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Abstract

We introduce a new second order stochastic algorithm to estimate the entropically
regularized optimal transport cost between two probability measures. The source
measure can be arbitrary chosen, either absolutely continuous or discrete, while the
target measure is assumed to be discrete. To solve the semi-dual formulation of such a
regularized and semi-discrete optimal transportation problem, we propose to consider
a stochastic Gauss-Newton algorithm that uses a sequence of data sampled from the
source measure. This algorithm is shown to be adaptive to the geometry of the under-
lying convex optimization problem with no important hyperparameter to be accurately
tuned. We establish the almost sure convergence and the asymptotic normality of var-
ious estimators of interest that are constructed from this stochastic Gauss-Newton
algorithm. We also analyze their non-asymptotic rates of convergence for the ex-
pected quadratic risk in the absence of strong convexity of the underlying objective
function. The results of numerical experiments from simulated data are also reported
to illustrate the finite sample properties of this Gauss-Newton algorithm for stochastic
regularized optimal transport, and to show its advantages over the use of the stochastic
gradient descent, stochastic Newton and ADAM algorithms.

Keywords: Stochastic optimization; Stochastic Gauss-Newton algorithm; Optimal trans-

port; Entropic regularization; Convergence of random variables.
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1 Introduction

1.1 Computational optimal transport for data science

The use of optimal transport (OT) and Wasserstein distances for data science has recently
gained an increasing interest in various research fields such as machine learning [1,20, 21,
23,25,42,44], statistics [5,7,8,13,30,35,40,46,49] and image processing or computer vision
[4,12,19,26,39,45]. Solving a problem of OT between two probability measures p and v is
known to be computationally challenging, and entropic regularization [15,16] has emerged
as an efficient tool to approximate and smooth the variational Wasserstein problems arising
in computational optimal transport for data science. A detailed presentation of the recent



research field of computational optimal transport is given in [38], while recent reviews on
the application of optimal transport to statistics can be found in [9, 36].

Recently, approaches [5,23] based on first order stochastic algorithms have gained
popularity to solve (possibly regularized) OT problems using data sampled from p. These
approaches are based on the semi-dual formulation [16] of regularized OT problems that
can be rewritten as a non-strongly conver stochastic optimization problem. In this paper,
for the purpose of obtaining stochastic algorithms for OT with faster convergence in prac-
tice, we introduce a second order stochastic algorithm to solve regularized semi-discrete
OT between an arbitrary probability measure pu, typically absolutely continuous, and a
known discrete measure v with finite support of size J. More precisely, we focus on the
estimation of an entropically regularized optimal transport cost W.(u,v) between such
measures (where £ > 0 is an entropic regularization parameter) using a class of stochastic
quasi-Newton algorithms that we refer to as Gauss-Newton algorithms and which use the
knowledge of a sequence (X,,) of independent random vectors sampled from pu.

Applications of semi-discrete optimal transport can be found in computational geom-
etry and computer graphics [33,34], as well as in the problem of optimal allocation of
resources from online observations [5]. For an introduction to semi-discrete optimal trans-
port problems and related references, we also refer to [38, Chapter 5]. In a deterministic
setting where the full knowledge of u is used and in the unregularized case, the conver-
gence of a Newton algorithm for semi-discrete optimal transport has been studied in depth
in [29]. An extension of the formulation of semi-discrete OT to include an entropic regular-
ization is proposed in [16]. The main advantage of incorporating such a regularization term
in classical OT is to obtain a dual formulation leading to a smooth convex minimization
problem allowing the implementation of simple and numerically more stable algorithms as
shown in [16]. The use of regularized semi-discrete OT has then found applications in im-
age processing using generative adversarial networks [24,43]. In these works, samples from
the generative model are typically drawn from an absolutely continuous source measure
in order to fit a discrete target distribution.

1.2 Main contributions and structure of the paper

As discussed above, we introduce a stochastic Gauss-Newton (SGN) algorithm for regu-
larized semi-discrete OT for the purpose of estimating W, (u, ), and the main goal of this
paper is to study the statistical properties of such an approach. This algorithm is shown
to be adaptive to the geometry of the underlying convex optimization problem with no
important hyperparameter to be accurately tuned. Then, the main contributions of our
work are to derive the almost sure rates of convergence, the asymptotic normality and the
non-asymptotic rates of convergence (in expectation) of various estimators of interest that
are constructed using the SGN algorithm to be described below. Although the underly-
ing stochastic optimization problem is not strongly convex, fast rates of convergence can
be obtained by combining the so-called notion of generalized self-concordance introduced
in [2] that has been shown to hold for regularized OT in [5], and the Kurdyka-Lojasiewicz
inequality as studied in [22]. We also report the results from various numerical experi-
ments on simulated data to illustrate the finite sample properties of this algorithm, and to
compare its performances with those of the stochastic gradient descent (SGD), stochastic
Newton (SN) and ADAM [28] algorithms for stochastic regularized OT.

The paper is then organized as follows. The definitions of regularized semi-discrete OT



and the stochastic algorithms used for solving this problem are given in Section 2. The
main results of the paper are stated in Section 3, while the important properties related to
the regularized OT are given in Section 5. In Section 4, we describe a fast implementation
of the SGN algorithm for regularized semi-discrete OT, and we assess the numerical ability
of SGN to solve OT problems. In particular, we report numerical experiments on simulated
data to compare the performances of various stochastic algorithms for regularized semi-
discrete OT. The statistical properties of the SGN algorithm are established in an extended
Section 6 that gathers the proof of our main results. Finally, two technical appendices A
and B contain the proofs of auxiliary results.

2 A stochastic Gauss-Newton algorithm for regularized semi-
discrete OT

In this section, we introduce the notion of regularized semi-discrete OT and the stochastic
algorithm that we propose to solve this problem.

2.1 Notation, definitions and main assumptions on the OT problem

Let X and Y be two metric spaces. Denote by M1 (X) and M’ ()) the sets of probability
measures on X and Y, respectively. Let 17 be the column vector of R with all coordinates
equal to one, and denote by (, ) and || || the standard inner product and norm in R”. We
also use Apax(A) and Apin (A) to denote the largest and smallest eigenvalues of a symmetric
matrix A, whose spectrum will be denoted by Sp(A) and Moore-Penrose inverse by A~.
By a slight abuse of notation, we sometimes denote by Apin(A) the smallest non-zero
eigenvalue of a positive semi-definite matrix A. Finally, ||A]2 and ||A||p stand for the
operator and Frobenius norms of A, respectively. For y € M} (X) and v € ML (Y), let
ITI(u, v) be the set of probability measures on X’ x ) with marginals x and v. As formulated
in [23], the problem of entropically regularized optimal transport between p € M}‘_(X )
and v € M (V) is defined as follows.

Definition 2.1. For any (u,v) € ML(X) x ML(Y), the Kantorovich formulation of the
reqularized optimal transport between p and v is the following convex minimization problem

W)= min [ cloy)in(ey) + KL, (2.1)
m€ll(nv) Jxxy

where ¢ : X x Y — R is a lower semi-continuous function referred to as the cost function
of moving mass from location x to y, € = 0 is a reqularization parameter, and KL stands
for the Kullback-Leibler divergence between m and a positive measure € on X X Y, up to
the additive term fXxy dé(x,y), namely

KL(rle) = [

Xx)Y

(log(fl?g(x, y)) - 1)d7r(x, Y).

