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Synchronization in Networks of Nonlinear Systems:
Contraction Analysis via Riemannian Metrics and
Deep-Learning for Feedback Estimation

Mattia Giaccagli, Samuele Zoboli, Daniele Astolfi, Vincent Andrieu, and Giacomo Casadei

Abstract— We consider the problem of exponential synchroniza-
tion of a network of identical input-affine nonlinear time-varying
systems connected through an undirected graph, in the presence
of a leader. We tackle the problem with incremental stability tools.
We propose sufficient metric-based conditions to design a dis-
tributed diffusive coupling feedback law in two frameworks. First,
we consider a state feedback design, where synchronization is
obtained for every initial condition. Then, we show that synchro-
nization can still be achieved regionally under milder assumptions.
To balance the analytical difficulties of computing the proposed
controller, we develop an algorithm based on deep neural networks
(DNNs) for practical implementation.

Index Terms— Synchronization, contraction, multi-agent sys-
tems, incremental stability, deep learning, deep neural network.

[. INTRODUCTION

The problem of a group of agents trying to achieve an agreement
is generally known as synchronization. In this work, we consider
the problem of synchronization via distributed control feedback (i.e.
diffusive coupling) of homogeneous networks (i.e. networks where
the agents’ dynamics are identical). For linear systems, fundamental
results were obtained in [1], [2]. See also [3, Section 5]. For
nonlinear systems, most results exploit existing techniques devel-
oped for single-agent systems, specifically adapted to deal with a
distributed framework. Among them, we recall passivity-based [4],
dissipativity-based [5], Hso-based [6, Chapter 9] and ISS approaches
[7]. High-gain techniques, inherited from high-gain observers theory
or domination approaches (see, e.g., [8], [9]), form another notable
class of solutions. Finally, another very popular approach to solve
the synchronization problem consists of exploiting tools derived from
contraction and incremental stability theory (see [10]-[13]). Based on
this framework, most of the results considered quadratic Lyapunov
functions, or equivalently [13], Euclidean metrics. See, e.g., [14]—
[21]. Only a few investigated the use of nonlinear metrics, e.g. [22].

In this work, we investigate the problem of global exponential
synchronization of homogeneous networks, in which each agent
is described by a nonlinear time-varying input-affine multi-input
ordinary differential equation (ODE). We look for the existence of
a nonlinear diffusive coupling, namely a static distributed control
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feedback. We consider the case of undirected and leader-connected
graphs, that is, there exists an agent (the leader) who can send
information to the other nodes without receiving any. In the rest of
the network, the communication links are bi-directional. Following
a contraction-based approach, we investigate the use of nonlinear
Riemannian metrics (see, e.g., [12], [23]). We propose a solution to
the synchronization problem based on the existence of a solution
to a static partial differential inequality (PDI) which conceptually
extends the stabilizability Riccati-like algebraic inequality (see, e.g.,
[2, Section II.C]). This allows considering classes of systems with a
nonlinear input gain. However, the proposed PDI is very complex
to verify analytically. Therefore, to deal constructively with such
complexity, we show that synchronization can be achieved in a
regional context under less stringent assumptions. Thanks to this
relaxation, we provide a formulation of a practical algorithm based on
Deep Neural Networks (DNNs) to check the solvability of such a PDI.
Note that the proposed approach presents conceptual similarities with
the control contraction metrics [24]. Therein, however, the control
action is obtained by path-integrating along the geodesic (see [24,
equation (6)]) by solving an optimization problem.

Note that the use of DNNs for solving PDIs is not new to the

Machine Learning community, see, e.g., [25], [26]. In this context,
we recall the recent results on the use of Deep Learning tools for the
estimation of a Riemannian metric [27]-[30]. To show the potential
of this approach, we consider the problem of synchronizing a network
of Lorentz oscillators in which the input gain is highly nonlinear (and
for which existing techniques cannot be easily applied). We highlight
that this work is an extension of the authors’ conference work [23],
where preliminary results on the synchronization of leader-connected
undirected networks of SISO time-invariant nonlinear systems were
proposed.
Notation: N, resp. R, is the set of natural, resp. real, numbers,
R>¢ := [0,400),R>0 := (0, 400). Given N matrices A; € R"*"
for ¢ = 1,...,N, we denote with col(A1,...Ayn) the matrix
(A],..., AT e RIm+FnN)Xn and with diag(A1,..., Ax)
the square matrix with Aj,..., Ay on the main diagonal and zeros
everywhere else. Given a vector z € R" and a set S C R", we denote
the standard Euclidean norm of z as |x| and Euclidean distance of x
with respect to S as |z|g := inf,cg |z — 2|. Given a ¢! vector field
f:R"XxR~ R™and a C! 2-tensor P : R™ xR — R"™ x R" taking
symmetric values, we indicate with Ly P(x,t) the Lie derivative of
the tensor P along f defined as

-
LyP(x,t) := P(w,t)g—i(m’,t)—i— g—i (z,t)P(x,t)+ 05 P(,t)

