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ARTICLE INFO ABSTRACT

Handling Editor: Haly Neely Modeling infiltration in water-repellent soils is difficult, as the underlying processes remain poorly quantified.
However, recent work has adapted the Beerkan Soil Transfer Parameter (BEST) algorithm to include an expo-
nential correction term for characterizing these types of soils. The original BEST-WR (WR = Water Repellent)
method used a two-term approximate expansion of the Haverkamp quasi-exact implicit model. However, the
BEST-WR method can have considerable inaccuracy, particularly as the time of infiltration and the soil water

repellency increase. Here, we extended the BEST-WR model by adapting a three-term approximation of the

Keywords:
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Sorptivit]
Satﬁrateg hydraulic conductivity Haverkamp quasi-exact implicit model to water-repellent soils. We then tested the new method using analytical
Infiltrometer data. For highly water-repellent soils, the proposed method had better performance when estimating soil sorp-

tivity (S) and soil saturated conductivity (K;), with respective errors of less than 1.5 % and 8 %, compared to
relative errors of more than 10 % and 30 % with the two-term BEST-WR method. We also tested both approaches
with experimental data. The two methods provided similar estimates for hydraulic parameters, with linear
correlations between methods of R? = 0.84 for S and R? = 0.88 for K. Initial infiltration was not well modeled by
either the two-term or three-term model for 33 tests, thus revealing limitations in the applied exponential model
that we used to account for soil repellency. Nonetheless, the proposed three-term expression provided better fits
than the two-term model for most of the infiltration runs, meaning that this new approach is more robust when
modeling infiltration processes in water-repellent soils.

1. Introduction (Cerda and Doerr, 2007). Specifically, most infiltration models simulate

a concave curve for cumulative infiltration versus time, whereas water-

Infiltration is the process by which water moves into the soil surface.
This mechanism is important for recharging soil water and, in some
instances, deeper groundwater. Infiltration acts as a primary control on
surface runoff and soil erosion, and lower infiltration rates can be
therefore be associated with water quality degradation (Gette-Bouvarot
et al., 2015; Bouwer, 1999). Many different approaches have been used
to describe and model infiltration processes in fully wettable soils,
typically considering either one-dimensional vertical (1D) or three-
dimensional (3D) flow processes. However, these models tend to
perform poorly when applied to water-repellent soils, which are char-
acterized by reduced wettability due to soil particles becoming coated
by hydrophobic organic substances that often originate from vegetation
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repellent soils often have convex or sigmoidal relationships due to
increasing soil wettability with time (e.g., Lassabatere et al., 2019;
Angulo-Jaramillo et al., 2019; Beatty and Smith, 2013). To address this
issue, Abou Najm et al. (2021) proposed an exponential correction term
in order to model infiltration rates in water-repellent soils. Those au-
thors combined their correction factor with the simple two-term cu-
mulative infiltration model developed by Haverkamp et al. (1994) as an
approximate expansion of their quasi-exact implicit (QEI) model. By
doing so, Abou Najm et al. (2021) proposed a new formulation and
demonstrated its ability to model a wide range of soil conditions. Based
on this initial work, Di Prima et al. (2021) implemented the new
formulation into the BEST (Beerkan Soil Transfer Parameter) method,
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creating the BEST-WR model (WR = water repellency).

BEST is based on a pair of two-term equations, obtained as approx-
imate expansions of the QEI model, that fit infiltration behaviors at short
and long times, thus making the set of equations valid for both transient
and steady-state conditions. There are three variations of the BEST
method: BEST-Slope (Lassabatere et al., 2006), BEST-Intercept (Yilmaz
etal., 2010) and (BEST-steady) (Bagarello et al., 2014). The BEST-Slope
and BEST-Intercept methods use both short- and long-time equations,
while BEST-steady is based only on long times. The BEST-Slope and
BEST-Intercept differ in the constraints that are used to relate sorptivity
and saturated conductivity (Angulo-Jaramillo et al., 2019). The
robustness of these three methods have been assessed in many studies (e.
g., Yilmaz et al., 2019; Di Prima et al., 2019; Castellini et al., 2016), and
all are now widely used in the scientific community.

The three BEST variations are designed to model cumulative infil-
tration curves that are concave in shape, and thus cannot effectively
describe the convex shapes often seen in water-repellent soils. Di Prima
et al. (2021) coupled the BEST-slope method with the Abou Najm et al.
(2021) correction term to create a new two-term model for water-
repellent soils. Their model, hereafter called BEST-WR-2T, was veri-
fied with analytical and empirical data from hydrophilic (i.e., fully
wettable) and water-repellent soils. Overall, this approach worked well,
yet the error of estimated values of soil sorptivity (S) and saturated
hydraulic conductivity (K;) increased as soils became more water-
repellent, leading to questions about the time-scale over which this
two-term approach is accurate. In particular, analytical soils with strong
water repellency had deviations of up to 30 % between estimated and
reference K;. Previously, Lassabatere et al. (2006) delimited the time
over which the two-term equation is valid by ensuring that the infil-
tration flux at long times does not exceed that of short times. The
corrective term proposed by Abou Najm et al. (2021) was designed to fit
any infiltration model, but did not specifically consider the validity of
specific functions such as the two-term equation adapted to water
repellency. In contrast, Di Prima et al (2021) focused their approach to
specifically use the transient portion of the two-term equation, and
therefore did not investigate the time intervals over which the solution
was valid.