For ¢ = 0, the quantity Wy(u,v) is the standard OT cost, while for € > 0, we refer to
We(p,v) as the regularized OT cost between the two probability measures p and v. In



this framework, we shall consider cost functions that are lower semi-continuous and that
satisfy the following standard assumption (see e.g. [48, Part I-4]), for all (z,y) € X x Y,

0 < c(z,y) < cx(x) +ep(y), (2.2)

where cy and cy are real-valued functions such that [, cx(z)du(z) < +oo and
Jyey(y)dv(y) < +oo. Under condition (2.2), We(,v) is finite regardless any value of
the regularization parameter ¢ > 0. Moreover, note that W.(u,v) can be negative for
e > 0, and that we always have the lower bound W,(u,v) > —e. In this paper, we
concentrate on the regularized case where € > 0, and on the semi-discrete setting where
p € ML (X) is an arbitrary probability measure (e.g. either discrete or absolutely con-
tinuous with respect to the Lesbesgue measure), and v is a discrete measure with finite
support YV = {y1,...,ys} that can be written as

J
V= Z l/jéyj.
i=1

Here, ¢ stands for the standard Dirac measure, the locations {y1,...,ys} as well as the
positive weights {v1,...,v;} are assumed to be known and summing up to one. We shall
also use the notation

min(v) = 1%1£J{Vj} and max(v) = 1I<nga<XJ{Vj}'
We shall also sometimes refer to the discrete setting when p is also a discrete measure. Let
us now define the semi-dual formulation of the minimization problem (2.1) as introduced
in [23]. In the semi-discrete setting and for € > 0, using the semi-dual formulation of

the minimization problem (2.1), it follows that W (u, v) can be expressed as the following
convex optimization problem

We(p,v) = _UiellRfJ Hc(v) (2.3)
with
H.(v) = Eh.(X,v)] = /X he (2, v)du(a), (2.4)

where X stands for a random variable drawn from the unknown distribution p, and for
any (z,v) € X x RY,

J J
he(z,v) = e+ 6log<z exp(W)yj) — Z vV;. (2.5)
=1 =1

Throughout the paper, we shall assume that, for any ¢ > 0, there exists v* € R’ that
minimizes the function H., leading to

We(p,v) = —H:(v").

The above equality is the key result allowing to formulate (2.3) as a convex stochastic
minimization problem, and to consider the issue of estimating We(u,v) in the setting of
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stochastic optimization. For a discussion on sufficient conditions implying the existence of
such a minimizer v*, we refer to [5, Section 2]. As discussed in Section 5, the function H,
possesses a one-dimensional subspace of global minimizers, defined by {v* + tv,, t € R}

where )
vy = —1 J-
VI
Therefore, we will constrain our algorithm to live in (v ;)=, which denotes the orthogonal
complement of the one-dimensional subspace (v ;) of RY spanned by v;. In that setting,

the OT problem (2.3) becomes identifiable.

>J_

2.2 Pre-conditionned stochastic algorithms

In the context of regularized OT, we first introduce a general class of stochastic pre-
conditionned algorithms that are also referred to as quasi-Newton algorithms in the lit-
erature. Starting from Section 2.1, our approach is inspired by the recent works [5,23],
which use the property that

We(p,v) = —H(v*) = — min E[h. (X, v)]
veRY
where ho(z,v) is the smooth function defined by (2.5) that is simple to compute. For a
sequence (X,,) of independent and identically distributed random variables sampled from
the distribution u, the class of pre-conditionned stochastic algorithms is defined as the

following family of recursive stochastic algorithms to estimate the minimizer v* € (v )+
of H;. These algorithms can be written as
Vet = Py (f/n SV he (X, f/n)) (2.6)

for some constant 0 < o < 1/2, where V,h, stands for the gradient of h. with respect to v,
% is a random vector belonging to (v;)*, and S, is a symmetric and positive definite J x J
random matrix which is measurable with respect to the o-algebra F,, = o(Xy,...,X,).
In addition, Pj is the orthogonal projection matrix onto (v )+,

PJ:IJ—UJ'UEZ;.

This stochastic algorithm allows us to estimate We(u, ) by the recursive estimator

_ 1 <& ~
Wn=—— Zhe(Xka Vie—1)- (2.7)
k=1
The special case where S, = s 'nl; with some constant s > 0, corresponds to the

well-known stochastic gradient descent (SGD) algorithm that has been introduced in the
context of stochastic OT in [23], and recently investigated in [5]. Following some recent
contributions [6,14] in stochastic optimization using Newton-type stochastic algorithms,
another potential choice is S,, = S,, where S,, is the natural Newton recursion defined as

Sn=1I7+> V2he(Xp, Vi) = Sno1 + Vihe (X, Vo1 (2.8)
k=1



where V2h, stands for the Hessian matrix of h. with respect to v, We refer to the choice
(2.8) for Sy, as the stochastic Newton (SN) algorithm. Unfortunately, from a computational
point of view, a major limitation of this SN algorithm is the need to compute the inverse of
Sy, at each iteration n in equation (2.6). As S,, is given by the recursive equation (2.8), it is
tempting to use the Sherman-Morrison-Woodbury (SMW) formula [27], that is recalled in
Lemma A.1, in order to compute S, ! from the knowledge of S;El in a recursive manner.
However, as detailed in Section A.2 of Appendix A, the Hessian matrix V2h (X, ‘A/n_l)
does not have a sufficiently low-rank structure that would lead to a fast recursive approach
to compute S, 1. Therefore, for the SN algorithm, the computational cost to evaluate S !
appears to be of order O(.J?) which only leads to a feasible algorithm for very small values
of J. This important computational limitation then drew our investigation towards the
SGN algorithm instead of the SN approach.

2.3 The stochastic Gauss-Newton algorithm

Historically, the Gauss-Newton adaptation of the Newton algorithm consists in replacing
the Hessian matrix V2h (X, Vn_l) by a tensor product of the gradient V,h.(X,, ‘7n_1).
In our framework, it leads to another pre-conditionned stochastic algorithm. We introduce
Sy, recursively as

n N N k -6
Su = Lr+ Y Vohe(Xy, Vi) Vohe(Xp, Vi) +7 <1 + {J) ZnZ;  (2.9)

J
k=1
~ ~ n i\ -8
= Snfl + Vvhs(Xna anl)vvhs(Xm anl)T + (1 + LjJ) ZnZg;a
for some constants v > 0 and 0 < 8 < 1/2, and where (Z1,...,2,) is a deterministic

sequence of vectors defined, for all 1 < k < n, by

Zy, = \/Vi oy

with £, = 14+ (k—1) (mod .J), where (e1, ..., ey) stands for the canonical basis of R/. We
shall refer to the choice (2.9) for S,, as the regularized stochastic Gauss-Newton (SGN)
algorithm and from now on, the notation S, refers to this definition. We also use the
convention that Sy = I;.

