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In superconductors, electrons with spin s ¼ 1=2 form Cooper pairs whose spin structure is usually
singlet (S ¼ 0) or triplet (S ¼ 1). When the electronic structure near the Fermi level is characterized by
fermions with angular momentum j ¼ 3=2 due to strong spin-orbit interactions, novel pairing states such as
even-parity quintet (J ¼ 2) and odd-parity septet (J ¼ 3) states are allowed. Prime candidates for such
exotic states are half-Heusler superconductors, which exhibit unconventional superconducting properties,
but their pairing nature remains unsettled. Here, we show that the superconductivity in the non-
centrosymmetric half-Heusler LuPdBi can be consistently described by the admixture of isotropic
even-parity singlet and anisotropic odd-parity septet pairing, whose ratio can be tuned by electron
irradiation. From magnetotransport and penetration depth measurements, we find that carrier concen-
trations and impurity scattering both increase with irradiation, resulting in a nonmonotonic change of the
superconducting gap structure. Our findings shed new light on our fundamental understanding of
unconventional superconducting states in topological materials.

DOI: 10.1103/PhysRevX.11.041048 Subject Areas: Condensed Matter Physics
Superconductivity

I. INTRODUCTION

Half-Heusler materials, RPtBi and RPdBi, where R is a
rare-earth element, are of notable interest as they can
provide a new platform for topological phenomena
[1–3]. Their outstanding feature is that the strength of
the spin-orbit interaction (SOI) is controllable by changing
the constituent elements. When the SOI is strong enough,
the s-like conduction band is pushed down, and near the
Fermi level, the Γ8 band having fourfold degeneracy at the
Γ point forms a p-like band with total angular momentum
j ¼ 3=2. Related to this strong SOI, several nontrivial
topological phenomena, such as the Dirac surface state [4],

the anomalous Hall effect [5], chiral anomaly [6], and the
planar Hall effect [7], have been reported experimentally.
Recently, superconductivity has been reported in half-

Heusler materials [8–12], even though they have very low
carrier densities, typically of the order of 1018–1019 cm−3.
Since the crystal structure of half-Heusler materials has no
inversion center [Fig. 1(a)], they are classified as non-
centrosymmetric superconductors having spin-split Fermi
surfaces (FSs). In such superconductors with no inversion
center, even-parity and odd-parity pairing states are allowed
to admix [13–15], which has been experimentally shown by
the contrasting superconducting gap structures in Li2Pd3B
and Li2Pt3B with different SOI [16,17]. Furthermore, in
half-Heusler superconductors, j ¼ 3=2 fermions form a
pairing bound state, and thus Cooper pairs with not only
standard even-parity singlet (J ¼ 0) and odd-parity triplet
(J ¼ 1) states but also even-parity quintet (J ¼ 2) and odd-
parity septet (J ¼ 3) states [18,19]. While experimental
studies on YPtBi have reported spin-split FSs and a
superconducting gap structure with line nodes [12,20],
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the pairing symmetries of half-Heusler superconductors are
still under debate [18,21–25].
The possible on-site pairing states in the Td point group

can be classified into an s-wave A1 singlet state or d-wave
E and T2 quintet states [18]. In the A1 pairing state, the
inversion symmetry breaking leads to an admixture of
s-wave singlet and p-wave septet states. When the odd-
parity p-wave component is sufficiently large, the super-
conducting gap structure becomes very anisotropic, having
line nodes. In this case, the line nodes are not protected by
the symmetry, and their positions can be shifted by the ratio
of the even- and odd-parity components. Here, for the odd-
parity component, the p-wave septet pairing is more
favorable than the triplet one, which is expected to have
a higher-momentum f-wave symmetry [18]. In the E and
T2 pairing states, time-reversal symmetry-breaking states
with a nodal gap structure become energetically stable. In
this case, the nodes are protected by the d-wave symmetry
of the order parameter. In previous studies [12], however, it
has not been clarified whether the nodes in the super-
conducting gap are symmetry protected or not. We note that
such a nodal singlet-septet state and time-reversal

symmetry-breaking E or T2 states can have different exotic
topological properties [25–28]. Moreover, recent theoreti-
cal studies have suggested other types of possible topo-
logical superconducting states with s-wave singlet and
d-wave quintet components [23,24]. Therefore, it is impor-
tant to clarify the pairing state in half-Heusler super-
conductors for both fundamental and applied research.
In mixed-parity states, the amplitude of the odd-parity

superconducting gap component is proportional to the
antisymmetric SOI (ASOI) vector gk relevant for the
superconducting pairing [14]. Here, jgkj is proportional
to jkj in the low-energy limit. This property indicates that if
the Fermi wave number kF is increased by carrier doping,
the odd-parity gap component is enhanced, which makes
the superconducting gap more anisotropic. Each of the two
split FSs has the odd-parity (p-wave) anisotropic gap with
the opposite sign, in addition to the even-parity (s-wave)
isotropic gap with the same sign. Thus, the superconduct-
ing state may exhibit a multigap behavior when the
anisotropic component is large enough. For instance, the
gap on one FS has nodes at certain k points, and the other
FS is fully gapped. On the other hand, when nodes are
protected by superconducting symmetry as in the E or T2

