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Abstract. This paper analyzes the instantaneous kinematic and static
performance of a two degree-of-freedom serial manipulator composed of
anti-parallelogram (or X-) tensegrity joints and remotely driven with ca-
bles. Two actuation schemes with 4 cables and 3 cables, respectively,
are considered for this manipulator. The physical limitations on the ve-
locities and forces of the actuating cables are mapped onto the task
space of the manipulator, to quantify the corresponding velocity and
force-application capabilities of the end-effector. A comparative study is
carried out between the 4-cable and 3-cable actuation schemes in terms
of their velocity and force performance.

Keywords: Tensegrity manipulator, Anti-parallelogram joint, Velocity
kinematics, Static analysis

1 Introduction

Cable-driven parallel robots have gained immense popularity over the past two
decades, due to their large workspaces, high payload to weight ratio, and fast
dynamics. A vast fraction of literature on these robots has been directed towards
the study of their wrench-feasibility [1],[2]. The twist feasibility analysis of such
robots has been conducted in [3]. Both wrench and twist capabilities of these
robots are usually represented by convex polytopes [2],[3]. Two performance
measures, namely, manipulability, and condition index, have been extended from
ellipsoids to polytopes in [4]. These measures will be used in this paper.

Unlike cable-driven parallel robots, the literature dedicated to cable-driven
serial robots [5] is relatively sparse. A difficult challenge that exists in these
robots is to find a suitable cable routing scheme [6]. The force-closure analysis of
cable-driven open chains has been performed using reciprocal screw theory in [7].
Most of these papers consider robots composed of simple revolute joints only.
As an alternative, it is possible to use an anti-parallelogram joint (referred as X-
joint) [8]. The X-joint has been used for modeling bio-mechanical systems such
as the knee [9], and inter-vertebrae joints of the bird neck [10]. The kinematic
analysis of a 2-X manipulator with link offsets has been performed in [11], where



2 Vimalesh Muralidharan, Philippe Wenger, and Christine Chevallereau

Fig. 1: Schematic of the 2-X tensegrity manipulator with link offsets, αi ∈]−π, π[.

it was shown that this manipulator has a larger workspace than a conventional
2-revolute manipulator with the same maximal reach and joint limits.

This paper studies a two degree-of-freedom (DoF) manipulator composed
of two X-joints arranged in series with rigid offsets between them (see Fig. 1).
Two different actuation strategies with 4 cables and 3 cables, respectively, are
proposed for this manipulator. The 4-cable scheme is a direct extension of the
antagonistic actuation of a single X-joint [12] to two of them, while the 3-cable
scheme uses the minimum number of cables required to fully actuate this 2-DoF
system [7]. One of the objectives of this study is to see the impact of reducing
the number of actuators and therefore the cost of the associated robot. It might
seem obvious that reducing the number of actuators will reduce the performance
of the robot, but we will show that it is not so direct.

In the following, a complete description of the 2-X manipulator, 4-cable and
3-cable actuation schemes are presented. The performance of these two schemes
is studied in terms of instantaneous velocity and force transmission. Finally, this
performance is compared inside the respective workspaces of the two schemes.

2 Manipulator description and kinematic relations

A schematic of the 2-X manipulator with two X-joints and link offsets is shown
in Fig. 1. Each X-joint is composed of a base and top bar of length b and two
crossed bars of length l, such that (l > b) for its assembly. Two rigid offsets of
length a are introduced between the two X-joints and between the second joint
and the end-effector point P (x, y), as shown in the schematic (shaded parts).

For the ith X-joint, the orientation of the top bar relative to its base bar,
is given by αi. This joint is equipped with identical springs of stiffness ki (zero
free-length) on the two sides, ensuring that it remains in equilibrium at αi =
0, in the absence of forces. Since the flat-singularities at αi = ±π limit the
movement of this joint, the study of this manipulator is carried out only for αi ∈
] − π, π[, i = 1, 2. Within this range, it is possible to unambiguously write the
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Fig. 2: Actuation scheme with 4 cables (left) and 3 cables (right).

direct kinematics of this manipulator as follows (see [11] for details):
li(αi) =

√
l2 − b2 cos2(αi/2), i = 1, 2

x = −l1(α1) sin(α1/2)− a(sinα1 + sin(α1 + α2))− l2(α2) sin(α1 + α2/2)

y = l1(α1) cos(α1/2) + a(cosα1 + cos(α1 + α2)) + l2(α2) cos(α1 + α2/2)

(1)

Differentiating the above equations w.r.t. time yields :[
ẋ
ẏ

]
= J

[
α̇1

α̇2

]
,J =

[
∂x
∂α1

∂x
∂α2

∂y
∂α1

∂y
∂α2

]
=

[
J11 J12
J21 J22

]
, is a Jacobian matrix. (2)