Recently, Rahmati et al. (2019) proposed a formulation using a
three-term expansion, i.e., the three first terms of series development of
the QEI model proposed by Haverkamp et al. (1994). This approxima-
tion was shown to be valid for a longer duration than the two-term
formulation, since it includes one additional term of the series. None-
theless, the exact time of validity is not directly calculable, and a com-
parison procedure must be done with the implicit quasi-exact
cumulative infiltration curve to detect the time at which the three-term
model begins to deviate. Next, Moret-Fernandez et al. (2020) developed
a four-term expression for 3D infiltration, and tested it with disk-
infiltrometer measurements. Finally, Rahmati et al. (2020) proposed a
five-term expansion. The latter two expansions of the QEI formulation
are valid for longer times than the other solutions. However, the 4th and
5th terms are expected to have small magnitudes and thus to only in-
crease the precision of the expansions by a small extent relative to the
simpler three-term expansion (Moret-Fernandez et al., 2020, Rahmati
et al., 2020).

In this paper, we couple the Abou Najm et al. (2021) exponential
correction term and the three-term expansion (Rahmati et al., 2019) of
the Haverkamp model (Haverkamp et al.,, 1994) to describe more
accurately the infiltration process for water-repellent soils over large
time intervals. This new formulation, hereafter called BEST-WR-3T,
describes 3D infiltration through water-repellent soils and considers
both transient and steady-state infiltration, thus addressing a major
limitation of BEST-WR-2T. We hypothesized that the BEST-WR-3T
model would provide more accurate estimates than the BEST-WR-2T
model for three important parameters: soil sorptivity S, correction fac-
tor awg, and saturated hydraulic conductivity K;. For this analysis, we
first generated numerical infiltration data for hydrophilic and water-
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repellent soils for six synthetic soils. Then we tested the new approach
with field data measured in Berchidda, Italy (Di Prima et al., 2021).
Finally, we discussed the benefits of BEST-WR-3T compared to BEST-
WR-2T model and examined how using longer duration datasets affect
estimates of S and K.

2. Theoretical development

The BEST method was developed first by Lassabatere et al. (2006) to
estimate the parameters of the van Genuchten (1980) water retention
curve, 9(h), with the Burdine (1953) condition, and the Brooks and
Corey (1964) relationship for hydraulic conductivity, K(6):

0(h) = 0,[1 + (ag|h] )" ] (1a)
m—1-2 ab)
n
0\”
K(0) = K, (9—) 10
n= % +3 ad)

where h (L) is the water pressure head, a,g (L)) is the van Genuchten
pressure scale parameter, Ks (L/T) is the saturated hydraulic conduc-
tivity at the soil surface, and 6 (L3 1.73) is the saturated soil water con-
tent. Note that the case of a null residual soil water content, §, = 0,
corresponds to the case addressed by BEST methods (Angulo-Jaramillo
et al., 2019). The shape parameters n, m and 5 are deduced from particle
size distribution using specific pedo-transfer functions (PTF). More de-
tails on the estimation of these parameters can be found in Lassabatere
et al. (2006) or Minasny and McBratney (2007). The K, and ay¢ pa-
rameters are derived by analyzing water infiltration data.

The 3D cumulative infiltration, I(t) (L), and infiltration rate, i(t) (L/
T), from a circular source for a null pressure head can be approximated
by the following two-term (2T) explicit transient expressions (Haver-
kamp et al., 1994):

Lr(f) = SVt + (AS* + BK, )t (2a)

. S 2

ir(f) = NG + (AS* + BK,) (2b)
_2-F

B= 5 (2c)

where t (T) is the time elapsed since the start of the infiltration event, S
(L/T~%%) is the soil sorptivity, and A = ﬁ defines an additional part,

i.e., ASt, that is needed to convert 1D to 3D cumulative infiltration.
and y are parameters that are often respectively fixed to 0.6 and 0.75
(Angulo-Jaramillo et al., 2019), and 6; (L3 L7®) is the initial volumetric
soil water content. Note that in Equation (2), we neglect the effect of the
initial hydraulic conductivity, K;, as is commonly done in other studies
(e.g., Moret-Fernandez et al., 2020). For long-time expansions the cu-
mulative infiltration and infiltration rate are defined as:

) 1 1\ 8
Lo(t) = (AS +K\)z+mlno—j> I (20)

i =AS* +K, 2d)

For relatively dry soil conditions, where K; = 0, Rahmati et al. (2019)
developed a series expansion for short-time cumulative infiltration,
leading to the three-term expansion below:

_ Vg _pinKg
L (1) —Izr(t)Jfg(/} B+1) St (3a)
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Table 1
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Soil hydraulic parameters of the van Genuchten-Mualem (vGM) model for the six studied soils used to model the infiltration experiments. Values came from the Carsel

and Parrish (1988) database.

