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Abstract

This paper completes some previous studies by several authors on the finite time extinction for
nonlinear Schrédinger equation when the nonlinear damping term corresponds to the limit cases
of some “saturating non-Kerr law” F(|u|?)u = Wu, with a € C, e > 0, 2a = (1 —m) and
m € [0, 1). Here we consider the sublinear case 0 < m < 1 with a critical damped coefficient: a € C
is assumed to be in the set D(m) = {z € C; Im(z) > 0 and 2/mIm(z) = (1 — m)Re(z) }. Among
other things, we know that this damping coefficient is critical, for instance, in order to obtain the
monotonicity of the associated operator (see the paper by Liskevich and Perel’'muter [16] and the
more recent study by Cialdea and Maz'ya [14]). The finite time extinction of solutions is proved
by a suitable energy method after obtaining appropiate a priori estimates. Most of the results
apply to non-necessarily bounded spatial domains.
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1 Introduction

In this paper, we are interested in the existence, uniqueness and finite time extinction of solutions of

the damped nonlinear Schrédinger equation

i% + AuAV(2)u + alu|~ "™y = f(t,2), in (0,00) x Q, (1.1)
ujpn = 0, on (0, 00) x 09, (1.2)
u(0) = ug, in £, (1.3)

where i? = -1, 0 < m < 1, a € C satisfies

2v/mIm(a) = (1 — m)Re(a) > 0,

Q C RY non-necessarily bounded, f € Li. ([0,00); L*(2)), V € L{ (€ R) and uo € L*(). The finite
time extinction of the solutions was first establihed in Carles and Gallo [II] in the following case:
a=1,0<m<1, V=0, f=0and (Q is a compact manifold without boundary. In the same paper,
existence and uniquess of H' and H?2-solutions, in the sense quite close to the Definitions 2.3 and
511 below, are shown by using a compactness method. In Carles and Ozawa [12], the authors obtain
existence and uniqueness of H' and H?2-solutions for some additional nonlinearities. The closest case

N
to our study is the following: a =i\, 0 < m < 1,V = = 3 wj|z;%, \wi,...wny >0, f =0, Q=RN
j=1

and N € {1,2} with also 5 <m < 1,if N =2.

1
2
In this paper, we are interested by establishing existence and uniqueness results for the equation (LI])

with m € (0,1), set in an arbitrary open subset & C RY and for the largest range of a as possible.

For m € [0, 1], let us introduce the following sets of complex numbers:

C(m) = {z € C; Im(2) > 0 and 2v/mIm(z) > (1 — m)|Re(z)|}, (1.4)

D(m) = {z € C; Im(z) > 0 and 2y/mlIm(z) = (1 — m)Re(z)}. (1.5)
Note that D(0) = C(0), D(1) = () and

C(0) = {z € C; Re(z) =0 and Im(z) > O},

cQ) = {z € C; Im(2) > 0}.

Here and after, for z € C, Re(z), Im(z) and Z denote the real part, the imaginary part and the

conjugate of z, respectively. Existence and uniqueness have been established in the following cases.



1) For 0 <m < 1.
a)a€ C(m),V =0and |Q < oo ([1);
b) a € C(m)\ D(m), V =0 and Q = RY ([3]);
c) a € C(m)\ D(m) ([8]).

2) For m € {0,1}.
a) m=0, a € C(0) and |2 < oo ([§]);
b)ym=1,a€ C(1) and V =0 ([7]);
c)m=1and a e C(1) (]8]).

In a nutshell, the cases

Q arbitrary, 0 < m < 1 and a € C(m) \ D(m),
Q arbitrary, m = 1 and a € C(1),

|| < 00, m =0 and a € C(0),
have been completely treated. It remains the cases

) arbitrary, 0 < m < 1 and a € D(m), (1.6)
2] = 00, m =0 and a € C(0), (1.7

where (L)) can be viewed as a limit case:

forO<m<landa€ D(m), a= _ lim a.
a—a
{&cmnnom)

In this paper, we are interested by ([L6l), while (Il) could be the subject of a future work.

A fundamental argument in our approach is the fact that

du

1) = dt+Au:f'

Then, we are interested in the application of the abstract theory of maximal monotone operator to

the corresponding operator on the Hilbert space L?(12).

In [7] it was directly shown that (D(A), A) is maximal monotone by using the embedding L?(Q) —

L?(Q), for any p > 2, once we assume || < co.

A different point of view was followed in [3]. It was shown there that (D(A), A) is maximal monotone
in the following way. First, constructing solutions compactly supported in H2(R™) to (A + u = F
with help of the results in [5, 6]. Second, obtaining a priori estimates in H? with [3] Lemma 4.2].
Third, showing that (D(A), A) is maximal monotone by approximations with solutions compactly

supported.



A second different argument was used in [8]. First, approximating (D(A), A) by a nice maximal
monotone operator (D(A.), Ac). Second, obtaining a priori estimates in H? with [3, Lemma 4.2].
Third, passing to the limit in the equation (I + A.)u. = F, to prove that (D(A), A) is maximal

monotone.

It is important to point out that if a € D(m) then [3 Lemma 4.2] is no more valid. Then, a
third argument could be apply by approximating (D(A), A) by a nice maximal monotone operator
(D(A:), Ac) and, by passing to the limit, to show that (D(A), A) is maximal monotone in antoher
way than in [8], by choosing D(A) bigger than that of [8] (see Blin Section []).

Notice that we are interested in the case in which Re(a) > 0. When a € R and a > 0 the general
nonlinear Schrédinger equation is called as “the focusing case” (see, e.g. the exposition made by
Weinstein in [22], p.41-79) then, depending of the value of the power in the nonlinearity, global
existence in time or blow up in finite time occur. Here, by the contrary, a € C and Im(a) # 0. As
a consequence, the conservations laws (mass and energy) are broken and then the solution, which is

global in time, goes to 0 at infinity in the L?-norm (the so called mass of the solution).

This paper is organized as follows. In Section ] we present several results on the existence and
uniqueness of different types of solutions. The statements of the results on finite time extinction and
asymptotic behaviour of solutions are collected in Section [8l The proofs of the existence of solutions
theorems are given in Section @ The special case of H?-solutions is considered in Section[5l Section ]
contains the proofs of the finite time extinction and asymptotic behavior theorems. Finally, some
open problems and other remarks are collected in Section [7]

To end this introduction, we collect here some notations which will be used along with this paper. Let
) be an open subset of R™V. Unless if specified, all functions are complex-valued (H*(£2) 4t (Q;C),
etc) and all the vector spaces are considered over the field R. For p € [1,00], p is the conjugate of
p defined by 1—17 + ﬁ = 1. For a (real) Banach space X, we denote by X* def Z(X;R) its topological
dual and by (., .)x«x € R the X* — X duality product. When X (respectively, X*) is endowed
of the weak topology o(X, X*) (respectively, the weakx topology o(X™*, X)), it is denoted by X,
(respectively, by X.). For p € (0,00], u € L¥ ([0, 00); X) means that u € L}, ((0,00); X) and for

any T' > 0, ujo,1) € Lp((O,T);X). In the same way, we will use the notation u € Wl’p([O, oo);X).

loc

The scalar product in L*(Q) between two functions u, v is, (u,v)r2q) = Re [, u(z)v(z)dz. L) is
the space of measurable functions u : @ — C such that |u| < oo, almost eveywhere in Q. Auxiliary
positive constants will be denoted by C and may change from a line to another one. Also for positive
parameters aq, . .., a,, we shall write C(aq, ..., a,) to indicate that the constant C' depends only and

continuously on ay, ..., ay.