pairing states, the carrier doping has little influence on the
gap anisotropy. Thus, in this study, we focus on the carrier
doping effects and the multigap properties to discuss the
pairing state of the half-Heusler superconductor LuPdBi
with the highest superconducting transition temperature
Tc ≈ 1.8 K among half-Heusler superconductors [9,10].
We use high-energy electron irradiation to tune carrier

concentrations in a controlled way by introducing non-
magnetic Frenkel pairs, which are known to act as donors
or acceptors that shift the chemical potential in materials
with low carrier density [29,30]. On the other hand, it is
expected that the Frenkel pairs also act as nonmagnetic
scatterers [31–36], and the introduced impurity scattering
makes the superconducting gap more isotropic [31,34].
Therefore, we need to consider two conflicting effects of
irradiation on the superconducting gap structure, carrier
doping and impurity scattering effects, which can be
evaluated independently from magnetotransport measure-
ments. We find from magnetic penetration depth measure-
ments that the gap structure in LuPdBi changes from
nodeless to nodal, and then to nodeless again, by increasing
the irradiation dose, which can be semiquantitatively
explained by the singlet-septet pairing state, taking into
account the above two effects.

II. METHODS

Single crystals of LuPdBi were grown from Bi-flux
using elemental constituents in a 1∶1∶12 atomic ratio as
described in detail in Ref. [9]. The crystals were found to be
homogeneous and free of foreign phases, with the chemical
compositions very close to the ideal one (see the
Appendix B). The excellent quality of the crystals was also

FIG. 1. Crystal and electronic structures of LuPdBi. (a) Crystal
structure of the half-Heusler superconductor LuPdBi. (b) Ab initio
calculations of the band structure near the Fermi energy EF. The
green and red lines are Γ8 and Γ6 bands, respectively. (c) Enlarged
view of the calculated band structure near the Γ point [dashed
square in (b)]. The horizontal purple, light-blue, green, red, and
brown dashed lines represent chemical potentials obtained from
the carrier densities in the pristine, 3.13, 5.28, 8.44, and
11.61 C=cm2 irradiated samples, respectively. The red arrow
illustrates the shift of the chemical potential caused by electron
irradiation. (d) Fermi surfaces calculated from the k · p Hamil-
tonian [Eq. (1)] with chemical potential u ¼ 0.1 eV. Orange and
blue surfaces are the outer and inner spin-split FSs, respectively.
Black dots represent the points where the split size of two FSs
becomes zero.
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confirmedbyobservationof Shubnikov–deHaas oscillations
in temperatures up to 10 K [9]. For the magnetic penetration
depth measurements, the samples were cut into a platelike
shape with typical dimensions of 350 × 350 × 50 μm3.
We have calculated the band structure of LuPdBi using the

WIEN2k implementation [37] of the full-potential linearized
augmented plane-wave method with the modified Becke-
Johnson exchange-correlation potential [38], including the
spin-orbit coupling. The muffin-tin radii (RMT) of 2.5 bohr
was used, and the maximum modulus for the reciprocal
vectors Kmax was chosen such that RMTKmax ¼ 7.0. The k-
pointmeshwas taken to be 10 × 10 × 10 in the first Brillouin
zone. The cubic lattice constant a was set to be 657 pm.
Electron irradiation was done by using the SIRIUS

Pelletron linear accelerator operated by the Laboratoire
des Solides Irradiés (LSI) at École Polytechnique, with an
incident electron energy of 2.5 MeV [31]. The samples
were kept at about 20 K in a liquid hydrogen bath during
the irradiation to prevent defect migration and agglomer-
ation. Since the penetration range of the irradiated electrons
in LuPdBi was about 1.8 mm, which is much longer than
the sample thickness, the point defects were introduced
homogeneously. Partial annealing of the introduced defects
occurred upon warming to room temperature and during
the sample transfer.
The temperature dependence of zero-field resistivity was

measured by the standard four-probe method in a 3He
refrigerator with an ac current of less than 100 μA. The
electrical contacts were made on the surface by using silver
paste. The magnetoresistance and Hall effect down to 2 K
were measured using a Physical Property Measurement
System (PPMS) from Quantum Design in magnetic fields
up to 9 T. The applied ac current was 2mA. The longitudinal
resistivity was measured by the standard four-probe or van
der Pauw methods, and the Hall resistivity was measured by
attaching the electrical contacts to make the voltage wirings
perpendicular to the current wirings. For the Hc2 measure-
ments, we used the standard four-probe method and a
dilution refrigerator that can reach down to about
100 mK. The applied ac current was reduced to less than
3.16 μA to avoid Joule heating. The irradiated samples for
the Hc2 measurements were cut from the same crystal with
the pristine crystal (No. 1).
The temperature dependenceof the change in themagnetic