Soil texture Sand Loamy Sand Sandy Loam Loam Silt Loam Silty Clay Loam
O 0.045 0.057 0.065 0.078 0.067 0.089

6; 0.083 0.092 0.100 0.113 0.105 0.123

65 0.43 0.41 0.41 0.43 0.45 0.43

ayg (mm ™) 0.0145 0.0124 0.0075 0.0036 0.002 0.001

n 2.68 2.28 1.89 1.56 1.41 1.23
Ks(mmh™) 297.0 145.9 44.2 10.44 4.5 0.7

S (mm h™%%) 86.5 58.2 36.0 20.9 16.3 6.0

l 0.5 0.5 0.5 0.5 0.5 0.5

Where 6; is the initial volumetric water content, ayg and n correspond to the water retention curve of the vGM model and [ is the tortuosity parameter.

The corresponding infiltration rate is:

2

i3T(t) = 1‘27‘([) +é (ﬁz —ﬂ+ 1) K (Bb)

1
—sp
S

At long times, the measurement of the infiltration rate asymptote,
i“? (Equation 2d), allows K; to be linked to S as follows (Lassabatere
et al., 2006):

K, =% —AS? @

Introduction of Equation (4) into the two-term (2T) and three-term
(3T) formulations allows us to rewrite the cumulative infiltration and
infiltration rate equations as follows:

Ly (t) = SVi+ [A(1 — B)S* +Bi7 ]t (5a)

: S sexp

inr(t) :m+ [A(1 = B)S* +Bi?7, | (5b)
1 1, — A8’

L (1) :Izr(1)+§(ﬂ2—ﬁ+l)%ﬁ (5¢)

, , 1, (7, — AS?)?

isr(t) = ipr(1) +6 F-p+1) B (5d)

Abou Najm et al. (2021) proposed the following correction factor to
describe infiltration rate into water-repellent soils, iyr(t):

iWR(t) = l(t)(l

in which ayg (T™YH is an empirical parameter considered to reflect
the rate of water repellency attenuation during infiltration.

Di Prima et al. (2021) used this factor, along with Equation (5a) and
(5b), to obtain the BEST-WR-2T formulation:

— gt 6)

iwror(f) = {%Jr [A(1 - B)S* + Bi?7, ] }(1 — ¢ WWRT) (7a)
Sy
Tygy, (1) = SVt — erf(v/awrt ) + [A(1 — B)S®
2\/(XWR (7b)

[A(1 = B)S® + Bit%, | (1 — e~ow)

+Bi, }t —
AwRr

where iwg,,(t) is the adapted two-term infiltration rate with water
repellency,izr(t) is the original two-term infiltration rate that does not
account for water repellency, and erf is the error function.

By analogy to the work of Di Prima et al. (2021), the correction factor
for water-repellent soils can be applied to the Rahmati et al. (2019)
three-term formulation to obtain the BEST-WR-3T model (see appen-
dices for more details):
2

1

exp 2
Lo AS ) 12(1 _ e—mWRt)

iwrar(f) = iwrar (t) +é #-p+1) ( q (8a)

1 0 _AS? 2
IWRgr(t):IWRzT(t)+§(ﬁ2 _ﬁ+1)(+f)l%
2 exp 2)2 4
—p+1 o —AS 2 3
LB P E AR R i VB )
6 S OwRr 2((XWR)E

(8b)
3. Material and methods
3.1. Analytical data set

The BEST-WR-3T model was verified using synthetic data generated
from the hydraulic properties of six conventional soils (Table 1). Three-
dimensional infiltration was simulated, and the soils were all assumed to
have an initial saturation degree of S,; = 0.1. The procedure for
generating water-repellent synthetic infiltration data was based on the
extension of the QEI formulation with the correction factor proposed by
Abou Najm (2021), as detailed in Di Prima et al. (2021). The awgr
parameter varied from 0.04 to 10000 h™* depending on the type of soil
(Table 2). The resulting curves covered a range of shapes, from regular
concave to convex or with an inflection point. More detailed information
about the criteria used to select the ayg parameter values can be found
in Di Prima et al. (2021).

3.2. Experimental site

Di Prima et al. (2021) evaluated the BEST-WR-2T model with mea-
surements from the Berchidda site (40°48'57.28 “N, 9°17'33.09 “E),
located in the Long-Term Observatory of Berchidda-Monti (NE Sardinia,
Italy). For our study, we used the same dataset.

The mean annual temperature at the Berchidda site is 14.2 °C and the
mean cumulative precipitation is 623 mm. The place is a Mediterranean
wooded meadow with herbaceous species and oaks. The experimental
site has two types of land cover: open spaces (grasslands) and tree
canopies (Seddaiu et al., 2018). According to the USDA standards, the
texture of the soil upper horizon ranged from sandy loam to loamy sand.
More details about the soil properties can be found in Di Prima et al.
(2021). Di Prima et al. (2021) performed water drop penetration time
tests (Wessel, 1988) in the grasslands, and found that the soil surface
was wettable in 47.8 % of tested locations, slightly water-repellant in
41.1 % of tested locations, and strongly water-repellant in 11.1 % of
tested locations (N = 30). Different water drop penetration time distri-
butions were measured under tree canopies, with 0.0 % of locations
determined to be wettable, 4.4 % to be slightly, 27.8 % to be strongly,
46.7 % to be severely, and 21.1 % to be extremely soil water repellent
(N = 30). For more details, refer to Di Prima et al. (2021).

3.3. Beerkan experiments
The Beerkan infiltration tests were conducted using automated

infiltrometers (Di Prima et al., 2016, Concialdi et al., 2020). A total of 60
Beerkan tests were conducted, with 30 done in open grassland areas and
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Table 2
Summary of the soil hydraulic properties estimated for the six synthetic soils. i*P and b$™ respectively correspond to infiltration rate (Equation 4) and the intercept
asymptote.