2 Existence and uniqueness of solutions

The following assumptions will be needed to construct solutions.

Assumption 2.1. We assume the following.

Q is any nonempty open subset of RV, (2.1)
0<m<1, (2.2)
a € D(m), (2.3)
Ve L*(;R) + LPY (; R), (2.4)
where,
2, if N =1,
py =< 2+ 3, for some 5 >0, if N =2, (2.5)
N, if N > 3.

Remark 2.2. The assumption (23] on py is needed to have that Vu € L*(Q), for any u € H}(Q)
(see (@A) below). The proof relies on Holder’s inequality and the Sobolev embeddings (see [8]

Lemma 4.1] for the complete proof). But the same proof works if V satisfies the assumption
Ve L*(;R) + L7 (; R), (2.6)

where
[2,00], i N=1,
qv € ¢ (2,00], if N=2, (2.7)
[N, 0], if N >3,

which seems to be weaker since if V' satisfies ([2Z.4)—(2.8) then it satisfies (Z6)-2.7) with gy = py.

But actually, it is not. Indeed, we claim that,
L= R) + L7 (3 R) € L= (4 R) + LPY (4 R),

where it is understood that py = gy, if N = 2 and ¢y < oo. The claim beeing clear if gy = 0o, we are
brought back to the case where N # 2 and ¢y < co. Let then V = V; + Vo € L®(; R) 4+ LV (4 R),
where gy satisfies (Z7). To prove the claim, it is sufficient to show that Vo € L (;R) + LPV (; R).

Since py < gy, we have that,
Vol uyps1y] < |Vz|% e LPV (4 R),
so that,
Vol = [Valguaicny| + [Valqapsny| € L4 R) + LPY (4 R).

Hence the claim.



Here and after, we shall always identify L?(Q) with its topological dual. Let us recall some important
results of functional analysis. Let E and F' be locally convex Hausdorff topological vector spaces. If

E < F with dense embedding then F™* & E*, where e* is the transpose of e :
VL e F*, Ve € E, (e*(L),x)p« 5 = (L,e(x))p+ F. (2.8)

If, furthermore, E is reflexive then the embedding F™* <i> E* is dense. In most of the cases, e is the
identity function, so that e* is nothing else but the restriction to E of continuous linear forms on F. In
particular, if X is a Banach space such that X < LP(Q) with dense embedding, for some p € [1, c0),
then LP (Q) < X* and for any u € L? (Q) and v € X,

(U, V) x+,x = (U, 0) 1o (), Lo () = Re/u(m)v(m)dx. (2.9)
Q

For more details, see Treves |20, Corollary 5, p.188; Corollary, p.199; Theorem 18.1, p.184] and [4].
Let A; and As be two Banach spaces such that Ay, As C H for some Hausdorff topological vector
space H. Then A; N As and A; + As are Banach spaces where,

lallaina, = max {flalla,, alla.} and Jalaea, = inf (Jlailla, + lazlla,)-
(al,az)EAleQ

If, in addition, A; N As is dense in both A; and As then,

(A1NAs)" = A7+ A and (A + A2)" = A7 N A3, (2.10)

See, for instance, Bergh and Lofstrom [9] (Lemma 2.3.1 and Theorem 2.7.1). Let 1 < ¢ < oo and X
be a Banach space such that X — L?(Q) with dense embedding. We have by Bégout and Dfaz [T,
Lemma A.4],

Lq

loc

([0,00); X) N W7 ([0, 00); X*) = C([0, 00); L2(R2)). (2.11)
Let Y be a Banach space such that 2(Q2) — Y with dense embedding. Then,
L ((0,00); Y*) < 2'((0,00) x Q). (2.12)

See, for instance, Droniou [I5, Lemme 2.6.1]. Finally, another result which will be useful is the
following (Strauss [I8, Theorem 2.1]). Let X — 2'(Q) be a reflexive Banach space. Let I be an
interval and u € C(I; 2'(Q)). If u € L>(I; X) then,

Vtel, u(t) € X and u € Cyw(l; X). (2.13)

Here and after, C\,(I; X) denotes the space of (weakly) continuous functions from I to X.

We recall the definition of solution ([3 [7]).



Definition 2.3. Assume (Z.I), 4) and @F). Let a € C, 0 < m < 1, f € Li,([0,00); L*(2)) and

loc

up € L?(Q). We shall say that u is an H}-solution of ([([LI)-(L3), if u satisfies the following assertions.

1. We have,

u € Lig ([0, 00); X) N Wie ™ ([0,00); X*) = C([0, 00); L*(9)),
with X = H}(Q) N L™TH(Q).
2. u satisfies (II)) in 2 ((0,00) x Q).
3. u(0) = up, in L*(Q).
We shall say that u is an L2-solution or a weak solution of (LI)—(L3) is there exists,

(fas n)nen C Lige ([0,00); L*(2)) x C([0,00); L*(%2)), (2.14)

such that for any n € N, u,, is an H}-solution of (II)-(L2) where the right-hand side member of
@I is fn, and if

L ((0,7);L%(2))xC([0,T;L*(2))

(fn,un)

(f,u), (2.15)

n—oQ

for any T > 0.
Remark 2.4. Let us comment the Definition

1. In [3, [7, 8], there is also a notion of H2-solutions. Such solutions u satisfy Properties IH3] of

m—+1 m41

Definition 2.3 with, additionally, u € WILCT ([0, 00); L2(Q) + L™=~ (Q)) and Au(t) € L*(Q), for

almost every ¢ > 0 ([7, Definition 4.1]). Unfortunately, we are not able to construct such solutions
because of the lack of a priori estimates of solutions in the H2-norm. Indeed, theses estimates
are obtained by a rotation of a € C'(m)\ D(m) in the complex plane, to get a — @ € C'(m). The
crucial tool is Lemma 4.2 in Bégout [3], which is no more valid if a« € D(m) (read the proof of
Bégout [3l Corollary 4.5] to see how this lemma is applied). As a consequence, we had to modify
the notion of L2-solutions. Indeed, in our paper, an L2-solution is a limit of H}-solutions while
in [3,[7,8], it is a limit of H2%-solutions. Despite this definition which seems to be weakened, such
solutions do not lose any property. Indeed, the conditions (2.14) and ([2.15)) to be an L2-solution
are common to these four papers. As a consequence, we have not changed the terminology here.
Finally, notice that H?-solutions exist in the special case in which € has a finite measure (see

Theorem [5.2] below).

2. The boundary condition u(t)gq = 0 is implicitely included in the assumption u(t) € Hg(€2),
for the H}-solutions. For the L%-solutions, this has to be understood in a generalized sense by

using the limit of Hg-solutions.