penetration depth ΔλðTÞ≡ λðTÞ − λð0Þ was measured
down to 40 mK using a tunnel diode oscillator technique
with a resonant frequency of about 13.8 MHz in a dilution
refrigerator. The frequency shift was given by ΔfðTÞ ¼
−½f0Vs=2Vcð1 − NÞ�ΔχðTÞ, where f0 is the resonant fre-
quencywithout the sample,Vs andVc are the sample and coil
volumes, respectively, N is the demagnetization factor,
and ΔχðTÞ is the shift of the magnetic susceptibility in the
SI base units. With the characteristic sample size R,
χ ¼ ðλ=RÞ tanhðR=λÞ − 1, from which we can calculate

the ΔλðTÞ [39]. For the penetration depth measurements,
we used different crystals for the pristine, 3.13, and
8.44 C=cm2 irradiated samples, and the 3.13 C=cm2

(8.44 C=cm2) irradiated sample was subsequently irradiated
to 5.28 C=cm2 (11.61 C=cm2) after the measurements.

III. RESULTS

A. Electronic structure

Our ab initio calculations of the electronic structure
reveal that the Γ8 band formed by j ¼ 3=2 fermions
dominates near the Fermi energy EF [Fig. 1(b)], which
confirms that LuPdBi gives a platform of the j ¼ 3=2
superconductivity. To model the Γ8 band, we use a low-
energy j ¼ 3=2 k · p theory [12,18], and the effective
Hamiltonian can be written as

H ¼ αk2 þ β
X
i

k2i J̆
2
i þ γ

X
i≠j

kikjJ̆iJ̆j

þδ
X
i

kiðJ̆iþ1J̆iJ̆iþ1 − J̆iþ2J̆iJ̆iþ2Þ; ð1Þ

where i ¼ x, y, z and iþ 1 ¼ y for i ¼ x etc., and J̆i are the
matrix representations of the j ¼ 3=2 angular momentum
operators. This effective Hamiltonian reasonably reproduces
the low-energy results of ab initio calculations (see
Appendix A), confirming that the effective k-linear relation
of the ASOI term is applicable. In real materials, impurities
inevitably present cause a chemical potential shift [Fig. 1(c)],
and an example of the spin-split FSs with the chemical
potential of −0.1 eV is shown in Fig. 1(d). The split size of
FSs is zero for the [100] and its equivalent directions [black
points inFig. 1(d)], and largest for the [111] and its equivalent
directions.
The carrier density nH and the normalized carrier mobility

μðϕÞ=μð0Þ as a function of the electron irradiation dose ϕ
estimated from magnetotransport measurements (see
Appendix D) in pristine and electron-irradiated LuPdBi
samples are shown in Fig. 2(a). The positive Hall coefficient
and the increase of nH indicate that the irradiation shifts the
chemical potential downward [Fig. 1(c)], making the volume
of the hole FS as well as kF larger. The rigid band picture is
supported by the small defect density, estimated to be of the
order of 0.001 d.p.a. (displacements per atom) in the most
irradiated crystal in this study. We also note that the FS
volume is always less than 1% of the Brillouin zone, which
implies that the low-energyk · p theory can be applied to the
present system.

B. Superconducting transition and upper critical field

The change in the magnetic penetration depth ΔλðTÞ
normalizedby thevalue atTc is shown inFig. 2(b) for pristine
and electron-irradiated samples. The superconducting tran-
sition temperatures Tc of irradiated samples determined by
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the onset of ΔλðTÞ fall within �15% of that of the pristine
one, which is consistent with the resistivity measurements
[Fig. 2(c)]. Near Tc, the penetration depth is expected to
become comparable to the sample size because λð0Þ in the
low-carrier half-Heusler superconductors is several μm long
[9,40].Owing to this size-limiting effect, the shape irregularity
and small inhomogeneity inevitably present in the sample tend
tomake the transitions nearTc relatively broad comparedwith
the resistive transitions [12], and sometimes, a shoulderlike
structure can be found in ΔλðTÞ. At sufficiently low temper-
atures T ≪ Tc, however, such a size-limiting effect is not an
issue, and thus we focus on the low-temperatureΔλðTÞ in the
next section to discuss the gap structure in LuPdBi.

