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Université Paris Cité, CNRS, Institut Jacques Monod, F-75013 Paris, France

Pierre Sens
Institut Curie, PSL Research University, CNRS UMR 168; F-75005 Paris, France

Farshid Mohammad-Rafiee†

Department of Physics, Institute for Advanced Studies in Basic Sciences (IASBS), Zanjan 45137-66731, Iran and
Research Center for Basic Sciences & Modern Technologies (RBST),

Institute for Advanced Studies in Basic Sciences (IASBS), Zanjan 45137-66731, Iran
(Dated: June, 2022)

Cellular uptake through the lipid membranes plays an important role in adsorbing nutrients and
fighting infection and can be used for drug delivery and nanomedicine developments. Endocytosis
is one of the known pathways of the cellular uptake which associate with elastic deformation of
the membrane wrapping around the foreign particle. The deformability of the membrane itself is
strongly regulated by the presence of a cortical cytoskeleton placed underneath the membrane. It
has been shown that size, shape, and orientation of the particles influence on their entry into the
cell. Here, we study the role of particle local curvature in the cellular uptake by investigating the
wrapping of an elastic membrane around a long cylindrical object with an elliptical cross section.
The membrane itself is adhered to a substrate mimicking the cytoskeleton. Membrane wrapping
proceeds differently whether the initial contact occurs at the particle’s highly curved tip (prolate)
or along its long side (oblate). We obtain a wrapping phase diagram as a function of the membrane-
cytoskeleton and the membrane-target adhesion energy, which includes three distinct regimes of
engulfment(unwrapped, partially wrapped, and fully wrapped), separated by two phase transitions.
We also provide analytical expressions for the boundary between the different regimes which confirm
that the transitions strongly depend on the orientation and aspect ratio of the particle.

I. INTRODUCTION

Internalization of particles is an essential cellular
process by which cells adsorb nutrients and fight
infections[1]. The interaction of nanoparticles with lipid
membranes also provides a broad range of potential ap-
plications in biomedical fields such as chemotherapy,
bioimaging, biosensing, and drug and gene delivery[2–7].
Receptor-mediated endocytosis and phagocytosis are two
prominent pathways of cellular uptake[1]. These com-
plex cellular processes involve energy consumption and
cytoskeleton rearrangement[8, 9]. However, the mechan-
ics and dynamics of internalization can be studied by
simplified theoretical and computational approaches to
provide a quantitative physical model of endocytosis[10–
16]. In most of these approaches, the wrapping process
is considered as the minimization of the total system en-
ergy, including the elastic energy of the membrane and
adhesion energy to the target[17–19] or a substrate[20–
22]. Therefore, for the sake of simplicity, the vast major-
ity of previous papers have studied spherical[17, 23–25]
or cylindrical particles[19–21, 26].
In realistic situations, cells often uptake targets of dif-

ferent shapes[27–31]. For example, cells are capable of

∗ khosravani@iasbs.ac.ir
†
farshid@iasbs.ac.ir

interacting with rod-like bacteria or dumbbell-shaped di-
viding cells. As a result, the subject matter of recent
studies turned to the role of particle shape and orienta-
tion in the wrapping process[11, 32–42], but the results
remain contentious. Some of these studies shown that
the uptake of rod-like particles, with a high aspect ratio,
is less likely than that of spherical particles with simi-
lar size[37, 43], but the opposite behavior has also been
reported from both experiment and simulations[11, 34].
In the case of ellipsoidal particles, Bahrami[41] analyti-

cally found that internalization of these particles depends
on their orientation and is more restrictive than spher-
ical ones. The experimental studies of Champion and
Mitragori also showed that phagocytosis of ellipsoidal
disks depends on their orientation with respect to the
membrane[32]. Engulfment was easiest when particles
contacted the cell through their highly curved tip, and
wrapping was generally incomplete when initial contact
occurred through the particle’s long side. These kind of
experiments indicated that beside the shape of particles
their orientation needs to be studied, as well. Dasgupta
et. al.[38, 39] explained that high aspect ratio particles
with round tip tend enter to the cell from their long
side, while particles with small aspect ratio and a flat
tip, enter from the tip. An MD simulation with sphe-
rocylindrical particles, showed that when these particles
initially have an upright docking position on the mem-
brane, they rotate and first adhere to the membrane from
long side. Then they stand up again and complete the

http://arxiv.org/abs/2206.06843v1
mailto:khosravani@iasbs.ac.ir
mailto:farshid@iasbs.ac.ir


