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Effective results on uniformization and intrinsic GCM
spheres in perturbations of Kerr

Sergiu Klainerman, Jérémie Szeftel
(with an appendix by Camillo De Lellis)

June 1, 2022

Abstract. This is a follow-up of our paper [17] on the construction of general covariant
modulated (GCM) spheres in perturbations of Kerr, which we expect to play a central role
in establishing their nonlinear stability. We reformulate the main results of that paper
using a canonical definition of ¢ = 1 modes on a 2-sphere embedded in a 1 + 3 vacuum
manifold. This is based on a new, effective, version of the classical uniformization theorem
which allows us to define such modes and prove their stability for spheres with comparable
metrics. The reformulation allows us to prove a second, intrinsic, existence theorem for
GCM spheres, expressed purely in terms of geometric quantities defined on it. A natural
definition of angular momentum for such GCM spheres is also introduced, which we expect
to play a key role in determining the final angular momentum for general perturbations
of Kerr.
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1 Introduction

This is a follow-up of our paper [17] on the construction of general covariant modulated
(GCM) spheres in perturbations of Kerr. We reformulate the main results of that paper
using a canonical definition of / = 1 modes on a 2-sphere embedded in a 1 + 3 vacuum
manifold. This is based on a new, effective, version of the classical uniformization the-
orem which allows us to define such modes and prove their stability for spheres with
comparable metrics. The reformulation allows us to prove a second, intrinsic, existence
theorem for GCM spheres, expressed purely in terms of geometric quantities defined on
them. The result can be regarded as a codimension 2, spacetime version, of the well
known Huisken-Yau result [12] concerning mean curvature foliations in asymptotically
flat Riemannian manifolds. A natural definition of angular momentum for such GCM



spheres is also introduced, which we expect to play a key role in the definition of the final
angular momentum for general perturbations of Kerr. Though our immediate motivation
is to apply the main GCM results of this paper to the stability of Kerr conjecture, we
expect that our construction, or some variation of it, will prove useful to other final states
problems! in GR, in which a suitable choice of gauge, tailored to the final state, is of
paramount importance.

We refer to the introduction in [17] for a short description of the role of GCM spheres in
the proof of the nonlinear stability of Schwarzschild in [16] and the crucial role we expect
them to play in extending that result to Kerr.

1.1 Review of the main results of [17]
1.1.1 Background space

As in [17] we consider spacetime regions R foliated by a geodesic foliation S(u, s) induced
by an outgoing optical function? v with s a properly normalized affine parameter along
the null geodesic generators of L = —g*?dsud,. We denote by r = r(u, s) the area radius
of S(u,s) and let (es,eq, €1, €2) be an adapted null frame with e4 proportional to L and
e1, €2 tangent to spheres S = S(u, s), see section 5.1. The main assumptions made in [17]
were that the Ricci and curvature coefficients, relative to the adapted null frame, have the
same asymptotics in powers of 7 as in Schwarzschild space. Note that these assumptions
hold true in the far region of Kerr and is expected to hold true for the far region of realistic
perturbations of Kerr. The actual size of the perturbation from Kerr is measured with

respect to a small parameter € > 0, see sections 5.1.2 and 5.1.3 for precise definitions.

1.1.2 Definition of GCM spheres

These are topological spheres S embedded in R endowed with a null frame ef, e, €5, €5

adapted to S (i.e. ef, €S tangent to S), relative to which the null expansions x5 = tryS,
kS = trxs and mass aspect function uS take Schwarzschildian values, i.e.

2 278 2mS
RS- =0, S+ =0, 45— =0 (1.1)
-

'Such as formation of black holes, stability of multiple black holes, final state conjecture,...

2As explained in Remark 1.3 of [17], this is not strictly necessary. Any other foliation satisfying
comparable asymptotic assumptions would also work.
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where S, mS denote the area radius and Hawking mass of S and TS = 1— 2%, see section

5.1 for precise definitions.

As explained in the introduction to [17], these conditions have to be relaxed with respect
to the ¢ = 0,1 modes on S. To make sense of this statement requires us to fix a basis
of £ = 1 modes on S, which generalize the ¢ = 1 spherical harmonics of the standard
sphere®. Assuming the existence of such a basis J®,p € {—, 0, —1—}, we define, for a scalar
function h,

(M, = {/Shﬂ”), pz—,0,+}. (1.2)

A scalar function h is said to be supported on £ < 1 modes, i.e. (f)7, =0, if there exist

constants Ag, B_, By, By such that
h=Ay+B_J9 + ByJY + B, JW. (1.3)

With this definition, (1.1) is replaced by

2 278 2mS
/ﬂ?s -5 = O, (ﬁs + _S> = 07 (:us - %) =0. (14)
r r £>2 (T ) >2

1.1.3 Deformations of spheres and frame transformations

The construction of GCM spheres in [17] was obtained by deforming a given sphere
S = S(u,s) of the background foliation of R. An O(d) deformation of S is defined by a
map ¥ : S — S of the form

U(u,s,y',9%) = (73 + Uy y?), s+ S(yl,y2),y1,y2> (1.5)

with (U, .S) smooth functions on .S, vanishing at a fixed point of S, of size proportional

to the small constant 0. Given such a deformation we identify, at any point on S, two
important null frames.

1. The null frame (e3, ey, €1, €2) of the background foliation of R.

2. A null frame (e§, €5, €5, e3) adapted to the sphere S.

3Recall that on the standard sphere S?, in spherical coordinates (6, ¢), these are .J 05%) = cos 0,
JHE) = sin 6 cos ¢, J—5°) = sinfsin .



In general, two null frames (es, eq, €1, €2) and (e}, €}, €], €,) are related by a frame trans-
formation of the form, see Lemma 5.6,

eﬁl = A (64 + fbeb + lelf’2€3> )
6; = (dzb + %iafb) ep + %za€4 + (%fa + %|f|2ia) €3, (16)
= (1 £ o lPIER ) o (224 PP ) en e ).

where the scalar A and the 1-forms f and f are called the transition coefficients of the
transformation. As explained in the introduction to [17], one can relate all Ricci and
curvature coefficients of the primed frame in terms of the Ricci and curvature coefficients
of the un-primed one. In particular, the GCM conditions (1.4) can be expressed in terms
of differential conditions for the transition coefficients (f, f,A). The condition that the
horizontal part of the frame (€5, e5) is tangent to S also leads to a relation between the

gradients of the scalar functions U, S, introduced in (1.5), and (f, f). Roughly, we thus

expect to derive a coupled system* between Laplace equations for U, S, on S and an
elliptic Hodge system for F' = (f, f,A —1) on S.

1.1.4 GCM spheres with non canonical ¢ = 1 modes in [17]

Here is a short version of our main result in [17].
Theorem 1.1 (Existence of GCM spheres in [17]). Let R be fized spacetime region,
endowed with an outgoing geodesic foliation S(u, s), verifying specific asymptotic assump-

tions® expressed in terms of two parameters 0 < § < e. In particular we assume that the
GCM quantities of the background spheres in R, i.e.

2 27 2
R—= -, (ﬁ—i__) ) ( - _,,Z;L) 3 (17>
r T ) >2 ™ ) r>2

are small with respect to the parameter §. Let S = S(&, g) be a fized sphere of the foliation
with 7 and m denoting respectively its area radius and Hawking mass, with r sufficiently
large. Then, for any fived triplets A, A € R? verifying

(o}

AL Al S 9, (1.8)

“See the introduction in [17] for further explanations.
5Compatible with small perturbations of Kerr.



there exists a unique GCM sphere S = S(A, A), which is a deformation of g’, such that®

2 278 2mS
Iis — 5= 0, (ﬁs + _S> =0, (,U/S - %) =0, (19)
r L (r®) >2

and
(divS e = A, (div® [y = A, (1.10)

where (f, f,\) denote the transition coefficients of the transformation (1.6) from the back-
ground frame of R to the frame adapted to S.

Remark 1.2. The conditions (1.7), (1.9) and (1.10) depend on the definition of ¢ = 1

modes respectively on S and S. In [17], once a choice of € =1 modes on S is made, it is
then extended to S wusing the background foliation. As a consequence, the GCM spheres

of Theorem 1.1 depend on the particular choice of { =1 modes on S.

1.2 Main new results on uniformization of spheres

One of the main goals of this paper is to remove the arbitrariness in the definition of the
¢ = 1 modes on the deformed GCM spheres S. We do that by appealing to two new results
concerning uniformization of nearly round spheres. The first result, based on works” by
Onofri [19] and Chang-Yang [3], [4], given in Theorem 3.1, provides an effective version of
the classical uniformization theorem. The second result, given in Theorem 4.1, based on
Theorem 3.1 and previous work® of Frisecke James and Miiller [10], allows us to formulate
and prove a stability result for effective uniformization of nearby spheres. Together with
a notion of calibration, which we introduce in section 4.4, this result allows us to define
a canonical definition of £ = 1 modes for deformed spheres S.

1.2.1 Classical uniformization

According to the classical uniformization theorem, if S is a closed, oriented and connected
surface of genus 0 and ¢° is a Riemannian metric on S, then, there exists a smooth
diffeomorphism @ : S — S and a smooth conformal factor u on S? such that

0% (%) = (%)% (1.11)

6Note that the GCM conditions (1.9) require a choice of £ = 1 modes on S, see Remark 1.2.

7 We thank A. Chang for bringing this works to our attention. The precise formulation given in
Theorem 3.1 does not seem to appear in the literature we are aware of.

8We thank C. De Lellis for bringing this paper to our attention.




where 7, is the canonical metric on the standard sphere S? and r° the area radius of S.
Unfortunately the conformal factor w is not unique and it is thus difficult to control its
size and, more importantly for our applications to GCM spheres, it does not allow one
to compare the the conformal factors for two nearby spheres. We state below two results
which overcome these difficulties. Both results are applicable to almost round spheres, i.e.
closed 2-surfaces S with Gauss curvature K*° sufficiently close to that of a round sphere.
More precisely, we have for some sufficiently small € > 0

1
5)2

(TS)Q ’

‘KS 1 < (1.12)

In what follows we state, in a simplified version, our main new results on effective uni-
formization.

1.2.2 Effective uniformization

Theorem 1.3 (Effective uniformization 1). Given an almost round sphere (S, g°) as above
there exists, up to isometries’ of S?, a unique diffeomorphism ® : S* — S and a unique
conformal factor u such that

% (g%) = (r¥)*e* sz,

/e%:i:o, i=1,2,3.
S2

Moreover the size of the conformal factor u is small with respect to the parameter €, i.e.

(1.13)

HuHLoo(S2) S €.

The result is restated in Theorem 3.1, in the case of radius 1 spheres, and in general in
Corollary 3.8.

We use this effective uniformization to define a basis of £ = 1 modes on S as follows
J(pvs) — J(pst) o) ®_1 (114)
where J®5%) are the standard ¢ = 1 spherical harmonics of the round sphere S?. We
note however that this definition is still ambiguous with respect to arbitrary rotations of
S?. We can remove this arbitrariness for deformations S of S by calibrating the effective

uniformization of S with that of S, see the discussion in section 4.4. This requires however
our stable uniformization result which we discuss below.

%.e. all the solutions are of the form (® o O,u 0 O) for O € O(3).



1.2.3 Stability of the effective uniformization

Theorem 1.4 (Effective uniformization 2). Consider two almost round spheres (Sy, g°")
and (Sa, g%2) and their respective canonical uniformizations (®1,uy), (P, uz) provided by
the effective uniformization result mentioned above, and a smooth map ¥ : S; — Ss.
Assume also that the metrics g>* and $#(g?) are close to each other in S*,

—2
() Nlg® = UF (%) oo (1) < 6 (1.15)

relative to a small parameter 6 > 0. Then, there exists O € O(3) such that the map

o~

U= (Py) "' o W o Dy verifies,

|U = Ol ey S 0. (1.16)

~

Moreover the conformal factors wy,us verify

~

Hu1 — \IJ#UQHLOO(SQ) 5 0. (117)

The result is restated in Theorem 4.1. Its proof is based on a result due to G. Friesecke,
R. James and S. Miiller [10] which improves on a classical result of F. John [13].

We also provide the higher regularity analogue of Theorem 1.4, stated in Proposition 4.7,
based on a recent personal communication of Camillo De Lellis and Stefan Miiller. The
De Lellis-Miiller result is stated in Theorem 4.6 and proved in Appendix A to this paper
by De Lellis.

To avoid the indeterminacy with respect to O € O(3), we introduce a notion of calibration
between (P, v;) and (P, vo) with respect to the map ¥, see section 4.4. Under this notion
of calibration we can replace (1.16) by,

| — Il mgey S 6. (1.18)

1.2.4 Stability of the canonical / =1 modes

Consider two almost round spheres (51, ¢') and (S,, g°2) and their respect canonical uni-
formizations (®1,u1), (P2, us) provided by the effective uniformization result mentioned
above, and a smooth map ¥ : S; — S,. Assume also that the metrics ¢°* and U#(g"?)
are close to each other in St i.e.,

16 — U (g°) || 251y < 6. (1.19)

10



Assume also that the uniformization maps of Si, Sy are calibrated, as in section 4.4 and
let

Ji=J%=Jod !, i=1,2,
be the £ = 1 canonical modes of S, S;. Then

T o xp) ) (1.20)

The result, stated in Proposition 4.14, follows from Corollary 4.11 which is an immediate
consequence of Theorem 4.1 and calibration.

1.3 Construction of GCM spheres with canonical / = 1 modes
1.3.1 Canonical version of Theorem 1.1
Theorem 1.5 (GCM spheres with canonical ¢ = 1 modes). Under the same assump-

tions as in Theorem 1.1, there exists a unique'® GCM sphere S = S(A,A), which is a
deformation of S, such that

2 278 2mS
eoZoo (2 So (-22) o e
r r £>2 (T> >2

and

(divS f)—y = A, (div® f)e—1 = A,

(1.22)

with canonically defined ( = 1 modes, i.e. J®S) = J@#5*) o &1 see (1.14).

The result is restated in Theorem 6.5.

1.3.2 Intrinsic GCM spheres

Using Theorem 1.5 we prove an intrinsic result, i.e. without reference to the background
foliation, on the existence and uniqueness of GCM surfaces. These are such that the £ =1
vanishing conditions (1.22) on div®(f) and divS(f) are replaced by the vanishing of the

¢ = 1 modes of divS3S and trxS. The horizontal 1-form 35 is a curvature component of
the Riemann curvature tensor with respect to the null frame adapted to S, constructed
in Theorem 1.1.

0Up to a rotation of S2.

11



Theorem 1.6 (Intrinsic GCM spheres with canonical ¢ = 1 modes). Under slightly
stronger assumptions on the background foliation of R there exists a unique' GCM de-

formation of S wverifying, in addition to (1.21),
(divSp%)=1 =0, xS, =0, (1.23)

relative to the canonical £ =1 modes of S.

The result, which is restated more precisely in Theorem 7.3, can be regarded as a
codimension-2 spacetime version of the well known Huisken-Yau result [12] on the ex-
istence of stable, constant mean curvature spheres, in 3D asymptotically flat Riemannian
manifolds. Though Theorem 1.5 is strictly motivated by out interest in the Kerr stability
conjecture, we strongly believe that it is of independent interest and has the potential for
other applications.

Remark 1.7. The assumptions on the spacetime region R in Theorem 1.6 are in partic-
ular satisfied in Kerr for r sufficiency large, see Lemma 7.9. We can thus apply Theorem
1.6 in that context, and obtain the existence of intrinsic GCM spheres S itn Kerr for
r sufficiency large, see Corollary 7.10. The intrinsic GCM spheres S of Theorem 1.6 thus
correspond to the analog of Sker in perturbations of Kerr for r sufficiency large.

1.3.3 Definition of angular momentum

The result of Theorem 1.6 is unique up to a rotation of S? in the definition of the canonical
¢ =1 modes on S, see (1.14). We can remove this final ambiguity'? by adjusting the choice
of canonical modes J®%) on S, performing a suitable rotation in S?, such that

/curlsﬁs JES) =, (1.24)
s

This allows us to define on S the angular parameter ¢® by the formula'?

S (TS)?’ S 2S 7(0,8)
a’ = curl ® 57 J53) (1.25)
S

8mmS

The result is stated more precisely in Corollary 7.7.

HUp to a rotation of S2.

12The only case where the ambiguity cannot be removed is when (1.24) holds for any one choice of
canonical modes, i.e. (curl 35),—1 = 0. In that case, we set @S = 0 which is consistent with (1.25).

13Note that in a Kerr space K(a,m), relative to a geodesic foliation normalized on I, we have

JscurlSE8TES) =0 and [ ourl$58J0S) = Szem 4 0 (285 ).

12



Remark 1.8. Given its relation with GCM spheres, we expect that the definition given
above will play a key role in determining the final angular momentum for general per-
turbations of Kerr. We also note that other definitions of angular momentum have been
proposed in the literature, see [21] for a comprehensive review, and [20] and [6] for recent
interesting proposals.

1.4 Structure of the paper
The structure of the paper is as follows.
e In section 2, we review some of the classic results on the uniformization theorem for

spheres.

e In section 3, we provide a proof of our first effective uniformization result stated in
Theorem 1.3 and use it to define canonical basis of £ = 1 modes.

e In Section 4, we prove our main stability result for effective uniformization stated
in Theorem 1.4.

e In Section 5, we review the geometric set-up we need to state our GCM results.

e In Section 6, we review the main result of [17], stated in Theorem 1.1, and prove
its new version, stated in Theorem 1.5, using the notion of canonical ¢ =1 basis
introduced in section 3.

e In section 7, we prove our intrinsic GCM result stated in Theorem 1.6 and use it to
define our notion of angular momentum. We also illustrate the result in Corollary
7.10 applied to a far region of a Kerr spacetime.

e In section 8, we derive a priori estimates for GCM spheres.
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2 Review of uniformization results for the sphere

In this section, we review some well-known results concerning the uniformization theorem
for the sphere that will be used in section 3.

2.1 Uniformization for metrics on S2

We start with the following well known calculation.

