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The Slutsky equation, central in consumer choice theory, is derived from the usual hypotheses
underlying most standard models in Economics, such as full rationality, homogeneity, and absence
of interactions. We present a statistical physics framework that allows us to relax such assumptions.
We first derive a general fluctuation-response formula that relates the Slutsky matrix to spontaneous
fluctuations of consumption rather than to response to changing prices and budget. We then show
that, within our hypotheses, the symmetry of the Slutsky matrix remains valid even when agents are
only boundedly rational but non-interacting. We then propose a model where agents are influenced
by the choice of others, leading to a phase transition beyond which consumption is dominated by
herding (or “fashion”) effects. In this case, the individual Slutsky matrix is no longer symmetric,
even for fully rational agents. The vicinity of the transition features a peak in asymmetry.

INTRODUCTION

Economic theory still appears to be wedded to the
strict Homo economicus paradigm, despite numerous
well established facts that contradict its very essence. In
most models, economic agents are assumed to be fully
rational, isolated, and homogeneous optimizers, capable
of maximizing utility efficiently and instantaneously, at
odds with many behavioral experiments and common
sense. Even though boundedly rational [ITH3] or event
irrational agents could behave collectively as a unique
representative rational agent, this is very much a leap
of faith, specially in the presence of strong interactions
that can generate trends, fads and fashions, herding or
mass panics, to name a few — see e.g. [4H7]. Empiri-
cal data also reveal very strong, Pareto heterogeneities
in wealth, firm sizes, market capitalisation, etc. [S8HIT]
that may considerably affect aggregate quantities: this
is Gabaix’s “granularity hypothesis” [12]E| Other effects,
such as habit formation and hysteresis can also play a
major role in the behaviour of consumers, firms and in-
vestors alike [I4HI7].

The Slutsky matrix [I8], central in consumer choice
theory, stands as a textbook example of a mathemati-
cally sound economic construction that most likely lacks
realism. It describes the response of consumption of good
i to a change of price of good j. From a theoretical stand-
point, the Slutsky equation has been extensively investi-
gated, see e.g. [T9H21], focusing notably on its geometri-
cal interpretation [22]. Under the classical assumptions
mentioned above, very clear conclusions can be drawn:
the Slutsky matrix is symmetric, negative semi-definite,
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! Heterogenous agents are progressively (but only partly) ac-
counted for in recent macroeconomic models, see e.g. [13].

and satisfies “homogeneity” — meaning the price vector
of the products considered is an eigenvector of the matrix
associated to a zero eigenvalue.

Comparatively very little has been done from the em-
pirical perspective. Looking at private consumption in
the pre- and post-WWII periods in the US [23] and the
Netherlands [24], statistical tests have ruled in favor of
negative semi-definiteness but remained rather inconclu-
sive regarding symmetry and homogeneity. Other studies
have supported the symmetry condition [25] 28], or found
that it is satisfied for single households and violated for
couples, but in a way that can be accounted for [27].
Despite these conflicting conclusions, the Slutsky matrix
and its associated conditions still stand at the core of
consumer choice theory, or as nicely put by Barten [24]:
“Such a situation is not uncommon in economics [...].
Many statements are generally accepted as being a true
description of behaviour without a thorough questioning
of their empirical validity.” For further criticism of Slut-
sky theory and a particular focus on how income dis-
tribution changes are not taken into account, see [28].
In response to the inconclusiveness of empirical tests,
some authors have shown that there is in fact no reason
for symmetry to hold when taking into account the fact
that consumers are many [29], non-cooperative house-
holds [30], or bounded rationality in the form of limited
attention [3I]. More recently, there have also been some
attempts at taking into account the somewhat unrealis-
tic nature of the assumptions behind the classical Slutsky
equation, with the idea of providing a measure of some
loosely defined rationality based on the nearness between
the theoretical prediction and estimates constructed from
observed demand functions [32] B3].

In this paper, we introduce a rigorous mathematical
framework inspired by statistical physics that is able
to accommodate bounded rationality, population hetero-
geneity, and interactions between agents, with in particu-
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lar herding tendencies. We investigate how the inclusion
of such behavioral features impacts the classical proper-
ties of the Slutsky matrix. One of our central results is
a novel representation of the Slutsky matrix in terms of
the consumption fluctuations for fixed prices and bud-
gets, instead of the traditional response to a change of
prices and budgets. Using this language, the symmetry
property of the Slutsky matrix for a unique, boundedly
rational agent becomes quite transparent. However, we
show that including interactions between agents can and
does affect this property — although all eigenvalues still
retain a non-positive real part.

The model we propose to account for interactions be-
tween consumer choices turns out to be very interesting
in its own right. We show that beyond a certain inter-
action strength, the choice of consumers condenses onto
a limited set of products, that become desirable just be-
cause others find it desirable, in a self-fulfilling fashion.
We determine the boundaries of this condensed regime
in parameter space. It turns out that the Slutsky matrix
is maximally non-symmetric close to such boundaries.

The paper is organized as follows. In Section [, we
briefly introduce classical consumer choice theory and the
Slutsky equation. Its generalization to bounded rational-
ity and interacting agents is given in Section[[I} where the
fluctuation-response formulation of the problem is also
derived. Two possible definitions of the aggregate Slut-
sky matrix are also discussed. In Section [[TI} we propose
an interacting model and study the condensation of con-
sumer choices. The consequences of this collective effect
on the Slutsky matrix and its properties is then presented
in Section[[V] The equivalence of the thermodynamic en-
sembles used and possible out-of-equilibrium effects are
discussed in Section[V] We finally summarize our findings
and discuss possible future work in Section [VI}

I. CONSUMER CHOICE THEORY

Consumer choice theory is based on the idea that, for
a given bundle of M goods with prices p € Rﬂ‘f , agents
choose a basket x to maximize their utility function u(x),
while subject to the constraint p - x = w, where w is the
consumption budget.

The utility function must then satisfy some elemen-
tary conditions. In particular, it is taken to be an in-
creasing function of the quantity of goods, i.e. more is
always better and there is no satiation. While the utility
must therefore have a positive first derivative, its rate of
increase should be a decreasing function of the absolute
quantity of goods. In other words, utility is postulated
to be concave, i.e. the marginal utility gain diminishes as
goods are accumulated.

Assuming that the agent is fully rational, the optimal
basket that maximizes the agent’s satisfaction x* is then
simply given by

x* = argmax[u(x) |p-x = w]. (1)
x>0

Conventionally one defines the Marshallian demand
x(p, w) which corresponds to that obtained from solving
problem , and the Hicksian demand h(p, ) defined as
the demand that minimizes the expenditure e(p,u) for a
fixed utility level w [34]. Setting h(p,u) = x*(p, e(p, u))
and differentiating, one obtains the Slutsky equation de-
scribing the change in consumption of good ¢ following a
change in the price of good j

8xi_6hi_x‘% (2)
8pj N 8pj jaw-

Changes 0x in the optimal basket’s composition in re-
sponse to a price change dp can thus be separated into
two contributions: the substitution effect (first term in
the RHS of Eq. ), describing how consumption is im-
pacted by changes in relative prices of goods, and the
income effect (second term in the RHS of Eq. ), ex-
pressing the impact of changes in purchasing power. The
substitution effect is often described in terms of the Slut-
sky matrix S, with entries therefore defined as

S, = 8hz - sz xﬁxi
S 8pj N apj J ow ’

3)

Provided that the utility function is sufficiently regular,
S can then be shown to be symmetric, negative semi-
definite, and equal to the Hessian of the expenditure func-
tion. In practice, the Slutsky matrix cannot be observed
directly, but can be estimated as the other two terms in
Eq. should be accessible empirically. In the following,
we will give an alternative theoretical expression for the
Slutsky matrix in terms of consumption fluctuations.

II. BOUNDED RATIONALITY

As described in the introduction, taking agents to be
perfect optimizers seems to be an unrealistic assumption
in most contexts. There are several ways to relax such an
assumption. One is that agents have a limited attention
and cannot process all the information accessible to them,
see e.g. [31] and refs. therein. As argued by Gabaix, this
may effectively lead to perceived prices that differ from
real prices. This in turn affects the symmetry of the
Slutsky matrix.

Another traditional line of thought in the literature
on choice theory is to replace the deterministic util-
ity optimization prescription by a stochastic choice rule,
such that the stationary choice distribution is given by a
Boltzmann-Gibbs measure (see below) with an intensity
of choice parameter that allows one to interpolate be-
tween full rationality and completely random choices —
for a classical review, see [35]; see also [6] for more recent
developments. This is the prescription we will adopt in
the rest of the paper; as we shall see this allows us to de-
scribe a rather wide range of phenomena while ensuring
mathematical tractability of the model.



A. A Single Agent

Formally, considering first a single agent, we postulate
that the probability density for selecting the basket of
goods x is given by

1 Bu(x)
P(x) = {Ze

0 otherwise,

if p-x=w,

(4)

where u(x) is the utility function and the parameter g
is known as the intensity of choice (or the inverse tem-
perature in physics parlance). Taking 8 — oo, one re-
covers the fully rational case previously introduced and
equation , while 8 = 0 means the agent picks any bas-
ket satisfying the constraint with equal probability. The
normalization factor Z is known in statistical physics as
the partition function, which, given the hard budget con-
straint enforced here, writes

Z:/dxe'gu(x)(5(p~x—w)7 (5)
+

where [, means that we integrate over non-negative bas-
kets x > 0. For finite values of 3, the basket x must now
be statistically described, since different realizations of
the system will lead to different outcomes. A suited defi-
nition of the Slutsky matrix must therefore be considered.
Here, we propose to replace all z; by their averages (x;),

0 0
Sij 1= @(ﬁ? + <$j>%<$i>7 (6)

with angular brackets referring to an average over the
distribution given in Eq. , to wit

(0(x)) := ;AdXO(X) PuB§(p - x — w).