2

a

b

mRL

x

y

t
e
�

er

i

j

t(i)

t(i
+1
)

�(i,i+1)

(b)

d(i)

(a)

i e

FIG. 1. (a) The schematic picture of an infinitely long cylindrical particle with elliptical cross section (pink) engulfed by a
cellular membrane (blue) attached to a non-deformable cytoskeleton substrate (green). The surface tension of the membrane
is denoted by Σ. The ellipse axes in the x and y direction are of length 2a and 2b, respectively. The wrapping angle at the
right and left side of the particle are represented by αR and αL, respectively. t̂ is the tangential unit vector of the ellipse and
the radial and azimuthal unit vectors are shown by êr, and êθ, respectively. (b) a closed view of the bead-spring model of the
membrane.

engulfment when their long axis is perpendicular to the
membrane[44].

One of the essential part of cell’s structure is
an actin network underneath the membrane named
cytoskeleton[45]. The crucial role of the cytoskeleton in
the wrapping process should be considered from two as-
pects. First, it controls the shape of the cell and restrict
the deformation of membrane anchored to it, and second,
it can generate active forces to push the membrane pro-
trusions around the target. The present model focuses on
the first aspect, and considers an inert cytoskeleton on
which the membrane adheres. As such, it is also appro-
priate to study the wrapping of particles by supported
membranes adhered on a substrate.

In a previous paper, we considered the effect of cy-
toskeleton as a fixed substrate under the membrane to
study the wrapping of a long cylindrical particle[20]. In
the present paper, we use the same methodology to study
the impact of the curvature on the target on the wrap-
ping process. For this, we simulate the cellular wrapping
of a long particle with elliptical cross section (Fig. 1).
Because of the translational symmetry along the particle
axis, this case can be considered as a 2D problem. In one
case the particle initially contacts the membrane through
its curved tip (prolate state), and in another case from
its long side (oblate configuration).

In section 2, we present the details of the coarse grained
molecular dynamics model which we used for simula-
tions. In section 3 we summarize the simulation results of
oblate and prolate configurations in two phase diagram
including three distinct regimes (unwrapped, partially,
and fully wrapped) accompanied by two phase transi-
tions. These results show that oblate and prolate el-
lipses have two different phase diagrams. While wrap-
ping is triggered more easily for the oblate ellipse, the
full-wrapped configuration is more favorable for prolate
one. The differences in the phase diagrams is explained
by the theoretical calculations of transitions between the
three regimes.

II. MODEL AND METHODS

The simulations presented in this work are based on a
highly coarse-grained description of the membrane which
we introduced in the previous paper[20]. This model is
appropriate for simulating large scale membranes under
finite tension. In addition, because the model is obtained
form the discretization of the Helfich energy[46], the re-
sults can be easily compared with theoretical calcula-
tions.
The cellular membrane (in blue in Fig. 1) is initially

adhered to a flat cytoskeleton cortex surface (in green).
Owing to adhesion to an external particle (in pink), an in-
finity long cylinder with elliptical cross section, the mem-
brane deforms and wrap around the target. The ellipse
which centered at the origin is characterized as:

x2

a2
+
y2

b2
= 1 (1)

where 2a and 2b are the length of axes in the x and y
direction, respectively. In our simulations, the particle’s
dimension are fixed to 70 σ and 140 σ (where σ is the
simulations unit length scale); therefore the aspect ratio
for the oblate case is D = a

b = 2 and for prolate one
D = 1/2.
The adhesion energy difference (per unit length) with

respect to the initial state can be written as:

∆Ead = −ω
∫

r(α)dα + ωs(ls,L + ls,R) (2)

where ω and ωs denote the particle-membrane and the
cytoskeleton-membrane adhesion energy per unit area,
respectively. The membrane wrapping around the target
is characterized by the wrapping angle α = αR + αL,
where αR and αL are the wrapping angle at the right
and left side of the particle, respectively. ls,L and ls,R
indicate the left and right membrane contour length de-
tached from the cytoskeleton (the contour length between
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the points i and e in Fig. 1(a). One should note that in
principle the wrapping angle can be asymmetric[20] and
therefore ls,L can be different from ls,R.
The elastic energy of the deformed membrane can be

described by the Helfrich energy[46] as

EH =
1

2
κ

∫

a

(2H)2 da+Σ

∫

a

da, (3)

where κ and Σ denote the bending rigidity and the sur-
face tension of the membrane, respectively, and H is the
mean curvature of the membrane. Long particles are
invariant along their long axis which means a single tan-
gent vector, t̂(s), defined at each point of the membrane,
s, suffices for fully characterization of its shape. There-
fore the total deformation energy per unit length of the
particle can be written as

EH
L

=
1

2
κ

∫

s

[

∂st̂(s)
]2

ds+Σ

∫

s

ds, (4)

where ∂st̂(s) indicates differentiation with respect to the
arclength s and L is the length of the cylinder. Conse-
quently, this 1D integral can be discretized as a chain
of beads which connected to each other by a harmonic
spring potential,

Espring =
1

2
Λ
N−1
∑

i=1

[d (i)− d0]
2 . (5)

where d (i) is the bond length, d0 is the equilibrium bond
length, and Λ is the spring’s stiffness. The bending en-
ergy of the membrane preserves as the following potential
between each three connected beads (Fig. 1(b)),

EB =
κ

d0

N−2
∑

i=1

[1− cos (θ (i, i+ 1))] , (6)

where θ(i, i + 1) represents the angle between neighbor-
ing springs. Furthermore, adding a lateral force at the
edges of the membrane reproduces the effect of the mem-
brane surface tension. In this paper, the membrane is
constructed by 1000 monomers, is allowed to move only
in x− y plane, and the excluded volume interactions be-
tween the membrane beads are implemented using the
Weeks-Chandler-Andersen potential

VWCA (rij) =







4ε

[

(

σ
rij

)12

−
(

σ
rij

)6

+ 1

4

]

, rij ≤ rc

0, rij > rc,

(7)

where rc = 21/6 σ, rij is the distance between the ith and
jth beads and ε and σ are the unit energy and length
scale of the simulation, respectively. The diameter of the
membrane’s monomers is R = d0

.
= 1σ.

The cytoskeleton is implemented by 2600 immobile
beads laid underneath the membrane. The elliptical cross

section of the particle is also made of 678 fixed monomers
positioned on the top of the membrane. The distance
between the monomers forming the cytoskeleton or the
ellipse is taken to be 0.5 σ to simplify the reptation of the
membrane on the cytoskeleton.
Both the membrane-cytoskeleton and the membrane-

particle interactions are modeled with the following po-
tential:

V (rij) =



















4λk

[

(

σ
rij

)12

−
(

σ
rij

)6
]

, rij < rc

−λk cos2
[

π
2ζ (rij − rc)

]

, rc ≤ rij ≤ rc + ζ

0, rij > rc + ζ,

(8)

where λk, in the unit of the energy, denotes the strength
of the ligand-receptor interactions (k = 1 corresponds
to the membrane-target, and k = 2 corresponds to the
membrane-cytoskeleton), and ζ = 0.5 σ. The values of
the average adhesion energy per unit length σ between
the membrane and cytoskeleton (ωs) and between the
membrane and the particle (ω) can be tuned by varying
λ1 and λ2.
Our Molecular Dynamics (MD) simulations were per-

formed at the constant temperature kBT = 1.0ε, with
the Langevin thermostat, and using ESPResSo[47]. The
time step in the Verlet algorithm and the damping con-
stant in the Langevin thermostat were set δt = 0.01τ0

and Γ = τ−1

0
, respectively, which τ0 =

√

mσ2

ε is the MD

time scale and m is the monomer mass.