Lemma 2.1. Let S a surface and let g° be a Riemannian metric on S. For a scalar
function v on S, the Gauss curvature of e2'g° is connected to that of g° by the formula

K(e*g®) = e (K® — Agu) (2.1)

where K° denotes the Gauss curvature of S and Ag the Laplace-Beltrami on S.

According to the classical uniformization theorem, if S is a closed, oriented and connected
surface of genus 0 and ¢° is a Riemannian metric on S, then, there exists a smooth
diffeomorphism ® : S? — S and a smooth conformal factor u on S? such that

o7 (g%) = €™ (2.2)

where v, is the canonical metric on the standard sphere S%. In view of Lemma 2.1 above,
if we denote by g the metric on S%, g = ®#(g°) = e**y,, we derive

Agu + K(g)e* =1 (2.3)
where we have used the notation

AO = A

Y0-
We thus have the following corollary of Lemma 2.1.

Corollary 2.2. If ®# ¢ = e?",, then u verifies the equation
Agu + (K% 0 ®)e? =1, (2.4)

where K° is the Gauss curvature of g° on S.

Proof. The proof follows from (2.3) in view of the fact that K (®#¢°) = K(¢%) o ®. O

14



Definition 2.3. Let M denote the group of conformal transformations of S?, i.e. the set
of diffeomorphisms ® of S? such that ®¥~y = e?“v, for some scalar function u on S?.

Remark 2.4. Let ® € M so that ®#~y = e?“~y. Then, u satisfies'
u = %log | det dP|.
Also, in view of Corollary 2.2, we have
Agu + e = 1. (2.5)
Lemma 2.5. All solutions of (2.5) are of the form u = 3log|det d®| with ® € M.

Proof. We have already checked that for every ® € M, u = %log | det d®| is a solution
of (2.5), see Remark 2.4. On the other hand, if u is a solution of that equation, then
K(e*vy) = 1 by Lemma 2.1 which implies that there exist a diffeomorphism & : §? — S?
such that ®#~, = e*7, i.e. ® € M and u = 3 log | det d®|. O

Corollary 2.6. If u is a solution of (2.3) with K = K(g), and if ® € M, then
1
up = uod+ §log‘detd®|

is also a solution of (2.3) with K replaced by K o ®.

Proof. If ® € M then, since &7~y = | det(d®)|y, and g = e?“~,
1
P# g = 2Py = 2| det(dP) |y = e* 0, v=uo®d+ 5 log | det d®|.

Hence if u is a solution of (2.3), with K = K(g), then so is up = uo ® + 1log | det d®|
with K replaced by K o ®, as K((I)#g) = K(g)o®. O

2.2 Conformal isometries of S?> and the Mobius group

We represent the standard sphere S* as {z € R?[z|*> = 1}. Let N = (0,0,1) denote
the north pole of S2. Through the stereographic projection from the North pole to the
equatorial plane plane (z',z%) we consider the complex coordinate

ol +ia?

14This follows immediately from writing ®#~y = e, in matrix form, by evaluating on an orthonormal
frame, and then taking the absolute value of the determinant on both sides. Also, recall that | det d®| is
an intrinsic scalar on S?, i.e. it does not depend on the particular choice of orthonormal frame.
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with the inverse transformation

2 2 122 — 1
1 2 3
x FRpE zZ, T 1+|z|2\sz, x 1 (2.7)
and pull-back of the standard metric 7, on S?
41+ |22) 2| (2.8)

The conformal isometry group M of S? consists in fact of Mobius transforms and conju-
gation of Mobius transforms, see for example Theorem 18.10.4 and section 18.10.2.4 in
2], and can thus be identified with SL(2,C),

az+b az+b

—_— —_— d—bc=1 b.c.d ) 2.
ot d Z—>cz+d’ a c , a,bc,deC (2.9)

The particular case of Mobius transforms where d = a™! > 0 and b = ¢ = 0 will play an
important role. Given ¢ > 0 and a point p € S?, we can choose coordinates such that p is
at the north pole and obtain scale transformations defined by

D,z =tz. (2.10)

2.3 Onofri functional and inequality

Following [19], as well as [3] [4], we introduce the functional

Sfu] = i < [ |Vu|2+2/82 u) | (2.11)

Lemma 2.7. The functional S is invariant with respect to the transformations u — ug,
i.€.

Slug] = S[ul. (2.12)

Proof. See [19]. O

Definition 2.8. We define the center of mass of €** to be

2u
o] — = (2.13)
fSQ e2u
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where v = (x*, 2%, x3) on the sphere S®. Also, we define the spaces of functions'

S ::{u € H'(S?) such that CM|e*"] = 0},

Sy = {u € S such that / et = 47?} .
S2

Remark 2.9. If u belongs to S (resp. Sp), then wo O also belongs to S (resp. Sy) for
any O € O(3).

(2.14)

Lemma 2.10. Given u a smooth function on S? there exists a conformal transformation
® such that ue € S, 1i.e. sz ety = (.

Proof. See [19], as well as Proposition 2.2. in [3] and Lemma 2 in [5]. O

Remark 2.11. In fact, ® in Lemma 2.10 is unique up to isometries of S?, see Lemma
3.5.

Proposition 2.12 (Onofri). Given u € H'(S?) we have,
log (/ 62“) < Su] (2.15)
S2
with equality iff u = 3log|det ®| for some conformal ® € M.

Proof. See [19]. O

2.4 Improved Onofri inequality and applications

The following is Proposition B in [3] which improves the Onofri inequality for u € S.

Proposition 2.13. There exists an a < 1 such that for allu € S

1 1 1
» e® < exp (aﬂ / |Vul? + QE/U) (2.16)

Corollary 2.14. Let a < 1 as in Proposition 2.13. If u € Sy then,

i/wu\? < (1-a)'S[ul. (2.17)

1% To the best of our knowledge the condition [, ze** = 0 appears first in [1].
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Proof. Since u € Sy, we have in view of Proposition 2.13

1 1 1
1= o e?" < exp (aE / |Vul? + QE /u) (2.18)

from which we deduce
1 9 1
— 2— > .
a47r/|Vu|+47T/u_O

By definition of S|u] we infer

(1 —a)ﬁ/|Vu\2 — S[u] (a$/|Vu]2+2i/u> < S[u]

as desired. O

The following is Proposition 4.1 in [4].

Proposition 2.15. Let K > 0 be the Gauss curvature of the metric €?“~y on S?, so that
w verifies (2.3), i.e. Aw+ Ke?” = 1. Then S[w] < C(K) for some constant C' depending
only on maxsz K and ming: K.

Proof. In view of Lemma 2.10 and Lemma 2.7, we may assume that w is centered, i.e.
w € S. The proof then follows by exploiting that w satisfies Aw + Ke?¥ = 1, and relying
on an estimate satisfied by functions in S. See [4] for the details. O
The following is Corollary 4.3. in [4].

Corollary 2.16. Given any 6 > 0, there exists € > 0 sufficiently small such that if
| K — 1]|oc < € then S[w] <0 for all w, K which verify equation (2.3).

Proof. The proof, based on a contradiction argument, relies on Lemma 2.7, Proposition
2.15 and the fact that any centered solution of Agw + e¢*¥ = 1 must vanish identically.
See [4] for the details. O

We restate the result in the following.

Corollary 2.17. Let g a metric on S* such that g = e*'~yy with u € Sy. Then, given any
d > 0, there exists € > 0 sufficiently small such that if ||K(g) — 1||z~ < €, then

lulls < 6. (2.19)
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Proof. According to Corollary 2.16, given 6 > 0 sufficiently small, we can find € > 0 such
that if |K(g) — 1|z~ <€, then S[u] < 6% In view of Corollary 2.14, we deduce

1
4—/\Vu|2 < (1—a)to%
m

Together with the bound S[u] < 6%, we infer

V|| g2 + ‘/u

Together with the Poincaré inequality for scalars on S?, we infer

< 4

lullgr S 0

as desired. O

3 Effective uniformization for nearly round spheres

Let (S, g%) be a fixed sphere of area radius 1, i.e. |S| = 4m. The goal of this section is to
obtain the following improvement of the results reviewed in section 2.

Theorem 3.1 (Effective uniformization). Let (S, ¢°) be a fized sphere with |S| = 4.
There exists, up to isometries'S of S?, a unique diffeomorphism ® : S* — S and a unique
centered conformal factor u, i.e. u € S, such that ®#(g°) = e**vy. Moreover, under the
almost round condition

| K5 — 1| < € (3.1)

where K = K(g°), the following properties are verified for sufficiently small € > 0.
1. We have
Juo @ M| s Se. (3.2)

2. If in addition || K° — 1]

me(s) < € for some s > 0, then

Juo @7 g2rss) S € (3.3)

6i.e. all the solutions are of the form (® o O,u o O) for O € O(3). In particular, recall that if u is
centered, then so is u o O for O € O(3), see Remark 2.9.
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Remark 3.2. To the best of our knowledge the estimates (3.2), (3.3) have not been stated
as such in the literature. The uniqueness statement also appears to be new.

Remark 3.3. One can easily adapt the statement of Theorem 3.1 to the case |S| # 4,
see Corollary 3.8.

Theorem 3.1 will be proved in section 3.3. We first provide improvements of Lemma 2.10
and Corollary 2.17.

3.1 Uniqueness for Lemma 2.10

In this section, we provide a uniqueness statement for Lemma 2.10, see Lemma 3.5. We
also strengthen the conclusions of Lemma 2.10 for nearly round spheres, see Lemma 3.6.
To this end, we start with the following decomposition of conformal isometries of S?.

Lemma 3.4. Any ® € M admits the following decomposition
¢2010@N7t002

where 01,04 € O(3), N = (0,0,1), t > 0, and the scale transformation @y, has been
introduced in (2.10).

Proof. Upon multiplying ® by a reflexion, which belongs to O(3), we may assume that ®
corresponds, in view of section 2.2, to a Mobius transformation, and hence to a matrix in
SL(2,C). Then, using that, see for example [14],

1. composition of Mobius transformations corresponds to matrix multiplication in
SL(2,C),
2. SO(3) corresponds to Mobius transformations with matrices in SU(2),

3. scale transformations ®y; with ¢ > 0 correspond to the following matrix in SL(2,C)

(3 2)
1 )
0 7
the lemma reduces to proving the following decomposition for a matrix A € SL(2,C)
vVt 0 )
L .

0 L (3.4)

A:UlDUQ, Ul,UQ ESU(2), D= <
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To prove the claim (3.4), we apply the polar decomposition to A
A = RU;, R=R", R >0, det(R) =1, Us € SU(2),

where det(R) = 1 and Us € SU(2) since det(A) = 1. Also, R being hermitian semidefinite
positive, we may diagonalize it as follows

R:Ul(gﬁl)m, U, e SUER),  A>0,

where we have used the fact that det(R) = 1. Finally, we have

t 0
A:Ul( 0 1 )UQ, WherengUng, t:/\2>0,
Vi
which is (3.4) as desired. O

Lemma 3.5. Let u be a smooth function on S* and let ® be a conformal transformation.
Assume that both u and ug belong to S. Then, we have'™ ® € O(3).

Proof. Decomposing ® using Lemma 3.4, it suffices in fact to prove that if u and ug,,
are in §, where t > 0, then ®n,; = I, i.e. t = 1. Thus, from now on, we assume that u
and ug,, are in § with £ > 0.

Since u and ug, , are in S, we have

2
0 = ety — [ ey = [ 2Nt det(dPy)|r — [ e*a
52 s? s? s?
= /2 eQ“xOQJ:,}t— /2 ey = /2 62u<xO¢N,% —$> (3.5)
S S S

where we used the definition of ug,,, the change of variable formula, and the fact that
<I>]_V71t = ®y4-1. Now, in view of the formula for ®y,;, we have, using the formula for
stereographic coordinates, see (2.7),

2t—1 ot—1 t72|2|2 —1
1 _ 2 e — 3
x O®N,t_1 g m%z, xr O ®N7t—l = 1 +t_2|2‘2%27 xXr O (bNt 1 t 2|Z|2 +1
Since
o = 14 23
I

17Recall from Remark 2.9 that if u belongs to S, then u o O also belongs to S for any O € O(3).
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we infer, using (2.7) again,

zlod 27 !
N T A ) + (1 —aB)
2t1
2 2
Oy _ = 3.6
TN T e )+ (18 (36)
t_2 1 — 3
ody = _UFT) =)
t2(1+23) + (1 — 23)
In particular, the last identity of (3.6) yields
1— <$3)2
Oy s —a2° = (77—
T 0PN _t —T ( )t (1+Q33)—|—<1—5L’3>
and thus,
1— (23)?
2u(,3 3 -2 2u
Dy1— ) = (-1
/Sf (‘” %Ny T ( )/gf =2(1 1 2%) + (1 — 29)
so that we have, in view of (3.5),
1— (23)?
t2-1 2u = 0.
( )/Sze 2(1+29) + (1 — 29)
Since the integral is strictly positive and ¢t > 0, we infer ¢ = 1 as desired. O

Lemma 3.6. Let € and 6 two constants such that 0 < § < e. Given u a smooth function

on S? such that
/ ey
SQ

Then, for e > 0 sufficiently small, there exists a conformal transformation ® such that
uep € S and satisfying in addition < 0.

S 5, HUHLOO S €.

Proof. Let p; = (1,0,0), po = (0,1,0) and p3 = (0,0, 1), and let us consider the map
0 :R?* = R?, O(t) = / e2U®p1,1 %0y, 12 9%py 15
S2
To prove the lemma, it suffices to exhibit ¢ € R? such that O(¢) = 0 and |t —(1,1,1)] < 4.

Using the definition of ug, , , the change of variable formula, and the fact that @;ti =
®,. 1, we have



Since | [, €*“z| < 0, and since ®,, ; is the identity, we have

0(1,1,1) = /62“91;:0(5). (3.7)

Next, we compute the differential of © at ¢t = (1,1,1). To this end, note that we have in
view of (3.6)

O(1,1,t3) = /eQ"JJOq)pSl:@(l,l,l)—i-/ 62"<xo<I>Ni—:L‘)
S2 t3 S2 t3
2t~ 1

t—2(1+:r:3)—f(1—:c3)'r
)

u 2
= ®(17 L 1) +/ e? t‘2(21+$3)+(1—:c3)x2
S2 t—2(1+a3)—(1—23)
t=2(14x3)+(1—=3)

We infer, using also ||u||p~ <,

2xtz3 2xte3
0,0(1,1,1) = / e 22% 13 = O(e) +/ 2223
s —(1—=(2%)?) A\ (1= (2%))
and hence
8 0
8t3®(1, ]_, 1) = —? 0 + O(E)
1

One easily derives corresponding identities for 0, ©(1,1,1) and 0;,0(1,1, 1) which yields

&
d®|(1,1,1) = —?I + O(E) (38)

Thus, finding ¢ such that ©(t) = 0 amounts to solving the following fixed point
t—(1,1,1) = —(d®, )" [@(1, 1,1) + <®(t) —O(1,1,1) —dey,, (¢t — (1,1, 1)))]
whose existence, together with the desired estimate |t — (1,1,1)| < 4, follows, in view of

(3.7) and (3.8), from the Banach fixed point theorem. O

3.2 Improvement of Corollary 2.17 for nearly round spheres

In the proposition below, we improve the results of Corollary 2.17 for nearly round spheres.
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Proposition 3.7. Assume that the metric g = e*yy on S?, with u € Sy, is such that
1K (g) — 1|z < €. Then, for e >0 sufficiently small, we have

[ull oo s2) < e (3.9)
Proof. Let 0 > 0 a sufficiently small universal constant which will be chosen later. Then,

according to Corollary 2.17, if €, such that [|[K — 1|z~ < € holds, is sufficiently small, i.e.
0 <e<e(d) <1, we have

[ullz < 6.
Our goal is to improve this estimate by showing that the stronger bound (3.9) holds.
Since g = ey, the scalar function u verifies equation (2.3), i.e.
Aogu + Ke* =1,
where K = K(g), which we rewrite in the form,
Agu+ (e® —1) = —(K — 1)e*"
or,
Agu+2u = —(K—1)e* — f(u), where f(u):=e*—1—2u= Z 2—nu”

n!
n>2

Also, since u € Sy, we have [ e*"z = 0. Together with [ 2 = 0, we deduce,

0 = /e%:/(1+2u+f(u))x=Q/ux+/f(u)x
’/uw

Note that f(u) < 4u®e*". By standard elliptic estimates we have!®

and hence

S [ 17l S 1)

Jullze S [1(Ao0 + 2)ullr: + '/ux

8Note that the kernel of Ag + 2 is given by the £ = 1 spherical harmonics, and that J uz corresponds
to the projection on these spherical harmonics.
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and hence

lullzz < (K = D)e (|2 + [1f (w)llz2 + ’/w

S elle®llze + 1 (w2
S elle™ e + Aflull o lle™] e

In view of Onofri inequality (2.15), we have
log [ < S{2ul S fulfye + ullin S5<1

where we have used ||ul|z: < ¢ and chosen ¢ > 0 sufficiently small. We deduce,
lullzz < e+ llullze.
By a calculus inequality
1 1
[ull e S Null Zollull 7o
Hence,
lullzz < €+ lull z2llull a2

Thus, since ||u||g1 < 6, we infer that, in fact, for 6 > 0 small

[ullpz < e

In other words, if |K — 1|z~ < ¢, for € > 0 sufficiently small, then |lu|pz S e In
particular, by Sobolev inequality, we have |[u||L~ < € as stated. m

3.3 Proof of Theorem 3.1
3.3.1 Existence part

According to the standard uniformization theorem, there exists a scalar function @ and a
map @ : S* — S such that we have ®#(g%) = e*yy with [, e** = 4x. In view of Lemma
2.10, we can find ¥ € M such that u = iy € Sp, and then, g = ®#(g%) = e*v, with
d=PoV.
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3.3.2 Uniqueness part

We address below the issue of uniqueness, up to isometries of S?, of (®,u). Assume that
we have

(©)*g° = ™o, i=1,2, (3.10)

with @; : S* — S diffeomorphisms and u; centered conformal factors. Let ¥ = &, Lod,
so that ¥ : S? — S?. In view of the above, we have

—1 —1
\Ij#,.yo _ (I)fé(q)?—l)#,yo _ @i‘#(e—ngo@Q gS) _ e—2u20<I>2 O‘I’1€2u1,}/0
and hence
\II#’VO — 62(u1—u20l11)70.
Therefore VU is a conformal isometry of S?, and we deduce in view of Remark 2.4
1

Uy —ug o U= §log|det\11|,

ie.,

Uy = (Ug)\p

Since both u; and us are centered we deduce, in view of Lemma 3.5, ¥ = O with O € O(3)
and therefore ®; = ®5 0 O and u; = uy 0 O as stated.

