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Abstract: We study modulational instability in optical fibers with random group-velocity
dispersion fluctuations. We consider Gaussian and dichotomous colored stochastic pro-
cesses and characterize analytically and numerically the MI sidabands in average normal
dispersion regime. © 2022 The Author(s)

1. Introduction

Modulational instability (MI) is a ubiquitous physical phenomenon in nonlinear dispersive systems. In optical
fibers it is conventionally observed if the group velocity dispersion (GVD) is anomalous. It can be modelled at the
lowest order by the nonlinear Schrödinger equation (NLSE).

MI can be observed also in the normal GVD regime if the waveguiding parameters are changed along the
propagation direction, see e.g. [1], where a random variation of GVD modelled by white noise was studied. This
random process allows one to derive simple closed mathematical formulas, but is not physically realizable, because
it consists in infinitely abrupt variations of GVD on an infinitely small scale.

We show here the effect of GVD fluctuations generated by colored random processes. By means of analytical
and numerical approaches we obtain several families of MI sidebands in normal GVD that differ from both the
white noise limit and well-known MI obtained for periodic GVD variations in dispersion-oscillating fibers (DOFs)
[2].

2. Model and results

Our model reads
i∂zU−

1
2

β2(z)∂ttU + γ|U |2U = 0, (1)

with U the complex envelope of the optical field, (t,z) the physical time and propagation distance in a frame
moving at the group velocity of the fiber mode, γ the (constant) nonlinear coefficient, and β2(z) = β 0

2 + δβ (z)
is the GVD. We write it as a random process δβ (z) of zero mean around β 0

2 > 0 (normal GVD). We consider
stationary (in z) Gaussian and dichotomous processes. The associated power spectral density (PSD) belongs to
one of the two families: low-pass (Sδβ (κ) =

N0
2

B2

B2+κ2 , with B the wavenumber bandwidth and N0/2 the central

value, or band-pass (Sδβ (κ) =
N0
2

[
B2

B2+(κ−κ0)2 +
B2

B2+(κ+κ0)2

]
, modulated around κ0). Both families are in principle

physically implementable by continuous variation of fiber radius of fiber splicing.
Equation (1) is linearized around the continuous wave solution U0(z) =

√
Pexp(iγP) and a linear system re-

sembling a harmonic oscillator with a randomly fluctuating frequency is obtained (multiplicative noise). Two
mathematical techniques are then alternatively employed: the cumulant expansion [3] and the Furutsu-Novikov-
Shapiro-Loginov-Donsker (FNSLD) formulas [4]. As known for the harmonic oscillator, the first moments of the
dependent variables (MI sidebands) do not exhibit any instability and the we have to resort to second moments to
achieve non-null MI gain predictions. This means that a net energy transfer from carrier to sidebands occurs on
average, even though their mean value vanishes. We also perform direct numerical solution in a Monte Carlo spirit,
which is nevertheless essential to assess the reliability and the limits of application of the two analytic approaches.
We present a detailed analysis of the various MI regimes occurring in normal GVD [5].

The low-pass processes yield MI sidebands at low frequency ω around the carrier, similarly to the white noise
limit. In Fig. 1 we compare the numerical results to the analytical approximations. Special care is taken to insure



Fig. 1. MI gain for the low-pass processes. Comparison of numerical results and analytical estimates.
We let γP = β 0

2 = 1 and (a) N0 = 0.005, B = 4π , (b) N0 = 0.4, B = 4π . The inset in (a) shows a
sample realization of β2(z).

the statistical convergence of the averaged quantities. The cumulant expansion requires a small ε ≡ ω2

4

√
N0
B , while

the FNSLD approach is accurate for the dichotomous process only, independently of ε . Thus, in Fig. 1(a), the two
approaches both behave well and predict a small MI gain. The maximum gain in Fig. 1(b) is obtained from a
dichotomous process and is about 1/6 of conventional MI gain in anomalous dispersion.

Fig. 2. MI gain for the band-pass processes. Comparison of numerical results and analytical esti-
mates. We let γP = β 0

2 = 1 and (a) N0 = 0.005, B = π/4, (b) N0 = 3.2, B = π/32. The insets show
a larger ω range.

Band-pass processes yield MI sidebands localized around one or more frequencies given by a parametric re-
sosonance (PR) condition like in DOFs, β 0

2 ω2
(
β 0

2 ω2 +4γP
)
= m2κ2

0 , with integer m, see Fig. 2. For small ε

[Fig. 2 (a)], the cumulant expansion correctly models the single MI sideband pair, the maximum of which depends
on N0. For larger N0, the maximum gain scales with

√
N0B and FNSLD has to be employed combined to a nearly-

resonant expansion, see Fig. 2(b). Several MI sidebands appear, that resemble those observed in DOFs, but exhibit
smoother tails.

3. Conclusions

We studied modulational instability due to colored random fluctuations of dispersion around an average positive
value. We observe the transition from instability sidebands located at small frequency detuning to a set of peaks
around a discrete set of frequencies. Two analytical methods were employed to correctly model the possible
different behaviors.
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