III. RESULTS

A. Numerical results

To investigate the role of the particle’s local curvature
in the wrapping process we study the cases where the el-
lipse is introduced to the membrane from its narrow tip
(prolate configuration) or its long side (oblate configu-
ration). The results of these two configurations can be
compared with the results of a cylindrical particle[20].
In summary our model contains two membrane elas-

tic parameters (bending rigidity κ and surface tension
Σ), two adhesion parameters (cortex and target adhe-
sion energies ωs and ω), and one geometrical parameter
(aspect ratio D). We fixed the values of Λ = 5000 ε/σ2,
κ = 20 ε, and Σ = 1.5 ε/σ2, and investigate the wrap-
ping process as a function of the cortex adhesion en-
ergy ωs = [0.65 − 3.63] ε/σ2 and the target adhesion
energy ω = [0.65 − 11.30] ε/σ2. For this, we change
the values of λ1 and λ2 in the range of [0.3 − 1.2] ε
and [0.3 − 3.5] ε, respectively. Considering σ = 3nm
as the thickness of a lipid membrane, and ε = 1 kBT
the mentioned values corresponds to κ = 60 kBT , Σ =
0.17 (kBT/nm

2), ωs = [0, 072 − 0.4] (kBT/nm
2), and

ω = [0, 072− 1.26] (kBT/nm
2).

After a sufficient number of MD steps, the system
reaches an equilibrium state where the representing pa-
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FIG. 2. The results of a typical simulation of a prolate ellipse corresponding to ωs = 2.30 ε/σ2 and ω = 7.28 ε/σ2. Time
evolution of (a) the total energy (blue), membrane-cytoskeleton adhesion energy (green) and membrane-target adhesion energy
(red); (b) the total (blue), left (red) and right wrapping angles (green). Panels (c) to (e) represent the distribution of the total,
the left, and the right wrapping angles in the steady-state, respectively. Panel (f) display a typical snapshot of the membrane
conformation in the equilibrium state. More simulation results for both prolate and oblate configurations can be found in Fig.
S.1.

rameters of the system fluctuate around their equilibrium
values. The equilibrium state of the system can be spec-
ified by looking at the time variation of the energies, and
the wrapping angles of the particle. Fig. 2 represents the
results of a typical simulation of a prolate ellipse corre-
sponding to ωs = 2.30 ε/σ2 and ω = 7.28 ε/σ2 (see also
Fig. S.1). Panel (a) shows the time course of the total
system’s energy ( blue), the membrane-particle adhesion
energy (red), and the membrane-cytoskeleton adhesion
energy (green). Panel (b) represents the total (blue), left
(red) and right (green) wrapping angles. Panels (c) to (e)
represent the distribution of the total wrapping angle, α,
the left side , αL, and the right side of the particle, αR,
when the system is equilibrated. Corresponding to the
panels (c) to (e), these distributions are Gaussian which
are in agreement with thermal fluctuation of energies,
and wrapping angles in the panels (a) and (b). A typi-
cal snapshot of the membrane conformation around the
prolate ellipse is displayed in the panel (f).

The results of the simulations are summarized in Fig.
3. In Fig. 3(a) the equilibrium wrapping angle, α =
αR + αL, is represented as a function of the target ad-
hesion energy, ω, for different values of the cytoskeleton

adhesion energy, ωs, in the prolate and oblate configura-
tions. The phase diagram of the systems as a function
of ω and ωs are shown in Fig. 3(b). For small values of
ω, the system is in the unwrapped regime (U). Beyond
a threshold value ωu, which increase with ωs, the mem-
brane stably wraps around the target and the equilibrium
wrapping angle increases continuously with the target ad-
hesion, ω. This is the partially wrapped regime (P ) and
it is nearly symmetric on the left and right sides. Beyond
yet another threshold value, ωf , which also increases with
ωs, another transition happens and the particle is fully
wrapped by the membrane, the fully-wrapped state (F ).
In this regime, the left and right angles can be asymmet-
ric.