Figure 2(d) shows the reduced upper critical field
normalized by the initial slope, Hc2=Tc · jdHc2=dTj−1Tc

, as
a function of reduced temperature, T=Tc, in the pristine and
irradiated samples. We find two characteristic features in
Fig. 2(d). First, the normalized upper critical fields in all
samples show an upward curvature in the whole T range,
which is in contrast with the conventional Werthamer-
Helfand-Hohenberg (WHH) temperature dependence.
There are several possible origins giving rise to an upward
curvature in Hc2ðTÞ, such as multigap effects [41], strong
coupling effects [42], the coexistence of superconductivity
and ferromagnetism [43], and critical spin fluctuations [44].
Considering that LuPdBi is a nonmagnetic material with
split FSs, the effect of the multiband is the most plausible to
explain the upward curvature in the present case. Second, at
the lowest temperatures, Hc2 values for some samples
exceed the Pauli limit estimated from the simple BCS
theory (see Appendix E). This high Hc2 is consistent with
the existence of the odd-parity pairing component, but
other sources may enhance the Pauli limit from the BCS
value, including strong coupling superconductivity and
spin-orbit scattering. Thus, this alone cannot be taken as
decisive evidence for the odd-parity pairing in LuPdBi.

C. Irradiation effects on superconducting gap structure

Next, we discuss ΔλðTÞ at low temperatures, which
directly reflects the superconducting gap structure. In the
case of the pristine sample, ΔλðTÞ between 0.05Tc and
0.2Tc shows quasilinear T dependence, while below about
0.07Tc, it deviates from the linear behavior and shows a
saturation [Fig. 3(a)] that can be approximated as about
T3.5. This saturating behavior with a high exponent
indicates a fully gapped state with small gap minima.
By fitting the data below 0.07Tc with a fully gapped
model, Δλ ∝ T−1=2 expð−Δmin=kBTÞ, where Δmin is the
minimum gap and kB is the Boltzmann constant, we obtain
Δmin ¼ 0.24kBTc, which is much smaller than the BCS
value of 1.76kBTc. We note that between about 0.07Tc and
0.13Tc, we find sublinear temperature dependence of
ΔλðTÞ, which is similar to the case when the system is
close to transitions between different types of gap-node
topology [32,45]. Therefore, we conclude that a highly
anisotropic fully gapped state with deep gap minima is
realized in the pristine sample. This result rules out a
symmetry-protected nodal gap structure, which has been
proposed for even-parity (d-wave) quintet states with time-
reversal symmetry breaking [18]. Note that the sublinear
dependence has not been found in theΔλðTÞmeasurements
down to about 0.06Tc for YPtBi [12]. This supports the
nodal state in YPtBi, which can be accounted for by a more
anisotropic superconducting gap associated with larger SOI
than those in LuPdBi.

FIG. 2. Physical properties of pristine and electron-irradiated
LuPdBi. (a) Upper and lower panels depict the carrier density nH
(blue diamonds) and normalized mobility μðϕÞ=μð0Þ (green and
red diamonds) extracted from magnetotransport measurements at
T ¼ 10 K as a function of the irradiation dose ϕ, respectively.
The green and red diamonds represent the μðϕÞ=μð0Þ values
calculated from the magnetoconductance σxxðHÞ and resistivity ρ,
respectively (see Appendix D). (b) Normalized change of
penetration depth as a function of temperature ΔλðTÞ in the
pristine (purple), 3.13 (light-blue), 5.28 (green), 8.44 (red), and
11.61 C=cm2 (brown) irradiated samples. The inset shows Tc
[defined at the onset of ΔλðTÞ] as a function of the irradiation
dose. (c) Temperature dependence of resistivity at low temper-
atures in the pristine and irradiated samples. (d) Reduced upper
critical field as a function of T=Tc in the pristine (purple and
blue), 2.15 (light-blue), 4.80 (green), and 11.61 C=cm2 (brown)
irradiated samples. The black dashed line represents the standard
temperature dependence of Hc2 in the WHH model.
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The low-T behavior ofΔλðTÞ is significantly changed by
the electron irradiation. In the 3.13 and 5.28 C=cm2

irradiated samples, ΔλðTÞ does not show a saturation down
to the lowest T, and it follows power-law Tn dependence
below 0.15Tc with the exponent n ≤ 2, indicative of a
nodal gap structure. We have checked that this conclusion
is robust against the choice of maximum fitting temperature
up to about 0.20Tc, above which the power-law fit no
longer reproduces the data. In the singlet-septet model,
even if one of the split FSs has a nodal gap structure, the
other FS keeps a fully gapped state. Thus, we fit the
experimental data at low temperatures using a two-gap
model given by

ΔλðTÞ ¼ AT−1=2 exp

�
−

Δs

kBT

�
þ BTn; ð2Þ

where A and B represent the weights of the two contribu-
tions,Δs is the excitation gap of a fully gapped one, and the
exponent n is expected to be between 1 and 2 for line
nodes. By fixing Δs ¼ 1.80kBTc close to the BCS value,
we can reproduce the experimental data up to 0.3Tc for the
3.13 and 5.28 C=cm2 samples, with n ¼ 1.61 and 1.51,
respectively [Figs. 3(b) and 3(c)].