OfP(;l;7t) = ’1% P(X(w»t+h7’f)7t)_P(f”7t) + 3671;(557”7

with X (z,t,tg) being the solution to %X(x,t,to) =
f(X(z,t,to),t), with X(z,t,t9) = =z, for all ¢ > to in
time-existence of solutions, with coordinates (LyP(x,t));,;



Z [QP“C(J:, t)g%f;(w,t) + %I;Z (x,t)fk(w,t)] + %(m,t). Given
k

a 2-tensor P : R™ xR — R™*™ and a vector field g : R x R — R"
both C! (resp., a C'! matrix function g : R™ x R — R™*™), we say
that g is a Killing vector field (or that it satisfies the Killing vector
property) with respect to P, if Ly P(x,t) = 0 (resp. Lg; P(x,t) =0
for all ¢ =1,...,m, with g; denoting the ¢-th column of g) for all
(z,t) € R™ x R. Note that the Killing vector property is trivially
satisfied in case both P, g are constant matrices.

Il. PRELIMINARIES AND PROBLEM STATEMENT
A. Graph theory

In a general framework, a communication graph is described by a
triplet G = {V, &, A} in which V = {vy,...,vy}isasetof N C N
vertexes (or nodes), £ C V x V is the set of edges ej}, that models
the interconnection between the vertexes with the flow of information
from vertex j to vertex k weighted by the (k, j)-th entry ay; > 0 of
the adjacency matrix A € RN*N_ We denote by £ € RJ\% *N the
Laplacian matrix of the graph, defined as {y; = —ay; for k # j,
and £y = Zf\il ay; for k = j, where £;;, is the (j, k)-th entry of
L. We denote with A; the set of in-neighbors of node i, i.e. the set
Ni={je{l,...,N}|ej; € £}. A time-invariant graph is said to
be weakly connected if and only if £ has only one trivial eigenvalue
A1(£) = 0 and all other eigenvalues A\2(L),...,An (L) € C have
strictly positive real parts (see [3, Theorem 5.1]).

In this article, we will consider leader-connected undirected
graphs. With leader-connected, we mean that we assume the existence
of a leader (i.e. the graph contains at least one spanning tree with the
leader as a root). The leader is labeled (without loss of generality) as
node 1 and has a set of in-neighbors that is the empty set, i.e. N7 = 0.
In other words, no node in the network can send information to node
1. We also assume the network to be undirected, meaning that we
assume communication links to be bi-directional (i.e. €;; = ej; for
every i,j7 = 2,...,N), except, of course, to the edges that nodes
in the network share with the leader. By considering such a graph
structure, the following property is proved in [31].

Lemma 1 Suppose the graph G = {V,E, A} is undirected and

leader-connected. Then the Laplacian L can be partitioned as L =
0 On-—1
Loy Lag.

Lo € RWV-1)x1 and Loo € ]R(N_l)x(N_l). Moreover, there
exists strictly positive real numbers i, i > 0 such that pln_1 =X
Lo = pln_1.

where On_1 is a vector of all zeros of size N — 1,

B. Synchronization with nonlinear diffusive coupling
In this article we consider a network of N agents. As we labeled
the leader as node 1, its dynamics is defined by
&1 = f(21,1) (1)
where x1 € R" is the state of the leader, while the dynamics of the
other NV — 1 nodes in the network are described as
&y = flxi,t) + g(xi, t)u;,

where z; € R" is the state of node ¢ and u; € R™ is the control
action on node ¢. We suppose that f,g are C? functions in their
first argument and piecewise continuous in the second. We denote
the state of the entire network as

i=2,...,N. (1b)

x::col(:rl,...,xN)e]RNn. ?2)

Furthermore, we denote with X;(z7,¢,to) the trajectory of agent
i evaluated at time t > tg such that X;(tp) = =7, and with

7

X(x°,t,tg) the trajectory of the entire network (2) evaluated at
initial condition x° € RY ™ initial time ty € R at time ¢ > tg. Our
synchronization objective is to design a nonlinear diffusive coupling,
namely a distributed state-feedback control law of the form

N
Uj = Z Qg5 [W(l‘]ﬁt) — @(Ii,t)} = — Zéij@(l‘jvt) (3)
JEN; j=1

forall t =2,..., N, for some ¢ function ¢ :R" xR — R™, that
stabilizes the dynamics (1) on the so-called leader-synchronization
manifold D defined as

Di={xeR"" |z; =xy, forallie {1,....N}}, (4

where the states of all the agents of the network agree with the leader.
By construction, the ¢-th agent uses only the information x; of its
neighborhoods j € N; and its own state x;. Furthermore, the control
action u; is equal to zero on the synchronization manifold, i.e. when
synchronization is achieved, no correction term is needed for each
agent. As a consequence, stabilizing all the agents on an equilibrium
point is generally not a valid solution in such a framework. We
formalize our synchronization problem as follows.