Fig. 3 shows that the wrapping behavior is strongly
influenced by the particle’s orientation. The threshold
value of the adhesion energy for partial wrapping, ωu, is
smaller in the oblate case than in the prolate case. This
means that in the early stages of the cellular wrapping,
adhesion is easier for particles with smaller curvatures.
In the partially wrapped regime on the other hand, the
wrapping angle increases sharply with the adhesion en-
ergy ω in the prolate case, while it remains confined to
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FIG. 3. (a) Variation of the wrapping angle as a function of ω for different values of ωs in the case of oblate (left) and prolate
(right) configuration of the object. (b) Wrapping phase diagrams of the particle in the phase space of ωs and ω. The color
bar shows the extent of wrapping angle (in degrees). There are three distinct regimes: unwrapped (U), partially wrapped (P),
and fully wrapped. The dotted lines corresponds to the transition to a partially wrapped state (Eq. 12) while the dashed lines
represent the theoretical value of ω in transition to the fully wrapped state (Eq. 23).

half wrapping (α ≃ 180◦) for a broad range of ω in the
oblate case. In fact, α is always larger in the oblate case
for α < 180◦ and is always larger in the prolate case
when α > 180◦. These results are in agreement with
the simulations done by Huang et. al [44], where they
showed that spherocylindrical particles tend to first ad-
here to the membrane from long side, then they stand
up again and complete the engulfment when their long
axis is perpendicular to the membrane. Our simulations
show that, all parameters being same, the full wrapping
threshold values ωf is smaller in the prolate case than in
the oblate one.

It should be noticed that the MD simulations have
been used to find the equilibrium conformations of the
membrane, which corresponds to the minimum energy of
the system. Although we considered a 2D case, a very
long particle, our results regarding the role of local cur-
vature on the wrapping process can be expanded to real
cases in 3D like phagocytosis, endocytosis, and viral in-
fection. However, these results still can be compared to

the semi two dimensional experiments done by Champion
et. al [32].

B. Analytical results

In the following sections, we calculate the analytical
expression for the two threshold values ωu and ωf . Here,
we focus on the partially wrapped regime and assume
that the left and right sides are nearly symmetric, so we
can write αR = αL = θ and ls,R = ls,L = ls.

1. Unwrapped-partial wrapped (U-P) transition

The transition from the unwrapped regime to the par-
tial wrapped state (U − P transition) can be described
analytically by expanding the total energy of the system
for small wrapping angles θ ≪ 1. In general, the total
energy of the system can be divided in two main parts:
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the cap (in contact with the target) and the free part (the
part which the membrane is neither in contact with the
target, nor with the cytoskeleton). At the U − P transi-
tion, the wrapping angle is zero, θ = 0. As shown in the
appendix (Eq. (A8)), the particle’s local radius of cur-
vature at this point is reff = a2/b = Da. At the U − P
transition, this radius can be considered as the effective
radius of a cylinder and be substituted into the analyt-
ical expression obtained in [20] and briefly summarised
below. The contributions of the cap and free parts to the
energy difference (per unit length of the particle) with
respect to the reference state, for which the membrane is
fully adhered to the cytoskeleton, are:

∆Ecap =
κθ

reff
+ 2Σθreff

(

1− sin θ

θ

)

+ 2(ωs − ω)reffθ,

(9)
and

∆Efree = 2×
∫ S

0

ds
[κ

2
ψ̇2 +Σ(1− cosψ) + ωs

]

, (10)

where ψ̇ = dψ
ds , and S represent the total contour length

of the membrane in the free segment. For small α, the
energy difference of the system per unit length of the
particle has a general form as

∆E =
κ

reff

[

A1θ +A2θ
3
]

, (11)

where A1 and A2 are functions of physical parameters of
the system and can be found in explicit form in ref. [20].
The wrapping angle can be found by minimizing Eq. (11)
with respect to θ. We note that when A1 becomes zero,
the transition from the unwrapped regime to the partial
wrapped regime happens. Using this criterion, we find
a threshold for the membrane-target adhesion energy for
unwrapped-partial wrapped transition as

ωu =
κ

2D2a2

[

(

1 +
√

D2ω̄s

)2

+

4

9

(

(

1 + 3
√

D2ω̄s

)3/2

− 1

)]

, (12)

where ω̄s is defined as ω̄s ≡ 2ωsa
2

κ . This transition is
indicated by the dotted lines separating the unwrapping
region from the partial wrapping region in Fig. 3 (b).