Note that in the limit S — oo, one recovers the standard
Slutsky matrix since (x;) — x}.

Our set up of the problem allows us to draw several
analogies with the statistical mechanics foundation of
thermodynamics. For example, the strict application of
the budget constraint §(p-x—w) is reminiscent of the so-
called canonical ensemble, where the conservation of the
number of particles in the system is strictly enforced. We
will see later that one can also work in the analogue of the
grand-canonical ensemble where the budget constraint is
only enforced on average. This eases some analytical cal-
culations while being equivalent to the canonical ensem-
ble in some limits (for example when the number of goods
is large). One can argue that in some cases, allowing the
budget to fluctuate (due to loans for example) can be
realistic as well.

B. A Fluctuation-Response Relation

More interestingly, statistical mechanics also provides
relations between the response of certain quantities to ex-
ternal perturbations to spontaneous fluctuations of these

quantities in the absence of perturbations. These rela-
tions can be established using the derivatives of the par-
tition function, assuming an equilibrium state has indeed
been reached. In particular, the Slutsky matrix can in-
deed be expressed in terms of other correlations, as was
first mentioned in one of the present authors (JPB) con-
tribution to [36]. In Appendix we derive the fol-
lowing “fluctuation-response” formula in the single agent
case:

Sij = —T{(@izj)e — Ow(TiTj)e, (7)

with I' = OylogZ and (z;xj). = (zx;) — (z:)(z;).
Equation is manifestly symmetric in 7,j. It shows
that even with bounded rationality, the Slutsky matrix
is still symmetric, for any value of 5, not only in the
rational limit 8 — oo. Hence, symmetry of the Slutsky
matriz may not be used as a proof of the rationality of
economic agents, as was argued in [36] for example.

Our fluctuation formula Eq. is also interesting
from an econometric standpoint, as it provides a way
to measure the Slutsky matrix without varying prices.
Measuring response quantities from equilibrium correla-
tions is in fact commonly used in statistical mechanics,
through what is referred to as fluctuation-dissipation re-
lations [37], or, in a restricted context, to Einstein’s rela-
tion relating mobility to diffusion for Brownian particles.

One can go one step further and eliminate all deriva-
tives from Eq. , provided the utility function is known.
One finds (see Appendix

g toas)e = L[y 5 ) + 2ai) ) (5 )

— (i) ) = ) (e ) = i ],

and

(®)

r— £<%>, (9)

both equations being valid for an arbitrary choice of k.

C. Many Agents

In practice, agents make correlated choices and we
must adapt our formalism to treat interactions. We thus
consider N agents, indexed by a« = 1,..., N, and denote
U({x*}) the aggregate utility of all the agents. Inter-
actions mean that U cannot in general be written as a
sum of individual utility functions u®. The probability
that the N agents choose a bundle of goods {x*} is pro-
portional to exp(8U)/Zx, where the aggregate partition
function Zy writes

N M N
In = / ( I1 de3> VD TT 8(p - x* — w®).
+ a=1

a=1i=1
(10)



Here, we integrate over the M x N degrees of freedom,
i.e. the quantities x$ of good ¢ consumed by agent «,
while enforcing that all agents respect their own specific
budget wo‘ﬂ Analytically computing this partition func-
tion is usually very difficult due to the product of Dirac §
distributions in the integrand. Depending on the form of
the utility, one might need to slightly relax the budget
constraints. As mentioned above, a way to do this is to
move to the so-called grand-canonical partition function
ZnN, defined as

N M

2y = /+ ( II deg) SV DS, u'px"] (1)

a=1i=1

where the u, known in physics as “chemical potentials”,
are fixed by enforcing that budgets are satisfied on aver-
age, i.e. p- (x*) = w®, Ya. In general, the two partition
functions are not equivalent; however, many quantities
calculated from the two ensembles become identical in
the large M limit and/or in the rational limit 8 — oo,
see Section [V Bl for a detailed discussion.

Consistent with the single agent definition, we take the
individual Slutsky matrix of agent a to be given by

0 0

Siy = 87)3@1 )+ <Ij>8wo‘

(), (12)

where we have assumed that prices are the same for all
agents. Note that we have also taken a uniform system-
wide rationality parameter (3, although a generalization
to different 8%’s is possible and would be an interesting
extension of our work.

As in the single agent case, the partition function
allows one to derive a fluctuation-response expression
for the Slutsky matrix in terms of correlations. Equa-
tion may be rewritten (see Appendix in what
will be referred to as its “thermodynamic” form

0
S5 == |Dhfate))e + 5o (@fa))e
K 5 (13)
+ (1= bay)(a]) 5 @),
with I'y = OywvlogZy. This is the central theoretical
result of this paper, which, to the best of our knowledge,
is new. Although its derivation makes explicit use of the
Boltzmann-Gibbs distribution, such an expression holds
more generally in the near-rational limit § — oo where
small deviations around the rational solution are always
Gaussian, see Section [[TE] below.
Importantly, unlike in the single-agent case, Eq.
does not allow one to infer anything general about the

2 It should be noted that with this partition function we implicitly
assume that all agents work at improving the aggregate utility of
the system, which may not be the case in reality. For a complete
discussion addressing the possible differences when considering
purely individualistic agents, see Section @

symmetry of the Slutsky matrices. In the case where in-
teractions between agents are negligible, i.e. when U is
the sum of individual utility functions, correlations be-
tween agents are zero whenever v # « and we recover
the single agent expression, as expected.

Assuming the utility function is known, one can again
go further and express derivatives with respect to budgets
w” as a function of some correlations. For our problem we
find a generalization of the formula obtained for a single
agent in the canonical ensemble (see Appendix

s )= T [(eral ) 2o (5 )
- ) () — (= ) — et )]
(14
as well as
r= (5, (15)

both again valid for any good k. From these expressions
and given a utility function U, all terms in Eq. can
be computed in principle, at least numerically. Bear in
mind, however, that these relations are only valid if the
system has reached equilibrium, which might take a very
long time, for example near a phase transition point.

D. Aggregate Slutsky Matrices

There are a priori two possible definitions of the Slut-
sky matrix at the aggregate level. One is simply to take
the average over all agents of the individual Slutsky ma-
trices, to wit

— 1 o

However, empirical measurements often rely on estimates
at the aggregate level. In that case, a better suited defi-
nition uses aggregate consumption:

Sij = (@) + (fj)aj@i}, (17)
with overlines indicating averaging over agents e.g.
_ 1 o
T; = N za:xZ ,

and similarly for the average budget w. In that case, as
shown in Appendix [A4] the thermodynamic expression
becomes



with the possibly heterogeneous factor

_ow”

oW’

Clearly, if consumption is proportional to wages and if all
wages scale with the average wage, i.e. w? = kYW, then
<x]7> = k7%, and there is no contribution from the last
term. In this case, we find an expression very close to
the single-agent case. More generally, S;; has no reason
to be symmetric, except when all agents are identical. In
such a case, even in the presence of interactions and for
bounded rationality (8 < 4+00), S;; is always symmetric,
whereas Ej is not, as we in the next sections.

KT

E. Near-Rational Limit § — oo

In order to simplify the problem and get some intu-
ition, we place ourselves in the near-rational case where
8 — oo. This corresponds to the low temperature case in
a physical system, where one can expect that all relevant
configurations {x*} are close to the optimal configuration
{x**} that maximizes the global utility function U sub-
ject to budget constraints. We thus write dz§ := zf —z3*
and Taylor-expand the utility function to second order,
resulting in

U({x*}) ~ U* + %{5XQ}TH{6XO‘} + 0628, (19)

with H the (M x N) x (M x N) Hessian of the system
evaluated at the maximum of the utility function, for a
given set of budget constraints w®. Here we only consider
deviations {dx®} that all satisfy the budget constraints,
so that the first derivative terms U’ are zero as we expand
around a maximum along all directions but one. Calcu-
lating the partition function and correlations then simply
amounts to computing Gaussian integrals, although the
budget constraints must still be handled with careE| By
taking the Fourier representation of the Dirac ¢ (see Ap-
pendix, we finally find, to leading order in 8~ 1:

« 1 -1\«
C?j’y i=(; $]>c = _B [(H l)z‘jﬂy
(20)
= Y H (G p ()T
n,v,k, L
with the N x N matrix G defined as
G = 3 pH Yy, (21)
1,7

and where the second term in the RHS of Eq. is the
result of the constraint being applied.

3 As noted above, for large 8 all fluctuations are small and Gaus-
sian, so in that limit our results are actually more general than
the Boltzmann-Gibbs model on which they are based.