Problem 1 (Leader synchronization) The distributed feedback
control law (3) solves the leader-synchronization problem for the
network (1) if the manifold D defined in (4) is globally uniformly
exponentially stable for the closed-loop dynamics (1), (3), namely,
there exist positive constants k and X > 0 such that for all (x°,10)
in RVN™ X R the closed-loop solutions are defined for all t > to and

|X(x°,t,t0)|p < kexp(—=A(t —t0)) [x°|p, Vt>to. (5)

In order to solve our leader synchronization problem, the following
standing assumption is supposed to hold all along the paper.

Assumption 1 The graph G = {V, &, A} is undirected and leader-
connected. Moreover; for each (z3,tg) in R™ x R the trajectory of
(1a) exists for all t > to.

[1l. MAIN RESULTS

In this section, we provide the first main result of this paper. We
start by assuming that the pair f,g satisfies a controllability-like
assumption.

Assumption 2 There exist a C' matrix function P : R" x R —
R™™ ™ taking symmetric positive definite values and positive real
numbers p,p, p, A > 0 such that the following holds for all (z,t) €
R" xR

LyP(x,t) = pP(w,t)g(z,)g(w, ) P(a,t) X —2AP(x,1),

(6)
pl = P(z,t) <pl.

Assumption 2 can be seen as a Riccati-like inequality, where P is a
matrix function. This matrix function P can be employed to endow
with a Riemaniann metric R"™. At each z in R", we define the scalar
product (a,b)p = a ' P(z)b, (a,b) in R?". The (uniform) upper and
lower bound on P are required in order to guarantee that the induced
norm is equivalent to the Euclidean one |z| = v T z. These bounds
are needed to show that, if the distance associated with the norm P
between any node and the leader decreases along the solutions, so it
does also the Euclidean one.

Remark. For linear systems of the form & = Az + Bu, Assumption 2
boils down to the well-known algebraic Riccati inequality (ARI)
PA+ AP — pPBBT P < —2)\P which admits a solution under



the mild assumption that (A, B) is stabilizable. In this case, a
stabilizing control action is given by u = —kBT P for any K > p.
Furthermore, we remark that such a design possesses an infinite-gain
margin property [32]. Such a property will play a fundamental role in
the following distributed analysis, as it will provide a synchronizing
control law that is “robust” with respect to the graph topology.

Assumption 3 The matrix function g has the Killing vector field (see
Notation) property with respect to P, namely

LgP(z,t) =0, V(x,t) eR" xR. @)

Assumption 4 The vector field Pgq satisfies an integrability condition
in the sense that, denoting g = [g1 - . . gm), there exists a c? function
a=(ai,...,am), a, : R" xR — R for . = 1,...,m, satisfying

8&L
1

=g.(z,t) " P(z,t), Y(z,t) ER"xR. (8

The Killing vector condition (7) in Assumption 3 implies that dis-
tances in the metric P between different trajectories of the dynamical
equation © = g(z,t) are invariant. It means that any exogenous
signal entering in the direction of g may change the trajectories but
it does not change the distance between different trajectoriesl. The
integrability condition (8) in Assumption 4 is introduced since the
synchronization analysis will be made through incremental properties
and thus by analyzing the Jacobian of the vector fields. Note that
for linear systems, both properties are always satisfied. Indeed P is
constant and so it is g(z,¢) = B. This implies that the Killing vector
assumption (7) holds and the function « in (8) is a(z,t) = BT Px.

Remark. Note that Assumption 3 is needed in order to obtain
synchronization for every initial condition of the agents, i.e. to make
the leader-synchronization manifold globally exponentially stable. As
we will show in Section IV, such an assumption can be relaxed in
exchange of obtaining asymptotic stability of D with a domain of
attraction included in a compact set.

As last remark, we highlight that Assumption 2 and Assumption 3
recover the design proposed in [24, Section III.A]. We’re now ready
to show the main result of this section.

Theorem 1 Consider a network G = {V,E, A} of agents (1) and
let Assumptions 1 to 4 hold. Then, for any xk > ﬁ, with p given by

Lemma 1, the distributed state-feedback control law (3) with
oz, t) = ka(zi, ), ©

and o satisfying (8), solves the synchronization Problem 1 for the
network of agents given in (1).

Proof: The main goal is to show that the norm of the difference
between any agent x; and the leader z; exponentially decreases to
zero. Therefore, let us consider the following change of coordinates

T Ty = xy — a1, 1=2,...,N

and let us collect all the vectors &; as & := col(Z2,...,Zn) and
define z = x;. Since ¢;; = 0 for all j ¢ N, the dynamics of the
error z; for all ¢ = 2,..., N with the control law (3), (9) can be
rewritten as
T = f(z"'-ii,t) - f(zvt)

N

Z &ja(z +Zj, t) + i1z, t)
j=2

— kg(z + &;,t)

'For more details on the subject, see [33] for further details on the 5ISS
properties induced by contraction and Killing vector fields

Note that there is no term on g(z,t) since no control action is acting
on the leader. Since ngzl l;; =0foralli=1,..., N, we can add

the term kg(z + Z;, t) (Zévzl éij) a(z,t) = 0 and get

;= f(z+Fi,t) = f(2:1)

N

e 03

a(z+ij,t) — oz, t)]. (10)