We give an improved result from the previous paper [8] on how weak solutions satisfy (ILI]) and recall

a continuous dependence result.

Proposition 2.5. Assume 1)), 24) and Z5). Let 0 <m < 1,a € C and f € L] ([0,00); L*(Q2)).
Let u be a weak solution to (LI). Let (fn,un)nen satisfy @I5), where each u, is an H}-solution

to (LI)-(T2) with f, instead of f. Then,
u € Wist ([0, 00); H72() + L7 (), (2.16)
and u solves (1)) in Li, ([0,00); H2(Q) + L (Q)) and so in 2'((0,00) x Q). In adddition,

1,1 2 2
U, W52 ((0,T);H*(Q2)+Lm (22)) w. (217)

n—r oo

for any T > 0.

Proposition 2.6 (Uniqueness and continuous dependance). Let Assumption211 be fulfilled, let
fife LL ([0,00); L%(Q)) and X = H§ () N L™ (Q). Finally, let

u,i € LP_([0,00); X) N WP ([0, 00); X*) = C([0, 00); LA(2)), (2.18)
for some 1 < p < oo, be solutions in .@’((0, 00) X Q) to

iy + Au+ Vu+ alu| =™y =

i + AU+ Vi + alu| " ™a = f,
respectively. Then,
[u(t) —a(t)[L2(0) < [lu(s) —uls)llL2@) +/||f F(0) 120y do, (2.19)

for any t = s > 0. Finally, (Z19) also holds true for the weak solutions.

Theorem 2.7 (Existence and uniqueness of L2-solutions). Let Assumption 21l be fulfilled and
let f € L{,.([0,00); L*(Q)). Then for any ug € L*(Q), there exists a unique weak solution u to (L)~
@3). In addition,

loc

u € Lt ([0, 00); L™ (), (2.20)

L)) + T /nu 7t o < 5 lus >||L2Q>+Im//fm W) dedo,  (2:21)

for anyt = s > 0. If |Q| < co then the inequality in 221)) is an equality.



Remark 2.8. Using (ZI9)-(221) and Holder’s inequality, uniform continuous dependance with re-
spect to the initial data and the right hand side member of (L)) may be obtain in

p(l—m)
—-p

Oy ([0, 00); L2()) N L5557 ((0, 00); L7 (),

for any p € (m + 1,2). See [3, Remark 2.5] for more details.

Theorem 2.9 (Additional regularity in Hj for weak solutions). Let Assumption2.1l be fulfilled
with additionally V€ W (;R) + WH2v (4 R). Let f € L ([0,00); H}(Q)). Then for any ug €

loc

H(Q), the weak solution u satisfies, additionally, that

u e C([0,00); L2(2)) N Cw ([0, 00); HY (),

. 1 o (2.22)
u € Wige ([0,00); HTH(Q) + L7 (Q),
and u satisfies (LI) in L} ([0, 00), H*() + L5 (Q)). Furthermore, u verifies,
¢
lu®l o) < ||U(8)HH5(Q)+/|\f(0’)|\H3(Q)d0’ eCIVViizooypry (i=2), (2.23)

for any t > s = 0, where C = C(N, 8). Finally, if VV = 0 then u satisfies the better estimate below.

t
IVu(®lls) < Va0 + [ V50220 2:24)

foranyt>s>0.

m+1
™m

If v is a weak solution given by Theorem and if, in addition, f € L7 ((0,00);X*), where

X = HY(Q) N L™(Q), then u becomes an H}-solution, as shows the following result.

Theorem 2.10 (Existence and uniqueness of Hy-solutions — I). Let Assumption2.1] be fulfilled
with additionally V.€ WHo°(Q; R) + WPV (Q; R). Let

m+1 m+1

f € Lige([0,00); Hy(R2)) N L7 ([0,00); HTH(Q) + L (2)). (2.25)

loc

Then for any ug € HE(Q), there exists a unique H}-solution u to (LI)-(L3). Furthermore, the map
t—> Hu(t)H%Q(Q) belongs to Wl’l([O,oo);R) and we have,

loc

1d

5&”“(15)”%2(9) + Im(a)”U(t)Hzlnﬂl(Q) = Im/f(t, x) u(t,x)dr, (2.26)
Q

for almost every t > 0.

Theorem 2.11 (Existence and uniqueness of Hj-solutions — IT). Let Assumption21] be fulfilled
and f € Wli’cl([(), 00); L2(2)). Then for any

uo € HE () N L™TYQ) for which Aug + a|ug|™ "™ uy € L2(Q),



there exists a unique HE-solution u to (LI)—(L3). Furthermore,

m+1

u satisfies (LI) in LS, ([0,00); H'(Q) + L™= (Q))

as well as the following properties.

1.

2.

3.

4.

u € Cy([0,00); HE(Q) N L™ Q) N WL ([0, 00); L2(2)).

loc

Foranyt>s >0,

lu(t) —u(s)l| L2y < [JwellLoe((s,0);22 )|t — 5], (2.27)
w(t)||z2(0) < A1), (2.28)
luell Lo 0,0):2(02)) < B(1), (2.29)
19020y + Tm(a) [ o < COAD), (2.30)

where,
t
A() = ol a0y + [ 1766) ey,
0
t
B(O) = | Aua + Vit + aglu) = FO) |20y + [ 170)]1200)dlor
0
C(t) =C (A(t)v B(t)v ||f(t)||L2(Q)7 ||Vl||L°°(Q)7 ||V2||LPV(Q)7 Nvmvﬁ) :
The map t —> ||u(t)||2L2(Q) belongs to V[/lifo([(), 00); R) and 228) holds for almost every t > 0.

If f e Wl’l((O, oo);L2(Q)) then u € L*((0,00); H}(92) N Lm+1(Q)) NWhee((0, oo);L2(Q)).

Remark 2.12. Below are some comments about Theorem [2.111

1.

The solution u obtained in Theorem ZI1] could be called an almost H?-solution since it verifies
all the conditions of Definition [£.1] below, except the property,

for almost every t > 0, Au(t) € L*(Q), (2.31)
which need not be satisfied ([7, Definition 4.1]). It merely satisfies that,

for almost every ¢ > 0, Au(t) € L2 ().

loc

The property (Z31)) may be obtained in the particular case in which  has a finite measure (see

Theorem [5.2] below).
Since f € W,-! ([0, 00); L2(22)) < C([0,00); L*(£2)), f(0) in the function B makes sense.

For any p € (m—|—1,%) (pe(m+1,00]if N=1),

we € ([0,00); L(2)) (e € (10,00); L()), if £ € W((0,00); LA(Q)) ),

where o = 2Y=PN=2) it 1, > 9 and o = 2p711_+m) if p < 2. Indeed, this comes from Property [II

2p p(1—m)
and (2.27), with also Gagliardo-Nirenberg’s inequality, if p > 2, and Holder’s inequality, if p < 2.