Let us first illustrate this formula in the N = 1 case.
In the canonical ensemble and large 8 regime, one has

(5m) = Ape+0(572),

where \ is the Lagrange parameter enforcing that the
budget constraint is satisfied. Hence the first term Eq. @
remains finite since I' diverges as 8 when (z;x;). tends to
zero as 1. The second term, on the other hand, tends
to zero at least as S~'. It then follows that for a single
and near-rational agent,

_Hp
VP H 1p

This is the classic expression for the Slutsky matrix,
which our framework therefore allows to recover in the
corresponding limit, with corrections in 4~! that can be
computed. Since the Hessian is both symmetric and neg-
ative semi-definite at a utility maximum, we recover the
classic properties of the Slutsky matrix. “Homogeneity”
is also easily recovered by checking that multiplying the
matrix by p indeed gives a zero eigenvalue.

When N > 1, we will need to specify the utility func-
tion U to make the final result more explicit. Keeping U
fully general and taking the limit § — oo only allows one
to simplify the general expression Eq. to

v
S5=-BY_ MO =Y @ZHk W+ 087,
.

YFa Pj k,v

S=AH"'-uw']+0(B™"), u= . (22)

(23)
where we have used Eq. and expanded 9, U to first
order in dx. A similar expression can be derived for the
aggregate Slutsky matrix S;; as well. Remember that
C is of order 87! (see Eq. ) so Sp: is well behaved
in the large B limit. Although the final expression is
not transparent, it is clear that S; has no reason to be
always symmetric, except when agents’ choices are un-
correlated, in which case Cj;” = 0 whenever o # v and
C is symmetric by construction. We will now turn to
an explicit model with herding, where the asymmetry of
Slutsky matrix can be made apparent.

III. ANIMAL SPIRITS

As argued in the introduction, both anecdotal evidence
about fads and fashion and more serious scientific stud-
ies point to the fact that agents’ choices can be strongly
influenced by the choice of others (see e.g. [4, [0, B8
11]), an effect also known as “keeping up with the Jone-
ses” [15] [42], see also [7]. We now propose a family of
models which account for interactions between bound-
edly rational agents. Interestingly, these models lead, in
some regions of parameters, to “concentration” (or “con-
densation”) of choices, much in the spirit of the model
proposed by Borghesi and Bouchaud [43] (see also [44]
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FIG. 1. (a) Monte Carlo simulations at § — oo for M = 6
products, N = 256 identical agents, £k = 2 and p; = a; = 1,
compared to the non-condensed solution (dashed line). Top:
Non-Condensed (NC) region where the value of ¢ diverges
[w = 0.5, ¢ = 1]. Middle: Possible Concentration (PC) region
for ¢ < ¢oo [w =10, ¢ = 0.01]. Bottom: PC region for ¢ > coo
[w = 10, ¢ = 0.1], the system concentrates on one of the
products and departs from the non-condensed solution. (b)
Illustration of the free energy f for some temperature 5 in
the PC phase for M = 2 products, p2 > p1 and a2 = a1. Left:
before the transition, ¢ < cerit. Right: after the transition ¢ >
Cerit, the deeper minima corresponding to increasing values of
c. (c) Theoretical phase diagram of the NC and PC regions
at 8 — o0, a; = p; = 1.

for a recent extension). As we shall see, close to the con-
centration transition, the non-symmetric contribution to
the Slutsky matrix reaches a maximum.

A. Interactions and Herding

In order to study imitation or fashion effects, we first
consider agents with log-utilities and take the aggregate
utility to simply be the sum of all agent-specific utilities,

N M
U{x*}) =D allogay. (24)

a=1i=1

where af* describes the preference of agent o for good 1.
In the following, we assume that agents are homogeneous
(a = a;, Va) but interacting, by which we mean that
the preference for good ¢ depends on how much good i is

consumed by other agents. Mathematically, we posit that
J

the preference for goods increases with the k-th power of
their average consumption:

a; — a; [1+c(T)"] (25)

where we remind Z; is the average consumption of good
i (over all agents), and ¢ and k are non-negative param-
eters that describe the strength and nature of the inter-
actionsﬁ The non-interacting case ¢ = 0 (or equivalently
k = 0, up to some rescaling of the a;) may be treated
exactly in the canonical ensemble, i.e. strictly enforcing
the budget constraint. As detailed in Appendix [C1} the
equilibrium configurations are given by

wfa 1+ Ba;
Di Zk(l + 5%)7

which will henceforth be referred to as the non-condensed
or uniform solution. This solution matches results from
numerical experiments, as illustrated in the two top pan-
els of Figure [Ifa) in the fully rational case, for example.
For details about how numerical simulations have been
performed, see Appendix [B] The agent specific Slutsky
matrices S7% can then also be written explicitly from the
original definition, verifying both symmetry and nega-
tive semi-definiteness for any (3. In this non-interacting
case, budget heterogeneities simply affect the magnitude
of any given agent Slutsky matrix entries and are thus
inconsequential for the properties of interest.

Taking k > 0 and increasing ¢, we expect the system
to progressively depart from this solution and concen-
trate on some product(s) as ¢ — oo, as observed in the
numerical simulations shown in Fig. a), bottom panel.
To evaluate how this concentration occurs, we start by
taking w® = w, Va, that is a system of interacting but
identical agents, both in wealth and preferences. As is
often the case in statistical mechanics, the partition func-
tion cannot be computed exactly for interacting systems
for general N, but can be more and more accurately ap-
proximated in the large N limit.

In our case, it is convenient to relax the budget con-
straint and to place ourselves in the grand-canonical en-
semble where the budget constraint is only enforced on
average. The procedure, detailed in Appendix [C2] al-
lows us to rewrite the grand-canonical partition function
as an integral over the mean consumption vector X

(') = (26)

Zy = / dxe NVAFZ) (27)
0

where f is usually called the “free energy density”, here
given by

BF(®) = 3 [Bupis — (14 Bai1+c(@:)!])(1+log T —log(1+ Bai L +c(F:)"]) —log (1 +Bai 1 +c(F;)"])] +o(1). (28)

i

4 For an alternative specification, see Appendix @



with p the “chemical potential” used to enforce the con-
straint on average, taken to be identical for all agents and
I'(-) is the Gamma function. Importantly, this grand-
canonical description allows one to have a free energy
density f(X) that is a sum over entirely decoupled goods.
The only coupling is through the value of p.

Given that N — oo, the shape of the free energy then
completely determines the state of the system. Indeed,
for large IV the partition function can be estimated using
Laplace’s method, such that the values Z; = (x;) that
minimize the free energy are overwhelmingly more prob-
able than any other values. Setting ¢ = 0 and solving the
set of equations g—% = 0, one can for example check that
the previously obtained solution is recovered.

As in statistical physics, we expect to identify the
phase transition from the uniform to the condensed (con-
centrated) phase where herding dominates [0, [43]. This
occurs when the single minimum in free energy associ-
ated to the non-condensed solution becomes a maximum
while one or several new minima appear. Such a change
of topology occurs for some value ¢, as illustrated in
Fig. [[{b) in the case where there are only two products.
For given values of ¢, the depth of the minima in the con-
centrated phase will depend on the a; and p;. The most
favorable configuration (in this case having more of the
least expensive of the two products, as here a; = 1, Vi)
is associated to a lower free energy.

B. Concentration for g — oo

In order to find precisely when and how concentration
occurs, we first study the case of fully rational agents,
B — oo. Carefully rescaling the free energy density, we
find that an extremum is reached for the configurations
X* satisfying

ai[1+ (@) (1 + klogZ})] = upiT;, (29)

with the value of the chemical potential being such that
fopi =w. (30)

As previously described, the critical value ceit = Coo
where this transition occurs in the fully rational case can
be found by looking at the Hessian of the free energy
evaluated at the non-condensed solution. Doing so (see
Appendix , and choosing for the sake of simplicity
a; = p; = 1 for all agents, one finds

é - (%)k {2197 1+ k(k —1)log (%)} . (3

As long as the right hand side is strictly positive, there
will therefore be a value of ¢ above which concentration
occurs when 8 — oo, while if this is not the case concen-
tration never occurs, regardless of the strength of interac-
tions. The resulting theoretical phase diagram is shown
in Fig. (c) for k = 2, a value that we shall keep fixed
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FIG. 2. Effect of bounded rationality on concentration from
numerical experiments for M = 4 products, N = 64 agents,
k=2, w =10, p; = a; = 1. (a) Herding phase diagram, with
the normalized Herfindahl index H calculated over the mean
basket among agents, giving H = 0 in the Non-Condensed
(NC) phase and quickly reaching H = 1 when condensation
(C) occurs, indicating fashion dominated consumption. The
critical line calculated analytically is shown by the dashed
line, and perfectly matches numerical results. (b) Monte-
Carlo dynamics of the mean basket for 8 = 1, ¢ & cCarit,
showing large fluctuations and switching behaviour. The non-
condensed solution is shown by the dashed line. (c) Evolution
of the rescaled average basket for different values of the ra-
tionality parameter 8 as a function of ¢, collapsed using the
analytical values of ccrit visible in the phase diagram. The
analytical solution at § — oo is shown as the continuous line.
Inset: normalized Herfindahl, that clearly reveals the transi-
tion around cerit for all values of (.

henceforth. This phase diagram is in perfect agreement
with our numerical simulations, as shown in Fig. [I[a).
Note that this procedure can be repeated for different
values of a; and p;, leading qualitatively similar results.
Since the Hessian of the free energy is diagonal in our
case, the critical value ¢, would then correspond to the
first change of sign of a diagonal element of the matrix.