3.3.3 Estimates

From now on, we assume in addition the almost round condition (3.1). In view of (3.1),
and the fact that g = e*~, with u € Sy, we deduce by Proposition 3.7 that ||u|| 1 (s2) < €.
This implies ||uo® || 1(s) < € as stated in (3.2). To prove the higher derivative estimates
we observe that

(@ Ny = e g%, vi=uod ! (3.11)
which together with Lemma 2.1 implies
1=K(® ") #y) = K(e*¢°) = e”(K° + Agv)
so that v verifies
Agv = (6721} - 1) - (KS - 1)7 ]| Loosy S €

In view of the almost round condition (3.1), we easily deduce that in fact ||v||g2(s) S €.
Moreover, if we have in addition ||[K® — 1||gs < €, then, by standard elliptic regularity,
we obtain |[v||g2+s(g) S € as stated.
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3.4 Effective uniformization for nearly round spheres of arbi-
trary area

Let (S, g%) be a fixed sphere, and let 7% denote its area radius, i.e. r° satisfies

S| = 4 (r®)2.
Given a positive integer s, we introduce the following norm on S
1 llossy = = DNV Fllias). (3.12)
i=0

The goal of the following corollary is to extend Theorem 3.1 to the case ¥ # 1.

Corollary 3.8. Let (S,g°) be a fized sphere. There exists, up to isometries'® of S?, a
unique diffeomorphism ® : S?* — S and a unique centered conformal factor u, i.e. u € S,
such that

®#(g%) = (r¥)*e* 0.

Moreover, under the almost round condition

1 €
K% — < (3.13)
Pl = TP
the following properties are verified for sufficiently small € > 0.
1. We have
lwo® e < (3.14)
2. If in addition
1 €
K® — < — (3.15)
H (r5)? hs(S) rd
for some s > 0, then
-1 S
|uo® o 1a(S) S er”. (3.16)
Proof. Consider the metric §° on S given by
1
=S S
: (7"5)29 .

Then, (S, §°) has area radius 1, and K(g°) = (r%)2K(¢°) so that, in view of (3.13), the
almost round condition (3.1) holds for §°. Thus, we may apply Theorem 3.1 to (S, §")
which then implies the first two conclusions of Corollary 3.8 for (S, g°). O]

19i e. all the solutions are of the form (® o O,u o O) for O € O(3).
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3.5 Canonical basis of / =1 modes on S

Let S be an almost round sphere, i.e. verifying (3.13). The goal of this section is to define
on S a canonical generalization of the ¢ = 1 spherical harmonics.

Recall that the ¢ = 1 spherical harmonics JS = (J(*’SQ), J(O’S2), JH’SQ)) are given by the
restriction of x!, 22, 23 to S2. More precisely, in polar coordinates,

JOS) — 43 — cos ), JHES) = 21 = sin 6 cos ¢, JES) = 2% = sinfsinp. (3.17)
Lemma 3.9. We have, for p,q € {—,0,+},

Aoj(p,Sz) - _QJ(nSQ)’
41

(».S?) 7(a:8?) -
. J JY ) day,, = 3 dpgs (3.18)
/ JPda, =0,
SZ
Proof. Straightforward verification. m

Definition 3.10 (Basis of canonical ¢ = 1 modes on S). Let (S, g°) be an almost round
sphere, i.e. verifying (3.13). Let (®,u) the unique, up to isometries of S*, uniformization
pair given by Corollary 3.8, i.e.,

d:S*— S, O#(g°%) = (r¥)%e*,, ueS.
We define the basis of canonical £ =1 modes on S by
JS = J¥ oo ! (3.19)
where J¥ denotes the { = 1 spherical harmonics, see (3.17).

Remark 3.11. Note that the canonical basis is unique up to a rotation on SZ.

Lemma 3.12. Consider (S,g°) a sphere of area radius r° verifying the almost round

condition (3.13). Let (®,u) the unique, up to isometries of S*, uniformization pair given
by Corollary 3.8. Let J° denote the basis of canonical ¢ = 1 modes on S of Definition
3.10. Then, we have

AS(](I%S) - _ _ 6—20)(](?,5)’
r

/S(](p,S)J(%S)dag — ?(TS)%SM + /S J0S) J@S) (1 — =) days, (3.20)

/ J(p’s)dag =0,
s
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with A® the Laplace-Beltrami of the metric ¢° and with v := uwo ®~1. Moreover we have,

(3.21)
4
[ 75 0, = Py + Ol
S

where € > 0 is the smallness constant appearing in the almost round condition (3.13).

Proof. Since (®,u) is the unique, up to isometries of S?, uniformization pair given by
Corollary 3.8, we have

d:8* — S, d# (%) = (r¥)2e® 0, ues.
We rewrite this as follows

g% = (r®)*e* g, 9o = ((I)_l)#%, vi=uod . (3.22)

Since AgJS” = —2J% and go = (@‘1)#%, we have, in view of the definition of J°, i.e.
J5 = JF 0@t = (o))" 5

Ayt = —2J°.

On the other hand, since g° = (r?)2e?"gy, we have in view of the conformal invariance of
the Laplacian, Ag = () 2e"2A,,. We deduce

2 5 2

AgJS = (r5) 22 A, JS = —2(r5)2e 2 J5 = — I n W( ey 1) JS.

Also,
/SJ(P,S)J(%S)dagS — /SJ(p,S)J(q,S)(TS)2e2vdago
s (1)
—I—(TS)Q/SJ(”’S)J((”S) (e —1)day,

= (1%)? /S 2 J®E) J@Sqq, . J@S) J@5) (e — 1) *days

4m _o
= ?(7’5)25]3(1+/SJ(p’S)J(q’S)(1—e 2 )dags.
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Also, in view of the centeredness of u,
/Jsdags = /JS2 o &1 (r%)%e*da,, = (7“5)2/ (@1)#(62“J82)da<
s S S

= (r%)? /2 e*xda,, =0
S

as stated. The proof of (3.21) follows immediately in view of the fact that v = wo ®
satisfies ||v]|p~ < €, see (3.14). O

Corollary 3.13. Let (S, g°) verifying (3.13). Let (®,u) the unique, up to isometries of
S?, uniformization pair given by Corollary 3.8. Let J° denote the basis of canonical £ = 1
modes on S of Definition 3.10. Then, for sufficiently small € > 0, the following holds*®

/S (KS - (Ti)2> JeS = 0(e),  p=0,+,—, (3.23)

where K° and r® denote respectively the Gauss curvature and the area radius of S.

#
q;—l) Y0

Proof. Since ®*(g°) = (r%)%e*y,, we have K ((r%)2e~24®*(¢%)) = 1 and hence
L= K(05) 220 (%) = K (%) 20" (e ")
= K((r®) e %¢%) 0 @, vi=uod !
which together with Lemma 2.1 yields
1=K((r")%e ¢") = (r°)%¢* (K® + Agv).
We infer

KS—L = —(AS+(2 )v—i—f(—v) fv) :=e* —1—2v. (3.24)

(TS)Z TS)2 (TS)Q ?

Multiplying by J®%) integrating on S and using integration by parts, we deduce

/S(KS_(T%)J L - _/Sj(p,S) (AS+ (Ti)z)vqt/s%(](p,s)
_ —/Sv <A5+ (r§)2> J<p,s>+/sizg;)<](p,s)'

Together with (3.21), the control |v| < € provided by (3.14), and the definition of f, we

infer
1 € |v]?
KS — ®9)| < / / < 2
/( <7~S>2)‘] S L e R

as desired. ]

20Note that, a priori, one would expect the right-hand side of (3.23) to be O(e). The fact that it is
actually O(e?) is an application of Corollary 3.8 and (3.21), see the proof below.
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4 Stability of uniformization for nearby spheres

Consider two almost round spheres spheres (S;,g%1) and (S, g*?), i.e. verifying (3.13),
and their respective uniformization pairs (®y,u), (Po, us), i.c.

4.1
CI)Q . SQ — SQ, go = (I)#<QS2) = (TS2)262u2’70a ( )

and uy, uy defined on S? verifying the conclusions of Corollary 3.8. We assume in addition
given a smooth diffeomorphism W : S; — S, such that the metrics ¢°' and U#(g°?) are
close to each other in S* with respect to the coordinate chart provided by ®;, i.e. for
some 0 < § <'e,

1

()

The goal of this section is to show the existence of a canonical diffeomorphism TS §?
which relates the two uniformization maps. More precisely we prove the following.

Hgsl - ‘I’#(QSQ)HLoo(sl) +

lg% = WF(g™)],. o0, < ()75, (4.2)

Theorem 4.1. Under the assumptions above, let U S? — S? be the unique smooth
diffeomorphism such that W o ®; = &5 0 W. Then, the following holds true.

1. The diffeomorphism U is smooth and there exists O € O(3) such that

H\I’ — OHLOO(SQ) -+ H\If — OHH1(§2) 5 0. (43)

2. The conformal factors uy,us verify

~

Hu1 — \IJ#UQHLOQ(SQ) g 0. (44)
Remark 4.2. Let us note the following concerning assumption (4.2).
e [t is clearly not sharp in terms of regularity. Sharper results could be obtained by

working in Holder spaces. On the other hand, in view of our applications, bs(S) are
the natural spaces.

e [t is coordinate dependent. Though it is sufficient for our applications, it would be
nice find a coordinate independent condition sufficient to recover the conclusions of
Theorem 4.1.

The proof of Theorem 4.1 is postponed to section 4.2. It will rely in particular on the
control of almost isometries of S? discussed in the next section.
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4.1 Almost isometries of S2

Proposition 4.3. Let © : S? — S? be a C? diffeomorphism such that,
16%70 — Yol Lo (g2) < 6.
Then, there ezists O € O(3) such that
1© = Oll=s2) +1© = Olluvszy S 6. (4.5)
Proof. We first extend the map © to a map © : R3\ {0} — R3\ {0} such that for every
T =rw,w €S r>0,

O(rw) = re(w). (4.6)

It is easy to check that, denoting by e the euclidian metric,
~ 1
H@#t? — €HLoo(D) 5 (5, D = {.CIZ‘ € R? / 5 < ‘.I" < 2} . (47)

We deduce
~ ~\1
IVO(VO)" — I||1epy S 6,
ie.
JAA" — I||ppy S 6,  A:=V6,
where A is a function on D taking values in 3 by 3 matrices.

By the polar decomposition of A, there exists, at every point p € D, a unique orthogonal
matrix O € O(3) such that

A= (AAY20.
We deduce, at every p € D,
A-0| = |(A4): —1| <6
Therefore,

sup min ‘Vé—O‘ <9
D 0O€0(3)
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ie.,
Idist(V8, OB))l|z(0) S .

In particular, the determinant of VO cannot vanish on D, and hence, since D is connected,
is either strictly positive or strictly negative everywhere on D. From now on, we assume
for simplicity that the determinant of VO is strictly positive everywhere on D, the other
case being similar. We infer

|dist(VO, SO(3))|| 1= (py < 6. (4.8)

~Y

We rely on the following result?! of G. Friesecke, R. James and S. Miiller in [10] pointed
to us by Camillo De Lellis.

Theorem 4.4. Let D C R"™ a bounded Lipschitz domain, n > 2 and 1 < p < 400. There
exists a constant C' > 0 depending only on D and p with the property:

For every ¢ € W'P(D,R") there exists a rotation Oy € SO(n) such that,

IV = Oollepy S Clldist(Vep, SOn))| e (p)- (4.9)

~

Remark 4.5. The estimate of Theorem 4.4 fails in L* but still holds in BMO from a
well known estimate of F. John [15].

We infer from (4.8) and Theorem 4.4 the existence of a rotation Oy € SO(3) such that
VO = Oullzso) + IV = Oollzmy < 0.

Restricting to the sphere, we infer,
IVO — Oo[r3s2) + [[VO = Oo[12¢s2) < .

Together with Poincaré inequality and the Sobolev embedding, this yields

1© — O — o[ poe(s2) + V(O — Qo) 22y S 0,

Y
where x is given by

1 1
= @ SQ(@ - O(]) = —5 @, To € Rg, |.TJ0‘ <1.

o 9 s

2IThe result in [10] actually covers only p = 2. The case 1 < p < +oc is in section 2.4 of S. Conti and
B. Schweizer [9].
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Now, we have

IS?|mg = /S 2 O(r)da., = /S wdae-ys,
= /s? xdy + O(9) = O(9)
and hence 2o = O(9). Plugging in the above, we infer
10 = Ol + IV(O = Oo)llL2ey S 6

as stated. This concludes the proof of Proposition 4.3.

4.2 Proof of Theorem 4.1

We note that the following is an immediate consequence of (4.2)

< 0.

Y

L
752

o ‘

Denote
1 J— # 2
a1 = ‘Iﬁf&(gs ), g2 = (‘If ° (I)l) (QS ).

In view of our assumptions, we have

o=, [ am0 e <6
and
g1 — ngLoo(S?) + |lgr — 92”1{4(82) S (7“51)25-
We deduce,
e*inyg — ﬁgz . +|[e* "y — ﬁ% . S0,
or, in view of the control of u; as well as (4.10)
~ 1

—2uqi~

170 — €7 ol Loe(s2) + 170 — € ol ra(s2) < 9, 92 = Wgz-

34

(4.10)

(4.11)

(4.12)

(4.13)



Consequently
||K< 2u192) — 1||H2(SQ) < (S

We can thus apply Corollary 3.8 to the metric e 21§, and deduce that there exists, up
to an isometry of S?, a unique centered conformal v and a unique smooth diffeomorphism

O :S? — S? such that
O* (%) = (a0 el 56 (414

Hence,

—2u1

vo@ 1/ ~—
Go = (r12)°€®°° (@71 ¥y,
Since |79 — e 2“1 gy || gs S 4 it follows that,
70 — (r12)%€*°° ™ (@70 || gragszy S 9, r12 — 1| S 6,

where we also used ||v]| = (s2) < d for the second inequality. Since ||[v]|g4(s2) < 6 and © is
smooth we deduce,

170 — ©7 0l r(s2) S 0. (4.15)
We now appeal to Proposition 4.3 which yields the existence of O € O(3) such that
1© = Ollpee(s2) + 1© = Ollszy S 6. (4.16)

We rewrite (4.14) in the form
OF Gy = (1r12)2e® 21190 = 22y, Uy := v +uy 0 O +log(ry2).
Note that w9 is a priori not centered. On the other hand, we have
[tdollLe < lvllzee + luallzoe + [log(ri2)] S e (4.17)

Also, since |r1o — 1| S0, ||[v|lgs S0 and [|© — Oz~ S 9,

o . 2v+2u100+21log(r1,2)
/ € zrda,, = / ) xdan,
S S

= / e*1®zda,, + / 62“109((7“1,2)262” — 1)acala70
s2 s2

1
— 2u1
- /S ¢ O ) qet gl + O0)
= / e*z 0 O 'da,, + O(9).
S2
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We deduce, remembering that O is a matrix in O(3) and = € R3,
/ e?xda,, = / e* O 'xda.,, + O(0)
52 52

= 07! (/S2 62“1xda70> + O(9).

/627121‘ = 0(9). (4.18)
S2

Since uy is centered, we infer

In view of (4.17) and (4.18), Lemma 3.6 applies so that there exists ¢» € M such that*

why = (Uy)y = Ty 0 9 + % log |det )] € S, | — O*1||LOO(SZ) <. (4.19)
We deduce
DFORG, = B2V = 212 det dyp|yy = e2izov+logldetdbly  2uh
Also, in view of the control on © and 1), we have
1© 0t = Iy + 1O 0 = I][m1(s2) S 0.

Therefore we have found a diffeomorphism

Vi=(0©oy)t, V.S 5§ (4.20)
with the properties
(VNG5 = €™y,  ub€S, (4.21)
and
1 — 1| oy + 10" = Il a2y S 6. (4.22)

Also, recall that

1 1
uy = ﬂ20¢+§log|det1/)| = (v+u; 0O + 2log(ry2)) ow+§log|det1/1|

= w ol 4 vy + 21og(r1.2).

22The statement of Lemma 3.6 actually yields |¢) — I| < 6. Here we use the fact that S is invariant by
O(3), see Remark 2.9, so that we may indeed assume, by composing with O~ € O(3), that |y —O~1| < 6.
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We infer
(I\!'#u’2 —u; = '# (vw) + 21og(r1.2),

and thus, since |rio — 1] S 6, ||v]jgs < 9, 0 — I < 6 and || — O Y|~ < 6, we
deduce,

[y — U (uh) || poos2y S 6. (4.23)

Next, let

O, :=Vod;o s

Then, by the definition of g, and gs,

~ 1 1

— — # S
%= gt = e o

and the construction of ¥ we have
(@y)*g™ = (W)#(Wo @) g™ = (%) (W) #5, = (%)%
and by the definition of &5, uy we also have,
(B:)%9% = ()50

Therefore, since both us and ul, are centered, from the uniqueness statement of Corollary
3.8, there existe O € O(3) such that,

Uy =100, Vod =dy000W, (4.24)
where the last identity corresponds to @, = ®5 0 O. We now define
U = 0oV,
Then, together with (4.22), (4.23) and (4.24), we infer
Vody =000,  [[U=0Olp=+ U -0lm S5 fur — U (ug) ey S0,

as stated. This concludes the proof of Theorem 4.1.
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4.3 Higher regularity estimates for Theorem 4.1
We provide in this section higher regularity estimates corresponding to (4.3) (4.4). This

relies on a recent personal communication of Camillo De Lellis and Stefan Miiller.

