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INTRODUCTION

This book is a course given to L0 students at UFAZ during the second semester of
the academic years 2019-2020, 2020-2021 and 2021-2022. The Frecnh-Azerbaijani
University called this year the foundation year because it allows to fill the gap that
between the French High School program and Azerbaijan High School’s program.
Its main objective is to give general backgrounds in mathematics to students who
integrate UFAZ, in order to allow them to be able to follow first year’s courses of the
University of Strasbourg. In other words this year corresponds to the "Terminale”
of french program. This book is concerned by the first Semester. In this book,
we deal with functions, itegration, first oder ordinary differential equations, second
order ordinary differential equations In each chapter we recall the general results
of the topic and give examples that help to understand this subject. We point out
that we took some exercises from the list of homework given by Javanshir Azizov
(UFAZ) and Loic Célier (UFAZ).
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INTRODUCTION TO LIMITS
AND CONTINUITY
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Let f be a real function with domain D. Take two points z and y in D, which
are close to each other. The images of these points by the function f are f(z) and
f(y). We remind the points f(z) and f(y) belong to the set f(D), which is the
range of D by the function f. After this transformation, one may wounder if the
image of x and y remain close to each other. There are two possible answers:

e the points f(x) and f(y) are close to each other
e the point f(x) is far from f(y).

In the first case we say the function f is continuous at the point x. In the second
case the function f is said to be discontinuous at the point z. To say that a point
x is near or far from a point y we need to measure the distance between these
two points. We want to know from which distance we can say that the point x is
close to y. To investigate all these questions we introduce the concept of limit and
continuity. The notion of Limit is a key concept in analysis. We can say that it is
the very Basis of the analysis. To give an idea of what is a limit, we consider the

function f(z) = o This function is defined if an only if 4+ 1 # 0. This means
x
that the function f is defined if and only if  # —1. That is, Dy = R\{—1}.

1



2 CHAPTER 1. INTRODUCTION TO LIMITS AND CONTINUITY

Now we take o = 2, we can see that when x approaches xgy the value of the
function f(z) approaches f(zg). In other words when x goes to xg, the value of

f(z) approaches f(zg) = 3 In this case we write

lim f(x) = f(zo). (1.0.1)
T—T0
The expression (1.0.1) reads: limit when z goes to zq of f(z) is f(xo).

Now we consider x¢p = —1, which is not in the domain of the function f. We
can see that if x = —0.999999, we obtain f(x) = 1000000. We observe that, when
x is as close as possible to g, the quantity f(z) is as greater as possible. In this
case we write

lim f(x)= +o0.
T—To

May be another example could be helpful to better understand the concept of limit.
Let f be the function defined by

z+1, <0
fl)y=4q 2, z=0
2¢+3, x>0.

We remark when x approaches 0 but remains less than 0 the value of f(z) approaches
the value 1. On the other hand when x approaches 0 but remains greater than 0 the
value of the function f(z) approaches 3. As we can see it the two limits are different
to f(0) = 2. We see that the limits are finite but the function is not continuous at
the point zg = 0.

The main objective of this chapter is to define rigorously limits and continuity
by providing a method which will allows to measure efficiently the distance between
x and xg in one part and f(z) and the limit of f in the other part. This chapter
is organized as follows: In section 1 we deal with limits at a point which is in the
domain of a function f. In section 2, we define the limit at bounds of a domain of
a function. The limits at such points lead usually to the concept of asymptotes. In
section 3 we study continuity of functions.

1.1 Limit at a Point in the Domain of a Function

In this section we study limit at point on which a function is defined. Here we will
only deal with functions which have their domains in R. We define the limit of the
function f at the point z¢ € Dy, as follows:

Definition 1.1.1. Let f be a real function with domain Dy C R. We consider two
real numbers £ and xo such that o € Dy. We say that the real number £ is the limit
of f at o, if f(x) approaches £ when x approaches xo. In this case we write

lim f(z)=1¢ (1.1.1)

T—T0o

1
Example 1.1.2. We consider the function f(x) = 713 This function is defined
x
for all real numbers excepted —3.Then, the domain of f is R\{—3}. Since 1 and 2
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are in Dy, we have

1 1
lim f(x) = 1 and 111112 f(x) = £
x—

rz—1

Exercise 1.1.3. Determine the following limits

2

limo® + 2% 43246, lm—+— lma?+1, lm 2 210

z—0 =122 +3x+1 r—2 r—6 3 +1

Equation (1.1.1) needs some comments. Indeed, what we mean by (1.1.1) is
when z is near to zg, the value of f(z) is approximately ¢. That is, the quantity
|f(x) — £] is negligible. The error we make to replace f(z) by ¢ is small enough.
We specify from now on, each time we use ¢ or §, we refer to strictly positive real
numbers that are small enough. The positive real numbers ¢ and § are as small as
we want. By x is approximately equal to y, we means that, the positive real number
| — y| is approximately 0. Then we introduce the following definition.

Definition 1.1.4. Let x and y be two reals numbers. We say that x is approximately
equals to y if there exists some real number € > 0 small enough, such that,

ly —z| <e.
We recall that , |y — x| < € is equivalent to —e < y — 2 < €. This means that
r—e<y<cx-+te.
Hence y € (ac —e,x+ 5). We can reformulate the previous definition as follows.

Definition 1.1.5. Let x and y be two real numbers. We say y is approximately
equal to x if there exist € > 0 or (§ > 0) small enough such that

Yy e (m—a,x—l—a) or (ye(x—é,x—l—é)).

Example 1.1.6. We take x =1 and y = 1+ 1071°. If we fir e = 10719 + 10711,
we have
ly—x|=1+10"""-1=10"" <e.

Using € and § we can rewrite definition 1.1.1. Indeed, we mean by x tends to xg,
that x is approximately equal to zg. That is, |z — | is small enough. Therefore,
we can find some § > 0, such that, |z — 2| < 0. By f(x) goes to ¢ we want to say
that, we can make the distance between f(x) and ¢ as small as we want. Then for
all real number € > 0, we can choose x near to zg so that |f(z) — ¢| < e. We can
summarize this in this way

Ve>0,30 >0, Vz R, (|z —zo| <0 = |f(z)— L] <e).

This sentence means that, for all positive real number € > 0, there exists a positive
real number § > 0, such that for any real € R that verifies |x — x| < ¢ implies
|f(z) —£] < e. We emphasize that the real number § depends on e. But for the sake
of simplicity we will write ¢ instead of d(g) or J..

Then, definition 1.1.1 is equivalent to
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Definition 1.1.7. Let f be a real function with domain Dy C R. Take x¢ € Dy,
and £ € R. We say that £ is the limit of f when x approaches xq, if

Ve > 0,30 >0, Vz e R, (|[z—xo| < 0= |f(x)—{] <e). (1.1.2)

To illustrate this dependence we consider the following examples.

1
Example 1.1.8. Let f(z) = 213 We have established that
x

rz—1

lim f(z) = i

Now we want to confirm this limit by using € and §. To this end we take some
positive real number € which is as small as we want. To find § we proceed as follow.

1
We consider our €, such that |f(x) — Z‘ < e. This is equivalent to

<o i <

Since x tends to 1, we observe that x should be in the interval (0, 2). That is x < 2.

1 1
Using this we obtain 4(x+3) < 4 x5 = 20. Consequently 20 < m This leads
to

|l — 1] | — 1]
<
20 ~ 4(z+3)
From the inequality above we deduce |z — 1| < 20¢e. Setting § := 20¢&, we obtain for
every

<E.

1
x €Dy, |z—1]<20e we have ‘f(x) — 1‘ <e.
Therefore one obtains

lim f(z) =

rz—1

| =

= +/x — 2. This function is defined

~—

Example 1.1.9. We consider the function g(x
in the interval [2, +00). We can observe

lim g(x) = 2.

x—6

, < e

We want to prove this property using € and 6. Let € > 0 such that ‘g(x) -2

Then, we have ‘\/x —2-— 2‘ < e. Now we multiply and divide the expression between
the bars by v/x — 2+ 2. Here we can divide by v/x — 2 + 2, because x > 2. Thus, we

obtain

r—2—4 _ r—6
Vi—2+2] |[Vz—2+2

Since x approaches 6, we have x < 7. This gives x — 2 < 5. Using the square root
and adding 2 in both sides we have /x — 2+ 2 < V5 + 2. This involves

<

1 1
< .
VE4+2 T Vr—2+2
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Multiplying the inequality above by |z — 6| in both sides we obtain

|z — 6] < |z — 6] ce
VE+2 T Vo —2+42 7

This yields the following inequality

lz — 6] < (V5+2)e.

We define § := (\/5—1— 2) e. Then, for every x € [2, +oo[ satisfying
|z — 6] < (VB +2) e we have |g(z) — 2| <e.
Exercise 1.1.10. Using € and § prove the following statements

3r+5 7

lim sin(z) = 0, lim vz + 3 = 2, lim
z—0 z—1 z—=3 v+ 1 2

From now on, we define the limit of a function at a point xg which is in the
domain. Let g be a real number and f a real function with domain Ja, xo[U]zq , b[.
In the definition that will follow we define the limit of the function at the point xg.

Definition 1.1.11. Let (a, b) be an interval of R. We consider a real number
xo € (a, b) and £ € R. We consider the real function f with domain (a, b)\{zo}.
We say that ¢ is the limit of f, as x approaches xq if

Ve >0, 36 >0, Vz € R, ( 2 — wo| < 8= |f(z)— € < 5). (1.1.3)
In this case we write
lim f(z)="¢.
T—x0

Remark 1.1.12. From this definition we obtain the information that, the limit of
a function does not depend on its value at xg. Indeed, as we can see it here the
function f is not defined at xo. This means that the limit can be different to f(xo).
Because f(zg) is not defined.

1.1.1 Operations in the Set of Limits

In the first year of Bachelor degree,we will be able to prove that the set of all finite
limits is an algebra. That is, we can do some operation on limits. Admitting this
property, here we calculate sums and multiplications of limits. The first result of
this subsection deals with sum of limits. Throughout this subsection we deal only
with finite limits.

Theorem 1.1.13. Let f and g be two real functions defined in some interval I,
which contains xg. We consider 1 and ly two real numbers, such that,

lim f(z)=4¢; and lim g(x) = {s.

T—xo T—To

Then, we have
lim f(z)+ g(z) =61 + Lo. (1.1.4)

T—T0o
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Proof. Let £1 and ¢5 be two real number, such that,

lim f(z)=4¢; and lim g(x)={s.

Tr—xQ T—xTo

Then for all € > 0 we can find two real numbers 6; > 0 and d, > 0 such that, for
all z € R,

| — @0l < b1, = |f(x) -] <

N MR m

|z — @o| < b2, = |g(x) — Lo] <
Now we define § = min(d; ; d2) and we consider = € R such that
| — 20| < 0. (1.1.5)
On the other hand we know that,
() + 9(@) — (01 + £)] = (&) — 02) — (9(&) — £2)] < |£(@) — 2] + |gla) — a].
We remind that since |z — x¢| < §, then |z — x| < 61 and |z — zg| < d2. Therefore
|f(x) -] < g and |g(z) — l] < g This involves,
|(f(2) + g(2)) = (L1 + £2)| <e.
Therefore we have proved
lim f(z)+ g(x) = €1 + Lo.
r—rTo
Example 1.1.14. Let f(z) =32 + 2 and g(z) = 2% + 1. We have
i;ml f(z)=5 and }}LH?& g(x) =3.
From this, we deduce
lim (f +¢) () = lim f(x) + lim g(z) = 8.

Exercise 1.1.15. Find the limit of the following functions

1
lim 23 4+ 42% + 32 + 1, lim\/x2+3x+1+\/x2+1, lim + x4+ 2,
z—1 z—2 z—3 1

T

1 1 3
+ li s + Va2 +2x+1.

lim , lim ————
a—-1224+3z+1 243 2--322410

A similar result can be established for multiplication of functions.

Theorem 1.1.16. Let f and g be two real functions defined in some interval I. We
assume that xqg belongs to I and we consider two reals numbers €1 and ¢s such that,

lim f(z)=4¢; and lim g(z) = {s.

T—To T—To

Then

K

lim f(z)-g(z) =41 Ls. (1.1.6)

Tr—rT0o
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Proof. Let f, g, xo, {1 and {5 be as in the theorem. Then for any € > 0, there are
two real numbers §; > 0, and do > 0, such that, for every x € R,

€
T — x| < 01,= |f(x) —l1| < =————
o a0l < 61,2 ) ~ o] < g
9
- < 0o, = /N [ L —
ool < 0= o) = 6l < o)

Let x € R, we have

f(@)-g(z) = bl = f(z)-g(x) —g(x) b1+ g(z) -1 — L1~ Lo
_ g(z)(f(x) _ el) s (g(:c) - 52).

From this we deduce that |f(x)-g(z) — 41 '62‘ < |g(@)|-|f(z) = |+ |1 ]||g(x) — La].

We point out that |g(z)| = |g(x) — €2 + la| < |g(x) — la| + |€2| < 1+ |£2]. This
implies that

€
. —l b <1+ 4)]) ——
‘f(l‘) g(‘r) 1 2’ ( +| ll) 2(1+|£1|)
5
+ (141l ——
( | 2|) 2(1+|£2D
<§+£—5
2 2
Therefore
Jim f(z)-g(z) = b1 Lo
This completes the proof. O

Example 1.1.17. We consider f(x) =x + 3 and g(z) =z + 1. We have

z—0

lim f(x) =3 and ili%g@) =1
Therefore using the theorem above we obtain

lim (f-g)(z) = ilg%) f(z) - lim g(z) = 3.

z—0 z—0

Exercise 1.1.18. Find the following limits

lim (3z + 2)(2z + 1), hmg(:c? + 22+ 3)(5z +8), lim(z + 1)Va2 + 27 +6.
T—r r—

li
x—0

Lemma 1.1.19. Let f be a real function defined in some interval I, which contains
xg. We consider a real number £ # 0, and we assume

lim f(z) =4

T—rTo

Then,
_ L (1.1.7)
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Proof. Let f, xo and £ be as in the Lemma. We suppose

lim f(x)=¢+#0.

Tr—xo

Hence there exist § > 0, such that |z — x| < 4, implies |f(z) — ¢| < ﬁ. One

can also find 6 > 0 such that |z — x| < &y, implies |f(z) — | < %- Defining

01 = min(d; dp). we have, for all z € R, such that |z — z¢| < d1,
ele)?

1
and |f(z)— (| < %

This implies that
l
(0] = |6~ f(z) + fla)| < [0~ f(@)| + | f(2)] < % +[f(@)]-

From this, we deduce % < | f (ac)’ This leads to the following inequality

1 _ 2
|f (@) 1]

On the other part, we have

’1_1’ (= f@)] el 2
fla) ¢

0] [f(@)| 20 ¢
Therefore )
lim — ==
w0 f(@) €

O

Theorem 1.1.20. Let f and g be two real functions defined in some interval I,
which contains xg. We consider two real numbers €1 and s, such that,

lim f(z)=4¢1 and lim g(z) = {s.

Tr—T0o T—rT0o

Moreover we assume fo # 0. Then

fla) &

o0 g(x) b

Proof. Let f, g, £1 and ¢5 be as in the theorem. In a neighborhood of xg, we can
write

f(z) 1
D fr) ——-
0@ T @
Therefore using Theorem 1.1.16 and Lemma 1.1.19, we obtain
f@) 1 1 0
1 =1 clim —— =4 — = —-
Ay T S lim s =h g =
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Example 1.1.21. Let f(z) = + 2 and g(z) = 2> + 1. Then, one observes that

lim f(z) =3 and lima®+1=2.
z—1

x—1

This means that
)l () 3
im = _ = —.
z—1 g(x) lim, 1 g(z) 2

Exercise 1.1.22. Determine the following limits

22 +3x+2 . 22+3 . x3+2zx+1
im —— ) lim , lim .
z——1 x+3 =2 r+2 -0 (E2—|—3$+5

Sometimes it is more complicate to fine the limit of a function at some points.
Because in some cases the limits are undefined. We will explain late on what
we mean by undefined limits. Another problem can happen when we deal with
oscillating function like cos or sin. In this case it is difficult to to obtain a unique
limit. To treat these type of limits what we usually do is to bound the function that
we want to find the limit by two other functions that have the same limit. Indeed
let f be the function to which we cannot unfortunately find directly a limit. What
we do is to use two other functions g and h such that g < f < h and g and h have
the same limit. From this we deduce the limit of f. But we have a little bit problem
because we did not prove that if f < h, we have lim f < lim h. To establish this
property, we proceed in three steps:

Step 1: we compare f to 0
Step 2: we compare f to a real number M # 0
Step 3: we compare f to a real function

Theorem 1.1.23. Let [ be a real function with domain D. We assume for every
x €D, f(x)>0. Then, we have

lim f(z)>0.

T—x0
Before doing the proof of this theorem, we remind the following logical properties .
Proving the property (Proposition A = Proposition B) is equivalent to prove the
following statement (nonProposition B = nonProposition A).

Another method which is frequently used in demonstration of theorem is the
proof by contradiction. Suppose we have to prove a Proposition A. We assume non-
Proposition A holds and we establish that this leads to a contradiction or something
which does not make sens.

We mean by nonProposition A the contrary of proposition A. For instance we
define, Proposition A: I go to school. Then, nonProposition A : I don’t go to school.

Proof. Here we will proceed by contradiction. Let f be a real function with domain
D such that for every € D we have f(z) > 0. We suppose lim,_,,, f(z) = ¢ < 0.
Let € > 0 be such that £ + ¢ < 0. We can find 6 > 0, such that |z — 29| < ¢
implies ’f(x) - €| < e. This is possible because lim,_,,, f(z) = ¢. The inequality
|f(a:) —5’ < ¢ implies f(z) < {+¢e < 0. Then, for every z € (=6 +zo, 6 + ), we
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have f(x) < 0. This is in contradiction with the hypothesis that f(z) > 0 for all
x € D. Therefore ¢ > 0 and we write
lim f(z)>0.

Tr—rT0o

O

Remark 1.1.24. We draw the readers attention that strict inequalities do not pass
to the limit. In other words if Vo € D, f(x) > 0, we do not necessarly have
lim f(x) > 0.
Tr—xo
As a counter example we define the function f(x) = % for any = € (O, +oo).
Then,for every z > 0, we have f(z) > 0. But we know that
AP S @) =0
Theorem 1.1.25. Let f be a real function with domain D. We consider a real
number M and we assume for every x € D, f(x) > M. Then,
lim f(z) > M.
rT—rT0o
Proof. To prove this theorem, we define the function g(x) := f(x) — M. Then for
all z € D, we have g(z) > 0. Now we apply theorem 1.1.23 to the function g to

obtain
lim g(z) >0 = lim f(z) > M.

T—x0 T—Tg

O

Theorem 1.1.26. Let f and g be two real functions defined in some interval I.
We suppose that for every x € I, we have f(x) > g(x). Then

lim f(z)> lim g(x).

T—x0 T—To

Proof. Let x € I,such that f(z) = g(x). Then, one has

lim f(z) = wllrrgo g(x).

Tr—x0

Now we suppose that for all z € I, f(x) > g(z). There exists a real number &, > 0
depending on x such that, f(z) = g(x) + ;. If we agree that lim,_,,, g(x) = ¢,
We have lim,_,,, g(x) + €, = € + lim,_,,, €, > . Here we use an inequality large
because maybe limy_,,, €, = 0. This involves lim,_,,, f(z) > lim,_, 4, g(x). O

The following theorem is helpful for dealing with limits of oscillating functions.

Theorem 1.1.27 (Sandwich Theorem). Let f, g and h be three functions defined
in an interval I, which contains the real number xo. We suppose for any x € I,
9(@) < f(x) < h(x) and

lim g(x) = lim h(x)=2¢, (1.1.8)

T—x0 T—xTo

where £ is some real number. Then, we have

lim f(x) =24

Tr—rTo
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Proof. Let f, g, h, o and £ be as in the theorem. Since lim,_,,, g(x) = ¢, then for
all e1 > 0, there exist §; > 0, such that for any x € I, |z — zo| < §; implies

{—eq <g(l‘) <l +eq. (1.1.9)

On the other hand, we know that for all e5 > 0 , there exists do > 0, such that, for
all z € I, |z — xo| < da, implies

L—ce9 < h(z) <l+es. (1.1.10)

Because we have lim,_,,, h(z) = ¢.
Now we set ¢ := min(d; ; d2) and € := max(e; ; e2). Using (1.1.9) and (1.1.10)
we obtain, for all z € I, such that, |z —x¢| <, £ —e1 < f(x) < £+ 2. This yields

—e1 < f(z) — € < ea.

Since —e < —¢g7 and &2 < €, we deduce, for x € I, such that |z — z¢| < J, we have
—e < f(x) — ¢ < . This means that,

|f(z) — (] <e.
Hence
32, 7@ =
O
Example 1.1.28. We consider the function f(x) = xsin (%) This function is
defined R\{0}. We know that for all x € R\{0}, —1 < sin (i) < 1. Multiplying by

x in both sides , we obtain
Al
—x < x sin (7) <ux.
T
As we know that lim,_,g —x = lim,_,ox = 0. We conclude that
. . 1
lim zsin | — ) = 0.
x—0 x
Exercise 1.1.29. Find the following limits

Lo 1 1 cos(n?)
lim x* cos , lim xsin lim .
z—0 xT z—0 Jjg n—-+o0 n

To end this subsection we define limits of function of the form go f where f and
g are two real functions.

Theorem 1.1.30. We consider three real numbers xq, yo, and £. Let f be a real
function defined in an interval I which contains xg into some interval J and g a
real function defined in the interval J, which contains yo. We assume

lim f(z)=yo and lim g(y)=~¢.

T—T0 Yy—Yo

Then
lim g(f(z)) =¢. (1.1.11)

rT—rT0o
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Proof. We remind that lim,_,,, g(f(x)) = ¢ means :
Ve>0,36>0, Vel [zx—xo| <86 = [g(f(z)) — | <e.

The assumption lim,_,,, g(y) = ¢ implies for all ¢ > 0, there exists n > 0 depending
on ¢ such that |y — yo| < n implies |g(y) — €| <e.

On the other hand we know lim,_,,, f(z) = yo. Therefore, for any 1 > 0,
there exists § depending on &1, such that, |z — 2| < § implies ‘f(x) — yo‘ < e1.
Since this property holds for any positive real number €1, in particular it is true for
€1 = 1. In this case we can find a ¢ depending on 71 such that |z — xg| < § leads to
|f(x) — yo| <. Since § depends on 7 and 7 depends on ¢, therefore § depends on
€.

We have proved that for all € > 0, there exists 6 > 0, such that |z — x¢| < ¢
gives
l9(f () — €] <e.
Consequently we have

lim g(f(z)) =L

r—rTo

O

We draw the readers attention on the fact that some functions can have infinite
limits. Indeed let f(x) = — for any = # 0. We can see that
T

lim f(z) = to0.

z—0

In the next section we study infinite limits of functions.

1.2 Convergence to Infinity

Let I be an interval which contains the real number xy. We consider a real function
f defined in I maybe excepted at x9. We say that f(z) converge to +o00 (+ infinity),
when z goes to xq if

lim f(x)= +oo.
T—XTo

1
Example 1.2.1. Consider the real function f(x) = — We can easily check that
T

lim f(z) = £oo.

z—0
Definition 1.2.2. Let f be a real function defined in I, which contains xo. We
assume that f is not defined at xo. We say that the line x = x¢ is a vertical
asymptote for f, if

lim f(z) = £oo.

T—To
1
Example 1.2.3. Let f(z) = 7+l The function f is defined in R\{—1}. We know

that
lim f(z) =400 and lim f(z)=—c0.

r——1+ rz——1—

Then the line which has equation x = —1 is a vertical asymptote for the function f.
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Example 1.2.4. We consider the following function g(x) = % We have Dy =
Tz —
R\{2} and
lim f(z) =400 and lim f(z) = —cc.

z—21 T2~
Therefore line with equation x = 2 is a vertical asymptote for f.

Remark 1.2.5. Vertical asymptotes can only hold at a point on which the function
s not defined.

Exercise 1.2.6. Define vertical asymtotes for the following functions.

z+1 1 5 4 z+3
= — zih = — ) e E— = "
f@) = 57 9(@) = g he) = = i) = =, j(e) = o

Up to now we have only defined limits at points which are interior to some
interval. In the next section, we define limits at the bounds of an open domain.

1.3 Limit of a Function at Infinity

In this section we consider function which are defined in intervals of the form
(— 0, a) or [a, +00), or (— 0, +oo), where a is a real number. That is, we study
limits functions at oo.

Definition 1.3.1. Let f be a function defined in the interval [a, +00) and £ € R.
We say that the real number ¢ is the limit of f at +oo if

S =4
1
Example 1.3.2. We consider the function f(x) = o The domain of the function
fisDyp=(—00,0) U (0, +o0). We can see that
lim f(z)=0.

T—+00

Definition 1.3.3. Let f be a real function defined in the interval (—oco, a]. We
that say the real number ¢ is the limit of f at —oo if

lim f(z) =¢.

Tr—r—00

1
Example 1.3.4. We take the function f(x) = 253 The function f is defined in
(—o0, =3) U (=3, +00). We can check that

lim f(x)=0.
Tr—r—00
Finding limits at +oo can be a hard task. But sometimes the expression of
the function leads to some simplifications. Let f be a polynomial function, we will
prove that the limit of the function f at oo is nothing but the limit of the term
with the highest degree.
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Theorem 1.3.5. Let f(x) = apna™ + -+ a1 2+ ag, withn > 1 and a, #0 be a
polynomial function of degree n. Then, we have

o S10) = B an”
Proof. To prove this theorem we define f(z) = a, 2" + -+ + an © + agp, such that

a, # 0. Since x goes to 00 we can suppose x # 0. We write the function f in this
way

f(x) = apa” (1 + CZ;_; +-- anZ:“l aZZ”) :
Using the fact that
lim 2221 — = i 22—,
z—Foo a,x z—+o0 apT"
one deduces that,
We conclude that
RS 10) = B an”

O

Theorem 1.3.6. We consider n and m in N*. Let a, # 0 and b,, # 0 be two

real numbers. We define the function f(x) = Z”z J:_J:_C;)lx 1620' Then, the
m& 4 -+ 012 + b

following holds
apx”

Proof. Let a, # 0 and b, # 0 be two real numbers. Since x tends to oo we can
suppose it different to 0. Now we observe that

Ap— Qp_ a
. 1+ n—1 + n ; et 0
f(x) _ An™ anT anT anT™
bmiﬂm 1 + bm—l + bm—2 et bO
b  bpyx? b x™
Remarking that
_ b — b
m 1+ 22704 4 9% 1 and  lim 14222 0 1,
z—Fo00 anT anpxT™ z—+o0 bmx b ™
we obtain
1+ Qp—1 Ap—2 . ag
lim an®  Gnx? anx™ L.
r—+oo 1+ bm,1 bm,Q o b() o
bpr  byz? by ™

Consequently, we have
anT

lim f(z) = lim

T—r00 T—00 bm;[;m
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3
3 5
Example 1.3.7. We consider the function f(x) = % Then, we have
3
lim f(z)= lim — = lim z=+oco.
r—+00 r—+o00o I r—+00
222 4
Example 1.3.8. We define the function f(x) = % One has
x
22
lim f(z)= lim — = lim 2z = —ooc.
T——00 r——00 I T——00

Exercise 1.3.9. Define the limit of the following functions at +oo.

T+ 3 r+1 22 +2x+3

f@)= 5o 9@ =5 he)= 5

Exercise 1.3.10. Determine the limit of the following functions at —oo

r+1 2 +1 x?

= —_— = — h _—_—
f@) x3+2x+3’ 9(x) 2242z +1’ (z) x2 43

Definition 1.3.11. Let f be a real function defined in the interval [a, +00). We
say that the line with equation y = €1 is a horizontal asymptote for f at +oo if

Definition 1.3.12. Let f be a real function defined in the interval (—oo, a]. We
say that the line y = £ is a horizontal asymptote for f at —oo if

lim f(z) = 4s.

r—>—00

3
Example 1.3.13. Let f(x) = z I T Then, we have
x

lim f(z)=1.

r—+00

Hence the line y = 1, is a horizontal asymptote for the function f at 4+oco.

- We can see that

Example 1.3.14. We consider the function g(x) = 3
x

lim g(z)=0.

r—r—00
Then, the line y = 0, is a horizontal asymptote for the function f at —oco.
Exercise 1.3.15. Say whether the following functions have horizontal asymptote

x+6 |z

(z) = e 43 2 +3r+7 x
e+ I T T N

o= o W= g W Ty

h(x)
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One may think that the limit of a function at oo is always finite. Here we
will specify that the limit of a function at +co can be infinite. In truth, most of
the time these limits are infinite. A simplest example can be given by the function
f(z) = x. We see

ngoof(x) =400 and zgrzloof(x) = —0o0.
Before going further, it is important to explain what we mean by a function has
limit fo0.

By f tends to 400 when = approaches +00, we mean that the values of f(z)
can be as greater as possible in the condition that = be as greater as possible. In
other words for any real number A > 0, we can find x in the domain of f such
that the value f(z) be greater than A. But this holds when x is greater enough.
The expression x greater enough means there exists a big number xy such that
x € [xg, +00). This leads to the following definition.

Definition 1.3.16. Let f be a real function. The function f has limit +00 when
x goes to +oo0 if : VA >0, Jzg >0, Vo € Dy, v > xo, = f(x) > A.

In this case we write
Definition 1.3.17. Let f be a real function. The function f has limit —oo at 400
if :YMeR, 3zg >0, V€ Dy, x>z, = f(x) < M.

The definitions of the following expressions

lim f(z)=-00 and lim f(z)=4oc0

r—r—00 Tr—r — 00
are stated below.

Definition 1.3.18. Let f be a real function. We say the function f has limit —oo
at —oo if : VA >0, Jzg >0, Vo € Dy, x < —29, = f(z) < —A.

Definition 1.3.19. Let f be a real function. We have lim,_,_ f(x) = +oo if :
VA>0,3z9>0, Vo €Dy, v < —xo, = f(z) > A

In order to show how to deal with these types of limits we introduce the following
section.

1.4 Infinite Limit of a Function at Infinity

This section is devoted to functions that have infinite limits, when x approaches
+o00. Some function has complicate expression, in these cases determining their
limits can be so difficult. To find the limits of these types of functions, we try to
bound them below or above by elementary functions that we can determine easily
their limits. Thus we deduce their limits from limits of such elementary functions.To
clarify what mean, let f and g be two functions defined in some interval [a, +00).
We assume the limit of the function g is known and g(z) < f(z) forall z € [a, +00).
Using the limit of the function g we can find the limit of f when z tends to +o00. To
do so we use a property called the comparison principle. This property is enunciated
in the following theorems.



1.4. INFINITE LIMIT OF A FUNCTION AT INFINITY 17

Theorem 1.4.1. Let f and g be two real functions defined in the interval [a, +00),
such that for all x € [a; +00), f(z) > g(x) and
Then, one has

lim f(z) = +oo.

Tr—r+o0

Since f(z) > g(x) for all z in [a, +00) we have

lim f(z)> lim g(x).

Tr—x0 Tr—xQ

Taking here xo = +00, we obtain

+oo= lim g¢g(z) < lim f(z).

T—r+00 r—+0o0

Therefore,

To rephrase this, we say if a function f is bounded below by a function g which
increases to +00, then f must go to +oo.

Theorem 1.4.2. Let f and g be two real functions defined in [a, +00), such that
for allx € [a; +), f(z) > g(z) and
Then,

lim g(z) = —o0.

r——+o0

The principle of the proof is the same. As we know for every z € [a, +00),
f(x) > g(x), then
lim f(z)> lim g(x).

r—rxo Tr—rxo

Now we take xg = +00. Hence we obtain

lim g(z) < lim f(z) = —oc.

T—r+0o0 T—r+o0

We conclude that
Example 1.4.3. Let f(z) = 2% and g(x) = 2? + 1. One has f(z) < g(x) for all
x € R. On the other hand, we know that
a:glfoof(x) = +o00.
Hence
lim g(x) = +oo.

T— 00



18 CHAPTER 1. INTRODUCTION TO LIMITS AND CONTINUITY

As we mentioned it before in this section we are dealing with functions which
have limits 0o at foo. Since we know these functions go to +oo when =z —
400, we need to know how fast they converge to +0o0. In other words we study
their asymptotic behavior. To this end we compare them to affine functions. This
comparison leads to the key concept of oblique asymptotes

Definition 1.4.4. Let f be a real function with domain Dy = [a, +00). We define
the line d that has equation y = ax + b, where a # 0. We say that the line d is an
oblique asymptote of f at +oo if

xll)riloo (f(x) —ar — b) =0.

Remark 1.4.5. What this definition says is, when x goes to +oo the behavior of
the function f resembles to the behavior of the line d.

Definition 1.4.6. Let f be real function with domain Dy = (—o0, a]. We define
alined : y=ax+b, wherea#0. We say the line d is an oblique asymptote of f
at —oo if

lim (f(x) —ax — b) = 0.

r—r—00

The question now is, how to define the equation of the line d. This is equivalent
to find a and b.

Since we know that lim,_, 4 f(2) = 00, to determine the value of a we proceed
in this way: We compute

lim (f(z)/z).

r—+oo

If this limit exists (is finite) we define

a:= lim f@), (1.4.1)

r—+toco I

Now we consider the following limit:

lim (f(z)— ax).

z—+o0

If this limit is finite we fix

b:= a:EIzll:loo (f(z) —ax). (1.4.2)
242 1
Example 1.4.7. Let f(x) = vl We can see that
T+2
lim f(z) =400 and lim f@) =1

T—r+00 Tr—r—+00 x

In this case we can take a = 1. On the other hand we have

. . 1

Therefore the line d with equation y = x is an oblique asymptote for the function f
at +o0.
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Example 1.4.8. We consider the function g(z) = 204302 42041 [phape

2 4+2x+2
2 3
lim g(z) = lim iz = —0o0.
r—>—00 rT——00 I
We can observe that

. g(z) . 203 + 322+ 2z + 1 . 23

lim == = lim = lim — =2.
r——00 I T——00 3 4+ 222 + 2x rz——0c0 I3

Therefore, we have a = 2. We know that

223 + 322+ 2z +1
— 2

lim (g(x) - 2x> = lim

r——00 r——00 xr2 + 22+ 2
203 4322+ 20+ 1 — 223 —42? — 4z
= lim
zT——00 2 4+ 22 + 2
—z2 =2 1 —xz?
= lim ﬂ: lim —x:—l.

oo 242+ 2 z——oco 2

We conclude that the line y = 2x — 1 is an oblique asymptote for the function g at
—00.

Exercise 1.4.9. Define oblique asymptotes for the following functions

2246z +1
z+1

3 +6x+3

— 2 —
, g(x) =2 4+ 22+ 13, h(x) = 219

fz) =
We recall the fact that a function is defined at some point xy does not mean
that the function has a limit at this point x¢. As an counter example we consider

the function
3x+2, if >0
f(z) =

4, if x<0

This function is defined at 0 but does not have a limit at 0. But a careful study of
the two expressions which defined the function allows us to identify the notion of
left and right hand side limit.

Definition 1.4.10. We say x approaches xq to the right hand side, if x approaches
xo and remains greater than xg. In this case we write

lim = lim = lim .

2] PG Jzo

The arrow is down because = goes to xy by decreasing.

Definition 1.4.11. We say = approaches xq to the left hand side, if x approaches
xo and remains less than xqy. In this case we write

lim = IILII% = lim .
- 0
Tz, <z zTxo

The arrow is up, because = approaches xy by increasing.
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Definition 1.4.12. We say ¢, € R is the right hand side limit of f when © tends
to xg, if the value of f(x) approaches £, when x approaches xo and remains grater
than xo. We write

Jim, f(w) = Jim f(2) = lm f(2) = L.
0 r>T0
Definition 1.4.13. We say that ¢; € R is the left hand side limit of f when x tends
to xg, if the value of f(x) approaches {; when x approaches xg and remains less
than xo. We write

lim f(z)= lim f(z)= lim f(z) =4¢.
Tz ﬂi?jo zTzo

Example 1.4.14. We consider the function

3r+2, if x>0

flx) =
4, if x<0

Then, one has
lim f(zx)=4 and lim f(z)=2.

z—0~ z—0t

Exercise 1.4.15. Find the left and the right hand side of the following functions
at1l, 2 and —2

x—1, if z>1 —x+2, if z<2
fz) = g(z) =
vz +2, if x<l1, —5x+3, if x>2
24+3x+4+1
w7 if x> -2
h(a:): T+ 2

V- +2, if <=2

Theorem 1.4.16. Let f be a real function with domain D which contains xo. We
assume limx_mg f(z) and limm_msr f(z) exist. Then, the function f has a limit
at xg if and only if

lim f(z) = lim f(x).

In this case we write

lim f(z) = lim f(z)= lim+ f(x).

T—To Tz Tz

In some particular case the limit of the function f at z( is nothing but f(zo).
When this situation holds we say the function f is continuous at xg. In the next
section we discuss continuity of functions.
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1.5 Continuity of Functions

In this section deals with continuous functions. We start by defining the continuity
of a function at a point. Choosing an arbitrary point we generalize this definition
to interval. In the second paragraph , we introduce the IVT theorem, the mean
value theorem and their corollaries. We end the section by establishing that every
continuous function in a segment [a; b] reaches its mazimum and its minimum.

Definition 1.5.1. Let f be a real function with domain D¢. We consider an interval
I C Dy and a real number xo € I. We say that, the function f is continuous at xo,

if
lim f(z) = f(zo)- (1.5.1)

Tr—rxo

A possible interpretation of the definition above is the following one: When the
real number x approaches z( the value of the function f(x) approaches f(zg). This
can be expressed in terms of ¢ and .

Definition 1.5.2. Let f be a real function with domain D. We consider an interval
I C D which contains the real number xg. We say the function f is continuous at
xo, if, Ve > 0, there exists a real number 6.(xo) > 0 such that, Va € D

|z — 2| < 0u(z0) = |f(z) - f(:z:o)’ <e (1.5.2)

We have to specify here that, the real number § depends on € and xg. In other
words, f is continuous at xg if

Ve>0,30.(x0) >0,VzeD, |r—ao|<dze) — ’f(a:)ff(:co)<€.

For a function which has a left hand side and right hand limit we can establish the
following theorem

Theorem 1.5.3. Let f be a real function. We consider xo € Dy and suppose f
has left and right hand side limits. Then, the function f is continuous at xq if and
only if

lim_f(z) = lim f(z) = f(a0).

$—>Z'0 I*}ﬁo

To simplify notations, we write ¢ instead of 0. (o).

Example 1.5.4. Let f(x) = 2% and 9 = 3. We have f(zo) =9 and

lim f(x) = f(wo) = 9.

3
Therefore the function f is continuous at xg = 3.
Exercise 1.5.5. Say whether the following function are continuous at xg
1. f(x)=6x+5 and 9 =1
2. g(x) =22 +5r+3 and x9 =3

3. h(z):;ji’ and xg =1




22 CHAPTER 1. INTRODUCTION TO LIMITS AND CONTINUITY

4. i(x) =vr+3 and xg = —2
1
5 jlx) = p and xo = 0.

Below we establish some properties for continuous functions. We will establish
if f is a continuous function at xo € Dy and A a real number the function X f is
continuous at xzg.

Lemma 1.5.6. Let f be a real function which is continuous at xo € Dy. We
consider a constant real number A. Then the real function X f is a continuous at
Zo-

Proof. We consider a function f which is continuous at xg. If A\ = 0, the function
A f =0. We know the constant function 0 is continuous.

Now we take A € R*. Hence for all £ > 0, we can find § > 0, such that for all
zEeER |z —x0|<d = |f(:r)—f(ac0)’ < ﬁ

Let z € R, such that |x — zg| < 6. Then,

’)\f( — M=o ’—|)\Hf xo)‘<|)\||/\| €.

Therefore the function A\f is continuous at xg. O

In this proof we choose ¢ > 0 such that |z — o] < ¢ implies

€
‘f(x) - f(xo)| < N

in order to simplify notations.
But one can take § such that

|x — xo| <& implies |f(x) — f(z0)| <e. (1.5.3)
In this case we obtain some &’ = |A| . Indeed let us consider ¢ as in (1.5.3) then,
A (@)~ A )] = A [£0) — )| < Mo =<'

Let f and g be two functions defined in some interval I. We assume the functions
f and g continuous at xy € I, we can prove f + g is continuous at xg.

Lemma 1.5.7. Let f and g be two real functions defined in an interval I C DyND,.
We consider a real number xo € I. We assume that f and g are continuous at xg.
Then, the function f + g is a continuous at xg.

Proof. Let € > 0 and o € I. Since f and g are continuous at zy, we can find § > 0,
such that, for every x € I, such that, |z — zo| < § implies

@) = flao)| < 5 and |g(@) - glao)| <

N ™

Take = € I such that |x — x| < §. Therefore

|(F +9)(@) = (F + 9)wo)| < [#(2) = Flao)| +|g(2) — glw0)| < 2.

Then the function f + ¢ is continuous at . U
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We can give a more simplest proof by pointing out that,

lim (f(gc) —|—g(x)) = xh—>H3L1'U f(z)+ lim g(z).

T—xTo Tr—xTo

Proof 2. Let f and g be two continuous functions at xy. Thus, we have

lim f(z) = f(zo) and lim g(x) = g(o).

T—T0o T—T0o

Using Theorem 1.1.4, we have

lim f(z) +g(z) = lim f(z)+ lim g(x) = f(zo) + g(x0)-

=T T—x0 T—To
Then f + ¢ is a continuous function at xg. O

Take two real functions f and g, which we suppose continuous at xo € Dy N D,.
One may wonder whether the function f - g is continuous at xy. The answer to this
question is given in the following lemma.

Lemma 1.5.8. Let f and g be two real functions defined in an interval I C DyND,.
We consider a real number xg € I. We assume the function f and g continuous at
xg. Then, the real function f - g is a continuous at xq.

Proof. Let f and g be two continuous functions at xg. Thus we have

lim f(z) = f(zo) and lim g(x) = g(o).