10



3 Finite time extinction and asymptotic behavior

Assumption 3.1. Assumption2Ilholds true and ug € H(€2). We have that (f € L*((0,00); H} ()
and VV = 0) or (f € Wh1((0,00); L*(Q)), uo € L™H1(Q) with Aug+alue| =™y € L2(2)), and u
is the unique solution to (LI)-(T3) given by Theorems 27 or 211l Finally, there exists a Ty € [0, 00)
such that

for almost every ¢t > Ty, f(t) =0. (3.1)

Asymptotic behavior of the L2-solutions

Theorem 3.2. Let Assumption 211 be fulfilled, f € L*((0,00); L*(Q)), uo € L*(2) and let u be the
unique weak solution to (LI)-[L3) given by Theorem[Z7 Then,

tl}rgo lu(t)||L2() = 0.

Finite time extinction and asymptotic behavior of the H(}-
solutions

Theorem 3.3 (Finite time extinction and time decay estimates). Let Assumption 3] be

fulfilled.

1. If N =1 then

Ve T, [u(t) 2@ = O, (32)
for some,
Ty < T < Clu(To) | ooy IVl Z 0,00y 220y + T (3.3)
for some C' = C(Im(a), m).
2. If N =2 then for any t > Ty,
lu()] L2y < ||U(T0)|\L2(Q)efc(t7T°), (3.4)

where C' = C(||VUHL°°((0,OO);L2(Q))5 IIIl(CL), m)

3. If N > 3 then for any t > Ty,
[u(To)ll 20

[u(®)llL2@) < (3.5)

(A—m)(N—2) W ’
(1+ Tl (e~ To))

where C' = C(||VUHL°°((0,OO);L2(Q))5 IIIl(CL), Na m)

11



m+1

4. If N =1, f € L*((0,00); H3(€2)) N L™= ((0,00); HH(Q) + LmTH(Q)) and VV = 0 then there

exists e, = e4(|al,m) satisfying the following property. If

[|u 0||2L(219(;1) exTo,
Vol z2() + IV £l 21 ((0,00):22(2)) < €x, (3.6)

251 —1

”f(t)Hiz(Q) (TO — t) 1- 51

for almost every t > 0, where 6, = 2™ then B2) holds true with T\ = Ty.

4 Proofs of the existence of solutions

Before proving the results of Section 2] we recall some results of our previous paper we will need.
Here and in the rest of the paper, we shall use the following notations and conventions. Unless if
specified, we assume (ZI)-(22). Since ||z|~(=™)z| = [2|™, we extend by continuity at z = 0 the map

2 |z|~(0=™) 2 by setting,
|z|~0=mz =0, if z = 0.
Let € > 0. For any u € L°(Q2) and almost every x € 2, we define
9" (u)(x) = (ju@) +¢)7 * ul@), 0<m <1, (4.1)
g9(u)(z) = g¢" (u) (). (4.2)
Let p € [1,00). We have that for any u,v € LP(f2),

68" () = 65 )] 2 oy < Bllw = 0l g, (43)

In particular, g € O(LP(Q);L%(Q)) and g¢g* is bounded on bounded sets. Finally, if € > 0 then
g € C(L*(92); L*(2)) and g™ is bounded on bounded sets. See [8, Lemma 4.3].

Now, let us define the operator (A™, D(A™)) on L?(Q) by,

D(A™) = {u € H}(Q); Au € L*(Q)},

Ay = —iAu — iVu — iag?(u), Yu € D(AD).
We recall the following result.

Lemma 4.1 ([8, Corollary 5.11]). Assume 2I). Let 0 < m < 1 and a € C(m). Then for any

e >0, (A™, D(A™)) is mazimal monotone on L*(Q) with dense domain.

Let V. = Vi + Vo € L®(Q;R) + LPV(Q; R), where py is given by ([25). Then for any u € L?(1),
Vu € H=1(Q) and for any u € H3(Q), Vu € L?(2). There exists C = C(N, ) such that the following

12



holds. Let u € H}(Q2) and v € L*(Q2). We have,

IVollg-10) < CIIV L @+ov @ llvllL2 )

Vullrz) < CIIV @)+ Lrv @) lell a2 o),

(4

(4

Vv, uyg-1),m ) = (0, V)2 (o), (4.
Viullr2(0) < [IVillpee o) llull 20, (4
(4

Vaulliay < Op' Vel o el + 51Vl
for any p > 0, where v = (N, 8) € [0,1). See [8, Lemmas 4.1 and 4.2].
Let us recall that for any u € H}(Q2) such that Au € L*(Q), we have
IVl 229y < | Aull 2o llull 2()- (4.9)
Finally, to prove Theorem Il we introduce the following operator (A, D(A)) on L3(£).
D(A) = {u € H}(Q) N L™(Q); Au+ ag(u) € L*(Q)}, (410)
Au = —iAu — iVu —iag(u), Yu € D(A).

We have the following.

Lemma 4.2. Assume @I)-@3). The operator (A, D(A)) is mazimal monotone on L?(2) with dense

domain.

Before proving Lemma 2] we give three results we will need. Lemma below is stated in a more
general case (in terms of m and a) because its proof is totally unchanged and we think that it will be

of interest for a future work.

Lemma 4.3. Assume 2I)). Let 0 < m < 1 and a € C(m). Let F € L?(Q). Then there exist
u € Hi(Q) N L™HHQ), with Vu € L*(Q), and u., € D(A?) (n € N), where (e)nen C (0,00) is a
decreasing sequence converging toward 0, satisfying the following properties. For each n € N, ug, is

the unique solution to,
—iAuc, —iVue, —iag? (ue,) + ue, = F, in L*(Q). (4.11)

Furthermore, we have that,

sup [[ue, || 13 (0) + sup [[Vue, [ 2(q) < oo, (4.12)
neN neN
1—-m
Ilﬂﬂ(@b)/(lusnl2 ten)T 2 Jue, P+ flue, [I720) < IFII20), (4.13)

Q
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for any n € N. Finally,

2'(Q)
%

n 3
n—oo

Ve, 2 v, (4.15)

n—roo

Ug

(4.14)

Ue a.e.in w. (416)

" n—ooo
Proof. Let F € L?(Q2). Let € > 0. By Lemma 1] and Brezis [10, Proposition 2.2], there exists a
unique solution u. € D(A?") to [{IT) satisfying |lucl r2(0) < [|F|12(). We take the L?-scalar product
of (@I with u. and then with iu.. We get that,

Im(a) /(|u5|2 + 5)7kTm|u5|2dx + ||u5||2L2(Q) = Re/Fu_de, (4.17)
Q Q
||Vu5||%2(9) - /V|u5|2dx — Re(a) /(|u5|2 + 6)7177”1 luc|*de = Im/Fu_de. (4.18)
Q Q Q

Applying Cauchy-Schwarz’s inequality to [@IT), we obtain (£I3), for any sequence &, \, 0. We mul-
tiply (@I7) by P}fé?g; , we sum the result with (£I])) and we still apply Cauchy-Schwarz’s inequality.
It follows that,

Re(a)+
Im(a)
By (@) and (@8], there exists C = C(N, 3) such that,

Ve 2y < (1 + ) VEIZ a0 + Vet ey | L 2. (4.19)

IVl < C (il + 1Vl 300 o) ) IF o) + I Vuel0) (4.20)