In the 8.44 C=cm2 irradiated sample, the power-law
fitting, ΔλðTÞ ∝ Tn, below 0.15Tc gives an exponent of
n ¼ 2.75. For the 11.61 C=cm2 irradiated sample, the low-
temperature ΔλðTÞ shows a flat behavior, which gives a
higher exponent n ¼ 4.81 in the power-law analysis. Such
high-power temperature dependence is not expected from
the gap with line nodes, and it is experimentally indis-
tinguishable from the exponential dependence [Figs. 3(d)
and 3(e)]. This indicates the reemergence of a fully gapped
state in the high dose region. By fitting the data using a
fully gapped model, the minimum gap Δmin is estimated as
0.43kBTc (1.17kBTc) for the 8.44 C=cm2 (11.61 C=cm2)
irradiated sample.
The irradiation evolution of the exponent n obtained from

the power-law fitting of low-temperature ΔλðTÞ is summa-
rized in Fig. 4(a). The exponent less than 2 implies that the
gap function has line nodes, where the deviation from n ¼ 1
towardn ¼ 2 is expected due to impurity scattering [31]. The
nonmonotonic change between the fully gapped and nodal
states with the irradiation dose immediately indicates that the
line nodes are not protected by symmetry. This is consistent
with the singlet-septet pairing gap functions. In the follow-
ing, we will make a more quantitative analysis based on the
singlet-septet model.

Pristine

Full-gap fit Full-gap fit

Power-law fit

Full-gap fit

Power-law fit

(b) (d) (e)

FIG. 3. Evolution of penetration depth and superconducting gap structure with electron irradiation. (a)–(e) ΔλðTÞ normalized by the
value at 0.2Tc or 0.35Tc for (a) pristine, (b) 3.13, (c) 5.28, (d) 8.44, and (e) 11.61 C=cm2 irradiated samples. Open circles are
experimental data, and black solid and dashed lines in panels (a), (d), and (e) are fitting curves in the fully gapped and power-law models,
respectively. Black solid and broken lines in panels (b) and (c) are the fully gapped and power-law components of the two-gap model
described by Eq. (2), respectively. (f)–(j) Momentum direction dependence of the normalized superconducting gap in the pristine and
irradiated samples derived from the effective k · pmodel in Eq. (1) andΔp;max=Δs values calculated from the simple model described by
Eq. (3). Red and blue lines correspond to the gap size on the outer and inner FSs, respectively. Black circles represent the positions of
nodes. (k)–(o) Corresponding three-dimensional superconducting gap structure in the pristine and irradiated samples. White lines in
panels (l) and (m) represent the nodal lines.
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IV. DISCUSSION

As mentioned in the Introduction, the amplitude of the p-
wave septet component is proportional to kF. Considering
that the FSs in LuPdBi are nearly isotropic owing to the low
carrier concentrations, we simply assume kav ¼ ð3π2nHÞ1=3
as the averaged Fermi wave number. On the other hand,
impurity scattering makes the gap more isotropic and thus
reduces the anisotropic septet component. Theoretical
studies on the impurity effect of the anisotropic super-
conducting gap have shown that the gap minima increase
almost linearly with the impurity scattering rate 1=τ [46].
Thus, we assume that the size of the reduced septet
component is proportional to the scattering rate
1=τ ∝ 1=μ. Then, the amplitude of the septet component,
Δp;max, can be represented as

Δp;max ¼ Ckav −
D
μ
; ð3Þ

where C and D are positive constants. From the full-gap
analysis for the pristine, 8.44, and 11.61 C=cm2 irradiated
samples [Figs. 3(a), 3(d), and 3(e)], the obtained values of
Δmin ¼ Δs − Δp;max are used to estimateΔp;max=Δs ≈ 0.87,
0.76, and 0.35, respectively, with the isotropic component

Δs ¼ 1.80kBTc. The coefficients C and D in Eq. (3) are
determined by the fitting of the above Δp;max=Δs values in
the three samples. From this analysis based on Eq. (3), we
can estimate Δp;max=Δs ¼ 1.10 and 1.29 for the 3.13 and
5.28 C=cm2 samples, respectively [Fig. 4(b)]. These values
of the anisotropic/isotropic gap ratio greater than unity
signify the existence of line nodes, which is consistent with
the experimental results. Thus, the nonmonotonic change
of the superconducting gap structure with the irradiation
dose can be semiquantitatively understood by the increase
of Fermi-surface volume and impurity scattering.
Figures 3(f)–3(j) show the momentum direction depend-

ence of the gap function calculated from the effective k · p
model and the estimated Δp;max=Δs value for each sample.
For 3.13 C=cm2, the ratioΔp;max=Δs is quite close to 1, and
thus the gap near the nodes has relatively weak momentum
dependence [Fig. 3(g)], leading to significant low-energy
excitations, which is consistent with the large slope of the
quasilinear T dependence of Δλ [Fig. 3(b)]. The corre-
sponding three-dimensional superconducting gap struc-
tures in the pristine and irradiated samples are illustrated
in Figs. 3(k)–3(o). We find that in LuPdBi, line nodes
surround the [111] and its equivalent corners of the inner
FS, in contrast to the previous suggestion for YPtBi [12].
Since the position of the line nodes affects the topological
nature of LuPdBi, the detection of the nodal positions
deserves further experimental investigations.
Finally, we comment on other possibilities. It has been