Note that in these new coordinates, the leader-synchronization mani-
fold defined in (4) corresponds to the origin of the Z-dynamics. Now,
given (2°,2°,t9) in RN™ x R, let 7 > to be the time of existence
of the solution of (10) initialized in (2°,Z°) at time tg. For ¢ in
[to, T), let (Z(t), X(t)) denote this solution. Consider the function
I :[0,1] x [to, T] — RN™, with ' = (I'a,...,Tx) which satisfies
(s, tg) = sZ°, and where I';, i = 2,..., N, is the solution of the
following ODE for tg <t < 7T

or;
t) = f(<1(87t)7t) -

il JEIOR)

N
a(Z2(t),1))

— kg(Ci(s,t),t a(C(s,t),t) —

where we denoted (;(s,t) = Z(t) + T';y(s,t). By uniqueness of
the solution, I" satisfies I'(0,¢) = 0, I'(1,¢) = X(t), for all
t € [to, T). Consider now the function V' defined by

or;
)7 ) ds

N
VS v = [ Py

[P

(57 )ds )
an
and note that, by using (6), it yields

Lor,; T T
5,1)

5 (s, 1)ds > p| X (1)

(12)

Similarly, V(o) < p|#°|?, where Z° is the initial condition of the
error dynamics with elements ; = x; — x1. By the definition of the
synchronization manifold D in (4) and by the equivalence of norms
in finite-dimensional spaces, there exist cy,, ¢y, > 0 such that

v [X(x° 1 t0) [ S V() S e[ X t0)[p  (13)
with x° being the initial condition of the network. We compute now
the derivative of V' along solutions. We have

L 1P(Gi(s 1), )]
BP“@Z( ))%( 0+ 2 Gs1).0),
_ 3Pkl { al;i (s,t)} + %(Q(S:t)vt)

for all (k,I) € {1,...,n}2. Therefore, for all i =2,..., N,

& 0T PGl 1), 0] = v T P(Gils, ), )
N m
> {eij S w0y, P(Gi(s, 1), )y
j=2 =1

X (eu(GG(s,0),8) — au(Z(1),1))



for all vector v in R™. By using the Killing vector assumption (7)
and the integrability one in (8), the time derivative of V; becomes

1
%(t)—/[ “(s,
b Js

T
t
S (s,)

) Ly P(Ci(s,8),1)

N

Z

<1 S, t )g(Ci(Svt)vt)

or';
X g(Cj(S,t),t)TP(Cj(S,t),t)8;(S,t):| ds. (]4)
With the following notations,

D(s,t) := diag { L P((i(s,t), t)}i:
T

U(s,t) := col { 8;;

we compute the derivative of V' as follows

2,...,N °

(Svt)P(Ci(sat)vt)g(qi(svt)7t)} P

i=2,..,N

. /1 [GFT ar }
V(t) = — (s, t)D(¢ ) (s t) — 25U (s, t)Loa¥(s,t) |ds
0

1
< / [ (s, t)D() (s £) — 2kp0 (s, £) (s, )T]ds
0

where in the second step we used Assumption 1 and Lemma 1.

Therefore, taking « > ﬁ with p satisfying (6) and p > 0 given

by Lemma 1, we get V(t) < —AV/(t). From Gronwall’s Lemma,
this implies V' (t) < exp (—=A(t —tg)) V(to) for all t € [tg,T).
Therefore, using (13), it yields for all ¢ in [tg,T) that

C
X ()| < exp(—A(t — to))iwﬁp .

Hence, since the leader trajectory is well-defined for all positive
times, this implies that the trajectories are complete in positive time
(i.e. T = +00), which implies (5) and concludes the proof. [ |

Remark. To conclude, we point out that our conditions can be
straightforwardly extended for the case of static output feedback
design for systems of the form

&1 = f(=1,1),
&; = f(x,t) + uq,

N
= i @(wi, yj,t)
i=1

by suitably modifying Assumption 2-4. In this case, the inequality (6)
becomes a nonlinear version of the more classical output Riccati-like
inequality PA + ATP— pCTC’ =< —2AP, and the proof follows
similar arguments. For more details, we refer to [23, Section 3.2]
where the SISO time-invariant case was shown. Moreover, also the
case of passive interconnection can be considered, similarly to [19].

y1 = h(x1,1),
yi = h(wx;,t),

V. RELAXING THE INTEGRABILITY AND KILLING
CONDITIONS

The main limitation of the approach presented in Section III is the
complexity of finding a metric P solving (6) and, at the same time,
satisfying the Killing vector field property in (7) and the integrability
condition in (8). In some cases, simpler and more robust design
can be given by considering Euclidean metrics (i.e. constant P)
and by assuming a specific structure for the nonlinearity, such as
monotonicity, sector boundness, or Lur’e-type conditions (see e.g.