1
2[| [l (s
With help of (@3), EI13), (I9) and [@20), we obtain [AI2]), also for any sequence &, N\, 0. As a
consequence, there exist u € Hg(£2) and a decreasing sequence (g, )nen C (0,00) converging toward 0
such that, by @6), Vu € L*(Q) and such that (@I4)-@I5) hold true. By the compact embedding
HY() = L2,

from (@I3), EI6) and Fatou’s Lemma that u € L™*1(Q). This ends the proof of the lemma. O

(Q) and the diagonal procedure, up to a subsequence, we get [@I6). Finally, it follows

Lemma 4.4. Let uy,ug € HE (), p € [1,00) and v1,vy € LP (Q) be such that Au; + v; € L2(Q), for
any j € {1,2}. We then have,

((Aul +v1) — (Aug + va),wy — wg)L2(Q)
= — (Vw1 —u2), V(w1 — w2)) 15 o) + (V1 = v2, w1 — w2) Lot (), Lo
for any w1, wy € HE(Q) N LP(Q).
Proof. Let X = H}(Q) N LP(Q). We recall that since H}(Q) N LP(Q) is dense in both H} () and

LP(Q), we have by (ZI0) that X* = H~'(Q) + L' (Q). We also recall that we identify L2(Q) with
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its own dual, so that, by ([Z.9), the L?-scalar product is also the L? — L? duality product. Finally, by
([23), since the embeddings of X in L?(), LP(Q) and H{ () are all continuous and dense, it follows
that for any j € {1, 2}, Auj,v; € X* and

((Aul + 1)1) — (A’LLQ + vg),wl — ’w2) ) = <(AU1 + ’Ul) — (A’LLQ + vg),wl — ’LU2>X*)X

L2(Q
= (A(u1 — u2),wy — w2>X*,X + (v1 — vo, w1 — w2>X*,X7

= (A(u1 — uz), w1 — w2>H*1(Q),H§(Q) + (v1 — v2, w1 — w2>L:D'(Q)7L:D(Q)7

from which we deduce the result. O

Corollary 4.5. Assume ZI)—2.3). The operator (A, D(A)) is monotone on L*(£).

Proof. Let u,v € D(A). Let X = H}(Q) N L™(Q). It follows from Lemma A4 [29) and [8|
Corollary 5.8] that,

(Au = Avyu = ) 2y = (~ialg(u) = g)u =) mss 0>

Hence the result. O

Proof of Lemma The density is obvious. By Corollary [£.5] and Brezis [10, Proposition 2.2],
we only have to show that R(I + A) = L*(Q). Let F € L*(Q). Let u € H}(Q) N L™T(Q) and
e, € D(AT") (n € N) be given by Lemma B3l It follows from (ZI2) and @I0) that (97" (ue,))

a.e.in Q

is bounded in L# (€2) and that 9" (ue, ) —— g(u). Thus by Strauss [19],
n—00

neN

m 2'(Q
g7 (ue,) 25 g(u). (4.21)

g
n—oo
Passing to the limit as n — oo in [@II]), it follows from ([@I4), (XI0) and (E2I) that u satisfies
—iAu —iVu —iag(u) + u = F, in 2'(Q). (4.22)
But u € H} () N L™ (Q) and Vu, F € L*(Q) so that, by ({22,
u € D(A) and u+ Au = F, in L*(Q).

This concludes the proof. O

2

Proof of Proposition Set Y = H2(Q) N Lﬁ(Q) By @I0), Y* = H%(Q) + L= (). By
&I9), @3) and ([@4), we have for any T > 0,

=2
Au, C([0,T;;H2(Q)) Au, (4.23)
n— o0
Lrr—1
Va, COTEET@) (4.24)

n—oo

c([0,T];Lm (92))

9(un) g(u), (4.25)

n—r oo
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Then it follows from the equation satisfied by each u,, 2I10) and (£23)—(@25) that for any T > 0,
(un)nen is a Cauchy sequence in Wh1((0,7);Y*), so that ZI6)—(ZI7) hold true. We use (Z.I5),
EI17) and @23)-(25) to pass in the limit in the equation satisfied by each u,. With help of (212),
it follows that u satisfies (L) in L* ([0, 00); Y*) < 2'((0,00) x ). O

Proof of Proposition By [8, Proposition 2.5], we only have to show (ZI9) for the weak
solutions. The H}-solutions satisfying (ZI8) with p = m + 1, and estimate ([2.I9) being stable by
passing to the limit in L*((0,7); L*(Q)) x C([0,T]; L*()), the result is then obtained with help of
eI19). O

Proof of Theorem [2.11l Let f and ug be as in the theorem. By Lemma and Barbu [T}
Theorem 4.5, p.141] (see also Vrabie |21, Theorem 1.7.1, p.23]), there exists a unique solution v €
W2 ([0, 00); L2(Q)) to (LI)-(L3) satisfying for almost every ¢ > 0, u(t) € D(A) and (2:29), from
which (Z27) follows. Since u € Wb ([0,00); L2(2)), it follows from Lemma A.5 in Bégout and
Diaz [7] that M : t — %||u(t)||2L2(Q) belongs to V[/lifo([o,oo);]l%) and M'(t) = (ut(t),u(t))L2(Q), for
almost every ¢ > 0. Taking the L?-scalar product of (ILI)) with iu, we get Property B, with help of
Lemma 4l 'We apply the Cauchy-Schwarz inequality to (2.26]) and we inegrate in time to obtain
(Z28). Now, we take again the L2-scalar product of (L)) with —u. We use Lemma 4] and the fact
that a € D(m). We sum the result with (% + 1) x (228). Finally, we use again the Cauchy-Schwarz
inequality to infer that,

IVl 2 gy + Im(a)|lull 7ot o) < Cm) (luell 20 + Vullrz@) + 1 f 122 @) el 2.

almost everywhere on (0, 00). It follows from [{@7)-(S) that,

190l13 200 + Im(@)ful 5

- (4.26)
< CNm,B) (ludll ez + (IVill i@y + Val3od (o ) lullze) + 112 ) el 22,

from which (2:30)) follows. Then Property 2 holds true, from which we deduce Property [dl Moreover,
since u € C([0,00); L2(12)), Property [ comes from [230) and @I3). Finally, it follows from Prop-

m—+1

erty [ that w is an H{-solution and that u satisfies (II) in L{%, ([0,00); H1(€2) + L™= (2)). The

theorem is proved. O

Proof of Theorem 2.7 By Theorem 2.I1], Proposition and [ of Remark 241 the proof follows
easily by density of 2(Q) x W, ([0,00); L2()) in L*(Q) x Li.([0,00); L*(Q)) (see the proof of
Theorem 2.6 in [§] for more details). O

We split the proof of Theorems and 2.10] into several lemmas.
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Lemma 4.6. Let Assumption 21l be fulfilled with additionally V€ WH°(Q;R) + WPV ((;R). Let
[ satisfy 225) and ug € H}(Q). Let (f-)es0 C 2([0,00); H} () and (¢c)es0 C Z() be such that,

LY((0,T): HY(@)NL " ((0,T):X ")

I N0 ! (4.27)

Hi(9)
(/75 —_— UuQ-

for any T > 0, where X = H}(Q) N L™ (Q). Then for any € > 0, there exists a unique solution

ue € Gy ([0, 00); HH()) N WL ([0, 00); L2(2)), (4.28)
to,
18;: + A + V(@)ue + agl*(ue) = f=(t,2), in L*(Q), (4.29)

such that u:(0) = .. Furthermore, the following holds for any e > 0.

t
Jus®llyien < {Ioellmon + [ 1700 yandor | 17Vt (4.30)
0

for any t > 0, where C = C(N, ), and if VV =0 then,

t
[Vue()llz2@) < IVe:llrz@ +/||Vfa(0)||L2(sz)dUa (4.31)
0
for any t > 0. Finally,
m+l
(ue)e>0 is bounded in Lﬁfc([(), 00); H&(Q)) N WIL’C m ([0, o0); X* + L= (Q)), (432)
(g;"(ua))8>0 is bounded in Li’g’c([O,oo);L%(Q)),
and
r 2
t
sup // Just, @) —dzdt < C(T), (4.33)
e>0 (lue(t,z)|2 +€) =
00
for any T > 0.