The side lengths lli , lri with i = 1, 2 (see Fig. 1) can be expressed as follows [10]:

lli = −b sin(αi/2) +
√
l2 − b2 cos2(αi/2) =⇒ l̇li = −Zli α̇i

lri = b sin(αi/2) +
√
l2 − b2 cos2(αi/2) =⇒ l̇ri = −Zri α̇i,where,

Zli = −
dlli
dαi

= b cos(αi/2)

(
1− b sin(αi/2)√

l2−b2 cos2(αi/2)

)
Zri = −

dlri
dαi

= −b cos(αi/2)
(
1 + b sin(αi/2)√

l2−b2 cos2(αi/2)

) (3)

Note that Zli > 0 and Zri < 0 when l > b and αi ∈]−π, π[. The numerical data
that will be used in this paper for the purpose of illustration are: b = 0.05 m,
l = 0.1 m, a = 0.2 m, k1 = 600 N/m, k2 = 300 N/m. All the bars are assumed to
be made of Aluminum material with a circular cross-section of radius 0.005 m.

3 Cable actuation schemes

The 2-X manipulator will be remotely actuated by motors fixed in the base,
using cables as transmission elements. Two such actuation schemes are consid-
ered in this study. The first one, referred as the 4-cable scheme, involves four
actuators/cables (see Fig. 2, left), namely, Cl1 , Cr1 , Cl2 , Cr2 . The cables Cl1 and
Cr1 actuate the first joint antagonistically without any effect on the second one.
The other two cables Cl2 and Cr2 are routed through the rigid links with pulleys,
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following the strut-routed scheme [8], to actuate the second joint independent of
the first one. The advantage of this scheme is the independence in actuation of
the two joints, but it uses one cable more than the minimum required [7].

The second actuation scheme, referred as the 3-cable scheme, uses only three
actuators/cables (see Fig. 2, right), the minimum number required for this sys-
tem [7]. Cables Cr1 and Cr2 have the same connections as in the 4-cable scheme.
In contrast, the cable Cl is routed along the left side of both the joints in a
side-routed scheme [10]. It is wound completely around two of the pulleys (at
the top left of the first joint and bottom left of the second joint) before being
connected to the top left vertex of the second X-joint. This way, the cable Cl
can control the movement of both the joints, albeit in a dependent manner.

In this paper, the cables are assumed to be inextensible and the pulleys
are approximated as massless points, i.e., with zero radius. The velocity and
static force analysis for the two actuation schemes are presented in the following.
The velocity analysis is useful for designing robots for manipulation tasks like
palletizing, while the force analysis is relevant for machining tasks like drilling.

4 Instantaneous velocity analysis

In a cable-driven system, the peak speed of the cables and the maximum force
transmitted by them, are limited by the actuators driving them. The aim of this
section and the next one is to map these limitations onto the task space and
evaluate the capabilities of the manipulator.

Let us assume that all the cables are actuated by identical motors, the one
used in [10]. Using the data sheet of the specified motor and the drum character-
istics, a value for maximum cable speed can be found as l̇max = 0.423 m/s. From
Fig. 2, it is apparent that the velocities of the cables Cli , Cri , when they are
wound, are equal to the negative time-derivatives of lli , lri , respectively. Using
Eq. (3), the associated constraints on the joint velocities can be obtained as:

Ċli ∈
[
−l̇max, l̇max

]
=⇒ −l̇li ∈

[
−l̇max, l̇max

]
=⇒ − l̇max

Zli
≤ α̇i ≤

l̇max

Zli
(4)

Ċri ∈
[
−l̇max, l̇max

]
=⇒ −l̇ri ∈

[
−l̇max, l̇max

]
=⇒ − l̇max

−Zri
≤ α̇i ≤

l̇max

−Zri
(5)

for i = 1, 2. The velocity of cable Cl (see Fig. 2, right) is −(l̇l1 + l̇l2), leading to:

Ċl ∈
[
−l̇max, l̇max

]
=⇒ −l̇max ≤ (Zl1 α̇1 + Zl2 α̇2) ≤ l̇max (6)

For the 4-cable actuation scheme, the constraints in Eqs. (4) and (5) apply
simultaneously, resulting in a total of eight constraints. For the 3-cable scheme,
there are only six constraints defined by Eqs. (5) and (6). As an illustration,
these constraints are shown in Fig. 3a (resp. Fig. 3b) for the 4-cable (resp. 3-
cable) scheme, when the manipulator is at (α1, α2) = (−1.65, 1.18) radians. The
region respecting the constraints formed by the left cables (Eqs. (4), (6)) is shown
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(a) Joint velocity (4-cable) (b) Joint velocity (3-cable) (c) Task velocity polytopes

Fig. 3: Joint velocity polytope and task velocity polytope for the 4-cable (red con-
tinuous) and 3-cable (black dashed) schemes at (α1, α2) = (−1.65,−1.18) rad.

in orange shade and by the right cables (Eq. (5)) in blue shade. The polytope
that lies at the intersection of all the constraints represents the set of feasible
joint velocities and is referred to as the joint velocity polytope. This polytope is
highlighted by red continuous line for the 4-cable scheme and by black dashed
line for the 3-cable scheme. This style is followed throughout the paper.