[16], [34]). However, this is not always the case. Differently, for
the case of nonlinear metrics, one may try to obtain the function P
using computational tools (e.g. neural networks) leading inevitably
to approximations that may not exactly satisty the conditions (7) and
(8). To this end, in this section, we aim to provide a practical solution
to such limitations. In particular, we show that synchronization can
still be obtained under an approximate integrability condition or an
approximate Killing vector assumption. The result is different in the
two contexts. Indeed, global results can still be achieved in case of
an approximation of the integrability condition, provided the control
gain is not selected too large. However, only semi-global results can
be obtained when relaxing the Killing vector assumption.

A. About the integrability condition

Instead of Assumption 4, consider the following one.

Assumption 4’ There exist a C2 function o : R x R — R™ and
a scalar € > 0 such that, for . = 1,...,m, the following holds

ooy
0

— gz, t) Pz, t)| <e, VY(t,z)eRxR"™ (15)

Theorem 2 Consider a network G = {V,&, A} of agents (1) and
let Assumptions 1, 2, 3 and 4’ hold. Moreover, assume there exists
a positive real number § > 0 such that |g.(z,t)] < g for all
(z,t) in R"" xR and v = 1,...,m. Let p be given by Lemma 1
and let L = max;;|l;j| where ({;;) is the Laplacian matrix
associated to the graph. Then, if € in Assumption 4’ is such that
€ [0,&%) with e* = ﬁ, there exists k* such that for any
K € [2 , k%), the distributed state-feedback control law (3)-(9) solves
the synchromzation Problem 1.

Proof: The proof is identical to the proof of Theorem 1 up
to equation (14). Recalling the compact notation (;(s,t) = Z(t) +
T;(s,t), with Assumption 2, for each 7 in {2,..., N}, the function
V; defined in (11) satisfies for all ¢ in [tg, 7))

1
. ar’; ar';
V;-(t)_/ {as (5,8) T LyP(Gils, 1), 1) 5 " (s 1)
0
N
—QKZéij\I’i(&t)\I’j(&t)T—‘rTi(Sﬂf) ds,
j=2

where we used the compact notation as in the proof of Theorem 1
and

T;(s,t) == —

P(Gi(s,t),t)g.(Ci(s,1),t)

x B(s, t) (s,t),
Bau (¢i(s,),t) — 9u(Ci(5,8),8) T P(¢j(s,), ).

By Assumption 4’ and the bound on P, g, the terms 7 satisfy

X(s,t):

N
__ . or
|T5(¢, s)| < 26mpge Zfij%(s,t)T For I(s,t)
i=2
= 2ke ZZU el CA Té)F 22 (s,1)|.

Consequently, with Assumption 1 and the fact that Loy is bounded
as in Lemma 1, by following the proof of Theorem 1, we obtain



1
V(t)g/ [gl;(s,t)TD(s,t)zz(s,t)2mp\I/(s,t)\I/(s,t)T
0

or T or
+2KC£(S’t) EQQ%(S7t) ds.

By Lemma 1 and the bounds on P, the above inequality gives

: Yor o
V() < /0 o)

where Y;(C,t) = LfP + 2xEP — 2rkuPg' gP, with P and g
depending on (¢,t) and ¢ = “mpgs . With Assumption 2, this implies

or
diag(Ti)z':z,...,Na(S»t) ds,

Ti(C,t) < (2HE—A)P(C7t)+(p—2f<g)P(C,t)g(C,t) 9(¢, ) P(C,1).
A
Note that with the choice of ¢ < _EB we have QL < %
PEPGM £

Consequently, for each xk € [2#’ 2C) it implies V(t) < —AV(t)

for all ¢ > tg, where A =2ké— \is a positive real number. The
proof ends following the lines of the proof of Theorem 1. |

B. About the Killing vector field

When the equality constraint in Assumption 3 is replaced by an
approximation, the global synchronization may be lost. However, it is
shown in the following theorem that provided | L4 P| is small enough,
a semi-global result can be obtained.

Theorem 3 Consider a network G = {V,E, A} of systems (1).
Suppose Assumption 1, 2, and 4 hold, and let kK > ﬁ be fixed.
Moreover, assume there exists a positive real number g such that
|g.(z,t)| < g for all (x,t) in R" X Rand v = 1,...,m. Then, for
each x > 0 there exist k,e > 0 such that, if the following holds

|Lg, P(x,t)| <&, V(x,t,) € R x [tg,00) x {1,...,m}, (16)

then, for all (x°, to) in RN xR such that |x°|p < %, the solution of
(1), (3) with the distributed state-feedback control law (9) is defined
for all t > tg and
A
X, t,t0)|p < ke™ 3 710) x| |

Vt>to.  (17)

Proof: Let X,tg > 0 and let x° € RV™ satisfy |x°|p < %.
Assume that (16) is satisfied for some positive real number ¢ that
will be selected later on. As in the proof of Theorem 1, consider the
function V' defined in (11) 2 With Assumption 2, and 4, for each ¢
in {2,..., N}, the function V; defined in (11) satisfies V¢ € [to, T)

1
. T
Vi(t) —/ [ (s,
b Js

N
— 2K Z fijQi(S, t)Qj(S, t)T
j=2

ar;
S (s,t)

)T L P(Ci(s, ), 1)

+Ty(s,t) | ds,

where we used the compact notation as in the proof of Theorem 1
and, by letting &, ((;(s,t),t) := . ((j(s,1),t) — au(Z(1), 1),

! ZLQLP(Ci(S7t)7t)
=1

N 1o}
X Z éljaL(CJ(S7 t)7 t)

=2

Ti(s,t) = —

T
t).
5(87)

2Recall that, by definition, V' is a Lyapunov function on the error between
the agents” dynamics and the leader one.