3 Main results on the SGN algorithm

Throughout this section, we investigate the statistical properties of the recursive sequence
(V,,) defined by (2.6) with 0 < o < 1/2, where (S,,) is the sequence of random matrices
defined by (2.9) with 0 < 8 < 1/2 that yields the SGN algorithm. The initial value Vj is
assumed to be a square integrable random vector that belongs to (v;)*. Then, thanks to
the projection step in equation (2.6), it follows that for all n > 1, V, also belongs to (v ;).
To derive the convergence properties of the SGN algorithm, we first need to introduce the

matrix-valued function G.(v) defined as
G:(v) = E [Vyhe(X,v)Vyhe (X, )] (3.1)

that will be shown to be a key quantity to analyze the SGN algorithm. In particular,
we shall derive our results under the following assumption on the smallest eigenvalue of



G (v*) associated to eigenvectors belonging to (v)=*.

Invertibility assumption. The matrix G¢(v*) satisfies

{’UTGE(U*)’U } >0

o]

In all the sequel, we suppose that this invertibility assumption is satisfied. We denote by

min
vE(v )t

GZ (v*) the Moore-Penrose inverse of G¢(v*) and by G;1/2(v*) its square-root. We now
discuss, in what follows, the next keystone inequality.

Proposition 3.1. Assume that the reqularization parameter € > 0 satisfies

min(v)

= max(v) — min(v)’ (3.2)

Then, in the sense of partial ordering between positive semi-definite matrices, we have
G:(v*) < VZH_(v"). (3.3)

Inequality (3.3) is an important property of the SGN algorithm to prove its adaptivity to
the geometry of the stochastic optimization problem (2.3). Of course, one can observe that
no hyperparameter depending on the Hessian of H, needs to be tuned to run this algorithm
provided that condition (3.2) holds. One can also remark that there is no restriction on
the regularization parameter € when v is the uniform distribution, that is when v; = 1 /J,
for all 1 < j < J, implying that max(v) = min(v). Throughout the paper, we suppose
that condition (3.2) holds true. Below, we denote by )\g’i‘r’l>L(A) the smallest non-zero
eigenvalue of a positive semi-definite matrix A, when the associated eigenvectors belong
to (vs)*, the orthogonal complement of v .
It immediately follows from inequality (3.3) that

1< A (G20 ) VP HL (1) G2 (0")). (3.4)
Inequality (3.4) will be a key property in this paper to derive the rates of convergence
of the estimators obtained from the SGN algorithm. Note that the (pseudo) inverse of
the Hessian matrix V2H,(v*) somehow represents an ideal deterministic pre-conditioning
matrix, whose use would lead to the second order Newton algorithm: this ideal pre-
conditioned algorithm is non-adaptive since it requires the use of V2H.(v*), which is
unknown in practice.

Indeed, in our SGN algorithm, adaptivity is tightly related to the limiting recursion
induced by Equation (2.6). If we admit (temporarily) the almost sure convergence of
the SGN algorithm towards v* and of n~=1S, towards G¢(v*), the recursion induced by
(2.6) looks very similar to a discretization of a dynamical system with a step size n~(1-a)
and with a limiting linearized drift of the form —G¢(v*) 'V2H(v*)(v — v*). For further
details on this point, we refer to the so-called ODE method (see e.g. [3] ). The keystone
property induced by Proposition 3.1 is that thanks to Equation (3.3) and Equation (3.4),
the linearized drift of the limiting deterministic dynamical system has its eigenvalues that
are lower bounded by 1, regardless of the value of the Hessian matrix V2H,(v*). This
translates an adaptation of the algorithm to the curvature of H. near the target point
v*. Therefore, the matrix G¢(v*) that is learnt on-line, and automatically adapts to
the eigenspaces associated to the smallest eigenvalues of V2H,(v*). Therefore, one may
interpret (3.4) as the adaptivity of the SGN algorithm to the geometry of the semi-dual
formulation of regularized OT.



3.1 Almost sure convergence

o~

The almost sure convergence of the sequences (V,,), (W,) and (S,) are as follows where
5= 150,

Theorem 3.1. Assume that o € [0,1/2] and a + 3 < 1/2. Then, we have

lim V, =v* a.s. (3.5)
n——+o0o
and
nll)l_’I_loo Sn = G:(v") a.s. (3.6)

The following result is an immediate corollary of Theorem 3.1, thanks to the continuity of
the function h..

Corollary 3.1. Assume that o € [0,1/2] and o+ f < 1/2. Suppose that the cost function
¢ satisfies, for any 1 < j < J,

/ A (z,yj)du(z) < +oo. (3.7)
X

Then, we have

—

lim W, =W.(u,v) a.s.

n—-+0o

We now derive results on the almost sure rates of convergence of the sequences (?n) and
(S,) that are the keystone in the proof of the asymptotic normality of the estimator Vi
studied in Section 3.2. We emphasize that we restrict our study to the case o = 0, which
yields the fastest rates of convergence and that corresponds to the meaningful situation

from the numerical point of view.

Theorem 3.2. Assume that o = 0. Then, we have the almost sure rate of convergence

~ w2 logn
7P = 0() s a3)

In addition, we also have

50— G, =0(5)  as (3.9)

and
Hif—agmmF:oQ%) 0.s. (3.10)

3.2 Asymptotic normality

The asymptotic normality of our estimates depends on the magnitude of the smallest
eigenvalue (associated to eigenvectors belonging to (v;)1) of the matrix

D.(v") = G2 2 (0") V2 HL (o) G2 2 (0"). (3.11)



Thanks to the key inequality (3.4), we have that the smallest eigenvalue of I'; (v*) is always
greater than 1, in the sense that

min vI T (v¥)v

>1.
vyt o2 7

One can observe that we also restrict our study to the case v = 0 which yields the usual
\/n rate of convergence for the central limit theorem that is stated below.

Theorem 3.3. Assume that a = 0. Then, we have the asymptotic normality
ViV, —v*) £, N(o, G2 (") (20 (v*) — PJ)*G;W(U*)). (3.12)

In addition, suppose that the cost function c satisfies, for any 1 < j < J,

| e muta) < +x. (3.13)
Then, we also have

V(W = Wl ) 5 N (0,02) (3.14)

where the asymptotic variance o2 = E[h2(X,v*)] — W2(u,v).
In order to discuss the above result on the asymptotic normality of ‘A/n, we denote by
e(v*) = G2 V2 (0) (2L (v") = Py) "GV (0%)

the asymptotic covariance matrix in (3.12). One can check that X.(v*) satisfies the Lya-
punov equation

(%PJ — AVH (")) Ze(0") + Ze (") (%PJ _ AVQHE(U*))T _ _AG.(A (3.15)

with A = G (v*). Moreover, one can observe that

. T
GS(U*) = nEToo E[En-l—lgn—i-l ’fn] a.s.
is the isymptotic covariance matrix of the martingale increment e, 11 = Vyhe (X141, ‘7”) —
VH.(V,). Hence, to better interpret the asymptotic covariance matrix ».(v*), let us
consider the following sub-class of pre-conditionned stochastic algorithms

~ ~ 1 ~
Vn+1 - PJ (Vn - EAvvha(Xn-i-l; Vn))a (316)
where A is a deterministic positive semi-definite matrix satisfying the stability condition
1
AVZH (v*) > 3P (3.17)

Then, adapting well-known results on stochastic optimisation (see e.g. [18,37]), one may

prove that

ViV, —v*) £, N(0,2(A))



where X(A) is the solution of the Lyapunov equation (3.15) with X(A) instead of X, (v*).
Hence, the asymptotic normality of the SGN algorithm coincides with the one of the
pre-conditionned stochastic algorithm (3.16) for the choice A = G (v*). Hence, the main
advantage of the SGN algorithm is to be fully data-driven as G (v*) is obviously unknown.
Among the deterministic pre-conditionning matrices satisfying condition (3.17), it is also
known (see e.g. [18,37]) that the best choice is to take A = V2H_ (v*) that corresponds
to an ideal Newton algorithm and which yields the optimal asymptotic covariance matrix

¥ =% (V2H(v")) = VZH. (v*) " G-(v*)V2H-(v*)™ < E.(v").