proposed [24] that in the d-wave dominant pairing state, the
s-wave pairing can be induced by the broken particle-hole
symmetry in the normal state, leading to a nodal super-
conducting gap. In this dþ s state, the chemical potential
shift from the charge neutral point is expected to enhance
the s-wave pairing, leading to a more isotropic gap
structure, which is inconsistent with our observation.
The mixing of s-wave singlet and d-wave quintet pairing
has also been studied theoretically in different types of
electronic structures [23]. In this singlet-quintet model, it has
been shown that the presence of electron pockets along the
Γ-L direction is an important ingredient to realize a gap
structurewith line nodes. In relatedmaterialsLuPtBi [47] and
YbPtBi [48], the nonlinear field dependence of Hall resis-
tivity suggests the presence of such electron pockets.
However, in the present LuPdBi, the Hall resistivity shows
a perfect H-linear behavior (Appendix D), and the band-
structure calculations do not show energy dispersions that
can induce electron pockets. Thus, although the proposed
singlet-quintet pairing state may be relevant for other half-
Heusler superconductors, this state is unlikely to be realized
in LuPdBi having only the simple hole FSs without electron
pockets.
To summarize, from Hc2ðTÞ and ΔλðTÞ measurements

on the pristine and electron-irradiated samples of LuPdBi
with j ¼ 3=2 fermions, we have observed the multigap
behaviors and the nonmonotonic change in the gap

FIG. 4. Doping dependence of the penetration depth exponent
and the septet gap component. (a) Exponent n in the power-law
Tn dependence of ΔλðTÞ as a function of the effective Fermi
wave vector kav ¼ ð3π2nHÞ1=3 for the pristine (purple), 3.13
(light-blue), 5.28 (green), 8.44 (red), and 11.61 (brown) C=cm2

irradiated samples. The exponent n ≤ 2 (shaded region) indicates
a nodal gap structure, while n > 2 implies a fully gapped state.
(b) Ratio of the p-wave septet component jΔp;maxj to the s-wave
component jΔsj as a function of kav. The black dashed line
represents the relation Δp;max ∝ kav. The lengths of the colored
vertical arrows are proportional to 1=μ values [see Eq. (3)] in each
sample. In the shaded region, a nodal gap structure is expected.
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structure. Considering the simple FSs in LuPdBi, the
multigap nature can be regarded as a signature of the
strong ASOI and mixed-parity superconducting state.
Furthermore, the nonmonotonic evolution of the gap
structure with irradiation can be semiquantitatively
explained by the simple model based on the mixed-parity
state, where the size of the anisotropic p-wave septet
component of the gap function is enhanced by the carrier
doping and reduced by the impurity scattering effect. These
experimental results provide evidence for the exotic mixed-
parity singlet-septet state in LuPdBi and demonstrate that
electron irradiation can tune the ratio of even- and odd-
parity components and even change the nodal topology of
the superconducting gap.
It has been proposed that the existence or absence of gap

nodes in the singlet-septet state critically affects novel
phenomena, such as topological Majorana surface states
[26,27] with intriguing multipole responses [28]. Thus, our
findings provide a novel perspective on research for
topological superconducting states.
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APPENDIX A: ELECTRONIC STRUCTURE NEAR
THE FERMI LEVEL

The calculated band structure of LuPdBi is fitted by the
least-squared method using the effective k · p Hamiltonian
represented by Eq. (1). The four dispersions of the Γ8 band
along Γ-X, Γ-K, and Γ-L lines are fitted simultaneously,

and the fitting range is jkj < 0.3π=a. The optimized
parameters are α ¼ 3.19 eVa2=π2, β ¼ −2.97 eVa2=π2,
γ ¼ −1.21 eVa2=π2, and δ ¼ 0.07 eVa=π. Figure 5 shows
theoretical dispersions obtained by ab initio calculations
(black crosses) and the fitting curves (red lines). For more
precise fitting, higher-order terms allowed by the crystal
symmetry should be considered [1]. However, this effective
k · p Hamiltonian captures the salient features of the
electronic structure, including the splitting of the Fermi
surface for certain directions and the Fermi surface shape,
which are important for the superconducting gap structure.

APPENDIX B: CRYSTAL CHARACTERIZATION

Obtained crystals were characterized by powder x-ray
diffraction and single-crystal x-ray diffraction using an
X’pert Pro PANanalytical diffractometer with Cu-Kα
radiation, and an Oxford Diffraction Xcalibur four-circle

FIG. 5. Ab initio calculations and effective k · p model at low
energies. First-principle results of energy dispersions (black
crosses) along the (a) Γ-X, (b) Γ-K, and (c) Γ-L directions
calculated for LuPdBi with a modified Becke-Johnson (mBJ)
potential are fitted with the effective k · p model (red lines).