Theorem 4.6 (C. De Lellis, S. Miiller [18]). Let n > 2. Consider the balls By C By C R"
and e the euclidian metric on R™. Consider a map u € H'(By, R™) verifying det Vu > 0
and,

(4.25)

1
[u*e eHLOO(Bl) < 9

Then, there exists a rotation O € SO(n) such that, relative to the Hélder norms C®,
0<a<l,

[Vu— OHC’&(Bl) < fute - eHC&(BQ)'

Proof. We thank C. De Lellis for agreeing to put his proof in appendix A. O

The goal of this section is to prove the following proposition that extends the estimates
(4.3), (4.4) of Theorem 4.1 to corresponding higher regularity estimates.

Proposition 4.7. Assume, in addition to the assumptions of Theorem 4.1, that
lg% = W), o) < ()% (4.26)

for some s > 0. Then, the following higher reqularity analogs of (4.3), (4.4) hold true.

1. The diffeomorphism U is smooth and there exists O € O(3) such that

|U = Ol gsesey S 0. (4.27)

~Y

2. The conformal factors uy,us verify

-~

Jur = TFus | fayao) S 6 (4.28)

The only part of the proof of Theorem 4.1 which does not immediately extend to higher
regularity is when applying Proposition 4.3 to infer (4.16) from (4.15). Thus, to complete
the proof of Proposition 4.7, it suffices to prove the following extension of Proposition 4.3
to higher regularity.

38



Proposition 4.8. Let © : S? — S? be a C? diffeomorphism such that,
H@#’YO — ’70||Hs+2(g2) S ) (429)
for some s > 0. Then, there exists O € O(3) such that

1© = O]

Heey SO (4.30)

Proof. Recall that the proof of Proposition 4.3 proceeds by extending the map © to a
map O : R*\ {0} — R?\ {0} such that for every z = rw,w € S*, r > 0,
é(rw) =rO(w),

see (4.6). Under the assumption (4.29), we obtain the following higher regularity analog
of the estimate (4.7)

|6%c—e|

1
Hs+2(D) S 5, D = {Qf < RS / 5 < ‘ZL‘| < 2} . (431)

In view of Theorem 4.6, covering S? by finitely many euclidean balls*®*, and using that
H?(D) embeds in C/2(D) by Sobolev, we infer the existence of O € O(3) such that

~ 3 5)
Vo — < — 3 /= Z

We deduce the following decomposition for )

6 = (I +0)0, 16| 2 (pyy + IVO || oo (py) S 6 (4.32)

Next, we rewrite (4.31) in matrix form
VO(VO) =I+E,  ||E|g2m) S 6. (4.33)

Linearizing this equation based on the decomposition of O provided by (4.32), we infer
on Dy

S©) = E-VO(VE),  S(0):=Ve + (VO). (4.34)

Note that S satisfies the well-known Korn inequality, see for example [§],

1l < Co, (I llzwn + 1Sz ), f: Dy R, (4.35)

23More precisely, B; and By of Theorem 4.6 are chosen to be euclidean balls centered on points of S?
of radius given respectively by 1/4 and 1/2 so that both B; and Bz are included in D and the union of
the By’s includes D;.
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where S(f) denotes the symmetric part of the gradient of f. Differentiating (4.34), relying

on the estimate (4.33) for E and the a priori bound (4.32) for © on Dy, and making use
of Korn inequality (4.35), we infer
1©]

Hs+3(D1) S (5

and hence

Hs+3(Dy) 5 0.

|© - O

Restricting to the sphere, we obtain

1© - 0|

Hs+3(S2) 5 )

as desired. O

4.4 Calibration of uniformization maps between spheres

In order to eliminate the arbitrariness with respect to isometries of S? in Theorem 4.1 and
in Proposition 4.7, see (4.3) and (4.27), we calibrate the effective uniformization maps**
d,:S? = S, Dy : Sy — Sy, for given diffeomorphism ¥ : S; — Sy, as follows.

Definition 4.9. On S? we fir®® a point N and a unit vector v in the tangent space
TNS?. Given W : Sy — Sy, we say that the effective uniformization maps ®; : §* — Sy,
®, : S? — Sy are calibrated relative to U if the map ¥ = (@) o Wod, : S? - §? is
such that

1. The map U fizes the point N, i.e. \/I;(N) =N.
2. The tangent map \TI# fixes the direction of v, i.e. \T/#(v) = a1 20 where a; 2 > 0.

3. The tangent map \Tl# preserves the orientation of TnS?.

Lemma 4.10. Given U : S; — Sy and a fized effective uniformization map ®; : S* — S,
for Si. Then, there exists a unique, effective, uniformization for Sy calibrated with that
of Sy relative to W,

24Given by Corollary 3.8.
25In particular, one can choose N = (0,0, 1) and v = (1,0,0).
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Proof. Let ®, be an effective uniformization map for Sy and let W’ := (%)~ o W 0 ®; so
that W' : S? — S?. Recall that for any O € O(3), 5 given by &, = ®, 0 O~! is also an
effective uniformization map for Ss. We have in this case T = O , and ®; and P, are
calibrated relative to WU if and only if O satisfies the following.

1. O(¥'(N)) = N.
2. \Tf%ﬁ(Ov) = av where a > 0.
3. \T/;# o O preserves the orientation of TnxS?.

Since W' is O(8) close to an element of O(3), see (4.3), there exists a unique O € O(3)
satisfying the conditions above. [

We now state the following corollaries to Theorem 4.1 and Proposition 4.7.

Corollary 4.11. In addition to the assumptions of Theorem 4.1, assume that the maps
®y, Oy are calibrated relative to U according to Definition 4.9. Then U wverifies

1O = I ooy + 10 = Iy S 6. (4.36)

The conformal factors uy,us verify

~

Hu1 - \IJ#UZHLOO(SZ) S ). (437)

Proof. In view of Theorem 4.1, there exists O € O(3) such that U satisfies
| — Oz + ¥ = Ollmiszy < 6 (4.38)
and (4.37) holds.

It remains to check (4.36). In view of (4.38) and the fact that ®;, @, are calibrated relative
to W according to Definition 4.9, we infer that

1. O(N)= N+ 0(9),
2. O(v) = av + O(6) with a > 0.

3. O preserves the orientation of TnS?.
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These conditions imply immediately that |O — I| < § which together with (4.38) yields
(4.36) as desired. O

Corollary 4.12. In addition to the assumptions of Proposition 4.7, assume that the maps
®y, Dy are calibrated relative to U according to Definition 4.9. Then ¥ wverifies

1O — I gsroey S 6. (4.39)
The conformal factors uy,us verify

Hul - {I\j#u2HH4+s(S2) S J. (440)

Proof. In view of Proposition 4.7, there exists O € O(3) such that W satisfies
||\I/—O||Loo(§2)+ ||\I/—O||H5+s(g2) < 5

~

and (4.40) holds. It remains to check (4.39) which follows immediately from the bound
|O — I| < 6 established in the proof of Corollary 4.11. O

Lemma 4.13 (Transitivity of calibrations). Let ®; : S* — S;, @ : S* — Sy and ®3 :
S? — S three effective uniformization maps. Let Wiy : S; — Sy and Vi3 : S; — Ss
satisfying (4.2) and assume that ®1, ®o are calibrated relative to VUyy, while &1, ®3 are
calibrated relative to W15. Then, ®y, ®5 are calibrated relative to Was := W15 0 W),

Proof/.\ Since &1, $, are calibrated/\relative to Uiy, and &, ®3 are calibrated relative to
Uig, Uiy i= (Py) Lo Wp0®) and Uy := (P3)~! o Uy30 @) satisfy the three properties of
Definition 4.9. Then, introducing

Wy = Wi30 Uy, Was 1= (3) ' 0 Upy 0 By,

we have @23 = @13 o (1\11_21 so that @23 also satisfy the three properties of Definition 4.9.
Hence, ®,, @5 are calibrated relative to Wo3 as desired. O

4.5 Comparison of / =1 modes between two spheres

Consider, as in Theorem 4.1, two almost round spheres (51, ¢%t) and (Ss, ¢%?) and a
smooth map W : S} — S, such that, as in (4.2), that the metrics g% and ¥#(g2) are
close to each other in S'. Assume that (®,u1) , (Po,uy) are effective uniformization
maps of S; and S5, calibrated as in definition 4.9. We define

Ji=J% =)0 i=1,2,

to be the ¢ = 1 canonical modes of 51,5y according to Definition 3.10. We want to
compare J' with J? o ¥. We prove the following result.
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Proposition 4.14. Under the assumptions of Corollary 4.11, we have

sup
S1

J' = J%o qf‘ < 5 (4.41)
Also, under the assumptions of Corollary 4.12, we have

< o (4.42)

HJ1 20T
h5+5(sl)

Proof. Indeed, using that ¥ o &; = $5 0 \TJ,
J2ol=J%0d; ol =J"0Wod;l.
Hence,
J' = 2ol =J 0@ — J¥ o To by

This implies, together with (4.36),

Jl—J2o\IJ‘ < su I—(I\/’ <9
S2
and, together with (4.39),
’Jl—JQO\IJ <515
h545(S1)
as stated. O

We conclude this section with a comparison result between a non canonical basis of £ =1
modes and a canonical one.

Proposition 4.15. Let (S, ¢°) an almost round sphere, i.e. verifying (3.13), let (,u)
the unique, up to isometries of S?, uniformization pair given by Corollary 3.8, and let J°
denote the basis of canonical £ =1 modes on S of Definition 5.10. Also, for ¢ such that
0<d<e ands > 2, let a diffeomorphism ® : S* — S and a smooth scalar function U
on S? such that we have on coordinates charts of S?

|## (6% = oy | < 00, (4.43)

H(S?)

and
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Finally, assume that the scalar functions J® = J®S) o &1 p =0, +, —, satisfy

/ F)
S

Then, recalling that (®,u) is unique modulo isometries of S*, we may choose (®,u) such
that

< (r%)20. (4.45)

(r) Hao () —uo O lo.(5) +pi%ix_(rs)71”j(p) — TP e S 6. (4.46)

Proof. Let the map ¥ : S? — S? and the scalar function v on S? given by
U= (D) o, vi=uoV¥ —u.
By definition of (®,u), we have ®#(g°) = (r%)%¢**7;, and hence
O# (%) = (@ o W) (g%) = (I )#((r%)?e™ ) = (r)?e™* (1) #ny.

Plugging in (4.43), we infer

J+ [|v]

H‘I]#’YO - 70‘ Hs(S2) S Hs(S?)-

Since s > 2, we may apply Proposition 4.8 and infer the existence of O € O(3) such that

||\I/ — OHHs-H(SQ) < (5 + H’UHHs(SQ).

~Y

Now, recall that (®, u) is unique, up to isometries of S?, i.e. the uniformization pair given
by Corollary 3.8 are all of the form (® o O,u o O) for O € O(3). Thus, choosing the pair
(@0 O 1 uoO™) instead of (®,u), we may assume O = I and hence

¥ — 1

Hs+1(s?) < 0+ || Hs(S2)- (4.47)

Next, we estimate v. By definition of (®,u), we have ®#(g°) = (r)2e?"~, and hence,
using Lemma 2.1, we infer

K(®%(g%)) = K((r°)%*,) = (TS)_QG_Qu(l — Aou).
On the other hand, in view of (4.43), we have, recalling also that s > 2,

S ()7,

HK@#(QS)) - K((TS)%%O)‘ Ho-2(s2)
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and hence, using Lemma 2.1 and K(®#(¢%)) = K((® o U~1)#(¢%)) = K(®#(¢5)) o U,
we infer

HK((I)#(QS)) © \Ilil - (TS)72€72?I<1 - AO%I)‘ H5—2(S?) S 0.
Plugging the above, we deduce
[e* (1 — Agu) — (1 = Ag((u+v) o ¥1) o\IJ‘HS 2(s2) S 6.

Now, in view of (4.47), and the fact that ||u||gs2) S € in view of Corollary 3.8, we have

HAQ((U + ’U) ¢} \If_l) oWl — Ao(u + U)|

woay ~ €0+ elvllmse
and hence
|€**(1 = Agu) — 1+ Ag(u + )| Ho2(s) S0+ e€|v) (s,
or, using again ||u|gss2) S €,
(Ag + 2)v = h, NPl s—2es2) S 0+ €]|v]| me(s2)-

By standard elliptic estimates, recalling also that s > 2, we have?®

Hs—2(S?) + ‘/ vx
S2

/ vr
S2

||\I/ — [HHS-H(SQ) —+ H’U”Hs(SQ) < 5+

~Y

] s s2) S (Ao + 2)v|

and thus, for € > 0 small enough

vl sy S 0+

Together with (4.47), this yields

vr| .
S2

To complete the estimate of ¥ and v, it remains to control the integral on the RHS of
(4.48). Now, recall that J®) := J®5%) o &1 which implies

/ Jdays / J¥ 0 07 days = / T dagy 45) = / rdagy )
S S S? S?
= /S2 2 2uxda,yo (/SQ JZ(da;l;#(gs) — da(TS)QeM%)) .

26Note that the kernel of Ay + 2 is given by the ¢ = 1 spherical harmonics, and that J uz corresponds
to the projection on these spherical harmonics.

(4.48)
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Together with the assumptions (4.43) and (4.45), we infer

2u
/g € xdan,

/ 62(u+v)0\11*1x
S2
Together with (4.48), we obtain

/ 62(11-"-1))3j
S2

Since u is balanced, this yields

/ 62“<62”—1>x < d+e

S2

/ VT / VT
s? s2

For € > 0 small enough, we finally deduce, together with (4.48),

J

and thus

< 0.

~Y

S d4e€

(¥4
S2

VX
S2

and hence

< d+e

¥ — 1]

Hs+1(s2) + ||1)| Hs(S?) 5 0.

We are now ready to conclude. Recall that we have by definition
g — @S 4 &;—17 J@S) — j»S%) o o1 p=0,+,—,
so that
g — g@.S) — g8 o ol _ j@S?) o L
(/0 0w — J)) 0 o7,
Together with (4.49), we deduce

max (TS)_IHJ(”) — J®9)
p=0,+,—

borr(s) S NV = Illasriszy SO
and

(r) Mo (@) —uo® i) S lvllase S 9

~Y

as stated.
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5 Review of the geometric set-up in [17]

5.1 Background spacetime

As in [17], we consider given a vacuum spacetime R with metric g endowed with an
outgoing geodesic foliation by spheres S(u, s) of fixed (u, s), where u is an outgoing optical

function?” with L = —g®?9sud, its null geodesic generator and s chosen such that
1
Ho)=2, L6 =0

Let e, = ¢L and e3 the unique null vectorfield orthogonal to S(u,s) and such that
g(es,eq4) = —2. We then let (e, es) an orthogonal basis of the tangent space of S(u, s).
The corresponding connection coefficients relative to the null frame (es, ey, eq,e3) are
denoted by x,x,&, & w,w,n,n,¢ and the null components of the curvature tensor by
a,a, B, 5, p, *p._For the convenience of the reader we recall their definition below.

X, = 9(Daes, e5), Xab = 9(Daea, ),
£, = %g(Dseg, €a), &= % 9(Daey, €q),
w = }LQ(D:&@:&, 64)7 w = ig(D4€4, es),
n, = %(D4€3, €a) Na = %g(Dsez;, €a),

1
Ca = §Q(Deu€4, 63),

and
aw = Rleq, ey, e, e4), a,, = Rieg, es,ep,€3),
Lo = %R(ea, €4,€3,€4), B, = %R(ea, €3, €3,€4),
p = %R(e3,e4, €3, €4), *0 = *R(es, eq, €3, €4).

The null second fundamental forms x, x are further decomposed in their traces x = try
and g = try, and traceless parts X and X. We recall, see Lemma 2.4 in [17], that the
geodesic nature of the foliation implies

wzé_oa Q:_Ca S =

2TThat is g*?0,udgu = 0.
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The volume radius r = r(u, s) is defined such that the volume of S is given by 47r?. The
Hawking mass m = m(u, s) of S = S(u, s) is given by the formula

2m 1
1 h — | trytry. 5.1
r LT B (5-1)

The Gauss curvature of S is denoted by K. It verifies the Gauss equation

1 I .
K=—-p-— Ztrxtrx—i— XX (5.2)
The mass aspect function p is defined by
: . .
p o= —div(—p+ XX (5.3)

As in [17], we define the renormalized quantities

- 2 - 27 o m
try ;= try — —, try = try + —, Wi=w— —,
r = = r r
-~ 1 - 2m - 2m
K = L 03:P+T—37 po=
Q:=0Q+7, Ji=o-1,
where
2
T:= ——m,
r

and the sets

Fg = {t\r;O 557 ¢ t\I./Xa 7’/\2, 7’5, T*Pa rB, ra, 70[\(/—7 7"_1(64(7') - 1)7 7’_164(777/)},
(5.4)

Ty := {n, Xo@ & rBoan 0 I e es(r) + ), “‘33(7”)}'

5.1.1 Adapted coordinates

Recall, see [17], that a coordinate system (u, s, y', y?) is said to be adapted to an outgoing
geodesic foliation as above if e4(y') = e4(y*) = 0. In that case the spacetime metric can
be written in the form

g = —2cduds + ¢*Qdu® + g (dy“ — gﬁ“du) (dyb — gﬁbdu), (5.5)
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where
Q = e3(s), B* = —e3(y*), Gab = &(Oya, Opp). (5.6)

Relative to these coordinates

1 1
es = O, Oy =¢ (—e

568~ gten - Eaay“) L Op =) Yo, a=12 (57)

c=1,2
with coefficients Y, verifying

g = ) Yy Y-

c=1,2

As in [17] we assume that R is covered by two coordinate systems , i.e. R = Ry U Rg,
such that

1. The North coordinate chart Ry is given by the coordinates (u,s,yx,y%) with
(yn)? + (y3)* < 2.

2. The South coordinate chart R is given by the coordinates (u, s, ys, y2) with (y&)?+
(¥5)* < 2.

3. The two coordinate charts intersect in the open equatorial region Rgq := Ry N'Rg
in which both coordinate systems are defined.

4. In Rp, the transition functions between the two coordinate systems are given by
the smooth functions gy and png = go;}v.

The metric coefficients for the two coordinate systems are given by
g = —2cduds + *Qdu® + gy (dy% — sBydu) (dy?v — gﬁ?\,du),
g = —2duds +*Qdu® + g5, (dy% — s Bhdu) (dy% — sB%du),

where

a 1 a a 1 a
Q = 63(5)7 EN = 563(3/N>7 BS’ = 563(345).

