

5 Electric dipolar particles, dipole theory and
interpretation of non-standard terms.

5.1 Electric dipolar particles.

The interest of considering electric dipolar particles (in the usual sense, i.e.
retaining only the electric Mie coefficient aq) is twofold. First, it will allow one
to recover results already published in the literature and therefore will provide a
confirmation (although only partial) of our results concerning magnetodielectric
particles. Second, it will allow one, referring to the dipole theory of forces, to
obtain some clue about the interpretation of non-standard forces and therefore
will prepare us to a more elaborate understanding of them. Let us furthermore
note that the Rayleigh limit of GLMT has been proven to be equivalent to
the Rayleigh limit of the dipole theory of forces [33], [36]. In the same way,
the GLMT limit of magnetodielectric particles studied in the present paper
must be equivalent to the corresponding dipole theory approach published by
Nieto-Vesperinas et al. [40]. Both theories however use different languages and
establishing a complete dictionary between these languages would require an
extra-work which is outside of the scope of the present paper. There is however
at least one dramatic difference between both approaches, namely the GLMT
expresses the optical forces in terms of BSCs pertaining to small order partial
waves (namely for n = 1 and 2) while the dipole theory of forces expresses
the forces in terms of illuminating total fields (encompassing all partial wave
orders).

For the first issue, namely retrieving expressions for the electric dipolar
case from expressions for the magnetodielectric case, it is sufficient to set by = 0
in the expressions for the magnetodielectric case. We then observe that the
recoil forces which are all magneto-dielectric forces are equal to 0 as well as all
the magnetic terms of the IS-mixed forces. This implies in particular that all
recoil non-standard forces are zero. We are then left with:

- 3\2 - -
Cpr.o = €08 0C,py = o Re(a1G ) = [cos 0C ui] % + [cos OC 4] (87)
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2

Cprie =8I0 0 08 pCeyt = Re(a1 Hy) = [sinf cos wCezt]fgz—l— [sin 6 cos @Cezt]gx

Ar
(88)
. 22 , . .
Cpriy = sin0sin pCeqy = yp Im(ay Hy) = [sinfsin wCezt]gy + [sin @ sin wCezt]éy

(89)

in which [cos 0Ceq]L;, [sin @ cos 9Cey] L, and [sin @ sin @Cem]gy (Egs.18, 32
and 46 respectively) have been found to be gradient terms, while [cos 0C,.| %,
[sin 0 cos ¢Cye] B, and [sin 0 sin @Cezt]fgy (Eqs.19, 33, 47 respectively) have been
found to be a summation of scattering and IS non-standard terms. The inter-
pretation of these non-standard terms require us to make a detour through the
dipole theory of forces.

5.2 Dipole theory of forces and interpretations.

In this framework, the optical forces exerted on electric dipolar particles (in
particular Rayleigh particles) read as [41]:

2
Fl = % Re|aE;0,E;] (90)

in which the F},’s are expressed in m? so that they can be more easily com-
pared with the Cp;.; of the GLMT when dealing with numerical comparisons,
e.g. [42], [35]. The conversion from Gaussian units used in [41] to S.I. units used
in Eq.90 is originally explained in [42], [35], see as well [33], [36] to complete the
discussion of the dipole theory which is reproduced below. For Rayleigh parti-
cles (when the electric Mie coefficient a; is expanded in a power series in terms
of the size parameter and we retain only the terms with the smallest orders),
the quantity « is related to the electric Mie coefficient a; by the relation:

—3i
a = 9%3 ax (91)
in which [16], and [26], pp.143-144:
ZZTL;Q,—IS 5 4 n2—-1
_ = o) (P 2.6 92
M= gyt PO TG (92)



in which s is the size parameter wd/\, so that we retain:

2n2 —1
I =-2r 3 93
m(or) = 5y (93)
4 n2—1
R, _ —(_P 2.6
e(a1) 9(n12,+2) 8
Furthermore, « is usually written as:
o =ap—iag (94)

in which ag is the real part of o and a; is minus its imaginary part. From
Eq.90, we may then demonstrate, through somewhat standard manipulations,
that Fj may be rewritten as:

2
F, = —~ Re[a(0), [E[* — E10,Ey, + iwpeijr B H;))| (95)
n

in which e, is the Cartesian Levi-Civita tensor. Also, using Eq.94, we may
then show that F} may be decomposed as:

F, = FY + F (96)

in which FY denotes gradient forces (see Eq.100 below) and F;"Y denotes
non-gradient forces, according to:

2 2 4 ‘
Ff = %aR(‘?k E[? - ;”aR Re[(E*.V)E}] + %w,uom msSe  (97)

in which S} is the kth-component of the complex Poynting vector S¢ =
(E x H*)/2 reading as:

|-
S; = igijkEi Hj (98)

and:
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) 4
FY9 = — o, Im(E*. V), + —whar Re S8 (99)
n n

It may afterward be established, with further manipulations, that F}
may actually be reduced to:

Ff = %aRak E|? (100)

showing that it indeed denotes gradient forces which have been shown to be
equal to the gradient forces of the Rayleigh limit of GLMT.