T—To T—To

Then by Theorem 1.1.6,

lim f(z)-g(x) = lim f(z)- lm g(x) = f(z0) - g(wo) = (/- g) (o).

T—To T—T0 T—To

The function f - ¢ is continuous function at xg. O

Using similar arguments we can prove that the division of continuous function
at xq is also continuous at xg.

Lemma 1.5.9. Let f and g be two real functions defined in some interval I C
DyNDy. We consider a real number xo € I. We assume that f and g are continuous

at g and g(xo) # 0. Then the function S is continuous at .
g

Proof. Let f and g be two continuous functions at xy. By definition of continuity,
we have

lim f(z) = f(zo) and  lim g(z) = g(zo0).

T—xTo T—xTo

Since g(zg) # 0, we deduce from Theorem 1.1.7, that

f(x) _limg, f(z) _ f(z0)

lim = — = .
=0 g(if) hmzﬁmo g(l’) g(IO)

The function i continuous at xg. O]
g
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Some functions are more regular. They can be continuous at each point of their
domains. In this case we say the are continuous in their domains. We state the
following definition.

Definition 1.5.10. Let f be a real function defined in I. We say that f is contin-
wous on I if it continuous at each point xy of I.

Example 1.5.11. Let f(z) = 2>+22+3 and I = [2, 3]. This function is continuous
at each point of I. Then, the function f is continuous on I.

Exercise 1.5.12. Prove that the following functions are continuous in the given
interval I

1. f(x)=3x+2and I =0, 3]

1
2. h(x):x+2 and I = (-3, 6]

3. i(z) =+x+5 and I = (—6, 10].

One can prove without any difficulties that the following functions are continuous
in their domains.

Lemma 1.5.13. The following statements hold:

e Polynomial functions are continuous
1

o The function f(x) = — is continuous in its domain Dy = R\{0}
x

e The function f(x) =/ is continuous in its domain.

As in the case of functions which are continuous at some point xy we have
following the following result.

Theorem 1.5.14. Let f and g be two real functions defined in some interval I C
DyNDg,. We suppose f and g are continuous on I. Then,

1. the function f 4+ g is continuous on I
2. the function f - g is continuous on I
3. if g(x) #£ 0, for every x € I, the function f/g is continuous on I.

Example 1.5.15. Let f(x) = 2+ 1 and g(z) = 2% + 1. The functions f and g are
continuous. Then using the theorem above, we obtain

1. h(z) = f(z) + g(x) = 2% + = + 2 is continuous on R
2. p(x) = f(x) - g(x) = 23+ 2% + x + 1 is continuous on R

z+1

5 is continuous on R.
+1

3. q(z) =

Exercise 1.5.16. Find the domain of continuity of the following functions

X

3
f(z) = 2:;1 3 +32% 4+ 22, g(x)=2>+42+3, h(x)

. r+6
 3x+5
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We can observe that, all elementary functions are continuous in their domains.
Combining this with theorem 1.5.14 and composition of functions, we obtain the
following results.

Lemma 1.5.17. Let f be a continuous function in its domain I. We define the
subset I, = {x €I | f(z)>0}. Then,the function

is continuous on I
In other words the function g is continuous at any point z, such that, f(z) > 0.

Example 1.5.18. We consider f(x) = Va2 + 3z 4+ 2. We know the function f is
defined if and only if x? + 3x 4+ 2 > 0. This correspond to the set

Dy = (-0, —2]U[-1, +00).

Applying the previous theorem we conclude, the function f is continuous in its
domain.

Exercise 1.5.19. Find the domain of continuity of the following functions

f(x) = V222 + 62 + 2, g(a:)z\/ﬁ, h(z) = /(22 + 62 + 8) (22 + 3z + 7).

Lemma 1.5.20. Let [ be a continuous function with domain I. We define the
subset I* = {x € I | f(x) #0}. Then, the function

1
9(z) = m

is continuous on I*.
The function g is continuous at any x, such that f(z) # 0.

Example 1.5.21. We take the function f(x) = %ﬁ This function is defined if

and only if x # —2. This implies the function f is continuous on R\{—2}.

Exercise 1.5.22. Find the domain of continuity of the following functions

1 (x)_3x+3 h(z) = x+3 Z,(x)_\/302—|—496—|—3
2y3z+2 T T 13 o & -

2z +3
We remind that for equations including polynomial function of degree three one
can sometimes use Cardan’ formulas to find solutions to the equation f(x) = 0. But
for polynomial function with degree n > 4 or a general function we cannot most
of the time find a formula which gives the solutions of this equation. In such a
situation what we usually do is:

fz) =

1. to prove that equation (1.5.4) has a solution which belongs in some interval

2. to give an approximation of solution of equation (1.5.4).
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Below we will see that using the continuity of a function, we can say if whether
equation : find = € R, such that,

f(z)=0. (1.5.4)

has a solution or not. We draw the readers attention that theorems which will be
stated say just there exist solutions, but do not give any information on what such
solutions look like.

Theorem 1.5.23 (Intermediate Value Theorem(IVT) ). Let f : [a, b] — R be a
continuous function on [a, b]. Then, for all k € f([a, b]), there exist at least one
xo € [a, b], such that,

f(x) = k. (1.5.5)

Corollary 1.5.24. Let f : [a, b] = R be a continuous function. We assume
fla) - f(b) <O.
Then, there exists at least one xo € (a, b), such that, f(xo) =0.

Some authors prefer to formulate the IVT theorem in this way. But you can see
that the formulation below is just a corollary of the IVT theorem.

Theorem 1.5.25. Let f : [a, b] — R be a continuous function. Then, the set
f([a, b]) is an interval of R.

Example 1.5.26. To prove that the equation 23 + x4+ 1 = 0 has a solution in the
interval [—1, 1], we proceed in this way:
We define the function f(x) = x3 + x + 1 which is continuous in R. Then, its
restriction in [—1, 1] is a continuous function.
We have f(—=1) = (=13 4+ (=1) +1=-2+1= —1 < 0. On the other hand we
have f(1) = 3. Then, one deduces
f(=1)-f1) = =3 <0.

Using corollary 1.5.24, we conclude that, there exists ©o € (—1, 1), such that,
f(xo) =0 Hence the equation x> + x + 1 =0 has a solution in [~1, 1].

Exercise 1.5.27. Say whether the following equations have solutions in the indi-
cated interval.

1. 2°+3x+1=0and I = [-1, 2]
2. 2532 +5x=1and I =[-2,1]
3. Vat+3z+3=3and I =11, 3.

Corollary 1.5.28. Let f : [a, b] = R be a continuous and increasing function. We
assume f(a) <0 and f(b) > 0. Then, there exists a unique xo € (a, b), such that,

f(l‘()) =0.

Corollary 1.5.29. Let f : [a, b] = R be a continuous and decreasing function. We
assume f(a) >0 and f(b) < 0. Then, there exists a unique xg € (a, b), such that,

f(zo) =0.
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In the next chapter, we will define increasing and decreasing functions.

Until now, we never pay attention to the form of the interval we used. Now we
need to make the different between open and closed interval. We have to specify
what we mean by a segment.

Definition 1.5.30. An interval I is open if it has one of the following form,
(=00, a) or (a, b) or (b, +00), a and b are real numbers such that a < b.

Definition 1.5.31. An interval I is closed if it has one of the following form,
I=(—o00,a]orfa,b orI=1[b, +), a and b are real numbers such that a < b.

In some books we can find these notations (—oo, a) =] — 00, a[, (a, b) =]a, b],
(b, +00) =]b, 40|, (-0, a] =] — o0, a] and [b, +00) = [b, +o0].

Definition 1.5.32. An interval I is called a segment if there exist two real numbers
a and b, a < b, such that
I=1la,bl.

In the last theorem of this chapter, we show that a function which is continuous
on a segment reaches its maximum and its minimum.

Theorem 1.5.33. Let f : [a, b] — R be a continuous function on [a, b]. Then
there exist x1 and x4 in [a, b], such that,

f(a1) = max f(z) and f(e2) = min f(a).

z€[a b] z€la, b]

Example 1.5.34. We consider f(z) = —2* +2x —1 and I = [0, 2]. The function
f is continuous in I and reaches it maximum at 1. Then

1) = max flz)=0.

Example 1.5.35. Let f(z) = 2% and I = [~1, 1]. The function f is continuous in
I, and has a minimum at 0.

A Combination of the theorem above and IVT theorem gives the following lemma

Lemma 1.5.36. Let f be a continuous function on I. We consider a segment
[a,b] C I. Then,
)
s a segment.
In other words, there exist two real numbers m and M, m < M, such that,

f(la. b]) = fm, 0.
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In the previous chapter, we study continuity of functions. At its end we introduce
the notion of increasing and decreasing functions. We promised that we will come
back to the definitions of these properties. Now we consider a function f : [a, b] — R
and two arbitrary elements of [a, b] x and y such that, a <z < y < b. We say that
f is an increasing function, if f(z) < f(y). The function f is said to be decreasing,
if f(z) > f(y).

In other words, the function f : [a; b] — R is increasing, if for all  and y in
[a, b], such that a < z < y < b the following inequality holds f(y)— f(x) > 0. Since
y —x > 0, this yields

fly) = fx) _ f=) = f(y)
y—a z—y

The function f : [a; b)) — R is decreasing, if for all w and v in [a, b], such that
a<u<v<b, f(u)— f(v) > 0. As we know that u — v < 0, then,

> 0.

f) - 1)
The quantity
Af@)=f@2:§@) (2.0.1)

is called the rate of increase of the function f. As we can observe it, the real
number Af(z) seems to be the determinant element to characterize variation of
functions. Using Af(z) we can easily check whether a function is increasing or
decreasing in a given interval.

29
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Lemma 2.0.1. Let f be a real function defined on [a, b]. We consider two arbitrary
elements x and y in [a, b], such that, a < x <y < b. Then,

e the function f is increasing in [a, b], if Af(z) >0,
o the function f is decreasing in [a, b], if Af(z) <O0.

We precise that a function f is strictly increasing if Af(x) > 0. It is strictly
decreasing, if Af(x) < 0.

The main purpose of this chapter is to define a method which allows us to study
easily variations of functions. This chapter is organized as follows: in section 1, we
define the derivative of a function. In the second section, we explain what we mean
by the study of a function. In the last section we use differentiation to characterize
some property of functions.

2.1 Derivative at some Point z

In this section, we define, the derivative of a function at some real point. Applying
this definition to an arbitrary element of the domain of the domain of a function
we establish that the function is differentiable in its domain. Using the derivatives
we will be able tocharacterize increasing and decreasing functions.

We remind that the sets (a, b) an ]a, b[ represent the same open interval. We
will use both notations in this chapter

Definition 2.1.1. Let f be a real function which is defined in the interval (a, b).
We consider a fized real number xg € (a, b). We say that the function f is derivable
or differentiable at xg, if the following limit exists:

lim £ = f(20), (2.1.1)
fi:j;o r — 2o

We recall that the expression £ — o means that x is as close as possible to zg.
That is, we can find a real number h > 0 as small as possible such that x = zy + h.
The best way to represent this in our minds is to let h going to 0. Using this concept,
we can reformulate Definition 2.1.1.

Definition 2.1.2. We consider the function f : (a,b) — R and a real number
xo € (a, b). The function f is differentiable at xo if

lim f(@o +h) = J(@o) exists.
h—0 h
h#£0
When the limit (2.1.1) exists, we denote it
o f@) = flxo) _ o fleot+h) = fleo) oy df
rhﬂnilo r—x9 IP—% h = fiwo) = dx (z0) (2.12)

In this case we call it the derivative or (differential) of the function f at xg.
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Example 2.1.3. We take f(z) = 22+1 and g = 0. Then we have f(0+h) = 2h+1
and f(0) = 1. From this we deduce,

w:2 Hence lim
h ' h—0

We conclude that f'(0) = 2.

JO+1)~f0) _,
) |

Exercise 2.1.4. Compute f'(xo)
1
Lflx)=32+2, zo=1, 2.g(x)=2>+62+1, 29=2, 3.h(z)=—, x9=4
x

4.i(z) = vx, mo=1, 5.j(z) =12, z9=1.

Let f be a real function, which is derivable at xy. Therefore, limp_¢ ( flzo +
h) — f(x0))/h is finite. We can find some real number k, such that,

lim flzo+h) — f(z)

h—0 h =k

Now we take a real number h # 0. We write

f(zo+h) — flxo)
0 ) o

f(xo+h) — f(zo) =

Letting h to 0, we obtain

lim (f(wo+h) = f(x0)) = lim (ﬂxo +h) = f(z0) .h)

h—0 h
— i L@ R @) o=,
h—0 h h—0

Hence limp, o f(xo + h) = f(x0). This is equivalent to

Jim f(z) = f(zo)
when we define © = g + h. This establish the function f is continuous at xq. This
leads to the following theorem.

Theorem 2.1.5. Let f be a real function with domain (a,b). We suppose the
function f differentiable at xo € (a, b). Then, the function f is continuous at xg.

The reverse of this theorem is not true. A function can be continuous at some
point xq, without being differentiable at this point. As an example we consider the
function f(z) = |z|. This function is continuous at 0. Indeed we have

lim f(z) = f(0) =0.

z—0
But the function |z| is not differentiable at 0. Because

. X . —T . X . X
lim u = lim — =-1 and lim u = lim — =1.
z—0- T z—0— I z—0+t X z—0t X
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Since lim,_,o- (|#|/z) # lim,_o+ (|z|/x), then, lim, o (f(z)/x) does not exists.
The function |z| is not derivable at 0.

This theorem proves that derivability or (differentiability ) is stronger than con-
tinuity. In other words, a differentiable function at zg is more regular than a
continuous function at xg in the following interval (zo — e, zo + € ).

Definition 2.1.6. Let f be a function with domain D. We take an open interval
I C D. We say that the function f is derivable in the interval I if it is derivable at
each point xg in I.

This means that f is differentiable in [ if for every xg € I,

f(zo) = %(aﬁo) exists.

Example 2.1.7. To establish that the function f(x) = 2% is derivable in R, we
consider an arbitrary real number xo . Let h # 0 be a fized positive real number.
One has f(xo) = 23 and f(xo + h) = 3 + 2x0 - h + h%. From this, we deduce that

X f(l‘o + h) — f(x()) . 2x9h+ h?
lim = lim
h—0 h h—0 h

= 2.’L‘0.

Therefore f is derivable at xo. Since xy is an arbitrary real number, we conclude
that the function f is derivable in R.

Exercise 2.1.8. Prove that the following functions are derivable in the given in-
tervals.

1. flx)=3z+2, I=]—00,0], 2.g(x)=+vz, I=][3,+4c],

. = 2 1 I: - 4~. = I: 2

3. h(z) =3x"+9x+1, 1-3, 5], i(x) T 10, 2],
. 2z -5 3

5.J(x):x—+1, I=100,1, 6. k()= (z+2)>+1, I=[-1,7.

We know that elementary functions are the bricks that allow to build more
complicated functions. That is why every new operation on the set of functions
should be tested on them, before being generalized. In the following section we
define the derivative of the elementary functions.

2.2 Derivative of Elementary Functions

In this section we define derivative of elementary functions. We start by polynomial
functions. In the second time we define derivative of the inverse and square root
function. We end the section by the derivatives of cosine and sine functions.

The first result of this section deals with constant functions which are the sim-
plest polynomial functions.

Lemma 2.2.1. Let k € R. We consider the constant real function f(z) =k, for
every x € R. Then, the constant function is derivable in R and for all x € R,

7'(@) = 0.
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Proof. We consider the constant function f(z) = k. Let o € R be an arbitrary
real number and h # 0. We have f(xg) = f(xo + h) = k. Therefore,

lim f(xo + h) — f(xo)
h—0 h

= 0 = f/(.’Eo).

Since z( is an arbitrary real number the function f(z) = k is differentiable in R
and Vz € R, f'(z) = 0. O

Example 2.2.2. For all x € R, we define the function f(x) = 2.Then, the function
f is differentiable in R. The derivative of f is f'(x) =0 for all x € R.

Now we consider an affine function f(z) = ax + b, with a # 0. Let 29 € R be
an arbitrary real number and h # 0 small enough. We have f(z¢) = axp + b and
f(zo + h) = axp + ah + b. This involves

. flzo+h) — f(zo) . axrgt+ah+b—axg—0
lim =g = lim =
h—0 h h—0 h

Then for all z € R, f'(z) = a.

Lemma 2.2.3. Let f(z) = ax + b, with a # 0 be an affine function. Then, the
function f is derivable in R and for all x € R, f'(x) = a.

f'(x0).

Example 2.2.4. We take the function f(x) = 7x+5. The domain of f is R. Since
f is affine, it is derivable in R and for all x € R, f'(x)=71.

Exercise 2.2.5. Find the derivative of the following function
1. flz)=2+2, 2.g(x)=6z, 3.h(z)=3c+1, 4.i(x)=5, 5 j(x) =4z +5.

To deal with derivative of polynomial functions of degree n > 2, we introduce
the following definitions.
We define the natural number n! as follows:
0l=1
=1
n!l=1-2-3---(n=1)-n, Vn>2.
Example 2.2.6. From the definition above one deduces
20=12=2
31=123=6
6! = 1.2.3.4.5.6 = 720.
Using the definition of n! we introduce the following notations. The natural

") = Cp is defined by

number X

As examples we have
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Lemma 2.2.7. Let n > 1 be a natural number. For any natural numbers k, such
that, 0 < k < n the following holds

(5) = () ()

Proof. To prove this lemma we point out that

(n;) - M and (ZI) = (n—k(:)!lz;cﬂ)!'

This implies

(nk1> +(Z+D = (n—(k(zz))l!)!(k+1)![k+1+n—k_1}

B (n—1)n B n! [ n
=+ R+ (n—(k+D)(E+1)! (k+1>

This completes the proof.

Using this lemma above one can define Pascal’s Triangle

0, 1
n=1 1 1
n=2 1 2 1
n=3 13 3 1

=4, 1 4 6 4 1
n=5 1 5 10 10 5 1

In High School we often use Pascal’s triangle to define the following identities.

(x+y)? =2 + 22y +4°
(z +y)® =2+ 32%y + 3zy® + 42
(z +y)* = 2t + 423y + 62%y% + day® + 2.

The generalization of the formulas above is given by the so called Newton’s binomial
Formula:

Lemma 2.2.8. Let n > 1 be a natural number, then

(z+y)" = Zn: <Z) ayn . (2.2.1)

k=0
We remark that (z +y)° = 1 and the coefficient (Z) is sometimes denoted C7'.

Exercise 2.2.9. Using Newton’s binomial Formula give the expression of the fol-
lowing functions

L flx)=(z+3)° 2.9 =@+a), 3. hx)=(x-1)5.
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We consider the function f(x) = 2™, with n > 2.Let £y € R be an arbitrary real
number and h # 0 small enough. One has f(z¢) = zf and f(zo + h) = (xo + h)™.
Using Newton’s binomial formula, we obtain

n n—1
o hy =3 () bt =g 3 () b
k=0

k=0

From this we deduce that

n—2
flzo+h)— f(xo) = (nn 1) zp h+ Z (Z) ak ok

Since n — k > 2, and

n—2 n—2
N WEREE W R

k=0

we have limy,_,q Zz;g (Z) x’g . h"—k=1 — (. This yields

lim flxo + h})L — f(z0) _ <n71 1) et

h—0

On the other hand we know that (nn ) = n. Therefore f'(z) = na™"!. This

1
leads to the following lemma

Lemma 2.2.10. Let f(x) = 2™, with n > 2 be a real function. Then, the function
f is derivable in R and for every x € R, we have f'(z) = na™ L.

Example 2.2.11. We consider the following functions
f(x) =22 g(z)=25 and h(z)=2".
These functions are differentiable in R. For all real number x we have
fl(x) =2z, ¢'(x)=62" and h'(z)= 72"
Exercise 2.2.12. Determine the derive of the following functions
L f(x) =2 +22"+5, 2.g(x)=2>+322+50+2, 3.i(z)=2®+2"+2
4. h(x) =210 +22% 4+ 32% +- 22 +3, 5. () = 2° + 423 + 2% + 2.

1
Let © € R* and f(x) = —. For zp € R* and h # 0 be small enough, we have
x

flzo) = xio and f(zo+h) = o Then,
1 1
lim fzo +h) — J(2o) — Jim o7 o th _ % = lim oz R h
h—0 h h—0 h h—0 h(zo + h)zo
1 1
T isozg(wo+h) @
1

We conclude that for all z € R*, f'(z) = ——-
T
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1
Lemma 2.2.13. Let f(x) = —- Then, the function f is differentiable in R* and
x

for all x # 0, we have
1

x2

flz) =

1
Let x be a real number such that = # 0. We know that — = x~". From this
:En

we deduce that n

- xn+1 :

f'() = —na =
This proves the following lemma

Lemma 2.2.14. Let n > 2 be an integer. For any x # 0 we define the function
1
fx) = ol Then, the function f is differentiable in R\{0} and for every x # 0, we

have
1

f/(.’If) = _n$n+1 :

1
Example 2.2.15. We consider the function f(x) = o Then, the function f is
differentiable in R* and for all x # 0, we have

)
-

fiz) =

Exercise 2.2.16. Find the derivative of the following functions

1

L f@) =~ 2.g(0) =~ 3 h(z) =

T xr2 il

Let 2 belong to [0; 400). We define the function f(x) = /z. We take an
arbitrary real number zg in |0; +00). For some real number h # 0 which is assumed
to be small enough. We write f(zo + h) — f(x0) = Va0 + h — \/To. Multiplying
this expression by (vzo + h + /Z0)/ (Vo + h + \/Zo). we obtain

(Vao+ 7= vao) (Vo + 7 + v )

f(xo+h) = f(zo) = Vzo+h—xg = VT h+ v

h
n \/1’0+h+\/‘%.

Therefore

limf(x0+h)_f(x0):1 h _ 1 1

. , _ _
h—0 h ey h(v/xo + h + /T0) H50 Vro+h+ 20 2T

Lemma 2.2.17. Let f(x) = /T be a function defined on [0, +00). Then the
function is differentiable in x € (0; +00). For all x > 0,

Remark 2.2.18. We point out again that f'(0) is not defined.
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Below we list some properties which allow to define easily the derivative of sine
and cosine functions.

Lemma 2.2.19. Let z be a positive real number, such that, 0 < x < w/2. Then,

(2.2.2)

The proof of this lemma is based on the following geometrical observation. We
can see in the figure below, the triangle OAM is included is the part of the disc
delimited by the lines OB and OM. We denote this part of the disc OBM. This
latter is included in the triangle OBN. As indicated below

N

Here the circle we consider is the trigonometric circle. That is, the distance OB =
OM = 1. We know that the distance OA = cos(z) and AM = sin(x). Using
Thales’s theorem we find BN = tan(x).

On the other hand we have

_sin(x) - cos(z) Tz =
Area(OAM) = — 5 Area(OBM) = 5r 7= 3
_ sin(x)
Area(OBN) = 2 cos(x)

Combining this, with the fact that the
Area(OAM) < Area(OBM) < Area(ABN),

we obtain ) ‘
sin(z) - cos(x) T sin(z)

2 — 2 7 2cos(x)

Since x € (0, 7/2), sin(x) # 0, then we can divide by sin(x). Multiplying the
x

previous inequalities by — , we obtain cos(z) <
si

n(z)
Lemma 2.2.20. Let x be a real number which is different to 0. Then, the following
holds

sin(x) ~ cos(z) '

lim sin(z)

x—0 €T

=1. (2.2.3)
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Proof. We consider z € (0, 7/2). Using (2.2.2) we have

sin(z)

We know that cos(z) # 0 and

the inverse of each term in (2.2.2). This involves

# 0. Because 0 < z < 7/2. We can calculate

sin(z) 1
x = cos(x)

cos(z) <

Since lim, ¢ cos(x) = 1, then, using Sandwich theorem we obtain

lim S0) _
x—0 xT
O
Lemma 2.2.21. Let h be a real number which is x # 0. Then,
cos(h) — 1
lim ———— = 0. 2.2.4
0 h 0 ( )
Proof. Let x # 0. On one hand we have
cos(z) —1 cos(z) —1 cos(z)+1  cos?’(z)—1  —sin®(x)
T B x cos(x)+1  x(cos(z)+1) =z (cos(z)+1)
_ —sin(x) sin(z)
o cos(z) + 1
On the other hand we have
1ian($):1 and limﬂ:&
=0 T z—0 cos(x) + 1
Therefore, we have
lim M = 0.
z—0 x
O

For the convenience of the readers we remind the following properties shared by
the functions sine and cosine. Let a and b be two real numbers. Then, the following
identities hold

sin(a + b) = sin(a) cos(b) + cos(a) sin(b),
sin(a — b) = sin(a) cos(b) — cos(a) sin(b),
cos(a + b) = cos(a) cos(b) — sin(a) sin(b

Now we consider the function f
number. We know for all h € R*,

—~

x) = sin(z) and xzp € R an arbitrary real

sin(xg + h) = sin(zg) cos(h) + cos(zg) sin(h).
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Dividing by h we get

sin(zg + h) — sin(xg) _ sin(xo)cos(h) -1 n cos(xo)sm(h) .
h h h
Using (2.2.3) and (2.2.4), we obtain
. sin(zo + h) —sin(xg)
’llli% Y = cos(xg).

Therefore for all z € R, f'(z) = cos(z).

Lemma 2.2.22. Let f(x) = sin(x). Then, the function is differentiable in R and
for all x € R,

f'(x) = cos(z).
We take z € R and we define the function f(x) = cos(x). Let xy be an arbitrary

real number and h # 0 a fixed real number. One knows that
cos(zg + h) = cos(xg) cos(h) — sin(zg) sin(h). That is,

T20 2 1) = J0) _ o) SL i) T2,
Therefore,
_flwzoth) = flwo)
flzli% W = —sin(xo).

This leads to the following lemma

Lemma 2.2.23. Let f(x) = cos(x). Then, the function f is differentiable in R and
for all x € R,

J(x) = —sin(z).

We can summarize all these properties in the following table.

’ f(x) | Domain of f | f(z) | Domain of " |
a R 0 R
ar +0b R a R
az? +bx + ¢ R 2ax +b R
™ R nz™ 1 R
I 1
. SO - Y
22 R\{0} —W R\{0}
VT [0 +00) NG (05 400)

cos(x) R —sin(x) R
sin(x) R cos(x) R

We recall that general function are constructed from elementary ones by sum-
ming, multiplying or dividing etc. In the next section we deal with derivative of
sum, multiplication, division, square root of such elementary functions.
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2.3 Operation on the Differentiable Functions

This section is organized as follows. Firstly we define derivative of sum of functions.
Secondly we study derivative of multiplication and division of functions. We end
this section by dealing with square root an general composition of functions.

Let u and v be two differentiable functions in some open interval I. We consider
the function f(z) = u(x) + v(x). Take an arbitrary real number zy € I. We fixed
h # 0 a real number which is small enough. The definition of the function f gives

f(xo) = u(zo) +v(zo) and  f(zo+h) = u(zo+ h) + v(zo + h).
Dividing by h and considering the limit when A goes to 0 we obtain

lim u(xo + h) +v(xg + h) —u(xg) — v(xo) — lim u(zo + h) — u(zp)
h—0 h h—0 h
4 fim v(zo + h) — v(xo)
h—0 h
=u/(z) +v'(x)-

This proves the following lemma.

Lemma 2.3.1. Let v and v be two differentiable functions in some open interval
I. Then, the function f(x) =u(zx)+ v(z) is differentiable in I and for all v € I

fi(x) = u'(2) + o' (2).

Example 2.3.2. Let f(z) = 22 +32+1+ é The domain of the function f is R*.
From the previous section we know the function u(x) = x + 3z + 1 is differentiable
in R and the function v(z) = é 1s differentiable in R*. Then, the function f = u+v
is differentiable in R\{0} and we have,

1
f’(x):4x+3fP~

Exercise 2.3.3. Define the derivatives of the following functions

1 3  2P+a+l 12 1
1. f(m):6x+;, 2'9(I)ZE+T’ 3. h(z):EJrFJr?‘
We consider two functions u and v which are differentiable in an open interval
I. We define the function f(z) = u(x)-v(x) for all x € I. We take an arbitrary real
number zg € I, and fix h # 0 small enough. We have f(z¢) = u(zo) - v(xo) and
f(zo+h) =u(zg+ h)-v(xg+ h). Thus dividing f(z¢ + h) — f(z¢) by h, we obtain

f(wo+h) = f(xo) _ u(zo+h)-v(wo + h) — u(xo) - v(wo)

h h
_ u(xo + h) - v(xg + h) —u(xo) - v(xo + h)
h
n u(xzo) - v(xo + hiz —u(xg) - v(xo)

= v(zo + h) - u(xo + hlz —u(zp) + u(o) - v(xg + h]z — v(z0)
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We know that limy_,o v(2o + h) = v(xo). Using the definition of differentiablity at
the point xq, we have

h—0

lim f(zo+h) — f(z0)
h

= u/(20) - v(20) + u(xo) - v'(20).
That is, for every x € I,

fl(@) = (z) - v(z) +u(z) - o' (2).

zel,

Lemma 2.3.4. Let u and v be two differentiable functions in an open interval I.
We define f(x) = u(z) - v(x). Then, the function f is derivable in I and for all

f'(@) = v/ (z) - v(z) + u(z) - o' (2).
Example 2.3.5. We define the function f(x) = 3z + 1)(x

+1). We set
u(z) =3x+1 andv(x) =z + 1. Then u/'(z) =3 and v'(z) =

1
1. We deduce
f(@)=3x+1)+@Bx+1)=32+3+3x+1=06z+4.
Exercise 2.3.6. Find the derivative of the following functions

1
1f(x) = (2* +4x+6)(2®* + 5z +1), 2.g(x) = (z* +32+5x+6) —
3. h(z) = (6z +2) - V.

Let  and y be in R, such that x # 0. We define ¢ = Y and we define the
sequence

Uug = 1
Up41 = qUp, YR > 0.
The sequence (up)p>0 is geometric with common ratio ¢ = = and initial term

Y
T
up = 1. Then, if £ #£ 1, the sum of the n first terms of the the sequence (uy,) is
xT

po1-L
n—
1+ 444 (g) =2
x T 12
x
The expression above is equivalent to,

Lemma 2.3.7. Let x and y be two real numbers. Then, we have

n—1
n n

2yt = (z—y) Yy 2R R

k=0
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Lemma 2.3.8. Let u be a differentiable function in an open interval I and n be a
natural number greater than 2. We define the function f(x) = (u(x)) . Then f is
differentiable in I and for all x € 1,

f(z) =nu(x) (11(3@))7171

Proof. Let u be a differentiable function in an open interval I. We denote

f(z) = (u(x))™. We consider an arbitrary real number o € I. For all real number
h # 0 small enough, we have f(z0) = (u(z0))" and f(zo+h) = (u(zo+h))". From
the lemma above we deduce

f(@o +h) — fzo) _ u"(zo +h) —u"(z0)

h h

We obtain

u" (o +h) —u"(wo)  u(wo+h)— U(x(l)_ <n1 )
) )

W Z uF @ + h)u® (z0)
k=0

For k, such that, 0 < k <n — 1, we have

lim u" " (zg + h) = u"F 1 (x0).

h—0
Hence
n—1 n—1 n—1
lim u" (o + h)uF (z0) = lim u"* Yz + h)u® () = Z u" " (x0)
h—0 h—0
k=0 k=0 k=0
= nu" " (z).

This involves

i L@ ) = flwo) _ . u(@o + h) — u™(@o)

h—0 h h—0 h
n—1
_ oo u(@o +h) —u(wo) n—k—1 k
= %gr%) A . }ll% 2 u (xo + h)u"(zo)
= na' (zo) u™ " (zg).
That is, for all z € T f'(z) = nu/(z) u" (). O

Example 2.3.9. We define the function f(z) = (x® + 322 + 22 + 7)*. It is differ-
entiable in R. Setting u(x) = x + 322 + 2z + 7 we obtain v'(z) = 32% + 6z + 2.
Therefore,

f(x) =432 + 62 + 2) (2® 4 322 + 22 + 7).
Exercise 2.3.10. Find the derivative of the following functions

1 f(z) = Bz +5)°, 2. g(x) = (2> +52+1)° 3. h(z) = (22 + 5)%/2.
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Now we consider a function u which is differentiable in an open interval I.

1
Moreover we assume for every = € I, u(x) # 0 and we define f(x) = w) Let
u(z

o € R be an arbitrary real number. We take h # 0 small enough. We have

1 1
f(zo) = (o) and f(zg+h) = w(zo 1 1)

1 1

lim f(xo+h) = f(zo) _ lim u(zo+h) u(zo) _ lim u(zo) — u(wo + h)
h—0 h " h—0 h 50 b u(xg + h) - u(xg)
— lim ! i (@0 1) ~ u(o))
h—0 u(zo + h) - u(zg) h—0 h

- Then, we have

Since u is differentiable in I, it is continuous in I. Then, limy_,o u(xg + h) = u(xg).
We obtain
1 1 —(u(zo + h) — u(xp))

li = d li
hs0 u(zo + h) - ulzo)  u?(mo) e h

= —u/ ().

Consequently we have

fleo+h) — flao) _ u/(wo)

w b wm)
- : u'(z)
That is, for every z € I, f'(z) = —— =
u?(z)

This leads to the following lemma.

Lemma 2.3.11. Let u be a differentiable function in an open interval I, such

1
that, for all x € I, u(x) # 0. We define f(x) = m Then, the function f is
differentiable in I and for every x € I,
/
/ _u/(z)
f (l‘) - UQ(I)

1
Example 2.3.12. We define the function f(x) = P The function f is defined
x

for all z in R\{—1}. We set u(x) = = + 1. The function f is derivable in R* and
the derivative of the function u is u/(x) = 1. Using the previous lemma, we have

u'(x) 1
f/($) = T3 = - 2"
wA(z)  (z+1)
Exercise 2.3.13. Find the derivative of the following functions
1 1 1
].. = —-— 2. = - h =
J(@) 5z + 8’ 9(@) 222 + 5z + 2’ (z) r—1

The lemma above is a particular case of the the following one.

Lemma 2.3.14. We consider a natural number n > 2. Let u be a differentiable
function in an open interval I. We suppose that, for all x € I, u(z) # 0 and we

1
define the function f(x) = UT(QT) Then, the function f is differentiable in I and

forallxz e,
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Proof. We consider u a differentiable function in the open interval I. We take a

1
natural number n > 2. Remarking that f(z) = —— =« "(z) we get
u

=
~—

O

Example 2.3.15. Let f(z) = m The function f is defined in R\{—1/2}. It is
also differentiable in R\{—1/2}. To find the derivative of the function f we define
u(z) = 2z + 1. The function u is differentiable in R and we have u'(x) = 2. Hence

—4 x 2 -8

F@ =@y ~ Gt s

Exercise 2.3.16. Find the derivative of the following functions

1 1 1

T 5 - ia 2 = . = - .
@it 29O Gy 2O e e

L f(z) =

Let u and v be two differentiable functions in the open interval I, such that for

all x € I, v(x) # 0. We define f(z) = ugz; For any 2o € I and h # 0, we have

u(zog +h)  u(zo)
(

<

f(wo+h) = f(wo)  wv(wo+h) wv(zg)  ulzo+ h)v(ze) —u(zo)v(we 4 h)

h h hv(zg 4+ h)v(zp)
_ 1 u(zo + h) — u(wo) o(0)
v(xo + h)v(xo) h
_ 1 ,U($0+h)—v($0)u(x0).
v(zo + h)v(xo) h

Since v is a continuous function, limy_,o v(xo + h) = v(xg). This implies

) 1 1 . u(zo + h) —ulxo) oy
o+ @) — ¥(zg)’ A h v(w0) = w'(wo)-v(zo)  and
}lliirb vl + hf)L - U(zo)u(xo) = u(xg).v' (o).

Consequently we have

i @0+ h) = f(@o) _ u'(wo)v(@o) — ulzo)v'(z0)

h—0 h v2(z0)

Since x( is an arbitrary element of I, we have the following lemma.

Lemma 2.3.17. Let u and v be two differentiable functions in the open interval I,
such that for all x € I, v(x) # 0. We define f(z) = @ Then f is differentiable
in I and for allx € I,

v(x)

u(z)v(x) — u(z)v'(z)

v3()

f'(z) =
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3
Example 2.3.18. We consider the function f(x) = ;J:-l' This function is dif-
x

ferentiable in its domain R\{—1/2}. To find ' we consider u(x) = x + 3 and
v(r) = 2z + 1. Then u'(z) = 1 and v'(x) = 2. This implies that for every
z € R\{-1/2},

' (z)v(x) — u(z)v'(x) R 2(z+3) -5

2(z (2z+1)2  (2z+1)72

f'(@) =
Exercise 2.3.19. Find the derivative of the following function

3z+5 Vrdao+1 5r —6

IO = merr 299 =T

For the square root we have the following result.

Lemma 2.3.20. Let u be a differentiable function in an open interval I, such that
for every x € I, u(x) > 0. Then the function f(x) = Ju(x) is differentiable in I
and for every x € I

We can prove this lemma easily by observing that f(z) = (u(a:))l/Q. Then, the
derivative of f is
172 u(x)

B 2\/u(x).

But here we will give another proof.

Proof. Let u be as in the lemma. We set f(z) = y/u(x). We take 2o € I and h # 0
small enough. We have f(xzo + h) = Ju(zg + h) and f(xg) = \/u(zo). Therefore

we have

flxo+h) — f(xo) _ \/u(ﬂco +h)— \/u(xo) _ u(xo + h) — u(zo)

h h B h (v/u(xo + h) + /u(zo))
_ u(zo + h) —u(xo) 1 .
h Vu(zo + h) + y/u(xo)
We have ( n (20)
o uwlxg + — u(x ,
fim == —— =v(@).

Since 1/u is a continuous function, we obtain

. 1 —_— 1 .
ilzli% Vu(zo + ) + y/u(wo) N 2y/u(xo)

Then
lim f(zo +h) — f(zo) _ u'(zo)
h—0 h 2 u(x0>
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Example 2.3.21. Let f(z) = +/2x + 2. The function f is defined in [—1; +00). It
is differentiable in the interval (—1, +00), for every x € (—1; +00), the derivative

of f is defined by
o) =smmes

Exercise 2.3.22. Find the derivative of the following functions

1. f(x) =v3z+2, 2 g(z)=+222+3x+5, 3.h(z)=+v2zx+3.

We take a function u and an open interval I. We suppose u differentiable in I.
Now we define the function f(z) = cos(u(z)). For ¢ € I and h # 0, we calculate
(f(xo+ h) — f(x0))/h. Then, we obtain

f(zo+h) = f(xo) _ cos(u(zo + h)) — cos(u(zo)
h h
cos(u(xg + h)

~—

— cos(u(zo)) u(xo +h) —u(x)o)

u(xo + h) — u(xo)

cos(u(zo + h)) — cos(u(zo)) u(zo + h) — u(z)o)
u(xo + h) — u(xo) h

—_

Since u is differentiable in I it is continuous on I. Then, limp_,o u(xo + h) = u(zg).
This means that when h — 0, u(zo + h) — u(zo). In other words if we set
y = u(xo+ h) and yo = u(xp), we obtain

lim cos(u(zg + h)) — cos(u(zo)) — lim cos(u(y)) — cos(yop))
h—0 u(xo + h) — u(xo) Y=o Y=o

Since

lim
h—0

U(-TO + h})b — U(IO) = Ul(zO)a

we conclude that

lim f(wo+h) — f(zo0)
h—0 h

Lemma 2.3.23. Let u bea differentiable function in the interval I. Then, the
function f(x) = cos(u(x)) is differentiable in I and for all x € I, we have

f(x) = —u/(x) - sin(u(x)).

Similarly we can establish the following result

= —u'(x0) sin(u(xg)).

Lemma 2.3.24. Let u be differentiable function in an open interval I. Then, the
function f(x) = sin(u(x)) is differentiable in I and for all x € I, we have

f'(@) = u'(x) - cos(u(x)).
Example 2.3.25. We define the following functions
f(@)=cos(3x+1) and g(z)=sin(bz + 2).
Then, we have

fl(x) = =3sin(3z +1) and g¢'(x) =5cos(5x +2).
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Exercise 2.3.26. Give a proof of lemma 2.3.24.
Exercise 2.3.27. Find the derivative of the following functions

1. f(z) = cos(4z +6), 2. g(x) =sin(z* +z+2), 3.h(z)=cos(Vz + 1),
4.i(z) =sin(Tz +3), 5. j(x) = cos(x — 1).

The last three lemmas we stated are just particular cases of the following general
theorem.

Theorem 2.3.28. Let u be a differentiable function in some open I and f a dif-
ferentiable function in some open interval J. We suppose u(I) C J and we define
the function

9(x) = f(u(z)).
Then, the function g is differentiable in I and for every x € I, we have

g(@) = o' (2) - f'(u(a)). (23.1)

Proof. We consider u and f as in the theorem. Let xy be an arbitrary element of I
and h # 0. We have

lim g(zo + h) — g(x0) — lim fu(zo + h)) — fu(zo))
h—0 h h—0 h
i F@@o 1)) — flu(zo)) ulzo +h) — ulzo)
h—0 h w(zo + h) — ulzo)
_ i L @@o+ 1)) — fluzo)) . ul@o +h) — ul(@o)
h—0  u(wg + h) —u(zo) h—0 h

When h — 0, y = u(xg + h) — yo = u(zp). This implies
o £ 1)~ fulz) )~ F)

h—0  u(zo + h) —u(xo) Y=o Y — Yo

= f'(yo) = f'(u(0)).

On the other hand we have

Thus we conclude that

lim g(xo + h) — g(xo)
h—0 h

= g'(20) = u'(0) - f'(20)-
O

All the results stated in section can be summarized in the following table. To
make the presentation clear we will write u and «’ instead of u(z) and u/'(x). We
denote by D,, the domain of the function u and D, represent the domain of v’. We
use also the following notations:

Dy ={xeR: ulx)#0}, Do ={x R : u(z) >0} and

Ds={xz eR : u(x) > 0}.
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| f(@) [Domainoff| f'(x) [Domain of f’ |

u Du u Du/

u? D, 2u’'u D,

u” D, nu w1 D,
1 7

- D, —% D,
— u?
nu

U77 n Z 2 Dl - ’U,Tt+1 Dl

u
D — D

U(I’) 2 2\/6 3

cos(u) D, —u/. sin(u) D,

sin(u) D, u’. cos(u) D,

Let f and g be two functions. We aim to calculate this limit

o 1@) = £(@0)

a=ao g(x) — g(x0)

where we assume g(z) # g(xo). If both functions f and g go to 0 when = — x, we

will have
fo 1@ = fwo) 0

e—zo g(z) — g(zo) 0
We know, this is undefined. The second case is when

f(2) = flzy) oo

lim =
A g(@) — glwo) ~ Eoo

To decide these two cases use the following result.