On a 2-sphere S(u, s) and f € S,(5), p=10,1,2, we consider the following norms,

[ flloo : = [Ifllzo(s), I fll2 = 11 fllz2cs),
k k

[ £l oo = Z 10" f | oo [ fll2k = Z 10" f 2,
1=0 =0

where 0¢ stands for any combination of length i of operators of the form es, res, V.

49



5.1.2 Reduced region R

In what follows we restrict our attention to smaller region of the original R, still denoted
R defined as follows.

Definition 5.1. Let mo > 0 a constant. Let ¢ > 0 two sufficiently small constants, and
let (73, 2’,72) three real numbers with sufficiently large so that

2 < my, ’IO“ > my. (59)
We define R =R to be the region

R::{yu—&\gé, ys_z\gz}, (5.10)

such that assumptions A1-A4 below with constant € on the background foliation of R, are

verified.

5.1.3 Main assumptions for R

Given an integer S,,.. > 3, we assume?® the following.

A1l. For k < s,z

HFng,oo < 27’_2;

. (5.11)
||Fb||k,oo S er .
A2. The Hawking mass m = m(u, s) of S(u, s) verifies
sup & — 1] < & (5.12)
R |To
A3. In the region of their respective validity?® we have
BY, Bt er 'y,  Z%, Z&eTy,  r2gh, r 25, €l (5.13)
where
4r?
N N
g ab = YGap — 5ab>
"1+ (n)? + (0R)?)

Esb = gsb_
(T4 (ye)* + (32)%)

2n view of (5.11), we will often replace I'y by r~!T,.
2That is the quantities on the left verify the same estimates as those for I'y, respectively T',.

50



A4. We assume the existence of a smooth family of scalar functions®® J® : R — R, for
p = 0,4, —, verifying the following properties

(a) On the sphere S of the background foliation, there holds

((2A+2)J9 =0@),  p=0+-,

1 1 °
Jw g — Z§ O -0 _
‘§| /g 3 pq+ (6)7 p7q 7+7 I (514>
1 o
o %J(p):O(e)v p:07+7_a
S| 7%
(b) We extend J® from S to R by 8,J® = 8,70 = 0, i.c.
TP u,s,y",y%) = TP (u,5,9", ). (5.15)

Remark 5.2. We note that the assumptions A1, A2, A3, A4, are expected to be valid
in the far regions, i.e. v large, of a perturbed Kerr.

Given a scalar function f defined on a sphere S we define the ¢ = 1 modes of f by the
triplet
(f)ﬁ:l::{/fj(p)a p:07+7_}
5

5.1.4 O(¢)-spheres

Definition 5.3. Given a compact 2-surface S C R, not necessarily a leaf S(u,s) of the
background geodesic foliation of R, we denote

o by x5, x°, (5,.... the corresponding Ricci coefficients,

30The properties (5.14) of the scalar functions .J (P) are motivated by the fact that the ¢ = 1 spherical
harmonics on the standard sphere S2, given by JOS*) = cos 0, J+S%) = sin 6 cos v, J=5%) = sin @sin p,
satisfy (5.14) with € = 0. Note also that on S2,

4
/ (cos 9)? :/ (sin @ cos p)? :/ (sin @sin p)? = %, IS?| = 4.
SQ SQ SQ
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° by oS, 8, ps, ..., the corresponding curvature coefficients,

o by S, mS, KS and S respectively the corresponding area radius, Hawking mass,
Gauss curvature and mass aspect function,

o by VS the corresponding covariant derivative.

Definition 5.4. We will work with the following weighted Sobolev norms on S

I1f

bs) = DN fllzs), 95 =r5VE. (5.16)
=0

The goal of this paper is to construct new spheres S C R which verify special properties
we call GCM conditions. In particular these spheres are close to being a round sphere in
the sense of the definition below.

Definition 5.5 (O(¢)-sphere). A compact surface S C R of area radius S is called a
O(g) -sphere provided that the Gauss curvature KS of S verifies
1+0(e)
K% = — 5.17
e 10
as well as
1 o
S _ < (r®)7 e, (5.18)
H (TS)Q hSmaz*I(S)
and the area radius S verifies
sup [rS —r] < rSe (5.19)
S

5.1.5 General frame transformations

Lemma 5.6. Given a null frame (eg, ey, e1,€3), a general null transformation from the
null frame (es, ey, €1, €2) to another null frame (e}, €y, €}, €y) can be written in the form,

1
= (64 + flep + lef’2€3> ,

A
| 1 11,
6ab + §iafb ep + §iae4 + ifa + §|f| ia €3, a = 17 27 (520)
A

—1 (<1+%fi+1i6|f|2|ﬂ2) es + (zb+i|1|2fb) €b+i‘ﬂ2€4>,

/
€4
/
ea
/
€3
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where \ is a scalar, f and [ are horizontal I1-forms. The dot product and magnitude
| - | are taken with respect to the standard euclidian norm of R?. We call (f, fiA) the

transition coefficients of the change of frame. We denote F:= (f, f,\) where A = A — 1.

Relative to the primed frame the connection coefficients I” can be related to the connec-
tion coefficients I' of the background frame by specific formulas involving the transition
coefficients and their derivatives. Similarly the curvature coefficients R’ of the primed
frame are connected to R by formulas involving the transition coefficients. The precise
formulas are given in Proposition 3.3 in [17]. In this paper we only make use of the trans-
formation formulas for k = try, K = try and 5. The transformation formulas for the first
two have the form, see Proposition 3.4 in [17],

K =k+kN +divf+F -Ty+F -V'F+rtF?

o (5.21)
E =K — KA +divli+F'Fb+F-V'F—|—r_1F2,
The transformation formula for 5 has the form, see Proposition 3.3. in [17],
g = B+3 (fp+ “f7p) +r7'T, - F. (5.22)

5.2 Deformation of surfaces in R

Definition 5.7. We say that S is a deformatzon ofS if there exist smooth scalar functions
U, S defined on S and a map a map U : S — S werifying, on any coordinate chart (y',y?)
of S,

U(u,s,y',y%) = <€2 +U@ %), s+ Sy, ', y2> : (5.23)
Definition 5.8. Given a deformation ¥ : S — S we say that a new frame (¢4, €}, €}, €5)
on S, obtained from the standard frame (es, ey, e1,es) via the transformation (5.20), is
S-adapted if the horizontal vectorfields €}, ey are tangent to S or, equivalently €, €} are
perpendicular to S.

We will need the following lemmas.

Lemma 5.9. Let VU : g’ — S be a deformation in R as in Definition 5.7, F' a scalar
function on R and F#* = F oW its pull back to S by V. We have

#
| F# — FHLOO(:%) < HUHLOO(%) s%p lesF| + || (U, S>HL00(§) s%p <|e4F| + |VF]) (5.24)

53



Proof. See Lemma 5.7 in [17]. O

Lemma 5.10. Let S C R. Let ¥ : S — S be a deformation generated by the functions

(U, S) as in Definition 5.7 and denote by ¢5# the pull back of the metric g5 to S. Assume
the bound

US| o +r (U5 . <o 5.25
e TR 529
Then
1. We have
16%% = g|| ;. +77|¢%* — g g SO (5.26)
where g5 denotes the pull-back by ¥ of the metric g5 on S.
2. For any tensor h on R
17 lp.(s) S rsup (’ ¢§sh’ + (5‘D§Sh|), 0<5< S$max- (5.27)
R
3. If V € bs(S) and V¥ is its pull-back by ¥, we have for all 0 < s < Sz,
% = |[V#|| . —IVF| .. (1+0(4)). 5.28
1Vl = 1V#1, g o = VP, g (14 067'5)) (5.25)
4. As a corollary of (5.28) (choosing V =1 and s =0), we deduce
S o
r -1
—=14+0(r9) (5.29)
>
where rS is the area radius of S and v that of S.
Proof. See Lemma 5.8 and Proposition 5.10 in [17]. O

As a corollary, we deduce the following.

Lemma 5.11. Under the same assumptions as in Lemma 5.10, the following estimate
holds for a scalar function F' defined on 'R,

/F—ﬁF‘ < 5 (sup|F|+rsup(|8uF|+]88F|)>.
s S R R
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Proof. See Corollary 5.9 in [17]. O

Corollary 5.12. Let g’ CR. Let U : g — S be a deformation generated by the functions
(U,S) as in Definition 5.7. Assume that (U, S) satisfy the bound

(T, S)||hsm+1(§) <ré.

Then, for all j,k >0 with 0 < j + k < Syaz, we have

, .
1059y [[g(s) S er

_ ) (5.30)
[0 Toloi(s) S €
and
<j <j -1y < ¢
0B, 6+ 1092], )+ |0 Yku(S) < (5.31)
Proof. See Corollary 5.11 in [17]. O

Corollary 5.13. Let S CR. Let ¥ : S — S be a deformation generated by the functions
(U, S) as in Definition 5.7. Assume the bound

U, s S
H( , )||h5max+1(s) ~ "
With Syez > 3. Then
1+ O(e 1 o
KS — "‘8055)’ H s < () e
(71 ) (r ) hSmaac—l(S)
Proof. See Corollary 5.18 in [17]. O

Remark 5.14. In view of Corollary 5.13 and Lemma 5.10, a deformed sphere S with
(U, S) satisfying (5.25) is an O(€)-sphere in the sense of Definition 5.5.

Corollary 5.15. Let % CR. Let U : g — S be a deformation generated by the functions
(U,S) as in Definition 5.7. Assume the bound

o

U,S o <rd

H( ’ )||h$ma1‘+1(s) ~ "

With Spmee > 3. Then, we have

sup |r — r| 4+ sup |r — S| <6, ImS — m| + sup |m —mS| <6, sup |m —m| < €.
s s s s

Proof. See Corollary 5.12 and Corollary 5.17 in [17]. O
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5.3 Non canonical basis of / =1 modes on a deformed sphere

Consider a deformation ¥ : S — S and recall the existence of the family of scalar functions
J®) pe {0, +, —}, on R satisfying A4.

Proposition 5.16. Assume that the parameters (U,S) of the deformation verifies the
bounds

W), 5 S T (532

Then, J®), p € {0, +, —}, satisfies on S the following

o

((TS)2AS + 2) JP = O(e),

| 1 .

5 /S TP = 2650+ O(e), (5.33)
1 .
@/SJ@ = O(e).

Proof. See Proposition 5.21 in [17]. O

Remark 5.17. While J®, p e {0, -+, —}, is, in gemeral, not the canonical basis of £ =1
modes of S introduced in Definition 3.10, the properties (5.33) are similar to the ones of
Lemma 3.12 satisfies by canonical basis of £ =1 modes. Thus, from now on, we will call
a family of scalar functions J®), p € {0, +, —}, on R satisfying A4 a non canonical basis
of £ =1 modes.

Definition 5.18. Let a deformation VU : 105’ — S with (U, S) satisfying (5.25). According
to Corollary 5.13, S satisfies the almost round condition (3.13). Thus there exists J° a

basis of canonical £ = 1 modes on S as in Definition 3.10. We define JP[S] : R — R,
for p=0,4+,—, as follows

1. On the sphere g’ of the background foliation, JP)[S] is defined by

JP[S] = JPS) o 1. (5.34)

2. We extend J®)[S] from StoR by 0,JP[S] = 9,JP)[S] =0, i.e.

JPS](u, 5,y y%) = TP (W(u, 5,4, %)) (5.35)

56



Remark 5.19. Note in particular that JP)[S] satisfies
JP[S] = J»S) on 8. (5.36)

Indeed, a point on S is of the form (u,s,y',y?) = U(u,s,y',y?) so that (5.36) follows
immediately from (5.35).

Proposition 5.20. Let a deformation W : g — S with (U, S) satisfying (5.25) and let
JP[S]: R — R, for p=0,+,—, given by Definition 5.18. Then, J®P)[S] satisfies A4.

Proof. In view of its definition, to prove that J®[S] satisfies A4, it suffises to show that
J®)[S] verifies (5.14). In view of Lemma 3.12, the basis of canonical ¢ = 1 modes J®S)

satisfies
2 ¢
7S _— 7S

4 o
/S(](P,S)J(%S) _ %(TS)25pq + O(G(TS)Q),

/ JPS) =0,
S

Pulling back to S by the map ¥, and since (J®9)# = J®)[S], we infer

Together with the control of 7S — 7 provided by Lemma 5.10, we infer

[¢]

((F2a8# +2) J9[8] = 0(),

1 1 0
@ §J<p> [S]J[S]da s+ = 30pa + O(e),
1
5]

% JP[S]days.+ = 0.
S
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Using the control of ¢5# — g provided by Lemma 5.10, we obtain the last two estimates
of (5.14)

1 1 o
5 /S J[S]J@[S]da = 30 + O(6),

1 / JW[S]das = O(e).
|S] 7%

Next, we use

(a5 = 2)1918] = ((6%)" = @) (000 TV IS] + (T30, 18]

(@) ((US#)z, = (1)5) 0, T V18],

In view of the estimates of Lemma 5.10, we deduce

‘(As,# _ &) J®) [S]’ < 25 (Z

0,0 J® [S]‘ + Y

0,00, TP [S]D < 125,

a=1,2 a,b=1,2
Therefore
<<5’~)2£ + 2) JOIS] = (()PAS# +2) JV[8] + 0(F) = ()
which concludes the proof that J®)[S] verifies (5.14), and hence A4. O

6 GCM spheres with canonical / =1 modes

6.1 GCM spheres with non-canonical ¢/ =1 modes in [17]

We review below the result on existence and uniqueness of GCM spheres proved in [17].

The result was proved in the context of an arbitrary choice of a £ = 1 modes on S, denoted
J®) which verify the assumptions A4.

Theorem 6.1 (GCM spheres with non-canonical ¢ = 1 modes [17]). Let myg > 0 a

constant. Let 0 < § < € two sufficiently small constants, and let (&,g,;) three real
numbers with r sufficiently large so that

2<<m0, 73>>m0.
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Let a fized spacetime region R, as in Definition 5.1, together with a (u, s) outgoing geodesic

foliation verifying the assumptions A1-A4. Let S = S(&, 2) be a fized sphere from this
foliation with 1 and m denoting its area radius and Hawking mass. Assume that the GCM
quantities k, k, it of the background foliation verify the following:

K=—-+RK,
T
27

- (p) 7(p) 4 ¢

K=—= +Q0+§pjg J® + i, 6.1)
2m

_an () 7o) 1 |

W= 3 + My + 5 MW J®) 4

p

where the scalar functions Cy = Cy(u, s), CP = CP(u,s), My = My(u,s) and M® =
M®)(u,s), defined on the spacetime region R, depend only on the coordinates (u,s), and
where K, k and [ satisfy the following estimates

Sup | = (fy R)] S 2, Sup | =] S v (6.2)

Then for any fized triplets A, A € R? verifying

o

AL Al S0, (6.3)

there ezists a unique GCM sphere S = S(A,A), which is a deformation of S, such that
there exist constants QOS, el M, MEP) pe{— 0,4} for which the following GCM
conditions are verified

2
S _
SRR
2
S _ S S (S,p) 7(p)
n———T+O+§C’ J®)
= rS =0 — (6.4)
s _ 2m° s (S.p) 7(0)
L _(rs)3+M0+§ MS») j®)

p

where we recall from Remark 5.17 that we choose J®) as our non canonical basis of £ = 1
modes on S. Relative to these modes we also have

(divSfmy =N, (divSf)ms = A. (6.5)

The resulting deformation has the following additional properties:
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1. The triplet (f, i,;\) verifies

ICF, £.0) 5. (6.6)

hsmaz‘i’l(s) S"
2. The GCM constants CS, CSP M$, MSP) pe {— 0,+} verify

i Q_OS‘ +[C® — @S’ <12,

. S . (6.7)
|M$ — My |+ |MBEP) — M®7| < r73.
3. The volume radius 5 verifies
rS °
< 1' 5 7’71(5. (68)
7
4. The parameter functions U, S of the deformation verify
U,S . < 7o 6.9
5. The Hawking mass mS of S werifies the estimate
m® —m| < 0. (6.10)
6. The well defined®' Ricci and curvature coefficients of S verify,
rs < er !,
|| ; bSmaz(S) ~ . (611)
T8 19400 8) < €

7. The transition parameters f, f, A are continuously differentiable with respect to A, A

and
of _ of ° af - of -
O - e N N !
O O (612
r =06, S =00,

31Note that while the Ricci coefficients 3, &5, )?5723, ¢S as well as all curvature components and mass
aspect function pS are well defined on S, this in not the case of ns,ﬂs,§S,§S7wS,gS which require the
derivatives of the frame in the €5 and e directions.
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8. The parameter functions (U, S) of the deformation are are continuously differentiable
with respect to A, A and

oU oU a5 o5
gx =00, Fr=0(). Fx=001). Z£=00). (6.13)

9. Relative to the coordinate system induced by W the metric g™* of S = S(A,A) is
continuous with respect to the parameters A, A and verifies

10695, Org°[lL=(s) < O(r?). (6.14)

Remark 6.2. The conclusions of Theorem 6.1 still hold if we replace (6.2) with the weaker
condition®?

Boman (S) 5 T_2(5, (615)

() S5, |

(s, )

for any deformed sphere S with (U, S) satisfying (6.9), where (6.15) is uniform w.r.t such
spheres. See Remark 6.2 in [17].

Note that the basis of £ = 1 modes J® appearing in (6.4) are not canonical on S, i.e.
they do not correspond to the modes defined using the effective uniformization map for
S. In the next section we show that we can modify the result of Theorem 6.1 so that the
same statements hold when we replace J® by canonical modes.

6.2 Construction of GCM spheres with canonical / = 1 modes

We state and prove a new version of Theorem 6.1 stated relative to a canonical basis
of £ =1 modes of S as in Definition 3.10. In other words we replace the non canonical
basis of £ = 1 modes J® by the canonical basis of ¢ = 1 modes J®% on S. The
following definition prescribes the calibration of the basis J®S) of canonical £ = 1 modes
for deformed surfaces S.