Concerning F};'Y of Eq.99, it had sometimes been called a scattering
term, the definition of scattering term being that it is proportional (in the
Rayleigh regime) to the sixth power s of the size parameter. In the terminol-
ogy used in the present paper, only the second term of Eq.99 is a scattering
term, the definition of scattering term being now that it is proportional to the
(time averaged) Poynting vector. It is however important to remark that the
first term contains as well a scattering term. It is actually the summation of
a scattering term and of the non-standard contribution. In other words, the
scattering term in the Rayleigh limit of the GLMT, using the terminology used
in the present paper, is the summation of the second term of Eq.99 and of a
(hidden) contribution pertaining to the first term.

This hidden contribution may be revealed by using the results presented
in [33], [36]. For instance, let us consider Eq.(81) of [33]:

* —ik 2 *
(E".V)E, = 3 | Eo gg,TJWg?,TM (101)
. 2 * — —1x%
—ik | Eo| [(g%,TMg%,TM + 925%191}1\/1)

201 1 —1 —1x%
—Z(91,TE91,TM ~“ 91791, TM™M ]

Taking the imaginary parts of both sides of Eq.101 and using Im(z) =
—Re(iz), we see that the last term of it is proportional to [S,]p as given by
Eq.63. This shows that Im[(E*.V)E,] does indeed contain a scattering term.
Similar considerations hold for the transverse components along z and y when
we compare Eqs.64 and 65 wit the last terms of Eqgs.(89) and (90) of [36]. Antic-
ipating on the proof of the aforementioned conjecture concerning the identifica-
tion between GLMT and dipole theory for magnetodielectric particles, we may
more or less safely guess that magnetic non-standard forces may be generated by
RelaH; 0, H}] and magneto-electric non-standard forces by Re[aF; 0 H;| and/or
Re[aHiakE;-*].
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The two-term splitting of Eq.99 was first presented in 2003 by Arias-
Gonzalez and Nieto-Vesperinas [43] when studying gradient, scattering and ab-
sorption force contributions for light fields expressed by their paraxial form. It
is important however to mention again that scattering forces in [43] are defined
as being proportional to the sixth power s® of the size parameter, which is dif-
ferent from the more precise point of view taken in this paper where scattering
forces are defined as being proportional to the (time-averaged) Poynting vector.
Furthermore, the authors of [43] did not attempt to provide a physical explana-
tion for the first term of Eq.99. In 2009, Albaladejo et al. [44] showed, by using
a simple vector identity, that Im[(E*.V)E] is proportional to V x (E x E*)
or, equivalently, to the time average spin density, and concluded that the total
scattering force contained a contribution ”associated to the nonuniform distri-
bution of the spin density of the light field” (see also [45] for a comment on the
aforementioned reference, with a reply in [46]). Because of its physical origins,
the first term of Eq.99 has then been named spin-curl forces or, alternatively,
"polarization gradient forces” by Marago et al. in a review paper in 2013 [47].
Curl forces, i.e. "curl forces due to spin”, are discussed as well in Gao et al. [48]
in the context of magnetodielectric particles, particularly in their Eqgs.(7)-(9),
while Berry discussed the decomposition of the Poynting ”current” in terms of
orbital and spin parts [49]. The categorization using the terminology ”spin-curl”
forces is however not compatible with the terminology used in the present paper
since it is actually, in the terminology used in the present paper, a summation
between a term which is a scattering term and a non-standard term.

From this subsection, it should be clear, to insist on the issue, that
the decomposition in terms of gradient, scattering and spin-curl forces does
not identify with our decomposition in terms of gradient, scattering and non-
standard forces for two reasons (i) the meaning of the expression ”scattering
forces” in the two decompositions is different (if only due to the scattering
hidden term in the spin-curl forces) and (ii) spin-curl forces do not identify
with non-standard forces. While spin-curl forces are known since one decade,
non-standard forces have been introduced (under the name of axicon forces) in
2020 in a paper devoted to the study of optical forces exerted on small particles
by Bessel beams [18]. The fact that spin-curl forces do not identify with non-
standard forces has been pointed out in [36], bottom of the first column of page
10, and has been more generally discussed in section 5 of the same paper. It must
furthermore be noted that, as a by-product of the present work, spin-curl forces
may be expressed in terms of BSCs in the GLMT framework, revealing that they
depend only on n = 1 and n = 2 partial waves. They depend on n = 1 partial
waves via their hidden scattering contribution (which therefore is a non-coupling
contribution), and they depend as well on n = 1 and n = 2 partial waves due
to the fact that they contain non-standard contributions (which therefore are
coupling contributions).
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5.3 Plane waves.

A complementary insight concerning non-standard forces is obtained if we
consider the special case of illuminating plane waves. This insight is going to be
related with an interesting property of non-standard forces, namely that they
are non-gradient forces involving a coupling between (n = 1)- and (n = 2)-
partial waves, see Eqs.67, 69, 71, 73, 75, 77. For plane waves, however, such
couplings are annihilated for a reason to be soon specified, with the question to
know what would be the consequences for non-standard forces.