Proof. Let the assumptions of the Lemma be fulfilled. By Lemma [T and Barbu [I, Theo-
rem 4.5, p.141] (see also Vrabie [2I, Theorem 1.7.1, p.23]), there exists a unique solution u. €
W2 ([0,00); L2(Q)) to (@Z9) such that u.(0) = ¢.. Moreover, u.(t) € D(A™), for almost every
t > 0. Now, we take the L2-scalar product of ([#29) with —u. and we get with help of Cauchy-

Schwarz’s inequality that,

—m

ilom
[Vue]|72q) < (||u/s||L2(Q) +[Vuellz2) + lale™ 2 [uellL2) + ||fs||L2(Q)) luell 22 ()

17



almost everywhere on (0,00). Applying (A7) and (8) to the above with p = 2[Ju.||12(q), we get

that u. € L2 ([0, 00); H3(€2)). With help of (ZI3), @28) follows. By ([@X) and @29), it follows
that Aue € Li2,([0,00); H}(€2)). So, we are allowed to apply [7, Lemma A.5]. Taking the L?-scalar

loc

product of [@29) with —iAu,, it then follows from (6.8) in [7] and a density argument that for almost

every o > 0,
1d , .
§E||vu€ (U)”L?(Q) < (vfa (0) — ue(0)VV,iVue (0))L2(gz)- (4.34)
Let t > 0. If VV = 0 then it follows from [@34)) and Cauchy-Schwarz’s inequality that,
1d
§&||Vua(0’)||%2(sz) <NV (o)l L2 o) Vs (o) | 2 o)

Integrating over (0,t), we obtain ({@31). Now, we turn out to the general case. Taking the L?-scalar
product of [@29) with iu., we get with help of Bégout and Diaz [7, Lemma A.5] and Cauchy-Schwarz’s
inequality that,

1d

juc(o, )l
el +10) [ R e <o @, (439
Q € )

for almost every o > 0. Now, let us still apply Cauchy-Schwarz’s inequality in (£34]). Using (£3) and
summing the result with (£3H), we get for almost every o > 0,

1d
5&””5(0)”%}(}(9) < | fe(@)lmp ) lve(@) g1 @) + O||VV||L°°(Q)+LPv(Q)||Us(0')||§{3(g),
where C'is given by ([@.3). Integrating over (0,t), we obtain

t t
e ()l g < llwoll i +/IIf(U)IIHgdUJr/CIIVVIILw+LPv [[ue (o) 23 do,
| ——
0 0 I

a

I
P (t)

and by Gronwall’s Lemma (see, for instance, Barbu [2] Lemma 1.1, p.22]),

t t t

a0l < o6+ [aptere | [ads | do= i)+ [aplo)et-do
0 o 0

t
< o(t) + lt) / ac® o = p(t)e,
0

which is (Z30). And from [@30) we get that (u.)->0 is bounded in L{2 ([0, 00); H} (€2)), from which we
deduce the boundness of (g;”(u;._-))€>0 in L2 ([0, 00); Lm (), since for any € > 0, [g7(uc)| < |uc|™,
almost everywhere in (0,00) x Q. It then follows from (LZ1), and the equation [£29) that (u:)->0
is bounded in VVIZC% ([0, 00); X* + L (Q)), from which (@32) follows. Let T' > 0. Integrating (Z3H)

over (0,T), applying Holder’s inequality, and using [@27) and [@32)), we get [@33). The lemma is
proved. O
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Lemma 4.7. Let Assumption 211 be fulfilled with additionally V € W (Q;R) + WPV ((;R). We
use the notations of LemmalL8 Under the hypotheses of Lemmald6l there exist
1 1, m+1 2
u € Cy([0,00); Hy () N W ™ ([0,00); X* + L7 (Q)), (4.36)
ue LF([0,00); L™ (D)), (4.37)

loc

and a positive sequence £, \, 0, as n —> 00, such that

e, (1) —— u(t) in HE(Q)y, Vt >0, (4.38)
n—oo
e, a.e.in (0,00)xQ 7 (439)
n—oo
m .2 2
g (usn) 7_:: g(u) in Lm ((O, T); L= (Q))W, (4.40)
for any T > 0.
Proof. We first note that,
17L+1 « 2 O’m;ﬂ . 2
Wige ™ ([0,00); X* + L (Q)) = Cyp " ([0,00); X* + L7 (2)). (4.41)

By (#32), (@4I), Cazenave [13] (Proposition 1.1.2(i), p.2, and Remark 1.3.13(ii), p.12) and the

diagonal procedure, we obtain the existence of a

w € Cu([0,00); HY()) N Wik, ™ ([0, 00): X* + L () (4.42)

loc

satisfying ([@38). Let 7> 0 and Q' C Q be any bounded open subset of RN having a C'-boundary.
By Rellich-Kondrachov’s compactness Theorem, we have that,

HY(QY) < LX) = H Y Q)+ L% () + L= (%), (4.43)

compact

and by (.32,

g (4.44)

loc

m+1

™ ([0,00); H-H(Q) + L™ () + L= ().

{(u5)5>0 is bounded in L{3, ([0, 00); H' (') and in

It follows from (A3]), (43)-@44)) and a compactness result due to Simon [I7] (Corollary 4, p.85)
that,

u e C([O, T], L2(QI)) and nlLII;O ||’U,€n — u||c([01T];L2(Q/)) = 0.

Lioe ((0,00) x€2)

Since T and ' are arbitrary, we deduce that u., ———————= u. Up to a subsequence, that we still

n—oo

denote by (uc, )nen, and with help of the diagonal procedure, we obtain (39). It follows from (€39)
that,

a.e.in (0,00)xQ2

g (usn) g(u). (4.45)

n—r oo
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Since for any T > 0, Lm ((0,T); Lm Q) = Lo ((0,T) x ), we obtain #40) from [@32), (€45), and
Cazenave [13, Proposition 1.2.1, p.3]. Finally, ({37 is a consequence of ([33]), ([£39) and Fatou’s

Lemma. O

Lemma 4.8. Let Assumption21 be fulfilled with additionally V € W1 (Q; R)+W1Pv (Q; R). We use
the notations of LemmalGl Under the hypotheses of LemmaldL0l the function u given by LemmalLT is
the unique H}-solution to (LI)-(L3). In addition, u satisfies 223) and 224) with s = 0, according
to the different cases satisfied by V.