By Assumption 4,

1
oo, ‘
5 t),t))L; (s, t)dr

0
/ O / e ytdudr

Hence, via Assumption 4 and the bounds on P and g, we get

aL(Cj(Szt)7t) =

(Z(t) +rLy(s,

(Z(t) +rTj(s,1),

dv

_ 1 or
G001 <5 [ | 5200

2

F
9 dv.

1t
Spg§/1+ a(l’t)

J))%ds < V(f) , by (16) we obtain

Employing the fact that fo

Ti(s.1)] <ns—ZaJ 0+ vyt ))%ﬂi

T ol
(s,t) 95

(s,1).

Consequently, V; is bounded as

1
Vi(t) g/
0

ol ar;
“+Kec Z &;j (BJrVJ (t))) 8781
j=2

O )T (z:fmci(s,t),t)

N
(5,6)—26 Y €359 (s, ) (s, t)T} ds,
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_ mgp
where ¢ = 2 - Consequently,

. or ar
V(t)</0 [88(5 0" D(s,1)5(s,1)

(s, )W (s, 1)+ mecg—l;(s, t)TM(t)Z—l;(s, t)] ds

with M (t) = diag(L22V(t)) and V(t) = col(p + V;(t))i=2,... N-
Also,

N
M(t) < max > lij(p+ Vi) pIn—a
i=2

< H((N=1)p+V () Iy

with £ = max £;;. Then
ij

V() < /O [‘ZF( D05

O (6, 0T L (s, ) 4-rectV (¢ )ZI; (5,)

(5,t) — 26pT (s, )W (s, )+

Tor
as(s,t)] ds.

Using (6) and following the proof of Theorem 1, we get,

CliS 2
Z Vi
CKE

—(A —eke(N — 1) — —v)v

RECZ(N—I)B&(S, t) B

V(t) < —(A —ére(N — 1))

IA

with k& > £- and & = c/. Finally, from (13) and since |x°|p < X, for

A
e < mm{m,%} we get 1% < fg\/ for all t > tg,
concluding the proof. |

Remark. We highlight that by Theorem 2, the relaxation of the inte-
grability condition via Assumption 4’ still allows the preservation of
the global aspect (in terms of initial conditions) of the synchronization
provided that the control gain is chosen sufficiently small. Differently,



by relaxing the Killing vector condition, only semi-global results can
be claimed, as shown in Theorem 3. If both Killing and integrability
conditions are relaxed, then a semi-global result is obtained.

V. DEEP LEARNING FOR METRIC ESTIMATION

As mentioned in the previous section, a drawback of the proposed
approach lies in the fact that metrics may not be easy to find in
the Riemannian scenario. Moreover, even when a metric has been
found, designing a control law satisfying the integrability condition
(8) may not be straightforward. One way to overcome such difficulties
is to rely on Machine Learning tools to obtain approximate solutions,
thus leveraging on Theorem 3 and Theorem 2. In what follows,
we combine the proposed control design with Deep Learning tools.
In recent years, Deep Neural Networks (DNNs) turned out to be
effective tools for solving complex differential equations, see, e.g.,
[25], [26]. As a matter of fact, multiple works began mixing learning
tools and control. Such a combined framework tackles the complexity
of computing control theoretic exact solutions by exploiting deep
approximators. Hence, the idea is to set up and approximately solve
an optimization problem aimed at circumventing the need for an
analytic metric. Once a suitable metric has been found via a first
DNN, we train a second one to satisfy the integrability condition.

A. Related results

Similar approaches already appeared in the literature (see e.g.,
[271-[29], [35]). In [27], the authors propose a convex optimization
problem to compute a suitable metric. Yet, they successively suggest
approximating the solution via a DNN. Hence, the convex optimiza-
tion is solved on a finite number of samples and the DNN provides
a continuous interpolation through those points. This overcomes the
need of solving such an optimization in each point of the state space.
In [29] the authors propose learning Control Contraction Metrics
(CCMs) [24] to solve output tracking problems. However, when con-
sidering the approximation error induced by the learning procedure,
the results offer probabilistic convergence guarantees to trajectories
close to the reference one. Moreover, the learned controller needs to
be structured in order to always verify the assumptions. Finally, [28]
proposes a Siamese DNN structure [36]. Similarly to our scenario,
both [28] and [29] aim at minimizing a loss function defined by
the matrix conditions required for contraction. Once such a function
reaches 0, the DNN provides the entries of a suitable metric for each
point in the training/test datasets. Even if related, our solution differs
on some fundamental points. With respect to [29], we do not impose
constraints on the controller structure. Hence, we do not affect the
expressivity of the selected approximator. In addition, our approach
is not based on CCMs. Hence, while the proposed loss functions
are similar in the sense they involve sign definiteness-related costs,
their components are different. Moreover, we also optimize the com-
ponents parameters, which results in more plastic constraints. Also
our sign definite cost relies on eigenvalues. While possibly resulting
in more complex conditions, this choice ensures sign definiteness of
the matrix. This differs from the random sampling approach in [29].
To conclude, due to the choice of the loss components, our solution
offers asymptotic convergence guarantees even when assumptions are
only approximately satisfied, see Theorem 2 and Theorem 3. With
respect to [28], we rely on the continuous-time framework. Hence,
we avoid the need of a Siamese network by computing the DNN
Jacobian. Usually, such a Jacobian can be easily obtained thanks
to the automatic differentiation tools provided by common libraries
such as Pytorch [37]. Second, as previously stated, we add a separate
estimator which looks for the best parameters in the cost function. It