C. Finite g Effects

Placing ourselves in the regions where condensation
does occur in the fully rational limit, we now set out
to understand how bounded rationality might alter the
phase transition. In the general case, analytical expres-
sions are difficult to obtain. However, numerically finding
where the Hessian (which is still diagonal in 4, j) loses
stability for the non-condensed solution yields a semi-
analytical critical line in (¢, ) space. It should be noted
that this condition, explicitly given in Appendix [C2] is
independent of the value of u, suggesting that the loca-



tion of the transition is identical in the canonical and
grand-canonical descriptions.

Our analytical result can be compared to numerical
simulations, for which the transition to fashion domi-
nated consumption is identified by looking at the rescaled
Herfindahl index

- > @ipi/w)? —1/M
H= 1—1/M '

This index takes the values 0 and 1 in the uniform
(T, = w/(Mp;), Vi) and fully concentrated (T; = w/p;
for one product and = 0 for all others) cases respec-
tively. As shown in Fig. (a), the numerical phase di-
agram and the theoretical critical line match very well,
despite the fact that the semi-analytical calculation is
based on the grand-canonical ensemble, whereas numer-
ical simulations strictly enforce the budget constraints
for all agents. Furthermore, using the theoretical values
for cerit(B) to rescale the evolution of the average basket
as a function of ¢/cqit (as plotted in Fig. (c)), we ob-
serve that the evolution of the mean basket and related
quantities appears to be largely independent of j.

IV. CONSEQUENCES ON THE SLUTSKY
MATRIX

Using a simple interacting model, we have shown that
introducing herding in the problem leads to a concen-
tration transition and radical changes in the way agents
allocate their budget among the M available goods. We
now set out to evaluate the impact of such a transition
on the Slutsky matrix and its properties, in particular its
negative semi-definiteness and symmetry.

Whereas the grand-canonical theory allowed us to cal-
culate (z¢) = T} for the entire range of 5 and ¢ self-
consistently, the absence of an explicit expressions pre-
vents us from directly computing Sf;. Instead, because
we have found that results are largely independent of (3
provided c is rescaled as ¢/cqit, we may gain insight from
the Gaussian approximation of the Slutsky matrix intro-
duced in Section[[T C]and valid for 8 — oo. Equation (23))
can now be made explicit and writes (see Appendix |C 3))

SHEREDY (pjéz [1+c(@)F(1 + klogT})]
' (32)
4

+ (1= bay) =21+ c(as;)k])CFW

ij

DT}
for any £ =1... M. As the most probable values X* can
be obtained by solving Eq. , the last step is to invert
the Hessian of the utility function in order to compute
the covariance matrix C. Due to the homogeneous na-
ture of the interactions, the Hessian has a very regular
structure and may thus be inverted explicitly, as detailed

in Appendix Doing so and replacing in Eq. , we

FIG. 3. Evolution of the individual Slutsky matrix en-
tries with ¢ for M = 4 product, £k = 2, w = 10, p =
[2.2,2.1,1.6,2.3], a; = 1 from theory at 8 — oo (continu-
ous lines) and numerical experiments for 8 = 4, N = 16,
calculated using both the pathwise derivative estimates intro-
duced Appendix [B] (circles) and the fluctuation-response rela-
tions (crosses), averaged over all agents, errorbars indicating
one standard deviation. The dashed horizontal line indicates
0, while dotted lines correspond to £0.1 as no vertical scale
is shown for visual clarity. Opposing entries have identical
vertical scales as to highlight the strong asymmetry of some
entries (e.g. 13 and 31) close to the herding transition.

find that C has the following form

w1 1
Cy' = 8 [@ij day + NW] J

where ¢;; and 1;; are both symmetric and O(1) in N,
and, of course, depend on X*. Such correlations, which
can be checked to match numerical simulations very well,
finally yield an identical Slutsky matrix for all agents,
a; —x\ k —%

— [ke(pij + i) (T5)" log T

py; e+ T (33)

+ 1+ e(@) i)

Sijz—

Together with Eq. , this is a key result of our work.

Thus far, we have considered the case where all agents
and goods are identical. In the present context, however,
it is more illustrative to break the symmetry between
products by introducing heterogeneous p; and a;, lead-
ing to clear preferences between products. An example
with M = 4 goods is given in Fig.[3] showing a very good
agreement between the fully rational theory and numer-
ical simulations with finite 8 and N sufficiently far from
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FIG. 4. Properties of the individual Slutsky matrix shown in
Fig.[3] (a) Real part of the Slutsky matrix eigenvalues \;. (b)
Trace of the matrix, dotted line indicating zero. (c) Asym-
metry measure x. The analytical results for the aggregate
matrix & are given by the dashed lines for comparison (note
in particular that 8 remains symmetric for all ¢).

the transition regionﬂ Upon inspection of opposing en-
tries, it quickly appears that the symmetry of the matrix
is not satisfied near the critical value of ¢ where conden-
sation first occurs. Note that all matrix entries quickly
become very small once the system has entered the con-
centrated phase. This can be understood for large ¢ by
making the ansatz T} = w/p; — 1 > j2i Yy for the domi-
nant product and 7j = y; /c for others. Plugging such a
guess in Eq. [29|indeed solves the equations, and predicts
Si; ~ 1/c to leading order in ¢~ 1.

The first property of the matrix that interests us is
its spectrum, and in particular the non-positivity of its
eigenvalues. As shown in Fig a), the fully rational the-
ory provides a very good description of the matrix eigen-
values, which remain non-positive for the entire range
of ¢. The leading eigenvalue actually peaks close to the
transition. Consistent with the decay of the matrix en-
tries themselves, the magnitude of the eigenvalues also
vanish as c¢ increases beyond the transition. As a re-
sult, our theory and numerical experiments show that the
Slutsky matrix does remain negative semi-definite for all
value of ¢ and 8. The main consequence of the herding

5 Close to the transition, agents flip-flop between different basket
compositions (Fig.[2(b)), which leads to anomalously strong fluc-
tuations and corrections to the Laplace saddle point method used
in all our analytical calculations. This is a well known effect in
statistical physics, which leads to interesting phenomena in their
own right, but that we do not explore further here.

transition on the spectrum is the decay in the magnitude
of eigenvalues, as confirmed by looking at the trace of the
matrix shown in Fig. [[b).

The other essential property of the Slutsky matrix is
its symmetry. Due to the decay in the magnitude of the
matrix entries once the system has entered the herding
phase, this property becomes difficult to measure as ¢ is
increased beyond cqit. Indeed, as both S;; and Sj; be-
come very small, any finite numerical error ¢ affecting
either entries will result in a very large relative asymme-
try, at which point most common measures of asymmetry
will fail. To minimize the impact of such numerical errors
on the conclusions of our study, we propose an asymme-
try measure y defined as

which should be equal to zero for symmetric matrices,
and diverge in the anti-symmetric case. Employing this
metric with the 8 — oo theoretical Slutsky matrix, we
find that the matrix is very close to (but not exactly)
symmetric far from the condensation transition. In the
vicinity of c..it however, strong interactions give rise to a
significant value of x, contradicting the conventional lore
even in the fully rational case. This theoretical result,
compared with numerical results, is shown in Fig. c)7
while also visible in Fig. [3|

Note that, as expected given our choice of identical
agents with identical budgets, the previously introduced
aggregate Slutsky matrix & remains symmetric even as
the concentration of choice occurs. The theoretical re-
sults for this alternate definition are shown by the dashed
lines in Fig. [ where it is clear that the asymmetry mea-
sure y is always zero. Interestingly, the eigenvalues of
the matrix are very similar for the individual (S;;) and
aggregate (S;;) definitions.

Regardless of the metric, Fig. [ also illustrates the dis-
crepancy between the equilibrium theory we have devised
and the numerical measurements in the transition region.
As expected, the system indeed takes a very long time to
reach the Boltzmann-Gibbs distribution when the tran-
sition occurs. These non-equilibrium effects are also re-
flected in the difference between the numerical measure-
ments obtained with finite differences and those calcu-
lated using the fluctuation-response relations and the as-
sociated “thermodynamic” expression of the Slutsky ma-
trices. We expect that such effects will also be present in
real empirical data, specially if herding effects bring the
system close to a transition point, as seemed to be the
case in the Salganik et al. experiment [40] [43].

(34)

V. DISCUSSION

Before concluding our study, let us examine two subtle
points that the above analysis has treated in a somewhat
cavalier way.



A. Global vs. Individual Utilities

From the very start of our statistical mechanics de-
scription of the multi-agent problem, we have emphasized
that we are assuming that individual agents change their
basket of goods according to the change of the global
utility of the population rather than of their own utility.
In other words, agents also take into account the change
of utility of others when they update their choices. The
main motivation behind this specification is that the dy-
namics will then spontaneously reach a Boltzmann-Gibbs
equilibrium measure. Indeed, following an agent-based
framework where individuals set out to improve their own
utility function, including the herding component c(z)*
would bring us in the realm of non-Hamiltonian dynam-
ics, for which general analytical tools are still lacking.
Natural questions are now (i) how may the current model
still be interpreted at the agent level and (ii) how is the
phenomenology of the system impacted if we abandon
the Hamiltonian description and take agents to maximize
their own utilities.