BEST-WR-3T (Eq.  BEST-WR-2T (Eq.  BEST-Slope (Eq.

8b) 7b) 2a)
Soil OWR P bs*P awr S K awr S K S K
k™ (mm (mm) (h'h) (mm h™%%) (mmh™) G (mm (mm (mm (mm
h—l) h—O.S) h—l) h—0.5) h—l)
Sand NoWR  523.99 135  2.80E+16 85.6 312.76 13,627  91.1 284.88 88.7 297.94
10,000  523.97 127 12,408 85.3 314.19 3283 911 284.82 85.8 311.80
1000 523.97 10.8 1043 85.3 314.20 720 91.2 284.50 73.0 370.58
800 523.97 104 829 85.3 314.22 600 91.2 284.28 67.1 394.37
600 523.97 9.8 618 85.3 314.27 471 91.3 283.89 55.7 434.58
400 523.97 8.8 409 85.3 314.36 330 91.4 283.08 47.5 458.96
200 523.49 6.4 202 85.3 313.70 174 92.1 279.03 30.1 497.43
100 523.49 23 101 85.3 314.03 % 93.0 274.38 11.6 519.61
80 523.48 05 81 85.2 314.17 73 93.4 271.92 6.2 522.35
60 522.92 -23 60 85.3 313.06 54 94.4 265.98 0.1 522.92
40 521.94 -7.5 40 85.5 311.17 36 96.0 256.50 -7.1 520.51
Loamysand ~ NoWR  258.07 125  9.80E+15 57.6 153.62 7297 613 139.89 59.7 145.94
5000 257.85 1.7 6159 57.4 154.22 1696  61.3 139.76 57.7 153.25
500 257.85 98 521 57.4 154.23 365 61.3 139.58 47.7 186.40
400 257.88 95 414 57.4 154.24 303 61.4 139.46 44.6 195.22
300 257.88 89 308 57.4 154.27 238 61.4 139.25 36.7 215.48
200 257.88 8.0 204 57.4 154.32 166 61.5 138.83 31.0 227.61
100 257.64 56 101 57.4 153.99 87 62.0 136.77 19.1 246.16
50 257.64 17 50 57.4 154.17 45 62.6 134.33 6.8 256.20
40 257.63 0.1 40 57.3 154.23 36 62.9 133.02 3.2 257.30
30 257.33 -2.8 30 57.4 153.61 27 63.7 129.90 -0.8 257.31
20 256.60 -7.8 20 57.6 152.09 18 64.8 124.69 ~5.4 255.68
Sandy loam  NoWR  87.71 157 2.40E+15 35.7 46.71 2316  37.6 42.18 36.8 43.98
1000 87.75 146 1202 355 46.99 414 37.6 42.18 355 47.12
100 87.67 120 103 35.6 46.86 77 37.7 41.82 27.0 64.14
80 87.67 11.4 82 35.6 46.87 64 37.7 4177 23.9 69.31
60 87.67 106 61 35.6 46.88 50 37.8 41.69 216 72.68
40 87.67 9.1 41 35.6 46.90 34 37.8 41.53 17.7 77.60
20 87.67 54 20 35.5 46.94 18 38.0 41.07 9.8 84.59
10 87.60 -0.7 10 35.5 46.85 9 385 39.85 2.0 87.47
8 87.58 -35 8 355 46.85 7 387 39.32 -0.1 87.58
6 87.53 -79 6 35.5 46.78 6 39.0 38.46 -2.6 87.32
4 86.41 -147 4 36.5 43.49 4 40.0 34.77 -5.2 85.54
Loam NoWR 2457 222 4.10E+14 20.7 11.08 520 21.6 9.88 21.3 10.30
100 24.52 202 112 20.6 11.12 56 21.6 9.86 203 11.50
10 24.50 146 10 20.6 11.09 9 21.6 9.74 12.8 19.30
8 24.50 135 8 20.6 11.09 7 21.6 9.72 11.6 20.23
6 24.50 1.7 6 20.6 11.10 5 21.7 9.69 9.9 21.42
4 24.50 84 4 20.6 11.11 4 21.7 9.62 7.1 22.91
2 24.48 -01 2 20.6 11.08 2 21.9 9.36 2.1 24.34
1 24.45 -149 1 20.6 11.05 1 22.2 8.92 -2.1 24.31
0.8 24.30 -20.7 08 20.8 10.69 0.8 22.4 8.53 -3.2 23.99
Silt loam NoWR  12.41 311 1.50E+15 16.2 4.82 209 16.8 4.27 16.6 4.44
80 12.41 296 99.2 16.1 4.85 335 16.8 4.25 16.3 475
8 12.41 250 83 16.1 4.85 6.4 16.8 4.24 14.0 6.72
6.4 12.41 241 6.6 16.2 4.84 5.2 16.8 4.23 126 7.84
4.8 12.41 227 49 16.2 4.84 4.1 16.8 4.23 11.8 8.38
3.2 12.40 202 33 16.2 4.84 2.8 16.8 4.21 10.4 9.26
1.6 12.41 137 16 16.1 4.85 L5 16.8 4.19 7.2 10.92
0.80 12.40 29 081 16.1 4.85 0.75 16.9 4.10 3.0 1213
0.64 12.40 -21 064 16.2 4.83 0.60 17.0 4.04 17 12.31
0.48 12.39 -10.1  0.48 16.2 4.83 0.46 17.0 3.99 0.0 12.39
0.32 12.38 —-251 032 16.2 4.82 0.30 17.1 3.86 -2.1 12.26
Silty clay No WR 1.890 27.0  1.40E+13 5.9 0.747 35 6.1 0.661 6.1 0.688
loam
10 1.896 251 116 5.9 0.755 47 6.2 0.662 5.9 0.756
1.0 1.896 202 1.0 5.9 0.754 0.8 6.2 0.660 45 1.249
0.8 1.896 192 0.8 5.9 0.754 0.7 6.2 0.660 4.2 1.316
0.6 1.895 17.7 0.6 5.9 0.754 0.5 6.2 0.658 3.9 1.412
0.4 1.895 149 0.4 5.9 0.755 0.4 6.2 0.656 3.2 1.557
0.2 1.896 75 02 5.9 0.756 0.2 6.2 0.649 1.8 1.787
0.10 1.894 -48 0.10 5.9 0.756 0.09 6.2 0.629 03 1.891
0.08 1.894  -10.6 0.8 5.9 0.755 0.08 6.3 0.620  —0.1 1.893
0.06 1.893  -19.8 0.6 5.9 0.750 0.06 6.3 0.604 0.7 1.878
0.04 1.873 345 0.04 6.0 0.696 0.04 6.4 0.547  -13 1.821
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Fig. 1. Error of S [dotted line] and K; [dashed line] estimates with the respective target value for six synthetic soils, BEST-WR-2T [red line] and BEST-WR-3T [blue