Theorem 2.3.29 (De Hopital’s Rule). Let f and g be two differentiable functions
at xg. We suppose g(x) # g(xo) for every x # xy. Then, we have
f(@) = flwo) _ f'(z0)

B s o S

Proof. The proof this is quite simple. Let us assume g(x) # g(zo) for every z # xo.
In this case we can write

f(@) = f(zo)
f(z) — f(zo) T—x0
g(x) —g(zo)  g(x) — g(x0)
r — X

Since we assumed that the functions f and g are differentiable at xg, we have

lim @) = fzo) = f'(z9) and lim 9(x) = (o) =g’ ().

T—To T — Xo T—To T — X9

Therefore we have,
i @) = flae) _ o).
a=wo g(x) —g(z0)  g'(x0)
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Example 2.3.30. We consider the following function f(x) = sm(m)' We have
x

. ; ~ ¢in(0
lim SRE) _ gy, 80@) = 5in0) gy 21
x—0 x x—0 x—0
Exercise 2.3.31. Find the following limits
-1 341
U T M S PO 1) N T
xz—0 x xz—0 x z——1 -+ 1

In the previous sections we study derivatives of functions. In the next section
we will see some applications of these derivatives.

2.4 Applications

In this section we enumerate some applications of the derivatives. In the first part we
use derivative to study variations of functions. After this we show how derivatives
can allow us to characterize a maximum and a minimum.

Theorem 2.4.1. Let f be a differentiable function in an open interval I. Then,
o the function f is increasing in I if and only if, for every x € I, f'(x) >0
o the function f is decreasing in I if and only if, for every x € I, f'(x) <O0.
Remark 2.4.2. We specify the following notations

o the function f is strictly increasing in I if and only if, for every z € I,
fl@)>0
o the function f is strictly decreasing in I if and only if, for every x € I,

f(z) <0.

Example 2.4.3. We consider the function f(x) = 23+ 1. This function is polyno-
mial then it is defined and derivable in R. For every real number x the derivative
of f is given by f'(x) = 3x2. Then, f'(x) > 0. We conclude that the function f is
increasing in R.

Example 2.4.4. Let g(x) = —2x
for all real number x we have ¢'(x
decreasing in R.

+ 1. The function g is differentiable in R and
) = —2 < 0. Hence the function g is strictly

Exercise 2.4.5. Study the variations of the following functions

2
1 fx) =a® +32+6, 2. g(x)= Lﬂ 3. h(z) = (22 + 2z + 4)(z + 5).
T —
Below we remind the definition of a local maximum of a given function.
Definition 2.4.6. Let f be a continuous function and I C Dy an interval. We say
the function f has local mazimum at xo € I, if for all x € I, f(xo) > f(x).



50 CHAPTER 2. DERIVABILITY

Theorem 2.4.7. Let f be a differentiable function, a and b two real numbers in Dy,
such that, a < b and [a, b] C Dy. We consider xg € (a, b), such that the function f
is increasing in [a, xo] and decreasing in [xq, b]. Then, the function f has a local
maximum at xo. The value of this local mazimum is f(xg).

Proof. Let f, a and b satisfy the conditions in the theorem. The function f is
increasing in [a, zg]. Then f/(x) > 0 for all z € [a, xo]. From this we deduce that

for all z € [a, xo,
f(zo) — f(=)

To — X

>0

. Multiplying the inequality above by x¢g —z > 0, we obtain f(z¢) — f(x) > 0 This
implies f(zo) > f(x), for every z € [a, z¢].

On the other hand we know the function f is decreasing in [x¢ , b]. Hence f'(z) <
0, for all « € [zg; b]. That is, for every x € [zg; b],

f(@) = f(wo)

Tr — X

<0.

As we know that  — z¢ > 0, then, f(z) — f(zo) < 0. Therefore for all « € [z, b]
we have

f(zo) > f(=).

We have proved that for every z € [a, b],

f(zo) > f(2).
The function f has a local maximum at z¢. The value of this maximum is f(x¢). O

Example 2.4.8. We take the function f(x) = —x? + 2z + 1. The function f is
derivable in R and we have f'(x) = —2x + 2. We can observe that f'(x) > 0 for
all x € (—o0, 1]. Therefore f is increasing in (—oo, 1]. The function f'(z) < 0
for all x € [1, 4+00). Then f is a decreasing in [1, +00). Applying the theorem
above we deduce that f has a mazimum at o = 1. The value of this maximum is
f)y=-1"+2-1+1=2.

Theorem 2.4.9. Let f be a differentiable function and I C Dy an interval. We
consider xg € I and we assume that f has a local mazimum at xo. Then f'(xo) = 0.

Proof. Let f be a differentiable function which has a local maximum at xzg € I.
Then for all z < zg, we have %{0@0) > 0. From this we deduce that

x

i @) = (o)

T—T0 T — To

= f'(z0) > 0. (2.4.1)
On the other hand for any x > zy, we have %‘iixo) < 0. This implies

lim f(x) = f(20)

T—To Tr — X9

From (2.4.1) and (2.4.2), we deduce that 0 < f’(x¢) < 0. Therefore f'(x¢) =0. O

= (o) <0. (2.4.2)

Example 2.4.10. We consider the function f(x) = —x? + 2z + 1. We have

f'(x) = =224 2. We proved that the function f has a mazimum at xo = 1. We can
see that f'(1) = =2.(1)+2=0.
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In the definition below, we recall the definition of a local minimum of a function.

Definition 2.4.11. Let f be a continuous function and I C Dy an interval. The
function f has local minimum at xg € I, if for every x € I, f(z) > f(xo).

Theorem 2.4.12. Let f be a differentiable function a and b two real numbers in D¢,
such that, a < b and [a, b] C Dy. We consider xo € (a, b), such that f is decreasing
in [a, xo] and increasing in [xo, b]. Then the function f has a local minimum at
xg. The value of this local minimum is f(zo).

Proof. Let f, a and b be as in the theorem. Since the function f is decreasing in
[a, zp]. Then f'(z) <0. From this we deduce that for all z € [a, (],

f(xo) — f(z)

o — T

<0.

Since g — x > 0, we have f(xzg) — f(x) < 0. This implies that f(zo) < f(z), for
every « € [a, zg].

On the other hand, the function f is increasing in [zg, b]. Hence f'(z) > 0, for
all z € [xg, b]. That is, for all z € [z, b], f@)=f@) > g The fact that = — z¢ > 0,

involves f(x) — f(xg) > 0. Therefore, for evef§?6 [0, b], f(zo) < f(x). We have
proved that for all z € [a, b] f(xo) < f(z). The function f has a local minimum at

xo. The value of this minimum is f(zo). O

Example 2.4.13. We take the function f(x) = x? — z + 1. The derivative of f is
f'(x) = 2x — 1. We can observe that f'(x) <0, for all x in (—oo; 1/2]. Therefore
f is decreasing in (—oc; 1/2]. The function f' is positive in [1/2; +oo[. Then f
is a increasing in [1/2; +oo[. Applying the theorem above we deduce that f has a
minimum at xo = 1/2 and we get f'(1/2) =2(1/2) —1=0.

Theorem 2.4.14. Let f be a differentiable function and I C Dy which is an
interval. We consider xg € I and we assume that f has a local minimum at .
Then

f/(xo) =0.
Proof. Let f be a differentiable function which has a local manimum at z, then
for all x < zg, we have M < 0. Then,
r — X
tim L& =S@) oy (2.4.3)
T—=To Tr — X
On the other hand, for any = > xg, we have M > 0. This implies
r — X

that

lim L&) =@ s (2.4.4)

T—xQ r — X

From (2.4.3) and (2.4.4), we deduce that 0 < f’(xg) < 0. Therefore f'(x9) =0. O

Example 2.4.15. Let f(z) = 22 — 2x + 1. The function f is differentiable in
R and f'(x) = 2x — 2. The function f has a minimum at xo = 1, and we have
ff()y=2.(1)-2=0.
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Exercise 2.4.16. Say whether the following functions have local maximum or local
minimum.

r+1

A general case where f'(z9) = 0 holds is in Rolle’s theorem.

Theorem 2.4.17 (Rolle’s Theoerem). Let f be a real function defined on [a, b].
We suppose

e the function f is continuous on [a, b]
o the function f is differentiable in (a, b)
o we have f(a) = f(b).
Then, there exist xg € (a, b), such that, f'(xo) =0
Proof. In this proof we will distinguish two cases.
Case 1: We assume for every z € [a, b], f(z) = f(a).
In this case the function f is constant. Therefore, for all = €]a, b[, f'(x) = 0.
Case 2: We assume the function f is not constant.

Since the function f is continuous on [a, b], then the function f reaches its maximum
and minimum. There are z¢ and x; in [a, b], such that

m:= min f(z) and M := max_ f(z).
z€la,b] z€la, b

In this case,we have one of the following situation either m < f(a) or M > f(a).
Here we suppose m < f(a) = f(b). Then, there exists xg €|a, b[, such that,
f(z0) = m. Since the function f has a local minimum at z¢, we have f'(z¢) = 0. O

We emphasize Rolle’s Theorem is a particular case of the following theorem.

Theorem 2.4.18 (Mean Value Theorem). Let f be a real function defined on [a, b)].
We suppose that

e the function f is continuous on [a, b]
e the function f is differentiable in (a, b)
Then, there exists c € (a, b), such that,
f®) = fa) = (b—a) f'(c). (2.4.5)

If we take f(a) = f(b) in this theorem, we obtain Rolle’s theorem. The proof of
this theorem is simple.

Proof. Let z € [a, b]. We define the function g(x) = f(z) — f(a) — (x — Q)W'
The function g satisfies these properties:

o the function g is continuous on [a, b]
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« the function g is derivable in (a, b) and ¢'(z) = f/(z) — W,

o we have g(a) = g(b).

Then, applying Rolle’s theorem to g, we find ¢ € (a, b) such that ¢’(¢) = 0. This
involves

O

We remark that the identity (2.4.5) holds only in R. When the dimension n of
the space is greater than 1, (for example n > 2), we get an inequality..

Theorem 2.4.19. Let f be a real function defined on [a, b]. We assume that
o the function f is continuous on [a, b]
o the function f is differentiable in (a, b)
e there exists a real number M > 0, such that, for every x € (a, b),
[ (z)| < M.
Then,
| f(b) = fla)] < M |b—al. (2.4.6)

Proof. To prove this theorem we consider a function f satisfying the condition of
the theorem. Then, there exists ¢ €]a, b], such that

[£(0) = fla)| = 1S ()] [b— al.
Since ¢ €]a, b[, we have |f'(c)| < M. Hence, we obtain
|f(b) = f(a)| < M|b — al
O

To end this section we show how to use the derivative of a function to find a local
linear approximation of a function. The most known of this type of approximation
is the tangent line of the graph C of the function at the point xy. Here we will have
the privilege of showing when using second order derivative we can obtain more
precise approximations of a function.

Definition 2.4.20. Let f be a differentiable function. We consider xo € Dy and
we suppose the function f differentiable at xo. The equation of the tangent line of
the curve of f at xo is defined by,

(Tay) =y = f'(wo) (@ — o) + f (o). (2.4.7)

Sometimes we use the notation tangent line of f at z instead of tangent line of
the curve of f at xzq.

Example 2.4.21. Let f(x) = 2? + 42 + 2. Find the tangent line of f at o = 0.
We have f'(x) =2x+4. Then f'(0) =4 and f(0) = 2. The equation of the tangent
line of f at g = 0 is given by

To:y=4(x—0)+2=4x +2.
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Exercise 2.4.22. Define the equation of the tangent line of the following functions
at xq.

Lf(z)y=2*+224+1, z0=1, 2. g(x) =V +2, 10 =2, 3. h(x)zm, xo=1
T+ 7

4.i(x) = L

zo=3, 5.j(x)=(x+5)(z>+524+9), z0=0.

Convex functions share some nice properties with their tangent line. Below we
will establish that the curve of a convex function lives above its tangent lines. To
present this clearly, we need some preliminary results.

Lemma 2.4.23. Let f be a conver and differentiable function in an open interval
I. We consider three real numbers x1, ro and x3 in I, such that 1 < o < T3.

Then,
f(z2) — f(z1) < f(zs) — f(z1) < f(xs)*f(@) (2.4.8)
X9 — 1 T x3—1 T x3— T2 -

Proof. We take f convex in I, x1, x2 and x3 in I such that, 1 < zo < x3. Since
the segment [z, x3] is convex, there is ¢t €]0, 1[, such that, zo = tx; + (1 —t) x3.
Using the definition of convex functions we have,

f(z2) = fter + (1 —t)x3) < tf (1) + (1 —t) f(as).
This implies f(22) — f(z1) < (1 —t)(f(x3) — f(22)). Dividing by 2 — 22 > 0, we

obtain
flza) = flan) _ (1- t)f(xzs) — f(z1)
To — 1 - To — I

From the definition of xq, we observe that x3 —x1 = (z2 —x1)/(1—1t). This involves
fwa) = f@) g _pflas) =) gy flos) = flon)  flws) = ),
To — T1 - To — I (1_t)x2_$1 xr3 — T1
1-1¢

This establish the first part of (2.4.8).
To prove the second part of (2.4.8) we need remark that

t(f(x3) — f(x1) < f(x3) — f(22).
Now we divide in booth sides this inequality by x5 — z2 > 0, then,

(f(z3) — f(21) (f(z3) — f(z2)

< .
Tr3 — T2 T3 — T2

t

As we know that 3 — x9 = t(x3 — x1) one has

(f(zz) = flz1) flas) = f(z1)  flza) — flz1) _ (f(z3) — flz2)

t —¢ - < :
xr3 — T tx3 — I T3 — T1 T3 — T

t

This is the second part of inequality (2.4.8). Therefore we have (2.4.8). O

This lemma implies the following theorem.
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Theorem 2.4.24. Let f be a convex and differentiable function in an open interval
1. Then, for all x and xo in I, we have

f(@) = f'(@o)(z — o) + £ (o).
Proof. Let f be a convex function. We assume g, z. Then, for every y € [z, ],

" J) = fwo) _ J() = f(xo)

Y — To T x—xo

Taking the limit when y goes to zy, we obtain
f(x) — f(zo)

tim SO =T _ o) o ) =T aw),

Yy—xo Yy — Io T — X

Remark 2.4.25. The proof is the same when we assume xy > .

Considering again (2.4.8), we can see that if we let x93 — x; and x93 — x3, we
obtain the following theorem which mention that the derivative of a convex function
is increasing.

Theorem 2.4.26. Let f be convexr and differentiable function in I. Then, the
function f’ is an increasing function.

Proof. Let f be a convex function. From (2.4.8), we know that for any x;, y and
Zo in I, such that z; < y < x2, we have,

fly) = fe) _ flzo) = flz) _ fz) = f(y)

Y —T1 - Ty — X1 T xe—y

First we consider the limit when y — x1. In this case we have

fl(z1) < flaz) = flay), (2.4.9)

T2 — T1

Now we take the limit when y — z5. Thus, we get

fw2) = f(z1) f(z) = )

< lim = f'(xg). (2.4.10)
To — T Y—x2 xr—1y
We conclude that the function f’ is increasing. Because f'(z1) < f/(z2). O

Remark 2.4.27. The reciprocal of this theorem is also true. If f is a function such
that, f' is increasing, then f is convex.
The proof of this is based on the mean value theorem.

Let f be a convex function. The theorem above implies the function [’ is
an increasing function in the interval I. This means that if the function f/ is
differentiable in the interval I, then , its derivative f” is positive for all z € I.

Reversely if the function f” is positive, then f’ is an increasing function. Con-
sequently the function f is convex.

This establish the following theorem.
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Theorem 2.4.28. Let f be a differentiable function in an interval I. We suppose
I differentiable on I. Then, the function f is convex if and only if, for all x € I,

f'(@) = 0.

Example 2.4.29. Let f(x) = 2® + 3z + 2. The function f is differentiable in R.
For every z € R,
f(@)y=22+3 and f"(z)=2>0.

We conclude that the function f is convex in R.

Exercise 2.4.30. Say whether the following functions are convex
L f(x) = =32 +4x +1, 2. g(x)=>52—-6, 3. h(z)=2>4+32%+2z+4.

With this exercise we close the parenthesis on convex function and go back to
approximation of functions.

In general we can establish that any function can be approximated by a poly-
nomial function. This holds in a neighborhood of some point xg. To present this in
a simple way we introduce the following notations

Definition 2.4.31. Let f be a real function defined in the interval I.
o We say the function f is €° in I if the function f is continuous in I
o the function f is €' in I if f' is continuous in I

We call the second derivative of the function f, the derivative of the function
f’. We denote it f”. The third derivative of f is denoted f” or f®). The fourth
derivative of f is denoted f*). In general, we denote the nth derivative of f, f(™.

Definition 2.4.32. Let f be a real function defined in the interval I.

o We say the function f is €2 in I, if f is two times differentiable and f" is
continuous in I

o The function f is a €™ function if the function f is n times differentiable and
the function f™ is continuous in I.

For the sake of clarity we use the following notations. The set of all continuous
functions on I is denoted % (I ) For any n > 1 we use €™ (I ) to mean the set of
all €™ functions in 1.

Definition 2.4.33. We define the function ¢ : R — R™, satisfying the following
properties:

1. the function € is continuous in R
2. the function € satisfies

lime(z) =0 and lime(l)=0

x—0 x—0
Definition 2.4.34. Let f be a real function defined in I. We assume the function
f admits first and second derivative at xg € I. Let § > 0 be small enough. For any
x € (xg— 0, o+ &) we define the second order Taylor series of [ at xg as follows

(x — x0)

1 )'(x_%)

o (@0’ e((z—m0)). (24.11)

f(x) = fzo)+f'(xo)- + " (o
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Remark 2.4.35. When we take xo = 0 in (2.4.11), we obtain

PO )

T T 2? + 2% (x). (2.4.12)

f(x) = f(0)

Another way to reformulate (2.4.11) is to define x = xo + h for some small real
number h. In this case we have h = © — xo. Replacing in (2.4.11) one gets

h h?
f(xo) = flzo) + f'(x0) - T f"(xo) - o7 T h%e(h).
In truth we can define a n degree polynomial function which is an approximation
of f in a neighborhood of a point. This polynomial function is called the nth order
Taylor Series of f.

Definition 2.4.36. Let f be a real function defined in I. We suppose f is n times
derivable at xo € I. Let 6 > 0 be a fized real number. For any x € (xg —3J, xo +9),
we define the nth order Taylor Series of [ at xg as follows

Flao +h) = flwo) + > f® (o) - ’;—T +h"-e(h), (2.4.13)
k=1 ’

where h = x — xg.

Example 2.4.37. We consider the function f(x) = cos(z). The function f is
differentiable in R. We have f'(xz) = —sin(x) and f"(x) = —cos(x). Taking xg =0
we have f(0) =1, f'(0) =sin(0) = 0 and f"(0) = —1. Therefore the second order
Taylor Series of f is defined by

2
cos(z) = f(0) + f'(0) - =+ f"(0) - %+l’2 -e(x)
x? . x?
:1+0-x7?+x2~s(:c):1—?+m2~s(x).

Using this Taylor series we can easily find this limit lim,_,q % Indeed, for
x # 0, we have

-1
% = —g—i—m-s(:ﬂ).
Since
cos(z) — 1

lim :—limf—l—limx-a(x)zo

z—0 T z—02  x—0
Example 2.4.38. Let f(x) = sin(x). The function f is 3 times differentiable in
R. Therefore, the function f is 3 times differentiable at 0. We have f'(x) = cos(z),
f(z) = —sin(z) and f"(x) = —cos(x). I this case we get f(0) = sin(0) = 0,
1/(0) = cos(0) =1, f(0) =sin(0) = 0 and f"”'(0) = —1. This leads to the following
third order Taylor series of f at 0

Fl@) = £O) + £/0) -+ £7(0) - T+ 17(0) 7 + 5 ()
:O—l—x—l—O-%2—%3+x3~5(x):x—%3+x3-5(m).
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From this Taylor series we deduce that , for any x # 0,

sin(z) -z a? 9
- =3 +a°-e(x)
Hence . )
lim sin@) — @ = —lim — + lim 22 - e(z) = 0.
z—0 x z—0 6 z—0

We know what is a Taylor series, now we want to have criterion which will allows
us to say whether a function has a Taylor series.

Theorem 2.4.39. Let I be an open interval and f a real function. We suppose
feer (I) Then, the function f admit a nth order Taylor Series at any point
xg € 1.

Theorem 2.4.40. Let f be a polynomial function in I. Then, the function f is its
own Taylor series.

Exercise 2.4.41. Find the 4th order Taylor series of the following functions at the
indicated point

1

1. f(z) = T2 xo=1, 2.g(x) =vV1+4z, 20 =-1, 3. h(z) =

1
1— 22’

56021.
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In chapter 1 we defined limits of functions. We specified that the limits at
the bounds of the domain of definition lead to the important concept of asymptote.
Using limits again we defined continuity. We studied continuous functions and their
properties in that chapter. In chapter 2 we defined derivative of one variable real
functions. We showed several applications of derivatives.

The main purpose of this chapter is to gather all the properties studied in
chapters 1 & 2. Studying together all these properties is called: study of functions.
In short, studying a function consists of :

1. finding its domain

59
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finding the limits at the bound of the domain
finding asymptotes

studying the continuity of the function
calculating derivative of the function
studying variations of the function

giving the table of wvariations

finding tangent lines

© X NS gk wN

sketching the graph of f.

This chapter is organized as follows : in section 1, we study elementary functions.
The section 2, is devoted to the study of second order polynomial functions. In the
last section we deal with general functions.

3.1 Study of Elementary Functions

The aim of this section is to study elementary functions. We remind that elementary

are bricks from which all complicated functions are constructed. Here we deal with
1

the affine functions ax + b, the function 22, the function \/z and the function ~-

As we will see it, using algebraic operations and composition on these functigns,
we will be able to study more complicated functions. This will be done in section
2.

The most elementary functions are affine functions. That is why we start the
study of functions with them. We recall that an affine function is a function in the
form

fl@)=azx+b,

where a and b are constant real numbers such that a # 0.

3.1.1 Study of Affine Functions

Let f(x) = ax + b be an affine function. We know from the previous chapters that
the domain of f is R. Now we undertake to study f.
We start by finding the limits at the bounds of the domain of f

Limits at the Bounds of the Domain

To compute correctly the limits of the function at the bounds of the domain, we
have to distinguish two cases according to the sign of the real number a.

Case 1: a > 0 When the real number q is positive, the following limits hold

lim f(z)=-oc0 and lim f(x)= +oo.

T—r—00 xr—r—+00
Case 2: a < 0 If the real number a is negative, one has the following limits

lim f(z)=4c0 and lim f(z)= —oc0c.

T——00 T—>—+00
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We observe that affine functions do not have horizontal asymptotes. Since affine
functions are defined in R they do not have vertical asymptotes. The next step
consists of finding the derivative of f.

Derivative of an Affine Function

We established that affine function are differentiable in R and for every real number
x we have

f'(z) = a.
Here again we will use the sign of the real number a to determine the variations of
f- There are two cases:

Case 1: a > 0. In this case the function f is strictly increasing in R. Because for
every x € R, we have f'(x) > 0.

Case 2: a < 0. Here f'(z) < 0 for every z € R. This implies the function f is
strictly decreasing in R.

Remark 3.1.1. We point out that when a =0, f is a constant function. Constant
functions are a critical case. Because we can consider them either increasing or
decreasing functions.

Variational Table of an Affine Function

Below we define the variational table of f. This table was established in concordance
with the sign of a.
We obtain the following table:

Case 1: a > 0. When the real number «a is positive we obtain the following table

x —00 “+00
sign of f’ +
variatons of 400
f e
—00

This table shows that the function f is increasing from —oo to +oo.

Case 2: a < 0. In this case the following variational table holds

T —00 —00
sign of f’ —
variatons of | 400
f N\
—00

From this table we deduce the function f is decreasing from +oo to —oo.

Example 3.1.2. We consider the function f(x) = 2x+4. The function f is defined
in R. Since a =2 > 0, we have

lim f(x)=-00 and lim f(x)=4oc.

T—r—00 T——+00
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We know the function f is differentiable in R and for every real number x f'(x) = 2.
Therefore the function f is increasing in R. Then, it follows that we have the

following variational table

T —00 +00
sign of f' +
variatons of 400
f /
—00

The function f is represented by the following graph

y t+ &

Example 3.1.3. Let g(x) = —x + 1. The function g is defined in R and we have

mgr_noog(x) =400 and CEgr_{loog(ac) = —00.

The function g is differentiable in R and for all x € R, we have f(x) = —1 < 0.
Then g is a decreasing function. The following variational table holds

x —00 —0o0
sign of g’ —
variatons of | 400
g N\
—0o0

Below we sketch the graph of g
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Exercise 3.1.4. Study the following affine functions
1. f(z) = =32+45, 2.g(x)=5x+7, 3.h(zx)=-424+9, 4.i(z)=11z+ 33.

in the following subsection we study the square function.

3.1.2 Study of the Square Function

Let f(z) = 2. We have established that Dy = R. The next step consist of finding
its limits

Limits at the Bounds of the Domain

Since for any real number z, we have z? > 0, we deduce

wgr_noo f(z) =400 and IEI_POO f(z) = 4o0.
Hence the function f(x) = 22 does not have horizontal asymptotes. The function
f is defined in the whole set of real numbers R. Therefore, the function does not
admit vertical asymptotes.
On the other hand we have,
f(x)

lim M:foo and lim ——= = +o0.
T——00 I r—+o00 I

This show that, we do not have oblique asymptotes at foc.

Derivative of the Square Function

From previous chapters, we know that the function f is differentiable in R and for
every z € R, f'(z) = 2.

To determine the variations of the function we need to study the sign of f’.
Observing that f’ is a linear function, we deduce that f'(z) < 0 for every = €
(—oo, 0], and f'(x) >0 for all x € [0, +oo).
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Variations of the Square Function
Using the sign of the function f’ we conclude the function

o f(z) = 2? is decreasing in (—oo, 0]

o f is increasing in [0, +00).

Variational Table of the Square Function

The variations of the function f will allow to define the following table:

T —00 0 +o00
f'(z) - 0o+
+00o “+o0o
f(x) hV A
f(0)

Tangent Line at 0

2

The tangent line of f(x) = z* at 0 is given by the following formula (Tp) : y =

f(0)(x = 0) + £(0) = 0.
Since the function f is decreasing in (—oo, 0] and increasing in [0, +00). Then
the function f has a minimum at z¢ = 0. This minimum is equal to f(0) = 0.

Below we represent the function f(x) = x2.

-1 —-0.5 0.5 1 1.5 2 2.5
Exercise 3.1.5. Study the following functions

1. f(z) = —2?, 2. g(x) = 2 + 3, 3. h(z) = —2 + 3.

3.1.3 Study of the Inverse Function

1
Now we consider the function f(z) = —- This function is defined in R\{0}.
x
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Limits at +oo

The limits of the function at £oo are

lim f(z)=0 and zgriloo f(z) =0.

Tr—+00

This involves the line y = 0 is a horizontal asymptote at +oo.

Limits at 0

As it was shown in the chapter 1 we have

lim f(z) =—c0 and lim f(z)=+4oco.

z—0~ z—07+

This means that the line x = 0 is a vertical asymptote of f at the point o = 0.

Derivative of the Inverse Function

The function f is differentiable in R\{0}. Let 2 € R* one has

1
2

f'(z) =

This means that f/(x) < 0, for all € R\{0}. That is, f is a decreasing function in

R\{0}.

Variational Table of f

The variations of the function f lead to the following variational table

d — 0 —+00
f'(z) - -
0 +00
f(z) N\ N\
—00 0

The function f does have not a global maximum neither a global minimum.

Remark 3.1.6. We point out that the graph of a function do never cross its vertical
asymptote. Vertical asymptotes hold only at point on which the function is not
defined. In other words if the line x = a is a vertical asymptote then the function f
is not defined at a.

The graph of the inverse function is given below.
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As we proved it above the inverse function has a vertical asymptote at 0. We can
observe that, here the graph of the inverse function do not cross the vertical line
x = 0 below we sketch the graph of f.

3.1.4 Study of the Square Root Function

The aim of this subsection is to study the function f(z) = \/z. We denote its domain
[0, +00). The function f is defined at 0 and f(0) = 0.

Limit at +o0

The limit of the function square root at +oc is +0o. This means that the function
goes to +0o0 when x approaches +oo. This involves
lim f(z) = +oo.
r—+o0
From this we deduce that the function does not have a horizontal asymptote at
+00.
On the other hand, we have
lim M: lim — =0-
r—+oo I r— 400 \/E
Therefore f does not have an oblique asymptote at +oco. In the same way we
observe that the curve of f does not have a vertical asymptote.

Derivative of the Square Root Function

The function f is differentiable in (0, +00). For all real number x, such that, z > 0
we have
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As we can observe it the function f’ is not defined at 0. Hence the domain of
the function f’ is (0, +00). For every z in the domain of f’ we have f’(x) > 0. This
yields the function f is increasing [0, 400).

Variational Table of the Square Root Function

The previous step allows us to establish that the following variational table

z |0 400
/! +

—+00

f /
0

Let x € [0; 4+00). Then one has f(xz) > f(0) = 0. The function f has a global
minimum at 0. The value of this minimum is f(0) = 0.
The graph of the square root function is given below.

1.5+

0.5

-1 1 2 3

In the next section we study second order polynomial functions. We remind that
a second order polynomial functions is a function of the form f(z) = az? + bx + ¢,
where a, b and ¢ are constant real numbers, such that a # 0.

3.2 Second Order Polynomial Functions

This section deals with variations of second order polynomial functions.In a second
time, we study maximum and minimum of second order polynomial functions.

3.2.1 Variations of Second Order Polynomial Functions

In this subsection we study variations of polynomial functions of degree 2. Let
f(x) = ax? + bx + c. Since f is a polynomial function, then it is differentiable in R.
For any real number z, f'(xz) = 2ax + b. The derivative of f is an affine function.

On the other hand, the variations of the function f are determined by the sign of
the function f’. Then, according to the sign of the real number a, we can establish
the following theorems.
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Theorem 3.2.1. Let f(x) = ax® + bx + ¢, such that, a > 0. We define the real

number o = —- Then, the function f is decreasing in (—oo, o] and increasing in
[, +00).
Proof. We consider f(z) = az?+br+c. Then, we have f’(z) = 2ax+b. The function

/' is negative in (—oo, a] and positive in [, +00). Therefore, the function f is
decreasing in (—oco, a and increasing in [, +00). We obtain the following table:

xr | —00 « +o0o
f - 0 +
+0oo +o00
f N\ S
B

O

As we can see it in the variational table above, the function f is decreasing
in (—oo, a] and increasing in [«, +00). Hence the function f has a minimum at
xo = a. The value of this minimum is f(«) = §.

Lemma 3.2.2. We consider the function f(z) = ax® + bx + ¢ such that a > 0.
Then the function f has a minimum at «. The value of this minimum is

fl)=B=—1
3 i
2 i
1 i
(6%
3 % 1 1 2
_1 |1
5

Example 3.2.3. We consider the function f(x) = 32% + 2z + 1. The function f is
defined in R. Now we define the real numbers a and 3:

b 2 1 A 412 2

12 3

. . N 2
Thus the canonical form of f is f(x) = 3|z + 3 + 3’ Since a = 3 > 0, the
function f is decreasing in (—oo, —1/3] and increasing in [—1/3, +00). Then the

function f has a minimum at @ = — The value of this minimum is equal to

fle) =

1
=

2
3
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xr | —00 _Tl +o0o
i - 0 ¥
+00 +oo
f N\ , e
3

Lemma 3.2.4. Let f(x) = ax?+bx+c be a second order polynomial function, such

b
that, a < 0. We define the real number oo = ——. Then the function f is increasing

in (—oco, a] and decreasing in [« , +00).

Proof. Let f(x) = ax? + bz + c. The function f is differentiable in R and for every
real number z, f’(z) = 2ax + b. Then, the function f’ is positive in (—oo, a] and
negative in [, 400). Thus, the function f is increasing in (—oo, a] and decreasing
in [, +00).

This yields the following variational table

T | —00 o +0oo
7 + 0 -
B
f / N\
—00 —00

O

Since the function f is increasing in (—oo, «] and decreasing in [a, +00), one
deduces that, f has a mazimum at «. This mazimum is equal to f(a) = .

Lemma 3.2.5. Let f(x) = ax?®+bx + cbe a second order polynomial function, such
that a < 0. Then, f has a mazimum at o which is equal to f(a) = .

3 %
8
1
o

Example 3.2.6. Let f(x) = —222 + x + 1. The domain of f is R. The limits at
the bounds of the domain of f are :

xgriloof(x) =—o00 and xll}rf{)@f(m) = —00.
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We define the real numbers

Applying the previous theorem we deduce that the function

flz) = —2 (m 1)2+ 2

is increasing in (—oo, 1/4]and decreasing in [1/4, +00).
9

This means that f has a mazrimum at o = i which is equal to f(a) = g-

xr | —o0 i “+00
f + 0 -
9
8
f / N\
—00 —00

Exercise 3.2.7. Study the following functions
1 f(x) =222 4+32+1, 2.g(x)=—-2?+5zx+1, 3.h(zx)=2>-32+7,
4.i(x) = —32% + 4 +2, 5. j(z) = 2* + 2.

Now we are interested in the study of general functions. In the next section we
show how to deal with general functions

3.3 Study of General Functions

The main objective of this section, is not to study all general functions, but to

give a kind of short user manual to deal with functions of the following form:
1 1 u(x)

— ——, u(x) - v(zr) and ——=-

u(z)” u(z)

v(z)

ax® + br? + cx + d, u(z), Ju(z),

3.3.1 Study of Polynomial Function of Degree Three

This subsection is devoted to polynomial function of degree three. We recall a
polynomial function of degree three is a function of the form

f(z) = ax® 4+ ba® + bz + ¢,

with a # 0. The domain of the function f is R. Thus, we remark the function f
does not have vertical asymptote.

To find the limit of this function at the bounds of its domain, we distinguish
two cases according to the sign of a.

Case 1: a > 0. When the real number a is strictly positive, we have

lim f(z)=-c0 and lim f(z)= +oo.

T——00 T—>—+00
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An interpretation of these limits is, the graph of the function f does not have
horizontal asymptotes. Calculating the limit of f(x)/x we obtain
lim M =+oo and lim M =400

rT——00 I T—>+00 T
Consequently the graph of the function f does not admit oblique asymptotes.

Case 2: a < 0. In this case the following limits at the bounds of the domain hold

lim f(z)=+c0 and lim f(x)= —o0c.

T—r—00 Tr—+0o0

This involves the graph of f does not have horizontal asymptotes. We observe

that
lim —f (2) =—
r—+oo I

This means that, we do not have oblique asymptotes.

The function f is differentiable in R, because it a polynomial function. For every
real number z the function f’ is given by

f'(z) = 3az® 4 2bx + c.

To determine the variations of the function f we need to study the sign of f’.
Here the function f’ is a second order polynomial function. To study the sign of a
second order polynomial, we compute A = 4b? —4 x 3ac. Since here we have b’ = 2b
we can calculate A’ = b2 — 3ac instead of A. Thus according to the sign of A and
the sign of a one of the following cases holds

Case 1: a > 0and A > 0. As it was established in the previous chapters, when
A > 0, the function f'(z) = 3az? + 2bz + ¢, has two real roots z1 and ».
Here we assume 77 < z5. We know also that the sign of f’ depends on the
sign of a. Since a > 0, then the following sign table holds

x —00 X1 “+00

To
f'(x) + 0 — 0 +

Using the sign of f’, we conclude that the function f is increasing in
(=00, 1] U[ze, +00) and decreasing in [z, x2]. This leads to the following
variational table.

T |—00 T To 400
rlo+ 0 - 0o+
f f(z1) +00
/ p 7
—0 f(w2)

Example 3.3.1. We consider the following function f(x) = z3+22% +z + 1. The
domain of the function is R. We have

lim f(z)=—-oc0, lim f(x)=+o0.

T——00 T—+00
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The polynomial function f is differentiable in R and for every real number r we
have
f(x) = 3% + 4z + 1.

This implies A = 16 — 12 = 4. Then, the function f' has two real roots

—4 -2 —442 1
= 71, T = = —=

6 6 3
Applying the result above we conclude that the function f is increasing in
(=00, —1]U[-1/3, +00), and decreasing in [—1, —1/3].

Tr, =

I
T |—00 -1 —3 400
I + 0 — 0 +
f f(*l) “+00
/ N\ /
SRC)

Case 2: a > 0and A =0. In this case the function f’ has only one real root zg
and f’ is positive. We deduce that, f is increasing function R. This allows to
establish the following variational table

xr | —00 Xo +00
f! + 0+
+00
f S
—00

Example 3.3.2. Let f(x) = 2® + 322 + 3z + 7. The function f is defined in the
whole set of real number R. The limits at the bounds of the domain are

lim f(x)=-00 and lim f(z)= +oc.

r——00 T—+00

Since the function f is polynomial, it is differentiable in R. For every real number
z, f'(x) = 322 + 6z + 3. In this evample, A = 36 —4 x 9 = 36 — 36 = 0. The
function f' has only one real root g = —% = —1. We conclude the function f is
increasing in R.

xr | —o0 —+00
f! + 0+
+00
f v
—0o0

Case 3: a > 0and A < 0. In this case the function f’ does not have real roots,
and is strictly positive. Then, f is an increasing function.

xr | —o0 —+00
f! + +
+o0o
f a
—00
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Example 3.3.3. We define the function f(z) = 2>+ 22 + 3x + 5. This function is
defined in R. The limits at the bounds of the domainare

xgriloof(x) =—o00 and xgrfwf(x) = +00.

Since [ is a polynomial function it is differentiable in R and for all x € R
f(x) = 32% + 2z + 3.

We see that A = 4 — 4 x 9 = —32. Therefore, the function f' does not have real
roots and for every x € R, f'(x) > 0. Hence, the function f is increasing in R.

xr | —o0 —+00
f! + +
“+o00
f /
—00

Case 4: a < 0and A > 0. In this case the function f’ has two real roots x; and
x2. We obtain the following sign table for f

xr |—o0 xr1 X9 “+00
1 -0+ 0 —

This means that, the function f is decreasing in (—oo, x1] U [z, +00) and
increasing in [x7 , xa].

xr |—o0 1 T2 —+00
I -0 + 0 -
[+ f(x2)
hY S N\
f(z1) —

Example 3.3.4. We consider the function f(xr) = —23 + 22?2 — x + 1. We know
that Dy = R and

The function f is differentiable in R, because it is a polynomial function. Let x € R.

Then, f'(z) = —32% + 42 — 1. From this we deduce A = 16 — 12 = 4. Hence we
have two real roots

—-4+2 1
Tr] = = — xr, =

—6 37 —6

—4-2

We can see the function f' is negative in (—oo, 1/3] U [1, +00) and f' is positive
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[1/3, 1]. The variations of f are given in the following table

T —00 % 1 +00
f'(x) — 0 + 0 -
oo F(1)
N S hS
1
7(3) -

Case 5: a < 0and A =0, When a < 0 and A = 0, the function f’ has only one
real root xg. On the other hand we know the function f’ and a have the
same sign. That is, the function f’ is negative in R . Hence the function f is

decreasing in R.

x —00 +0o0

() pV

—00

Example 3.3.5. Let f(x) = —23 + 322 — 3z + 7. Then Dy =R and

mggloof(x) =400 and IEIEOO f(z) = —o0.

The function f is differentiable in R, and f'(x) = —32 + 62 — 3, for any x € R.
From this, we deduce that A = 36 —4 x 9 = 36 — 36 = 0. The real root of f' is then
Since the function f' is negative in R, one deduces the

given by xg = —_%5 =1.
function f is decreasing R.
T —00 +00
7 -0 -
+00
f(x) N
—00

Case 6:a < 0and A < 0. When A is strictly negative, the function f’ does not
have real roots. Moreover, since a < 0, the function f’ is strictly negative.

This implies the function f is decreasing in R.

xr | —o0 —+00
i - -
400
/ N\
—00

Example 3.3.6. Let f(z) = —2® + 2? — 3w+ 5. Then Dy =R and we have

xgrzloof(x) =400 and IEIEOO f(z) = —o0.

We emphasize, there is no horizontal, no vertical and no oblique asymptotes. The
function f is differentiable in R, because it is a polynomial function. The derivative
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of fis f'(z) = =322 + 22 — 3. From this, we deduce A = 4 —4 x 9 = —32. The
function [’ does not have real roots and for oll x € R, f'(x) < 0. Therefore the
function f decreasing in R.

xT
7 - -
f \

Exercise 3.3.7. Study the following functions

Lof(x)=a +32% — 20 -3, 2. g(x) = 2> + 20 — 4, 3. h(z) = —22° + 62% + 2 + 1,
4.i(x) = =32 + 22 + 2 +2, 5.j(x) =2+ +5.

3.3.2 Study of the Function u"

This subsection deals with function of the form f(z) = u™(z), where u is a real
function. To show how to study such type of functions we proceed by examples.

Example 3.3.8. Let f(z) = (2:c —+ 3)2. In this case Dy = R and the following
limits hold

CEll}r_noof(gc) =400 and mkrfwf(x) = +o0.
The affine function 2z + 3 is differentiable in R and the function 2% is also differen-
tiable in R. Since the function f is the composition of two diefferentiable functions,
then f is differentiable. Here we set u(z) = 2x+3 and we observe that f(z) = u?(x).
Therefore, for every real number x the derivative of f is defined by

f(x) =2u/(z) - u(z) = 4(2x + 3).