The corresponding polytope in the task velocity space (ẋ, ẏ) can be obtained
by mapping the vertices of joint velocity polytope using the Jacobian matrix in
Eq. (2). The task velocity polytopes for the two actuation schemes are superim-
posed in Fig. 3c. Interestingly, the polytope of the 3-cable scheme is larger, and
its direction of maximum velocity is nearly perpendicular to its counterpart.

5 Static force analysis

The equation of static equilibrium for the 2-X manipulator can be written as:

J>f +G = Γ (7)

where J is the Jacobian matrix defined in Eq. (2), f = [fx, fy]
> represents

the forces applied by the robot end-effector on the environment, G = [G1, G2]
>

denotes the wrench due to the springs and gravity effects, and Γ = [Γ1, Γ2]
> is

the wrench applied by the cables, which depends on the actuation scheme.
For the 4-cable scheme, the cables Cli , Cri apply forces Fli , Fri on the ith

joint, respectively. Thus, the actuation wrench components are given by Γi =
ZliFli + ZriFri , i = 1, 2 (see [8]), which can be written component-wise as:[

J11 J21
J12 J22

] [
fx
fy

]
+

[
G1

G2

]
=

[
Zl1Fl1 + Zr1Fr1
Zl2Fl2 + Zr2Fr2

]
(8)

The limits on actuation forces shall be imposed as: Fli , Fri ∈ [Fmin, Fmax] with
numerical values Fmin = 5 N, Fmax = 155 N. Recalling that Zli > 0 and
Zri < 0, the lower (resp. upper) bound of the actuation wrench Γi occurs when
Fli = Fmin, Fri = Fmax (resp. Fli = Fmax, Fri = Fmin). Thus, from Eq. (8), the
following inequalities must hold:

ZliFmin + ZriFmax −Gi ≤ (J1ifx + J2ify) ≤ ZliFmax + ZriFmin −Gi (9)
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for i = 1, 2. The region in the task force space (fx, fy) that satisfies these four
conditions represents the force polytope for the 4-cable scheme. This is shown
by the red continuous boundary for an example in Fig. 4.

In the 3-cable scheme, the side-routed cable Cl applies the same force Fl on
the left side of both the joints (see Fig. 2, right), while the cable Cri applies a
force Fri only on the ith joint. Thus, the actuation wrench components are given
by Γi = ZliFl+ZriFri . The associated equilibrium equation resembles the one in
Eq. (8), with Fl1 , Fl2 replaced by Fl. Thus, proceeding in a similar manner, one
obtains the same conditions in Eq. (9) for the 3-cable scheme also. Additionally,
the constraints due to coupling of the side-routed cable Cl must also be imposed.
This is obtained by firstly eliminating Fl from the two equilibrium equations:

J ′11fx + J ′21fy +G′ = Z ′l1Fr2 + Zr1Fr1 (10)

where J ′i1 =
(
Ji1 −

Zl1

Zl2
Ji2

)
, i = 1, 2, G′ =

(
G1 −

Zl1

Zl2
G2

)
, Z ′l1 = −

(
Zl1

Zl2
Zr2

)
. It

can be shown that Z ′l1 > 0 in the above equation. Thus, the wrench bounds can
be obtained as above, and the final conditions on (fx, fy) are:

Z ′l1Fmin + Zr1Fmax −G′ ≤ J ′11fx + J ′21fy ≤ Z ′l1Fmax + Zr1Fmin −G′ (11)

The force polytope for the 3-cable scheme lies at the intersection of all the six
conditions in Eqs. (9) and (11), as illustrated by the dashed boundary in Fig. 4.

Evidently, the force polytope of 3-cable scheme lies inside that of the 4-cable
scheme, as it satisfies two additional conditions in Eq. (11). Thus, it can be con-
cluded that the 4-cable actuation scheme permits the end-effector to apply more
forces than the 3-cable scheme. From Fig. 4, it is observed that the force poly-
topes are off-centered w.r.t. the origin. This is an effect of gravity and springs.