Therefore, the SGN algorithm does not yield an estimator Vi having an asymptotically
optimal covariance matrix. Note that, as shown in [5, Theorem 3.4], using an average
version of the standard SGD algorithm, that is with S, = s™'nl; and 0 < o < 1/2,
allows to obtain an estimator having an asymptotic distribution with optimal covariance
matrix X*. However, in numerical experiments, it appears that the choice of s for the
averaged SGD algorithm is crucial but difficult to tune. The results from [5] suggests to
take s = ¢/(2min(v)) which follows from the property that
min(v)

Amin (V2HE(U*)) > P

that is discussed in Section 5. Hence, the choice s = ¢/(2min(v)) ensures that the pre-
conditioning matrix A = s~'I; satisfies the stability condition (3.17). However, as shown
by the numerical experiments carried out in Section 4, it appears that the SGN algorithm
automatically adapts to the geometry of the optimisation problem with better results
than the SGD algorithm. Finally, we remark from the asymptotic normality (3.14) and [5,
Theorem 3.5] that the asymptotic variance of the recursive estimator Wn is the same when
17,1 is either computed using the SGN or the SGD algorithm.

3.3 Non-asymptotic rates of convergence

The last contribution of our paper is to derive non-asymptotic upper bounds on the ex-
pected risk of various estimators arising from the use of the SGN algorithm when (S,,) is
the sequence of positive definite matrices defined by (2.9). In particular, we derive the
rate of convergence of the expected quadratic risks

E[[Va—o*]  and  E[|[S, - Ge()[[F]-

We also analyze the rate of convergence of the expected excess risk W, (u,v) — E[/Wn] of
the recursive estimator W,, defined by (2.7) used to approximate the regularized OT cost

We(p, v).

Theorem 3.4. Assume that o €]0,1/2] and that 45 < 1 —2«. Then, there exists a positive
constant c. such that for anyn > 1,

(Vo —v[*) < -fn and B[S0 - Ge0M|[7] < 5 (3.18)

Moreover, we also have

Ce
nlfa’

(B[] = We(,v)| < (3.19)
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and if the cost function c satisfies [, A(x,yj)du(z) < +o0, for any 1 < j < J, then

Ce
vn

Note that the value of the constant c¢. appearing in Theorem 3.4 may also depend on
« and (B, but we remove this dependency in the notation to simplify the presentation.
One can observe that choosing a > 0 allows the algorithm to be fully adaptative in
the sense that no important hyperparameter needs to be tune to obtain non-asymptotic
rates of convergence. The case o = 0 could also be considered but this will require to
introduce a multiplicative positive constant ¢ in the definition of the SGN algorithm by
replacing n®S; ! in equation (2.6) by ¢S, !. Then, provided that c is sufficiently large,
one may obtain faster rate of convergence for the expected quadratic risk of the order
O(log(n)/n). However, in our numerical experiments, we have found that introducing
such a large multiplicative constant ¢ makes the convergence of the SGN algorithm too
slow. Therefore, results on non-asymptotic convergence rates in the case a = 0 are not
reported here.

4 Implementation of the SGN algorithm and numerical experi-
ments

In this section, we first discuss computational considerations on the implementation of the
SGN algorithm, and we also make several remarks to justify its use. Then, we report the
results of numerical experiments.

4.1 A fast recursive approach to compute S '.

In this paragraph, we discuss on the computational benefits of using the Gauss-
Newton method as an alternative to the Newton algorithm. A key point to define
the SGN algorithm consists in replacing in equation (2.8) that defines the SN algo-
rithm, the positive definite Hessian matrices V%hE(X ks ‘7k_1) by the tensor product
Vvhg(Xk,?k,l)Vvha(Xk,?k,l)T of the gradient of h. at (Xk,‘A/k,l). A second impor-
tant ingredient in the definition (2.9) of the SGN algorithm is the additive regularization
terms (1 + L%J)_ﬁ ZkaT whose role is discussed in the sub-section below.

Note that ZyZ}] = ngegke;zpk (with ¢ = (k — 1) (mod J) + 1) is a diagonal matrix,
such that all its diagonal elements are equal to zero, except the fi-th one which is equal
to vg,. In this manner, the difference S, — Sn—1 = ¢ndl + v (1 + L%J)_B Z,Z1 is thus
the sum of two rank one matrices, where ¢,, = V,ho (X, 17”_1). Therefore, one may easily
obtain S, ! from the knowledge of S;El as follows. Introducing the intermediate matrix

S 1 =5,1+7 (1 + L%J)_B Z,ZL we observe that S, = S,_1+ dn@L. Consequently,
2 2

n

by applying the SMW formula (A.3), we first notice that

= s o 2] 2
=S, = (Z0 S, Zn + 77! (1 + [ﬁ

) szl
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Using that Z,, = /vy, e, , we furthermore have that

(57:—11).,%(51;—11)%“.

Sto=5"1 —u, . (4.1)
nme T Ve, (St ewen +7 (L4 [2])°
Secondly, applying again the SMW formula (A.3), we obtain that
S_,llgbnﬁbgs_,ll
Sito= st -2 e (4.2)
"2 ¢lS T ignt+1
2

Hence, the recursive formulas (4.1) and (4.2) allow, at each iteration n, a much more
faster computation of S, ! from the knowledge of 5’,:_11, which is a key advantage of the
SGN algorithm over the use of the SN algorithm. Indeed, the cost of computing S *
using the above recursive formulas is that of matrix vector multiplication which is of order

O(J?).
4.2 The role of regularization.

n —
Let us denote by R, = > ~ (1 + L%J) g Zk:ZlZ the sum of the deterministic regularization
k=1

terms in (2.9) implying that S, can be decomposed as

Su =17+ Vohe(Xy, Vi) Vohe(Xp, Vi) + R (4.3)
k=1

If n = pJ for some integer p > 1, the regularization by the matrices ~y (1 + L%J)_B Zng
in (2.9) sum up to a simple expression given by

R, = (Z m_6> v diag(v).