works jointly with the DNN during the optimization process. Finally,
we rely on (8) instead of computing the control law via approximate
integration over the geodesic. This greatly simplifies the algorithm,
since geodesics are not generally easy to find.

B. Proposed approach

We now describe the proposed algorithm. In what follows, we se-
lect Multi-Layer Perceptrons (MLPs) as the DNNs of choice. Hence,
we will focus on time-invariant dynamics and metrics. However,
we remark that time dependency can be included in the learning
approach by either augmenting the network’s input with a suitable
time embedding or by using recurrent networks, such as Gated
Recurrent Units. Let us consider the problem of finding a suitable
approximation of the metric first. The neural metric is constructed as

Pyi(z,0') -+ Pn(z,0)

P(z,0') = o : )

Po(2,6') - Pp(x.0')
where p = % is the total number of entries to be learned, the
vector 9 = (Py(x,0'),...,Pp(z,0")" is the output of the neural
network DNNp : R™ x R’ +— RP and #’ € R™¥ is the vector
of DNNp parameters. To guarantee the smoothness of the learned
function, we select smooth activation functions, e.g. tanh. To train
the DNNp parameters, we rely on Theorem 2 to relax the existence
of a primitive for g(z) ' P(x,6’) and on Theorem 3 to loosen the
constraint posed by the Killing vector field property (7). We set up
an optimization problem asking for the minimization of the following
cost function

4
Tp(@,0') = wiJi(z,0), (18)
=1

being w = (w1, ..., wq) a vector of (positive) scalar weights and

Ji(z,0') = In (max (Apr(M;),0) + 1) 1=1,4
i=2,3

Ji(x,0) = > In (max ()\M(Mi,L)» 0) + 1)
with A\j; being the maximum eigenvalue and M; defined as

My = Ly P(2,0") = pP(x,0')g(x)g " (x)P(x,0') + nl
My, = Lg, P(x,0') — eI, Ms, =—Lg P(z,0') — eI,
My = —P(z,0") + pI

where p,e,p > 0 are positive scalars with n > €. We remark
that since all matrices M are symmetric, their eigenvalues are real.
This also guarantees that the bounds imposed by Mo, M3 translate
into bounds of the form (16). Note that each cost J; serves the
purpose of satisfying a particular condition for the neural metric.
While J; provides a positive cost if the contraction condition (6) is
not satisfied, Jo and J3 encourage the boundedness of LgP, thus
relaxing the Killing vector condition (7), and J4 steers the solution
towards positive definite matrices, see (6). Note that the upperbound
is always satisfied as we optimize our algorithm in a compact set
X. The natural logarithm is used as a regularization term between
costs J;. It allows the rescaling of widely different costs to similar
values and a more precise selection of their importance through the
weight vector w. In parallel to DNN p, we train a parameter estimator
outputting the values of p,mn, e, p. The estimator and DNNp work
together, trying to minimize (18). Note that if the cost reaches 0, all
the contraction conditions are satisfied for the dataset and the learned
estimator outputs, hence learning can be stopped. The second step
is to find a suitable law approximating the integrability condition
(8). We train the parameters 0" € R™" of the second network



DNNg : R™ x R™¢ — R™ such that

2

IDNNa () — g(z) T P(a,0')

ox

is minimized. The full learning procedure is summarized by Algo-
rithm 1. Clearly, the DNNs can be trained only on a dataset D of
finite size. Yet, DNNs are typically Lipschitz-continuous functions.
Hence, similarly to [28, Section IV], we provide a verification tool
via the following proposition, to assess the satisfaction of contraction
conditions over compact sets once the training is over.

Jo(z,0") = (19)

Proposition 1 Let S C R" be an arbitrary compact set and D C R"
a set with a finite number of elements and let v > 0 be such that

S C Uy, enB(zi,r), Blzir) :={z eR": |z —a;| <r}.

Let M : R™ — R™™ be a Lipschitz-continuous matrix-valued
Sfunction, with Lipschitz constant Ly, taking symmetric values and
such that M(x;) =X —2qI for all z; € D and for some g > 0. If
q,7, Las are such that q > rLyy, then M (z) < —ql, Vx € S.