6 Global performance inside the task space

The objective of this section is to use the velocity and force polytopes defined
above, to assess the performance of the manipulator in the task space. In order
to do this, it is firstly necessary to qualify the points (x, y) in the task space, to
define a workspace for this manipulator. Several such definitions exist in the liter-
ature of cable-driven robots, e.g., wrench-closure workspace [6], wrench-feasible
workspace [8]. In this study, a stable wrench-feasible workspace will be used. It is
defined as the set of points (x, y) that can be reached by the end-effector, while
satisfying the conditions of static equilibrium (only under self-weight), stability,
and the bounds on actuation forces of the cables. It can be computed by a scan-
ning method analogous to the one used in [8]. The details are not discussed here
due to lack of space. A plot of this workspace is shown in Figs. 5 and 6 for the
4-cable (left) and 3-cable (right) schemes. As expected, the workspace obtained
for the 4-cable scheme is larger than that of the 3-cable scheme.

Four points: P1, P2, P3, P4 (see Fig. 5) that are common to the workspaces
of 4-cable and 3-cable actuation schemes have been chosen, to compare their
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Fig. 4: Force polytopes and associated constraints of the 4-cable (red continuous)
and 3-cable (black dashed) schemes at (α1, α2) = (−1.65,−1.18) rad.

Fig. 5: Contour plot of velocity manipulability index inside the stable wrench-
feasible workspace for the 4-cable (left) and 3-cable (right) actuation schemes.

Fig. 6: Contour plot of force manipulability index inside the stable wrench-
feasible workspace for the 4-cable (left) and 3-cable (right) actuation schemes.
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velocity and force performance locally. The velocity and force polytopes are vi-
sualized at these points in Table 1. In order to quantify the size and shape of
these polytopes, two performance measures, namely, manipulability index (M)
and condition index, have been introduced in [4]. In this paper, the inverse of the
condition index (κ) will be used instead of the condition index, as it is a bounded
measure. Geometrically, the manipulability index measures the surface area of
the polytope and the inverse condition index is the ratio of maximum perfor-
mance (velocity/force) that can be achieved in all directions to the maximum
performance inside the polytope. The distribution of velocity and force manipu-
lability indices have been plotted for the two schemes inside their workspaces in
Figs. 5 and 6, respectively. When there is more than one feasible configuration
for the manipulator, the one that results in maximum performance measure is
chosen. From these plots and Table 1, the following observations can be made:

– The velocity polytopes are identical at point P1, since the active constraints
on the joint velocities are formed only by the cables Cr1 , Cr2 in both cases.
Consequently, the velocity manipulability indices (Mv) are also equal. But,
for the 3-cable scheme, it is slightly lower at P2, equal at P3 (with different
polytope shape), and significantly greater at P4. This can also be verified
from the contour plots in Fig. 5, where the distribution is nearly the same
on the left half of the workspaces, but the value is significantly greater (about
1.53 times on average) on the right half for the 3-cable scheme.

– The velocity inverse condition index (κv) is greater for the 3-cable scheme
at (P2, P3, P4). Inside the workspace, (κv)4 ∈ [0, 0.5] (4-cable) and (κv)3 ∈
[0, 0.7] (3-cable). Its distribution is not shown here due to lack of space.

– The force manipulability (Mf ) must be necessarily greater for the 4-cable
scheme as the force polytope of 3-cable scheme must be contained inside that
of the 4-cable one (see Section 5). The difference ((Mf )4− (Mf )3) increases
as one moves from P1 to P4. From Fig. 6, it is found thatMf is significantly
lower (about 1/1.56 times on average) for the 3-cable scheme on the right
half of the workspace, converse to that of velocity manipulability.

– The force inverse condition index (κf ) is low, in general, for both the actua-
tion schemes, due to the off-centered position of the polytopes. There is only
a small difference in its value between the two schemes in (P1, . . . , P4). Inside
the workspace (κv)4 ∈ [0, 0.14] (4-cable) and (κv)3 ∈ [0, 0.18] (3-cable).

7 Conclusion

The instantaneous velocity and static force analysis have been performed for the
2-X tensegrity manipulator for two different cable actuation schemes. The first
scheme involves four cables, while the second one involves only three. Practical
limits have been considered on the cable velocities and the actuation forces. The
effect of these limits on the end-effector velocity and force-application capabilities
have been studied for the two actuation schemes, in terms of polytopes.
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A comparative study has been carried out between the velocity and force
polytopes of the 4-cable and 3-cable schemes, in terms of their manipulability
and inverse condition indices. It is observed that the velocity manipulability of
the 3-cable scheme is significantly larger than its counterpart on the right half of
the workspace. However, its force manipulability is less than that of the 4-cable
scheme throughout its workspace, and significantly lower on the right half. The
velocity inverse condition index is greater for the 3-cable scheme, but there is
no significant difference in the force inverse condition index between the two
schemes. In summary, the 3-cable scheme has a smaller stable wrench-feasible
workspace, lesser force capabilities, but larger velocity capabilities in some parts
of the workspace. In the future, these velocity and force indices will be used to
design tensegrity manipulators for manipulation and machining applications.
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