Proof. Let u be given by Lemma [£.71 Uniqueness comes from Proposition Set Y = L= Q).
Let o € XNY and ¢ € CL((0,00);R). Let T > 0 be such that supp v € (0,7). Let (£,,)nen be given
by Lemma 7] It follows from ([£29) and ([@6) that for any n € N,

o0 o0
.Oue,
/<1 6; + VuEn + a‘gg}l (uén)7¢> / fEn X*+Y* me/(/)( )
X*+Y*,XOY
0 0
and so,

—iue, , ) L2(Q),L2(Q) Y'(t) — (Vue,, V<P>L2(Q),L2(Q) ¥(t) + (ue,, V<P>L2(Q),L2(Q) ¥(t)

O\wﬂ

T
+ <a9;1 (uEn) ’ <P>y* / fsn X’l/)(t) dt
0

By (£27), (@38), (£40) and the dominated convergence Theorem, we can pass to the limit in the

above equality to obtain u(0) = ug, and

/ <1E + Au+ Vu+ ag(u)u SD> / X*+Y* Xﬁydj( )
s X*+Y*,XﬁY s

It follows that u satisfies (L) in Li,((0, oo) X* +Y*), hence in 2'((0,00) x Q). From (L)), [@38),
@E37), and ([@35), we deduce that u € Wloc ([0 00); X*). So, u is the unique Hj-solution. Finally,

@23) and @224) for s = 0 come from [{.27), {30), (@31), (E38) and the lower semicontinuity of
the norm. This ends the proof of the lemma. O

Proof of Theorem Let ug € H}(Q) and let f satisfy (Z25). Let u be given by Lemma ETl
By Lemma A8 it remains to show that u satisfies (Z28). Let X = H}(Q) N L™*1(). Taking the
X* — X duality product of (1) with iu, and applying [7, Lemma A.5] and (Z9), we obtain (2:20)).
This ends the proof of Theorem O

Proof of Theorems Let ug € H() and f € L ([0,00); Hj()). Let (¢c)es0 C 2(€2) and

1 Lyl
(fa)nen C 2([0,00); Hi(2)) be such that ¢, 4 uo and fy, L O, f, for any T > 0. For
n—00

n—oo
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each n € N, let u,, be the unique H}-solution to (L)) such that u,(0) = ¢, given by Lemma .8 By
Proposition 226, (un)nen is a Cauchy sequence in C([0,7]; L*(£2)), for any T > 0. As a consequence,
there exists u € C ([0, 00); L*(2)) such that for any T > 0,

T2
o, CHOTEZ@) (4.46)

n—oo

By definition, u is a weak solution and satisfies (III) in 2’((0, 00) xQ) (Proposition[2H). In particular,
u fulfills @220)). Still by Lemma A.8] each w,, satisfies (Z23) and (Z24) with s = 0 so that,

(un)nen is bounded in L{%, ([0, 00); Hy (2)). (4.47)

We deduce from (2.13), ({46) and A7) that u € Cy([0,00); H}(Q)) and,

Yt >0, un(t) ——u(t) in Hy(Q)w, (4.48)
n—00
Then u satisfies the first line of (Z22). By (L), (Z20), the first line of [Z22)), (£3) and @3], u

satisfies the second line of (222)), and (L)) in Li, ([0, 00); H~1(Q) + L (Q)). Passing to the limit,

as n — oo, in (Z23)-(224) satisfied by each w,, and using ([@48) and the lower semicontinuity of
the norm, we obtain (223)—([224) for u with s = 0. The general case follows by standard arguments

of time translation and uniqueness of the weak solutions. See, for instance, the end of the proof of [8|

Theorem 2.7]. O

5 On the H2-solutions

Definition 5.1. Assume (ZI), @2), @4) and @5). Let a € C, f € LL ([0,00); L*(Q2)) and

up € L?(Q). We shall say that u is an H2-solution of ([LI)-(L3) if u is an H}-solution of (LI)—(L3),
m+1 m
ifue VVliC ™ ([0, 00); L2(€2) + L%(Q)) and if for almost every ¢ > 0, Au(t) € L?().

Theorem 5.2 (Existence and uniqueness of H?2-solutions). Let Assumption 2.1 be fulfilled and
fe Wl’l([O,oo);L2(Q)). If || < oo then for any ug € HE(Y) for which Aug € L*(Q), there exists a

loc

unique H?-solution u to (LI)-(L3). Furthermore, u satisfies (1) in L3 ([0,00); L*(Q)) as well as

loc

the following properties.

1. we C([0,00); H}(22)) N Wl’oo([O, 00); L(12)).

loc

2. Au € Cy([0,00); L2(Q)) and for any t > s > 0,
1 1 1
[Vu(t) — vU(S)HL?(Q) < 2||ut||ioo((s,t);L2(Q))||Au||zoo((s,t);L2(Q))|t —s|z. (5.1)

3. The map t — ||u(t)||%2(ﬂ) belongs to C*([0,00); R) and 2.28) holds for any t > 0.
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4. If f € WH((0,00); L2(2)) then we have,

u € Cb([(), 00); H&(Q)) N Wl’oo(((), 00); LQ(Q)),
Au € L™((0,00); L*()).

Proof. Let f and u be as in the theorem. Since |Q| < oo, we have that ug € L™F1(Q) and
g(uo) € L*(Q). It follows that Theorem 2T applies. It follows easily from (1)) that u, which is given
by Theorem 2.T11 satisfies,

Au € L5, ([0, 00): LA(2). (5.2)

and ([J)) makes sense in Li2 ([0,00); L*(£2)). As a consequence, u is an HZ?-solution. But any H?-
solution is an H{-solution, for which we have uniqueness, so that u is the unique solution. Since
Au € C([0,00); H2(Q)) and u € C([0,00); L*(12)), Properties [H3 are then obtained from (ZI3),
(E2), @3) and Properties [H3l of Theorem 2111 Finally, Property [ is a direct consequence of
Property [ of Theorem [ZTT] and the equation (ITJ). O

Theorem 5.3 (Finite time extinction and time decay estimates). Let Assumption [Z1] be
fulfilled with, in addition, |Q| < co. Let f € WH1((0,00); L%()), uo € Hg () with Aug € L*(2) and
let u be the unique H?-solution to (LI)—~([L3) given by Theorem Finally, assume there exists a
finite time Ty > 0 such that [ satisfies (B.1]).

1. If N < 3 then u satisfies (B2) with,

||U(TO||L2(Q (17m11(47 N
(1= m)lm(a) Q| +To < T <Ol oy AUl ~f0moyzzy + Tos  (5:3)

for some C' = C(Im(a), N,m).