We see that the sign of the function f' is given by the sign of the affine function
2x 4 3. Since 2x + 3 is negative in the interval (—oo, —3/2] and positive in the
interval [-3/2, +00). We conclude that the function f is decreasing in (—oo, —3/2],
and increasing in [—3/2, +00).

3
T —00 5 400
f'(z) - 0 +
+00 400

Since the function f is decreasing in (—oo, —3/2], and increasing in [—3/2, +00),
it has a minimum at xo = —3/2. This minimum is given byf(—3/2) = 0.

Example 3.3.9. We consider the function f(x) = (f x? + 5z + 1)3. The domain
of the function f is R and one has

xgriloof(x) =—o00 and xll}rf{)@f(m) = —00.
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The function f(x) = u®(z), with u(x) = —x? + bz + 1, is the composition of two
differentiable functions in R, then, f is differentiable in R. For every z € R,

f'(x) = 3(—2z + 5)(—2 + 5z + 1),

Since for all z € R, 3(—x? 4 5z + 1)? > 0, then the function f' and —2x + 5 have
the same sign. Therefore we have the following table:

T —00 % +00
(@) 0 -
F3)
f(z) /! N
—00 —00

The function f is increasing in (—oo, 5/2], and decreasing in [5/2, +00). Therefore
it has a mazimum at xo = 5/2.

Exercise 3.3.10. Study the following function

Lf(z) = (2 + 3z +1)° 2.g(x) = (Bx+6)*, 3.h(x)=(22%+4z+1)>,
4.i(x) = (x+1)% 5.4(zx)= 2z +4).

1
3.3.3 Study of the Function —
u

This section is devoted to functions of the form f(z) = 1/u(z), where u is a real
function. As in the previous subsection here we proceed again by examples.

1
Example 3.3.11. Let f(z) = P The function f is defined in R\{—-2}. We
x
obtain

lim f(z)=0 and lim f(z)=0.

T—r—00 r—r+00

Then, the line y = 0 is horizontal asymptote of €5 at +00 and at —oo.
On the other hand we have,

lim f(z)=—-0c0 and lim f(z)=+4c0.
T——2" z——21

This means, the line x = —2 is a vertical asymptote of €5. The function f is in the
form f(x) = 1/u(z), where u(x) = © + 2. For any x # —2, the denominator u(x)
is different to 0. This involves the function f is differentiable in R\{—2} and for
every x € R\{—2},

u'(z) -1

f/(gj) = T3 = 95"
w?(x)  (x+2)

As we can see it the function f' is negative. Therefore the function f is a decreasing
function in R\{—2}.

T
7 - -
! \ \
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Exercise 3.3.12. Study the following functions

1 1 2

2243z +1] N ' 2246z +5
3 ) 1

324+ 1]

] 1

3.3.4 Study of the Function —
u
In this section, we study functions of the form f(z) = 1/u"(x), where u is a real
function and n > 2 a natural number. To explain the methodology we consider the
following example.
1
Example 3.3.13. We consider the function f(x) = m The function f is
defined for any x # —1. That is, Dy = R\{—1}. The limits at the bounds of the
domain are defined by
xgriloof(x) =0 and xll}rf{)@f(m) =0.

We conclude the line y = 0 is a horizontal asymptote of € at +00 and —oo.
One knows that

lim f(z) =400 and lim f(z)=+c0.
r——1— z——1t
This means that the line x = —1 is a vertical asymptote of €y. The function f
which is in the form 1/u®(z) is differentiable at any x such that u(z) # 0. Then it
is differentiable in R\{—1} and for any z # —1,

i
/ _ —Uu (IL‘) _ -2 .
P = 2w =~ wrip
We deduce the following variational table
z —00 -1 +00
f'(x) + -
+oo +o0o

f(z) A N\

0 0

Exercise 3.3.14. Study the following functions

1 1 L
1. f(z) = GiroE 2 g(x) = @it > hw) = (22 +6)3
4.i(x) = . 5.(0) =

(3 + 222 + 5z + 1)’ (z+2)%

3.3.5 Study of the Function /u

Let u be a real function. We consider the function y/u. The aim of this subsection
is to study the function y/u. To study these type of functions we use the following
example.
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Example 3.3.15. Let u(x) = = 4+ 3 be a real function. We define the function
f(x) =z + 3. The function f is defined if and only x + 3 > 0. The domain of f
is [-3 4 00). We have f(—3) =0 and

o /(7) = Ho0

The function u is differentiable in R and the function /- is differentiable in (0, +00)
Since the function f is the composition of two differentiable functions, then it is
differentiable. For every x > 3, we have

() 1 _
2V +3 2z +3

We can observe that , f is not differentiable at —3. For all x > =3, f'(z) > 0. The
function f is increasing in [—3; +00). Then the following table holds

f'(=)

T -3 +00
+00

f(x) 7
0

Exercise 3.3.16. Study the following functions

1. f(x) =Va2 -2z, 2.g9(x)=vVa22+2z+4, 3.h(z)=vz+2,
4.4(z) =22 +1, 5. j(z)=Vvar+1.

3.3.6 Study of the Function u(x) - v(x)

As we pointed it out above, we will study functions by using examples. To study
the function of the form u - v we consider the following function.

f(@) = 3z +6)(x —2).
The domain of f is R. We have

lim f(z) =400 and lim f(x)= +oo.

T——00 T—r+00

Since u(x) = 3z + 6 and v(z) = x — 2 are differentiables in R, the function f is
differentiable in R and for every x € R,

f(x) =vv+w' =3(x —2)+ (3x + 6) = 62.

The function f’ and x have the same sign. Hence the f’ is positive in [0; +00)
and negative in (—oo; 0]. This leads to the following conclusions: the function f is
decreasing in (—oo; 0] and increasing in [0; 400).

T | —0o 0 400
7 - 0+
+00 —+00
f hV A
—12




3.3. STUDY OF GENERAL FUNCTIONS 79

Exercise 3.3.17. Study the following functions

L fx)= (2> +3z+1)(22+1), 2.g(z)=(z+1)(3x+9),

3.h(z) = (* 44+ 1)(22% +1), 4.i(z)=(Vz+ 1)V +5,
5.5(z) = (22 +1)(3z + 2).

3.3.7 Study of the Function 4
v

To study these type of functions, we consider the following example.

Example 3.3.18. We define f(z) = 3z _:_61 The domain of the function f is
—x
R\{1}. We know
lim f(z)=-3.

Tr—r—00

The line y = —3 is a horizontal asymptote of €yat —oo. We have

AP =3
This means the line y = —3 is a horizontal asymptote of € at +oo.

On the other hand we have

lim f(z) =400 and lim f(z)= —oc.
z—1- z—1+
This involves the line x = 1 is a vertical asymptote of €y.
The functions uw(x) = 3z + 6 and v(x) = —x + 1 are differentiable in R. Then
for any © # 1 the function u(x)/v(z) is differentiable. Then, the function f is
differentiable in R\{1} and for all x € R\{1}

yoy uv—uv  3(—x+1)+3x4+6) 9 .
o) =—5—= (—z+1)2 C(—z+1)?

The function [’ is strictly positive. Then, the function f is increasing in R\{—1}.
Therefore we have the following table

T | —00 -1 +o00
I + +
+00 -3
f S a
-3 —00

Exercise 3.3.19. Study the following functions

r+1 2?2 +1 —z+5
1. =" 2 = 3. hiz) =
f(z) FOBT—E g() 713 () FETCR
244z +1 Vi+1
di(e) = TRy ey = V2L

T 2242245 ’ T
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EXPONENTIAL FUNCTION

Contents
4.1 Some Properties of Exponential . . . . . ... ... ... 82
4.2 Solutions of Some Equations . . . . ... .. ... . ... 83
4.3 Study of the Exponential Function . . . . ... ... .. 84
4.3.1 Limits at the Bounds of the Domain . . . . . . ... .. 84
4.3.2 Variation of Exponential Function . . .. .. .. .. .. 87
4.3.3 Solutions of Some Inequations . . . . . . . ... ... .. 89
4.4 Hyperbolic Cosinus and Sinus . . . . . ... ... .... 91
4.4.1 Study of Hyperbolic cosinus . . . . . .. ... ... ... 92
4.4.2 Study of the Hyperbolic Sinus Function . . . .. .. .. 94
4.4.3 Study of Hyperbolic Tangent . . . . . .. ... .. ... 96

There exist several ways to introduce the exponential function. The method,
which we use here to define this function is, to consider a functional equation.
Indeed, we are looking for a continuous function f : R — R?, such that, for any z
and y in R

flx+y) = f(x) fly)
£(0) = 1.

(4.0.1)

The solution of the functional equation (4.0.1) is called the exponential function.
We denote this function

f(x) = exp(z) = €.

We point out that this function is one of the most important function in Math-
ematics. The graphic of the function exp is drawn below

81
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We specify that when x = 1, we write e instead of e!. We specify exp(0) = 1.

The main objective of this chapter is to study the function exp and its properties.
We organize this chapter as follows: In section 1 we define some properties of exp.
In section 2 we solve equations using exp. Section 3 is devoted to the variations of
exp. The last section deals with the following functions cosh, sinh and tanh.

4.1 Some Properties of Exponential

This section is devoted to the study of some properties of the function exp. We will
establish that the function exp has some nice properties. Indeed let z € R, we have

exp(x) - exp(—z) = exp(z — z) = exp(0) = 1.

Using (4.0.1), one deduces that, exp(x — x) = exp(z) - exp(—z) = 1. As we pointed
it out above, exp(x) > 0, for all z € R. Then, one can divide by exp(z) in the
identity above. Therefore

1
exp(—x) = op@) (4.1.1)

Lemma 4.1.1. For any real number z, exp(—z) is defined by (4.1.1).
From this lemma we deduce that for any real numbers a and b we have

exp(a) — exola) - 1
0@ ~ P o)

Example 4.1.2. Using (4.1.1) (4.1.2) we can establish the following identities

= exp(a — b). (4.1.2)

2z

Example 4.1.3. We consider the function f(x) = € ef;z- Using (4.1.1) and (4.1.2)
we obtain

f(x) — e2z—2—a:2 — e—z2+2z—2.
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Exercise 4.1.4. Simplify the expression of the following functions

3z 2z 6x

o 5 e’ -e

Lf@)=Z,  2g(@=ce e, 3.h)=———
e2(z+1)? s

Li@) = o 510 = s

Let € R. We consider n € N* and we define f(z) = (e%)". From (4.0.1), we
deduce that

n times

fla)=¢" et =l T TT = gne,

n times

This proves the following lemma
Lemma 4.1.5. Let x € R and n € N*. Then, (exp(z))" = exp(nx).
Remark 4.1.6. Combining this lemma and (4.1.1) we establish that

1

(exp(z)) " = exp(—nz) = m

Example 4.1.7. We consider the following function f(x) = (e’”)6. Then, we have
flw) = .

Exercise 4.1.8. Simplify the following expressions

e?)"
4. i(m):%, 5.j(x):ﬁ~

Let a be a fixed real number. We are looking for x € R, such that, exp(z) = a.
In the next section we will study these types of equations.

4.2 Solutions of Some Equations

In this section we are interested in equations of the form: find x € such that
exp(z) = a where a is a fixed real number. We can point out that, when a < 0,
the equation does not have solutions. Because for any real number z, exp(z) > 0.
In section (4.3.2) we will prove for every strictly positive real number b there exists
a unique y € R, such that exp(y) = b. This allows us to restrict our selves in the
study of equation in the form exp(z) = exp(a).

Let x and a be two real numbers, such that, exp(xz) = exp(a). Since for any real
number a, exp(a) > 0, one can divide the equation above by exp(a). This holds

exp(z)
exp(a)

= exp (z — a) = exp(0).

Therefore, x —a = 0. This leads to the identity, z = a. We can summarize all these
steps in the following lemma.
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Lemma 4.2.1. Let a be a fixed real numbers. Then, the unique solution of the
equation exp(x) = exp(a) is x = a.

Example 4.2.2. Find the solution of the following equations

1. exp(z) =exp(3), 2. exp(z+1)=-exp(5), 3. exp(3z+2)=exp(z+6).

Solution:
1. Applying the lemma above we find that, the solution of the equation

exp(xz) =exp(3) is x=3.

2. The equation exp(x + 1) = exp(5) is equivalent to x + 1 = 5. This implies
the solution is x = 4.

3. The equation exp(3z +2) = exp(z + 6) is equivalent to the following equation
3rx 4+ 2=x+6. Then, we have 2z = 4. This means that x = 2.

Exercise 4.2.3. Find the solution of the following equations

1. exp(z® + 52 + 1) = exp(2x + 1), 2. exp(3z + 5) = exp(x? + 4z + 4),
1 3 2 _
3. = exp(2), 4. exp(x + 52° —3) =1,
exp(z? + 5z + 3) exp(x3 + 222)
5. exp(x + 1) = exp(—z +2),-

To simplify notations we will sometimes write e” instead of exp(z). As we did
it previously for other functions, here also we study continuity and variations of the
function exponential.

4.3 Study of the Exponential Function

The aim of this section is to study the function exp. This section is organized as
follows. In the first subsection we deal with limits at the bounds of the domain.
Since the domain of exp is R, we will compute the limits at +00 and —oco. The
second subsection is devoted to variations of the function exp. Using variations of
the function we will be able to find solutions of inequations.

4.3.1 Limits at the Bounds of the Domain

In this subsection we define the limit of exp at +oco and at —oo. In a second time,
we compare exp to polynomial functions, when x goes to +o0o. A glance on its graph
allows us to set the following definition.

Definition 4.3.1. Let f(x) = exp(x). We have

lim e® = +o0 and lim e* =0. (4.3.1)
r—+00 rT—r—00
We can remark from this definition that the line y = 0 is a horizontal asymptote
of € at —oo.
Since we defined lim,_, 4 f(z) = 400, we want to know how fast the function
exp goes to infinity. To this end we compare the function exp to polynomial func-
tions at +o0c0. Let n > 1 be a natural number. We fix z € (0; +00) and we define
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the functions f(x) = exp(x) and g(z) = 2™. We want to know, between =™ and exp
which one of them increases more fast than the other one. Here we will prove that
the function e” increases more fast than any power of x when = > 0. This is the
content of the following lemma.

Lemma 4.3.2. Let n > 1 be a natural number. We define n! =1 x 2 x --- X n.
Then, for every x in (0, +00)

T et (4.3.2)
We agree that 0! = 1.

Proof. We will prove (4.3.2) by induction. Let 2 € Ry, and n > 0 be a natural

number. 0

Step 1: Since for n = 0, 2° = 1 and 0! = 1, we have 96—' =1 < e”. Then, the
property is true for n = 0. .

Step 2: We assume that the property is true for some natural number k. This
means that %’: < e*,

Step 3: Now we need to prove that the property holds for £ + 1. In other words,
we have to prove that

k1
T < e
ES
To establish this inequality, we define the function g(z) = 0 kl_ﬂ:) *. Here we admit

the derivative of e” is e*. The function g is differentiable in R and for all x € R,

gy = B2t
G e TR

k
Since we assumed that % < e?, then ¢'(x) < 0. Hence g is decreasing in [0, +00).

We know that the maximum of g in [0, +00) is g(0) = —1. Therefore g is negative.

Hence <e*

<k+1>'

We conclude that for all 2 > 0, % < e”. O

Considering n = 1 in the lemma we obtain z < €%, for every > 0. From this
we get

lim < lim e".
r—r—+o0 Tr—+00
This is a confirmation of definition (4.3.1).

Another consequence of the lemma above is the following result. Take x> 0.
( +1) <e*
As we have chosen x > 0, then 2™ # 0. Hence we can divide by z"in the mequahty
above. We get

Let n > 1 be a natural number. From the lemma above, we know that

T e®
- S -
(n+ 1)1 = an
Since

li ’ n
im — =
z—+oo (n 4 1)! o0
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we conclude that N

lim — = +oc.
z—+oo "

This involves the following theorem.

Theorem 4.3.3. Let n > 1 be a natural. Then,

ex
lim — = +o0. (4.3.3)

x—+oo "
As we can see it, this theorem needs some explanations. Because if we split
computations by considering lim,_, . e* = 400 and lim;_, | 2™ = +o00. Then,

we obtain oo
lim f(z) = —— = undefined !
+o00

T—r+00

But what this theorem illustrates is, the fact that, the function e” goes to +o0o more
fast than the function ™. That is why, we have

ex

lim — = +o0-
z—+oo "

X

Example 4.3.4. Let f(z) = . Then, we have lim,_, o f(z) = +o0.
x

3
xT
Example 4.3.5. We consider the following function g(x) = e We set
x
X =x+1,
we can see that limy_, oo x + 1 =1lim, 1o X = +00. Then,
1 eX
f(z) = e X
Therefore,
lm f(@) = lim LS4
x—lr-‘,r-loo )= X—1>I—I&-100 e X -
Exercise 4.3.6. Determine the following limits
n 1 x x+5
1. lim & + , 2. lim ei, 3. lim ¢
T—+00 e’ z—+oox — 1 z+oo 2

Let z > 0 be a real number. For any natural number n > 0 we define
f(z) =a"e".

We want to determine the limit of f at —oo. We emphasize that, if we consider
u(z) = e® and v(z) = 2™ we will have
lim w(z)= lim ¢ =0 and lim o(z)= lim 2" = +oco.
rT——00 r——00 rT——00 T——00
Then,
lim f(z) = undefined !.

r—r—00
However we know that the function exp goes to 0 more fast than x™ goes to
+o0.Hence, this limit exists and it is given in the following theorem
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Theorem 4.3.7. Let n > 1 be a natural number. Then, for every x € R

lim z"e® =0.
Tr—r— 00
Proof. When = = 0, there is nothing to prove, because z"*e* = 0. When n = 0 we
apply the definition (4.3.1).
Now, we consider € R*, and a natural number n > 1. We define f(z) = z"e”
and we set ¢t := —z. Thus, we have lim,_, ., t = +00. On the other part, we observe
that

f(.’IJ) — "% = (_1)n tne_t _ (—1)nt” _ (—1)".

et et
tn
Since
e . (=D
lim — = +oo0, then, lim f(z)= lim — =0-
t—+oo T T——00 t—+oc0 e
tn

Example 4.3.8. We consider the function f(x) = xe®. Then, we have

lim f(x)=0

T——00
Exercise 4.3.9. Determine the following limits

— . _— 2
1. lim 2'%%, 2. lim 22%%, 3. lim 2% %, 4. lim 2% °
T——00 Tr——00 Tr——00 r——+o0

4.3.2 Variation of Exponential Function

In this subsection we study the variations of exp. We point out that, another way
to introduce the exponential function is to use the relation between function exp
and its derivative. The exponential function satisfies the following equation: Find
a ¢! function f: R — (0, +00) that satisfies,

(@)= fz) and f(0) =1, (4.3.4)
for every real number z. We admit the following theorem.

Theorem 4.3.10. Let f(x) = e*. The function f is differentiable in R and for
every x € R, we have

f(z) =e".

From this definition, we can observe that f’(x) = e® > 0. Then the function f
is increasing in R.

Using the limits established in the previous subsection, we obtain the following
variational table
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From this table we are able to state the following theorem.
Theorem 4.3.11. Let f(xz) = exp(x). Then the function f is increasing in R.

Now, we consider a real function u. Since the domain of exp is R, we can
always define exp(u(z)), for all z € D,,. We define g(z) = e* and f(z) = e%(*),
We can observe that, f(z) = g(u(z)). We assume the function w is differentiable
in its domain. Using the chain rule property, (or the derivative of composition of
functions), we obtain

(@) =/ (2) x ¢/ (u()) = u' ()",

Theorem 4.3.12. Let u be a differentiable real function in an open interval I C D,,.
We define the function f(x) = e“®) Then the function f is differentiable in I, and
for every x € 1,
f(z) = ' (x)e"®),
Consider f(z) = ¢“(*), we know from the theorem above that f'(z) = u’/(z)e*(*).

Since for all z in the domain of u , e“*) > 0, therefore, f’ and u’ have the same
sign. This means that the function u and exp(u) have the same variations.

Example 4.3.13. We consider the function f(z) = e*Tt. This function is defined
in R. Now we set u(x) :=x+1. Since u and €* are differentiable in R, the function
f(z) = e*T! is diffenrentiable in R. Let x be a real number. We have u'(x) = 1.
Applying the theorem above we obtain

flx) =/ (z)-e¥® =1.e2t = eoF 5 0.

We conclude that the function f is increasing in R, because for every x € R,
et > 0.
On the other hand we have

lim ™ =0 and lim f(z) = +oo.
T——00 T—+00

Indeed setting X := x + 1, we see that, lim,_, ., X = —o0o. Hence

lim et = lim X =0.
xr——00 X——o0

This holds the following variational table

T —00 +00
+00
f(x) /
0

Example 4.3.14. Let g(x) = e~ 223, The function g is defined in R. Now, we
define u(x) = —2z+3. The functions u and e* are differentiable in R. Since e=2*+3
is the composition of the function exp and u, then e~ 2*+3 is differentiable in R. The
derivative of the function u is u’'(x) = —2 for every x € R. Therefore

g (z) = —2e 23,
As we know e~2¥13 > 0, for every real number x, then ¢'(x) = —2e=22+3 < 0. The

function f is decreasing in R.
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Now we introduce the following variable X := —2x + 3. One can see that
lim X =400 and lim X = —o0.
r——00 T—r+00
Therefore, the following limits hold
lim e 2™ = lim eX =400 and lim e 2™ = lim e¥=0
T——00 X —+4o00 T—+00 X——00

Consequently we are able to establish this variational table.

T | —00 “+0o0
“+o0o
g hV

0

Example 4.3.15. In this example we take the following function h(x) = e ot
This function is defined in R. We define the function u(z) = 2% +x +1 for any real
number z. The function e“*) is differentiable in R, because it is the composition of
two differentiable functions u and e* in R. Let x € R, the derivative of the function
w is u'(x) = 2z + 1. This implies

W (x) = (22 4 1)e” T+,

Since exp (z? +x+1) > 0, then the sign of h' depends on the sign of v'(z) = 2z +1.
Hence we obtain the following variational table

x| —0o0 -1/2 —+00
B — 0 +
+00 +00
h
h(=1/2)

The function h is decreasing in (—oo; —1/2] and increasing in [—1/2, +00).
Exercise 4.3.16. Study the variation of the following functions
1. f(z) = e$3+2$+1, 2. g(x) =32, 3. h(z) = e oL

In the section above we proved the function exp is a strictly increasing function in
R. This means that for two real numbers a and b, such that a < b, we have exp(a) <
exp(b). In the following subsection we want establish the reverse implication. Let
a and b be two real numbers such that exp(a) < exp(b). Does it mean that a < b ?
To answer this question we introduce the following subsection.

4.3.3 Solutions of Some Inequations

Let a be a strictly positive real number. The function exp is continuous and strictly
increasing from 0 to +oo. Then, the IVT theorem implies there exist a unique
zo € R such that

exp (xo) =a.
In this subsection, we deal with inequations. This means that if we take a fixed real
number b, we look for all real number z, such that

exp(z) < b.

According to b two situations hold:
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Situation 1: b < 0. When the real number b is negative or equal to 0, the inequa-
tion exp(z) < b does not have solutions. Indeed we know for every real number
x, exp(x) > 0. Then, there are no real number satisfying exp(z) < 0. In this
case we say the set of solutions is empty and we denote S = ()

Situation 2: b > 0. In this case there is 2y € R such that
exp(x) < exp(zo).

From this we remark that we can restrict our selves in inequations of the form find
x € R such that

exp(z) <exp(xzg) or exp(z) > exp(xo).

Since the function exp is continuous and increasing there exist an increasing function
denoted f=1: (0, +00) — R, such that

VezeR f~'(exp(z))=2 and Vy €(0,+00), exp(f '(y)=y. (4.3.5)
In general we can prove the following theorem

Theorem 4.3.17. Let I and J be two intervals in R and f : I — J. We assume
that the function f continuous and strictly monotone. Then there exist a function
g:J — I, such that

Veel g(f(z))=z and Vy €J, f(9(y)=y.

We point out that the function g is continuous and strictly monotone. Moreover
if the function f is increasing, then the function g is an increasing function. If
the function f is decreasing, then the function ¢ is also decreasing. The graph of
g denoted % is symmetric to the graph of f denoted € with respect to the line
y=ux.

From (4.3.5) and theorem 4.3.17 we deduce there exist a strictly increasing
function f~! defined from (0, +00) to R, such that if exp(a) < exp(b), we have

a=f""(exp(a)) <b=f" (exp(b)).
Using this function we can state the following lemma
Lemma 4.3.18. Let a and b be two real numbers. Then, we have
1. exp(a) < exp(b) is equivalent to a <b
2. exp(a) > exp(b) is equivalent to a > b

Let a be a fixed real number. We consider the inequation: find x € R, such
that, exp(z) > exp(a).

Applying the lemma above we obtain x > a. The real numbers which satisfy the
inequation exp(z) > exp(a) are the real numbers that belong to [a, +00). In this
case we write

S =la, +00).

On the other hand if we consider the inequation exp(x) < exp(a), we obtain

S = (—00, al.



4.4. HYPERBOLIC COSINUS AND SINUS 91

Lemma 4.3.19. Let a be a fized real number. Then,
1. the solutions of the inequation exp(x) < exp(a) are given by S = (—o0, a)
2. the solutions of the inequation exp(x) > exp(a) are given by S = [a, +00).

Example 4.3.20. To find the solutions of the inequation e* > e> we point out that
this inequation is equivalent to x > 3. Hence S = [3; +00).

Example 4.3.21. To define the solutions of the inequation e* < €3, we remark
that It is equivalent to the inequality x < 3. Therefore S = (—o0; 3].

Example 4.3.22. Find the solutions of this inequation e3*T1 > ¢72,
Since exp is a continuous and increasing, this inequality is equivalent to

3r+1> 2.

That is, 3z > 3. This implies that x > —1. Hence S = (—1; +00).

Example 4.3.23. Find the solutions of e*T1 < 2.
The solutions are given by this inequality

Tz+1<2.

This leads to x < 1. Then S = (—o0; 1).
Exercise 4.3.24. Find the solutions of the following inequations

2 2
1. eSm-‘rl > ex -|—4:1¢+17 2. eac +2x+1 S 17 3. e—3x+1 Z 62x+4,

2 2 2
4. ex S e;v +5z+6’ 5 ea: +6x+7 < 621 +31+5.

Using the function exp as an elementary function, we are able to construct new
functions. In the next section we define hyperbolic cosinus and sinus

4.4 Hyperbolic Cosinus and Sinus

In this section, we will construct functions from exp which is considered here as an
elementary function. We will also study variation of these new functions.To end the
section we will give some properties of these functions by making an analogy with
trigonometric functions.

Definition 4.4.1. Let x € R, we define the hyperbolic cosinus of x denoted cosh(x)
or ch(z) as follows:
e’ +e7 "

2

Definition 4.4.2. Let x be a real number. We define the hyperbolic sinus of x,
denoted sinh(z) or sh(z) by

cosh(z) = ch(z) =

T _ o

2

sinh(z) = sh(z) = ¢

The definitions of these two functions show clearly that their domain is R.
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4.4.1 Study of Hyperbolic cosinus

Let us consider the following function f(z) = (exp(z) + exp(—=x)) /2. The function
f is the sum of functions which are defined in R. Then the domain of the function
f is R. Now we consider an arbitrary real number x, we have

e~ _’_ef(fw) _ e~ 4 ¢ B e 4o 7

f=a) = 2 T2 T2

= f(x).

We have proved that ch(z) = ch(—z). In other words ch is an even function.
Lemma 4.4.3. The function ch is an even function.

A possible graphical interpretation of this lemma, is the following one: The
graph of f denoted % is symmetric with respect to the y — axis.

Theorem 4.4.4. Let f(z) = cosh(x). Then,

lim f(z) =400 and lim f(z)=+oc0.

Tr——00 r—+00
Proof. To prove this theorem, we set X := —x. One knows, lim,_,_, X = +oc.
Thus we obtain,
e ” eX
lim — = lim — = +o0.
T——00 X =400
efl/‘
Since lim,_, _ 5 = 0, then,
e” e "
lim f(z)= lim — + lim = +00.
T——00 T——00 z——00 2
For the limit at +o00, we need just to emphasize that, lim, ,, ., X = —oo. From
this, we deduce that
e ” eX
lim — = lim — =0.
z—+oo 2 X——00 2

. e’
As we know, limg,_, o 5= 400, therefore,

lim f(z)= lim 4 olim S = o
T——00 T——00 z——00 2
This completes the proof. O

Theorem 4.4.5. Let f(x) = cosh(x). Then,
1. f is decreasing in (—oo, 0] and increasing in [0, +00).
2. The function f has a minimum at 0, which is equal to 1.

3. The equation of tangent line of €y at 0 is given by
(To) : y=1.

What says the property 3 of the theorem above is the function f has a horizontal
tangent line at g = 0.
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Proof. Let f(x) = ch(x).

proof of 1: To prove 1, we show at first that f is defferentiable in R. Indeed the
functions e* and e~* are differentiable in R. This implies that ch(z) is differentiable
in R. For every real number x

To determine the variations of f we need to study the sign of f’. We know that,
f(z) > 0 if and only if e* — e~ > 0. This is equivalent to e* > e~*. This leads to
the following inequality @ > —z. This means that 2z > 0. That is, f’ is negative
in (—o0, 0], and positive in [0, +00). In other words, f is decreasing in (—oco, 0],
and increasing in [0, +00).

T —00 0 400
f'(z) - 0 +
“+00 “+00
f N\ /
1

proof of 2: To prove 2, we point out that, f is decreasing in (—oco, 0] and increasing
in [0, 4+00). Then, the function f reaches its minimum at 0. The value of this
minimum is 0 0
e +e”
f0) ==t

proof of 3: We recall that the tangent line of € at some point ¢ is defined by
(Tio) = y = f'(w0)(x = 20) + f(0).

Here we take xg = 0. We know f’(0) = 0 and f(0) = 1. Therefore,
(To) = y = f'(0)(z —0) + f(0) = L.

This proves the theorem. The graph of cosh is given below

Y

In the following subsection we list some properties of the function sh.
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4.4.2 Study of the Hyperbolic Sinus Function

Let f(z) = sh(z). The domain of f is Dy = R. We consider an arbitrary real
number z. we have

e % — e (-2) e T —et e

feny =t — = BT ),

Lemma 4.4.6. Let f(x) = sh(z). Then, the function f is an odd function.

Theorem 4.4.7. Let f(x) = sh(z). Then, we have

lim f(z)=-00 and lim f(z)=+oc.

T—r—00 r—r+00

Proof. Let x € R. We define X := —x. We have lim,_,_,, X = +o00. From this, we
deduce that

e % eX
lim — = lim — = +4o0.
r——00 2 X—+4o00 2
Therefore,
el) —x
lim f(z)= lim — — lim = —00.
T——00 z——00 2 r——00 2
On the other hand, we have lim,_, . X = —oo. Then,
—x X
lim ©— = lim - =0.
x—+00 Xo—00 2
Hence
eI —T
RS = I 5 - i = e

Theorem 4.4.8. Let f(x) = sh(z). Then, the function f is increasing in R.

Proof. The function f is differentiable in R, because it is the sum of two differ-
entiable functions in R. Indeed the functions e*/2 and e~*/2 are differentiable
functions in R. For every z € R,

Since for all z € R, * > 0 and e™* > 0, we deduce the function f'(z) = ch(z) > 0.
Hence, the function f is increasing in R

T | —o0 +o0o

f /

The graph of sinh is given below
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4 o
2 il
-3 =2 —‘1 1 2 3
_9]
4
O
Let = be a real number. We have
ch(z) +sh(z) =e® and ch(z)—sh(z) =¢"".
This involves
ch?(z) — sh*(z) = (ch(z) — sh(z)) (ch(z) + sh(z)) =" - " = 1.
Thus, we have proved the following lemma.
Lemma 4.4.9. For any real number x we have
ch?(x) —sh?(z) = 1. (4.4.1)

In the following theorem we give some properties shared by cosh and sinh.

Theorem 4.4.10. Let a and b be two real numbers. Then,

Proof. We will just prove 1 and 3. Because the proof of 2 is similar to 1 and the
proof of 4 is the same as 3.
proof of 1: We consider two real numbers a and b. We obtain

(e +e ) (" +e7) (e*—e ) (b —e?)
4 * 4
2001 4 9e—(atd)
N 4

ch(a)ch(b) + sh(a)sh(b) =

= ch(a + b).
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proof of 8: We consider two real numbers a and b. Then, we have

(e —e ) (e +e7) (e +e ) (e? —e?)
4 + 4
2e0tb _ 9e—(atb)

4

sh(a)ch(b) + ch(a)sh(b) =

=sh(a + b).

This completes the proof of the theorem. O

Making a parallel with trigonometric function, we define for every z € R, the

function
sh(z) e*—e™®

ch(z) e* e

We can observe

_ et — e ez(l _ e—Zm) _ 1— e—2:c

f(.]f) - e +e—7 = ez(1_~_672w) - 1+672$'

The function f defined above is called the hyperbolic tangent function.It is denoted
f(z) = tanh(z) = th(x). In the following subsection we study the function tanh.

4.4.3 Study of Hyperbolic Tangent

Let f(x) = th(x). Since for all z € R, we have ch(z) # 0. The function f is well
defined in R.
Now we take an arbitrary real number z and we consider the function f(z) =
th(z). One has
sh(—x) sh(z)
tanh(—z) = —
anh(~2) = 32 = " eh(a)

Lemma 4.4.11. Let f(z) = tanh(x). Then, the function f is odd.

Theorem 4.4.12. Let f(xz) = tanh(x). Then, the following limits hold

lim f(z)=-1 and lim f(z)=1.

T—r—00 xr— 400

Proof. We start by defining X = —2z. We have

lm f@)= lim 2 1
z—y—‘lr-loo t _Xﬁlnfloo]_—‘rex o

On the other hand we have limx_, | x = 0. Therefore,

1
1—eX x 1
lim f(z)= lim % — lim & =—1.
T——00 Xo+o0 1 +eX XS5+4oo 1
ox Tl

The meaning of these limits is

e The line y = —1 is a horizontal asymptote of % at —oo.
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e The line y =1 is a horizontal asymptote of ¢ at +oc.
Theorem 4.4.13. Let f(x) = tanh(z). Then, the function f is increasing in R.

Proof. We define f(x) = tanh(z) = sinh(z)/ cosh(z). The functions sinh and cosh
are differentiable in R and for all € R, cosh(z) # 0. Then, the function f is
differentiable in R. For every z € R,

cosh?(x) — sinh?(z) B 1
cosh?(x) cosh?(x)

> 0.

f'(z) =

Hence, f is an increasing function in R. Below we plot the graph of tanh
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Let 2 € R. In the previous chapter we defined the function exp(z) and studied
it. We established the function exp is continuous and strictly increasing. Then,
there is a unique function f: (0, +o0) — R, such that, f(exp(z)) =z, Va €R.
In this case we know the function f satisfies

fle*) =z, forall zeR,
exp (f(z)) =z, forall x>0, (5.0.1)

) =o.
This function f is called the Naperian Logarithm or the Natural Logarithm and we
denote it by In(z). Using the notation In we can simplify (5.0.1), in the following
way:

In (e”) = x, z €R,

exp(ln(z)) =z, Va >0,

In(1) = 0.

99
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The graph of the function In is drawn below

Let a be a strictly positive real number. We consider the equation, find z in R,
such that, exp(z) = a. Using the function In we obtain In (exp(z)) = In(a). Since
In (exp(x)) = x, we have x = In(a).

The objective of this chapter is to study the properties of the function In. We
will see that the function In has interesting properties.

To make the presentation clear, we organize this chapter as follows. In section
1 we give a list of properties satisfied by In. In section 2, we deal with variations of
In. We will also solve equations using the function In. The last section is devoted
to the logarithm in basis a > 0 denoted Log,.

5.1 Some Properties of the Natural Logarithm

Let « > 0 be a real number. We consider the function f(x) = In(z). We know the
function f is continuous and strictly monotone. We established also the function
f is differentiable in (0, +00). Here we prove some other properties satisfied by f.
Before going further, we point out that we can define the function In by using a
functional equation : find a continuous function f that satisfies

fl@-y)=flx)+ fy) and f(1)=0.

In section (5.2) we will see all there is another way to define the function In by
using its derivative. Indeed, we can seek for a differentiable function f defined in
(0, +00) that satisfies
!/
fla) =
In this section we establish at first elementary properties of the function In .

Let a and b be in R* . We define X := In(a-b) and Y = In(a)+In(b). Using (5.0.1),
we have exp (X) = exp(In(a- b)) = a-b and exp (V) = exp (In(a) + In(b)). Using
the properties of the function exp we obtain exp (ln(a)) - exp (ln(b)) =a-b. This
means that exp (X) = exp (Y). Therefore, X =Y. That is, In(a-b) = In(a) + In(b).

Proposition 5.1.1. Let a and b be two strictly positive real numbers. Then,

In(a - b) = In(a) + In(b) (5.1.1)



5.1. SOME PROPERTIES OF THE NATURAL LOGARITHM 101

Example 5.1.2. Using the proposition above, we have
In(10) =In(2-5) =1In(2) + In(5) and In(21) =1In(3-7) =In(3) + In(7).
Exercise 5.1.3. Simplify the following expressions:

(1). In(6) +2In(3) = In(2) =---, (2). In(14) — 3In(7) + In(2) = - - - ,
(3). In(21) — 5In(3) +In(9) = - - --

We consider two real numbers a and b, which are strictly positive. We define
X:=In (%) and Y := In(a) — In(b). We have

exp (X) = exp (ln <9)> = %, and  exp? = exp (In(a) — In(b)) = (@ . e~ n®)

b
1
Since, exp (—1In(b)) = 1/exp(In(h)) = 1/b. This implies that, e¥ = a - 7= %-
Therefore, eX = e¥. This means that X = Y. That is,
a
In (5) = In(a) — In(b).
Proposition 5.1.4. Let a and b be in (0, +00). Then,
a
In (5) = In(a) — In(b). (5.1.2)

Remark 5.1.5. If we fit a =1 in Proposition 5.1.4, we obtain

In (2) = In(1) — In(b).

1
On the other hand, we know by definition In(1) = 0. Hence In (b) = —1In(b).

Example 5.1.6. We have

In (2) =1n(3) —In(2) and In (;) = —1In(7).

Exercise 5.1.7. Simplify the following expressions

(1). In (;) —3I(5) 4 2In(2) = -, (2). 2In(3) + In (;‘) +3In(d) = - |

(3). In (3) —In(3)=----

Proposition 5.1.8. Letx € (0, +00). We consider a natural number n > 2. Then,
In (z") = nln(z). (5.1.3)

Proof. We prove this proposition by induction. We take z € (0, +00). We fix a
natural number n > 2.
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Step 1: We consider n = 2, we have In (z?) = In(z - ) = In(z) + In(z) = 2In(z).
The property is true for n = 2.
Step 2: We assume the property true for some natural number k. This means that,

In (a;k) = kln(z).

Step 8: We need to prove that the property holds for k + 1. In other words, we
want to establish that,
In (zF*1) = (k + 1) In(x). (5.1.4)

To prove (5.1.4), we set X = z*. Then, we have
In (") = In(X - z) = In(X) + In(z).
By step 2, we know that In(X) = In (2*) = kIn(z). Hence,
In (azkH) =kln(z) + In(z) = (k+ 1) In(z).

The property is true for k + 1.
Conclusion: for every x € ]0, +oc[, and n > 2, In (2") = nln(z). O

Let x € (0, +00). We consider a natural number n > 2. We define X = 2.
Using (5.0.1), we have

eln(X) — ln(@") _ gnin(z) _ (eln(fﬂ)) — (x)ﬂ ="

This proves the following lemma

Lemma 5.1.9. Let x be a real number in (0, 4+00). Then, for any natural number
n>2,

n

2" =exp(n In(x)).
Now, we consider, x € (0, +00). Let p and ¢ be two natural numbers , such
that, ¢ > 0. We define r = b, The number 7 is called a rational number. For every

x € (0, +00), we have

ZP/1 — (xp)l/q _ (epln(x))l/q _ o(pIn(@)/q _ grin(e).

Lemma 5.1.10. Let z € (0, +00) and r be a positive rational number. Then, the
following identity holds
" =exp (r In(z)).

Now we recall the following theorem which is admitted.

Theorem 5.1.11. Let x be a real number. Then, there is a rational sequence
(rn)n>0, such that,
r= lim 7r,.
n—-+o0o
The theorem 5.1.11 means that real numbers are obtained as limits of rational
sequences.
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Now we consider real number y. From theorem 5.1.11 we deduce there is a
rational sequence (7,,)n>0, such that, y = lim,,_, o 7. Let > 0 be a real number.
We have

lim r,In(z) =In(z) lim r, =yln(x).

n——+oo n——+oo

Since the function exp is continuous, we obtain

lim 2™ = lim exp(r, In(z)) =exp( lim 7,In(z)) =exp (yIn(z)).

n—+o0 n—+-o00 n—r+00
This allows us to establish the following result.
Lemma 5.1.12. Let x belongs to (0, +00). Then, for every real number y, we have

Y = evIn(@)
Example 5.1.13. For all z € 0, 400, we have,
L. 2% = exp (3In(z)), 2. 2% = exp (In(z)/5), 3. vz =exp(In(z)/2).

Exercise 5.1.14. For any x > 0 define the following powers

n

(1). 2%, z€eR, (2).351/",V71217 (3).n" ,Vn>1.

In the next section we continue to study the properties of this function. Here
we investigate continuity and variations of the function In.

5.2 Study of the Logarithmic Function

The aim of this section is to study continuity and variations of In. We will start
by giving its limits at the bounds of its domain. In a second time, we define its
derivative and specify its variations. At the end of this section, we will study
functions of the form In(u(z)), where u(z) is a real function such that, u(z) > 0,
for all x € D,, and we deal with equations using In and exp.

A look on the graph of In allows us to set the following theorem.