2. Partial wrapped-full wrapped (P-F) transition

In order to understand the transition from the partial
wrapped to the full wrapped state (P−F transition), first
we need to derive the force (per unit length) acting on
the membrane by calculating energy changes associated
to infinitesimal membrane displacements. The general-
ized force per unit length of the cylinder acting on the

membrane, ~F , is given by[20, 21]

~F (s) =

[

1

2
κψ̇2 − (Σ + ωs)

]

t̂(s) + κψ̈ n̂(s), (13)

where ψ̈ is ∂
2ψ
∂s2 . At the equilibrium, the total force acting

on each segment of the membrane should be zero, which

means that ~F (s) does not depend on s and is constant.

By decomposing ~F in x and y directions, we can write

κ

2
ψ̇2 − (Σ + ωs) = Fx cosψ + Fy sinψ. (14)

Using Eq. (14) and the boundary conditions at point e,

ψe = 0 and ψ̇e =
√

2ωs

κ [48], the horizontal component of

the force can be determined as

Fx = −Σ. (15)

The vertical component of the force can also be derived
by applying the boundary condition at point m, ψm and
ψ̇m, in Eq. (14)

Fy =
1

sinψm

[κ

2
ψ̇2

m − Σ(1− cosψm)− ωs

]

, (16)

where ψ̇m can be found as[48]

ψ̇m =
[

C(θ) −
√

2ω/κ
]

=

[

D2

a

(

D2 + tan2 θ

D4 + tan2 θ

)3/2

−
√

2ω/κ

]

, (17)

where we replaced C(θ) from Eq. (A8). Fig. 4(c) repre-
sents the behavior of Fy with respect to θ, corresponding
to the different values of ω in the simulation. This force
is constant for large enough values of θ in both prolate
and oblate cases. It means that for large enough values
of θ both vertical and horizontal components of the force
at the free part of the membrane remain constant.
Inspection of the membrane shape in Fig. 2 and Fig.

4(a) (see also Fig. S.1) shows that when the wrapping
angle is large, there is a region of the free membrane
segment where the angle ψ is constant, named ψ0, which
implies ψ̇|ψ0

= 0 and ψ̈|ψ0
= 0. As the force F must be

constant through the contour length at the equilibrium,
its vertical and horizontal components can be written in
terms of ψ0 as

Fy = −(Σ + ωs) sinψ0,

Fx = −(Σ + ωs) cosψ0. (18)

Therefore we have Fy/Fx = tanψ0 and considering Eq.
(15), we can write the following equations

cosψ0 =
Σ

Σ+ ωs
; tanψ0 = −

√

ω2
s + 2Σωs
Σ

. (19)

These equations shows that increasing the wrapping an-
gle dos not change the angle of the force (consequently
the angle of the membrane) in the free part (Fig. 4(b)).
On the other hand, the angle of the membrane at the de-
tachment of the target, ψm, is an increasing function of
the wrapping angle(Eq. (A7)). The P −F transition oc-
curs when ψ0 = ψm. Therefore by substituting Eq. (19)
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FIG. 4. Quantification of the wrapping for the two particle orientations: prolate (top) and oblate (bottom). (a): The vertical
component of the acting force on the membrane, Fy, as a function of θ, corresponding to the different values of ω in the
simulation. (b) : The average angle of the free membrane segment (where the membrane is neither attached to the particle
nor to the cytoskeleton, see panel (c)). The graphs have been translated along the vertical axis to avoid overlaps. (c): Typical
snapshots of the membrane conformation in the the partially wrapped regime.

into Eq. (A7), we can determine the transition angle θf
as

tan θf = −D2

√

ω2
s + 2Σωs
Σ

, (20)

this equation extends the one of a cylindrical object with
D = 1[20]. The full wrapped regime occur in α = 2θf .
Now, the vertical component of the force can be writ-

ten as

Fy = −Σ tanψ0 =
1

sinψ0

[κ

2
ψ̇2

m − Σ(1− cosψ0)− ωs

]

.