Regarding the former question, we start by writing the
change in global utility AU if the randomly selected agent
~ in the Monte Carlo dynamics accepts the proposed bas-
ket of goods x7 + Ax. Assuming N > 1, we have

AU = Z (1 + ¢[1 + klog z;)(T;) )Ami, (35)

where we remind the reader that the overline notation
refers to arithmetic averages over the agents. This equa-
tion shows that the dynamics can in fact be interpreted
in terms of agents only concerned with their own utility,
albeit with modified values of the interaction parameter
¢ (¢ = ¢; = [l + klogz;]). The individual utility thus
becomes configuration dependent, but only through ag-
gregate quantities (the average of the logarithm of ;).
This logarithm correction does lead to a supplementary
penalty for products that have lost the favor of the crowd,
but is not expected to radically change the concentration
phenomenon reported in the above sections.

Consistent with this interpretation, simulating the sys-
tem with a decision rule based on the individual util-
ity but with a constant ¢ — i.e. placing ourselves in a
non-Hamiltonian setting — indeed results in a largely un-
changed phenomenology, with the same herding transi-
tion as was observed in the Hamiltonian case. As ex-
pected, the absence of this logarithmic penalty for small
T; pushes the transition to slightly higher values of ¢ and
leads to more volatile Monte Carlo trajectories, with the
appearance of more frequent switches in the vicinity of
the transition. Although the absence of a solid theoret-
ical framework to describe the steady state in that case
prevents us from drawing definitive conclusions at this
stage, we conjecture that most of the results obtained
at equilibrium regarding the Slutsky matrix continue to
hold, with only minor quantitative modifications.

Alternatively, one could also purposefully write a
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FIG. 5. Evolution of the relative fluctuations in the realized
budget in the grand-canonical ensemble as a function of ¢/cerit
for M =4, k=2, w=10,a; =p; =1 and g =0.5,1,2,4,10,
dotted lines corresponding to the unconcentrated solution. In-
set: log-log scale showing 0?3 decreasing as 1/c (dashed line)
for ¢ 2 cerit-

global utility for which the detailed-balance condition
matches the maximization of an agent-specific utility. To
do so, the interaction term must be entirely symmetric
in the sense that the change in global utility is identi-
cal regardless of the randomly selected agent (which was
not the case with the previously studied model). For
instance, one could take

U({x*}) = Za log & +ZJ‘” (z])?,  (36)

vFo

with J; a symmetric interaction matrix. The mean-field
approximation of this model J;"7 = a;J/N is studied in
the limit § — oo in Appendix @ For p > %, concen-
tration will occur for sufficiently large values of J, and
we therefore expect our results for the Slutsky matrix
properties to remain largely unchanged.

In the case where J; is not symmetric, the problem
may no longer be treated with the standard techniques of
equilibrium statistical mechanics. The system can then
still be simulated with a decision rule maximizing the
individual utility of the agent, but we can no longer as-
sume that the system reaches an equilibrium given by the
Boltzmann-Gibbs distribution.

B. Equivalence of Ensembles

In order to study analytically the equilibrium proper-
ties of our interacting set of agents and to determine when
the herding transition occurs, we had to relax the budget
constraint and place ourselves in the “grand-canonical”
ensemble. As previously mentioned, the equivalence
of results between the canonical and grand-canonical
ensembles is not guaranteed a priori, although in the
present case the analytical (grand-canonical) results ap-
pear to match (canonical) simulations extremely well.

To formally assess the possible differences between the
two ensembles, the budget fluctuations in the grand-



canonical ensemble must be studied. The ensemble
equivalence corresponds to cases where the variance of
the realized budget are vanishingly small. Hence, we set
out to compute

o2 = <(:2_w;x?pi —w)2> (37)

in the grand-canonical ensemble. This computation may
be performed by introducing small heterogeneous pertur-
bations to the chemical potential, u — p + du® and dif-
ferentiating log Zx with respect to du®. The calculation,
detailed in Appendix [C4] finally yields

o2 — i (Tipi)?
~ T Bl @

i=1

(38)

The evolution of this quantity for different values of 8 as a
function of ¢ in the previously discussed case a; = p; = 1
is shown in Fig. [f] As expected, this quantity vanishes
for f — oo, as well as for ¢ — oco. In the ¢ < cqjt re-
gion, where fluctuations are expected to be the strongest
and thus where the difference between the ensembles is
expected to be the largest, the non-condensed solution
(dotted lines on Fig. |5)) gives 02 ~ O(M~1!). As such,
the grand-canonical and canonical ensembles will become
strictly equivalent only in the limit M — oo. This being
said, the Hessian of the free energy being independent of
the chemical potential suggests that despite this apparent
absence of strict equivalence between the ensembles for
finite M, the onset of the transition appears to be largely
unaffected. In any case, although precise measures of the
fluctuations of the system in the grand-canonical ensem-
ble should be inaccurate for smaller values of 3, this dif-
ference will not change the key results presented in this
work. Besides, one should expect that some amount of
budget fluctuations are indeed present in the real world!

VI. CONCLUSION

Let us summarize what we have achieved in this paper.
By introducing a rationality parameter (or “intensity of
choice”) 8 to account for the fact that agents are not
strict utility maximizers, we have first reformulated the
Slutsky equation within a general “fluctuation-response”
framework, which allows one to express the Slutsky ma-
trix in terms of consumption fluctuations only, without
having to measure changes of consumptions when prices
are slightly modified.

We have then shown that irrationality does not nec-
essarily result in the breakdown of the symmetry of the
Slutsky matrix. As a result, the hypothetical symmetry
of empirically measured Slutsky matrices cannot be used
as a general argument against bounded rationality [36].

When accounting for herding within large assemblies of
agents, we found that symmetry is no longer guaranteed
in general. Introducing a simple model of utility with
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interactions, we have indeed shown using the powerful
methods offered by statistical mechanics that a concen-
tration transition may occur, at which point strong se-
lection of goods occurs. At the transition, the individual
Slutsky matrix becomes markedly asymmetric, although
the Slutsky matrix constructed using aggregate consump-
tion can still remain symmetric when all agents are iden-
tical. Hence our result is not necessarily incompatible
with existing work on non-unitary households [27]. From
simulations, we also found that asymmetry is further
amplified by out-of-equilibrium effects near the critical
point. In line with standard consumer choice theory and
most empirical studies, our model preserves the negative
semi-definiteness of the Slutsky matrix regardless of in-
teractions. Nonetheless and although not studied here,
it should be noted that introducing some interactions in
between products (representing redundancy or comple-
mentarity for example) in a similar framework appears
to lead to positive eigenvalues [45].

Central to our theoretical framework, the assumption
that the system may be written in Hamiltonian form,
meaning agents are not strictly individualistic when in-
teractions are included, does not appear to be necessary
for our results to hold. This being said, further investi-
gations in particular regarding imitation-lead switches in
an out-of-equilibrium model would be a natural path to
explore, although we expect doing so may only lead to
stronger asymmetry of the Slutsky matrix. Considering
different forms of utility and their impact on the symme-
try of the Slutsky matrix is another potential aspect to
expand upon. In particular, adding disorder in the inter-
actions (for example by taking J; to be a random matrix
in Eq. ) would likely lead to very interesting effects.

Of course, further empirical studies on the properties of
the Slutsky matrix would be of great interest, in particu-
lar to contrast our model of interacting, bounded rational
agents with the recent sparsity-based approach of Gabaix
[3I]. To this end, we believe that fluctuation-response
relations such as those presented in this work could be
a very valuable econometric tool. Given the difficulty of
conducting repeatable experiments in socioeconomic sys-
tems, the ability to estimate derivative quantities without
actually requiring prices to change appears quite promis-
ing.
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Appendix A: General “Thermodynamic” Relations

1. Single Agent Slutksy Matrix

14

Assuming the equilibrium distribution is reached, Eq. @ can be rearranged to be rewritten through correlation functions.

Indeed, from the quotient rule the first term becomes

%(IIM) = %/dxmixjeﬁ“(x)&(x-p —w) — % /dxx]-eﬁ”(x)(s/(x-p — w).
J

Now, using the fact that
§'(x-p—w)=-dub(x p—w),

then for a test function O(x)

0

= 5 \O(x)) = (O(x))0u log Z.

% /de(x) P (x - p —w) =
Therefore bringing everything together we have
Sij = (i) 0w (x5) + (i) () Ow 08 Z — Ou (i) — (i) Ow log Z + (25) 0w (),
or in a more compact form, with (z;z;)c = (x;z;) — (x;)(x;) and I' = 9y, log Z,

Sij = —T(@ij)e — Ow(izj)e.

2. Many Agent Slutsky Matrix

The agent-specific Slutsky matrix is defined as

O‘_i @ o 9 o
Sij = ap; <xi>+<£j>8wa ().

(A1)

(A2)

(A6)

Once again assuming equilibrium is reached, we wish to rewrite this expression through correlations to retrieve some information

on the symmetry of the matrix. As before, we look at the first term in the above equation,

Op;

with hereafter the shorthand notation [ Dx := [ + Ha’i dz§*. Now, by the generalized chain rule we have
i1—[(5(x“’~p—w7) = —Z 9 x7H6(X"~p—w")
Op; » ~ ow 7 . ’

which may be plugged back into Eq. (A7). Noticing that

(o) -

owY

(O(")) + T, (0(x")),

owY

with I, = =2 log Zy, then

owY

o (af) = = 35 [ lafa)e + gomata]) — (e 5o ()]

~

Bringing everything together, we finally have

9_(x) = 0. As a result, we are simply left with

: : a vy
When there are no interactions, v # «, (z§ z; )e =0, as well as 5o=

Siy = —Talzi x5 )e x5 e,

0
- 8w"‘<

which is symmetric and identical to the single-agent system, as expected.