line], «_ WR [h-1] in horizontal axis and Er [%] in vertical axis.

Table 3

Steady-state time (t;) and time to which the the two-term (2T) and three-term
(3T) expansions first show a 2 % divergence from the QEI formulation for the
six synthetic soils.

QEI 2T 3T

Soil texture Steady Time [h] Time to 2 % Divergence [h]

Sand 0.46 0.04 1.68
Loamy Sand 0.78 0.06 3.16
Sandy Loam 2.69 0.29 13.70
Loam 12.31 2.08 88.21
Silt Loam 33.29 7.98 307.46
Silty Clay Loam 108.60 44.05 1712.00

30 under the tree canopy. The diameter of the infiltration ring was 15
cm, corresponding to an area of 176.7 cm? The ring was inserted about
1 cm to avoid surface runoff (Lassabatere et al., 2006). For each Beerkan
test a total of 280 mm of water height was infiltrated. Before starting the

infiltration, a plastic film was placed on the soil surface to prevent water
infiltration. The data was acquired automatically when the plastic film
was removed. The infiltrometers were equipped with differential pres-
sure transducers to measure the water height in the reservoirs. The
automated procedure proposed by Concialdi et al. (2020) to treat the
transducer output was subsequently applied to determine the cumula-
tive infiltration curves. This procedure uses an algorithm, implemented
with the open-source software Scilab (Campbell et al., 2010), that
minimizes the effect of tension fluctuations caused by air bubble for-
mation in the Mariotte system. The code can be downloaded from the
website bestsoilhydro.net (https://bestsoilhydro.net/infiltrometer/), in
the section entitled “automatic treatment of the raw data”.

3.4. Detection of steady-state conditions and infiltration curve asymptote

The criterion suggested by Bagarello et al. (1999) was used to
separate the infiltration data into transient and steady-state conditions.
This procedure consisted of a linear regression analysis for the last three
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Fig. 2. Cumulative Beerkan curves for the six synthetic soils without repellent effect.

data points of I(t) versus t. Then, the steady-state time (t;) was deter-
mined as the first value for which the following condition was met:

I(t) — Ir‘fg (I)
1(1)

<E 9

where I¢(t) is estimated from regression analysis of the last part of the
curve, and E defines a given threshold to check linearity. Equation (9)
was applied from the end of the experiment until the first data point for
which the E < E condition was achieved (Angulo-Jaramillo et al., 2016).
We adopted the commonly used value of E = 2 %. The asymptotic slope,
i“® (L/T), was estimated by linear regression analysis of steady-state
data (i.e., all data points measured after the time t;, when E<2).

3.5. Analytical data set used for the inverse procedure

The two-term and three-term expansions are approximations of cu-
mulative infiltration as simulated by the QEI model (Haverkamp et al.,
1994). They are valid only for a certain time period, after which time
they deviate from the target model. The validity of the two-term tran-
sient model is fixed by the following condition (Lassabatere et al., 2006):

tyatia < W 1% For the three-term formulation, there is no equivalent
T el

analytical formulation delimiting the validity of the model. However,
Rahmati et al (2019) used a recursive procedure to delimit the time
validity of the expansion formulation. In our study, we used a threshold
of 2 %, which reflects the percentage of divergence between the QEI
cumulated formulation and the corresponding 3T expansion. We first
calculated t; for the six synthetic soils according to criterion of Equation
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Fig. 3. Plot of normalized S and log normalized K; estimates from BEST-WR-2T (Di Prima et al. 2021) and BEST-WR-3T (this study).

(9). Then, we compared this value with the divergence time of each
formulation for the six synthetic soils.