(21)
Using Eq. (19) and some manipulation we have

2(Σ + ωs) =
κ

2
ψ̇2

m. (22)

By substituting ψ̇m from Eq. (17) and using Eq. (20),
the membrane-target adhesion energy for partial-full
wrapped transition can be found as

ωf =
κ

2a2

[

√

2
(

Σ̄ + ω̄s
)

+

(

Σ̄2 +D2(ω̄2
s + 2Σ̄ω̄s)

)3/2

D(Σ̄ + ω̄s)3

]2

,

(23)

where Σ̄ and ω̄s are defined as Σ̄ ≡ 2Σa2

κ , ω̄s ≡ 2ωsa
2

κ , re-
spectively. This equation confirms the cylindrical equa-
tion with D = 1[20]. This transition is shown as a dashed
line in Fig. 3(b).

The energy of the system in the full wrapped regime is
degenerate[20], and the left and right angles can fluctuate
between θf and 2π − θf which means the engulfment
can be asymmetric (see Fig. S.1). The P-F transition
angle, α = 2θf , (Eq. (20)) for the oblate configuration
is α ≃ π, while for the prolate case it is mostly close to
2π. As a result, the membrane in oblate configuration
is more likely to be asymmetric than in the prolate one.
Moreover, because there is an energy barrier in the highly
curved tips, if the membrane could pass just one of tips
it will engulf the whole particle.

IV. DISCUSSION AND CONCLUSION

In this paper, we used a 2D coarse-grained model of
lipid membranes to investigate the impact of local curva-
ture of particles in the wrapping process. This model is
constructed, by discretization of the Helfrich energy. Us-
ing this model we studied the engulfment of a very long
cylindrical nanoparticle with elliptical cross section. The
lipid membrane itself is adhered to a planar substrate
mimicking the cortical cytoskeleton. To understand the
role of local curvature, we have studied a system with
two different orientations of the particle: in one case
the object is placed upon the membrane from its long
side (oblate configuration), and in the second case it is
introduced to the membrane from its highly curved tip
(prolate state). While the elastic parameters of the mem-
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brane are fixed, the competition between the membrane
adhesion energy with the target (characterized by the
parameter ω) and with the cytoskeleton (parameter ωs)
defines three distinct regimes of engulfment, separated
by two phase transitions (see Fig. 3).

The target remains unwrapped (U) by the membrane
if ω < ωu, given by Eq. (12). Owing to the high cur-
vature at the tip the values of ωu in the prolate case is
larger than the oblate configuration (Eq. (12)). This
means that in the initial stages of phagocytosis, wrap-
ping of particles with small curvature is easier than the
particles with high curvature. For ω > ωu the particle
is partially engulfed (P) and the wrapping angle contin-
uously grow with increasing ω. In the partially wrapped
regime, the prolate case shows a more rapid progression
of the wrapping angle with the adhesion energy than the
oblate one. The target is fully engulfed (F) by the mem-
brane if ω > ωf , given by Eq. (23).

Both threshold target adhesion energies ωu and ωf are
depends on the shape and the local curvature of the ob-
ject, given by the aspect ratio D. Both ωu and ωf are
increasing functions of the cytoskeleton adhesion energy
ωs and of the membrane bending rigidity κ. Although the
full critical adhesion ωf strongly depends on the mem-
brane tension, the partially wrapping threshold is insen-
sitive to membrane tension.

It is worth mentioning that cellular processes such as
phagocytosis are strongly dependent upon actin polymer-
ization and myosin motor proteins. While one can add
these forces to the simulation[49, 50], the results can be
anticipated by the current model. In the prolate case,
the active forces coming from the cytoskeleton can con-
tinuously grow around the particle and assist the wrap-
ping process. On the other hand, in the oblate case, the
active forces coming from the cytoskeleton must experi-
ence a strong directional change at the highly curvature
tips. This directional change consumes even more en-
ergy and increase the values of ωf for oblate case. It
also should be mentioned that phagocytosis strongly de-
pends on the diffusion time of the phagocytic receptors
and if during a specific time the process can not be com-
pleted these receptors will diffuse and the particle can
not be internalized[9, 51]. Although the present model
is a purely equilibrium one without kinetics, one can in-
fer from the dependence of the wrapping angle with the
adhesion energy that there exists a high energy barrier
associated with wrapping the highly curved sides in the
oblate case, while such barrier is absent for the prolate
case. In the latter case, diffusing receptors on the cell
membrane can be expected to find ligands on the parti-
cle easily, while in the former case, there is a bottleneck
around the highly curvature tip which makes the process
less likely. These results are in agreement with experi-
mental results of Champion et. al [32], where they ob-
served that the ellipsoidal disks which were introduced
to neutrophils by their tips could completely be engulfed
after three minutes. But, even after 110 minutes, these
particles could not enter to cells when they were intro-