The following two important comments can be made to clarify the role of this regularization
effect:

- adding the supplementary matrix R, in (4.3) implies that S,, is invertible as soon as
n > J with a known lower bound on its smallest eigenvalue. Indeed, thanks to the
condition 0 < 8 < 1/2 and to the property that

! Zp: m—b| ~ LB
p 1_ ﬁp )
the additive term R, allows to regularize the smallest eigenvalue of S,,. This is
important for the evolution of the stochastic algorithm: this regularization allows
to show that 17n converges almost surely to v*. More precisely, while Vn+1 —V, is
essentially modified in the direction —n®S, 1V he( X1, Vn), it is well known that
too large step sizes are prohibited to obtain a good behavior of stochastic algorithms.
Therefore, taking a sufficiently small 8 guarantees a suitable upper bound of the
increments of the SGN, that in turn limits the effect of the noise at each iteration of
the algorithm.

12



- the growth of R,, is sublinear for large values of n whereas

> Vohe(Xg, Vie1) Vohe (X, Vi)™
k=1

grows linearly with n so that this last term will become dominant in the decom-
position of Sy, inducing a “learning” of the curvature of the landscape function H..
Recalling that S, = %Sn, it will be shown in Section 6 that

lim S, = G.(v*) as.

n—-+o0o
with
G- (v*) = E [Vyhe (X, v*)Vyhe (X, v*)T] = diag(v) — v — eVEH (v*),

where the last equality above follows the proof of Proposition 3.1. Hence, when
n — +00, the regularization disappears as long as § > 0. Note that this would not
be the case if § was chosen to be equal to 0.

To sum up, taking § € (0,1/2) will be a crucial assumption to derive the almost sure
convergence rates that are stated in Theorem 3.2.

4.3 Numerical experiments

In this section, we report numerical results on the performances of stochastic algorithms
for regularized optimal transport when the source measure p is either discrete or absolutely
continuous. We shall compare the SGD, ADAM, SGN and SN algorithms. For the SGD
algorithm, following the results in [5], we took o = 1/2 and S,, = s 'nl; with s =
£/(2min(v)). The ADAM algorithm has been implemented following the parametrization
made in the seminal paper [28] except the value of the stepsize (as defined in [28, Algorithm
1]) that is set to 0.005 instead of 0.001, which improves the performances of ADAM in our
numerical experiments. For the SGN algorithm, we set a = 0 and we have taken v = 1073
(a small value) and 8 = 0.49. For the results reported in this paper, we have found that
the performances of the SGN algorithm are not very sensitive to the value of 5 € (0,1/2).
Finally, for the SN algorithm, we chose a = 0 and S,, = S,, as defined by (2.8).

In the discrete setting, we shall also compare the performances of these stochastic algo-
rithms to those of the Sinkhorn algorithm [15], which is a deterministic iterative procedure
that uses the full knowledge of the measures i and v at each iteration. Let us recall that,
for the SGD and ADAM algorithms, the computational cost of one iteration from n to
n + 1 is of order O(J), while it is of order O(J?) for the SGN algorithm and O(J?) for
the SN algorithm. Each iteration of the Sinkhorn algorithm is of order O(1.J), where I
denotes the size of the support of p in the discrete setting.

In these numerical experiments, we investigate the numerical behavior of the recursive
estimators W, and ‘7” The performances of the various stochastic algorithms us/eg to
compute these estimators are compared in terms of the expected excess risks EHWn —

We(p, I/)H and EﬂﬂA/n — U*HQ]. For the SGN algorithm, we also analyze the convergence

of the estimator S, to the matrix G.(v*). The expected value involved in these expected
risks is approximated using 100 Monte-Carlo replications. When the measure  is discrete,
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we use the Sinkhorn algorithm [15] to preliminary compute W, (u,v) and v*. When pu is
absolutely continuous, the regularized OT cost W.(u,v) is preliminary approximated by
running the SN algorithm with a very large value of iterations (e.g. n = 10%). To the
best of our knowledge, apart from stochastic approaches as in [23], there is no other
method to evaluate W, (u, v) in the semi-discrete setting. Note that we shall compare the
evolution of these excess risks as a function of the computational time (observed on the
computer) of each algorithm. Moreover, the estimators I//I\/ and ‘7 obviously depends
on the regularization parameter €. However, for the sake of simplicity, we have chosen
to denote them as W and Vn, although we carry out numerical experiments for different
values of . Finally, we also analyze the asymptotic distributions of Wn and Vn to illustrate
the results on asymptotic normality given in Section 3.2.

4.3.1 Discrete setting in dimension d = 2

In this section, the cost function is chosen as the squared Fuclidean distance that is
c(z,y) = || — y||>. We focus our attention when both y = S>7_ 14;0,, and v = ijl Vjly,;
are uniform discrete measures supported on R?, that is p; = % and v; = % The points
(xi)1<i<r (vesp. (y;)1<j<s) are drawn randomly (once for all) from a Gaussian mixture with
two components (resp. from the uniform distribution on [0, 1]?). An example of two such
measures is displayed in Figure 1 for I = 10* and J = 100. The number of iterations of the
four stochastic algorithms is fixed to n = 10° except for the experiments on the asymptotic
distribution of W and Vn, where n is let being larger. Finally, the Sinkhorn algorithm is
let running until convergence is reached to provide a reference value for W, (u,v) and v*

considered as the ground truth.

0 Measure mu
A Measure nu

0 Measure mu 10 A Measureny

0
%

125

100

075

050

025

000

025

050

Figure 1: (a) Discrete measure u supported on I = 10* points drawn from a
mixture of two Gaussian distributions, and (b) discrete measure v supported on
J = 100 points randomly drawn from the uniform distribution on [0, 1]%. (c)
Superposition of p and v.

Convergence of the excess risks. We first report results for I = 10 (size of the support of
w) and J € {100,400} (size of the support of v), and two small values of the regularization
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parameter ¢ € {0.01,0.005}. For different combinations of these hyperparameters, we dis-
play from Figure 2 to Figure 5 the value of the expected excess risks (in logarithmic scale)
E[!Wn - We(p, Z/)H and IE[H‘A/n — v*Hz] as functions of the averaged (along the 100 Monte
Carlo replications) computational time of each iteration of the stochastic algorithms. We
also draw the evolution of the metrics (in logarithmic scale) |Wj,—W.(u,v)| and ||V}, —v* H2
as functions of the computational time of the iterations of the Sinkhorn algorithm, where
W; € R and V;, € RY are the output of the Sinkhorn algorithm at its k-th iteration.

In Figure 2 to Figure 5, the various curves are displayed as functions of the compu-
tational time until the convergence of the Sinkhorn algorithm is reached, that is until
k = kmax (the maximum number of Sinkhorn iterations). Note that for k ~ kpax then
Wi — We(u, I/)‘ ~ 0 and HVk — v*H2 ~ 0. Hence, for such large values of k, these metrics
have necessarily smaller values than those that are used to evaluate the stochastic algo-
rithms. In the discussion that follows, we thus consider that the stochastic algorithms have
reached convergence when the values of either E H Wy, —We(p, v) H or E H|I7n —o* HZ] stabi-
lize, although these metrics may be larger than the metrics used to evaluate the Sinkhorn
algorithm for large values of the computational time. This is due to the randomness
of the stochastic algorithms and their resulting positive variance (even for large values
of n). Then, the following comments can be made from the output of these numerical
experiments.