3.6. Validation of the three-term formulation

A specific program to process the cumulative infiltration curves was
developed using Scilab (Campbell et al., 2010). The program first detects
the steady state and measures the slope of the asymptote at long times,
i . We used the inverse function “Isrqsolve” implemented in Scilab (Di
Prima et al., 2021) to estimate S and awg by fitting 1) the BEST-WR-2T
model (Equation 7b) to the experimental data corresponding to the
transient state and 2) the BEST-WR-3T model (Equation 8b) to the full
data set. Note that in this approach we assumed that the BEST-WR-3T
model was valid at for times. Finally, we calculated K; using Equation
(4) for both formulations.

We compared the ability of the two models to estimate hydraulic
properties from the synthetic infiltration curves by calculating the
relative error, Er, for each estimated value of Gwg, soil sorptivity (§WR

and S) and saturated soil hydraulic conductivity (R's,WR and IAQ) as
compared to the corresponding reference value:

X —X

Er(x) = 10

X

where X is the estimated value and x is the target, i.e., the reference
values of awg, S and K (Table 1).

For the field data, S and K; values estimated with BEST-WR-3T were
compared to the corresponding values obtained by BEST-WR-2T. To this
end, S estimates from both approaches were normalized between 0 and 1
and represented with a regression line to estimate the R? factor. As Kj is
typically lognormally distributed, we log-normalized K; (between 0 and
1) to estimate R%. The accuracy of each model was assessed on the basis
of the consistency of the model shape and the relative error of the model
fit, Er srr, which was estimated as follows:

R

[Iexp(ti) - Iesl(ti) ]2
= 00O an

k
; ]tz’)cp (ti)

Ergr =

4. Results and discussion
4.1. Analytical validation for six synthetic soils

The synthetic soils were analyzed using the BEST-Slope (Equation
2a), BEST-WR-2T (Equation 7b), and BEST-WR-3T (Equation 8b)
methods, with results reported in Table 2. For non-repellent synthetic
soils, the new BEST-WR-3T method yielded very high estimates for the

awr correction coefficient (in line with the Abou Najm et al. (2021)
definition) in comparison to the BEST-WR-2T method. High values of
awr correspond to a scaling factor value of near-unity, which removes
the corrective effect of this term and can be interpreted as an indicator of
wettable (i.e., non-repellent) soils. When awg was estimated for water-
repellent soils, the three-term approach systematically gave estimates
closer to the target value used in the simulations, whereas the BEST-WR-
2T algorithm was less precise (Table 2). Better estimation of the Qwg
parameter translates to better estimations of S, since these two param-
eters are evaluated simultaneously. This effect is observed by comparing
relative errors for S: the BEST-WR-3T model had relative errors that
were consistently lower than 1.5 % (Fig. 1), whereas BEST-WR-2T
approach provided Er values that were higher and that increased to
over 10 % as soils became more water-repellent (i.e., as awgr became
smaller).

The BEST-Slope method worked well to estimate S for soils with little
water repellency, with relative errors of less than 30 %. However, when
the BEST-Slope algorithm was applied to the more repellent soils, the
magnitude of estimated S decreased, and in some instances became
negative, which is physically implausible. Conversely, the BEST-slope
method often provided over-estimates for K; in the water-repellent
soils, as indicated by the relationship in Equation 4. These results
clearly show that the BEST-Slope method is not suited for water- re-
pellent soils. However, the BEST-WR-2T method also presented errors
when estimating the K parameter, with relative differences ranging
from 5 % for wettable, non-repellent soils to 25 % when used for
severely water-repellent soils. The proposed BEST-WR-3T method
resulted in a constant estimate regardless of the soil water repellency
(Fig. 1), with errors varying from 5 to 8 %. Therefore, the new BEST-WR-
3T approach was more accurate than its two-term counterpart when
estimating K; in soils with severe water repellency.

Table 3 summarizes the estimates of t; (time for steady-state flow;
Equation 9) and the divergence time of the two and three terms ex-
pansions versus the QEI formulation for the six synthetic hydrophilic
soils. The comparison of deviation times shows that the three-term
formulation is valid (and overlapping with the QEI formulation) for
much longer than the 2T approach (Fig. 2). Further, the BEST-WR-3T
model only diverged from the QEI formulation for t greater than 4t,
whereas the BEST-WR-2T term diverged from the QEI formulation
within the first hour for the sand and loamy sand soils. These results
show that the three-term formulation was suitable for the complete
dataset, whereas caution should be taken when using the two-term
expansion. We note that, in contrast to the BEST-Slope and BEST-
Intercept methods, BEST-WR-2T and BEST-WR-3T approaches do not
have specific algorithms to ensure the time-validity of experimental
data. Rather, in both approaches, all data points assigned to the transient
state are used. This situation may lead to inappropriate fitting if ¢ is
inappropriately selected. However, the risk of inappropriate fitting is
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Table 4
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Ergr calculation, “+” sign is used to indicate the presence of a convex shape for i(t) and a deviation between the BEST-WR-3T model and the experimental data in the

initial infiltration phase.