duced to neutrophils by their long sides. One possible ex-
tension to bring the active forces to this model is to tune
the adhesion between the membrane and the target, ω, as
the function of the wrapping angle and over time. This
provides an extra force that can help to overcome the
U-P and P-F thresholds. Such a similar method can also
be used for the membrane-cytoskeleton adhesion energy,
ωs, to describe the reorganization of the cytoskeleton over
the wrapping process.
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Appendix A: Curvature of the ellipse

Here we derive the equation of the curvature at the
membrane-target detachment point. According to Fig.
1, the Cartesian components x and y can be written as,

{

x = r(θ) sin θ
y = −r(θ) cos θ . (A1)

By replacing Eq. A1 in Eq. 1 the ellipse is described as,

~r(θ) =
ab

√

b2 sin2 θ + a2 cos2 θ
êr, (A2)

where êr and êθ are the radial and azimuthal unit vectors,
written as

{

êr = î sin θ − ĵ cos θ

êθ = î cos θ + ĵ sin θ
. (A3)

By differentiation of ~r(θ) with respect to the contour
length, s, the tangent unit vector of the ellipse can be
calculated as,

t̂ = ∂s~r =
d~r

dθ

dθ

ds

=
a sec θ√

D2 + tan2 θ

[

(D2 − 1) tan θ

(D2 + tan2 θ)
êr + êθ

]

dθ

ds
, (A4)

where ds is written as,

ds = |d~r
dθ

|dθ

=
a sec θ√

D2 + tan2 θ

[

(D2 − 1)2 tan2 θ

(D2 + tan2 θ)2
+ 1

]1/2

dθ. (A5)
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By replacing dθ
ds from Eq. A5 in Eq. A4 the tangent unit

vector of the ellipse can be described as a function of the
wrapping angle θ as

t̂ =

[

(D2 − 1)2 tan2 θ

(D2 + tan2 θ)2
+ 1

]−1/2 [
(D2 − 1) tan θ

(D2 + tan2 θ)
êr + êθ

]

,

(A6)
Using Eq. A3, one can find the angle of the membrane at
the point m where it detaches from the ellipse (see Fig.
1(a)),

cosψm = t̂ · î = D2

√
D4 + tan2 θ

,

tanψm = tan θ/D2. (A7)

where ψ is the angle between the tangent vector of the
membrane and the x axis. The local curvature of the el-
lipse as a function of the wrapping angle can be found by
differentiation of t̂(θ) with respect to the contour length:

C(θ) = ∂st̂ =
D

b

[

D2 + tan2 θ

D4 + tan2 θ

]3/2

. (A8)
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FIG. S.1. Simulation results of oblate (top) and prolate (bottom) configurations, for different values of the membrane-target
adhesion energy, ω, with ωs = 1.98ε/σ2. In the oblate configuration, the values of membrane-target adhesion energy from
panels I to IV are ω = 2.80, 5.29, 7.28, 7.62ε/σ2, respectively, and for the prolate case are ω = 5.29, 5.95, 6.95, 7.28ε/σ2. Time
evolution of (a) the total energy (blue), membrane-cytoskeleton adhesion energy (green) and membrane-target adhesion energy
(red); (b) the total (blue), left (red) and right wrapping angles (green). Panels (c) to (e) represent the distribution of the total,
the left, and the right wrapping angles in the steady-state, respectively. Panel (f) shows a typical snapshot of the membrane
conformation in the equilibrium state.