- For I = 10*, J = 100 and € = 0.01, the four stochastic algorithms reach convergence
faster than the Sinkhorn algorithm. The convergence is much faster for the metric
E[HVn — v*H2] than for the metric IEHWn — We(p, I/)H

- For I = 104, J = 100 and ¢ = 0.005, SGD fails to converge either for the estimator
W, or the estimator V,,. For tl\lis smallest value of ¢, SGN and SN have similar
performances for the metric E [HV” —v* HZ] . The SN algorithm is slightly better than

SGN for the metric IEH/V[?R —We(p,v) H . We also observe that SN and SGN converge
much faster than Sinkhorn, and that they have better performances than ADAM for
the two metrics.

- For I = 10%, J = 400 and ¢ € {0.01,0.005}, it can be seen that the SGD algorithm

does not converge. For the metric IE[H‘ZL — ’U*HQ], the convergence of the SN and
SGN algorithms is much faster than Sinkhorn, and these two algorithms outperform
ADAM.

Therefore, these numerical experiments suggest that the SGN algorithm has interesting
benefits over the SGD, ADAM and Sinkhorn algorithms for moderate values of J and
for small values of the regularization parameter €. In these settings, SGN seems to be
particularly relevant for the estimation of v*, and it reaches performances similar to those
of SN for the metric E[Hf}n — U*HZ]. The SGN algorithm may also converge much faster
than the Sinkhorn algorithm for either the estimation of W, (u,v) or v* as the size I of
the support of u is large.

Asymptotic distribution of the stochastic algorithms. Now, we illustrate the results from
Section 3.2 on the asymptotic distributions of W, and V,,. To this end, we consider the
setting I = 10% and J = 50. Then, we display in Figure 6 for ¢ = 0.1 and n = 2 x 10°
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iterations (resp. Figure 7 for ¢ = 0.01 and n = 4 x 10° iterations) the histograms of 200
independent realizations of

Wn _ \/ﬁ (Wn - Wa(ﬂa V))

On

using each of the four stochastic algorithms, where

o 1 - =
0'73 = E ;hg(Xk,Vk_l) — WnQ,

is a recursive estimator of the asymptotic variance of I//I\/n that has been introduced in [5].
For all the algorithms, it can be seen in Figure 6 and Figure 7 that ﬁ/\n is normally
distributed. For the SGD and the SN algorithms, the histograms of W,, are very close to
the standard Gaussian distribution, while the SGN is seen to be slightly biased. The bias
is much more important for the ADAM algorithm.

Estimator by SN Estimator by SN
— Estimator by SGN — Estimator by SGN
107 —— Estimator by ADAM 10 —— Estimator by ADAM
— Estimator by SGD — Estimator by SGD
—— Estimator by Sinkhorn —— Estimator by Sinkhorn

0 1 2 3 4 5 6 7 0 2 4 6 8
Time (in sec.) Time (in sec.)

(a) e =0.01 (b) € =0.005

Figure 2: Discrete setting with 7 = 10* and J = 100 with n = 10° iterations.
Expected excess risk (in logarithmic scale) log(E[|W,, — W.(u,v)|]) (resp. metric
log(|[Wi — We(p,v)|)) as a function of the averaged computational cost of the
iterations of the four stochastic algorithms (resp. the Sinkhorn algorithm) for
different values of the regularization parameter .

In Figure 8 and Figure 9, we also display the histograms of 200 independent realizations
of XN/n = an}n — U*H2 for the four stochastic algorithms. The distribution of XN/n has the
shape of a x2-distribution but the “number of degrees of freedom” is highly varying from
one algorithm to the other. It can be seen from Figure 8 and Figure 9, that V,, reaches its
smallest variance for the SN algorithm, and that the second smallest variance is obtained
with the SGN algorithm. The SGD and the ADAM algorithms finally have a much larger
variance.
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10°

Estimator by SN 10t Estimator by SN

— Estimator by SGN — Estimator by SGN
— Estimator by ADAM — Estimator by ADAM
—— Estimator by SGD —— Estimator by SGD
—— Estimator by Sinkhorn 10° —— Estimator by Sinkhorn

1074
10-°
0 1 2 3 4 5 6 7 0 2 4 6 8
Time (in sec.) Time (in sec.)
(a) € = 0.01 (b) & = 0.005

Figure 3: Discrete setting with I = 10* and J = 100 with n = 10° iterations.
Expected excess risk (in logarithmic scale) log(E[||V; — v*||2]) (resp. metric
log(HVk—v* 2)) as a function of the averaged computational cost of the iterations
of the four stochastic algorithms (resp. the Sinkhorn algorithm) for different
values of the regularization parameter ¢.

Estimator by SN
— Estimator by SGN
— Estimator by ADAM
— Estimator by SGD
—— Estimator by Sinkhorn

Estimator by SN
— Estimator by SGN
— Estimator by ADAM
— Estimator by SGD
—— Estimator by Sinkhorn

0 5 10 15 20 25 0 10 20 30 40 50
Time (in sec.) Time (in sec.)

(a) e =0.01 (b) € =0.005

Figure 4: Discrete setting with I = 10* and J = = 400 with n = 10° iterations.
Expected excess risk (in logarithmic scale) log(E[|W,, — W (u,v)|]) (resp. metric
log(|Wi, — W(u,v)|)) as a function of the averaged computational cost of the
iterations of the four stochastic algorithms (resp. the Sinkhorn algorithm) for
different values of the regularization parameter e.
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Estimator by SN Estimator by SN

— Estimator by SGN —— Estimator by SGN
—— Estimator by ADAM —— Estimator by ADAM
—— Estimator by SGD 10t —— Estimator by SGD
—— Estimator by Sinkhorn —— Estimator by Sinkhorn
10°
10
10-2
10-
107
4 5 10 15 20 25 0 10 20 30 40 50
Time (in sec.) Time (in sec.)
(a) e=10.01 (b) € =0.005

Figure 5: Discrete setting with I = 10* and J = 400 with n = 10 iterations.

Expected excess risk (in logarithmic scale) log(IE[HXA/n —v* 2]) (resp. metric

log(HVk —v* ||2)) as a function of the averaged computational cost of the iterations
of the four stochastic algorithms (resp. the Sinkhorn algorithm) for different
values of the regularization parameter ¢.

-1 o 1 2 3 a -3

(

a) SGD - £ =0.1

- . ..
000 e

-3 -2 -1 o 1 2 s -5 -a -3 -2 -1 0 1 2 3

(c) SN-e=0.1 (d) ADAM - ¢ =0.1

Figure 6: Discrete setting with I = 103, J = 50 and ¢ = 0.1. Histogram of

200 independent realizations of w with n = 2 x 10° using each of

the four stochastic algorithms. The oraﬁge curve is the density of the standard
Gaussian distribution.
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(a) SGD - & = 0.01 ) SGN - & = 0.01
III‘|||IIIII
C - =0U. E =
SN 0.01 ADAM 0.01

Figure 7: Discrete setting with I = 10, J = 50 and € = 0.01. Histogram of 200

. S W —We(p, . . . .
independent realizations of M with n = 4 x 10° iterations using

On
each of the four stochastic algorithms. The orange curve is the density of the
standard Gaussian distribution.

Therefore, these numerical experiments clearly show that using the SGN algorithm has
interesting benefits as it outperforms SGD and ADAM for the estimation of v* since it
yields an estimator V,, with a smaller variance.