Indeed, plane waves are axisymmetric beams of the first kind whose
BSCs satisfy the following relations [38], [39], [17], [50]:

Inrm = Inre =0 for m # £1 (102)

-1 .1
In, M . Y9nhTE 9n
1 n 1
= 2 = —1€& = 2 = — 103
9n,TM K 9n,TE K D) ( )

which defines a set of uni-index BSCs denoted g, with K denoting the
polarization state of the beam and € = £1 defining the propagation direction.
More specifically, for plane waves propagating in the positive z-direction, we
may take K = 1, ¢ = —1 while the uni-index BSCs g,, reduce to a phase factor
e(i¢y) which does not depend on the subscript n [1]. Then, inserting these
results in the various optical forces investigated above, we find that:

prf = Cphy =0 (104)

so that transverse forces are zero, as we should have expected. The longitu-
dinal force is however different from 0 and reads as:

3)\2 al + b1 %
Cﬁmﬂz = % Re( 4 — albl) (105)
resulting from an IS-mixed force reading as:
E— 32
cos0C zt = B Re(ay + by) (106)
T

and from a recoil force reading as:

25



— 32 .
€08 0Cscq = 5 Re(a1b7) (107)

Returning to Eqs.19-20 and to their interpretations, it is found that
cos 0C..,.; may be decomposed into electric and magnetic gradient forces [cos OC’ezt]g
and [cos 0C,.]%; respectively, which are zero as we should have expected, and
non-gradient forces which may be decomposed into scattering and IS non-

standard forces which, using Eqs.66, 67, 68, 69, are found to read as:

CES — CENS — 3 Re(a;) (108)
pr,z — “Ypr,z T 4 1
7
HS _ ~HNS __ 3/\2
Ot = OIS = == Re(by) (109)

Therefore, the IS non-standard forces are not equal to 0 but, due to the
special expressions of the uni-index BSCs g,, in the case of plane waves, they
became exactly equal to the scattering forces so that, if we prefer, we may state
that, in the present case, the IS-mixed forces are only constituted from scattering
forces. A similar collapse of non-standard forces (named axicon forces at this
time) to scattering forces has also been observed in the case of Bessel beams
when the axicon angle is equal to 0, see Eq.(68) and associated comments in
[18]. This makes sense because, under such circumstances, the angular spectrum
decomposition of the beams is made of plane waves propagating perpendicularly
to the direction of propagation.

Concerning the recoil force, it has been decomposed into [cos 0Cq, | FH T
and [cos 0C,.q|PH1, see Eq.78, reading as, from Eqs.79 and 80:

z

— 302
[cos OC, 0o PR = o Re(a1b7) (110)

[cos OC o) EHT =0 (111)

z

in which [cos 0C.,)EHE has been identified as a scattering force. Concerning
[cos 0C,cq| FH1 it is found to be 0 so that there is no recoil non-standard force.
As a whole, non-standard force vanish in the case of plane wave or collapse to

scattering forces.
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6 Conclusion.

In the framework of GLMT, we have discussed the optical forces exerted by
arbitrary shaped beams on magnetodielectric particles (in which only the electric
a1 and magnetic by Mie coefficients are different from 0). Two categorizations of
the optical forces have been introduced. The first one is a decomposition of the
optical forces in terms of IS-mixed forces (more traditionally named extinction
forces) and of recoil forces which have been introduced in the GLMT-framework
in an approximate way in 1985 [3], and in a completely rigorous way in 1988
[4]. The second categorization is new. It has been introduced in a study of opti-
cal forces exerted on small particles (retaining only the electric Mie coefficient
ay), e.g. [50] and references therein, and is confirmed in the present paper.
It distinguishes between gradient (conservative) forces, and non-gradient forces
(non-conservative forces) which are constituted of scattering forces and of non-
standard forces. It is remarkable to this categorization in terms of gradient,
scattering, and non-standard forces does occur both for IS and for recoil forces.
In the case of electric dipolar particles (more specifically Rayleigh particles),
non-standard forces are related (but not identical) to spin-curl forces, a denom-
ination originally attributed to Albaladejo et al [44]. Furthermore, in the GLMT
framework, all kinds of forces (gradient, scattering, spin-curl and non-standard
forces) may be expressed in terms of low order partial waves of order n = 1 and
n = 2, a fact which is not explicitly revealed in the dipole theory of forces. Since
both GLMT (for dipolar particles) and dipole theory of forces are rigorous theo-
ries, they must be equivalent. However, because these two theories use different
languages, the proof of equivalence has still to be produced, in order to reveal
the connection between both languages. The present work is viewed as a step
toward the categorization of optical forces in a GLMT framework, for arbitrary
sized particles. Such a study for arbitrary sized particles has been recently been
published by Zheng et al. [32] but using a less refined categorization which does
not explicitly evidence the existence of non-standard forces. Our current effort
is then expected to produce a complementary point of view on the issue.
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