oaWR_2T aWR_3T Ergrr Convex i(t) Shape Initial Deviation
Method BEST s WR-2T WR-3T
Berchidda_1F_1 0.0016 0.0010 0.026 0.031 +
Berchidda_1F_2 0.0004 0.0003 0.018 0.023 + +
Berchidda_1F_3 0.0499 0.0401 0.015 0.008
Berchidda_1F 4 0.0544 0.0664 0.008 0.005
Berchidda_1F 5 0.0025 0.0019 0.021 0.020
Berchidda_1F_6 0.0153 0.0162 0.012 0.005
Berchidda_1F_7 0.0034 0.0021 0.019 0.021 +
Berchidda_1F 8 0.0098 0.0147 0.020 0.011
Berchidda_1F_9 0.3773 2.10E+11 0.009 0.019
Berchidda_1F_10 0.0388 0.1041 0.006 0.013
Berchidda_1S_1 0.0018 0.0014 0.029 0.034 + +
Berchidda_1S_2 0.0103 0.0063 0.027 0.015 +
Berchidda_1S_3 0.0018 0.0015 0.030 0.027 + +
Berchidda_1S_4 0.0021 0.0018 0.019 0.022 +
Berchidda_1S_5_ 0.0008 0.0006 0.031 0.015
Berchidda_1S_6 0.0041 0.0020 0.029 0.059 + +
Berchidda_1S_7 0.0883 0.4893 0.005 0.004
Berchidda_ 158 0.0006 0.0005 0.032 0.019 + +
Berchidda_1S 9 0.0010 0.0010 0.023 0.020 + +
Berchidda_1S_10 0.0022 0.0014 0.032 0.032 + +
Berchidda_2F_1 0.0439 0.0162 0.017 0.020 + +
Berchidda_2F 2 0.0290 0.0217 0.023 0.022
Berchidda_2F_3 0.0013 0.0008 0.023 0.041 +
Berchidda_2F 4 0.0013 0.0007 0.027 0.042 +
Berchidda_2F 5 0.0016 0.0008 0.045 0.061 + +
Berchidda_2F 6 0.0017 0.0013 0.024 0.026 +
Berchidda_2F_7 0.1947 0.4743 0.005 0.006
Berchidda_2F_8 0.0020 0.0012 0.025 0.034 + +
Berchidda_2F 9 0.0071 0.0035 0.018 0.029 + —+
Berchidda_2F_10 0.0034 0.0021 0.032 0.043 + +
Berchidda_2S_1 0.0057 0.0030 0.033 0.037 + +
Berchidda_25_2 0.0026 0.0014 0.029 0.043 +
Berchidda_2S_3 0.0285 0.0342 0.008 0.005
Berchidda_2S 4 0.0028 0.0015 0.022 0.026 +
Berchidda 2S5 5 0.0017 0.0014 0.025 0.022 +
Berchidda_25_6 0.0014 0.0011 0.026 0.024
Berchidda_2S_7 0.0010 0.0009 0.017 0.013
Berchidda 25 8 0.0029 0.0016 0.031 0.019 + +
Berchidda_25_9 0.0030 0.0035 0.014 0.006
Berchidda_2S_10 0.0020 0.0013 0.019 0.026 + +
Berchidda_3F_1 0.0192 0.0114 0.026 0.015
Berchidda_3F_2 0.0038 0.0016 0.036 0.041 + +
Berchidda_3F_3 0.0008 0.0004 0.027 0.040 +
Berchidda_3F 4 0.0036 0.0020 0.019 0.040 + +
Berchidda_3F_5_ 0.0859 0.0099 0.008 0.022 + +
Berchidda_3F_6 0.0004 0.0003 0.036 0.037 + +
Berchidda_3F_7 0.0011 0.0006 0.035 0.043 + +
Berchidda_3F_8 0.0006 0.0006 0.013 0.012
Berchidda_3F_9 0.0016 0.0010 0.021 0.027 +
Berchidda_3F_10 0.0202 0.0334 0.013 0.003
Berchidda_3S_1 0.0025 0.0009 0.035 0.066 +
Berchidda_3S_2 0.0010 0.0006 0.024 0.046 +
Berchidda_3S_3_ 0.0002 0.0002 0.016 0.016
Berchidda_3S_4 0.0002 0.0002 0.022 0.018 + +
Berchidda_3S_5 0.0018 0.0014 0.021 0.030
Berchidda_3S_6 0.0005 0.0004 0.028 0.026 + +
Berchidda_3S_7 0.0004 0.0003 0.049 0.048 + +
Berchidda_3S_8 0.0098 0.0173 0.027 0.008
Berchidda_35_9 0.0008 0.0008 0.008 0.009
Berchidda_3S_10 0.0013 0.0009 0.021 0.032 +

less important for BEST-WR-3T since the model used for the fit is ex-
pected to be accurate for a larger time interval (4t; instead of t;).

4.2. Experimental assessment of the proposed three-term formulation

Based on 60 experimental infiltration tests, the BEST-WR-2T and
BEST-WR-3T methods provided consistent estimates for hydraulic
properties (Fig. 3). Comparing parameter values from the two methods
showed R? values of 0.84 for normalized S and 0.88 for normalized log

(K;). Parameter magnitudes varied between methods, however, with
BEST-WR-2T generally detecting higher normalized log(K) values than
BEST-WR-3T. The maximum relative difference was 66 %. When esti-
mating S, however, neither method showed a bias towards over- or
under-estimates. The absolute relative difference for the BEST-WR-3T
model was less than 20 % for 94 % of the cases, and the maximum
relative difference observed was 30 %.