Convergence of the pre-conditionning matrix for the SN algorithm. Finally, we report
in Figure 10 numerical results (with I = 10* and J € {100,200}) on the convergence of
Sn to G<(v*) as a function the computational time of the SGN algorithm (using n = 10°
iterations) for different values of the regularization parameter €. We observe that the
convergence becomes slower as ¢ decreases.

4.3.2 Semi-discrete setting

In this section, the cost function is chosen as the following normalized squared Euclidean
distance c(z,y) = Cllﬂw — y||>. We now consider the framework where p is a mixture of
three Gaussian densities in dimension d. In these numerical experiments, the size J = 100
of the support of v is held fixed, and it is chosen as the uniform discrete probability
measure supported on J points drawn uniformly on the hypercube |0, l]d. The value
of the dimension d is let growing, and we analyze its influence on the performances of
the stochastic algorithms with either n = 5 x 10° or n = 10 iterations. We also study
the performances of the Sinkhorn algorithm from a full-batch sample, that is using the
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Figure 10: Discrete setting and convergence of log (H?n — Ge(v) ||2F) as a func-

tion the computational time of the SGN algorithm (using n = 10° iterations)
for different values of the regularization parameter €.

empirical measure

.1
MHZEZ(SXZ., where Xl,...,Xn ~iid s

=1

to compute a solution of the regularized OT problem W, (fi,,v) as an approximation of
We(p,v). At each iteration, the cost of this Sinkhorn algorithm is thus O(nJ) as n is
the size of the support of ji,. We have chosen to display results for only one simulation
as averaging over Monte-Carlo replications does not change our main conclusions from
these numerical experiments. All stochastic algorithms (resp. Sinkhorn algorithm) are
compared for the metric an —v* H2 (resp. HVk —v* H2), where the vector v* is preliminary
approximated by running the SN algorithm with a large value of iterations nmax = 106.

In Figure 11 (for n = 5 x 10° iterations) and Figure 12 (for n = nmyax = 10° iterations)
, we display these metrics (in logarithmic scale) as functions of the computational time of
the stochastic and the Sinkhorn algorithms for different values of dimension d € {5, 10,50}
and ¢ € {0.01,0.005}. First, for either n = 5 x 105 or n = 105, it can be observed that
the SN algorithm has always the best performances, while ADAM has the worst ones.
Moreover, the SGN algorithm has slightly better performances than SGD. In Figure 12,
the very fast decay of the error after 450 seconds for SN is due to the fact that the ground
truth value v* has been preliminary computed with the SN algorithm with 7 = nya, = 10°
iterations. For either n = 5 x 10° or n = 105, we also remark that the SGN outperforms
Sinkhorn for £ = 0.005 and d € {5,10} in the sense that when the SGN stops the value
reached by H‘?" — U*H2 is smaller than HVk — U*H2 obtained with Sinkhorn. In larger
dimension d = 50, the Sinkhorn algorithm appears to have better performances than SGN
and SGD, but we recall that Sinkhorn uses the full sample at each iteration.

Therefore, these numerical experiments show that SGN has interesting benefits over
Sinkhorn in small dimension d when combined with small values of the regularization
parameter ¢ and large values of n. Moreover, we observe that the best results are always
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Figure 11: Semi-discrete setting where p is a mixture of three Gaussian densities,
J =100 and n = 5 x 10° iterations. Excess risk (in logarithmic scale) log(HVn -
U*HZ) (resp. metric log(||Vy — v* ||2)) as a function of the computational cost of
the iterations of the four stochastic algorithms (resp. the Sinkhorn algorithm)
for different values of the dimension d and the regularization parameter ¢.
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Figure 12: Semi-discrete setting where p is a mixture of three Gaussian densi-
ties, J = 100 and n = nmax = 10 iterations. Excess risk (in logarithmic scale)
log(HYAfn —o* ||2) (resp. metric log( ||V —v* ||2)) as a function of the computational
cost of the iterations of the four stochastic algorithms (resp. the Sinkhorn algo-
rithm) for different values of the dimension d and the regularization parameter
E.
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obtained with the SN algorithm.

5 Properties of the objective function H.

The purpose of this section is to discuss various keystone properties of the objective func-
tion H, that are needed to establish our main results.

5.1 Gradient properties

Let us first remark that, for any = € X, the function v — h.(z,v), defined by (2.5), is
twice differentiable. For a fixed x € X, the gradient vector and Hessian matrix of the
function h., with respect to its second argument, are given by

Vohe(z,v) = w(z,v) — v, (5.1)
and

V2h.(2,0) = %(diag(w(m,v)) — (e, 0)m(z, )7, (5.2)

where the j* component of the vector 7(z,v) € R’ is such that

J - v; — c(x,y;
mj(z,v) = (; Uk exp(wC —c(:c,yk))> 1yj exp(w).

9 9

Consequently, the gradient vector and the Hessian matrix of the function H., defined by
(2.3), are as follows

VH.(v) =E[V,h(X,v)] = E[r(X,v)] — v, (5.3)
and
V2H.(v) = E[V2h.(X,v)] = éE[diag(Tr(X, v)) — m(X,v)m(X,v)"]. (5.4)
Note that the minimizer v* satisfies VH,(v*) = 0, leading to
E[r(X,v%)] = v,
which allows us to simplify the expression for the Hessian of H. at v*,

V?H.(v*) = = (diag(v) — E[r(X,v*)m(X, U*)T]) . (5.5)

m | =

We now discuss some properties of the above gradient vectors and Hessian matrices that
will be of interest to study the SGN algorithm.

5.2 Convexity of H, and related properties

First of all, the baseline remark is that V2H_(v) is a positive semi-definite matrix for any
v € R/, which entails the convexity of H..
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Minimizers and rank of the Hessian. It is clear from (5.4) that for any v € R”, the
smallest eigenvalue of the Hessian matrix V2H,(v) associated to the eigenvector v is
equal to zero. Therefore, as indicated in the end of Section 2.1, for any ¢ € R, the vector
v*+tvy is also a minimizer of (2.4). Nevertheless, it is well-known [15] that the minimizer
v* of (2.4) is unique up to a scalar translation of its coordinates. We shall thus denote by
v* the minimizer of (2.3) satisfying (v*,v;) = 0. It means that v* belongs to (v;)*, and
that the function H. admits a unique minimizer over the J—1 dimensional subspace (v ;)*.
However, as already shown in [23] and further discussed in [5, Section 3.3|, the objective
function H. is not strongly convex, even by restricting the maximization problem (2.3)
to the subspace (v;)* since it may be shown that v +— H.(v) may have some vanishing
curvature, leading to a flat landscape, i.e. to eigenvalues of the Hessian matrix that are
arbitrarily close to 0 for large values of ||[v]| in (v;)*.

Moreover, for any (z,v) € X x R’ it follows from [5, Lemma A.1] that the matrices
V2he(z,v) and V2H,(v) are of rank J — 1, and therefore, all their eigenvectors associated
to non-zero eigenvalues belong to (v)*. Finally, one also has that V,h.(z,v) € (v;)* for
any (z,v) € X x R”.