Theorem 5.2.1. Let z € (0; +00). We define the function f(x) = In(z). Then,

9}5% f(x) =—00 and ml}r}_loof(x) = +o0. (5.2.1)
To establish the limits of the function at the bounds of the domain, we emphasize
that the graph of In and the graph of exp are symmetric with respect to the line y =
z. Indeed, we know that if f is a continuous and strictly monotone then, f admits
a reciprocal function f~! such that, for every « € Dy, we have f~'(f(z)) = z and
for every y in the range of f, we have f(ffl(y)) = y. Geometrically speaking, the
graph of f, and the graph of the function f~! are symmetric with respect to the
line y = .
From this we deduce, that

xgrfoo exp(z) = xgrfoo In(x) = 400



104 CHAPTER 5. LOGARITHMIC FUNCTIONS

Let z € R, we define the function f(z) = In (exp(z)). This means that f(z) = z.
We consider the variable X := exp(z). We know that
lim X = lim exp(z)=0.

Tr—r—00 r—r—00
Using the limit above, we obtain

lim In(X) = lim z= —o0.
X—0 Tr—>—00

5.2.1 Continuity of the Function In

In this subsection we study the continuity of the function In. The continuity of In
is a consequence of the continuity of the function exp. The following theorem is
admitted

Theorem 5.2.2. The function f(x) = In(z) is continuous in the interval (0, +00).

In the following subsection we study the variations of the function In

5.2.2 Variations of the Function In

This subsection is devoted the the variations of the function In. Indeed we want to
know if the natural logarithm is whether increasing or decreasing.

Let us consider a real number . We define the function f(z) = exp(z). We
know from the definition of In, that In (exp(z)) = =.

From this we deduce the function In (exp(w)) is differentiable in R. To simplify
notations, we denote g(x) = In(x) for any 2z > 0. Applying the theorem of derivative
of composition of functions, we obtain

(g(exp(iﬂ)))l = g/(exp(x)) exp(z) = 1.

This involves 1
! — .
g (exp(x)) - exp(x)

Setting X := exp(x), we obtain

(ln(X))>/:%, forany X € (0, +00).

We have established the following theoerem
Theorem 5.2.3. Let x € (0; +00). We define f(x) = In(x). Then the function f
is differentiable in (0; +00) and for every x € (0; +00), we have
1
/ = —.
fa)=1
Since the real number z belongs to (0, +00), we have f’(x) > 0. This implies
the function f is increasing in (0, 400).

Theorem 5.2.4. Let x € (0; 400). Then, the function f(x) = In(z) is increasing
(0, +00).
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Let = belong to (0, +00). We define the function f(x) = In(x). Using theorem
5.2.3 we have f/(z) = 1 > 0. The following variational table holds

T 0 +o00
+o0o

f e

—0o0

As we know In(1) = 0 and f is an increasing function, we are able to establish
the following sign table

x
In(x) - 0 +

Now, we consider a function v : D,, C R — (0; 4+00). We know that the function
In: (0; +o00) — R. Since u(D,,) is included in the domain of In, we can define the
function

f(@) = In(u(z)).

Hence the function In(u(z)) has domain D,. Let us assume that the function u
is differentiable in some open interval I C D,. Then, the function f which is
the composition of differentiable functions is differentiable in the open interval I.
Denoting g(x) = In(x) for every = € (0, +00) and using the chain rule derivation,
we obtain

f(z) = (2)g' (u(z)) = : (5.2.2)
This proves the following theorem.

Theorem 5.2.5. Let u: D, — (0, +00) be a real function and I C D, an open
interval. We suppose that the function u is differentiable in I. Then, the function
f(z) = In(u(x)) is differentiable in I, and for every x € I, the derivative of the f
is given by (5.2.2)

We emphasize that this theorem means that the function In(u(x)) is differen-
tiable in its domain.

Example 5.2.6. As an ezample, we consider the function f(z) = In(x? + 2). The
domain of f is Dy = R. The function u(zx) = x* + 2 is differentiable in R, and
u'(x) = 2x. Then, the function f is differentiable in R and for every real number
x, we have
2z

! = —
Example 5.2.7. We define the function g(x) = ln(x +5). This function is defined
in the interval I = (=5, +00). The function u(x) = x + 5 is differentiable in
(=5, +00) and for every x € (=5, +00) we have u'(x) = 1. Therefore, the function
is differentiable in I and for any x € I, one has
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Example 5.2.8. In this ezample we consider the function f(x) = In(x? + 4z + 3).
We define the function u(z) = x?+4x+3. In this case, we have A = 16—12 = 4 > 0.
We have two real roots,

—4 -2 —4+2
5 =-3 and w9 = ;_ =

T = -1

We can establish the following sign table for u

x -0 —3 —1 4oo
22 +4x + 3 +47—47+

This implies for any = in (—oo, —3) U (—1; +00), we hvae u(z) > 0. Hence Dy =
(=00, =3) U (—=1; +00). Let x € Dy, the derivative of u is v'(x) = 2z + 4. This
leads to the following identity

2x 4+ 4

l _ ——
f(x)_12+4x+3

Exercise 5.2.9. Find the derivative of the following functions
1. f(z) =In(3z + 1), 2.g(x) =In(x? + 52 +6), 3. h(z)=In (\/ x?+4x + 4),

4.i(x)1n($+5

235—1—3) o 5(@) =In((z +1)(z + 4)).

Let us consider again a real function u. We know that the following function
f(x) = In(u(x)) is defined if and only if u(z) > 0. Hence the domain of the function
fisD={zeR : wu(zx)>0}. Moreover, if we suppose that v is differentiable in
D, we obtain

Since u(z) > 0 for every x € D, we conclude that f’ and u' have the same sign.
This leads to the following theorem

Theorem 5.2.10. Let u: D — (0, +00) be a differentiable function. For every
x € D, we define the function f(x) = In(u(z)). Then, the functions f and u have
the same variations in D.

Example 5.2.11. We consider the following function f(xz) = In(2z 4+ 4) and we
set u(x) = 2z + 4. We can see that u(x) > 0 if and only if x € (=2, +00). The
function In(2x + 4) is defined in the open interval | — 2; +oo[. In other words we
have, Dy = (=2, +00).
Limits at the bounds:

We set X =2x+ 4. We have

lim X =+4+oc0 and lim 2z +4=0"%.

T—+00 z——21
This implies that,

lim In(2z+4) = lim In(X)=+oc0.

T—+00 X =400
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and  lim In(2x +4) = lim In(X) = —ooc.
z——21 X =0t

We conclude that the function f does not have horizontal asymptote at 400 and the
line x = —2 is a vertical asymptote of f.

Variations of f:

To study the variations of f we start by remarking that the function

u(x) = 2x+4 is differentiable in (—2; +00). Therefore the function f(z) = In(2z+
4) is differentiable in the interval | — 2; +o0[. Since uv'(x) = 2 for all x > —2, we

have
2

2x 4+ 4

> 0-

f'(x) =

From this we deduce that the function f is an increasing function in (—2; 4+00)
because the function u is increasing.

x| —2 +00
“+00

f /

—0o0

Example 5.2.12. Let f(z) =1In (x2 —|—2m). We can easily check that the domain of
this function is D = (—oco, —2) U (0, +00). Defining X := x? + 2z, we establish
that

lim X = 4o, lim X=0 and lim X =0 (5.2.3)

r—+o0 T——2" z—0t

From (5.2.3) one deduces

lim f(z)= lim In(X)=4oo, lim f(z) = lim In(X)=—o0

z—+oo X —+o0 T——2— X—0t+
d 1 = lim In(X) = —cc.
and_Jig, f(o) = Jig, In(X) = o0
These limits have the following interpretations:

o the limits at 00 mean that we do not have horizontal asymptotes at +o0o

o the limit at —2 has the following meaning. The line x = —2 is a vertical
asymptote of the curve of f

o the limit at 0 means that the line x = 0 is a vertical asymptote of €r.

Since the function f is the composition of differentiable functions in D, it is differ-
entiable in D. Then, for every x € D, we have

2+ 2

f(x) = Zron

The sign of the function f' allows to establish the following variational table

T | —00 -2 0 +o00
—+00 —+00
f N\ a
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Exercise 5.2.13. Study the following functions

L. f(z) =In(5z + 1), 2.g(z) =In(z®> —1), 3. h(z) =1In <3:_:—35) :

Let x be a strictly positive real number. We set f(x) = In(x). The function f
is continuous from (0, +00) into R. It is also strictly increasing. Hence we deduce
from the IVT theorem and its corollaries , that, for all b € R, there exists a unique
x € (0, +00), such that, In(z) = b. In the next section we show how to find solution
of equations including the function In. To make the presentation clear we will
distinguish two type of equations
First Form: Let @ > 0. Find x € (0, +00), such that, In(z) = In(a).

Second Form: Let ¢ be a fixed real number. Find x € (0, +00), such that,

In(z) = c.

5.2.3 Solutions of Some Equations

The objective of this subsection is to give solutions of equation of the first and
second form.

Solutions of the First Form

Let a > 0 be a fixed real number. We aim to find a strictly positive real number x
solution to the equation In(z) = In(a). We remark that, this equation is equivalent
to e(®) = ¢In(@) That is, 2 = a. This proves the following lemma

Lemma 5.2.14. We consider fixed real number a which is strictly positive. Let x
belongs to (0, +00), such that, In(x) = In(a). Then, x = a.

This is a consequence of the fact that the function In is continuous and strictly
increasing, then, it is a bijection. In this case we have

In(z) =In(a) & = = a.

Example 5.2.15. We consider the equation In(z) = In(5). Using the lemma above
we have, x = 5.

Example 5.2.16. We consider the following equation find x € R such that,

In(x + 1) = In(3). We know that the function In(x + 1) is defined if and only if
x € (=1, 4+00). On the other hand the equation above is equivalent to x +1 = 3.
Hence, x = 2. Since 2 € (=1, 400), the solution of the equation is x = 2.

Exercise 5.2.17. Find the solutions of the following equations:

1. In(3z +2) =In(4), 2. In(z® +5z+2) =In(2z +3), 3. In(z+5) = In(z +6),
4. In(z? + 22 +1) =In(z + 1), 5. In(2z +4) = In(2).

Solution of the Second Form

Let b be any fixed real number. We consider the following equation find z in R,
such that, In(z) = b. Using the function exp, one obtains exp (In(z)) = exp(b).
This leads to the identity = = e’.
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Lemma 5.2.18. We consider a fized real number b. Let x belongs to (0; +00),
such that, In(z) = b. Then, z = e°.

Example 5.2.19. We consider the equation In(z) = 2. Therefore, x = e2.

Example 5.2.20. To find solutions to the equation In(z + 3) = —1 we proceed
in this way. First we remind that, In(xz + 3) s defined in (—3; +00). The equation
In(z+3) = —1 is equivalent to x+3 = e~'. Thus, we obtain the identity v = e~ 1 —3.
We can easily check thate™'—3 € (—3; +o0). Therefore, the solution is x = e~ —3.

Exercise 5.2.21. Find the solutions to the following equations
1.In(z+1)=3, 2. In(Bx+1)=5, 3. In(z+6)=1, 4. In(Tz+2) =2,
5. In(2z 4+ 5) = —5.

Using the previous subsection we can deal with more general equations includ-
ing exponential and logarithmic functions. In the next subsection, we will solve
equations of the following form: Find = €]0; +oo[

aln®(z) + bln(z) +c =0, (5.2.4)

where a, b and c¢ are constant real numbers such that a # 0.

5.2.4 General Equations

To deal with (5.2.4), we introduce the following substitution. We define X := In(x).
Thus the equation (5.2.4) becomes

aX?+bX +c=0. (5.2.5)

Equation (5.2.5) is more familiar to us. To find solutions to (5.2.5) we have to
distinguish three cases according to the sign of A = b% — 4ac.

Case 1: A > 0. In this case, we have two real solutions

-b— VA b+ VA
X1=————=In(z;) and X5 = —btvAa _
2a 2a

This allows to state that (5.2.4) has two real solutions

In(z2).

Xl X2

T =¢€ and x3 =e

Example 5.2.22. We consider the following equation : find a strictly positive real
number x, such that,
(*): In*(z) +4In(z) + 3 = 0.
Setting X :=In(x), one obtains X2 +4X + 3 = 0. Thus, we have
A=16—-12=4>0.

We have two real solutions

—4 -2
X =

—4+2
5 =-3 and X; = 5

This means In(x1) = =3 and In(xq) = —1. Therefore equation (x) has two solu-
tions

1.

r1=e¢> and mzy=ce L
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Case 2: A = 0. In this case, we have only one real solution Xy = 5 In this
a
case (5.2.4) has only one solution zq = e*°.
Example 5.2.23. To find a strictly positive real number x solution to the equation

(#%): In*(z) +4In(z) +4 =0,

we define X := In(x). Then we obtain X?+4X +4 = 0. This implies, A = 16—16 =
4
0. Therefore, we have only one solution Xy = -5 = —2. From this we deduce that,

equation () has only one solution xo = e™2.

Case 3: A < 0. In this case there is no real solutions.

Example 5.2.24. Let x belong to (0, +00), such that,
(¢ % %) : In*(z) +In(z) + 2 = 0.

Setting X := In(z), we have X% + X +2 = 0. Thus, we get A =1 —8 = -7 < 0.
We conclude that (x * %) does not have real solutions.

Exercise 5.2.25. Find solutions to the following equations

1) In®*(z) + 3In(z) + 1 =0, 2) 21n%(z) 4 51n(zx) +2 =0,
3) In®*(z) + 2In(x) + 1 =0, 4) 2In*(x) 4+ In(z) + 1 =0,
5) In*(x) + 2In(z) = 0.

In chapter 4 we solve equations of the form exp(z) = exp(a) for some real
numbers z and a. We did not investigate equations of the form exp(z) = a for some
real number a. The purpose of this paragraph is to use the function In, to deal
with this latter. Let a be a real number we consider the equation find exp(z) = a.
We know for any z in R, we have exp(z) > 0, then, when a < 0, the equation
exp(z) = a does not have solutions.

Lemma 5.2.26. Let a be a negative real number, then the equation exp(x) = a,
does not have real solutions. In this case we write

S =0.

In the same way we can establish that the equation exp(z) = 0 does not have
solution. This means that when a < 0 the equation exp(x) = a does not have
solutions. We say the set of real solutions is empty.

Now we consider a real number b which is strictly positive. We are looking for
real numbers x, such that, exp(z) = b. Using the function In, and the fact that
In (exp(z)) = z, one obtains In (exp(z)) = In(b). This implies 2 = In(b)

Lemma 5.2.27. Let b € R be a strictly positive. Then, the solution of the equation
exp(x) = b is given by
x = In(b).

Example 5.2.28. We consider the following equation exp(x) = 5. Therefore ,
x = In(5).
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Example 5.2.29. Find a real number x, such that, exp(3xz + 1) = 7. We know the
equation is equivalent to, 3z + 1 = In(7). Hence

In(7) — 1
—g

Example 5.2.30. Find the solution of the following equation exp(x) = —5. We
know that for all x € R, exp(x) > 0. Then, the equation €* = —5 does not have
solution. Hence we have

S =10.
Exercise 5.2.31. Find solutions to the following equations

l.exp(x+2)=17, 2. exp(6z+2)=-1, 3.exp(2z+6)=3,

4. exp(—z+5) =1, 5. exp(x®+2r+1)=2, 6. exp(z®+3z+2) =4,

7. exp(—z+1) = —2.

Now let a, b and ¢ be three real numbers. We consider the following equation:

find z in R, such that,
ae® +be” +c=0. (5.2.6)

We set X = exp(z). Then equation (5.2.6), becomes
(*): aX*+bX +c=0.

We know that to find the solution of (x) we have to compute A = b?>—4ac. According
to the sign of A we have to distinguish three cases.

Case 1: A > 0. We know that, when A > 0, the equation (x) has two real solutions
X1 and X5. In this case one of the following situation holds for equation
(5.2.6):

. X7 <0and X5 <0: there is no solution.

. X1 >0and X3 <0: we have only one solution z; = In(X7)

. X1 <0and X3 >0: we have only one solution zs = In(X>)

= W N =

. X1 >0 and X5 > 0: we have two solutions

21 =In(X;) and x5 =In(Xs).
Example 5.2.32. We consider the following equation : find x in R, such that,
(1): e* —3e® +2=0.

To find the solutions of (1) we set X := exp(x). Using the variable X we rewrite
(1) in this way
X?-3X+2=0.

Thus we have A =9 —8 =1 > 0. This means that the equation X> —3X +2 =0
has two real solutions
31 3+1

Xl—T=1 or ngT 2.
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Since X1 >0 and Xa > 0 equation (1) has two real solutions which are
z1=In(X;) =In(1) =0 and z2=1In(X3)=1In(2).

In other words we obtain

S = {0; 1n(2)}.
Case 2: A =0. When A = 0 the equation aX?+bX +c = 0 has only one solution

b
which is Xg = ——. In this case two situations occur for (5.2.6)
a

1. X9 <0. Then Xy < 0, equation (5.2.6) does not have solutions.
2. X > 0. Then zy > 0, equation (5.2.6) has one solution zo = In(Xj).

Example 5.2.33. Find the solution of the following equation
(2): ¥ —4e” +4=0.
We use the substitution X = exp(z) to obtain
(x) X? —4X +4=0.

In this case we have A = 16 — 16 = 0. Therefore equation (x) has only one solution
which is defined by

From this we deduce that the unique solution of (2) is xo = In(2).

Case 3: A < 0. In this case (5.2.6) does not have solution.

Exercise 5.2.34. Determine solutions to the following equations
1. —e® 456 4+4=0, 2.2 —e®+1=0, 3.2 4+e*—1=0,
4.2 427 +1=0, 5.2 4+6e*+8=0, 6. —e** +e+1=0,
7.3e* + 5e” +2 =0.

Let a and b be two real numbers which we want to compare between them. We
consider one of the following inequalities:

In(a) <In(b), In(a) >In(b), In(a)>b.

Using only the continuity and the variations of In, we will be able to treat the
two first one. For the last one we need to use the function exp to define the set of
solutions.

5.3 Solutions of Some Inequalities

We start this subsection by studying the last inequation. Let a be a fixed real
number. We consider the following inequation In(x) > a. Using the function exp
we obtain

In(z) > a <= exp (In(z)) > exp(a) < z > exp(a).

Hence the solutions are the real numbers that are gratter than exp(a).
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Lemma 5.3.1. Let a be a real number. Then, the solution of the inequation
In(z) > a is the set of all positive real numbers that are gratter than exp(a). We
denote S = [e*, +00).

Example 5.3.2. Find the solution of the following inequation In(z) > 3.
We know that this is equivalent to x > exp(3). This implies S = [exp(3), +00).

Example 5.3.3. Find x, such that In(x +5) > 7.

The function In(x + 5) is defined if and only if x +5 > 0. This means that
x > —5. In other words In(x 4+ 5) is defined if and only if x € (=5, +00). On the
other hand, we know that

In(z+5)>7 < z+5>e < z>e —5.

Then,
S = (=5, +00) N [exp(7) = 5, +00) = [exp(7) — 5, +0o0].

In the same way we can establish the following lemma

Lemma 5.3.4. Let a be a real number. Then, the solution of this inequation
In(z) < a is the interval (0, e?].

Example 5.3.5. Let x be a strictly positive real number such that
In(z) < 2.
Using the function exp we obtain x < exp(2). Therefore we have S = (0, exp(2)].

Example 5.3.6. Find the solution of the inequation In(z) < 5.
Using the lemma above we can see that the solutions of this inequation is the set
of all real numbers x, such that, © < exp(5). Hence, we have S = (0,exp(5)].

Example 5.3.7. We Consider the following inequality ln(x+2) < 1. The function
In(x + 2) is defined in (—2; +00). On the other hand, we have

In(z+2)<1 <= z+2<e! <= z<e-2.
This means that, S = (—2; e — 2].
Exercise 5.3.8. Determine the solutions of the following inequalities

L In(z? +2+1) >0, 2. In(z +5) > 3, 3. In(2z + 3) > —1,
4. In(2z +5) < 3, 5. In(x? + 3z +2) <0, 6. In(x +5) < 1.

In the next paragraph we focus on the inequalities of the form

In(X) >In(a) or In(z)<ln(a),
for some positive real numbers X and a.

Now we fixed a positive real number a. We are looking for real numbers x such
that, In(z) > In(a). Since the function In is continuous and strictly increasing the
inequality In(z) > In(a) is equivalent to > a. The solutions of the inequation
In(xz) > In(a) are the set of all real numbers = which are gratter than a. Hence
S=la, 4ol
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Lemma 5.3.9. Let a be a fized positive real number. Then, the solutions are defined
by the interval [a, +00).

Example 5.3.10. We consider the inequation: find a real number x such that,
In(z) > In(3).
The solutions of this inequation is gigen by the interval [3, +00).

Example 5.3.11. Find the solutions of the inequation In(xz + 1) > In(2).
Since In is an increasing function, we have x + 1 > 2. Therefore x > 1. Hence

S=]-1,400) N [1,40) =[1, +0).

Similar results can be established for the inequation In(z) < In(a) for some fixed
positive real number a.

Lemma 5.3.12. Ifa is a fized positive real number, then , the solutions of inequa-
tion In(x) <ln(a) are S = (0, a].

Example 5.3.13. We consider the following inequation In(z) < In(5). Then, the
solution of the inequation are defined by S = (0, 5].

Example 5.3.14. Find z, such that, In(x + 1) < In(2). The function In(x + 1) is
defined in (—1; +00). Since

In(zx+1) <In(2) <= z2+1<2 <= <1,

then,
S=(-1,400) N (-0, 1] =(-1,1].

Exercise 5.3.15. Define the set of solutions for the following inequalities

1. In(3z + 1) <lIn(x + 1), 2. In(z 4+ 3) > In(—z + 2),
3. In(z? 4 62 + 5) > In(2), 4. In(z? + 4z +1) < In(3).
Let a and b be two fixed real numbers. We wounder if there exist x in R such

that
exp(z) <a or exp(xz)>b.

To make the presentation clear, we separate the two inequations and we start
with the inequation, find x in R, such that, exp(z) < a, where a is a fixed real
number. If the real number a < 0, then there is no solutions. Because for every
x € R we have exp(x) > 0.

Lemma 5.3.16. If a is a real number which is less than or equal to 0, then, the
inequation exp(x) < a does not solutions.

Now we suppose a strictly positive. In this case the inequality exp(z) < a is
equivalent to

In(e®) <In(a) < z <In(a).
Consequently S = (—o0, In(a)]. This proves the following lemma

Lemma 5.3.17. If a is a strictly positive real number, then, the solutions of the
inequation exp(z) < a are given by the interval (—oo, In(a)].



5.3. SOLUTIONS OF SOME INEQUALITIES 115

Example 5.3.18. Find x in R such that exp(z + 1) < —6. Since for all x € R we
have exp(z + 1) > 0. Therefore there is no solution. Hence S = ().

Example 5.3.19. Find z € R, such that, exp(z + 2) < 11. This inequality is
equivalent to x+2 < In(11). Therefore, z < In(11) —2. We have S = (—o0, In(11) —
2.

Exercise 5.3.20. Define the set of solution for the following inequalities

1. exp(2z +9) <5, 2. exp(x+4)< -2, 3.exp(a?+22—1)<3,
4. exp(xr +5) <7, 5. exp(x+1)<-3.

Now we focus on the inequation exp(z) > b, where b is a fixed real number. When
the real number b is such that b < 0, then for every z in R, we have exp(z) > 0 > b.
This means that any real number satisfies the inequality. Therefore S = R.

When the real number b is strictly positive, the following chain of equivalence
holds

exp(z) > b <= In(exp(z)) > In(b) < x> In(b).
Therefore the set of solutions is equal to the set of all real numbers which are greater

than In(b). In this case we have S = [In(b), +00).

Example 5.3.21. Find the solution of the following inequation exp(z + 1) > —2.
Since —2 < 0, then, S = R.

Example 5.3.22. We consider the inequation exp(z + 2) > 6.
This is equivalent to x + 2 > 1In(6). This leads to the following inequality
x < In(6) — 2. We obtainS = [In(6) — 2, +00).

Exercise 5.3.23. Find the solution of the following inequalities

1. exp(z) >0, 2. exp(3z+5)>8, 3.exp(x+9) >4,
4. exp(x® + 22 +1)>7, 5. exp(—z+2)>—1.
Let z > 0. We consider the functions f(z) = In(z) — = and g(z) = In(z)/x. We

aim to find lim, . f(x) and lim,_, . g(z). If we calculate separately the limit
of each term in f, we will get

lim In(z) =400 and lim —2=—o0.
T— 400 T—r—+00

In this case we have

lim f(z) = +00 — co = undefined.
Tr—+00

For the function g we point out that

lim In(z) =400 and lim x= +oo.
xr——+00 r—r+00

Therefore |
lim n(z) = oo = undefined.
T—+oo I +00

To find the limits of these functions, we need to compare them to polynomial
functions. This will be done in the next subsection.
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5.3.1 Some Particular Limits

At the beginning of this section we defined the limit of the function In. We said
that it goes to +0o0 when x goes to +00. Now we want to know how fast it goes to
+o00. To this end we compare it to the function ™. To make the presentation easy
to read, we state the following lemmas.

Lemma 5.3.24. For any z € (0, +00) we have In(z) < z.

Proof. To prove this lemma, we define the function f(z) = In(z) — z. The function
f is differentiable in (0, +00) and we have

1 1—x
!

= —-1= .

fa) =~ _

Then, the following variational table holds
x 0 1 +00
f'(x) + 0 -
-1
f /! N\

Since for all z € (0, +00), f(z) < —1, we have,

In(z) —2<0 = In(z) <.

O
The previous lemma is a particular case of the following theorem.
Theorem 5.3.25. If z € (0, +00) and n > 1 is a natural number, then,
In(z) < 2. (5.3.1)

Proof. To prove this theorem, we define g(x) = In(x) — ™. The function g is differ-
entiable in (0, +00) and for every x > 0, we have
1 no1_ L—na"

") == —na" ! =
g(x) =~ -

We know that ¢’(x) = 0 is equivalent to this identity nz™ — 1 = 0. This leads to
the following equation : find z > 0, such that

1
" —-==0
n
Setting y = T\L/%, we obtain
n 1 n n n—1 n—2 n—2 n—1
gt - =2ty :(:c—y)(x +z" oyt y" T 4y ):O.

For every x > 0, the factor (m”fl +a2" 2y dy" 2 4 y”’l) > 0. Hence
nx™ — 1 = 0 is equivalent to z — y = 0. This implies
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From this we deduce z™ — y™ and = — y have the same sign. Since

1 1 1 1 1 1 1 1
n n n n n n n

The following variational table holds,

T 0 v % +00
g'(x) | + 0 -
In(n)+1
g / N
1 1
The variational table implies, for all x €]0, 400, we have g(z) < _nm+1
n
Therefore
In(z) — 2" <0 = In(x) < 2™
This completes the proof. O

These two lemmas leads to the following theorem.
Theorem 5.3.26. Ifn > 1 is a natural number, then, for any x > 0, we have,

T O (5.3.2)

z—+oo M

If we take n = 1 in this theorem above, we obtain

i 2
r—+00 xT

=0.

Proof. Let x € [1, +00). We consider a natural number n > 1. Then, the following
inequalities hold 0 < In(z) < . Since z > 1, we can divide by ™. Dividing by =™
one gets

0 < In(z) < 1
- gn xn—l
We know that,
1
lim =0
r—+oo ™
Applying Sandwich theorem, we conclude that
T

z—+oo "

Example 5.3.27. Find the limit of the following sequence:
Up = Vn=n'" Vn>1

We know that, u, = exp (In(n)/n) and

lim In(n)
n—-+oo n

=0.
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Consequently, we have

lim {/n= lim /" =¢0 =1,
n—+o0o n—-+4oo

Exercise 5.3.28. Determine the following limits

. . . . In(x
1. lim »Y?*, 2. lim »n*™, 3. lim »%*, 4. lim (4)
n—-+oo n——+oo n——+oo r——4oco I

Let € (0, 400). We consider a natural number n > 1. Using the properties
of the function In we can write on one hand

In(z) = %ln(az).

On the other hand, we have In(2™) = nln(x). This implies

This leads to the following identity

1 1 1
2" In(z) = —2"In(z") = ——2"In <n> :

n n x
Now, we define X := ﬁ, then, lim,_,o X = +o00. As we know that,
1 In(X)
] = .
2" In(x) —
Therefore,
g 1 . In(X)
L

This allows us to state the following theorem.

Theorem 5.3.29. If n > 1 is a natural number and xz € (0, +00), then,

alclir%)x In(x) = 0.

Setting n = 1 in the theorem above, we are able to establish the following
corollary

Corollary 5.3.30. For any x in (0, 400 ), we have

lim zIn(z) = 0.
z—0
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Example 5.3.31. To determine the limit lim,_,_1(z+1)In(z+1), we define X :=
x + 1. Hence, one has
lim X =0.

r——1

From this we deduce that

lim (x 4+ 1)In(z+1) = )l(imOXln(X) =0.
—

z——1
Exercise 5.3.32. Specify the following limits

1. lim (z+2)In(z+2), 2. lim(z®—1)In(z—1), 3. lim(z — 3)In(z — 3).

r——2 =1 z—3

Remark 5.3.33. What this subsection established clearly is the following properties:
1. polynomial functions increase more fast than In,
2. polynomial functions go to 0 more than In goes to —oo.

To illustrate this, we represent below the graph of the functions f(x) = x and

g(z) = In(x).

We remind that, we defined ln, such that, Vo € R, In(e*) = z. This means
that, In(e) = In(e!) = 1. Now we introduce the following notations

log,(z) = (o) = In(z).

We say that In is the logarithm in basis e. Let @ > 0 be a real number. The
expression In(a) make a sense. From now on we assume a # 1. In this case we can
define the logarithm in basis a in this way

log, (z) = . (5.3.3)

In the next section we will study the function log, .
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5.4 Logarithm in Basis a

We start this section by reminding the definition of the logarithm in basis a.

Definition 5.4.1. Let a € (0,1) U (1, +00) be a fized real number. For any
x € (0, +o0) we define the logarithm in basis a by

1 = .
We specify the following notations

o when a = e, we use the notation log,(z) = In(z)

o when a = 10, we denote log;y(x) = log(z)

We remark that for all e € (0, 1) U (1, +00), we have

loga (a) = =1

Example 5.4.2. As an illustration we give the following examples

L f(a) = logle) = ik 2 9(e) = logy(o) = g,

3. h(z) = logygo(w) = hllr(lig()))

Below we represent the graph of the function In in blue and log in red

1.5 %

0.5+

—0.5 +

Theorem 5.4.3. Ifa € (0,1)U (1, +00) and for all x and y in (0, +00),then,
the function log, satisfies the following properties

1. log,(z - y) = log,(x) + log,(y)

2. log, (;j) = log, () —log,(y)
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3. log, (™) = nlog,(x).
Proof. Let x and y be in (0;, +00). Then, we have

g0 3) = F et = P —tog, (0) + o, (1)

To prove 2, we point out that

oz, () = lnln((? = g, ) ~ o, 1)

To prove 3, we observe that,

In(z") nln(z)

O

Proposition 5.4.4. Leta € (0, 1)U(1, +00). Then, for any natural number n > 1
we have
log,(a") =n.

The proof of this proposition is simple. We need just to point out that,

ny _ In(@”)  nln(a)
log,(a") = In(a)  In(a) -

Proposition 5.4.5. Leta € (0, 1)U (1, +00). Then, for any , x € (0, +00)
alog.(®) —
The proof of this proposition is based on the fact that
'8 = exp (log, (z) In(a)) .

In(z)
In(a)

Example 5.4.6. For instance we have

Since log, (z)In(a) = In(a) = In(z). Then, a'°2®) = exp (In(z)) = z.

log(100) = log(10?) =2 and 10525 =25,

Let a > 0 be a real number which we assume different to 1. We define the
function log, (z) for any = in (0, 400 ). The next step consist of studying such type
of functions

5.5 Study of Functions log,

Leta € (0, 1) U (1, +00). For any real number x which is strictly positive we define
the function

f(m) = loga(x) = ln(a) ’
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The function f is differentiable in its domain. For every real number x in (0, +00),
the derivative of f is defined by

1
4 - —_
) = x In(a)
Since the real number x belongs to (0, +00), we observe that the sign of f’
depends on In(a). Hence we have to distinguish two cases

Case 1: a € (0, 1). In this case we see that In(a) < 0. From this we deduce that
f(x) <0, for every € (0, +00). Therefore the function f is decreasing in
(0, 400)

Case 2: a € (1, +o00). In this case, the real number In(a) is strictly positive.
Then, we deduce that f/(z) > 0, for every z € (0, +o0). This means the
function f is increasing in (0, +00).

Theorem 5.5.1. If a € (0,1), the function f(x) = log,(x) is decreasing in
(0, +00).

Theorem 5.5.2. If a € (1, +00), the function f(x) = log,(x) is increasing in
(0, +00).

Before ending this chapter, we specify some definitions. Indeed, in the previous
chapter we studied the function exp. We called it exponential. To be rigourous we
should called it the Naperian exponential in order to show that it is the reciprocal
function to the naperian logarithm.

Using the function log, for some positive real number a different to 1, we can
define general exponentials.

5.6 General Exponentials

Let a > 0 be a real number. If a = 1, we have ¢® = 1 for any real number z. Now
assume that a # 1, we have log,(a”) = x for any real number x. On the other hand
if we take a strictly positive real number z we will have a!°%(*) = g .

Now we take x € (0, +00), and we define f(r) = log,(x). The function f is
continuous and strictly monotone in (0, +00), then it admits a reciprocal function
g, such that,

log, (9(y)) =y, VyeR

g(log,(x)) =2, Va>0.

As we know that the reciprocal function of log, is unige, then, the function g
should correspond to a®. Hence we define

glx) =d", VzeR.
This function is called the general exponential .

Definition 5.6.1. Let a be a strictly positive real number which is different to 1.
For any real number x we call exponential of x the function

f(z) = a,
defined, such that, log, (a””) =uz.
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Thus if x and y are two real and a is as in the definition, we have

log,(a” - a¥) =log,(a”) +log,(a¥) =z + y. (5.6.1)

On the other part, we kow that if x and y are two real numbers, then,
r +y = log, (a*1Y). (5.6.2)
From (5.6.1) and (5.6.2), we deduce that
a® - a¥ = a" v,

for any real number x and y. This proves the following proposition
Proposition 5.6.2. Let a € (0, 1)U (1, +00). Then, for any real numbers x and

Yy, we have

a® - a¥ = a" v,
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To introduce this chapter, we consider a real function f defined in some interval
I. We represent this function by its graph. Let [a, b] be a subinterval of I. Our
main goal now is to calculate the area of the domain &, [ the part of the real plan
] which is between the vertical lines = a, = b, the x — axis, and the curve €} of

f- In other words we aim to find the colored area of the figure below.

125
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y=f(x)

b
J- f(x)dx

Since from elementary school we know how to find the area of a rectangle, the
first idea which comes up to our mind is to subdivide the domain in many small

rectangles in this way: Let [a, b] be an interval. We divide [a, b] to n subinterval

. b—a
[z;, 2i41], where zg = a, z, = b and for 0 < i <n—1 we have ;1 = x; + .

— & 0 @& -+ 0 0 & 0
a T T2 Tpn—2 Tp-—1 b

. b—a . .. .
Since x; = x;_1 + —— we obtain after i iterations
n

bh—
i = w0 +i (6.0.1)
The elements of the set {xg, x1, - ,Tn_1, Ty} satisfy the following property
a=29g< a1 < < Xp_1 < Ty =0

The finite family { xo, 21, ,Zn—1, x, } is called a subdivision of the interval [a, b].
The real number b

Az = Tit+1 — Ty = —a (602)

n

is the step of the subdivision.

Now we decompose the domain 2 into n small rectangles with lenght Az [where
Az is a small real number | and height f(x;) for some real number z;. The vertices
of the small rectangle number ¢ +1 (0 < 4 < n) are the points (z;, 0), (zi+1, 0),
(xi, f(wiy1)) and (241, f(xi41) ). Another choce is possible we can take (x;, 0),
(Tit1, 0), (2, f(z;)) and (x;41, f(z;)). as the vertices of the rectangle number
i+1
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Xo=a X X5 X3 Xi—1 Xi Xn-1 Xu=b

Then, the area of the small rectangle number i + 1 is R;y1 = Az - f(zi41).
To find the area of the whole domain, we need just to sum the area of all small
rectangles. In this case we obtain

n—1 n—1
Area of all Small Rectangles = Z Az f(ziy1) = Z Rit1. (6.0.3)
i=0 i=0

As we can observe it , the area of all small rectangle is just an approximation of
the area of the domain. This approximation is as good as the the step Az is small
enough. This suggests us to let Az go to 0. But the problem here is, the relation
between Az and n. The real number Az goes to 0 means that n should go to +oco.
This leads to an infinite sum, which we do not know how to deal with. When the
infinite sum has a mathematical meaning [when > R; converges |, we write

Area of ¥ = lim ZRZ = ZRZ (6.0.4)
i=1 i=1

n——+00 4

If this limit exists we take it as the exact value of the area of the domain . We
denote it the integral of the function f in the interval [a, b]. We write

b
Avea of 7 = / F(z) da. (6.0.5)

We mean by (6.0.5): Area of 2 is equal to the integral from a to b of f. The symbol
J is the letter S. We use it to mean we are summing from a to b.
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In this chapter, we will only deal with elementary theory of integrations. To
define the value of an integral we introduce the notion of primitive of a function.
In a second time, we will study some properties of integrals. To end this chapter,
we calculate integral of some elementary functions.

6.1 Primitive of Functions

This section is devoted to primitive of functions. After elementary definitions, we
study primitives of elementary functions. In the second subsection we deal with
primitives of general functions.

Definition 6.1.1. Let f : I — R be a continuous function. We consider a differ-
entiable function F : I — R. We say that the function F is a primitive of f in I,
if for every real number x in I,

F'(z) = f(x). (6.1.1)

Remark 6.1.2. We draw the readers attention that primitive and integral have
similar meanings. But here we reserved the term integral for another use.

Example 6.1.3. To help readers to better understand the notion of primitives, we
introduce the following examples

1. Let a be any real number. We define the function F(x) = a. The function F
is differentiable and for every real number x, F'(x) = 0. Therefore the function F
is a primitive of f(x) = 0.

2. Let a and b be two real numbers. We define the affine function F(x) = ax+b.
It is differentiable in R and for every real number x we have F'(x) = a. Then, the
function F is a primitive of the function f(z) = a.
anrl

+1

function F is a monomial, it is differentiable and for every real number x we have
F'(x) = a™. This implies the function F is a primitive of f(x) = a™.

3. Let x be a real number. We consider the function F(x) = - Since the

From definition 6.1.1 we know what is a primitive. Now we need to define a
condition which allows us to have a primitive. A necessary condition is given in the
lemma below.

Lemma 6.1.4. Let f be a continuous function in I. Then the function f has a
primitive defined in the interval I.

We deduce from this lemma that, a continuous function has several primitives.
Now we want to know what type of relations can exist between these primitives.

Theorem 6.1.5. Let f defined in I be a continuous function. We consider F' and
G two primitives of the function f in I. Then, there exists a constant real number
C, such that,

Gx)=Fx)+C, Vz el (6.1.2)

Proof. Let F and G be two primitives of f in I. They are differentiable in I and
for every real number x in I, we have F'(x) = f(z) and G'(x) = f(x). For every



6.1. PRIMITIVE OF FUNCTIONS 129

x in I we define the function H(xz) = G(z) — F(z), Since the functions F' and G are
differentiable in I, the function H is differentiable in I. In this case we have

H'(z) = G'(z) = F'(z) = f(z) — f(z) = 0.

From this, we deduce that H is a constant function. Consequently there exists a
real number C, such that, H(x) = G(z) — F(z) = C. This means that
G(z) = F(x) + C. This completes the proof of the theorem. O

Example 6.1.6. We consider the function f(x) = 2x + 1. Then, the function
F(x) = 2% +2 is a primitive of f. We can find another primitive of f by adding any
real number to F. For example the functions G(x) = 2?4+x+3 and H(z) = 2*>+x+5
are primitives of the functions f. Generally speaking, for any real number C' the
function P(z) = 2% + x + C is a primitive of f.

We learn from the theorem 6.1.5

1. a primitive of a function is defined up to a constant

2. a functions has infinite number of primitives

Because of these two remarks, we cannot write the function F' is the primitive
of the function f. But we must say the function F' is a primitive of f

At this level we know what is the definition of a primitive. We define also the
relation between two primitives of a function. The next step will consist of finding
primitives of some elementary functions .

6.1.1 Primitive of Elementary Functions

As we pointed it out in the previous chapters elementary functions are the bricks
used to build a large part of functions. That is why we start with them here in order
to show how our theory runs. In this section we will define primitives of polynomial
functions, square root functions, inverse, In and exp.

Let C be any constant real number. For every x in R we define the function
F(x) = C. We emphasize the function F is differentiable in R and for every real
number z the derivative of the function F' is defined by F’(x) = 0. Hence we have
proved the following lemma.

Lemma 6.1.7. Let x be a real number. We define the function f(x) = 0. Then,
the function F(x) = C, where C is any constant real number is a primitive of the
function f.

Example 6.1.8. For every real number x, we consider the constant function
F(x) =13. It is a primitive of the function f(x) =0, for every x € R.

Now we take two real numbers a and b, such that, a # 0. For z in R we define
the function F(z) = ax + b. Since the function F is affine, then it is differentiable
in R and for every x € R, we have F’(x) = a. This leads to the following lemma.

Lemma 6.1.9. Let a be a constant real numbers which is different to 0. For all
x € R, we define the constant function f(x) = a. Then, the function F(x) = ax+C,
where C' is a constant real number, is a primitive of the function f .

Example 6.1.10. We consider the function f(x) = 7. Then, the affine function
F(x) =Tz +1 is a primitive of f. Another primitive of the function f can be given
by G(z) = Tx + C, where C is any constant real number.
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Exercise 6.1.11. Define primitives to the following functions
1. f(z) =11, 2. g(x) =3, 3. h(z) =5, 4. u(z) =C, 5. v(x) = 2.

2
x
Let z be a real number . We consider the function F(x) = —- This function

is differentiable in R and for all z € R, we have F’(x) = z. This establishes the
following lemma.