FIG. 6. Distributions of Lu, Pd, and Bi elements. (a) Scanning
electron microscopy (SEM) image of the crystal that is irradiated
to 3.13 and then to the 5.28 C=cm2 dose, taken after the
penetration depth measurements. (b) Overlay of EDX analysis
of Lu (green), Pd (red), and Bi (yellow) distributions on the SEM
image. (c)–(e) Distribution of each (c) Lu, (d) Pd, and (e) Bi
element.
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diffractometer equipped with Mo-Kα radiation, respec-
tively. We have checked the homogeneity of our crystals
by energy-dispersive x-ray (EDX) spectroscopy as shown
in Fig. 6 and Table I. We find that Lu, Pd, and Bi elements
are uniformly distributed in the crystal, and the obtained
ratios of these constituents are nearly identical. This rules
out the possibility that the observed double transition
comes from the substantial contamination of α-PdBi2
having similar Tc ¼ 1.7 K with LuPdBi. We also note
that the upper critical field of α-PdBi2 is only 0.3 T, which
is much smaller than the observed Hc2.

APPENDIX C: TEMPERATURE DEPENDENCE
OF RESISTIVITY

Figure 7 shows the temperature dependence of resistivity
ρðTÞ in the pristine and irradiated samples measured at zero
field. In the pristine sample, the resistivity increases as T
decreases at high temperatures, T > 50 K, and the resis-
tivity is nearly T independent from 50 K to Tc. The high-
temperature semiconducting temperature dependence of
resistivity is consistent with the previous reports of half-
Heusler materials with low carrier densities [10,40]. After
electron irradiation, the resistivity shows more metallic T

dependence. This is in sharp contrast to the case of ordinary
metals with much higher carrier densities, in which electron
irradiation causes the upward parallel shift of ρðTÞ with
increased residual resistivity [31,34]. This change in the T
dependence of the resistivity is an indication that carriers
are introduced by irradiation, which is known for low-
carrier systems such as Bi2Te3 [30]. Comparisons of 5.28
(green), 8.44 (red), and 11.61 C=cm2 (brown) data in Fig. 7
imply that the impurity scattering is also enhanced with an
increasing irradiation dose.

APPENDIX D: ESTIMATION OF CARRIER
DENSITY AND MOBILITY

To estimate the carrier density and mobility of the
pristine and irradiated samples of LuPdBi, we perform
magnetotransport measurements. The magnetic field is
applied perpendicular to the current, and the longitudinal
(ρxx) and Hall (ρxy) resistivity components are extracted
from the symmetric and antisymmetric parts of the raw data
against the magnetic field, respectively.
The Hall resistivity ρxy shows linear field dependence for

all the pristine and irradiated samples, as shown in Figs. 8(a)
and 8(b). The carrier density nH is estimated from the Hall
resistivity through the equation dρxy=dðμ0HÞ ¼ 1=ðenHÞ.
The obtained result of nH as a function of the irradiation dose
ϕ is shown in Fig. 2(a), demonstrating that the hole carriers
are introduced by electron irradiation.
The mobility μ can be obtained from the longitudinal

conductivity σxx and resistivity ρ. Figure 8(c) shows the
field dependence of longitudinal magnetoconductivity
σxxðHÞ=σxxð0Þ obtained from the relation σxx ¼ ρxx=
ðρ2xx þ ρ2xyÞ. From the σxxðHÞ data, the mobility μ in a
low-carrier system can be calculated through the equation
σxxðHÞ ∝ 1=½1þ μ2ðμ0HÞ2�. The black dotted lines in
Fig. 8(c) represent the fitting curves, showing fairly good
agreement with the experiment except for low-field data for
the pristine sample. The linear H dependence of magneto-
conductivity at low fields for the pristine sample is
consistent with the previous studies, and it has been
attributed to the weak antilocalization (WAL) effect in
the topological surface state [9]. The H-linear negative
magnetoconductivity at low fields gets smaller as the
irradiation dose increases. This evolution of the WAL
effect may stem from the EF shift induced by the electron
irradiation, which makes the contribution from the topo-
logical surface state to the transport phenomena relatively
smaller in the irradiated samples. This smaller weight of the
surface state in the irradiated samples is also suggested
from the ρðTÞ data, which show more metallic behavior in
the irradiated samples (Fig. 7).
The obtained μ values from σxx are plotted as the green

diamonds in Fig. 8(d), which decrease with the irradiation
dose ϕ, indicating that the irradiation introduces impurity
scattering as well. The mobility μ can also be evaluated from

TABLE I. Chemical compositions of LuPdBi crystals. We give
ratios of each constituent element in the pristine, 3.13 (and then
irradiated to 5.28 C=cm2), and 8.44 C=cm2 (and then irradiated
to 11:61 C=cm2) irradiated crystals, obtained by the EDX
measurements.