Definition 6.3. Given a deformation map ¥ : S — S and a fixed effective uniformization

[e) o

map (P, ¢) forgY we let (D, @) be the unique effective uniformization map of S calibrated

o o

with (®,¢) relative to the map ¥, in the sense of Definition 4.9. With this choice, we
define the canonical £ =1 modes of S by the formula

J(pvs) — J(p’S2) o ®_1 (616)

with J®5*) denoting the ¢ = 1 spherical harmonics, see (3.17).

32Note that (6.2) implies (6.15) in view of (5.27).
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Remark 6.4. Assume given two deformations W; :
effective uniformization maps (®;,u;), ®; : S* — S; i

— S;, © = 1,2 with canonical
1,2, both calzbmted through the

respective maps with the fixed effective uniformization map (@ q§) for S Then, in view of
Lemma 4.13, (®1,uq), (P2, us) are also calibrated with respect to the map Wig : S; — So,
with Wiy = Wyo Wt

I o

Theorem 6.5 (GCM spheres with canonical ¢ = 1 modes). Under the same assumptions

as in Theorem 6.1, and assuming moreover that the choice of £ =1 modes J® on S, in
addition to A4, verifies®

max || J® — J@9)| o <o
p20777+ bsmaz+1(s)

: (6.17)

for any fized triplets A, A € R? verifying

0]

Al A S 6, (6.18)

there exists a unique GCM sphere S = S(A,A), which is a deformation of S, such that
there exist constants CSP), M©SP) 4 e {—,0,+} for which the following GCM conditions
are verified

2
S _
KR = T—S,
S _ S ; ,S)
= __T + C P (»
= Z (6.19)
2mS
S _ (S.;p) 7(p.S)
= ey +Zp:M ») Ji
Moreover,
(divSfle=r = A, (divSf)emr = A, (6.20)

where JPS) form the basis of canonical ¢ = 1 modes of S in the sense of Definition
6.3 and (dwSf)e=y, (divSf)e—1 are defined with respect to them. Finally, the resulting
deformation verifies all the properties 1-9 as in Theorem 6.1.

o [e]
33 7 (0.5) denotes the canonical basis of £ = 1 modes on S corresponding to the effective uniformization
[e]

map (P (b) for S appearing in Definition 6.3.
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Remark 6.6. Note that the canonical £ = 1 modes JPS) verify,

2 €
’S P 7S
AgJ®S) = <_(r8)2 +0 <(r5)3>) J®S),

4 o
/ JwS) 7S qq, = ?ﬂ(rs)Qépq + O(er®), (6.21)
s

/ J®Sda, = 0.
S

Indeed, (6.21) follows from the fact that KS — —& € =T, i.e.

(TS)Q

and the result of Lemma 3.12 applied to the case when € = rle.

6.3 Proof of Theorem 6.5

We proceed by an iteration argument in which we will make a sequence of choices for
J®) which will converge in the limit to a canonical basis of £ = 1 modes for the limiting
GCM sphere. To this end, we will rely on the following corollary of Theorem 6.1 which
investigates the dependance of the GCM spheres of Theorem 6.1 on the particular choice
of JP),

Corollary 6.7. Under the same assumptions than Theorem 6.1, assume in addition to
J®) | the existence of a second family of scalar function J® satisfying A4, and such that

Z Hj(p) _
P

for some 2 < s < Sypar — 1. We consider

. < re 6.22
o) (6.22)

e S =S(A,A) the GCM sphere obtained by applying Theorem 6.1 using J®), (U, S) the
corresponding deformation parameters, (f, f, ) the corresponding change of frame

coefficients, and (QO,Q(p), My, M®)) the corresponding GOM constants,

e S =SS0 the GOCM sphere obtained by applying Theorem 6.1 using j(p), ((7, g), the
corresponding deformation parameters, (f, f,\) the corresponding change of frame

coefficients, and (éo,é(p), Mo, M(p)) the corresponding GCM constants.
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Then, the following comparison estimate holds true

@8 -ws)| | EENE - r ]| G -l
bs+1(S) bst1(S5)
_|_7n3|]\7[/0 — M| + Z <r2’é(p) — P+ ﬁ,M(p) _ M(p)’)
p
< ¢ g _ Jey 9
D P (6.23)
p
Proof. See Corollary 6.11 in [17]. m

To control the right-hand side of (6.23), we will use the following lemma.

Lemma 6.8. Assume given two deformations Wy : S — Sy and Vo : S — Sy with the
corresponding deformation parameters (Ui, S1) and (Us, Se) satisfying
<.

(U, Sl g T (U2, 5]

o
Smaa:+1( Smaa:+1(S)

Let JSt, JS2 be the corresponding canonical basis of ¢ = 1 modes of S1 and S, calibrated
according to Definition 6.3. To JS' and JS2, we associate the maps JP[S(j)] : R — R,
J = 1,2, as in Definition 5.18. Then, the following estimate holds true, for all 5 < s <
Smaa: _I_ 17

max_[[JP[S(1)] - JPS) o < (U= U 81 = Sl

6.24
p:O,—,+ hs(S) ( )

bs(S)"

Proof. Let (®1, ¢1) and (g, ¢2) be the unique effective uniformization map of S calibrated

with (®,¢) relative respectively to the map ¥; and Wy, in the sense of Definition 4.9.
Recall from (6.16) that

JeS) = 08 o g1 JwS2) — J0S%) o o1

Next, note that Lemma 5.10 implies

S1,#1 _ ,S2,#2 . < S1.#1 _ ¢ . O S, #2 . <126
lg gl e Sl all,, g tlg—g=™l oS
Hence, using also (5.28),
S —1\# .S _ S1,# Sa,
||g b — (\112 © ‘111 ) g ? hé‘maz(sl) - ||g ' b ‘g ’ #2||h5mam(§'7gslv#l)
< Hgsl,#l _ gsz,#zu . < 733

hSma:v (S) ~
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so that (4.26) holds with ¥ = Wy 0 U, and § = r~*§. We may thus apply Proposition
4.14 which yields, for 5 < s < $p00 + 1,

|7 - r2gS = (W2 0 W) Fg% s
bs(sl)
Using (5.28) on both sides, we deduce
JS1 U _Jsz I . < -2 ,S1,#1 __ S22 .
|7Pewm—sows| 5 g g

Finally, a simple adaptation of the proof of (5.26) implies

o SrilH(Ul_UQ,SI_SQ)H o

S1,#1 _ ,So,#2
R hs(3)

r?|lg
and hence

HJSlo\Ifl—JS2o\I/2 . S (U = Uy, Sy = S e

as desired. O

Corollary 6.9. Let J®) satisfying A4, and let J( ) denotes the canonical baszs of t =1

o o

modes on S corresponding to the effective uniformization map (®,¢) for S appearing

in Definition 6.3. Let a deformation ¥ : S — S with the corresponding deformation
parameters (U, S) satisfying (6.9). Let JS be the corresponding canonical basis of £ = 1
modes of S calibrated according to Definition 6.3. To JS, we associate the map J®[S] :
R — R as in Definition 5.18. Then, the following estimate holds true

max [[J7 = JVS]| oS max [JO - JED| T US)] 6 (6.25)

p= 07 hsma:c(s) p= 0

Smax Smax

Proof. We have

max || J® — J@[S]| o
b= 0_ bsmam(s)

< max |[JP — g9 + max ||J<p5 J®S]| o .
b= 07 hsmaz(s) p_O hsmaz(s)

It thus remains to control the term J(»%) — J®)[S]. Note that S corresponds to a deformed
sphere with trivial deformation map ¥ = I, trivial deformation parameters (U, S) = (0, 0).

In particular, we have J° = J[S]. Thus, together with Lemma 6.8, we infer

o

max |yJ<pS JPS]|| o = max |[JP[S]—JP[S]] .
p=0,—,+ hSmaz(S) p=0,—,+ hSmaz(s)
S r’lH(U—U,S—S)HhS &
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and hence, since (&, g) = (0,0), we deduce

® < (.5) I .
pl%a;x‘i' ||J J [S]||h9max(s) pI%aX ||J J ||hsma1:(s) + " ||(U’ S)Hh@maaz(s)
as desired. O

We will also rely on the following simple lemma.

Lemma 6.10. Let J® and J® two families of scalar functions satisfying A4. Let also
scalar functions CP), M® = M®)  defined on the spacetime region R, and satisfying

Z Sup (TQ“OSSmazQ(p)‘ + Tg“ogsmaz M(p) ’) S_/ 2‘
p=0,—,+ R

Then, we have, for Spmez > 2,

> (PICP TP = I, + T IMDTO = IO, )
p

< ém @ — g . (6.26)
b= + bsmaac(s)

for any deformed sphere S with (U, S) satisfying (5.25), where (6.26) is uniform w.r.t.
such spheres.

Proof. Using the assumptions for C® and M® and (5.27), we have

> (e

p

o

+ 3| M hm(s)> < re.

bsmaac(s)

Together with Sobolev and the fact that s,,,, > 2, we deduce

Z (T2’|Q(p)(j(p) — J®)

P

+ 713HM(p)(j(p) — J®)

ljSm,az (s)

hs'maz (S) )

< e Jw — @ :

To conclude, it suffices to prove

max ”j(p) _J®
p=0,—,+

< o) _ 70) .
Dsmaz(S) ~ pi%fi_)’( HJ J Hhsmaz (S)

To this end, we rely on (5.28) which yields

< max [|(J® — J@H)#|

7)) _ g
g I = 0l S,

hSmaz (‘%)
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Also, J® and J® satisfy (5.15)
TP (u,s,y" 9% = TP (0, 5,9", %), TP (u,s,9%, 9% = TP(u,5,y",y),
and since U(u, s,y',y%) = (@ + Uy, 42), s + S(y*, v2), v, y2), we deduce on S
(j(p) — JPN# = g _ g

and hence

max ||j(p) () < max ||j(p) —J®)|
p=0,—,+ =t

hsmaz(s) ~ p=0 hsmaa: (S)

as desired. O

6.3.1 Iteration procedure

o

We define iteratively a sequence of maps W(n) : S — S(n), for fixed A, A, as follows.

1. Step n = 0 of the iteration.

(a) The basis of £ = 1 modes J® satisfies A4 by the assumptions of the theorem,
so we may apply Theorem 6.1 which yields the existence of a deformation map

U(l): S - S(1) such that S(1) satisfies the conclusions of Theorem 6.1, with
J®) as basis of £ = 1 modes in (6.4) (6.5).

(b) The corresponding deformation parameters (U(1), S(1)) verify (6.9). Hence, we
may then associate to S(1) it canonical basis of £ = 1 modes JS() calibrated as
in Definition 6.3. Also, we may associate to J5(!) the map J®[S(1)]: R — R
as in Definition 5.18.

2. Step n =1 of the iteration.

(a) The basis of £ = 1 modes J®[S(1)] satisfies A4 in view of Proposition 5.20.
Also, (6.17), Corollary 6.9 and Lemma 6.10 imply that (6.1) (6.15) hold with
J® being replaced by J®[S(1)]. Thus the assumptions of Theorem 6.1 hold,
so we may apply Theorem 6.1 which yields the existence of a deformation map

U(2) : S — S(2) such that S(2) satisfies the conclusions of Theorem 6.1, with
J[S(1)] as basis of £ =1 modes in (6.4) (6.5).
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(b)

The corresponding deformation parameters (U(2), S(2)) verify (6.9). Hence, we
may then associate to S(2) it canonical basis of £ = 1 modes J5? calibrated as
in Definition 6.3. Also, we may associate to J5?) the map J®[S(1)]: R — R
as in Definition 5.18.

3. Let n > 2. Assume by iteration that the sequence of deformation maps ¥(n) : é —
S(n) has already been constructed by Theorem 6.1 with J[S(n—1)] as basis of { = 1
modes in (6.4) (6.5). Then

(a)

The corresponding deformation parameters (U(n), S(n)) verify (6.9). Hence,
we may then associate to S(n) it canonical basis of £ = 1 modes JS(™ calibrated
as in Definition 6.3. Also, we may associate to JS™ the map J®[S(1)] : R — R
as in Definition 5.18.

The basis of £ = 1 modes J®[S(n)] satisfies A4 in view of Proposition 5.20.
Also, (6.17), Corollary 6.9 and Lemma 6.10 imply that (6.1) (6.15) hold with
J® being replaced by J®[S(n)]. Thus the assumptions of Theorem 6.1 hold,
so we may apply Theorem 6.1 which yields the existence of a deformation map

U(n+1): 5 — S(n+1) such that S(n+1) satisfies the conclusions of Theorem
6.1, with J[S(n + 1)] as basis of £ = 1 modes in (6.4) (6.5).

6.3.2 Boundedness and contraction

To the deformed sphere S(n) of the iterative procedure, we associate the following ninetets

om .— <U<">, SO fm pm) N olm pptm o, M(n),p>’

where (U™, S™)) are the defining functions of the map W(n), (™, f M) X)) the corre-

sponding transition functions, and Q(()"), MO("), C™P NP the corresponding constants

appearing in Theorem 6.1.

We define the norms,

1@ := 77 | (U, 5)

) +H () pm) 3\ ()
b (S) <f i ) bx(S)

e (}Qé”)} ES ) i) S |M<n»p\)
p p

(6.27)
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where,

. (n n —S(n - (n), —S(n)
& = -GS, ¢ =gt e

S(n) S(n)

MSN) _ Mén) — M, M@e — A _ A )

Recall that S(n) is obtained by an application of Theorem 6.1. In particular, the ninetets
Q™ are uniformly bounded in the norm (6.27)

< 4, (6.28)

Smaz+1 ~

1o

where (6.28) is an immediate consequence of the estimates (6.6), (6.7) and (6.9) in The-
orem 6.1.

To insure convergence we also need to establish a contraction estimate. We cannot com-
pare directly the ninetets Q™, so we compare instead the modified ninetets, well defined

on S,

P o= (U0, SO N, ot fr# O Mg, 007, M) (6.29)

where f\”’#, fr# f# are the pull-backs by #,_1 of the triplet j\(”), f(”),i(”) defined on

the sphere S(n — 1). We also introduce the modified norms

[Pl 1=

(U, 50)

. n g ) n
br(S) * H (f 7z 7 )

e <|Qg">| ES ) i) S |M<n>m\) |
p p

In view of the Sobolev norm comparison of (5.28), we deduce from (6.27)

b (S)
(6.30)

P@ . < 6 (6.31)

Smax S

Contraction in this modified norms is established in the following.

Proposition 6.11. The following estimate holds true for n > 2

||Pn+1 . Pn|

o < TP =P .. (6.32)
6,S 5,8

Proof. In view of the definition of S(n) and S(n + 1), Corollary 6.7 with s = 6 yields
immediately, for n > 2,

[Pt =P s S €SS IS () — IS - 1],
p
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Using Lemma 6.8 to estimate the right-hand side, we infer for n > 2

e

(n) gy _ (r7(n=1) g(n-1) .
(U™, 80) = D, SO

and hence
ntl _pn o < —-1%pn _ pn-1 .
[Pt P S PP

as desired. O

6.3.3 Convergence

In view of (6.28), (6.31), and Proposition 6.11, it follows that

e the sequence ¥(n) converges to a deformation map ¥ : S — S, S(n) — S,

e JS — JS and J[S(n)] — J[S], where JS is the canonical basis of £ = 1 modes
on S calibrated as in Definition 6.3, and J®)[S] is associated to JS as in Definition
5.18.

. (Q(()”), Mé") C™P M) converges to constants (QS,Q(SJ”), MS, MS»),

) =

Moreover, S satisfies the conclusions of Theorem 6.1, with J[S] as basis of £ = 1 modes
in (6.4) (6.5). Now, recall from (5.36) that we have J[S] = J5 on S. Thus, S satisfies the
conclusions of Theorem 6.1, with the canonical basis JS of £ = 1 modes in (6.4) (6.5). In
particular, we have

2
S S S (S,p) 7(p,S)
= —— +C7 + C J
K - 0 % :

+MS+Y MEPES),

p

(6.33)
s o2mS
= (TS)S

To infer (6.19) from (6.33), it remains to prove that C5 = M$ = 0. We start with MS,
Using the Gauss equations (5.2), the definition (5.3) of the mass aspect function, the
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definition (5.1) of the Hawking mass, we infer

1 1 o
dr = /KS /( p —Z—l/isﬁs—l-éxs‘xs)
S . s.s lgg s 1 S S
= w2+ div(® — —Kk°K - | KK
S 4 S 4 Js

8 S
= /,us—i-47r— o
S

rS

I
=
|

where we have integrated divS¢S by parts. Plugging the identity for xS in (6.33), and
using the fact that [q J®) =0, we deduce

8rmS 2mS 8mmS
_ S o _ e S (S;p) 7(»,9) _
4 = //L AT - — 5 _/s<(7"s)3+M0+Ep M=P >+47T S

8mmS 8rmS
= A (rSY2 M + 4m —
.5 + 47 (r®) o t4m s
and hence
M§ = 0.
Therefore,
uS = 2m° +ZM(S,p)J(p,S)
(rS)3
p
as desired.

Next, using the identities for % and x% in (6.33), the definition (5.1) of the Hawking
mass, and using the fact that fs J®S) =0, we infer

2mS 1 1
TS - 1 ___ - S.S _ _ / __TS CS CSp (p,S)
S 167r/s“ﬁ e * +Z

and hence
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Therefore, we deduce

2
S _
K ’r’_s’
2
S_ _“~S (S:p) 7(p,S)
K TST +ZQ J
p
2mS
S _ (S.p) 7(p,S)
=Sy > MBI
p

Thus, S satisfies the conclusions of Theorem 6.1, with the canonical basis JS of ¢ = 1
modes in (6.19) (6.20). This concludes the proof of Theorem 6.5.

7 Construction of intrinsic GCM spheres

In what follows we prove an important corollary of Theorem 6.5 which makes use of the
arbitrariness of A, A to ensure the vanishing of the £ = 1 modes of g and t\r;(. The result
requires stronger assumptions than those made in A1, see (5.11), namely we assume that
I'y has the same behavior as I'y, i.e.