0 a1 a AU} O Yoy <x?>/ BU{xy) O Yoo
(zi) = ZN/szle 6pj1:[5(x p—w") In Dxe apjl:[zS(x p—w"),

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)
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3. Fluctuation-Response Relations

We start from the most general expression for the partition function
.= /DxeﬂU“"”}) [[66" p—w"), (A13)
v
and set-out to find a readily measurable expression for I'y, = 61;}% log Zn. Starting from the computation of

2N _ U=y _9 Tp—w);
e —/’Dxe Ee H(S(x p—w"); (Al14)

~

we employ the generalized chain rule,

a%né(xv.p—w”):Za%é(x”p—wv)H5(X"'P—w")

vy n# Yy

—_ . — Y n. _ n o
= Z@waﬁm P w)Hd(x p—w") Vi

n#y

(A15)

Now, regardless of the assumption on their distribution, the agents’ individual budgets are not related, and as such gw% = 0an-
Reinjecting in the previous expression and integrating by parts, we obtain

9Zn _ 1 9 [.8U(x"Y)
) [ ] " p—w), Al
which finally gives
0 B oU
Lo = 5o log Zy = <8x > (A17)
The other terms in the thermodynamic Slutsky matrix expression can be simplified in similar ways. Indeed starting from
a7 U O a
8uﬂ< i) =7 /wa i o 1:[5(x" p—w") =Ty {afx]), (A18)

and reusing Eq. (A15) and subsequent iterations by parts, it is straightforward to show that

s 0]y = - [3udnn () + dpn(of) + B((ate §U> <m?x;><%>)] Vi, (A19)

from which we can also derive

0 , a4 1 o OU ou )
26 = [ 8((o 2 - (2] )
4. Aggregate Slutsky Matrix
We now take 5 8
Sij = @@-) + <fj>%<fi>, (A21)
with w the arithmetic mean over the agents’ budgets. Now, the above can simply be rewritten as
1 0 | o 1 o 0, 4
Sij = N;%@U‘F Nz ;<xj>%<wi>' (A22)

The fluctuation-dissipation relation for the first term still holds as before, while for the derivative with respect to the mean
budget we have, in general,
8 YN — n a v

with
_ow"

ow
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As a result, we may write

1 ay O 1 ay O 1 n_ O
el Z(l’j >%<$3> =Nz Z ”n<$ﬂ'>awn (x]) = N Z’f’iﬂj Dwn (i) (A24)
oy ¥.m

@,7,M

Bringing both expressions together and changing indices appropriately, we find

1 « 0 « — 0 e
Sij = -5 Z [F,Y<a:i a;;’),; + 0 (x5 w?)c + ((w?) — ,‘{ij) 0 (x5 >:| . (A25)
ay

In the limit 8 — oo, we have shown that the second term in the sum vanishes. In this case, we therefore recover a symmetric
Slutsky matrix whenever (m?) = k7%;. This is for example the case when the budgets are proportional to the mean i.e.
w” = k7w and all agents have identical preferences.
Now, in a simple model where w” = k”w, Vv, and all agents have identical preferences, then
(x}) = K7,
and the second contribution to S;; identically vanishes, so

1 a
Sij = |:F»Y<QZ‘Z 37;/>c +

-~ :

ay

oy
o ot )] (A26)
which is always symmetric when all agents are identical.

Interesting things may happen when agents are more heterogeneous, or in a model where a change of average wealth does
not affect all agents in an affine way. Imagine agents are characterized by a label k* € R such that

w* = woF (H w) , (A27)

Wo

where wq is a certain fixed wealth scale, w a varying parameter and F' a possibly non-linear function. We must impose that
w 1 K% w

— == F .

w N Zoz: < wo )

0
For example when F(z) = x one finds the above linear model: w® = k*w with

More generally, one has

and
ow* O K w
ow wo )’
so in general
ow®  w®
ow w

and the resulting Slutsky matrix has no longer obvious reasons to be symmetric.

5. Gaussian Fluctuations

We take x* — (x*) = §x* and set out to calculate (z{'z]). = (dz{'dx§). At this stage, for simplicity, we combine the N x M

degrees of freedom in the single column vector v = [z1,..., 2}, ... ol ,mJJ\V/I]T such that the correlations of interest are
given by
Sl dp” o A 8 5v T Hov+idv p
(Ovk, SUky) = 7/ (H ﬁ)/ ( I1 d5”k>5vk15% ez0V HovERVE, (A28)

with the resized price vector p € RM*N 5, = 4%p;, k = M(a — 1) 4 i, and where the product of budget constraints has
been rewritten using the Fourier representation of the Dirac §. In this Gaussian approximation, the partition function can be
calculated exactly with two consecutive integration by parts,

MxN

. oo di® 0o B T o . (27-(-)M><N+N
_ _BU I év ' Hév+isv-p _  BU
zw=e [ ( 15 ) ( 11 diu) of e \/ det(—FH) det(—G/B)’ (A29)

—o0
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with the N x N matrix G defined as
G = Z pi(H™ )7 p;. (A30)

Going back to Egs. (A28)), completing the square in the exponent gives the change of variable du = v + %Hflf). The integral
then reads

MXxN

BU™ o da® 1 aTp—1s 1 L L 85u N
(5Uk, 6V, ) = ‘}T/ (H %)e;ﬁp H 1P/ < H déuk) <6uk15uk2 - ')k, (H 1;,),62)62(S THou - (A3])

The first term is straightforward, and simply gives —%(H_l);Cl ko as without the constraint. The second term requires more

care, as we have

(Hilf))kl = Z(Hil)klglﬁh = Z(Hil)klflﬂaul)pi(@l)' (A32)
£y £1
As a result,
o dp” —1x LaTep _ (271' - -1 -1
115 5 | (H "Bk, (H Pk, 28 =-p dt(—G/F) D E apien (G Datnates) (H iaeapie,). (A33)
—0 e 01,42

Bringing everything together, we finally have

1, - - -
(6vk, Ovky) = 7B(H Yerks + ﬂ Z klflpz(fl)(G l)a(fl)a(£2)(H 1)k242pi(52)’ (A34)

£y,€2

which, after replacing with the correct indices, is the expression given in the main text.

Appendix B: Numerical Methods
1. General Idea

To measure equilibrium properties of the system, we choose to follow a Monte Carlo approach, although a stochastic gradient
descent of the global utility (i.e. Langevin dynamics) should be equivalent. The system is first initialized by randomly allocating
the N baskets following a uniform distribution. We then employ a Metropolis-Hastings algorithm (see next subsection), as a
modification Ax to a randomly selected agent’s basket is proposed and accepted with a rate verifying detailed balance [46].
To satisfy the non-negativity of the baskets and to correctly sample the small x§' region if high concentration occurs, the move
is actually constructed in terms of logarithms. For a randomly selected agent v, we take log(x” + Ax) = logx” + &, with
& ~ N(0,1), resulting in a log-normally distributed multiplicative noise. The budget constraint is then enforced by a simple
rescaling of the resulting basket of goods. Here, it is essential to note that the proposal distribution is not symmetric. As a
result, the asymmetry must be accounted for in the acceptance rate, giving in our specific case

P(x” = x” + Ax) = min (1 PAUTE llog(a] +32)—log ””Z])
with AU the change in the global utilityEI caused by the move (see next subsection). From each run, average quantities such as

(x) are measured by taking arithmetic means in algorithmic time once the system is equilibrated.

2. Metropolis-Hastings Acceptance Rate

In its most general form, the Metropolis-Hastings acceptance rate is given by

= i (1. A %) 7(y)
Pl ) =min (12X 2 Y

where 7(x) is the probability density function we wish to sample, and ¢(y | x) is the conditional probability of proposing the
state y given the current state x. In our case, and as usual in statistical mechanics, we simply have 7(y)/m(x) = ¢?2V. The

6 See Section for a complete discussion on the consequences
of optimizing the global utility.
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ratio of conditional probabilities requires more care. Given the noise y; = x;e, with & a Gaussian noise, the probability density
of which will be noted p, we have

ily) = [ d i —mie®) = —p(log =), B2
atacl ) = [ A6 p() 8y — i) = -p((lox L) (52)
and very similarly
_ 1 Yi
alyi|z:) = —p( ~log ). (83)

Given the symmetry of p for zero-mean noise as is the case here, and the fact that all dimensions are statistically independent,
(v
H p ylm = o= (), (B4)
l‘z

yielding the expression in the previous subsection.

3. Computing the Slutsky Matrix

To compute the entries of the Slutsky matrix, one can use the fluctuation-response relations derived here, which do not require
derivatives. However, out-of-equilibrium effects can become significant, in which case these relations do not hold. For this reason,
it is essential to compute as a check the original expression given in Eq. . This is not entirely straightforward, as taking
discrete derivatives after time averaging may induce some biases. Instead, we rely on so-called pathwise derivative estimates,
often used in mathematical finance to compute risk sensitivities [47, [48]. In a nutshell, we generate perturbed trajectories based
on the original simulation that will use the same random numbers (both for proposed moves and acceptance), and measure
finite differences at every step.