1:2

Lemma 6.1.12. Let x belong to R and f(x) = x. Then, the function F(zx) = £l

s a primitive of f.

We consider a natural number n > 2. For every real number x we define the
n+1
F(z) = i 1 Then, the function F is differentiable and for all z € R, F'(z) = z™.
n
This leads to the following lemma.

Lemma 6.1.13. Let n > 2 be a natural number. For x in R we consider the
n+1

function f(x) = a™. Then, the function F(z) = :;_’_ 1

is a primitive of f.

Example 6.1.14. We consider the function f(x) = 3. A primitive of f can be

x3+1 1‘4

defined by F(z) = sr1- 4

Exercise 6.1.15. Define a primitive for each of the following function

1. f(z) = 25, 2. g(x) =27, 3. h(z) =2, 4. u(x)=32% 5 v(x)=2a.

1
Let = # 0 be a real number. We define the function F(z) = e We know that
1

F is differentiable in R* and for every real number z # 0, we have F'(z) = ——-
x

Consequently we can state the following result.

Lemma 6.1.16. Let x # 0 be a real number. For any x € R* we define the function
1 1

f(x) = —- Then, the function F(z) = —— is a primitive of f.
x x

Let n > 2 be a natural number and z belong to R\{0}. We define the function

1
F(z) = _W. This function is differentiable in its domain and for all real
n—1)x
1
number z # 0 we have F'(z) = s

Lemma 6.1.17. Let n > 2 be a natural number. For every real number x # 0
1
we define the function f(x) = —- Then, the function F(z) = ———— is a
an (n—1)an—1
primitive of f.
1

Example 6.1.18. For every real number x # 0 we consider the function f(x) = -
x
1

A primitive of this function f is defined by F(x) = 5
T
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Exercise 6.1.19. Determine a primitive to each of the following functions

1 1 T 1

l.f(x)zﬁ, Q.g(x)zﬁ — 4.u(x):ﬁ.

Let z > 0 be a real number. We define the function F(z) = 24/z. This function
1
is differentiable in [0, +00). For every x > 0 we have F'(x) = —=- Therefore, we

Jz

have the following result.

Lemma 6.1.20. Let x > 0 be a real number. We define the function f(x) =
Then, the function F(x) = 2/x is a primitive of f.

-

We consider the two following functions F(z) = — cos(z) and G(x) = sin(z).
These two functions are differentiable in R. For z € R, we have F'(z) = sin(z) and
G'(z) = cos(x).

Lemma 6.1.21. Let f(z) =sin(z). Then, F(x) = —cos(z) is a primitive of f.
Lemma 6.1.22. Let g(x) = cos(z). Then, G(z) = sin(x) is a primitive of g.
Let x > 0 be a real number. We consider the function F'(z) = In(z). The

function F is differentiable in (0, +00), and for every x > 0, we have F'(z) = —-

Then, we can state the following lemma
1
Lemma 6.1.23. Let x > 0 be a real number. We define the function f(x) = —-
x
Then, the function F(x) = In(x) is a primitive of f.

Let € R. We define F(x) = ¢”. This function is differentiable and we have
F'(z) = €".

Lemma 6.1.24. Let f(x) =e*. Then, the function F(x) = €® is a primitive of f.

In the following table we sum up some primitives of elementary functions.

| f(z) | Domain of f | F(x) | Domain of F |
R C R
a R ar +C R
2
.an+1
" R +C R
T s
= R\{0} -——+C R\{0}
1 1 1
— > — .
et ;l >2 R\{0} s e C R\{0}
7 (0, +00) 2/x+C [0, +00)
cos(x) R sin(x) + C R
sin(z) R —cos(z) +C R
exp(z) R exp(x) +C R
% (0, +00) In(z) + C (0, +00)
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Example 6.1.25. We consider f(x) = 2°. Using the table above, we setn =5. A
6

; X .
20 L o=" 1 C, where C is a constant.

primitive of f is given by F(x) = T3 6

1
Example 6.1.26. For every real number x # 0 we define the function g(x) = —-

23
1 1 1
Setting n = 3, we have G(z) = 31 a1 +C = 3.2 +C-
-1 =z T

Exercise 6.1.27. Define a primitives for each of the following functions

1. f(z) =27, 2. g(z) =0, 3. h(z) = 3, 4.i(z) = =

5. j(z) = sin(z), 6. u(x) = = 7. (x) = 2.

Theorem 6.1.28. Let f and g be two continuous functions in some interval I with
respective primitives F' and G. We consider a real number k and the functions

h() = k- f() and €)= f(z)+g(a).
Then,

o the function H(x) =k - F(z)+ C, is a primitive of h

o the function L(x) = F(z) + G(x) + C is a primitive of ¢,
where C' is a constant real number.

Proof. Let f, g, F, G and k be as in the theorem. We define H(z) = k- F(z) + C.
Then, H is differentiable and for every x € I, we have H'(x) = k- F'(z) = k- f(x).
This implies the function H is a primitive of k- f.

Now we set L(z) = F(z) + G(x) + C. The function L is a differentiable and
for every x € I, we have L'(z) = F'(z) + G'(z) = f(z) + g(x). This involves the
function F' + G is a primitive of f 4 g. O

Example 6.1.29. Find a primitive of the following function f(x) = 222 + 3z + 1.
3 2
We know that a primitive of x? is given by L The function % is a primitive of

the function x and the function x is a primitive of 1. Therefore,

2% 322
Fle)= S+ 55+

is a primitive of f. In this ezample we have taken C' = 0.

Example 6.1.30. We consider the following function for every real number in
(0, +00),

1 1
g(m):cos(x)+4x3+5m+2+5+ﬁ+e$,

Since the function g is continuous in (0, +00), g has primitives. A primitive of g
can be defined by

5 1
G(z) = sin(z) + 2* + 5952 +2z +In(z) — = +e" + C.
€T
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Exercise 6.1.31. Find the domain of the following functions and define a primitive
for each them in its domain

. 1
L f(z) = 2" + 2% + 225 + 32*, 2. fi(x) = 42® + 322 + 2 + 7,

2
1 . 1 5
3. fa(z) = 2cos(x), 4. g(x)= cosh(z)+ e +sin(z), 5.¢q1(z) = pr i +z,

2 2
6. g2(z) = sin(z) + sinh(x) + 4e” + s +22, T.h(z)=42® -3z +5+ = +e”.

An easy way to construct general functions is to use composition of elementary
functions. In the next section, we will define primitives of general functions from
primitives of elementary functions.

6.1.2 Primitive of General Functions

This section deals with primitives of general functions. Indeed here we study prim-
itives of function of the forms u", /u, 1, cos(u), sin(u). We specify, here u is
a real function. These functions are obtained by using composition of elementary
functions and wu.

We consider a differentiable function v : R — R. For any natural number
un+1(m)
n+1
the function F' is differentiable in D,,. Because it is a composition of differentiable
functions. Let = € D, then, we have, F'(x) = u/(x)u™(z)- This leads to the

following theorem.

n > 1, we define the function F(x) = - We know from previous chapters,

Theorem 6.1.32. Let u : R — R be a differentiable function . For any natural
number n > 1 and x € D,, we define the function f(x) = u'(x)u™(z). Then, the

function F(x) = (@)

—2 15 a primitive of f.
) p ff

If we take n =1 in the theorem above we obtain the following corollary.

Corollary 6.1.33. Let u: R — R be a differentiable function. For every x € D,,

3
we define the function f(x) = v/ (x)u(x). Then, the function F(x) = u(z)

5 5 a
primitive of f.

Example 6.1.34. For every real number x we define the function f(x) = 3(3x+1)>°.
To determine a primitive of f we define the function u(x) = 3x+1. The function
u 1s differentiable in R. Because, it is an affine function. For all x € R, we get
u'(z) = 3. Setting n := 5, we observe that f is in the form f(x) = u'(z)u’(z).
6 1 6

Therefore, the function F(z) = Y é;v) = (3;6%_ ) is a primitive of f.
Example 6.1.35. Let f be the function defined by f(z) = (2x + 2)(z% + 2z + 3).
To find a primitive to the function f we define the real function u(x) = x>+ 2x + 3.
This function is differentiable in R and for all x € R, we have v'(x) = 2z + 2. This
u?(z) (2% 422+ 3)2

involves f(x) = u/(x) u(z). Therefore the function F(x) = 5 = 5

is a primitive of f.
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Example 6.1.36. We consider the function f(z) = (2z+5)!L. To define a primitive
to the function [ we set u(x) = 2x + 5. Then the function u is differentiable in R
and u'(x) = 2. From this, we deduce that,

f(x)=u't = % 22z +5)H = 1 l (z)utt (z).

2
1 12 2 5 12
Hence a primitive of [ is defined by F(x) = 5 Y 1;33) = (2 ;—4 ) .

Remark 6.1.37. In general if the function f is in the form f(x) = (ax+b)", with
a real number a # 0. A primitive of the function f is

1w (2)
Fla)= a n+l

+C,

where C is a real number.

Exercise 6.1.38. Define a primitive for each of the following functions.

1. f(z) = 2(2z + 3)3, 2. g(x) = (32% 4+ 2z + 1) (2% + 2% + 2 + 11)%,
3.h(z) = (x+3)(2® +62+2) 4 u(z) = (5x + 3)?, 5. v(x) = (4o +9).

Let w : I — R* be a differentiable function. For every = € I we define the
1
function F(z) = @) Then, the function F' is differentiable in I and we have
u(x
/()
u?(z)
Lemma 6.1.39. Let u : I — R* be a differentiable function. For every x € I,

!/
1
we consider the function f(x) = wlz) Then, the function F(z) = ——— is a
u?(z

u(z)

F'(z) =

primitive of f.

2z + 3
(22 + 3z +4)?
primitive to f, we define the function u(x) = x> + 3z + 4. The function u is

!
differentiable in R and v'(x) = 2x + 3. This means, f(x) = u2((x)) Therefore, the
u?(z

Example 6.1.40. We consider the function f(x) = - To find a

following function F(x) = is a primitive of f.

2243z +4
Exercise 6.1.41. Find a primitive to each of the following function
) 622 + 2z +1 1
1. =—Q 2. = 3. h(z) = ——=-

Now we take a natural n > 2 and a function w : I — R* which is differentiable

—1
differentiable in I. We define the function F(z) = ) Since the func-

tion F' is a composition of differentiable functions it is differentiable in I. For every
real number x, which belongs to I, we can establish

e

un(z)

F'(z) =
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Theorem 6.1.42. Let u : I — R* be a differentiable function. For any natural

I
number n > 2 and x € I, we define the function f(x) = un((m))~Then, the function
u(x
-1
F(r) = =) is a primitive of f.

Example 6.1.43. Let f(z) = ﬁ~ We know the domain of f is D =
x

R\{-1/6}. To determine a primitive to the function f, we set u(x) = 6z + 1.
The function u is differentiable in R, then,it is differentiable in R\{—1/6} and

-1 /
u'(z) = 6. From this , we deduce that, for all x # 5 flx) = u4((x)_ Applying the
ul(z
—1
theorem above, we obtain F(x) = ————-
3(6x +1)3

Exercise 6.1.44. Find a primitive to each of the following function

4 322 4+ 10z + 2 1

% 2.4(z)= N C) R —
Gy 2= sy S MO = GraEe

L f@) =

Let u: I — (0; +00) be a differentiable functions . We consider the function
F(z) = In(u(z)). We know the function F' is differentiable as a composition of
differentiable functions. For all € I, the derivative of F is

Theorem 6.1.45. Let u: I — (0, +00) be a differentiable function. We define

o) = 12

- u(x)
2

Example 6.1.46. Let x € (2, +00) and f(z) = 5 — 4 We define the function
T —

u(z) = 2x — 4. The function u is differentiable and for every x € (2, +o00) , we
/()

- Then, the function F(z) = In(u(x)) is a primitive of f.

get u'(x) = 2. Hence the function f is in the form f(z) =

. Therefore the real
function F(z) = In(2x — 4) is a primitive of f.

Exercise 6.1.47. Determine a primitive to each of the following functions.

2 2 1 2?41
1. = —, 2. =—7 3.h = — ==X
1@ =y 290 =g @) =Gors 0=
1 2z )
5. = — 6. = — = .
vw) =0y Gw@)=om, Toz(e) =)
Now we consider the function F(z) = exp(u(z)) where v : I — R is any

differentiable real function. The function F is differentiable in I and for every real
number z in I, F'(z) = v/ (z) exp(u(x)).

Theorem 6.1.48. Let uw : I — R be a differentiable function. We define the
function f(x) = u'(z)exp(u(z)). Then, the function F(x) = exp(u(x)) a primitive
of f.
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Example 6.1.49. We consider the function f(z) = 2exp(2z 4+ 5) and we define
u(x) = 2z + 5. The function u is differentiable and for every real number x we
have u'(z) = 2. Consequently we obtain f(x) = u'(x)exp(u(x)). This implies the
function F(z) = exp(2z + 5) is a primitive of f.

Exercise 6.1.50. Define a primitive to each of the following function

1. f(z) = ze” t1, 2. g(z) = 4e*16, 3. h(x) = 57T,

4. u(x) = m3€m4+37 5.0(z) = (xQ Lot 1)6134—312-&-31-&-1.

Let us consider a differentiable function u : I — (0, +00). For every z in
the interval I we introduce the function F(z) = 24/u(z) . Since u is differentible
in I and the square root function is differentible in (0, +00), the function F is
differentiable in I.

Let = belong to I, then, we obtain

Theorem 6.1.51. Let u: I — (0, +00) be a differentiable function. For every
!
z € I we define f(z) = wiz) | Then, the function F(z) = 2\/u(z) is a primitive

Vu(x)
of f.

2
Example 6.1.52. We consider the following function f(r) = ———, which is
V2r +4

defined in (=2, +00). Setting u(z) = 2x + 4, one has v'(x) = 2. The function f
u'(z)
Vulx)
primitive and a primitive of f is defined by F(x) = 2/2z + 4.
2z +1
VaZ+az+1

we take u(z) = 2%+ x + 1, the derivative of u is u'(x) = 2z + 1. Hence the function

_ u'(x)
ERCE
F(z) =2vVax?2+x+ 1 is a primitive of f.

Exercise 6.1.54. Define a primitive to each of the following functions

is in the following form: f(x) = . Since the function f is continuous it has

Example 6.1.53. Let f(z) = - The function f is defined in R. Now

- As the function f is continuous in I it has primitives. The function

1 (x)fﬂ 3h(x)fL
Bere 0T U@t ser1 U VRS

Let v : I — R be a differentiable function. For every real number x in I, we
define F(x) = cos(u(x)). Since w is differentiable in I and cos is differentiable in
R, the function cos(u(z)) is differentiable in I. For any = € I, we have F'(z) =
—u/(x) sin(u(z)). Then the following theorem holds.

L f(z) =

Theorem 6.1.55. We consider a differentiable function uw: I — R. Forx € I, we
define the function f(x) = u'(x)sin(u(x)). Then, the function F(x) = — cos(u(z))
s a primitive of f.
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Example 6.1.56. Let f(x) = 5sin(bz + 3. We set u(x) = 5z + 3. The function
u is differentiable in R and v'(x) = 5. We obtain f(x) = u'(x)sin(u(x)). Since f
is a continuous in R, it has primitives. A primitive of [ is defined by the function
F(z) = —cos(5x + 3).

Example 6.1.57. We consider the following function f(x) = sin(3x+2). We define
u(z) = 3z + 2. Then, v'(x) = 3. From this, we define
1 1
flz) = 3 3 sin(3z + 2) = gu'(x) sin(u(x)).
Since f is a continuous function, it admits primitives. A primitive of f is given by
1
F(x) = ~3 cos(3x + 2).
Exercise 6.1.58. Find a primitive to each of the following functions
1. f(z) = 2z + 1)sin(2® + 2 + 3), 2. g(z) =sin(6z + 1), 3. h(x) = —sin(3z).

Now, we consider a differentiable function u : I — R. For any « € I, we define
the function F(z) = sin(u(x)). Since w is differentiable in I and sin is differentiable
in R, then, sin(u(z)) is differentiable in I. We have F'(z) = u'(x) cos(u(z)). This
proves the following theorem

Theorem 6.1.59. Let u : I — R be a differentiable function. We consider the
function f(z) = u'(z) cos(u(z)). Then, the function F(z) = sin(u(x)) is a primitive

of f.

Example 6.1.60. We define f(x) = 6cos(6z + 1). The function f is continuous
in R. We define u(z) = 6z + 1. Therefore v'(x) = 6. The function f is in the form
f(z) =/ (z)cos(u(x)). Hence F(x) = sin(6x + 1) is a primitive of f.

Exercise 6.1.61. Find a primitive to each of the following function.
5
1. f(z) =25cos(bz +3), 2.g(x) =cos(x+3), 3.h(x)= —cos <2w + 5> .

To refresh memory to the readers, we give the following table.

f(x Domain of f F(x Domain of F’
|
2
u'u D, L D,
n+1
u' . u” D, Y D,
. n —|—11

u

= D, — D,
A -1
—, n>2 D D
un’ nZz 1 (n _ 1)un—1 ) 1

u/

ﬁ .D3 2 u(if) D2
u’.sin(u) D, —cos(u) D,
u’. cos(u) D, sin(u) D,
u’. exp(u) D, exp(u) D,

7
L Ds In(u) Ds
i




138 CHAPTER 6. INTRODUCTION TO INTEGRATION

Here we define D1 = {z € R : u(x) #0}, Dy={x € R : u(z) >0} and
D3 ={z eR : u(x) > 0}.

One may ask, why we are trying to determine primitives of functions. Why
we engage in such complicated work . Do we need to spend so much time in
finding such primitives. To answer this question, we consider a function F' which is
differentiable in some interval I, such that F’(xz) = f(z). Let x¢ belong to I. For
some real number h > 0 , we define the quantity

F(ao+h) = F(wo) _ Flwo+h) = Flxo)

$0+h71’0 h

For h small enough [h tends to 0 but remains different to 0], we have

AF — F<x0+h}1_F(mO) Zf(xo).

Multiplying by h we obtain F(zg+h)— F(xg) ~ h- f(x¢). To simplify the presenta-
tion we assume f(zo) > 0. Then the positive real h- f(z) is the area of the rectangle
that has vertices the points (z¢, 0), (o + h, 0), (0, f(zo)) and (xo + h, f(z0o) ).
This area is an approximation of the function in the interval [z, o+ h]. In other
words, when h goes to 0, we have

xo+h
F(zo+h) — F(ao) = / F(t)dt (6.1.3)

Zo

As we can see it identity (6.1.3) justifies why we went to so much trouble to define
primitives. In the next section we show the close link that exists between primitives
and integrals.

6.2 Intriduction to Integration

This section deals with integration. Indeed , here we define an integral. We also
specify that integrals are just some particular primitives. We will define some
properties of integrals. To end this section we introce integration by parts and
integration by using substitution method.

6.2.1 Defitions and Notations

Let f be a continuous function in [a, b], with a < b. We denote

b
[ sy, 62

to mean the integral from a to b of f. One may wonder how to find the value of
(6.2.1). That is why we state the following definition.

Definition 6.2.1. Let f be a continuous function in [a, b]. We consider a function
F which is a primitive of f in [a, b]. We define the integral from a to b of f by

b

/a " f(a)de = [F@)] = )

a

" _ F) - Fla). (6.2.2)

a
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Remark 6.2.2. We make the following remarks

o The name of the variable x in which we integrate does mot matter. We can
integrate in the variable y or u or t. Indeed, we have

/abﬂw)dw=/:f<y)dy=/:f<t)dt:/abf(wdu

e To find the value of the integral of f from a to b, f; f(x) dz, we should follow
at least three steps:
— Step 1: to define the function F a primitive of the function f
— Step 2: we compute F(a) and F(b).
— Step 3: To finish we write

b
/ F(@)dz = F(b) — F(a).

We make the precision that it is not necessary to observe these steps or to follow
them by dot. They can be done in one step by writing directly the value of the
integral.

Example 6.2.3. To define the integral f02 2z dx we set f(x) = 2x. Since f is an
affine function, it is continuous in the interval [0, 2]. Then it has primitives in
[0, 2].

o Step 1: We know from what that a primitive of the function 2x can be defined
by F(x) = 2.

o Step 2: Now, we have to find F(2) and F(0), which are: F(2) = 2% = 4,
F(0)=0%2=0

o Step 3: In this step, we define the value of the integral:

2 2 2
/ 2xdr = [xﬂ :xz‘ =922_02=4.
0 0 0

Example 6.2.4. Compute the value of the following integral f12 22422+ 1dx. We
define the function f(x) = x® + 2z + 1. The function
3
F(x) = % +a2i+x

s a primitive of f.
On the other hand we have F(2) = § +4+2=2 and F(1) =1 +1+1= 1.
Therefore we obtain

/2(x2+:z:+1)dx =F(2)—F(1) =

Exercise 6.2.5. Define the value of the following integrals

3 cq 504 T, 3
cos(x) dr, / —dz, / dx, / ze® 3 dx, / 3z +2)% dx.
/0 (@) 2 T 3 Vr+3 0 1 ( )
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Before going further we specify the following notations.

Theorem 6.2.6. Let [ be continuous function in the interval [a, b]. For every real
number x in [a, b] we define the function

Fla) = / () dt (6.2.3)
Then, the function F' is a primitive of f.

In the next subsection, we study properties of integrals

6.2.2 Some Properties of Integrals

In this section, we deal with some properties of integrals. We do not pretend to
give the full list of such properties.

Let f be a continuous function in [a, b]. We consider the function F' which is a
primitive of f in [a, b]. Using the definition above one deduces

/ f(z)dx = F(a) — F(a) = 0.
Lemma 6.2.7. Let f be a continuous function in the interval [a, b]. Then, we have
/ f(z)dz =0

Example 6.2.8. We have f; 22+ 2z dr =0.

Lemma 6.2.9. Let f be a continuous function in the interval [a, b]. Then, the

following property holds
a b
/ flx)dx = —/ f(x)dx.
b a

Proof. Let f be a continuous function in [a, b]. Then, the function f has primitives.
We take one among such primitives and we denote it F'. Therefore, we have

¢ b
/b f(z)dx = F(a) — F(b) = f(F(b) - F(a)) = 7/(1 £(2) da.

Example 6.2.10. We have

1 2
/ 1dnlc:f/ 1dx:fln(Q).
2 T 1 T

Lemma 6.2.11. Let f be a continuous function in [a, b] and k a real number.
Then,

/abkf(a:)dx:k/abf(x)dx.



6.2. INTRIDUCTION TO INTEGRATION 141

Proof. Let f be a continuous function in [a, b]. Therefore f has primitives. We
consider the function F' as one of such primitives. Then, for any real number k, the
function k F' is a primitive of k f. Consequently

b b
/kf(x)dx:kF(b)—k‘F(a):k(F(b)—F(a)):k/ f(z)dz.

Example 6.2.12. Let f(x) = 3 sin(z), we have

T

I= /OTr 3 sin(z) dz = 3/07r sin(x) dz = 3[ - cos(x)}o = 3(— cos(m) + cos(0)) = 6.

Exercise 6.2.13. Determine the following integrals

2 35 73 /2 q 2
/ 2z dux, / — du, / — dz, / — cos(t) dt, / 4eY dy-
0 2 U 5 & /6 2 0

Lemma 6.2.14. Let f and g be two continuous functions in [a, b]. Then,

/ab(f(w) +g(z))dr = /abf(x) de + /ab g(z) da.

Proof. We consider two functions F' and G that are respective primitives of f and
g. The function F' + G is a primitive of the function f 4 g. This implies that,

b
/ f(@)+g(x)dx = F(b) + G(b) — F(a) + G(a) = F(b) — F(a) + G(b) — G(a)
b b
:/ f(zx) d:L'Jr/ g(z) de.

Example 6.2.15. We consider the following integral

1
/ 22 + 3z + 1dx.
0

To compute this integral , we proceed as follows

1 1 1 1 371 271 1
/ (x2+x+1)dz:/ :172d:z:+/ 3:17dx+/ dx = [x] + {Sx] + {x]
0 0 0 0 3 0 2 0 0

32 6

Exercise 6.2.16. Determine the values of the following integrals

" 51 1 1 1
| ot erdn, [ o4 Jode [ G L

Exercise 6.2.17. Compute the values of the following integrals

s 1 3 1 1
/x2+*+x+exdx, /—+x3+3x+1dx, /e”+x2dfc-
0 z 1 VT 6



142 CHAPTER 6. INTRODUCTION TO INTEGRATION

Theorem 6.2.18 (Chasles Relation). Let f be a continuous function in [a, b]. We
consider some real number ¢ in (a, b). Then, we have

/:f(x) d:z:+/cbf(:c)d:z: - /abf(z) da.

Proof. Let F be a primitive of f in [a, b]. Therefore we have
c b
[ f@ydo s [ f@)de = (#(6) - F@) + (P1) - Plo) = FO) - Fo)

_ /abf(:c) dr.

Example 6.2.19. As an example we take

/ﬂ —sin(z) do = /0 —sin(x) dz:—&—/f—sin(:z:) dz = {cos(g:)}(i

—T —T

s

+ {cos(x)}

= (cos(0) — cos(—m)) + (cos(mw) — cos(0)) = cos(m) — cos(—m) =0

T 0

Below we give three important theorems without proofs.

Theorem 6.2.20. Let f be continuous function in [a, b]. For every real number x
in [a, b] we define the function

F(z) = / f(z) dz.

Then, the function F is the primitive of f, that satisfies , F'(a) = 0.

Remark 6.2.21. From this theorem, we deduce, any continuous function has a
primitive.

Theorem 6.2.22 (Mean Value Theorem). Let f be a continuous function in [a, b].
Then, there exists at least a real number ¢ in la, b[, such that,

b
p=te) = [ s

Remark 6.2.23. We point out that, here, the real number f(c) is the mean value
of the function f in the interval [a, b]. In other words, if it was possible to list all
values taken by f in [a, b] and to calculate the average of these values, we will find
f(¢). But here, we know that it is not possible to get the full list of all values taken
by f in [a, b].

Example 6.2.24. Let f(z) =2z + 1. The mean value of f in [1, 3] is

1 3 1 301 10
= [ 22+14d =7[2 } —S(9+3-1-1)= — =5.
a 3—1/1 v ldr=glamtaf =50+ =3
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Exercise 6.2.25. Determine the mean value of the following functions in the given
interval I.

1. flz)=e"42, I=[-1,1] 2.g(m):é+x2, I=12,5

3. h(z) =sin(x), I= {fg , ﬂ'} .
Theorem 6.2.26 (Fundamental Theorem of Analysis). Let f be a differentiable
function in [a, b]. Moreover, we assume the function f' is continuous in [a, b].

Then, for all x and y in [a, b],
y
z) = / F(1) dt. (6.2.4)

Here, we define a table which allows us to give integrals of some elementary
functions . We consider a continuous function in [a, b

[ L f@)dr ] F(b) — F(a)
fb o' (x).u(x) do u*(b) — (o)
@ 2
’U,n+1(b) . u7‘+1(a)
fb o u™(z) dx
J; 4 da B
a u¥(@) " u(b)  wu(a)
bu@) gp p —
Ja ok do, n22 (- De1(0) (- D@
Ix \% 2,/u(b) — 2\/u(a)
bfa o' sin(u(z)) dx —cos(u(b)) + cos(u(a))
f% u'(z).c ( ( ))dw sin(u(b)) — sin(u(a))
Jou'(z z exp(u(z)) dx exp(u(b)) — exp(u(a))
Jy i) de In(u(b)) — In(u(a))

Example 6.2.27. To Determine the value of the following integral

2
/ 33z + 1) dx,
1

we define, u(x) = 3z + 1, then, u/(xz) = 3. Hence,

[3@%nmzzwm@mvh;WE 49 1633

Exercise 6.2.28. Determine the values of the following integrals

1 5 3
/ 2(22 + 3) dz, / (2x + 3)(2® + 3z + 1) dx, / (T2 + 5) da.
0 J1 2

Example 6.2.29. To find the value of the following integral

1
/ 2(2x +1)% dx,
0
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we set u(x) = 2x + 1, then, u'(x) = 2. Therefore,

/012(2$+1)3d$:/12u'(fc)u3(;g)dg;: [ : 1l

2z + 17" 3t 1
o 4 4

Exercise 6.2.30. Determine the exact value of the following integrals

1 .'L'Z xx?’ x241' ’ X "I/'2 xSx 3i X 2£U
/0(3 o) (a + )d7/1(2 +3)( +3)d,/22ﬁ(f+4)d.

Example 6.2.31. Now we want to determine the following integral

2
2z
——dx.
/1 @12

To this end we define the function u(x) = x? + 1. Then, u'(x) = 2x. From this one

deduces,
2 2 . 2
2 1 1 1
/7336&8:/ mdar:: — :—7+7:i.
1 (22 +1)2 1 ui(x) z24+1], 5 2 10
Exercise 6.2.32. Find the values of the following integrals

/6 Ty /1 L /5 o3+ 2z J
s (To+1)2°" o (dz+1)2°" s (@ +4z2+7)2 "

Example 6.2.33. We consider the following integral

1
4
— _da
/0 (dz+1p

To determine the value of the integral above we set u(x) = 4dx+1. The derivative
of u is v (x) = 4. This implies ,

[ it [ =[] 5 ()

Exercise 6.2.34. Determine the following integrals

3 2r 41 ! 1 4 1
273dx, 76d117, 74611’
2 (B +a+7) o (5z+2) 3 (3z+5)

Example 6.2.35. We consider this integral

b
| ==
0 VI -+ 1
To compute its value we define the function u(x) = x + 1. Then, u/(z) = 1.
Therefore one has

/01\/%&:/01 “;Ez)dx:[2@}2:2\6—2\6:2@—2.
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Exercise 6.2.36. Determine the following integrals

2 9r+1

3 7
e —— /;d:c, /;dx.
1 Vaz+zx+3 9 Vbhxr+1 4 V2x+3

Example 6.2.37. To determine the value of the integral
/07r 4sin(4z + 7) dx,
we set u(x) = 4z + 7. Then, we have v'(x) = 4. From, this we deduce,
/7T 4sin(4x + ) dx = /7T v (x) sin(u(x)) dz = [— cos(4x + 7)];
i = —OCOS(57T) + cos(m) = — cos(m) + cos(m) = 0.

Exercise 6.2.38. Determine the value of the following integrals

0 /2 /2 1 T
/ 3sin(3z)) dx, / sin(2z) dx, / sin (a: + ) dz.
—T 7r/6 77/4 2 4

Example 6.2.39. We consider the following integral

/2
/ 2 cos(2x) dx.
0

To find its value we define u(x) = 2z. We have u/'(x) = 2. Hence,

/2 /2
/ 2 cos(2z) dx = / v (z) cos(u(z)) dz = [sin(2x) ]3/2 =0.
0 0

Exercise 6.2.40. Compute the following integrals

—m/2 /6 3 /4
/ 3cos(3zx + ) dx, / cos(4x) dx, / cos(5x) dz.
—7 0 /4

Example 6.2.41. To determine the following integral

3
/ 2e%*+3 g,
2

we consider the function u(x) = 2x + 3. Then, u'(x) = 2. Hence, we have

3 3 3
/ 262713 dy = / u'(z) e"®) do = [GQIJFS} , = e —el.
2 2

Exercise 6.2.42. Determine the following integrals

1 3 3
/ e3z+5 dx, / ez+2 dx, / e7a775 dr.
0 2 2
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Example 6.2.43. Now we consider the following integral

4
5

dx.

/251:—0—1 v

We define the function u(z) = bx+1. Therefore we obtain u'(x) = 5. Consequently,

/24 5x5+ - dr = /: Z/((f)) dr = [In(5e + 1)}2 —n(21) — In(11) = In (ﬁ) .

Exercise 6.2.44. Find the value of the following integrals

3 1 5
2 z 1
d 4 dz.
/2 2z +5 0 /0 22+1°0 /4 e +1°°

In the next subsection, we introduce one of the most famous technique to cal-
culate integrals. In the theory of integration we call this method integration by
parts.

6.3 Introduction to Integration by Parts

This section is devoted to inetgration by parts. Here we explain how runs this
important method in the theory of integration.
Before defining integration by parts, we specify some notations.

Definition 6.3.1. Let [ be a real function defined in the interval I. We say the
function f is of class €7, if it satisfies these properties

o f is differentiable in I and
e the derivative of f, f’ is continuous in I.

When the function f is of class €', we say f is a €' function. We denote
feeiI).

Now, we consider two functions f and g which are of class €' in the interval
[a,b] [f € €([a;b]) and g € €* ([a; b]).] Since f and g are differentiable, the
fnction f - g is differentiable in [a, b]. Let « € [a, b], then, we have

(f-9)(z) = f(x)g(x) + f(2)g (x).

From the identity above, we deduce the function f - g is a primitive of the function
h(z) = f'(z) g(x) + f(z) ¢'(x). Consequently, we obtain

b

/a ) do = [F@)g(a)]”

a

Replacing h by its expression, involves

/ (@) + F@)g' @) do = [Fa)g(a)]"
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As we know |,

b b b
/ (' (@)9(z) + f(2)g () dz = / f(2)g(x) da + / f(@)g (@) de
Therefore,

/ P do + / ' )y (@) do = [F()g(o)] -

a

This leads to the following identity

[ reue = [rww)]’ - [ s (63,1

Theorem 6.3.2 (Integration by Parts). Let f and g be two functions of class €*
in [a, b]. Then, we have

[ rwtear =[] - [ @

Example 6.3.3. We consider the following integral

2
Iy :/ zIn(z) dx.
1
To find the value of this integral, we define f'(x) = x and g(z) = In(x). There-
2

1
fore, we have f(x) = % and ¢'(x) = . Using (6.3.1), we obtain

2 2 2 2 2 2
1 4 1 1
[ oo = | S| - 5 2d= (Gue) - juw) - [ e
1 2 1 1 2 2 2 2 1
1[227° 174 1
=2In(2) — - [x} = 2In(2) — - [ - ] — 2In(2) — 5.
2 1 4
Example 6.3.4. Now we aim to find the value of the following integral

1
/ ze®dzx.
0

To this end we set f'(x) = exp(x) and g(x) = x. Then, f(z) = exp(x) and
g'(x) = 1 Applying theorem 6.3.2, we obtain

/lee‘”dx: [wez}:—/olex-ldx: (e—O)—/Ole“da::e— {ex];zl.

Exercise 6.3.5. Determine the value of the following integrals

T 3 1 5
1. / x cos(x) dx, 2. / n(j) dz, 3. / x sin(x) dz.
0 2 T 0
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x
Now we consider the function f(x) = —————"- Let us define the variable u =
W=7
22 + 3. The variable « depends on z. Therefore the variable u is a function of x.
/

From this we deduce v'(xz) = 2z. This means that z = % If we substitute in the

expression of f, we obtain

Now it is easy to find a primitive to the function f. Indeed we know the function
F(z) = Ju = V24 3 is one of such primitives. As this example showed it is
sometimes usefull to make a change in variable in which we integrate in order to be
able to find easily a primitive. Here we made a substitution of the variable. In the
next subsection we will set the theory of the substitution method.

6.4 Introduction to the Substitution Method

The objective of this subsection is to settle the theory of the substitution method.
This technique is one of the most important in the elementary theory of integration.
It can be summed up in the following theorem. We assume the set I is an interval.

Theorem 6.4.1. Let ¢ : [a, b] — I be a €*- function. We consider the function
f: I — R and for every x in [a, b], we define u = ¢(x). Then,
b . #(b)
/ f(o(z)) ¢'(z) dx = /¢( : f(u) du. (6.4.1)

Proof. Let ¢ : [a, b] — I be a function of class €!. We consider the function F'
a primitive of f. We define the function F o ¢ which is differentiable in [a, b]. For
every real number x € [a, b],

[Fo@)] = F (o) - ¢'(x) = £(6(x)) - (2).

From this we deduce
b , b
/b [F(¢()] do = / F(6(x) - ¢/ (2) dz = F((5)) — F((a)).

Now we introduce the following substitution. For every x in [a, b], we define

u = @(x).
When 2 = a, the variable u takes the value ¢(a). When z = b, we have u = ¢(b).
d d
Formally speaking one has d—u = dﬁ Multiplying formally by dx, we obtain
x x
du = ¢'(z) dz.

This leds to the identity
¢(b)

F(6(b)) - F(é(a)) = / " F(6(a)) - ¢ () da = /¢ ., f

This completes the proof. O
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When we make a substitution, we should be careful. Because most of the stu-
dents forget to change the bounds of the integral.

Example 6.4.2. We consider the following integral

! z+1

————dx.
0o VrZ+2r+1
To calculate the value of this integral, we define v = x? + 2x + 1. We see when
x =0, we have u = 1. If we take x = 1, the value of the variable u is 4. In this

d
case du = 2 (z + 1)dx. This involves ?u = (z + 1)dx.

Iy =

! z+1 1 du
Iy = ———dx = —
0o VaZ+2zr+1 1 2Vu
Therefore,

10=/142d\/ua={\/ﬂ}j:x/1—\/1=2—1:1

Example 6.4.3. We define the following integral

2
n- [ 20a
.t

To compute the value of I, we set uw = 1n(t). In this case whent =1 u =1n(1) = 0.

1
Taken t = 2, we have uw = In(2). The function u is differentiable and du = n dt.
This implies

2 In(#) In(2) 42710 (m(z))z
n-f —dt:/o wdu = [} _\Y)

t 2 1, 2
Exercise 6.4.4. Compute the following integrals

37 /4

2 1
1
1./ x? e"”3+6dx, 2./ —dz, 3/ cos (3x — m) dx.
0 0 V2 + 3 /3 ( )
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After staying at home more than two months, because of Covid 19, Gunay,
Tanya, Nubar, Allahverdi, Farida, Kanan, Suad, Arzu, Lala, and Khumar were
bored. Thus they decided to organize a trip for a week-end, in order to enjoy their
selves. They rent a car. After a day of travel, they decided to calculate the distance
traveled.

- Gunay : Since the distance is a function depending on the time, we can denote
the distance by z(t).

- Tanya : Yes I agree with you. But the problem is how to calculate it?

-Kanan : I have seen somewhere this formula z(t) = v - t. Here v is the speed of
the car and t represent the time.

Automatically, students remember, they learned from their physical course, that

dz(t)
o=
dx
-Nubar : If we replace v(t) by d—;r in the formula given by Kanan we will have
dz

151
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This equation is equivalent to

dx
t o x(t) =0.
Thus, students get a relation between a function and its derivative. They, were a
little bit confused, because they never face this types of equation.
After enjoying their week-end, students came back to school. A nice surprise
awaited for them: Chemestry teachers planned to organize a practical work. They
gave them a subject in which they can read: we consider the following chemical

reaction
204H10 + 1302 — 8002 + 10H20

e we denote by C(t) the concentration of the reagent CyHig

dC(t)
dt

e The velocity is proportional to the concentration of the reagent

e the velocity of the reaction is defined by :

It was asked to students to find a relation between the concentration and the velocity
of the reaction.

After three or five minutes thinking, Allahverdiyev put up his hand. Yes Al-
lahverdiyev says the teacher.

- Allahverdiyev : Since the velocity is proportional to the concentration, we can
find a constant real number k, such that,

dC(t)
pr C(t). (7.0.2)

Oh my God, exclaimed one of the students, we got this type of equations before.
They asked to the professor how do we call these types of equations?

- Chimistry Teacher: These type of equations are called Ordinary Differential
Equations. To shorten it, they are called ODEs.

If you want to learn more about these equations, you need to have a discussion
with maths teachers.

Once Chimistry teacher finished, students went to office 211, in order to meet
Professor Ulviya. They want to know more about ordinary differential equations.
Students knocked the door and enter the room.

-Students : Hi Teacher !

-Maths Teacher: How you are students? Can I do something for you?

-Students : Dear Professor, we were facing ordinary differential equations, but
we did not know what were their applications and how to solve them.

Ordinary differential equations have several applications. They can be used in
physics, biology, chemistry, geo-sciences. To study ordinary differential equations
we will proceed step by step.

-Suad : What is a differential equation?

To answer Suad’s question the teacher stated the following definition

Definition 7.0.1. An ordinary differential equation in an interval I is a relation
between a function and its derivatives.

)
To simplify notations, we write f’ instead of d—Jtc(x) to mean the derivative of
the function f.
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Example 7.0.2. We consider the following examples

1.2y () + 3y(x) = (2* + 2), 2.5y () + 2y'(z) + 3y(z) = 0,
3.y"(x) + 3y (2) + 229 (x) + 32%y(z) = (4z + 5).

Here, you can see in the first equation,we have a relation between a function y
and its first derivative. In the second equation, we have a relation between a function

and its first and second derivatives. In the third equation, we have a relation between
"

v,y y" and y".
Remark 7.0.3. As we can observe it, in these equations the unknown is a func-
tion. This means, to solve these type of equations, we should find a function, which
satisfies the relation.

The first equation in the previous example is called a first order ordinary differ-
ential equations.

- Nubar : teacher what do you mean by first order differential equation ?

To make himself understood by students he stated the following definition

Definition 7.0.4. We say that an ordinary differential equation is of the first order
if we have a relation between a function and its firstderivative.

Example 7.0.5. The following differential equations are ordinary differential equa-
tions of first order

Ly +2zy= (222 +3), 2.2y 4 5y? =0, 3.2y +y° =In(z).
In the same way we defined second order ordinary differential equations.

Definition 7.0.6. A differential equation is said to be of second order, if we have
a relation between a function and its first and second derivative.

Example 7.0.7. The following equations are second ordinary differential equations
1y" +2y +2y =0, 2. 22 y" +y = z2e”, 3.xy" + 322 +y=e".

In this chapter, we will study first order ordinary differential equations. To
make the presentation clear, we organize it as follows. In the first section, we will
define and study homogeneous first order linear differential equations. In the second
section, we study nonhomogeneous first order linear differential equations. In the
section 3 we study lsecond order linear differential equations.

We specify again in this course we will only deal with linear ordinary differential
equations.

7.1 First Order linear Differential Equations

In this section, we define first order linear differential equations. We study some
properties of the solutions. We show how to solve first order linear differential
equations.

Before going further we need to specify the following definitions and notations.