Pristine 3.13 ð5.28Þ C=cm2 8.44 C=cm2

Lu 33.19% 32.10% 32.07%
Pd 32.87% 33.08% 32.93%
Bi 33.94% 34.82% 35.00%

FIG. 7. Temperature dependence of resistivity in LuPdBi before
and after irradiation. Zero-field resistivity is shown as a function
of temperature in a wide temperature range for pristine (purple),
3.13 (light-blue), 5.28 (green), 8.44 (red), and 11.61 C=cm2

(brown) irradiated samples.
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the resistivity through the simple relation μ ¼ 1=enHρ, and
the results are shown as the red diamonds in Fig. 8(d).
The two independent methods give consistent results of
μðϕÞ, although a slight difference in the magnitude of μ
between these two may originate from theWAL effect in the
topological surface state mentioned above or quantitative
errors in the sample dimensions which affect the absolute
value of ρ. We note that this quantitative difference is not
essential for the analyses of the superconducting gap
structure. For the estimation of Δp;max from Eq. (3), we
use μðϕÞ=μð0Þ values calculated from σxx in the pristine,
5.28, 8.44, and 11.61 C=cm2 irradiated samples, and from ρ
in the 3.13 C=cm2 irradiated sample.

APPENDIX E: UPPER CRITICAL FIELD
MEASUREMENTS

The upper critical fields of the pristine and irradiated
samples of LuPdBi are measured by the resistive transi-
tions. The temperature dependence of the resistivity under
various fields for pristine and irradiated samples shows
apparent shifts of the superconducting transition with field
[Figs. 9(a)–9(e)]. The field-dependent Tc is determined as
the temperature where the resistivity becomes half of the
value at 2.5 K. The obtained temperature dependence of the
upper critical field Hc2 is summarized in Fig. 9(f). We find
that at low temperatures, μ0Hc2ð0Þ reaches high values
above 4 T in 4.60 and 11.61 C=cm2 irradiated samples.
These values exceed the simple estimate of the BCS Pauli
limit, μ0HPðTeslaÞ ¼ 1.85TcðKelvinÞ (see discussions in
Sec. III B).
Another noticeable feature is that when we compare the

Hc2 data for the pristine No. 2, 4.60, and 11.61 C=cm2

irradiated samples with almost identical zero-field Tc
values, the initial slope dHc2=dTjTc

shows nonmonotonic
dose dependence; dHc2=dTjTc

is the steepest for the

modestly irradiated (4.60 C=cm2) sample. In general,
impurity scattering tends to enhance the initial slope
because the effective coherence length ξ decreases as the
mean free path l becomes shorter. In the present LuPdBi
case, however, this simple impurity scattering effect cannot
explain the nonmonotonic behavior of dHc2=dTjTc

. Other
factors that can affect the initial slope of Hc2ðTÞ are the
Fermi velocity vF and superconducting gap size Δ because
the coherence length in the BCS limit is represented as
ξ ¼ ℏvF=ðπΔÞ. The carrier doping effect of the electron
irradiation [Fig. 1(c)] implies that vF related to the EðkÞ
dispersion curvature increases with the irradiation dose.
Furthermore, from the superconducting gap structure
analysis in the main text, the anisotropic superconducting
gap component in the 11.61 C=cm2 irradiated sample is
expected to be smaller than that in the 4.60 C=cm2

irradiated sample. Thus, the combination of changes in
the Fermi level and superconducting gap induced by
irradiation can qualitatively account for the nonmonotonic
behavior of the initial slope dHc2=dTjTc

.
Finally, the mean free paths l ¼ vFτ calculated from the

mobility and carrier density of the pristine and 5.28 C=cm2

samples are nearly equal (about 46 nm). This can be
understood by the compensation of the carrier doping effect
that increases the Fermi velocity vF and the impurity
scattering effect that increases the scattering rate 1=τ.
The mean free path drops to about 31 nm and 27 nm in
the 8.44 and 11.61 C=cm2 irradiated samples, respectively,
suggesting that the impurity scattering effect dominates at
these high irradiation doses. On the other hand, the
coherence length estimated from the initial slope of the
upper critical field has little change against irradiation
(between 11 and 14 nm). This ensures the condition that
the coherence length is still shorter than the mean free
path.

FIG. 8. Magnetotransport in LuPdBi before and after irradiation. (a,b) Hall resistivity as a function of magnetic field measured at 10 K
in pristine and electron-irradiated samples up to 3 T (a) and 9 T (b). (c) Field dependence of the longitudinal magnetoconductivity
normalized by the value at zero field measured at 10 K. The black dashed lines are fitting curves represented as
σxxðHÞ ∝ 1=½1þ μ2ðμ0HÞ2�. (d) Mobility calculated from the σxxðHÞ (green diamonds) and the resistivity ρ (red diamonds) as a
function of the irradiation dose ϕ (upper panel). Normalized mobility by the value in the pristine sample is also shown (lower panel).
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