Proof: By Lipschitz-continuity of M we have
M(z) = M(zi) + M(x) — M(z;) = M(2i) + |M(x) — M(2:) |1
< M)+ Lle — il <~ (2 1220} 1
r

for an arbitrary z; € D. Then, M (z) <X —qI for all x € B(x;, 7).
The result follows from the fact that S C U, epB(w;, 7). [ |

Proposition 1 implies that if the dataset is composed of a suf-
ficiently fine grid, then the learned properties extend to the points
in between. Hence, we can obtain a valid metric over a compact
set by learning on a finite number of samples. Similar reasoning
can be proposed for the feedback law . Since the estimated metric
is a DNN and g € C?, their product is Lipschitz continuous on
a compact set. Since « is also modeled as a DNN, by selecting
smooth activation functions its Jacobian is continuous. Following
similar arguments to those used in Proposition 1, we can finally
guarantee that a bounded error on a grid translates to a bounded
error on a compact set including it.

VI. ILLUSTRATION

In the following, we apply the proposed algorithm to a leader-
synchronization problem3‘ We consider a network of N = 6 identical
Lorenz attractors. Such systems can present chaotic behavior. Each
agent ¢ = 1,..., N is described by the following dynamics

i1 = a0 —x51) +uy
B0 = x4,1(b — 43) — 5,2 + (2 4 sin(xs,1))ug
Ti3 = i 1T 2 — CT; 3

with &; = (2;.1,%2,24,3) € R? and where a = 10, b = 28, ¢ = %,
guaranteeing the chaotic behavior. We consider the control matrix
g(z) = (1,2 + sin(z;,1),0) to exclude the possibility of feedback
linearizing solutions. The agents communicate with each other fol-
lowing the leader-connected graph represented in Figure 1a. We code
and train our fully-connected DNNs and estimator using PyTorch
[37]. For the metric network, we select an architecture composed
of 4 hidden layers, with size 30, 20, 20, 10 respectively and tanh(-)
activation functions. The output layer passes through a saturation
function as a final activation, limiting the single elements of the

3The code for reproducing the experiments proposed in this sec-
tion can be found at https://github.com/SamueleZoboli/
Control-learning-multiagent-lorenz.git

Algorithm 1 DNN-based controller learning

1: Input: Dataset of (:v ,f(@),g(x), %(:}:) , g—g(@),
DNN p, DNNg;
. while Jp(z,0') #0 do
Train DNNp and the estimator with (18);
end while
: Train the DNN,, with (19);
: Set the distributed law u; = —k Z;\;l £;iDNNq(z;,0").

metric. The second network has 3 hidden layers, with size 30, 20, 10
respectively and tanh(-) activation functions. We select the identity
function as output layer activation function. We select a weight vector
w = (1,10, 10, 20), directing the learning toward positive matrices
first and successively satisfying the Killing-less assumptions and the
contraction condition. We train both the networks and the estimator
using Adam optimizer [38]. The learning rate for the metric network
and the estimator is set as 3 x 1073, while DNN,, uses a learning
rate of 5 x 1073, The DNNs learning rates are scheduled according
to a cosine annealing policy [39], while the estimator one remains
constant. We train the neural metric and the estimator over 100 epochs
(yet stopped after 15 epochs due to the cost reaching 0) and the
second DNN over 200 epochs. For both learning phases (the metric
learning and the integrability learning), the dataset is composed of
2 x 10° samples coming from a Gaussian distribution N (0, 10).
We use 80% of the dataset as the training set, with a batch size
of 512. The remaining 20% is used as test set. We select a kK = 5
and we apply the controller in a noisy-measurements scenario, i.e.,
u; = (x; + v;) where v; ~ N(0,0.2) represents some Gaussian
measurement noise. This allows testing the robustness properties of
the proposed neural control law. Each agents’ initial condition is
randomly sampled from a Gaussian distribution A/(0, 20). Figures
1b and Figure 1c show the controller performances once the DNNs
have been trained. Figure 1b presents the mean and standard deviation
between agents of the norm of the error with respect to the leader
trajectory. Figure lc directly shows the state trajectories of each
agent. As synchronization is achieved, we can see that the DNN
optimized with (18) provides a suitable estimated metric, while the
one trained with (19) effectively learns an approximate primitive
of g(z) " P(x,6'). The parameter estimator provided a decay rate
n ~ 4.7 and p ~ 36.3. From Figure lc it is possible to see that
the agents quickly synchronize, despite having significantly different
initial conditions.

VIlI. CONCLUSIONS

We studied the problem of exponential synchronization of a
homogeneous network of input-affine nonlinear time-varying systems
connected through an undirected graph with the presence of a leader.
We proposed a set of sufficient conditions based on Riemaniann
metrics to design a distributed diffusive coupling state feedback for
every initial condition. Then, we showed that synchronization can
still be achieved under milder assumptions in a smaller domain
of attraction. To relax computational difficulties, we provided an
algorithm based on DNNs for practical implementation and tested
it in a challenging environment. Future studies will consider more
general networks using different Lyapunov functions and/or more
complex analysis tools.
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