Definition 7.1.1. Let E be a set. We say the set E is a real vector space if it
satisfies these conditions:



154 CHAPTER 7. INTRODUCTION TO FIRST ORDER LINEAR ODES

1. the null vector 0 is in E
2. for all x andy in E the sum x + vy is in E
3. forallxeRandx € E, \-x € F.

We reexplain this definition by saying a real vector space E is a set which
contains the vector 0 and which is stable by addition of vector and multiplication
by a real number.

To clarify its definition the teacher introduce the following example

Example 7.1.2. Let E =R denote the set of all real numbers. Then, E is a vector
space. Indeed we have

e Ogr belongs to R
e if x and y are real numbers then, x + y is a real number.
e if X and = are real number, X - x is a real number.

The set of real numbers satisfies the conditions of the definition. Therefore the set
R is a real vector space.

Students were surprise to discover how it was easy to find vector spaces. To
make the presentation undurstandable, the teacher added another example.

Example 7.1.3. Let E = C denote the set of all complex numbers . Then, C is a
real vector space.
To prove this, we check,

e the complex number 0 belongs to C

e if z1 and z9 are in C, therefore z1 4+ zo is in C because z1 + z9 is a complex
number.

o if we take k € R and z € C, then k- z is a complex number.
Hence we conclude the set C is a real vector space.

Definition 7.1.4. Let E be a real vector space. We say F C E is a real vector
subspace of E, if F satisfies these two conditions:

e OpeF

e for any real numbers o and 3, and vectors x and y in F, the vector ax + By
belongs to F

Let F and F be two vector spaces, we study how to define correspondance
between two vector spaces. We start by defining linear applications

Definition 7.1.5. Let E and F be two vector spaces. We consider an application
L:E — F. We say L is linear if it satisfies the following conditions:

e for every x and y in E, we have L(x +y) = L(z) + L(y)
o forallkeR andx € E, L(kx)=kL(x).



7.1. FIRST ORDER LINEAR DIFFERENTIAL EQUATIONS 155
Remark 7.1.6. From the definition above, we deduce when x belongs to the vector
space E, L(x) = L(x + 0) = L(z) + L(0). Hence L(0) = 0.

Example 7.1.7. The application f : R — R defined by f(x) = 2x is linear.

Example 7.1.8. Generally speaking if E is a vector space and a a real number, the
application g : E — E, defined by g(x) = ax is linear.

Definition 7.1.9. Let I be an interval. A first order ordinary differential equations
is called a first order linear differential equations if it is in the form

a(z) y'(z) + b(z) y(z) = f(z), (7.1.1)
where a, b, f and y are functions defined in I.

Students , did not understand why the teacher claimed equation (7.1.1) is linear.
To explain this, the teacher defined the application

L(y) = a(z)y’ + b(z)y. (7.1.2)
He took y; and yo two functions satisfying equation (7.1.1). He showed that
L(y1 +y2) = a(z)(y) +y3) + b(x)(y1 + 2)
= [a(2)y} +b(@)y1] + [ale)ys + b(x)y2] = L(y1) + L(y2).

On the other hand, if y is a function satisfying (7.1.1) and k a real number, then
we have

Lky) = a(x)(ky') + b(x)(ky) = ka(x)y' + kb(x)y = k [a(z)y" + b(x)y] = kL(y).

Therefore, the application L is linear. From this, we deduce that the equation
(7.1.1) can be rewritten as follows:

L(y) = f(x). (7.1.3)

Since the left hand side part is linear, we say that (7.1.1) is linear.

In other words a differential equation L(y) = f(x) is linear if the left hand side
part L(y) is linear.

Let us consider the following differential equation a(x)y’ + b(z)y = f(z) defined
in the interval I. According to the value of f, we say the linear differential equation
is homogeneous or nonhomogeneous. We make the following definitions:

Definition 7.1.10. We say a first order linear differential equation is homogeneous
if it is in the form

a(z)y’ +b(x)y = 0. (7.1.4)

To clarify the definition and illustration its meaning the teacher gave the follow-
ing examples

Example 7.1.11. These differential equations are homogeneous:

1
1. +3g=0, 2.233y’+;y:0, 3. +2x+1)y +e”y=0.
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Once the teacher finished to write its examples on the board, Gunay asked to
the teacher, what happed when f # 0. We recall that f #Z 0 means f is a nonzero
function. When the second member f is a nonzero function we have the following
definition:

Definition 7.1.12. Let f be a nonzero function. The first order linear differential
equations

a(x)y’ +b(x)y = f(z),

s called nonhomogeneous differential equations.

Example 7.1.13. The following differential equations are nonhomogeneous

1.y + 5wy = (2° + 22 + 2), 2. 2%y +In(x)y = (2% + = + 3) In(z),
3. (20 + 7)Yy +e"y = >t

Let a, b and f be three functions defined in the interval I. We consider the
differential equation

(x) + a()y’ + b(x)y = c(x).

We call equation (%) a generalized differential equation.

This terminology is justified by definition 7.1.14 which will be stated below. To
make the definition easy to understand, we specify the following notations. We
define the set I* as follows: I* = {z € I'; a(z) # 0}. We can observe that for every
x € I'*,we have a(z) # 0. Therefore , if we restrict our selves in the set I'*, we can
divide by a(z). This means that in I* the equation (x) is equivalent to the following

equation
blx)  cx)
! - . 7.1.5
V@ T @) (7.1.5)
The first order linear differential equation (7.1.5) is called a normalized first order
linear differential equation. In this case we set the following definition.

Definition 7.1.14. We say a first order linear differential equation defined in I is
normalized , if it is in the form:

vy +a(z)y = f(x), (7.1.6)
where a, y and f are functions defined in the interval I.

Example 7.1.15. The following differential equations are normalized differential
equations:

Ly +2y=22+1, 2.4 +@*>+2+1)y=0, 34/+;%7y=@ﬁ+m.

After the definitions generalized and normalized, Nubar was a little bit confused.
She wanted to know the technique which allows to pass from a generilazed to a
normalized equation. To answer her question the teacher explain the following
general rule: Let b, ¢ and d be functions defined in the interval I. We consider the
equation

(o) 2 b(a)y + c(z)y = d().
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We define I; C I, such that, for all x € Iy, b(x) # 0. Therefore, in the interval Iy,
(x) is equivalent to

,, clx)  dz)
Y b)Y bl
Setting a(x) := cgg and f(x):= Zgi, we obtain the following equation

y' +a(z)y = f(z).
This is the rule to obtain normalized equations from general equations.

Example 7.1.16. Take the general differential equation 2y’ +3y = x+1. To obtain
a normalized form, we divide both sides by 2. Then, we have

3 rz+1
! = .
ytgy=y

Example 7.1.17. We consider the general differential equation (x+1)y +2xy = e®.

Let x # —1, then x + 1 # 0. In this case we can divide by © 4+ 1 and we obtain,
for all x € R\{—1},

2x e”

ac—&—ly_x—i—l.

Y+

Example 7.1.18. Now we consider the equation zy' + In(z)y = 0 defined in
(0, +00). Forallx > 0, we divide by x and obtain the following normalized equation

Y+

ln(x)y _

Suad did not understand why we were defining normalized differential equations.
To convince him to the usefulness of this form the teacher made the following parallel
parallel with exponential function.

Let f(x) = e*. The function f is differentiable in R and f’(z) = e®. That is ,
f(z) = €” is the solution to the following differential equation

y —y=0,
which satisfies y(0) = 1. Generaly speaking if we define the function
g(z) = exp(A(z)),
where the function A is a primitive of the function a, we can easily check that
g'(z) = a(z) exp(A(x)).

Then, the function g is a solution to the differential equation 3’ — a(z)y = 0. We
see from these examples that the normalized form, can help to simplify calculations.
In the next subsection, we study homogeneous linear differential equations.
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7.1.1 Homogeneous Linear Differential Equations

In this subsection we deal with homogeneous differential equation. Here we start
by defining some properties shared by solution of homogeneous linear equations.

Now, we consider the following homogeneous equation: find a function y in
€1 (I), which satisfies, for all z € I,

vy +a(z)y = 0. (7.1.7)

Having a look on this equation, Gunay pointed out that the function y(z) = 0,
for all € I is a solution to (7.1.7). This leads to the following lemma.

Lemma 7.1.19. The function y = 0 is a solution to any homogeneous linear dif-
ferential equation.

The function defined by y(x) = 0, for every x € I is called the evident solution
of a linear homogeneous differential equation.

Remark 7.1.20. We remark that the evident solution is not so interesting. That
s why, solving a homogeous differential equation means to find a nonzero function.
That is, here we are looking for a function y # 0, which satisfies (7.1.7).

Let us consider the set of all solutions of (7.1.7) defined in the interval I. We
denote it &(I). We take two functions y; and y, solutions to (7.1.7) which are
elements of &(I). Since y; and ys are solutions of (7.1.7), we have

yi+a(@)yy =0 and y5+a(x)y, =0.
Therefore, we have
vy +alx)y) +ys +a(x) ya = (y1 +y) + alz) (y1 +y2) = 0.

Defining the function z = y; + y2, we obtain the equation 2z’ + a(z)z = 0.

This means that , the function y; + yo is a solution of (7.1.7). In other words
the function y; + y2 belongs to &(I).

Let k be a real number and y a solution of (7.1.7). The function y € &(I). On
the other hand, we know (ky)’ = ky’. This implies

(ky) +a(z)(ky) =ky' +ka(x)y = k(y' + a(z)y) = 0.

Hence, the function 23 = ky satisfies the differential equation 2| + a(z)z; = 0.
The function ky is a solution of (7.1.7). That is, ky € &(I). Since the function
y =0 € &(I), this involves the following lemma

Lemma 7.1.21. Let &(I) be the set of all solutions of the differential equation
Yy +a(x)y =0 defined in I. Then, &(I) is a vector space.

Now we aim to establish the set &(I) is not reduce to the null solution. The
chalenge is now to find conditions under which equation (7.1.7) has a solution y # 0
in I. To this end we consider a function a which is continuous on I. We look at the
differential equation: find a differentiable function, y on I solution to

y'(x) + a(x) y(z) = 0.
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This equation is equivalent to y'(x) = —a(x) y(x). Since the function a is continuous
and y is differentiable, then 3’ is continuous. We know that y # 0. This means that
there exists z7 € I, such that y(z1) # 0. We can find a subinterval I; C I, such
that for all x € I, y(z) # 0. In I; the equation y’ + a(z)y = 0 is equivalent to

/
The function L is continuous in Iy, then it has a primitive. To make the presenta-

Yy
tion clear and simplest, we assum y(z) > 0 for every x € I;. Hence we have
dt =In(y) = — a(t)dt+ C.

Using the exponential function we obtain, for all x € Iy,

y(@) = exp (- /za(t) dt + C) ~ Kexp (— /Ia(t) dt) ,

where K = exp(C). Therefore, there exists y € €(I1) solution to the homogeneous
linear differential equation ¢’ + a(z)y = 0.

Theorem 7.1.22. Let a be a continuous function on I. Then there exists a function
y € €1(I) solution to the homogeneous linear differential equation (7.1.7)

This theorem is a corollary of one of the most important theorem in analysis:
the Cauchy-Lipschitz theorem. We will recall this theorem in the next subsection.

Tanya pointed out that since we stated in the previous theorem that equation
(7.1.7) has solutions, they wanted to know what these solutions look like. In other
words they wounder if there were an explicite formula for these solutions. To answer
this question the teacher enunciate the following theorem.

Theorem 7.1.23. Let a be a continuous function on I and A be a primitive of the
function a on I. Then, a general solution to differential equation (7.1.7) are defined
by the function

y(x) = K - exp(—A(x)), (7.1.8)

for every x € I and K € R.

Proof. We will do the proof in two steps

Step 1: Let a be a continuous function on I. We consider the function A a primitive
of a on I. For every x € I, we define the function y(x) = K exp(—A(x)). Thus the
function y is differentiable in I and we have

y'(x) = —A'(2)K exp(-A(2)) = —a(z) K exp(—A(z)).

Since the function a is continuous, then, 3’ is continuous on I. Therefore, y € €*(I)
and 3/ (z) + a(z)Ke~ () = 0. As the function K exp(—A(z)) is nothing but y, we
get the following equation: for all z € I, ¥ + a(z)y = 0. This means that (7.1.8) is
a solution to (7.1.7)

Step 2: Now we consider the equation

() : ¥ +alx)y =0,
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where a is a continuous function on I. We take the function A as a primitive of a
in I. We multiply () by exp(A(x)). The following equation holds in I
exp(A(2))y' + a(z) exp(A(z)) y = 0.
Setting z(x) = exp(A(z)) for every x € I , one has 2/'(z) = a(z) exp(A(x)). Substi-
tuting in the equation above, we obtain zy’ + y 2’ = 0. We know that
Y'z+2'y = (2y) =0.

This implies (z - y)’ = 0. In this case one can find a constant real number K, such
that, z - y = K. This is equivalent to

exp(A(z)) y(z) = K,
for every x € I. Since exp(A(x)) # 0, for all x € I, we can divide by exp(A(z)).
However, dividing by exp(A(z)) is equivalent to multiply by exp(—A(z)). Conse-
quently, we have y(z) = K exp(—A(x)). O
Example 7.1.24. We consider the following differential equation y' + 2xy = 0
defined in R
Solution: In this example we define the function a(x) = 2x. This function is contin-
uous in R. A primitive of a is defined by the function A(x) = x2. Applying theorem
7.1.23, we obtain y(x) = K exp(—a?), for all z € R and K € R.
Example 7.1.25. Find solutions of the equation y' + %y = 0 in the interval
(0, +0).
1
Solution : Let x € (0, +00). We define the function a(x) = . Then, the function
a is continuous on (0, +00). The function A(x) = In(x) is a primitive of a in
(0, 400). Applying theorem 7.1.23, we obtain
K K
o) = K exp(=In(e) = s = 1
forallxz € (0, 400) and K € R.
Example 7.1.26. Let x € (—1, +00). Find the solution of the following homoge-

neous linear differential equation y' — —— 1y = 0.
rz+1

1
Solution : Here we define the function a(x) = “or 1 The function A(z) =
x

—In(z + 1) is a primitive of a. Therefore, the function y(x) = K exp(In(x + 1)) =
K(z+1), forallz € (0, +00) and K € R.

Exercise 7.1.27. Find solutions to the following differential equations in the indi-
cated interval I

Ly +2y=0, I=R, 2.y +(@*+2c+6)y=0, I=R,
3.+ (@ +3x+1)y=0, I=R.

Exercise 7.1.28. Find solutions to the following homogeneous differential equa-
tions in the indicated interval I

1
@+n?

_Z y=0, I=(-2,+c0).

2
l.y’—i—x y=0, I=R, 2.y + =0, I=R
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Exercise 7.1.29. Find solutions to the following differential equations on the in-
dicated interval I

1.y +cos(z)y=0, I=R, 2.9y +2sin(2x+3)y=0, =R
3.y +tan(x)y =0, I=(-7/2,7/2).

Exercise 7.1.30. Find solutions to the following differential equations in the indi-
cated interval 1

In(z + 2)
Ly + ——y= I=(-2 2.y +e"y = I=R
vVt — g ¥v=0 (=2 +00), 2.y +e"y=0,
3.+ Qe+ )2+ +1)y=0, I=R, 4.y +3Bx+1)°y=0, I=R
1
5.9+ ———=y=0, I=R\{-2}
VGO \{—2}

Exercise 7.1.31. Find the normalized form and the solutions of each of the fol-
lowing equations

Lady +xy=0, 2. (2®°+22+5)y + (32> +2)y=0,
3.2z +3)y +2y=0, 4 e 2y 322y =0, 5. sin(x)y’' 4 cos(z)y = 0.

After a little break Sanan make the following observations. Teacher we could
see that each time we change the constant K in the expression (7.1.8) we get a
new solution . We wanted to know how to obtain a unique solution. The teacher
explained that to find a unique solution we join to the differential equation an initial
condition. Then, if we wanted to have a unique solution we have to study what we
call a Cauchy problems.

7.1.2 Homogeneous Linear Cauchy Problem

Formally speaking, a Cauchy problem is a differential equation to which we join
an initial condition. An initial condition is just a starting point. Mathematically
speaking we define a Cauchy Problem by :

Definition 7.1.32. Let a be a continuous function on I. We consider xo € I
and yo € R. A homogeneous first order linear Cauchy problem is a system in the
following form

Yy +alx)y=0, zel

y(l"o) =Y, I = Xo-

The differential equation y' + a(z)y = 0 is called the dynamic. Because, it
describes the evolution of phenomenon studied. The expression y(zo) = o is called
the initial condition. It is the starting point. This means that we start studying the
system at the time xg or when x = zy and we consider this system after x = x.

Example 7.1.33. Below,we can see two examples of Cauchy problems.
1
v+ Brx+1)y=0 zeR y’+ﬁy:0,x€R\{0}

y(0)=3, x=0, y(1)=5, z=1.
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The examples shown, Farida asked how to find a solution to a Cauchy problem.
The teacher replayed: before solving Cauchy problem, we would prove the existence
and uniqueness of a solution to the Cauchy problem in a first time. In a second
time we would give the expression of the solution to a Cauchy problem.

We know from theorem 7.1.22, the homogeneous linear differential equation

() : ¥ +alx)y =0

has solutions which belong to ¢1(I). Let A be a primitive of a. Solution of
(*) are given by y(z) = K exp(—A(z)), for some real number K. Since y(xg) =
K exp(—A(x0)) = yo, we have K = yq - exp(A(zg). From this we deduce a unique
value of K which gives the unique solution

y(w) = o exp (= [A() = Alwo)] ).
This proves the following theorem we prove.

Theorem 7.1.34. Let a be a continuous function on some interval I. We consider
a real number xg € I. For some real number yy € R, we define the following Cauchy
Problem :
¥y +alx)y=0, =xzel
(7.1.9)
y(xo) = yo, == o.

Then, there exists a unique function y € €*(I) solution to (7.1.9).

To find the solution of a Cauchy problem we have to follow these two steps.
Step 1: Find solutions to the differential equation

y' +a(r)y = 0.

We know from previous section, if A is a primitive of a(z) on I. Then, for all
x € I, the function y(z) = K exp(—A(x)), where K € R is a solution to the linear
differential equation above.
Step 2: We use the initial condition to determine the value of the constant real num-
ber K. Indeed the initial condition allows to establish y(zg) = K exp(—A(xo)) = yo.
This implies that K = yo exp(A(x¢)). The solution of the Cauchy problem is defined

by y(z) = yo exp ( — [A(z) - A(xO)D. This leads to the following theorem.

Theorem 7.1.35. Let a be a continuous function on I. We consider xzog € I and
yo € R. Then, the expression of the unique solution to the Cauchy problem

yY+alx)y=0, zel
y(l’o) =%, T =12

s given by
y(x) = yo - exp ( — [A(z) - A(mo)}). (7.1.10)

To illustrate this theorem, we consider the following examples
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Example 7.1.36. Let us define the following example: for x € R, find the function
y, such that,
y +3zy =0,

y(0) = 2.
Solution : We follow steps decribe above
Step 1: We define the homogeneous linear differential equation y' + 3xy = 0. Here

3
we take a(x) = 3x. Therefore, A(x) = 53:2 is a primitive of the function a. Its
solution is defined by
y(z) = K exp ( - 3x2/2).

Step 2: Using the initial condition y(0) = 2, one obtains y(0) = K exp(0) = 2. That
is, K = 2. In this case the unique solution to the Homogeneous Cauchy problem is

y(x) = 2exp ( - 3952/2).
Example 7.1.37. Find the solution to the following Cauchy problem
¥ +2y=0,

y(1) = 3.

Solution

Stepl: We consider the linear homogeneous differential equation y' +2y = 0. To find
the solution to this differential equation we set a(x) = 2. The function A(z) = 2z
is a primitive of the function a. Therefore,

y(z) = Kexp (— 2z)

s a solution of the previous differential equation.

Step 2: Now we use the initial condition y(1) = 3, to determine the value of the
constant real number K. We know that y(1) = Kexp(—2) = 3. This implies,
the constant real number K = 3exp(2). Consequently the unique solution of the
Homogeneous Cauchy problem is

y(x) :3exp(—2x—|—2>.

Example 7.1.38. Find the function y defined in x € (0, +00), solution to the
following differential equation

1
¥ +-y=0,
T
y(3) =4.
Solution 1
Step 1: Let x belongs to (0, +00) . We define the differential equation y' +—y = 0.

x
1
We define the function a(x) = —- Therefore, the function A(x) = ln(z) is a primitive
x
of the function a. Therefore,
K
=K -1 = —-
y(@) = Kexp (—In(a)) = =
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K
Step 2: From the initial condition we deduce y(3) = 3= 4. This involves K = 12.
The unique solution is of the Cauchy problem is
12
y(x) = =

Now we consider y as a variable and we separate function depending on y to
functions depending on x. This method is called the "Method of separation of
variables”.

7.1.3 Method of Separation of Variables

The main objective of this method consist of separating functions depending on x
to function depending on the variable y. In this section and only in this section, we
consider y as a variable.

Let us take a first order homogeneous linear differential equation

Y +a(r)y=0

To study the previous linear equation we remark when a is continuous in I the
problem admits a nonzero solution. We mean by nonzero function a function f # 0.
Since y # 0, there exists an interval I; C I, such that, for all € I, y(z) # 0. In
this sub interval Iy, the equation ¥’ + a(x) y = 0 is equivalent to

We gather functions depending on y between them. We did the same with functions
depending z in this way

Step 1 : Integration. We put functions depending on y on the left hand side and
functions depending on x on the right hand side:

Since the functions y’/y and a are continuous on I;, we can find their integrals in

this way :
ZEy/ /m
=dt = — a(t) dt.
I ®

The integral on the left hand side is equal to

/xz;/dt =In (Iy(x)l) +C = (Iy(:c)l) = —/x a(t)dt+C', with, ¢’ = —C.

Step 2: Composition with exp Function. Using exponential function we obtain

()| = exp (€) -exp (— [ o dt) |

Setting K = exp(C”) and A(z) = [“ a(t) dt, one has |y(z)| = K - exp (— A(z)).
Step 3: Fxpression of the solution y. According to the signe of the function y we
distinguish two cases.
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Case 1 : y > 0. When, for every z € I;, we have y(x) > 0, then, the absolute
value of y(z) is equal to y(x). That is |y(x)] = y(z). Hence, the following
identity holds

y(z) = exp(C) - exp (- / " a(t) dt) .

Case 2: y < 0. If for every x € I, the following inequality y(xz) < 0 holds, one
has |y(z)| = —y(x). Therefore, the general solution of homogeneous linear
differential equation is

y(z) = —exp(C”) - exp <— / alz) dw) .

Remark 7.1.39. We emphasize this method can be used if and only if we can
separate functions depending on y to functions depending x. Otherwise it cannot be
applied. One more advantage is the fact that it works also for nonlinear differential
equations.

As applications we consider the following examples.

Example 7.1.40. Let x € R. Find solutions of the following differential equation:

y +2xy=0.
/

Solution : Let x € R, such that, y(x) # 0. Then we have, L Integrating in
Yy

x, we obtain the following identity

In(|y(z)|) = — /I 2tdt = —a* 4 C

This implies that, |y(z)| = exp(C) - exp ( - wz). Now we define the sets I, and I,
such that, R = I, U Iy We assume that for all x € I, y(x) < 0 and for all x € I,
y(x) > 0. Then, we obtain the following expression of the solution y:

~Ke™, if zel
y(z) = .
Ke ™™, if x¢€ Iy,

where K = exp(C).

Example 7.1.41. Let x belongs to (—oo, 0). Find solutions to the following dif-
ferential equation:

, 1
y +—-—y=0.
xr

Solution: Let x € (—o00, 0). We assume y(x) # 0. for every x € (—o0, 0). The
equation above is equivalent to
y 1

y x
This yields In(|y|) = —In(|z|) + C. From this, we deduce

exp(C)
||

ly(z)| = exp(C) - exp (—In(|z])) =
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Since x € (—00, 0), we obtain

_exp(C)

T

ly(z)] =
Now, we define the set J1 and Jy as follows:
Ji1 = {ac € (—00,0); ylx) < 0} and Jy = {x € (—o00,0) ; ylx) 20}.
Therefore, the expression of y is

, if, xe€Jp

K
R Zf $6J27
€T

here, we set K = exp(C).

Remark 7.1.42. We remark again we can use the method for nonlinear equation
and the principle is the same.

After these examples the students were woundering, what happens if the second
member f is different to 0. To remove any ambiguity the teacher introduce the
nonhomogeneous linear differential equations.

7.2 Nonhomogeneous Linear Equation

In this section we study the first order differential equations with second member
f # 0. Here we will explain a general method to solve these type of differential
equations.

Arzu asked if there was possible to recall the definition of nonhomogeneous
linear differential equation. The teacher accessed to Arzu’s request. He stated this
definition

Definition 7.2.1. We call nonhomogeneous first order linear differential equation
a linear differential equation which is in the following form

Y (@) + a(2) y(2) = f(a). (7.2.1)

We take f # 0, and we consider equation (7.2.1). We aim to establish an exis-
tence theorem for nonhomogeneous equation. To this end we assume the functions
a and f are two continuous functions on I. Let y be a differentiable function in I,
such that,

y' +a(z)y = f(x)

We consider a function A which is a primitive of a. The solution of the homogeneous
equation y}; + a(z) yg = 0 is yg(z) = Kexp (— A(z)).
Let k& be a differentiable function on I. We define the function

y(x) = k(z) - exp(—A(z))
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and we assume that y is a solution to the nonhomogeneous differential equation
(7.2.1). The function y is differentiable in I and we have

Y (@) = exp (— A@)) [K () — k() a(a)].
Substituting in (7.2.1) we obtain
exp(—A(2)) [K'(z) — k(z) a(x) + k(z) a(z)] = k' (z) exp(=A(2)) = f(=).
This implies k¥'(x) = f(z) exp(A(x)). From this, we deduce that

k(x) = / ' f(t) - e*® dt.

This leads to the following formula: for every = € I

x x
y(z) = e_A(z)/ AW f(t)dt = / e~ (A@=AWM) . £(1) gt
This means that if a and f are continuous functions on I, there exist a solution

to the nonhomogeneous equation (7.2.1).

Theorem 7.2.2. Let a and [ be two continuous functions on I. Then, there exists
a function y € €1 (I) solution to (7.2.1).

In this case we say equation (7.2.1) has at least a particular solution.

Students pointed out that refering to the previous section they know how to find
yu(z) = K exp(—A(x)), they woundered if there was efficient methods to determine
particular solutions y,,.

7.2.1 Methods to Define a Particular solution

This subsection devoted to methods which will allow to find a particular solution.
We define a particular solution as

Definition 7.2.3. We say that y, is a particular solution of the nonhomgeneous
equation if y, satisfies equation (7.2.1).

To determine y,, there are several methods but here we will only study two of
them:

1. Method of Variations of constant

2. Method of undetermined coefficients

Method of Variations of Constant

We consider the nonhomogeneous linear differential equation ¢’ +a(x)y = f(z) We
know the homogeneous equation vy + a(z) yg = 0 has solution

yu(z) = K exp(—A(z)),

where K is a real number and the function A is a primitive of a. To find a particular
solution y,, we replace the constant K in the expression of yy by a function A(x)
depending on z. Hence, we define

yp(r) = A(x) exp(—A(z)).
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The function y,, is differentiable and

yp(@) = (N (2) — a(2)A(z)) exp(—A(2)).

Now we must find the expression of the function A. Since the function y, is a
particular solution of the equation y’ 4+ a(z) y = f(x), then, we have

vyt a(@) = (N (@) — a@)A(@)) exp(~A(@) + a(@)\(z) exp(~A(x) = [(2)
This implies X (x) exp(—A(x)) = f(z). Multiplying by exp(A(z)), one has

N(z) = f(x) exp(A()).

This means the function A is a primitive of the function f(z) exp(A(z)). Conse-
quently

Ao = [ " exp(A(1)) (1) dt.

Example 7.2.4. Find a particular solution to the equation y' + 2y = x? exp(—22).
A general solution of the homogeneous equation yy + 2y = 0 s

yu(z) = K exp(—2x).

To determine a particular solution to the equation, we apply the method of vari-
ations of constant. We define the function y,(x) = A(x) exp(—2x). Then, we have

yy(x) = (N (z) = 2X\(z)) exp(—2z).
The function y, satisfies

(N(z) —2A(2)) exp(—2z) + 2\(z) exp(—2z) = 2* exp(—2x).

This implies the identity X' (z) = x%. From this we deduce \(z) = % This means

that
23

yp(z) = 3 exp (—2z).

Example 7.2.5. Determine a particular solution to the nonhomogeous linear dif-
ferential equation y' + 2xy = x exp ( — 1’2).

We start by emphasizing that the homogeneous equation yy + 2xyy = 0 has
solution

yu(z) = K exp ( - xQ).

Now we define the function y,(x) = A(x) exp ( — x?) as a particular solution to
the equation above. It then, follows

y,(x) = (X(x) — 2z - )\(z)) exp ( - :c2>.

Since y, is a particular solution of y' + 2xy = xexp(—2x), we have

(/\’(x) — 2z )\(:17)) exp ( - 1}2) + 2z - Mx) exp ( - x2) =z-exp ( - 9:2>.
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This is equivalent to N (x) = x. This involves

From this we deduce

yp(x) = % exp ( — x2>.

Example 7.2.6. Define a particular solution to the following differential equation
xy — 2y = 2. For any real number x # 0, the equation above is equivalent to

y—-y=u.
T
A general homogeneous solution of this latter is defined by
yH(l') — Keln(zz) _ Kl‘Q,

where K is a real number.

We define the function y,(z) = Nx) - 2% as a particular solution to the equation
above . Hence we have y),(x) = >N (2) + 2xX(x). The function y, is a particular
solution to the nonhomogeneous then, we have

N(z)x? 4 22\(z) — 22\(z) = =

1
This equation is equivalent to N (x) = —, for every x # 0. Consequently, we get
x
Az) = In(Jz|) One deduces
yp(x) = 2* In(|z]).
Example 7.2.7. Define a particular solution to the following nonhomogeneous lin-

ear differential equation
2r+1)y =2z +2y

This equation is equivalent to (2x+1)y' —2y = 2x. Let x be a real number such that
1
x # —5 Dividing the equation above by 2x 4+ 1, we obtain the following equation

2 _ 2x
2w +17 7 211

/

Y

1
The associated homogeneous equation is Yy — TQ_H yg = 0. For every x # —3 the
solution of this latter is defined by

ya(z) = K exp (1n(|2a: + 1|)) = K |22 +1|.

Hence 1
K2z +1), if x> -3

yu(z) = .
—K(2x +1), if v < -3

where K is a real number.
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Now we consider x > —% and we define the function
yp(z) = AMx) (22 + 1).

We have y,(z) = Mz)'(2z + 1) + 2 A(z) Replacing in the nonhomogeneous equation
one has (2x +1)2 XN (x) +2 (22 + 1) A(x) — 2 (22 + 1) A(x) = 22. This implies
2 2w41-1 1 1

X(@) = Qe+12  (2e+12 2z+1 (u+1)2

Therefore,

) = %(ID(ZQH Dl v 1)‘

1
For every z > —5 we have

1 1
yp(x) = 5(21’ + 1 In(2z+1) + 3

Here we suppose x < —%, and we take the function y,(z) = —A(z)(2z + 1)

Then, we obtain y,(r) = =X (x)(2x+ 1) — 2\(x) Substuting in the nonhomogeneous
equation one gets

N (2)(2z +1)% = 2(2z + DA(2) + 2(2z + DA(z) = 22.

2x
(22 + 1)

Me) = (ln(—Qm I 2x1+ 1) .

1
That is, N'(z) = — . This means for every x < —3

In this case we have

(2x+1)In(—2x—1)+1),

DN | =

yp(2) =
for every x < f%-
Finally we obtain the following particular solution
1

1 1
5(2x+1)ln(2x+1)+§, if z> -3

y(z) =
Lozt )n(—20— 1)+ &, if 2<—2
5 (22 n(—2x p = 5
Example 7.2.8. Find a particular solution to the following nonhomogeneous dif-
ferential equation

sin(z)y’ + cos(z)y = .
Let x € (—m,0) U (0, m). The homogeneous equation associated to the previous
equation 1is

sin(z)yy + cos(x)yy = 0.
Dividing by sin(z) for x € (—=w,0) U (0, ) one obtains the following equivalent
equation
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/

cos(x u
(z) = —- A primitive of a
u

For every x € (—mw,0) U (0, w), we define a(z) = Sin(z)
is defined by A(x) = In(|sin(z)|). Then, a general homogeneous solution is defined
by yu(z) = K exp(—In(|sin(z)|)) = ‘ST%, where K is a real number. Hence we

have

@)’ if x€ (—m,0)
yr(z) = .
Sn(e)’ if xe(0,n)
Alz)

Let z € (0, m), we define the function y,(z) = - Then we have

sin(x)

One deduces X' (x) = x. That is, A\(z) = % and for every x € (0, w) the particular
2

solution is defined by yp(z) = 2s1xT(x)
-A
Now we consider x € (—m, 0) and we define the function y,(x) = sm((mx)) This
N) =z —a?

leads to the following identity — and
s

= - Th have X(z) =
() Sin(2) en, we have \(x)

for every x € (—m, 0),
2

(1) = =5
I\t = 2sin(x)
Therefore, we obtain the following solution
2
x .
_2sin(ax)7 if we (=m,0)
y(z) =
x? ) 0
m7 if z€(0,m).

When the second member has particular form we can simplify calculations by
applying the method of undetermined coefficients. We specify that this method
works only for some particular forms of the second mmber f. Indeed it can be
applied when the second member f has one of the following forms

Form 1: Polynomial Form. when the function f(x) = P(x), where P is a poly-
nomial function.

Form 2 : Polynomial function multiplied by exponential. if the function
f(z) = P(z)e**, where P is a polynomial function and \ is real number.

Form 3: Polynonial function multiplied by cosine or sine. if the funcion
f(z) = a cos(kx) or f(x) = B sin(kx), the function P is a polynomial func-
tion.
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It is important to remark that when the expression of f is different to the form 1,
2, or 3, applying this method is useless. This justify the fact that this method is
adopted to some particular situations. That is why, we say it is particular method.
The second method is more general, but seems to be more difficult to be applied.
As an example to which we cannot apply the Method of undetermined coefficients
we take f(x) =In(x). To illustrate this method we proceed by examples.

7.2.2 Undetermined Coeflicients Methods

The objective of this subsection is to define the method of undetermined coefficients
Methods. For the sake of clarity and simplicity we proceed by examples to explain
how the method runs.

We start with the case f(x) = P(z), where P is a polynomial function.

The Second Member Polynomial Function

When the second member f is a polynomial function, we define the function
n
yp(x) =Y apr’ =ana" + -+ a1z +ao.
k=0

To determine the function y, we need just to find the coefficients ag, - - - , ay.

Example 7.2.9. Using the method of undetermined coefficients, find a particular
solution for the following nonhogeneous linear differential equation

v +2y =%+ 2z + 1.

Solution . Here we observe f(x) = x? +2x + 1 and a = 2. Then, we can define the
function
yp = br® + cx + d.

To determine the function y, we should find a, c and d. One can directly apply the
formulas above and find b, ¢ and d. Indeed we have
1 2 2x1 1

1
bzf = — — —
2 “TaT g 2 2

Therefore
w(@) = 5 (e 2+ 3).
To explain in details the previous result, we define y, = bax?+cx+d. The function
yp 15 differentiable in R and yz’,(x) = 2bx 4 ¢ Replacing in the previous equation one
obtains
2bx + ¢+ 2(ba* + cx + d) = 2* + 2z + 1.

This is equivalent to
202 +2(b + c)x + (¢ + 2d) = 2* + 22 + 1.

We identify the two polynomial functions to get 2b =1, 2(b+c) =2 and c+2d = 1.

1 1
This means that b= = , ¢ = =, and d = —- That is,
2 2 4
1 1 1
yp(w) = 52° + o+
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Example 7.2.10. Determine a particular solution to the following nonhomoge-
neous equation

I+1 _2
yEoy=2

Since f(x) =2 we define as a polynomial function. That is we define y, = bx + c,
where b and c are real numbers. In this case y,(z) = a. Substituting in the equation
we obtain
) 1 1 1 1
yp(x)+§yp(x) =2 — a+§(aa:+b) =2 — iax—i-a—i—ab:?

Identifying the ploynomes one gets %a =0 and a+ %b = 2. This involves a = 0 and
b = 4. Therefore, yp(z) = 4.

Example 7.2.11. Find a particular solution to the following equation

y' + 3y = 2%

Here we observe the second member f(x) = x? is a polynomial function. Thus

we define the particular solution as a polynomial function. That is why we consider
Yp(x) = az® + bz + c. It then follows y,(x) = 2ax +b. As y,, is a particular solution
of v + 3y = 22, we have 2ax + b + 3(ax® + bx + ¢) = 2%. This is equivalent to
3ax? + (2a + 3b)x + b+ 3¢ = 2%, This leads to the following equations 3a = 1,

1
2a + 3b = 0 and b+ 3c = 0. From the previous equations we deduce that a = —,

3
2 2
b= -3 and ¢ = oTa Therefore for any real number x,
1 2 2
Yp(w) = §$2 9ttt oy

Example 7.2.12. Determine a particular solution to the following differential equa-
tion
, 1
Yy +—-y=u
T
In this example we have f(x) = x. That is why we can define

yp(2) = az® + bx +c.

This involves , y]’g(x) = 2ax + b. Substituting in the previous equation we obtain

3a$—|—2b+£:m.
T

1
This identity implies 3a = 1, 2b = 0 and ¢ = 0. Therefore, a = 3’ and b=c=0.
The particular solution is
1
= 22
3
Example 7.2.13. Determine a particular solution of y' +y = x.

To find a particular solution y,, we point out that f is a polynomial solution.
Hence, we define y,(z) = ax + b. The derivative of y, is y, = a. Since y, is a
particular solution, it satisfies a + ax + b = x. This implies a = 1 and a +b = 0.
This means that a =1 and b = —1. The particular solution is defined by

Yp(2)

Yp(z) =2 — 1.
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Polynomial Function Multplied by Exponential

When the second member f = P(x) - exp ()\ x), where P is a polynomial function
and A a real number different to zero, we define the particular solution ¥, as a
polynomial function multiplied by an exponential. Indeed, if here we assume the
function f is in the form polynomial function multiplied by exponential:

flz) = <§”: b; ﬂ) - exp ()\ ;v)
i=0

In this case we define the particular solution

Yy = <Z:; a; x) - exp (Am)

There exist efficient methods to choose efficiently the order of the polynome P, but
here we will only show how the method works by using examples.

Example 7.2.14. Determine a particular solution to the equation y' + 3y = ze”.
The second member f is in the form f(x) = xe®. We should determine y, in the
form polynomial multiplied by exponential. That is, we define y, = (bx + c)e®. We
have y,(z) = be” + (bx + c)e”. Then, we obtain
Yy () + 3yp(z) = ze® <= e*(bxr + b+ c) + 3(bx + c)e” = ze”.
This is equivalent to 4bx + b + 4c = x. This means that, 4b = 1 and b + 4c = 0.

1
Therefore b = 1 and ¢ = 16 The particular solution is

wio) = (- 15

Example 7.2.15. Define a particular solution to differential equation
y — 4y = (2z + 5)e”.
Since f(x) = (2z + 5)e”, we define y,(x) = (ax + b)e”. In this case, we have
yy(r) = (ax + a + b)e”. This is equivalent to
(—=3ax + a — 3b)e” = (2x + 5)e”.

2 1
This equation leads to the following identity We deduce a = —3 and b = 757 This

gives

Second Member in the Form «acos(ax) or fsin(ax)

If the function f is equal to acos(ax) or Ssin(az), where a, o and 8 are real
numbers, we define y,, as a combination of cos(ax) and sin(ax). In other words, we
set

yp(x) = Acos(azx) + Bsin(ax),

where A and B are real numbers. To determine y,, we just need to find the values
of A and B. We show how to find A and B by using examples.
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Example 7.2.16. Determine a particular solution solutions to
y' +y = cos(z).

Here the second member f(x) = cos(z). We should define y, as a combination
of cos(x) and sin(z). We set

yp(z) = Acos(z) + Bsin(x).

Then, we have
y,(x) = —Asin(z) + B cos(z).

Substituting in the differential equation, we obtain
(B — A)sin(z) + (A + B) cos(x) = cos(x).
1
This is equivalent to B— A =0 and A+ B = 1. From this we deduce A = 3 and
1
B= 3 Therefore,

yp(x) = %cos(x) + %sin(m).

As asserted in the previous theorem the existence of a solution to (7.2.1), Gunay
would like to know if the solutions had a known expression. To answer this question
we introduce the following subsection

7.2.3 Solution to the Nonhomogeneous Equation

The teacher confirmed there were one such formulas. But he needed to precise some
propertie shared by thes solutions before establishing their expressions.

He took two functions yg and ¥,, which are defined in the real interval I and
satisfied these differential equations

yg +a(@)yg =0 and y, +a(z)y, = f(2).

The function yg is a solution to the homogeneous linear equation. We called it
a homogeneous solution. The function y, is called a particular solution to the
nonhomogeneous linear differential equation. Now, let x € I and define the function
z(z) = yu(x) + yp(x). The functions yg and y, were assumed to be differentiable.
Then the function z is differentiable and the following holds 2'(z) = yj () + y, ().
This yields

2'(x) +a(z) 2 = Yy + a(2) y, +a(x) (yu +yp) = (Y + a(@) yu) + (v, + a(@) yp).

The functions yy and y, which are in €'(I) satisfy equations vy + a(x)yy = 0
and y;, + a(z) y, = f(z). Hence 2’ +a(z) z = f(z). We conclude the function z is a
solution to (7.2.1).

Let y € € be a solution to (7.2.1). We assume there are zo € I, and yy € R,
such that y(zg) = yo. Then, the function y satisfies the nonhomogeous linear
differential equation y’ + a(x)y = f(x). We supposed a to be a continuous function
on I. We define A as the primitive of a on I, which satisfies A(z¢) = 0. Multiplying
(7.2.1) by exp(A(x)), we get

 exp(A()) +alz) exp(A()) y = (y exp(A()) = exp(A(x)) f(2).
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Integrating from zp to « € I, one has

x

[ (vesaa) d = exp(a@)u@) — o = [ exp(a0) S0 ar.