Appendix C: Interacting Model

We consider the global utility

N M 1 N
=Y ailogaf[l+c(z)"], @:szg. (C1)
a=1

a=11i=1

1. Non-interacting Limit — Canonical Ensemble

We start by solving the much simplified non-interacting limit, setting ¢ = 0. When there are no interactions in general, the
canonical partition function entirely decouples and can be written as a product,

N

0o [ M
Zny =[]z with 2° :/ <H dm?> 5 (p - x* — w). (C2)
0 i=1

a=1

Now, plugging in the desired utility function and rewriting the Dirac delta with its integral representation, we have

oo M 200
_ / H da? / di P Xiailogai —ud; piaf Hpw® (C3)
0 i—1 —100 2mi

This integral now decouples in a product over ¢, and performing the integral on z{* with the appropriate change of variable,

ioo d,u (1 + Bas)
a uw
= [ H ) HBa

I(1+ Ba; a
_ (H W)C {M ;146 1>} ) (C4)
(w™)ZiOHpa0—1 M peg 4 g,

I"(M + BZ@ C’m;) F plbLﬂai )

where we have used the known inverse Laplace transform of a power law. Taking the product over all agents then gives the
result in the text for the partition function.



19

To find the average (z§'), we proceed directly, by computing

/000 <H dm?) 22 e N §(p . x — wa):| H 27 (C5)

y#Fa

oy _ L

i.e. exactly as before except for the agent and product considered, for which we must now calculate

/ ~ da / A o tog o —ppiat e _ / " dp T2+ far) _ / " dp 14 fa; T(1+ fas) (C6)
o e 2mi Cioo 2mi (ppi)?TAei i 2mi ppi o (ppi)ttRed’

where we have used the property I'(z + 1) = zI'(z). The integration over p is then identical with only the change in the
exponent. At this stage, we can plug back everything together, all v # «, j # i terms will cancel out from the Zn at the
denominator, and we are left with

o w® 14 Pa;
T, )= —— 7 5 - C7
W S ) (0
Thanks to this explicit form, the agent-specific Slutsky matrix entries read
o w 1+ Ba; 1+ Ba;
Si; = — — 05|, C8
' papy Sh + ) |5, Bar) (9

which, as predicted by thermodynamic relations, is clearly symmetric, and where the heterogeneous budgets only act a a
prefactor altering the magnitude, such that we can write S7; = w® K;;. The distribution of S7; is then simply a rescaling of the
original distribution of w® in the large N limit.

2. Finite Interactions — Grand-Canonical Ensemble

To tackle finite interactions, we need to place ourselves in the grand-canonical ensemble, where calculations are possible.
Enforcing the value of Z; to be the arithmetic mean over all agents with a Dirac distribution expressed in integral form, we

have
IS N M oo [ M ico M .
Zy = / (H Hdw?> / (Udf> / | <_ 322)% (BE:ailogx?[HC(wi)k]ﬂu}a’;x?m

a=11i=1 —%00 o,i

—NZfl)\z +Z$?Az)

We may begin by integrating over x*. Given the positive support and logarithmic utility, the result is simply a Gamma function
for the N identical agents,

(C9)

M

() [~ A (2 T4 Ball+e@) )\ vs e,
- :/0 (zl_[l dxi) / (H 27ri> <H (Bups — Ag)1HBaill+e@it] ¢ o (C10)

10 \i=1 i=1

The entire integrand can thus be rewritten as an exponential with N as a prefactor,
o [/ M ico (M 4y
Zy = /0 (i_ldx,) / (H 27”) exp ( - N; [m (14 Bas[l + e(@)*]) log(Bup: — As)

—ico \;—=1

(C11)
— log F(l + ,Bai[l + C(fz)k}] )»

a form which naturally points to the saddle-point approximation as N — oco. Indeed, the integral over \; above may first be

be rewritten as approximated as
; M
e dXi | _NgxA) 27 ~Ng(%,A%)
¢ Ao 2T A C12
/,m <Hl 27ri> ¢ N[detH*| (C12)

where A* is a minimum of g, and H* is the Hessian with respect to A evaluated at that point. At the saddle, we have

dg _ _ 14 Baill +c(zi)"] . 1 )k
=7 — = = i = i — —(1 il i)1) 1
o =7 Bups — At 0 Ai = Bup xz( + Bai[l + c(Z:)"]) (C13)
and the Hessian is entirely diagonal and given by
M

Hyy = 1+ Ba;[1 + c(T:)*]

3 | (T:)®
(Bupi — Mi)? §ij = |detH'|= 11:[1 T+ Bas[L+ c@ )] (C14)
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As a result, the partition function can finally be expressed in the desired form,
Zn = / dxe PFGI, (C15)
0
with F(X) = N f(X), and where from the above equations we have

BIx) = Z [Bupi@: — (1+ Bai[l + ¢(x:)"])[1 + log Zi — log(1 + Bai[l + ¢(z:)"])] — log I'(1 + Bai[l + e(z:)"])]
1log N 1
2 N 'N

i

S [toam: - % tog(1+ fas[1 + c(@)*])| - %log 27r:| : (C16)

o(1)

which is completely decoupled in between degrees of freedom. Keeping only O(1) terms, we find the expression given in the
main text that we will use onward.

In the thermodynamic limit, the state of the system can once again be determined through the saddle-point approximation,
as the system will reach a minimum of f with overwhelming likelihood. This amounts to solving
of 1 <1

5~ #piE -+ as [14 @) (L KRS (L + Baall +o(z)"]) — log(1 + a1 +e(@)"]) + logm]) =0, (C17)

with ¥ the digamma function. To determine the nature of stationary points, we will also require

0Z; T

% f 1

0w (T:)?

(1/B + ai[l = e(k — 1)(x:)"])?
1/8 + ai[l + c(z:)"]

— keai(z:)" (/Bkcai(@)kw“)(l + Bai[l + (T)*))
(C18)
+ [k = 11+ Bai[l + c(:)*]) — log(1 + Bai[l + c(T:)"]) + 10g$i])} s

where ) is the first polygamma function. Remarkably, the second derivative is not dependent on the chemical potential .
Importantly, one can evaluate the partition function by steepest descent to show that, consistent with intuition,

__1L 0
NBu dp;

when N — oo, straight from Eq. (C16)) as all derivatives other that those with respect to p; are zero at the saddle by construction.
a. ¢ =0 solution Taking ¢ = 0, we easily recover the unconcentrated solution

(x;) =

log Z =77, (C19)

o _1+ha
topi (1 + Bak)
b. B — oo limit In order to better understand the influence of the different terms on the equilibrium solution of the

system, we start by studying the zero temperature, or fully rational, limit of the system. Knowing the asymptotics of the
digamma function 1(z) ~ log z — 2=, we obtain

(C:20)

aill+ @) (1 + klog )] = upi, S @ipi=w, (C21)

i.e. a set of M + 1 equations for the M variables T; and the correct value of u for the given budget w. To obtain the solution
as a function of ¢, one can numerically solve the system of equations.

Knowing what the uniform solution is, we may then identify where the phase transition occurs, i.e. what the value of c
is, by studying the stability of the free energy at that point, as it should go from being a minimum to a maximum at the
transition. Now in this limit, we have

*f  a; [(1—c(k—1)(T)*)? o f ke(@)F _
92 @) T+ c@)F — k() THc@)F +(k—1)logZ; || . (C22)
Setting to zero at the saddle, and solving for ¢ finally yields
L ax @)F 2k — 1+ k(k — 1) log 7] . (C23)
Coo =

i

In the case where all products are equivalent, we recover the expression in the main text.

c¢. Finite § In the general case, the equations for Z; are much harder to manipulate due to the presence of the highly
nonlinear logarithm and digamma functions. However, the method outlined to obtain the critical value of ¢ remains valid: the
¢ = 0 solution is to be plugged into the second derivative that is set to zero. Solving numerically (Eq. ) then yields the
critical line in (c, 8) shown in the main text and in Fig.
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3. Slutsky Matrix in the g — oo Limit

We wish to employ the previously devised Gaussian approximation for the Slutsky matrix at 8 — oo for our interacting model.
To do so means evaluating the “thermodynamic” expression of the Slutsky matrix that requires computing the cross-agent term
(z7) 9_(x%). For our specific choice of utility,

wY
aU
Er

[1 tc m]) | + kea;(z;) "~ og L) (C24)
J

with overlines indicating arithmetic averages over the N agents. As we are interested in the N — oo behavior, we can first
notice that in the vicinity of the maximum

T, =7T; + —Z&rz =7 +O(%> (C25)

by virtue of the central limit theorem. Similarly,

logz; = %glog(ff +dz7) = logT; + i Z {61:1 — <§f5 > —l—o(%)] =logT; +(’)(%) +(’)<%)‘ (C26)

To leading order, we therefore have

au
Om]

a; — % —x\k— —x 1
= W[l + e@)¥) + kea; (T3) logT; + O(\/—N) (C27)

As a result, developing to the second order in 530?-

BU o oU _ a; o v - 4
(ot )~ 60 G} =~ et + o)1+ 0 ). (o2
so plugging back this expression in the fluctuation-response relation gives
8 oy 1 - . a] k .
G (©8) = 5 (0or = Bz T a)ell +e(@)']) Vi (C29)

Given the Gaussian fluctuations scale as (z{'z)c ~ B, this term will clearly have a non-negligible contribution to the Slutsky
matrix at § — oo.
Using the fluctuation-response relation to compute the first term in the Slutsky matrix,