A1-Strong. For k < s,,4, and for a small enough constant 6; > 0, with §; > 27

§ (517’_3. (7].)

k,00

o, _sae e,

,O0

Remark 7.1. In applications to our envisioned proof of the nonlinear stability of Kerr,
we plan to apply the result below in spacetime regions where we have r ~ u. Such regions
appear naturally when we extend a given GCM admissible spacetime M, see Theorem
M7 in [16], in a neighborhood of its top GCM sphere. The improvement in r for T'y is a
consequence of the fact that we can exchange, in such regions, the decay factors in u for
decay in r, while the improvement for VsI'y is due to the fact that such terms behave like
r~IT'y as a consequence of the structure equations.

We also need to make stronger assumptions concerning the basis of ¢ = 1 modes for the
background foliation. These assumptions are also consistent with the what we expect in
applications to the nonlinear stability of Kerr.

A4-Strong. We assume the existence of a smooth family of scalar functions J® : R — R,
for p = 0,4, —, verifying the following properties
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1. On the sphere § of the background foliation, there holds the following stronger
version of (5.14)

((2A+2)00 =0@),  p=0,+-,

1 1 o _
m /S J(p)J(Q) = gépq + O(ET 1)7 p,q= 07 +a I (72)

1 o
5 L7 =0E o

2. There holds also on S the following stronger version of (6.17)

o

max |J®) — @) o <0, (7.3)
p=0,—,+ bSmam+1(S)

where J®5) denotes the canonical basis of ¢ = 1 modes on S corresponding to the

o o

effective uniformization map (®,¢) for S appearing in Definition 6.3.

3. We extend J® from g’ to R as in (5.15), i.e. by 9,J®) = 9,J®) = 0.

We will rely on the following corollary of Corollary 6.9.

Corollary 7.2. Let Jp) satisfying A4-Strong, and let JPS) denotes the canomcal ba-

sis of £ = 1 modes on S corresponding to the effective uniformization map (P gb) for S
appearing in Definition 6.3. Let a deformation ¥ : S — S with the corresponding de-
formation parameters (U, S) satisfying (6.9) with Syaz > 2. Let JS be the corresponding
canonical basis of £ = 1 modes of S calibrated according to Definition 6.3. Then, the
following estimate holds true

max sup |J®) — eS| < i, (7.4)
p=0,—,+

Proof. From Corollary 6.9, we have

I%ax+||J(p) — JW[8]] o < max |[J® — @9
p=Y,—,

—1
o U,S
hsmaz(s) ~ p=0,—,+ hsmax(s) + r ||( 9 )H

hsmam (S) ’

where J®)[S] : R — R is associated to JS as in Definition 5.18. Together with (7.3) and
(6.9), we obtain

max ||J® — J®[S]| < 6.
b= 0_ hSmaz(S)
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Since Syqe > 2, we infer from the Sobolev embedding

max sup [J® — JP[S]| < r716.
p:0,—,+ %

Finally, since, by definition, we have J®[S] = J®S) o ¥ on S, and since J®) o ¥ = J®)
in view of (5.15), we infer

max sup |J® — J®S| <75

p:O77’+ S

as desired. ]

We are ready to state and prove our theorem on the construction of intrinsic GCM spheres.

Theorem 7.3 (Existence of intrinsic GCM spheres). Assume that the spacetime region
R werifies the assumptions A1-Strong, A2, A3, A4-Strong. We further assume that,
relative to the £ =1 modes of the background foliation,

~

(divB)eer = O(6r3), (i)t = O Y, (Bx)ees = O(Gr Y. (7.5)

Then, there exist unique constants MS?) p e {— 0,4}, such that

2
S _
K T—S,
2
S _ S
= (7.6)
S 2 S M9 10
(TS)3 ~ )
and
/ divSS JPS) = 0, (7.7)
S

where JPS) is a canonical ¢ = 1 basis for S calibrated, relative by V¥, with the canonical

¢ =1 basis of S. Moreover the deformation verifies the properties (6.8), (6.9), (6.10),
(6.11) stated in Theorem 6.1.

Remark 7.4. The assumptions (7.5) for (divB)ey and (trx)e1 holds true in general
under the assumptions A1-A3. The corresponding assumption for (trx)e=1 holds true in
regions, discussed in Remark 7.1, where r ~ u, see the proof of Theorem M4 in [16].
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The proof of Theorem 7.3 relies on the following lemma.

Lemma 7.5. Assume that the spacetime region R verifies the assumptions A1-Strong,

A2, A3, A4-Strong. Let S = S(A,A) be a deformation ofg as constructed by Theorem
6.5 with

/ divSf JPS) = A, / divSf JPS) = A.
S S

The following identities hold true.

(r®)? . S S ~
A= [_ (divS )g:1+(dw5)g:1} +E(AA),
m S (7.8)
r N N N
A=TSA+ 35 [(ES)Zzl + Y5 (R) s — (@)4:1] + (A, A),
m
where Fy, Fy are continuously differentiable functions of A, A verifying**
|F1, Fy| < 610, |OA(F1, F»), 06(Fy, F2)| < 01 (7.9)

We postpone the proof of Lemma 7.5 to section 7.1.

Proof of Theorem 7.3. We note that under the assumptions of the theorem the system

A= (TS>3(d' B)e1 + Fi(A, M)
=~ 3,8 WV 0 )e=1 1\, A,
A =TA+ %_S<T (/ﬁl)g:l - (E)(:l) + FQ(A7A)7

has a unique solution Ay, A, verifying the estimate
[ Ao| + |Ag| S 6.
Therefore, taking A = Ag, A = A, in (7.8), we deduce

(divSpS)_y =0,  (K5)e_y = 0.

31Recall that §; is the smallness constant introduced in A1-Strong, see (7.1).
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It remains to check (7.6). According to Theorem 6.5, there exist constants el 2V CEoN
p € {—,0,+} such that
s 2

= ——TS+ZCSP J®S),
s_2m” S M0 j0)
= TS)3 '
P
Thus, it suffices to prove that CS?) = 0 for p € {—,0,+}. To this end, we rewrite the

identity for x5 as follows
ZQ(SJ’)J(P:S)‘
p

Projecting on the canonical E = 1 basis and using the condition (Es)gzl = 0 and the

property [ J®S) J@S)da, = Ax(r $)25,, 4+ O(erS) in (6.21), we then conclude that ¢S =
0. Hence, we have ﬁnally obtalned
2
S _
K T—S,
2
S _ S
ﬁ - _T_ST 9

and

as desired. O

7.1 Proof of Lemma 7.5

Let (f, f,)\) denote the transition coefficients between the background frame of R and
the frame (5, €5, €5, e5) adapted to the deformation S.

Step 1. Consider a GCM sphere S(A, A) as in Theorem 6.5. Since *p € r~'T'; we rewrite
the transformation (5.22) for /5 in the form

3 _
S = 5+§fp+7" ', - F.
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Remark 7.6. Note that all quantities defined on S, such as rS, mS, (f, fiA) and J®:S)
depend in fact continuously on the parameters A, A even though this dependence is not
made explicit.

Taking the divergence, we infer
3 3
divSpS = divSp+ 5pdivsf + §fdivsp +divS(r T, - F)
3
= divSF 4 JpdivEf +r QL) F+dive(r7'T, - F).

Since |m® —m| < 6 and |r® — r| < 6 in view of Corollary 5.15, since j € r~'T, and in
view of the assumptions for I'y, we have

_ 27717L _2mf o 2mS  2m
p= r3 p= (r5)3 P Sp 73
2m 1 730 2mS

G )

where we used also § < ¢. We deduce

+ O(r’?’z),

S
T divSf = divSg+r2(0,) - F + O(r ) F + divS (r~'Iy - F)

3
. S8
div®5° + 5y

div B +772(0y) - F + O(r3¢)F + divS (r'T, - F)
leﬁ + El(AaA)a

with error term of the form

Ei(AA) = r2Q@T,) - F+divS(r'T, - F) + O(r3¢)F. (7.10)
Integrating on S, we deduce,
3m° [0S ) 0S) v S5 J:S) v 3@ )
5 S(dlv I = — S(dlv BZ) P> S(dlvﬂ)J =+ SE1J =) (7.11)

o

In view of (7.4), we have |J®S) — J®)| < §r=1. Therefore, since 8 € 7T,
/S(divﬁ)J(p’s) = /dlvﬁ —i—/s dlvﬁ ps)—J(p))
= [@va)s +00)
= dlvﬁ P) 4 </s div 5)J® — /(dlvﬁ) p)) +O(r~ 5)



To estimate the term [¢(div B)J® — fg(div 3)J® we appeal to Lemma 5.11 applied to
F = (div3)J®. Thus

F‘ < or <Sup|F|+rsup (|8HF]+]88F|)>.
R R

Since 0, J® = 9,J® = (0 and J® is bounded, we infer

‘ < 5r <sup |div 8| 4 rsup (|0, (div 3)] + |85(divﬁ)|)) :
R R

Together with (5.7) and A3, we deduce

F’ < 5r <sup |div 3] + 7 sup (|es(div 8)| + |es(div 3)| + |Vdivﬁ|)> :
R R

In view of the control of 5 provided by A1, we infer that

F‘ < r
We deduce
/ (div 3)J %) = [(diVB)J(”) + OE0r=2) = (div B)ry + O(e0r~).
S S

Since [4(divSf)JPS) = A, after gathering all error terms in Fy = Fj(A,A), we deduce
from 7.11
(r5)3

3mS

{ — (div8 %)y + (div 5)z:1] + F1(AA) (7.12)

where

(T’S)3

S\3
Fi(AA) = 3 /S(A N Ey (A, A)JPS) 4 % (/S(divﬂ)J(Z%S) — (divﬁ)gzl) .

In view of the above, we easily check that

OO

Fl(A,A)’ <&

as stated.

Step 2. We next consider the equations (5.21)
K5 :/{—I—KJ;\ +divSf+F -Ty+F -V5F 4+ 1F?,
KS=k— kA +divSf+ F Ty + F-VSF + 171 F2
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Since |F| < r~16, and since we have |Fb’ < r724; in view of Al-strong, and using the

GCM condition 5 = 2/rS, we deduce, using also § < ¢ < 6y,

divSf + j\:rz—/ﬁLO((Slér 3,

>~ 0

div Si =K —K+ 0(6137’_3).
Differentiating w.r.t. AS, and using Al-strong for x and &, we infer
ASdivSf + ASA = —ASk + 0(8,6r79),
ASAivSf — sASN = ASES — AS + O(6,0r7).
This yields
kASdivS f + kASdiv Si = kASKS — kASk — KASK + 0(5137“_6). (7.13)

Hence, using the control of x and x provided by A1-Strong, and since |m —m3| < § and

lr — S| < § in view of Corollary 5.15, we deduce

278 2 278 2 °
——Asdlvsf + Asdlv S o= —SASES + —SAS/-@ — —SAsﬁ—i— 0(5157"_6),
r r r
or,
AS(divSf —T8divSf) = ASkS+TSASk — ASk+ 0(5,5177). (7.14)

Next, we focus on ASk and ASk. Recall from (5.20) that
1
63 = (5ab+§iafb)eb+ f€4+( _lf’f) a:1,2.

Recalling the definition of I'y and T, in (5.4), we have k —2 = F eIy, s+ 2L =K eI
and

es(r) —1erly, es(r)+ 7T erly, es(m)erly, es(m)erly.
Thus using assumption A1-Strong and |F| < r~'4, we infer that

T 1
V3 = Vi+=f—=f+00 00,
T re—

T(1-4) 14

VSk = V- —— [0 ~15,5).
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Taking the divergence, using Al-strong for x and k, and since |m — m3| < § and

|r — S| < § in view of Corollary 5.15, we deduce

TS 1 °
ASKZ = AH—F Wles‘f — (TS)2diVSi+O(T_5515)’

4mS

TS (1 1) : .
Asﬁ = Aﬁ — Wdlvsf + Wdlv Si + O(T75(515).

We introduce the notations

h = f-75f.

and rewrite the above equations in the form

AS(divSh) = ASkS+TSASk — ASk+O(5,6r7),

and

1 o
A%k = Ak - (TS)2divSh+ O(r=°6,9),
1 — dm?

A% = Ant oo divSh + O(r=%6,).

We infer that

2 S °
(4% G ) divSh— Cgpdivh = A% Y5 Ak = Axt O(5ir ).

Projecting over the basis of canonical £ = 1 modes J®S)_ integrating by parts and using,

see (6.21),
AS 42 ) s _ o : JwS)
(rS)2 (rS)? 7
we deduce,
S p ;
_ (6_7:)3 / divShJPS) 4 _(Oge))g / divShJ®S — / (AS@S +TSAk — A@) TS 1+ 0(8,677%)
ie.,
6mS . 51—
G /deshj(ps) — _/S <Asﬁs +TSA5—AE>J(I”S) +0(6,0r77)
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or,

(0

i S (78)—_
/Sdlv hJWP=) = S

/ (8565 + T52k — Ak) I 1 0(515). (7.15)
S

Next, we focus on the RHS of (7.15). We have

/ ApJ@S) / ArJ® 4 / Ar(J®S) _ J)
S S S

ﬁ ArJ®) < / ArJ®) — / Amﬂp)) + / Ar(JPS) — J@)),
S S S S

Thus, using (7.4), A1-Strong for x, and Lemma 5.11 applied to F = (Ax)J®, we infer,
proceeding as in Step 1,

/Alij(p’s) = ﬁAmJ(p) o <sup |AK| + rsup (Jes(Ar)| + |es(Ar)| + |V(A/<a)|)>
s s R R

+O(7"_3ZS)
o 2 o
_ / ARTP 1 O(r518) = — 5 (K)o + O *515),
S

where we also used (7.2) in the last equality. Similarly, we obtain
(p,S) 2 - ~35
AEJ ’ = ——2(ﬁ)g:1 + O(?“ (515)
S T
This yields

/ (AS@MTSAH—A@) J®S)  — / ASES JPS) 4 S / ArJPS) _ / Ak JPS)
S S S

s
2 s s 2TS 2 3. @
= _<7’S)2 /Sﬁ J(p’ ) — 7(/‘?)2:1 + ﬁ(ﬁ)é:l + O(?" 515)
Since |r — 8| < g, we infer
2 278 2 °
S.S s S _ =S . = -3
/S (A £+ T Ak — AE>J(p )= —W(E Je=1— W(ﬁ)eﬂ + W(’i)@zl + O(r™°016).
Together with (7.15), we deduce
. S1 7(p,S) S (s S /v « °
/SdIV hJ\WP=) = %«ﬁ Je=1 + T(K)=1 — (E)e:1> + O(610).
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Recalling b = f — TS f and the definition of A, A, we deduce,

TS

A=T5A = (e + T (R)imr — (B ) + Fa(A,A)

with

[F(A M) S 616

as stated. This concludes the proof of Lemma 7.5.

7.2 Definition of angular momentum

The result of Theorem 7.3 is unique up to a rotation of S? in the definition of the canonical
basis of £ = 1 modes on S, see Definition 6.3. We can choose that rotation such that the

p = & component of (curl $35),_; vanish. We state this result in the following corollary
of Theorem 7.3.

Corollary 7.7. Under the same assumptions as in Theorem 7.3 we have, in addition to

(7.6) and (7.7),

e cither, for any choice of a canonical { =1 basis of S,

(CUTZSBS)Z=1 = 07
e or there exists a canonical basis of £ =1 modes of S such that

/ curlSpS J&S) =, / curlSpS JOS) £ . (7.16)
s s

We then define the angular parameter a5 on S by the formula

aS = (%)’ /curlSBSJ(O’S) (7.17)
= 8mS Jg ' '

With this definition, we have a® = 0 in the first case, while a® # 0 in the second case.

35Note that in a Kerr space K(a,m), relative to a geodesic foliation normalized on ZT, we have
Jgcurl S8 JES =0 and [ curl$p8J0%5 = %:él;? +0 (7(%324)
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Proof. Recall that the basis of canonical £ = 1 modes on S are given by the formula
JgeS)  — @8 5 p-1

with J®5%) the ¢ = 1 basis on S? given by Definition 3.10, and (®, ¢) an effective uni-
formization map of S. In particular, we have by change of variable

/ curl 555 J#S) = / e curl3p5 0 @ J®S)
S s2
and hence
(curl54%)m; = / e curl 55 o d 1z
SQ

where z is the position vector on S?. Changing the definition of £ = 1 modes by a rotation
of S? consist in changing (®, ¢) to (® 0 O, ¢ o O) with O € O(3) which yields

/ 20 curl®pS o d o0 = / e curl3g8 0o @O0 12
s? s?

= 0! (/ e curl 565 o <I>;E>
S2

= O Ycurl®8%) ;.

In particular, (curl $5%),_; is identified with a vector v in R3, and changing the definition
of £ = 1 modes by a rotation of S? amounts to apply a rotation to v. The proof follows
then from the fact that, given a vector v in R?® with v # 0, there exists a rotation of the
(2!, 22, 23) coordinates of R? such that v points in the direction of the x? axis. O

Remark 7.8. In the case a8 # 0, with a8 given by (7.17), let a canonical basis J®S)
satisfying the condition (7.16). Then, the set of all canonical basis satisfying the condition

(7.16) forms a I1-parameter family of basis J;’;’S) given by
0,8 0,8
Jévo ) — )7
Jg’s) = COS((pO)J(+’S) — sin(goo)J(f’S),

Jg’s) = sin(yg) ST + cos(pg) T,

where g € [0,27). In particular, J©S) is unique so that, on an intrinsic GCM sphere S,

o a5 given by (7.17) is a well defined notion of angular momentum,

e the condition (7.16) is a canonical way to define a notion of axis’® when aS # 0.

36Note that in Kerr, the axis corresponds to the zeros of J(©:3),
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7.3 Intrinsic GCM spheres in Kerr

Consider K(ag, myp), |ap| < mo, a sub-extremal Kerr spacetime endowed with an outgoing
optical function u normalized at Z*. We denote by S(u,s) the spheres of the induced
geodesic foliation, with s the affine parameter, and r the area radius, normalized on
I+ such that lim, , 2 = 1. Let (e4, €3, €9, €2) be the associated null frame with e, =
—g*%95ud,. Define also the corresponding angular coordinates (6, ), properly normalized
at infinity, with e4(0) = e4() = 0, and the corresponding J® defined by them, i.e.