Zo Zo

This leads to the following identity

x

y(@) = o - exp(—A(z)) + exp(~A(z)) / explA(t)) £(t) dt.

o
We can observe that yp = yoexp(—A(x)) is a solution to the homogeneous linear
differential equation v + a(z) yg = 0.
Students asked the signification of the second part of the right hand side of
the formula. To show that the second part corresponds to a particular solution of
(7.2.1), he recalled how to derivate under the sign integral.

Proposition 7.2.17. Let g be a continuous function on the interval [a, b]. For
every real number x in [a, b], we define the function

Then, the function F is differential in (a,b) and for every x € (a, b),
F'(z) = g(z). (7.2.2)

Now, we take a real number x in I and we consider the function

x

yp(7) = exp(—A(x)) / exp(A(L) f(1) dt.

Zo

The function y,, is a multiplication of two differentiable functions. Then, the funcion
yp is differentiable. Let = € I, we have

yp(a) = —A'(z) eXp(—A(a?))/m exp(A(t)) f(t)dt + exp(—A(z)) exp(A(x)) f(x).

Zo

The Proposition above involves

(/; exp(A(t)) f(t) dt>/ = exp(A(2)) f(a).

0

As we defined A, such that, A’(z) = a(z). One has

x

byl) = ~ala) exp(~A(z) [ expl(A(t) f(®)di + () = ~alaly, + f(o).

Zo

This leads to the identity: y, = —a(z)y, + f(z). Therefore y;, + a(z)y, = f(z).
Consequently the function y, is a particular solution to (7.2.1). This is equivalent
tosay y =yg + yp-

Theorem 7.2.18. Let y be a solution to (7.2.1) in some interval 1. Then there
exist two functions yg and y, in €*(I), such that, for every x € I

y(@) = yu(z) + yp(x). (7.2.3)

The function yg satisfies Yy + a(x)yy = 0 and the function y, is a particular
solution of (7.2.1).
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Example 7.2.19. Find a solution toy' +2xzy = ze
We remind that the solution y is defined by

y(z) = yu(x) + yp(o).

where yg satisfies the homogeneous equation Yy +2xyy = 0 and y, is a particular
solution.

We know from the previous section that a general homogeneous solution is defined
by
yu(z) = Ke ™,
2
x
One can eastly check that the function y,(x) = > exp ( - z2) is a particular solu-

tion. Therefore a general solution to the nonhomogeneous equation is defined by

2

y(z) = Ke ™ + L e = (:1; + K) exp (—xQ) ,

where K is some constant real number.

Example 7.2.20. Find a solution to sin(x)y’ + cos(z)y = x.
For every x € (—m,0) U (0, m), the equation sin(z)y}y + cos(x)yg = 0 is
equivalent to
, . cos(x)

Y+ sin(x)

Letx € (—m,0) U (0, 7). A general homogeneous solution is defined by

yg =0

K
[sin(a)|

yH(x) — Ke—ln(\sin(m)\) —

where K is a real number. Hence we have

K ]
Sin(z) if x€ (—m,0)
yu(z) = X«
Sin(z) if xe(0,m).
The function
22 .
_QSin(m)7 if we (-7, 0)
Yp(z) =
x? .
+m , if xe(0,m)

is a particular solution. Then, we obtain the following solution

-K 22 .
sin(z) 2 sin(z)’ if we (=m,0)
y(r) = )
K e if xe(0,m)

sin(z) = 2sin(z)’
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Example 7.2.21. Determine a solutions to y' + 2y = 2% + 2z + 1.
A general Homogeneous solution is in the form yy(x) = K exp(—2z). A partic-
ular solution is given by
1

Yp(z) = % <x2 +a+ 2>

Therefore we have this general solution
1 1
y(w) = Ke "+ 5 (:c2 +z+ 2) :

Let a, fi and fo be three continuous functions in I. We consider the follow-
ing linear differential equations: Find y; and yo in €'(I) solution to the linear
differential equations

y1 +a(z)y1 = fi(z) (7.2.4)
Yo + a(z) ya = fa(z).

For any real numbers A and p , we define the function

y(a) = Ay (@) + pya(z).
The function y satisfies y'(x) = Ay (z) + pyh(x). This involves

Y (x) + a(z)y = Ayh + pyb +a(@)[Ayr + pye] = Ay +al@) ] + pulyh + alz) v
= A fi(z) + p fa(w).

This means the function y is solution to the equation
y'(2) +alz)y = A fi(z) + 1 fa(2).

This is called the "principle of superposition”. Let the functions f; be continuous in
I for 1 < i < n. We define the functions y; as solutions to the equations y;+a(z) y; =
fi and consider the function

y=Y iy, and f(x) =) afi.
i=1 i=1

Then y is a solution of the equation ' + a(z)y = f(x).

Theorem 7.2.22 (Principle of Superposition). Let a, and f; for 1 < i < n be
n+ 1 continuous functions in I. We consider n function y; € €1(I) for 1 <i <mn
solution to the equation

yi +a(z) y; = fi(x). (7.2.6)

Then, the function y(x) = a3 y1(x) + -+ - + an yn(x) is solution to the linear differ-
ential equation

Y +a(r)y = Zai i (7.2.7)
i=1
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Example 7.2.23. Find a solution to y' +y = x — € + cos(x)
Here we use the principle of superposition by defing the function y = y1 +vy1 +ys,
where the functions y1, y2 and ys are solutions of the following equations
Y1ty =a
Ys +y2 = —€”
vy + y3 = cos(z).
We point out that the linear differential equation y| + y1 = x has solution

y1(z) =Kie " +2—1.

A solution of yy + yo = —e” can be given by ya(z) = Kz exp(—x) — % exp(z). For
the differential y + ys = cos(z), one has ys(z) = Kse™® + % (cos(z) + sin(z)) .
Applying theorem 7.2.22 we obtain

1 1
y(x) = K'e™® — §e$ +r—-1+ i(cos(m) +sin(m)),

where K' is a constant real number.

To obtain a unique solution for a nonhomogeneous equation, we add an initial
condition. In this case we obtain a nonhomogeneous Cauchy problem

7.2.4 Nonhomogeneous Cauchy Problem

This subsection is devoted to the nonhomogeneous linear Cauchy problem. Indeed,
for zo € I and yy € R, we are looking for a unique function y in ¢ (I) solution to
the following problem

(7.2.8)
y(wo) = Yo

We know that a solution to the differential equation 3’ + a(z)y = f(z) is in the
form

y(z) = K exp (— / " alt) dt) g, (@).

To get uniqueness we need to determine a fix value of K. This value is obtained by
using the initial condition. We have

vo = y(ao) = K exp (— [ aw dt) + yp(0)

K= (yo - y(xo)) . exp (/ a(t) dt) .

in this case we obtain a unique solution.

This implies

Theorem 7.2.24. Let a and f be two continuous functions in an interval I. We
consider xy € I and yo € R. Then, the Cauchy problem (7.2.8) has a unique
solution.
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Example 7.2.25. Determine in I = (0; +00) the unique solution to the following
Cauchy problem

, 1
y+-y=ua
x
y(1) = 3.
. . . . ;1 N
We consider the differential equation y' + —y = x. The homogeneous solution is
x

defined by

yu(x) = K exp ( - ln(x)) =

where K is a constant real number. Since f(x) = x, we define y,(z) = ax?+ bz +c.
Then, y,(r) = 2ax +b. We obtain 3az + 2b+ S = & this means 3a = 1,2b=0 and
x

1 1
¢ = 0. Therefore, a = <, and b = ¢ = 0. The particular solution is y,(x) = §x2.

The solution of the general equation is

K 1,
y(m)—;—kg;v.

Now we have to use the initial condition to find the constant K. We know that

1 8
y(1) = 3. Hence , one has K + § = 3. We obtain K =3 — 3=3 This yields the

unique solution to the Cauchy problem is defined by
8 14
x)=—+ —zx°.
y(@) =5-+3
Example 7.2.26. Determine the unique solution to the Cauchy problem
Yy + cos(z) y = cos(z)
y(0) =2.
We remark that the function y,(x) =1 is a particular solution to the equation

y' + cos(z) y = cos(x).

On the other hand we have yg(x) = K exp(—sin(z)), where K is a real number
Then ,
y(x) = K exp(—sin(z)) + 1.

Since y(0) = 2, we have K +1 = 2. This means that K = 1. The unique solution
of the initial value problem is defined by

y(z) =e” sin(#) 4 q,
Example 7.2.27. Find the unique solution to the following Cauchy problem
Yy +y=x+e”

y(0) =0
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The homogeneous equation has solution yp(x) = K exp(—zx), where K is a
constant real number. We can easily check that the function

1
Yp(z) = 5 exp(z) +z — 1.

Hence .
y(x) :Ke_’:—l—%—i—x—l.

Now we use the initial condition y(0) = 0. Then, we obtain

1
This implies K = 5 Therefore,

1 _ e’
y(x):§e ’”—l—?—i—x—l:ch(x)—l—a:—l




182 CHAPTER 7. INTRODUCTION TO FIRST ORDER LINEAR ODES



CHAPTER 8
SECOND ORDER LINEAR ODES

Contents
8.1 Homogeneous Equation . . . . .. ... ... ....... 184
8.1.1 Properties of the Homogeneous Solutions . . . ... .. 184
8.1.2 Definition of a Basis to the Set of Solutions . . . . . .. 185
8.2 Homogeneous Cauchy Problem . ... .......... 192
8.2.1 Homogeneous Initial Value Problem . . . ... ... .. 193
8.2.2 Homogeneous Boundary Conditions Problem . . . . .. 196

This chapter is devoted to second order linear ordinary differential equations.
We specify here we will only deal with second order linear differential equation with
constant coefficients: find a function y of class € satisfying

ay” + by +cy = f(x). (8.0.1)

Here, a, b and c are constant real numbers. Moreover we assume a # 0. Otherwise
we will have by’ + cy = f(x), which is a first order linear differential equation. An
example of such equation is given by

2" +y +3y=a2+3x+1 or 3y’ +5y +4y=e" 2.

These equations occured in the formulation of Newton’s second law

mi = Z Fext. (8.0.2)

This equation describes the motion of an object of mass m subjected to the forces
Foxt. In (8.0.2) we use physicist’s notations X. We mean by % the second derivative
of the trajectory x. Here X representate the acceleration of the mouvement of an
object subjected to the external forces. In other words Newton second Law’s claims
that the acceleration is proportional to the sum of the external forces. Equation
(8.0.2) is one of the most important equation in Physics. Several other physical

183
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phenomenons can be described by these equations. As we did it for first order
linear differential equations, we are looking for necessary conditions such that there
will be a solution for (8.0.1).

In the first time we will deal with the homogeneous second order linear differ-
ential equation ay” + by’ + cy = 0. In the second section we will be concerned by
the Cauchy problems.

8.1 Homogeneous Equation
The main purpose of this section is to define a solution to the equation
ay” +by' + ey =0,

where a, b and ¢ are constant real numbers such that, a # 0. As an example of
homogeneous equation we consider the equation y” + 4y’ + 9y = 0. In a first time
we will establish an exsitence theorem. In the second part of this section we define
the expression of the solutions to ay” + by’ + cy = 0, we remind that the coefficients
a, b and c are constant real numbers such that a # 0.

Let a, b and ¢ be three real numbers such that a # 0. We are looking for
a function y which is twice differentiable in some interval of R and satisfies the
following differential equation

ay’ +by +cy = 0. (8.1.1)

We introduce the following function z(x) := y'(z). This involves 2’'(z) = y"(x).
Substituting in the equation above we obtain

az +bz=—cy.

Since a # 0 we can divide by a in both sides in the equation including the function

z. Therefore, one has
b

c
2 —z=—=y. (8.1.2)
a a
As we assume y differentiable in R , then, the function y is continuous. Consequently
c
the function f(x) = ——y is continuous in R. One deduces equation (8.1.2) admits

a solution in R. Since (8.1.1) and (8.1.2) are equivalent , we conclude (8.1.1) has a
solution in R. This proves this theorem

Theorem 8.1.1. Let a, b and ¢ be three real numbers such that, a # 0. Then, the
second order linear differential equation ay” + by’ + cy = 0 admits a solution.

As we know there exists a solutions, our next step will consist of studying some
properties of these solutions.

8.1.1 Properties of the Homogeneous Solutions

In this subsection we study the properties of the homogeneous solution.
Let y; and y2 be two different solutions of (8.1.1). We consider two real num-
bers @ and 8 and we define the function y = ay; + Sy2. The function y is twice
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differentiable, because the functions y; and y, are twice differentiable. We have
y =ayl + By, and ¥y’ = ayl + ByY. This involves

ay” +by +cy=a(ay +Byy) +b(ay +Bys) +clays + Bys)
=a(ay! +byl +cy1) + B(ayy +bys + cys)
As y; and yo are solutions of (8.1.1), therefore ayy + by + cy1 = 0 and ayd +
byy 4+ cy2 = 0. Hence ay” + by’ + cy = 0. This means the function y which is a

combination of solution is also a solution. Since the null function is a solution to
the differential equation, we have the following theorem.

Theorem 8.1.2. The set of all solutions of (8.1.1) is a vector space.

We can make the following comments on theorem 8.1.2. We can prove that the
set Sp of all solution of equation (8.1.1) is a vector space of dimension 2. Taking
advantage of the fact that Sy is a vector space of dimension 2, we can define a basis
of two function f; and f5 on this set. This allows to establish

Theorem 8.1.3. Let Sy be the st of all solution of equation (8.1.1) and {f1 ; fg} a
basis of Sg. Then, for any solution y of (8.1.1) there exist two real numbers « and
B such that

y=afi1+8 fa.

This theorem means that any solution should be a combination of two elements
of a basis of Sy. That is, determining Sy consists of finding a basis of this set.

8.1.2 Definition of a Basis to the Set of Solutions

The goal of this subsection is to define a basis of Sy. A basis of Sy should be a set
of two functions which are linearly independant.

Definition 8.1.4. Let f1 and fa be two elements of a set E. We say f1 and fo
are linearly independant if for any real numbers a and 3, o f1 + B fo = 0 implies

a=p8=0.

Example 8.1.5. We consider the vectors u; = (2, 5) and ug = (3, 0). We consider
two real numbers o and B such that, au; + Bus = 0. This is equivalent to the
following linear system

200+33=0

Sa =0

This implies « = 0 and f = 0. We conclude uy and uy are linearly independant.

Example 8.1.6. Let vy = (1,2, 5) and vo = (2, 3, 1) be two in R3, which satisfy
avy+ By =0 for some real numbers o and 3. One has the following linear system

a+24=0
20+ 38 =0
S5a+ =0

This leads to the identities « = —2 and « = —f/5. Therefore « = f = 0. The
vectors vy and vy are linearly independant.
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Example 8.1.7. We consider the vectors w1 = (2, 3) and wy = (12, 18) in R2.
We observe wy = 6wy. Then, the vectors wy and ws are linearly dependant.

To simplify we say f1 and fo are linearly independant if they are not collinear.
If elements are not linearly independant, we say they are linearly dependant. Two
linear dependant elements are collinear.

Since we will deal with functions it is important to get a criterion which will
allows us to check whether two functions are linearly independant.

Theorem 8.1.8. Let fi and fo be two €' functions defined in some interval I.
Then, f1 and fo are lineraly independant if and only if for all real number x € I,

fil@) - fo(z) = fix) - falz) # 0.

In truth we can estabblish a more simplest result which is equivalent to the
previous theorem. This theorem is more easy to use in applications.

Theorem 8.1.9. Let fi and fo be two €' functions defined in some interval I.
Then, fi1 and fo are lineraly independant if and only if there exist xg € I,

f1(xo) - fo(zo) — fi(mo) - fa(zo) # 0.

Example 8.1.10. We consider the function fi(z) = = + 2 and fa(z) = 222 + 2.
Since f1 and fo are differentiable, one has fi(z) = 1 and f4(x) = 4x. We obtain
f1(0) =2, f1(0) =1, f2(0) =2 and f4(0) = 0. This implies

f1(0) - £3(0) = f1(0) - f2(0) =2 x 0 -1 x1=-1#0.
The functions f1 and fo are linearly independant.

Example 8.1.11. Let a and b be real numbers such that a # b. We define the
functions ui(x) = exp(ax) and uz(x) = exp(bzx). We have uj(z) = a exp(az) and
ub(x) = b exp(bx). Taking xo = 0, we obtain u1(0) = 1, uz(0) =1, v} (0) = a and
ub(0) = b. Therefore

u1(0) - ub(0) — u}(0) - u2(0) = b —a # 0.
The functions w1 and us are linearly independant.

Here, we choose 0 in order to simplify notations, but one can choose another
real number.

Exercise 8.1.12. Check whether the following functions are linearly independant

1. fi(x) = cos(x) and fa(x) = sin(z), 2. fi(z) = exp(ax) and fa(x) = exp(—ax),
3. filz) =2 and fo(zx) = 2.

There are several methods to define a basis of a set of function. But here we
favor the less abstract method. In comparasion with first differential equation, here
also we are looking for solution in the form exp(A(x)).

Let r be a real or a complex number. For every real number x we define the
function y(z) = exp(rz). We assume the fuction y is a solution to the linear
homogeneous equation ay” + by’ + cy = 0. Now our objective is to determine the
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values of the real nmber r. The function y is at least twice differentiable and
for every x in R, we have y'(x) = r exp(rz) and y”(x) = r? exp(rz). Using our
assumption, one obtains

ar®exp(rz) + brexp(rz) + cexp(rz) = (ar® + br + ¢) exp(rz) = 0.
Multiplying the identity above by exp(—rx), we obtain
ar*+br+c=0. (8.1.3)

Equation (8.1.3) is called the caracteristic equation of (8.1.1). To determine r we
need to solve equation (8.1.3). There are three possibilities according to the sign of

A =% — 4ac.

—b— VA

Case 1:A > 0. When A > 0, equation (8.1.3) has two real solution r; = 5
a

~b+ VA
a

or ro = —y In this case we have

y(x) =exp(riz)  or  y(z)=exp(raz).

The functions fi(x) = exp(r; x) and fo(z) = exp(rq ) are indefinitely differentiable
and for every real number x we have

(exp(ry :E))/ =ry exp(ry ) and (exp(re x))/ =19 exp(ra ).

Taking xo = 0, we obtain

A
f1(0) - £3(0) = £1(0) - f2(0) = r2 — 71 a # 0.
We have established this lemme

Lemma 8.1.13. The functions exp(r1 x) and exp(rax) are linearly independant
functions which belong to Sp.

We know from linear algebra if F is a vector space of dimension n any linearly
independant familly of n elements is a basis. Since dim(SO) = 2, any linearly
independant set of two vectors is a basis. Then we have

Lemma 8.1.14. The set of functions { exp(ryz); exp(ra @)} is a basis of Sp.

On the other hand we know that a combination of solutions is also a solution.
As we have a basis of Sy, we can establish

Theorem 8.1.15. Let us consider equation (8.1.1), such that, A = b*> —4ac > 0.
We define the real numbers r1 and ro as the real solutions of the equation

ar’+br+c=0.
Then, ym is a solution of (8.1.1) if there exist real numbers Cy and Cs such that,

yu(z) = Cy exp(r1 x) + C exp(rz v). (8.1.4)
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Proof. The functions exp(r; ) and exp(rq x) are solutions of (8.1.1). Then, the
combination Cjexp(ry z) + Cs exp(rq x), where Cy and Cs are in R, is a solution
of(8.1.1).

On the other hand the set {exp(rl x), exp(ra x)} is a basis, then, any function
in Sy is a combination of exp(ry #) and exp(rq). Therefore one can find real number
Cy and Cs such that, yg(x) = Cy exp(ry z) + Coy exp(ra x). O

Example 8.1.16. To find solutions of the equation y" + 4y’ + 3y = 0 we define its
caracteristic equation

(x) r?+4r+3=0.
The discriminant A =16 — 12 =4 > 0. The real solutions of (x) are

4-2_ —4 42
= — or Tro = =
2 2 2

T =

Then, a general solution of the second order linear differential equation y"' + 4y’ +
3y = 0 is defined by
yp(xr) =Cre 3% + Cye™®,

where C7 and Cy are real numbers.

Example 8.1.17. Find solutions to the following second order linear differential
equation
y" + 3y +2y=0.

To solve this equation we define the caracteristical equation
() r*+3r+2=0.
Since A =9 —8=1> 0, the second order equation (x) has solution

-3-1 -3+1
ry = =-2 or ro= =
2 2

Hence we can find C1 and Cy such that

—1.

yu(z) = Cre 2% 4 Cye ™.

b

Case 2: A =0. When A = 0, equation (8.1.3) has only one real solution g = ~5a"
a

In this case we obtain
y(x) = exp(ro ).
To construct a basis of Sy we need to find a second solution y, of (8.1.1) which is
linearly independant to exp(rg x).
Now we define the function yo(z) = x exp(rg ). The function y, is indefinitely
differentiable in R and for any real number x

ya(x) = (rox + 1) exp(rox) and yi(z)= (r% z+270) exp(ro z).
Substituting in (8.1.1) the following holds

(arg+bro+0)x+(2aro+b)=0, vV zcR.

b
Since ar?2 +br+c=0and ry = o we conclude that
a
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Lemma 8.1.18. The function y2(x) = x - exp(ro ) is a solution to (8.1.1).
Lemma 8.1.19. The functions exp(ro ) and z-exp(rgx) are linearly independant.

Proof. Let us define fi(x) = exp(rox) and fo(x) = x - exp(rgx). From this one
deduces fi(x) = roexp(roz) and fi(z) = (rox + 1) exp(ro ). Choosing z¢ = 0 one
has

f1(0) - f5(0) = £1(0) - f2(0) =1 #0.

We conclude f; and f5 are linearly independant. O

From this lemma we deduce the set { exp(roz), = - exp(rox)} is a basis of the
two dimensional vector space Sp.

Theorem 8.1.20. We consider the second order linear differential equation (8.1.1)
such that, A = b* —dac = 0. We define the real number ro = —b/2a. Then, y is
a real solution of (8.1.1) if there exist real numbers Cy and Cs such that, for every
z € R,
yu(z) = (Crz + Cy) - exp(ro x). (8.1.5)
Proof. The functions exp(rgz) and x - exp(rg ) are solutions of (8.1.1). Then, any
combination of these two function is a solution. Hence yy is a solution of (8.1.1).
Now we take yg a solution of (8.1.1). The function yy belongs to Sp. Since
{exp(ro x), x - exp(rg :U)} is a basis of Sy, then, there exist two real numbers C;
and Coq, such that, yy(z) = (C’l T+ 02) - exp(ro x). O

Example 8.1.21. As an example, we consider the second order linear differential
equation

y//+2y/+y:0.
To find a solution to this equation, we define the equation r2+2r+1 = 0. Here A =

b
0. Therefore ro = —— = —1 is the unique solution to the equation r? +2r+1 = 0.

We deduce, for every x in R, the solution of the differential equation is
y(x) = (Cl T+ C’g) - exp(—x),
where C1 and Cy are real numbers.

Example 8.1.22. Find the solution of the following second order linear differential
equation
y' —6y +9y=0.
The associated caracteristical equation is r>—61r+9 = 0. Then, we have A = 36—
6
4 x 9=0. The solution of the caracteristical equation is 1o = = = 3. Consequently

we can find two real numbers o and B such that,

y(z) = (az + B) - exp(3z).

Case 3:A < 0.
Now we assume A < 0. Then, the associated carateriscal equation has two
complex solution ry and r. If we define

i

a=—— and w=

(8.1.6)

[\V]
IS
[\V]
IS



190 CHAPTER 8. SECOND ORDER LINEAR ODES

We set 1 := o —iw and r9 := o +iw. In this case we have
yi(z) =exp (0 —iw)x) or ya(z) =exp ((a +iw)x).

As we can see it these function are complex functions. From this we deduce any
complex combination of exp (( —iw) ) and exp ((a+iw)z) is a complex solution
of (8.1.1).

Theorem 8.1.23. We consider the second order linear differential equation (8.1.1)
such that A = b*>—4ac < 0. Let o and w be defined by (8.1.6). Then, y is a complex
solution of (8.1.1), if there exist two comlex numbers C1 and Co such that, for every
real number x

y(z) = exp (az) (Cl exp (iwz) + Cy exp ( — iw:v)). (8.1.7)

We specify that (8.1.7) gives us complex solutions. One may wounder if there are
real solutions. To answer this question we consider a real solution y. The function

y satisfies y(z) = y(x). In other words the function

Cy exp ((a+iw)z) + O exp ((o — iw) )
is a real solution if we have the following identity

C1 exp (iwx) + C5 exp ( — iwx) =Cexp ( — iw:r) + Cyexp ((iw) x)

This is equivalent to the following identity

(01 - 62) exp (inm) + (C’g - 51> =0. (8.1.8)
Taking = = 0 in (8.1.8), we get C; — C'; = —(Cy — C5). This implies

Im(Cy) = —Im(Cy). (8.1.9)

Fixing z = % on the other hand, we obtain —(Cy + C;) + (C2 + C2) = 0. This

involves

Combining (8.1.10) and (8.1.9) we conclude that y is a real solution if and only if
Cy = C'1. In this case if we define C7 = 3+ i+, one obtains Cy =  —i~. Therefore

y(w) = expla)[(8+i7) exp (iwe) + (8 —i7) exp (—iwa)].
Using Euler’s Formula exp(iw z) = cos(w z) +1 sin(wz), we have
y(@) = explaz) (8 +i7) (cos(wa) +1 sin(ws)) + (8 — i) (cos(wa) — i sin(w))]
— exp(az) [2 B cos(wz) — 29 sin(w x)}

Theorem 8.1.24. Let o and w be defined by (8.1.6). We consider the second order
linear differential equation (8.1.1), such that, A = b*> —4ac < 0. Then, y is a real
solution of (8.1.1) if there exist two real numbers Cy and Cs, such that,

y(x) = exp(ax) [C’l cos(wz) + Cy sin(w x)} (8.1.11)
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We learn from this theorem that , if @ and w are defined by (8.1.6), then, the
familly { cos(wz), sin(wz)}, is a basis of the vector space Sp.

Example 8.1.25. Find the solution of the following second order linear differential
equation
y' +2y +3y=0.

To solve this equation we define the associated carateriscal equation > +2r+3 = 0.
We have A =4 —12 = —8 < 0. In this case we obtain

a:fngl and w:?:?:ﬁ,

The complex solution of the second order linear differential equation is
y(x) =Ch exp((— 1+i\/§)x) +Cgexp(<— 1 —i\/ﬁ)x) ,

where C7 and Cy are complex numbers. The real solution of the second order dif-
ferential equation is

y(x) = exp(—zx) [03 cos (\/ﬁx) + Cysin (\/5 x)} )
where the constant Cs and Cy are real numbers.
Example 8.1.26. We consider the second order linear differential equation
y' +y +y=0.

We can establish that A = b?> —4ac =1—4 = —3. To find a solution solution
we define « = —1/2 and w = \/3/2. Therefore there are two complex numbers Cy
and Cy, such that

o) = Crom ((Z52.2) ) 1 oo ((1524)).

This solution is a complex function.
The real solution is define by

y(z) = exp (;) [03 cos <\fz> 4 Cy sin <\f zﬂ :

with real numbers C3 and Cy.

Example 8.1.27. Find a solution to the following second order linear differential
equation
y//_y/+3y20.

—

1
In this case we have A = b* —4dac=1—-12= —11. We set a = 3 and w =

Hence the complex solution of the second order linear differential equation is

o) = Cuomn ((Z502) ) oo ((L0004)).
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where Cy and Cy are complex numbers.
For real numbers Cs and Cy, we define a real solution of the second order linear
differential equation as follows

y(z) = exp (g) [03 cos (\/f x) + Oy sin (\/217 x)] .

Exercise 8.1.28. Find real solution to the following second order linear differential
equations

Ly’ +2y +3y=0, 29" +3y +y=0, 3.2 +5y —y=0, 4.4 +5y =0,
5.y +4y +2y=0, 6. 3y" +5y +2y=0, 7.y" +3y=0, 8.y " +3y =0.

As we can see it, in the expressions of solutions we have two constant numbers.
To determine the values of these constants we need at least a system of two equations
with two unknown. This means that we have to fix two initial value conditions or
boundaries conditions. This means that we should define initial values problems or
boundary condition values problems.

8.2 Homogeneous Cauchy Problem

In the previous section we established the second order linear differential equation
ay’+by' +cy = 0 has multiple solutions. Indeed each time we change the constants
C7 and Cy in the expression of the solution (8.1.4) we obtain a new solution.

The main goal of this section is to define a unique solution of (8.1.1). This can
be only done if and only if we determine fixed values of Cy and C3 in (8.1.4). To this
end we need to fix two conditions in order to get a linear system of two equations
with two unknowns. According to the nature of these conditions, we will say we
have an initial values problem or a boundary conditions problem.

We start this section by defining initial values and boundary conditions prob-
lems. After these definitions we establish the uniqueness of their solutions.

Definition 8.2.1. Lety; and yo be two real numbers and I an interval that contains
xo. We consider a real function y € €*(I) and we define the homogeneous initial
values problem satisfied by y in I as follows

ay"+by +cy=0, in I
(8.2.1)
y(wo) = y1, ¥ (o) = Y2

Example 8.2.2. As an example we consider the following initial values problem
v +3y +y=0inR, y(0) =1 and 3/'(0) = 0.

Example 8.2.3. Another example can be given by the following initial values prob-
lem2y" — ¢y +7y=0inR, y(1) =2 and y/'(1) = 4.

Taking the values of y at the bounds of an interval one can define the following
boundary conditions problem.
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Definition 8.2.4. Let y1 and ys be two real numbers and [a, b] an interval of R.
The boundary condition problem satisfied by y € %2<[a, b]) is defined by

ay” +by +cy=0, in [a, b,
(8.2.2)
y(a) =y1, y(b) = ya.

Example 8.2.5. As an illustration we consider the following boundary conditions
problem in the interval [0, 1], y" +3y +y=0in [0, 1], y(0) =0 and y(1) = 2.

Example 8.2.6. We can also consider the following boundary condition problem
in the interval [0, w/3], 2y" — y' '+ Ty =0 in [0, 7/3], y(0) = 0 and y(x/3) = 1.
8.2.1 Homogeneous Initial Value Problem

Let y; and yo be two real numbers. We consider an interval I and some point xg
in I. We define the initial value problem: find y € ¥(R) solution to

ay’ +by +cy=0, in R,
(%)
y(wo) = y1, ¥ (20) = Y2

Definition 8.2.7. We say a function y € €>(I) is a solution to the initial value
problem (%) if for every x € I, ay”(x) + by'(z) + cy(z) = 0 and the function y
satisfies y(zo) = y1 and y'(x0) = yo.

Example 8.2.8. The real function y(z) = exp(—z) —exp(—2x) defined in R is the
solution to the initial value problem

y'+3y +2y=0, in R,
y(0) =0, y'(0) =1.

Indeed, we have y'(x) = — exp(—x)+2exp(—2x) and y’(z) = exp(—z)—4exp(—2 )
Then, one deduces y(0) =0, y'(0) =—-1+2=1 and

y//+3y/+2y:e—m —46_21—"-3( +2e—2m> ( —21)
=3e % —3e " —6e 2 + 62 = 0.

Let us consider the general initial values problem (8.2.1). We know from the
previous section, when A # 0 the solution of the second linear differential equation
ay” + by + cy = 0 has solutions

y(x) = Cre" ¥ + Cre™”

where 7 and 7o are solutions of (8.1.3) and C; and Cs are constant real numbers.
Using initial conditions one has the following linear system:

exp(r1 2g) C1 + exp(raxo)Ca =1

r1exp(ry xg) C1 + roexp(re 2p) Co = ya.



194 CHAPTER 8. SECOND ORDER LINEAR ODES

In this linear system the unknowns are C; and Cs.
This linear system is equivalent to the following matricial equation

exp(ry zo) exp(ra zo) ] [Cl] — {yl] (8.2.3)

riexp(rizo) reexp(raxzo)| |Ca Yo

We know that (8.2.3) has a unique solution if and only if
roexp((r1 + 72) xo) — r1 exp((r1 + r2) xo) # 0.

Since exp((r1 + r2) o) # 0, this is equivalent to ro — r; # 0. As we know that
A #£ 0, then 71 # r9. Therefore, there exists a unique vector (Cy, Cs) solution to
(8.2.3). From we deduce, when A # 0 the initial value problem (8.2.3) has a unique
solution.

Now we are interested on the case A = 0. We established in section 8.1 when
A = 0, the expression of solution of (8.1.1) is y(x) = (Cy « + C3) exp(r ), where r
is the unique solution of (8.1.3), C; and C5 are constant real numbers. This means
y'(z) = ((rz +1)Cy + r C2) exp(r x). Applying the initial conditions it holds

Cixo + Oy =y exp(—rxg)

Ci(rxo+ 1)+ Cor =ys exp(—raxo).

Using matrices one has

{ o 1] {Cl} _ [y1 exp(—mo)} (8.2.4)

reog+1 7| |Cy y2 exp(—r x0)

The linear system (8.2.4) has a unique solution because rxg —rzg — 1 = —1 # 0.
Hence there exists a unique vector (Cy, Cs) solution to (8.2.4). This leads to the
conclusion that when A = 0, the initial value problem (8.2.1) has a unique solution.
We can summarize this study in this

Theorem 8.2.9. We consider the initial values problem (8.2.1). Then, there exists
a unique function y € €*(I), solution to (8.2.1).

In other words the initial value problem (8.2.1) admits a unique solution.

Example 8.2.10. Find the unique solution to the following initial value problem

y' 3y +2y=0

In the firt step we consider the equation y"” +3y +2y =0. Here A=9—-8=1> 0.

Defining r = > = -2 and ry = 5 = —1, we obtain

y(x) = Cy exp(—2z) + Cy exp(—zx),

with constant real numbers Cy and Csy. The function y is differentiable in R and for
every real number x,

y'(z) = =2 Cy exp(—2z) — Co exp(—1x).
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Now we use the initial conditions to obtain the following linear system

y(0)201+02:0

y’(O) = —2C1—C2:1.

This involves Cy = —C1. Therefore C1 = —1 and Co = 1. The unique solution to
the initial value problem is

y(z) = exp(—z) — exp(—2 ).

Example 8.2.11. Determine the unique solution to the following initial value prob-
lem

y' +6y +9y=0
y(0) =1, ¥'(0) = 0.
We define A = 36 — 36 = 0. Therefore r = —3. This implies
y(z) = (Cr x4+ C3) exp(—3x),
where C1 and Cy are real numbers. From this we deduce
y'(z) = (=32 + C; — 3C3) exp(—3x).
Since y(0) =1 and y'(0) = 0, we get
Co=1 and C1—-3Cy=0.

Consequently we have C1 = 3Cy = 3. We conclude the unique solution of the initial
values problem is
y(r) = 3z +1)exp(—3x), VzeR.

Example 8.2.12. Find the unique complex solution of the following homogeneous
initial value problem
y'+y +y=0

y(0) =0, y'(0)=1.
In this case we have A =1—4= -3 < 0. Then we can define
-1-1V3 -1=1iV3
=Ty wmd =

This means that y(x) = Cyexp(r; x) + Coexp(rax), for two complex numbers Cy
and Cy. The derivative of y is y'(x) = r1 Cy exp(r1 ) + 79 Co exp(ra ). The initial
value conditions implie y(0) = C1+C5 = 0 and y'(0) = r1 C1+172 Co = 1. Therefore

T1

Cy = —C1 and Cy(r1 — ra) = 1. Considering the expressions of 11 and 4, we hve
—1—1i —1+1i 2i
KT —To = 21\/37 J;l\/g: l;/ngi\/g.

Hence we obtain —iv/3Cy = 1. This means that, C; = 41\/3 = i\gg and Cy = —i‘é§~

The unique complex solution is defined by

o) =0 (o (500 e (L) )
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Example 8.2.13. Define the expression of the unique real solution to the following
initial values problem

y'+4y +5y =0

y(0)=1, y'(0)=0.
In this example we have A = 16 — 20 = —4. To find the real solution we define

—4 2
a=—= -2 and w = 5= 1. The real solution of the equation y" + 4y + 5y =0
18
y(x) = exp(—2x) (C1 cos(x) + Cs sin(x)),

with real numbers C1 and Cy. The function y is differentiable and for every real
number x,

y'(z) = |:(CQ —2C) cos(z) — (2C1 + Ca) Sin(x)] exp(—2z).

The initial values conditions involves y(0) = Cy = 1 and Cy —2Cy = 0. Therefore
we have Cy = 2Cy = 2. This leads to the following solution

y(x) = exp(—2x) [cos(x) +2 sin(m)]

Exercise 8.2.14. For each of the following initial value problems, determine the
unique solution

y'+3y +y=0 3y"+5y +2y=0 y'+2y +y=0
1 2. 3.
y(0) =1, y'(0) = 2, y(0) =2, y'(0) =1, y(2)=1,4'(2)=0
—2y" +5y —4y =0 y'+2y +3y=0 y' + 4y +6y=0
4 5. 6.
y(1) =0,y'(1) =1, y(0) = y'(0) = 2, y(0) =y'(0) =1

8.2.2 Homogeneous Boundary Conditions Problem

We consider two real numbers y; and y2. On the interval [a, b] C R we define the
following problem: Find a function y € ‘52([61, b]) which satisfies

ay’ +by +cy=0

y(a) =Y, y(b) = Y2-

In section (8.2) we studied equation ay” + by’ + cy = 0 and we established its
solution has expression y(x) = K; exp(r1 ) + Kz exp(re ) when A = b? — 4ac # 0

we have y(z) = <K1 x4+ kg) exp(r x). We remind that r, r1, and r5 are the solutions

of the equation (8.1.3), k1 and K are constants.

It is obvious that equation ay” + by’ + cy = 0 has infinite number of solutions.
Because each time we change the values of the constants K; and K; we get a new
solution. To establish uniqueness of solutions we need to find fixed values for K; and
K;. This can be done only by asking the solutions to satisfy some more particular
conditions. This means that among the solutions we are looking for such solutions
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which only satisfy these conditions. Here we impose the conditions y(a) = y; and
y(b) = y2. We are looking for solutions which has these two properties. Using these
assumptions, we will be able to select among all solutions of ay” + by’ + cy = 0, the
unique one which satisfies the boundary conditions.

Now we have to apply the boudary condition when A # 0 to establish there
is a unique couple (K7, K3). The first condition y(a) = y;1 leads to the equation
Kjexp(ry a) + Ky exp(re a) = y1. The second condition y(b) = yo gives the equa-
tion K7 exp(r1b) + Koexp(rab) = yo. Gathering these equations one obtains the
following linear system

K exp(ria) + Ky exp(ra b) = y1

Ky exp(ri1b) + Ky exp(ra b) = ya.

This system is equivalent to the following matricial equation

sy ] (] - v

We remind that K; and Ky are the unknowns here. Since r1a+rob # roa + 11 b,
then, exp(ria + r2b) — exp(r1 b + r2a) # 0. Therefore the system (8.2.5) has a
unique solution (K5, K2). We deduce there exists a unique y € ‘52([(1, b]) solution
to (8.2.2).

We assume A = b2 — 4ac = 0. Applying boundary conditions, one obtain the
following linear system

Kia+ Ky =exp(—ra)y

Ki1b+ Ky = exp(—7b)ys.

We rewrite this system by using matrices. Then,

a 1| [Ki| _ |exp(—ra)n
b 1| |Ka|  |exp(—rb)yo
As we have a # b, there exists a unique vector (K7, K2) solution to the linear

system above. Therefore we have a unique function y € %2([a, b}) solution to
(8.2.2). We have proved the following theorem.

Theorem 8.2.15. We consider the problem (8.2.2). Then, there exists a unique
functiony € €2([a, b]) solution to (8.2.2).

Example 8.2.16. Determine the expression of the unique solution to the following
boundary problem defined in [0, 1]

y'+3y' +2y=0

y(0) =1, y(1) =0.

We consider the equation y"” + 3y + 2y = 0. One has A = 9—-8 =1 > 0.

-3-1 3+1
Therefore, ry = — = —2 and ry = 2+ = —1. This leads to the following

general solution
Kjexp(—2x) + Ko exp(—z),
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with constant real numbers K1 and K.
To determine the values of K1 and Ko, we use the boundary conditions. This
holds the following linear system

K +Ky=1
Kie 24+ Kye ! =0.
From this one deduces K1 = —Kse and K5 (1 —e) = 1. Thus, we obtain

1 e
d K| =— .
1—e an ! 1—e

Hence the function

y(z) = T (exp(~2) — exp(~22 +1))

is the unique solution to the problem above.

Example 8.2.17. Find the expression of the unique solution of the problem defined
on [0, 1]
y'+6y +9y=0

y(0) =0, y(1) = 2.
We take the equation y"” + 61y + 9y = 0. In this case we obtain A = 36 — 36 = 0.

Then, r = 5 = —3. The general solution of y' + 6y +9y =0 is

y(x) = <K1 x+ K2> exp(—3x),

with constant real numbers Ky, and K. Now we have to determine fixed values for
K; and Ky. The first condition implies y(0) = Ko = 0. Using the second one we
obtain y(1) = Kjexp(—3) = 2. Hence Ko = 2exp(3). This involves the following
unique solution

y(z) = 2z exp(—3z + 3).

Example 8.2.18. Give the expression of the unique solution of the following prob-
lem

25
y”+3y’+zy:0, ze (0,m/4)

y(0) =1, y(w/4) = —1.

25
First we study the equation y” +3y' + Y= 0, without fizing any conditions. Here
we have A =9 — 25 = —16. We define o« = —3/2 and w = 2. The real solution of
25
y/’+3y’+zy:0 is

y(z) = exp (-2 x) (K cos(2) + Ko sin(2)|.
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3
The initial value conditions imply K1 = 1 and Ksexp (g) = —1. Therefore

3
Koy = —exp <;) . Hence the unique solution is

o) = s (2 ez - o (1) e
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