2. If N =4 then for any t > Ty,
[u(®)ll 20y < w(To)l|L2@pe” ™, (5.4)
where C' = C(||Aul| Lo ((0,00);22(0)), Im(a), m).

3. If N =5 then for any t > Ty,

llu(To)l 22

lu()ll L2y <
A-my-4) T (V=)
(1+ @l e (e~ Tw))

where C = C(||Aul| Lo ((0,00);:22(0)), Im(a), N, m).
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4. If N < 3 then there exists e, = e, (|a|, N, m) satisfying the following property. If

||’LLOHL21 Q()s ) E*TO,
llwoll« + 1 fllw1((0,00):L2(02)) < Exs (5.6)

289 —1

[lf(t )”L? Q) = 5*(T0 _t) ==,

for almost every t > 0, where §o = w € (% )

then u satisfies B.2)) with Ty, = Tp.

and [Juo|| = lJuoll7 () + 1|1 Aol Z2(q)

Theorem 5.4 (Asymptotic behavior). Let Assumption 211 be fulfilled with || < oco. Let f €
W1((0,00); L2()), uo € H}(Q) with Aug € L*(Q) and let u be the unique H?-solution given by
Theorem 5.2l Then,

. . . d
Jim, [u@®)[lwra(a) = Jim [u(®)[|Lr ) = Jim &HU(QH%Q(Q) =0, (5.7)

for any q € (0,2] and p € (0, ]3—1_3} (p € (0,00) if N =2, pe (0,00 if N=1).

6 Proofs of the finite time extinction and asymptotic behavior
theorems

The proofs of Theorems and are very close to those of the Theorems 3.5, 3.6, 3.7, 3.9, 3.11
and 3.12 in [§]. For convenience of the reader, we indicate the mains steps and refer to [8] for more

details.

Proof of Theorems[3.3land 5.3l By Gagliardo-Nirenberg’s inequality, there exists Can = C(m, N)
such that for any v € Hg(Q) N L™TH(Q),

(N+2)—m(N—2) . N(1—m)

Il * < ConllolTth o I Vol s (6.1)
(N+4)—m(N—4) 1 —m) )

1] 12y < Coanllol 7ot o) HAUHLQ & - ifalso Ave L3(Q). (6.2)

Now, suppose Assumptions B.1] or the hypotheses of Theorem [£.3] are fulfilled. We choose £ = 1 for
the proof of Theorems[3.3] and ¢ = 2 for the proof of Theorems (5.3l We let,

N +20) —m(N —2¢
o = TH2O TN 20 ) — Ju(@)3agey, v > 0

_ N(1-m)
a=Im(a)Cqy, ar= Oé||VEU|\LQQ((2&OO);L2(Q)), VZ=V.V=A.

By [2:26), (6.1)-([6.2) and Holder’s inequality, we have for almost every t € (Tp, o),

Y (1) + 200y()% < 2| (1) L2y (t)?, (6.3)
y'(t) > —2Im(a)|Q =y (1)
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Using Assumptions Bl and the hypotheses of Theorem [£.3] we obtain (B2)—B3) and (B3)—(E3) by
integration (see also (2.10) in [7]). It remains to show the last property of the both theorems. By
[224), there exists e, = e4(|al, m) with,

1 25,1
€+ < min {(26@ —1) % (adp) ™% (1 — 5€)—5£<f,5e> ,ady (1 — 5¢)} , (6.5)

such that if ([3.6) holds true then ||Vu(| £ ((0,00);22()) < 1. By Z28)-(Z30), (435) and (L)), there ex-
ists e, = e4(|al, IV, m) satisfying (6.5]) such that under assumption (5.6]), we have || Aul| Lo ((0,00);22(0)) <

o
1. Let z, = (ad¢(1 — 8,)Tp) ™7 and y, = (a6 (1 — 6,)) ™ . By @), (5:06) and E3),

y(0) < . (6.6)
Applying Young’s inequality to (63]) and using ([B.6), (5.8) and (6], we obtain

S

Yy (t) + ay(t)’ <yu(To— 1)1, (6.7)

for almost every t > 0. By (6.6]), (€7) and [7, Lemma 5.2], y(¢) = 0, for any ¢ > Tp. O

Proof of Theorem By (2I9) and density, we may assume that f € Z([0,00); L*(2)) and
ug € 2(0). Then the result comes easily from Theorem 2T1] and (Z26]), by following the proof of [3
Theorem 3.5]. O

Proof of Theorem [5.4l Since || < oo, we may assume that ¢,p > 2. Applying the proof of [8|
Theorem 3.14], the result follows. O

7 Concluding remarks

1. Do some HZ2-solutions exist in the sense of [3, [T, 8] (see also [ of Remark 24) for a € D(m)
(0 <m < 1) but with |Q =00 ?

2. In [8], the existence of solutions is obtained with m = 0 and |©2] < co. The proof relies on the
theory of maximal monotone operators on L?(Q2) (Brezis [10]). Would it be possible to construct
solutions but with |Q] = co ? Of course, the method should be different since the nonlinearity

u

Tul does need not belong to L?(€2), and the notion of solutions might be revisited.

3. The general method (that we shall call Method 1) to construct the solutions in [§] is the following
(in [3], the method is different and in [§], the domain 2 is bounded which makes the situation
easier). We regularize the nonlinearity [{.2]) with (@1]). We associate operators A and AT, to the
nonlinearities ([@2]) and (@I, respectively. We show that (D(AZ*), A7) is maximal monotone
in L2(2). With help of a priori estimates, we may pass to the limit, as € \, 0, in the equation
(I + A™)u. = F to show that (D(A), A) is maximal monotone in L?({2). This permits to solve
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() with initial data in D(A), where, roughly speaking, D(A) = H*(Q)NH (Q)NL>™ (). The
crucial tool to make such a choice of D(A) possible is Lemma 4.2 in Bégout [3]. Another method
which would be possible (that we shall call Method 2) would be to show that (D(A™), AT) is
maximal monotone in L?(£2) and, with a priori estimates, to pass in the limit, as € N\, 0, in the

equation dd“; + A™u. = f(t,x), to solve (LI). We then obtain the existence of HZ2-solutions.

With any of the two methods, the existence of L?-solutions is obtained with help of a density
argument and a result of continuous dependance such as Proposition Finally, H}-solutions
are obtained with a density argument and some a priori estimates obtained with help of [3]
Lemma 4.2]. But when a € D(m), this lemma is no more valid. It follows that Method 1 fails
to construct H2-solutions, as well as Method 2 (actually, these both methods are equivalent).
So we have to choose a larger domain D(A) as [@I0), which gives Theorem [ZI1] (by the way
of Method 1), from which the existence of L2-solutions follows. But due to the absence of a
result such as in [3 Lemma 4.2], we cannot establish estimates of the solution in the HJ-norm
to construct H}-solutions by density. This is why we apply Method 2 in this case. So, we
may wonder if we might apply Method 2 from the beginning, without using Method 1. The
answer is no because of the lack of a density result of smooth functions (roughly speaking,
H2(Q) N HE(Q)) N L*™(Q) is not dense in D(A) defined by I0)). Finally, note that if we

impose a stronger assumption of the initial data in Theorem .11l namely if we require that,
uo € Hy(Q) N L2™(Q) with Aug € L*(Q),
instead of,
up € HE(Q) N L™ Q) with Aug + alue| =P "™ug € L2(Q),

then Method 2 completely works and we do not need to require to Method 1.
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