JO = cos¥, J*) =sinfcos o, J) = sin fsin . (7.18)
Finally we consider the spacetime region
R(ro) = {7“ > 7"0} C K(ag, mo).

Lemma 7.9. If ro = ro(mg) is sufficiently large, the region R(ry), endowed with the
geodesic foliation described above, verifies the assumptions A1-Strong, A2, A3 and
A4-Strong, as well as (7.5), with the smallness constants

o ° apmyg
e=0= .

To

Proof. A1-Strong, A2, A3 and A4-Strong follow immediately from Lemma 2.10 in [17].
It then remains to prove (7.5). Lemma 2.10 in [17] yields £ = O(agr—?) and & = O(adr—3).
One can easily push the asymptotic to the next order to obtain

2

~ a, ma2 - a2 maQ
K:T—g<01+02(0089)2>+0( :4‘)), ﬁzr—;’(gﬁ—gQ(cosQ)Q)—l—O( 0 0),

4
for some universal constants ¢y, ¢z, ¢; and ¢,. Since
<61 + co(cos 0)2> =0, (g1 + ¢y(cos 9)2) =0,
=1 =1

we infer

B =0 (M58) @ -0 (M),

r2 r2

as stated in (7.5). It remains to derive the estimate for (div 3),=; in (7.5). Lemma 2.10 in
[17] yields div 8 = O(agmor—>), and one can easily push the asymptotic to the next order
to obtain div 3 = O(a2mer—°) which immediately implies the estimate for (div 3),—; in
(7.5). This concludes the proof of (7.5), and hence the one of Lemma 7.9. O
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Corollary 7.10 (Existence of intrinsic GCM spheres in Kerr). If rq > mq is sufficiently

large, then any sphere S C R(ro) admits a unique deformation V : S — S wverifying
(7.6) and (7.7). Moreover, the deformation verifies the properties (6.8), (6.9), (6.10) and
(6.11) stated in Theorem 6.1.

Proof. In view of Lemma 7.9, the assumptions A1-Strong, A2, A3 and A4-Strong,
as well as (7.5), are satisfied by the spacetime region R(ry) provided that ro = ro(myg) is

sufficiently large, with the smallness constants ¢ and & given by

¢=6="0"0
To
Thus, Theorem 7.3 applies which concludes the proof of the corollary. O

Remark 7.11. We may define the angular momentum a® on S as in (7.17), where S
denotes any of the intrinsic GCM spheres in Kerr constructed in Corollary 7.10. One can

then easily prove’™ the estimate |aS — ag| < €.

8 Control of approximate intrinsic GCM spheres

The goal of this section is to prove the following proposition providing a priori estimates

for the triplet (f, f, A) corresponding to a given sphere S C R satisfying an approximate
version of the GCM conditions (7.6) (7.7).

Proposition 8.1. Let a fized spacetime region R verifying assumptions A1l — A4 and
(6.1) (6.2), as well as, for any background sphere S of R,

(divB)ea| S17%0,  |(E)e=a| S 6. (8.1)

37This relies in particular on the following analog of the estimate for div 3 in the proof of Lemma 7.9

6 0
curl B = 2000 €57 | O(a2mor™9).

5
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Assume that S is a deformed sphere in R which verifies the GCM conditions

2
S _
=
9 -
s __ S S (8.p) 7(p)
=—-——=T>+C g cer g
= SRR ~ ’ (8.2)
s_ 2m° s S S o)
o :W—FMO + M&=P JW

(%)

p

for some basis*® of £ =1 modes J®) on S, such that for a small enough constant §; > 0,
the transition coefficients (f, f,\) from the background frame of R to that of S wverifies,
for some 4 < s < Sz, the bound

o

1 llo.s) + 57Ny <o, (8.3)

and the difference between the basis of £ = 1 modes J®) on'S and the basis of £ =1 modes
of the background foliation J® wverifies

| @) — TP < 4. (8.4)
Assume in addition that we have
|(div®B%)p—r| S 7726, (ES)ea] S0 (8.5)

with respect to the basis of £ =1 modes J®) on'S. Then (f, [, A) verify the estimates

S

ICF A )

o o 1 .
her(8) S 7O+ r(€)® +rd (g + e+ 51)

and

—s
rIAN | S rd+r(e)? +rdy (% +e+t 51) +sup |r — 75|
r S
Remark 8.2. The anomalous behavior for (f,\) in the assumption (8.3) is motivated by
the proof of the nonlinear stability of Schwarzschild in [16], where this behavior is due a
substantial shift of the center of mass frame of the final black hole compared to initial one,
known in the physics literature as a gravitational wave recoil, see Remark 4.5 in [16] for
a more detailed heuristic explanation for this behavior of (f,\). We refer to Corollary
9.51 in [16] for an analogous statement to Proposition 8.1. We expect that Proposition
8.1 would play a similar role in a future proof of stability of Kerr.

38 J(P) is not assumed to be a canonical basis of £ = 1 modes on S.
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8.1 Deformed sphere with weaker assumptions on (f, f, )

The proof of Proposition 8.1 requires the following extension of the results of section 5.2
to the case where (f, f, \) satisfy the assumptions (8.3).

Lemma 8.3. There exists a small enough constant o, such that for given f,f on R
satisfying

I/

e () + (P2) IS

S 617

hsmaz

the following holds

1. We have

S S

3—1’551.
T

—1‘ + sup
]

r
o
r

2. The following estimate holds true for an arbitrary scalar function h on R,

< a3 (sup (1] + 10 F1) + Fsup \@fl) .
R R

Proof. See Lemma 7.3 in [17]. O

Lemma 8.4. Assume that (f, f) given on R satisfy for a small enough constant 6,

1 lloscs) + (7)1 flloesy < 61

Then, we have

mS —m| < 6+ (e)*.
Proof. See Corollary 7.7 in [17]. O

We will also need the following extension of Lemma 7.5.

Lemma 8.5. Assume that the spacetime Tegzon R wverifies the assumptions A1, A2, A3,
A4 Let S = SAD pe g deformation ofS with

/dwsf J®) = A, /dwsij@) =A,
S S
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and with (f, f,;\) satisfying (8.3). The following identities hold true.

i (37“;5[ (divS %) s + (div f)ims | + Fi(R,B), )
A:TSK+%[<E)Z1+T()ZI— ]+F2AA) |
where Fy, Fy verify
|y, Fy| S rdi(e+ 1) (8.7)

Proof. The proof is a simple adaptation®® of the one of Lemma 7.5 where

1. the control (6.6) for (f, f,\) is replaced by (8.3),
2. Al-strong and A4-strong are replaced by the assumptions A1 and A4,

3. the estimates for 75 — r and mS — m of Corollary 5.15 are replaced respectively by
the first property of Lemma 8.3 and Lemma 8.4,

4. Lemma 5.11 is replaced by the second property of Lemma 8.3,

5. the pair of triplets (A, A) in Lemma 7.5, defined w.r.t. a canonical basis of £ = 1
modes J®S) on S, are replaced with the pair of triplets (A, A) defined with respect
to the basis of £ = 1 modes J® on S,

6. the estimate (7.4) for J®S) — J®) is replaced by the assumption (8.4) on J® — J®).
This concludes the proof of the lemma. n

Finally, we also rely on the following proposition.

Proposition 8.6. Let a fized spacetime region R verifying assumptions A1 — A4 and
(6.1) (6.2). Assume that S is a deformed sphere in R which verifies the approzimate

39The only step which requires a slight modification of the argument is when passing from (7.13) to
(7.14) as (k — k5)ASdivS f induces the term (2 — %)ASdivS f which would loose one more power of r
than allowed. Instead, one should first divide (7. 13) by x and the proof then proceeds along the same

lines.
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GCM conditions

2
S __
K —T—S,
2
6 = ST+ O+ Y CONITW o Brels)
- p (8.8)
s 2mS s Sp) 7(0) s
= g+ M + M 4 )
p

where Err(sS] and Err{pS] are two scalar functions on' S, and such that for a small enough

constant 01 > 0, the transition coefficients (f, f,A) from the background frame of R to
that of S wverifies, for some 4 < s < Syaz, the bound

1flloucs) + 57 A)

Then (f, f,\) verify the estimates

ho(S) < O1. (8.9)

~S

° > * ° o] ]. [¢]
£ 3 Mooy + 32 (FIE7 14 P80T) 5ot @y (348460 ) + 14T+ 1A

r
p
il Brris®ll,s) + 2 Errl®lly, o)

and

. . O_S [¢] 1

PG + IVl 4 rA | S 0 (€2 +rd) (3—1—2—1—51)+|A]+]A\+Sup|r—rs|
r S

+rl| Brrs®] || pas) + 12| Brrlp®] | r2s),
where the pair of triplets A, A € R3 is defined by
A= (div®f)e=r, A= (divS[f)e,

with respect to the basis of £ = 1 modes J® of the background foliation, and where we
have introduced the notation

o= CF -G, e e 510,
My = M5 — I, N® = AP )
Proof. See Corollary 7.1 in [17]. O
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8.2 Proof of Proposition 8.1

First, we rewrite the GCM conditions (8.2) as follows

2

s _

K —/r—s,
2

S_ _“2~S S (8,p) 7(p) S
I TST +QO+XP:Q P) J®) 4 Errls°), (8.11)

S 2m® S (S.p) 7(») S
7 :W+MO+ZM 2 J®) 4 Err (),

p

where Err[£5] and Err[;S] are the scalar functions on S given by

Err[ﬁs] — ZQ(S,IJ) <j(p) _ J(JD))7 Err[,us] — Z MSP) (j(p) _ J(i)))7
p P

and thus satisfy, in view of the assumption (8.4) on the control of Jw® — @)

~J

B s8]l  + 2B Sl S Y (PRICSP |+ MED)). (812)

p

Next, we apply Proposition 8.6 to the system (8.11), and rely on the estimate (8.12). We
obtain

S

. . o o 1 o
hei1(S) T Z <r2|Q(p)| + r3|M(P>y) < S+ () + 10 (; +e+ 61) + |A] + |A
r

p

I £ A )

+01 (F1C 40

p
and
—S
. . o o o 1 (o]
r2|Co| 4 73| M| + | ‘ < S+ () 1 (3 +e+ 51> + |A| + |A] + sup |r — 75|
r S
183 (RIS + 2 M) ).

p

Now, in view of (8.10) and the assumptions on the background foliation, we have
—S . ° . —S . ° .
OS] < |CP| 4107 S+ 1CT), M) < MO | 4 M| S r 4 1)
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Plugging in the above, and using the smallness of §; to absorb the terms Q(p) and M®
on the RHS, we infer

~S

© © (0] 1 o
1 F X Mo S 8+ @2 +rd, <g+6+51>+\AI+IA! (.13)
T
and
'apy ‘ < 5—1—() +7’51( +e—|—(51)+|A]+|A|+sup|r—rs|. (8.14)
r S

Also, we have from Lemma 8.5 the following identities

_ #S)3 -~
|~ @8+ (div B)ecr] + (R D),
A= TSA+3—SS[< Peet + T (®)ect = (Do | + Fa(R, D),

where F}, F» verify
‘Fl,FQ‘ 57“51(24‘(51).

In view of (8.1) and (8.5), we infer

Al +1A] < ro+rd(e+6).

Since we have
AL+IAL S IR+ B+ s [ (1divs) 4 divS ) 70 - 50,
p=U,r,— S -
we obtain, together with (8.3) and (8.4)

A+ Al S 1o +7di(e+b).
Together with (8.13) and (8.14) we deduce

S
N 1 o
1 EA Mo S 70+ (&2 + 76, (EHM)
T
and
>S o 1
rIN ]S ro4r(e)? e (3+2+51)+5up|r—rs|.
r S

This concludes the proof of Proposition 8.1.
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A Appendix by Camillo De Lellis

We denote by e the Euclidean metric on R".

Theorem A.l. For every n > 2 and every a € (0,1] there is a constant C' = C(n, «)
with the following property. Let uw € H'(By, R™) be such that

1
[ufe — el oo,y < B (A.1)
and
det Du > 0 a.e. (A.2)
Then there is A € SO(n) such that
HDU_AHCO‘(Bl) S CHuﬁe—eHca(BQ). (AS)

Remark A.2. From now on, |A| will denote the Hilbert-Schmidt norm of the matriz
A € R™™ namely |A| = Vtr AT A induced by the Hilbert-Schmidt scalar product (A, B) :=
tr ATB. In particular, using standard coordinates in By and identifying u*e with the
corresponding n X n matriz, we have |Du|* = trufe. Under the assumption (A.1), we
thus conclude immediately that | Du||L=(p,) < C(n), namely that the map w is Lipschitz.

Remark A.3. Note that an assumption like (A.2) is needed because it is easy to give
examples of Lipschitz maps whose derivative belong to O(n) almost everywhere but which
are not affine. In fact such maps are “abundant” in an appropriate sense: in particular
they form a residual set in the space X 1= {u € Lip (By, R") : ufe < e} endowed with the
the L distance, which makes X a compact metric space (cf. [15] for the latter and more
subtle results).

The two authors of the paper asked me while preparing their manuscript whether I could
provide a reference or a proof for Theorem A.1. While I felt that this should be a well-
known “classical fact”, I was unable to find a reference for it. 1 therefore suggested
a simple argument which reduces (A.3) to an important work of [10] which essentially
handles a corresponding “L?-estimate”. The reduction is given in this appendix. It uses
some elementary facts from Linear Algebra (which are well known and I just include for
the reader’s convenience) and a Morrey-type decay. In what follows we denote by Id the
identity matrix in R™*".

Lemma A.4. We have

dist (A, SO(n)) = dist (A, 0(n)) for all A € R™"™ with det A >0 (A.4)
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and
dist (A,0(n)) < |[ATA—Id  VAecR™™. (A.5)

Proof. In order to show (A.4) fix first an arbitrary matrix A with det A > 0. Recalling
the polar decomposition of matrices there is a symmetric S and a O; € SO(n) such
that A = O1S. Next, recalling that every symmetric matrix is diagonalizable, there is
O, € SO(n) such that A = 0,0, DO, for some diagonal matrix D. Next recall that if O is
a diagonal matrix with an even number of entries equal to —1 and the remaining equal to
1, then O € SO(n). If one of the diagonal enties of D is zero, we can then assume without
loss of generality that all enties of A are nonnegative. Otherwise, if no diagonal entry is
0, we can assume without loss of generality that they are all positive but at most 1. Since
det A > 0, we can exclude that one diagonal entry of D is negative and the others are all
positive. Summarizing the arguments in the two cases, we can assume that all diagonal
entries of D are nonnegative. Since dist (4,0(n)) = dist (OA, O(n)) = dist (A0, O(n))
and dist (4, S0(n)) = dist (OA, SO(n)) = dist (AO, SO(n)) for every O € SO(n), we
conclude that it suffices to prove (A.4) for a diagonal matrix A which has all nonnegative
entries. Denote them by Aq,..., \,. For any O € O(n) we can then compute explicitely

A=OP => XN +n-2) \Oj.

Observe that —1 < O; < 1 because O is orthogonal. Since \; > 0 for every i we
then conclude |A — O] > Y, A2+ n—2>. N\ = |A — Id>. This however shows that
dist (4,0(n))* = |A — Id|? = dist (A, SO(n))>.

As for (A.5) fix A € R™" and let O € O(n) be such that dist (A, O(n)) = |A — O|. Since
both sides of the inequality take the same value for A and O~'A, we can assume that
O = Id. By the minimality condition of Id we must have that A — Id is orthogonal (in the
Hilbert-Schmidt scalar product) to the tangent to O(n) at Id, which is the space of skew-
symmetric matrices. We therefore conclude that A is symmetric and, again applying the
O(n) invariance of the inequality, we can assume w.l.o.g. that it is diagonal. Let \; = A
be the diagonal entries and observe that none of them can be negative: if \; < 0 then the
matrix B which has B;; = 0 for ¢ # j, B;; = 1 for i # k and By, = —1 satisfies B € O(n)
and |[A — B| < |A — Id|. (A.5) is thus reduced to proving

D= 1Ts ) (-1

%

under the assumption that \; > 0 for every i. This is equivalent to prove (z — 1)* <
(22 — 1) = (z — 1)*(x + 1)? for z > 0, which is obvious. O
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Proof of Theorem A.1. Fix x € B; and let S(x) be the unique positive definite symmetric
matrix such that S(x)? = ufe(x). Observe that, by (A.1), we have

S(z)| +1S(x) ' < C.
Let v be the map v(y) := u(y)(S(x))~! and observe further that
dist (Dv(y), SO(n)) <dist (Dv(y),0(n)) < |Dv" (y)Dv(y) — Id|
<|S()~ Du’ (y)Du(y)S(z)~" — M|
=|S(2)~ (Du' (y) Duly) — S(y)*)S(x)~|
=|S(2) 7 (ufe(y) — u'e())S(2) "]
<4[u e]aleﬂf —y|* = dlufe — elap,|r — y|°
)l

(where we use the standard notation [f].q = sup{'fIm o

for every < 1 we can apply the Friesecke-James-Miiller inequality, namely [10, Theorem
3.1], to find a matrix A(z,r) € SO(n) with the property that

][ |Dv — A(z,r)|* < C’][ dist (Dv, SO(n))* < Clufe — el2 g, (A.6)
Br(if) Br(l‘)

cx,y € }). In particular,

(note that [10, Theorem 3.1] is stated for a general open set U in place of B,(x), with a
constant depending on U; however an obvious scaling argument shows that the constant
is the same for balls of arbitrary radii). Recalling that

@g/u—dﬁa/V—
Du —][T(x) Du

we conclude

][T(z)

2
<f Ipu-A@ns@P
r(z)

—f Do Az )S@P

r(2)

< 4][ |Dv — A(z,r)|* < Clufe — el2 g, r* .
B (x)

Morrey’s estimate then implies that Du € C*(B;) and
[Du)ap, < Clufe —elap, - (A.7)
On the other hand, again by the Friesecke-James-Miiller estimate, there is A € SO(n)

such that
|Du — A]? < C{ dist (Du, SO(n))* < C|jufe — 6”%0(31) . (A.8)

B1 Bl

(A.7) and (A.8) immediately imply (A.3). O
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