The Ergr model accuracy indicator (i.e., Equation 11) showed that
BEST-WR-2T was better for 33 infiltration tests, versus 27 infiltration
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Fig. 5. Example of experimental infiltration rate curves, water repellent behavior marked with a convex shape (left) and linear shape (right).

tests in which the BEST-WR-3T formulation presented better accuracy
(Table 4). However, both models often showed deviations from the
measured infiltration rates for early time (example shown in Fig. 4, left).
For BEST-WR-3T model, this gap was observed in 37 infiltration tests
(Table 4). This behavior may reflect subtle concavities in the infiltration
curves, possibly due to effects caused by soil sealing, air entrapment, or
soil layering (Moret-Fernandez et al., 2021; Yilmaz, 2021; Di Prima
et al., 2018; Lichner et al., 2013), which are not considered by either
model.

Furthermore, additional information about the initial phase of the
infiltration process can be obtained from the experimental infiltration
rate curve, i(t). Out of the 60 infiltration tests, 24 of them had i(t) curves
with convex shapes, and the BEST-WR-3T method showed deviations
during the initial infiltration stage of the infiltration process for 23 of the
tests (Table 4). This result may explain a large part of the deviation
observed between both models and the experimental data. In the second
example (Fig. 4, right), BEST-WR-3T has lower Erg;r than BEST-WR-2T,
yet the new formulation provided a better estimation of the hydraulic
parameters. For this case, the behavior of the infiltration curve (Fig. 5,
right) is typical of water-repellent conditions, which the Abou Najm
et al. (2021) model is well adapted to represent. However, other tests
were less successful. As another example, a break in the cumulative
infiltration curve was observed near 700 s in the Berchidda 3F7 test
(Fig. 4, left, black arrow). This behavior was also observed in the cor-
responding infiltration rate curve (Fig. 5, left, black arrow), leading to a
convex- followed by a concave-shape. Because the model of Abou Najm
(2021) was designed for convex and convex-to-linear behaviors, it

appears to be unable to fit concave-to-convex behaviors that have been
observed in soils with fractional wettability (Angulo-Jaramillo et al.,
2019).

Despite the deviations frequently seen during the initial infiltration
stage, the BEST-WR-3T model fit the latter infiltration stages with good
accuracy (Fig. 4, right). This behavior is indicated by the relatively low
Ergrr values of between 0.018 and 0.066 when the BEST-WR-3T model
had an initial deviation from the experimental data (Table 4). Further-
more, the new three-term formulation shows very good results when the
beginning of the experimental curve fits within the expected behavior
for water-repellent soils (i.e., increasing infiltration rates through time
as water repellency diminishes). In such instances the BEST-WR-3T
model provides lower Ergr values than the BEST-WR-2T method. A
second important point is that the BEST-WR-2T approach should only be
used on transient-phase data, as the model is not appropriate for steady-
state infiltration. Therefore, the correct detection of the transient versus
steady-state regimes is necessary to delimit the data set to be used. If the
complete dataset is used then the two-term model will deviate (Fig. 4,
red dotted lines). Thus, the three-term model has an undeniable
advantage since it uses a model that is valid for much longer times.

5. Summary and conclusions

In this study we proposed and validated a new formulation to esti-
mate the hydraulic properties of water-repellent soils. The BEST-WR-3T
(adaptation of a three-term approximate expansion for infiltration with
an exponential correction factor) model was tested on analytical and
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experimental data, and its performance was compared to the previously
described BEST-WR-2T (two-term) developed by Di Prima et al. (2021).
The new approach showed better ability to estimate hydraulic properties
from the analytical data. Indeed, when the water repellency of the soils
increased, the BEST-WR-2T method tended to deviate from the target
values for K and S, with relative errors of 10 % to more than 25 %. The
BEST-WR-3T approach resulted in more consistent parameter estimates,
particularly in soils with strong repellency, providing relative errors of
less than 8 %. However, the results were more mixed when the models
were tested on field data. Here, the two methods (BEST-WR-2T and
BEST-WR-3T) estimated similar values for S and K, with R? factors of
0.84 (S) and 0.88 (K;) between methods. Both models also had some
difficulties when the experimental curves presented concavity at the
beginning of the infiltration processes, which may be due to analytical
features of the two equations used, i.e., Equations (7b) and (8b). This
point will be the subject of further studies. In particular, the way to
design the correction factor for water repellency has not been appro-
priately examined and will be the subject of further developments.
Overall, both methods showed very good results for estimating hy-
draulic properties in water-repellent soils. With that said, the new
approach (BEST-WR-3T) was more robust when applied to severely re-
pellent soils within the analytical data set. At the same time, it avoids the
need to delimit transient versus steady-state infiltration times, since the
three-term expansion was determined to be valid for much longer times
than the two-term version. This last point also implies that the BEST-
WR-2T approach can suffer error when datasets that include steady-
state condition are used to estimate S and K. Since soil water repel-
lency often dynamically changes during the course of an infiltration

Appendix

Mathematical development of the three-term formula.
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event, it is preferable to perform longer infiltration tests that can capture
this range of behavior. We therefore recommend using the new BEST-
WR-3T model - especially for soils with strong to severe water repel-
lency - to ensure proper estimation of soil hydraulic properties.
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