_B/oU
F”_pe<3w2> v

Gy —x\ k —k 1
1 1+ kL +o(=)],
et 4 klogi) + 0 3 )|

(C30)

we can finally write, choosing £ = j

S5 = =B @t a])e L (ke(@)" 08T + bas [l +¢()"]) (C31)

~

There now remains to compute the pairwise correlations, which requires us to invert the Hessian of the utility function. In
our specific case

o 32U a; _\k ke — \k—1 1 1 k‘(k‘ — I)C — (k-2
HYY = W = - [W[l +¢(Zi) 0oy — ﬁai(:ci) o + =] + Tailogxi(xi) 0ij- (C32)
Due to the homogeneity in between agents, this M x N matrix has the very simple structure
A O --- 0 BB .--B
0 A -0 BB .--B
H=|. . . |+|. .. .| (C33)

00 --- A BB - ---B
with A, B € RM*M both having the additional simplification of being symmetric matrices. We take the ansatz that the inverse
has an identical structure,
FO0o.--0 DD .--D
OF --- 0 DD .---D
H'=|. . |+]. . . .| (C34)
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As such, we have

AF 0 --- 0 EE --- E
0 AF --- 0 EE --- E

HH'=| . . . . |+|. .. |, E=AD+BF+NBD, (C35)
0 0 --- AF EE --- E

obtained from the multiplication of these simple block matrices. As a result, setting HH™' = I amounts to
F=A"' D=-(A+NB)'BA™ " (C36)

Going back to Eq. (C32)) (evaluated at the maximum X*), we have

(@) ke ek =1\ 5.
Ay = oo D Rt - 1togai] )0 (Ca7)
and
Bij = SCa@) 2 + (k — 1) log 161 (C38)

The diagonal matrix can be inverted (almost) exactly in the large N limit, yielding

. 2 —*\k
T ) {l_kc (&)

—x 1
ai 1+ c(T)F FW(Q‘F(]C_UIO!%%)‘FO(W)} (C39)

and similarly at the leading order

3y —#\2 —x\k _ —x
(A +NB)™;; = ’% 1T (@) 1 = 15?2)—&— o= Dlogz ] |~ N n c((z?))k[fjk((]; n :El)cliglgglllgf;f)]] ’ (C40)
finally giving -
Dy = o e e R s O () (C4D)
Using the inverse of the Hessian, we can then compute the correlations of interest. We first need
G =S p(H ), (C42)
irJ

which can clearly be split in diagonal and off-diagonal parts, therefore the matrix has a similar structure to the Hessian, but
reduced in dimension. We have G = al + bE with I and E respectively and identity matrix and a matrix full of ones, both of
dimension N x N. Taking the same ansatz as before but with scalars, we have

Gl= 21 + dE, with d = —m, a=p Fp, b=p Dp (C43)

Bringing everything together, we finally find,

1
B

1
{@z‘j day + N%‘y}

(0a~rFii + Dii)di; + I%[FiiFjj(5awa71 +d) + (Cfl + Nd)(FiiDj; + Dii Fj; + ND;i; Dj;)]

(ziz])e =

(C44)

@~

with
_ 1 _
@i = Fiidij —a” 'pip; FiiFy; and Vi = Disdis — pip;|dFiiFjj + (a '+ Nd)(FiiDjj + DiiFj; + NDyiDj;)] (C45)

the non-interacting and interacting parts respectively. Given that D;; ~ % and d ~ %, it is clear that we have ¢;; = O(1) and
1i; = O(1), as expected.
Ultimately, in the N — oo, 8 — oo limits, the Slutsky matrix is thus given by

— 22 Thelis + 1) (@5)" " 1og @5 + [1+ (@) s | (C46)

Yz

The evolution of this analytical expression for some a, p with ¢, compared with numerical simulations, is shown in Figure [3| of
the main text.
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4. Equivalence of Ensembles

We wish to compute ) ,
02:<(fo‘p¢—w) >:<(Zx?pz) >—w2. (C47)

To this end, we take an agent-specific perturbation to the chemical potential y — p+ du®, playing the role of an external field
in conventional statistical physics. The grand-canonical partition function then reads

ZN = / (de ) AU =1 Lo @ Pi= s ‘Wazgp"], (C48)

such that L oz | oz
aaéu]\; B 7ﬂ<§;x?pi> = —fw and ?agua2 = <(Zx pl) >v (C49)
giving
2
2 B12 68a21 g 2N (C50)

As a result, assuming Ju® to be small, we need to calculate the free energy to the second order in this perturbation. Following
the previous calculation, we have

M
N = / (H dxl) /ﬂoo (E 2”) g (Bupi + Bopuep; — ;) 1+Baill+e@i)k] ¢ . (G51)

Expanding at the second order in the perturbation, we may write

M
_ dXi | Nlgo () +91 (A 5492 (R A)52)
2N —/ (l |dxl> /_wo <._ 27772) e 0 ! 2 , (C52)

i=1

to be evaluated through a saddle-point approximation, with go(X, A) corresponding to the exponent in the unperturbed expres-
sion previously studied,

90X =3 Ty el + o)) (C53)

and
2 upi — Ai/B)

while the previously introduced overline notation implies an arithmetic average over agents, i.e. oy = % > o 0u. Now before
actually using these expressions, one may use the properties at the saddle to identify the necessary terms to evaluate at the
leading order. Indeed, at the saddle in A, which decouples in i so can be treated in one dimension for now, we will have

922 8) = =5 30 o (L Ball 4@ ), (c54)

A=A+ 6100+ 02012 + O(6p°) (C55)
solution to 8 5 5
9o 0915 9o s
ox o, op+ on n 0, (C56)

and thus where \* corresponds to the previously calculated unperturbed solution. Now to evaluate the integrand at the saddle,
we may expand all expressions to the second order, yielding

Zn :/ (Hd@) e NAIE), (C57)
0 i

with

BIE) = go(X, A7) + %OFHA(go(i X))01(81)” + g1.(%, X + g2(%, A")op?, (C58)

with H (go(X, A*)) the Hessian of go with respect to the A; evaluated at the saddle at the leading order, which is diagonal in
our decoupled problem, i.e.

. .02
Hi (90(%, A7) = diag 5%

We may now evaluate the remaining integrals over T; by taking a new saddle, found at

(C59)

X,

X=X"+K10p+ K20u? + k3(0p)?, (C60)
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the solution to the set of equations a—f = 0. Once again expanding all solutions about the saddle, we finally find
Bf(E) = go(X*, A7) + 3 [BlTH)\(go(i*, A*))6: + k1 Ha(go (X, X‘))m] (6p)* + g1 (X5, X)op + g2(X5, X*)op2. (C61)
However, at this stage, one may notice that
% —5 2
W(éu) =N (C62)
whereas )
0" — 2
op? = —. C63
262" = N (C63)
At the leading order in N, we therefore simply have to evaluate g2 at the original saddle. The result then reads
2 2 —*x\ k 1
o” = XA 1+ Bai[l + c(z; +(’)(—). C64
= o, ﬂQZm_Mm< (4@ +0( (Co4)

Plugging in the known expression of A at the original saddle, we finally obtain at the thermodynamic limit

2 (Tipi)?
7 = 2T Bl + @ (C69)

As expected, this quantity vanishes for § — oo, as well as for ¢ — oo VB > 0. In the ¢ < cait region, plugging in the

non-condensed solution T; = pﬂ% yields

0% = Z(lwi—iﬁa) _ o(%) (C66)

Appendix D: A Hamiltonian Utility Function

Suppose we now take

U({x"}) = Zazlogaw DI @) (2])" (D1)

T,00,7y

yFo
with symmetric interactions J;* = J7, Vi, ,y and 0 < p < 1. In this case, we then have

gzgy S ey > @yl (D2)
¢ ¢ yFEo

which is equal to the “selfish” derivative of utility of agent « defined as

= Zai log zg + Z TN (2P (2])". (D3)
' v
(Note the factor % difference between the definition of U and that of u, ). This means that in a such a model, the decision-making
process based on a purely individualistic change of utility leads to an equilibrium distribution given by the Boltzmann-Gibbs
weight exp(BU) (see [49] for a similar discussion).
We expect such a Hamiltonian model to be qualitatively similar to the one studied in this work. To check that this is the

case, we may start by taking the mean-field case J;7 = a;J/N and the 8 — oo limit. Introducing the Lagrange multipliers p,
the Lagrangian to minimize is

LU} AuY) = Y aclogat + 7 3 aiad)’al = 30 u” (Y piat — w). (D4)

where the overline again means an average over all agents. This yields the following N x (M + 1) equations

8£ ai
55 = [1+Jp( G mp] — 1P =0 (D5)
88'51 = szl’? —w*=0. (D6)

Now assuming that all agents have identical budgets, the maximum will be given by z{ = x; Va. The solution then satisfies

oo W _all+ Jp(@)*]
Copi e[l Ip(a)?e)

(D7)
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In the non-interacting case J = 0 we recover the ¢ = 0 solution of the previous model.
Now, a phase transition will occur due to changes in the sign of the Hessian of the utility, which is given by

- 7W 1— Jp(2p — 1)(x:)2p]. (D8)

o*U

8$i2

Clearly, assuming J > 0, we require p > % regardless of the value of other parameters for a transition to occur. In that case,
concentration will indeed occur for J > Jo the critical value for the 5 — oo solution. For finite 3, the critical value will be
given by Jarit > Joo just as in our original model. Numerical simulations (not shown) confirm these predictions.
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