Useful upper and lower bounds. We conclude this section by stating a few inequalities
that we repeatedly use in the proofs of our main results. Since v and 7(z,v) are vectors
with positive entries that sum up to one, it follows from (5.1) that for any (z,v) € X xR/,

IVuhe(a, )l < vl + (@, 0)l| < 2, (5.6)
and that the gradient of H. is always bounded for any v € R,
IVH:(v)| < 2. (5.7)

Moreover, thanks to the property that

)\max(é(diag(w(m,v)) - W(m,v)ﬂ(x,v)T)) < %Tr(diag(ﬂ'(z,v))) = é,

we obtain that for any (z,v) € X x R,

Amax (Vihe(z,v)) <

M| =

and Amax (V2H:(v)) <

m | =

(5.8)

Finally, by [5, Lemma A.1], the second smallest eigenvalue of V2H_(v*) is positive, and
one has that

{ vIV2H, (v )v

Amin (VQHE(U*)) = min B

vE(v )t

= %min(y). (5.9)

5.3 Generalized self-concordance for regularized semi-discrete OT

Let us now introduce the so-called notion of generalized self-concordance proposed in Bach
[2] for the purpose of obtaining fast rates of convergence for stochastic algorithms with
non-strongly convex objective functions. Generalized self-concordance has been shown to
hold for regularized semi-discrete OT in [5], and we discuss below its implications of some
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key properties for the analysis of the SGN algorithm studied in this paper. To this end,
for any v € (v;)* and for all ¢ in the interval [0, 1], we denote vy = v* 4 t(v — v*), and we
define the function ¢, for all ¢ € [0, 1], as

p(t) = He(vt).

The second-order Taylor expansion of ¢ with integral remainder is given by

1
(1) = (0) + ¢'(0) - /0 (t— 1) (1) dt. (5.10)

Using that ¢(1) = H.(v), ¢(0) = H.(v*) and ¢'(0) = (v — v*, VH.(v*)) = 0, it has been
first remarked in [5] that inequality (5.8) implies that

* 1 *
He(v) = He(v") < o [lv —v I? (5.11)

Moreover, it is shown in the proof of [5, Lemma A.2] that the following inequality holds

V2,
— ¥

. (t)]Jv — ™. (5.12)

‘@/,/(t) | <
It means that the function ¢ satisfies the so-called generalized self-concordance property
with constant s. = v/2/¢ as defined in Appendix B of [2]. As a consequence of inequality
(5.12) and thanks to the arguments in the proof of [5, Lemma A.2], the error of linearizing
the gradient VH,(v) ~ V2H.(v*)(v — v*) is controlled as follows,

|VH.(v) — VZH.(v*) (v — v*)|| < 2sc||v — v*||*. (5.13)

Moreover, generalized self-concordance also implies the following result (which is a conse-
quence of the arguments in the proof of Lemma A.2 in [5]) that may be interpreted as a
local strong convexity property of the function H. in the neighborhood of v*.

Lemma 5.1. For any v € (v;)*, we have

1 - exp(=5(v))
0(v)

(VH:(v),v —0v*) > (v —v)TV2H (v*) (v — v*), (5.14)

where §(v) = sc||lv — v*||.

Finally, if we now consider the matrix-valued function G¢(v) introduced in equation (3.1),
we have the following result which can be interpreted as a local Lipschitz property of G¢(v)
around v = v*. The proof of this lemma is postponed to Appendix A.

1

Lemma 5.2. For any v € (vj)—, we have that

4 * * 4 *
o = vl < Gulw) = G () < Zllo =7y, (5.15)

in the sense of partial ordering between positive semi-definite matrices.
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6 Proofs of the main results

This section contains the proofs of our main results that are stated in Section 3. Our
results are based on previous important contributions on self-concordance functions (see
e.g. [2,5]), regularization of second order algorithms [6] and on the Kurdyka-Lojasiewicz
inequality adapted to stochastic algorithms [22]. More specifically, almost sure convergence
and almost sure convergence rates crucially depend on the adaptive property (3.4), which
induces a contraction rate of the sequence G2 (v*) (Vn —v*) (see Equation (6.11) below).
The non-asymptotic study is then based on both the self-concordance property, stated in
Lemma 5.1 and on the KL inequality stated in Proposition 6.1. The combination of these
two properties is an essential novelty brought by our work in order to build a key Lyapunov
function in Equation (6.45). We emphasize that to obtain the results stated below, we
have derived quantitative computations that are specific to the regularized OT problem.
In particular, if the use of the KL inequality is borrowed from [22], the exact values of
the constant m¢ and M used in Proposition 6.1 crucially depend on the self-concordance
property of the regularized OT problem.

6.1 Keystone property

We start with the proof of inequality (3.4) that states the adaptivity of the SGN algorithm
to the local geometry of H..

Proof of Proposition 3.1. First of all, one can remark that G.(v*) is a positive semi-definite
matrix whose smallest eigenvalue is equal to zero and associated to the eigenvector v ;.
Thus, all the eigenvectors of G.(v*) associated to non-zero eigenvalues belong to (v;)*.
We already saw from (5.5) that

V2H. (v*) =

™ | =

(diag(v) — ]E[W(X,U*)W(X,’U*)T]) .
Consequently, it follows from (3.1) and (5.1) that
G:(v*) = E[r(X, U*)TF(X,U*)T] — vl = diag(v) — v — eV2H.(v¥),

which implies that
G.(v*) = V2H (v*) + X!
where
¥ = diag(v) — vl — (14 ¢)V2H.(v*).
On the one hand, it is easy to see that U?E:'UJ = 0. On the other hand, we deduce from
inequality (5.9) that for all v € (v;)*,

14+¢
13

v Y < max(v) — <

) min(v).

Finally, condition (3.2) on the regularization parameter ¢ leads to G.(v*) < V2H.(v*),
which completes the proof of Proposition 3.1. O
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6.2 Proofs of the most sure convergence results

Proof of Theorem 3.1. In what follows, we borrow some arguments from the proof
of [6, Theorem 4.1] to establish the almost sure convergence of the regularized versions of
the SGN algorithm as an application of the Robbins-Siegmund Theorem [41].

e We already saw that for all n > 0, Vi, belongs to (v;)t. We clearly have from
(5.1) that for all n > 0, V,he(Xni1, Vi) also belong to (vs)*. Hence, we have from (2.6)
that for all n > 0,

~

Vis1 = Vo = PSPy (VH(V) + £t1), (6.1)
where the martingale increment &,,41 is given by
En4+1 = vvha(Xn—l-l: ‘771) - E[v(hs(Xn+la ‘/}n))’fn] - vvhe(Xn—l-l, ‘7%) - VH&(‘/}n)

with F, = 0(Xy,...,X,). Moreover, it follows from the Taylor-Lagrange formula that

~

N N N ~ 1 ~ N ~ ~
He(Vo1) = He(Va) +VH:(Vo) " (Visa = V) 45 (Vi = V) ' V2 H (1) (Va1 = Vi), (6:2)

where €41 = Vy, + t(Viy1r — Vi) with ¢ €]0,1]. Consequently, we deduce from (6.1) and
(6.2) that for all n > 0,

H.(Vos1) = Ho(Vy) —n(VH:(V,), PySy Py (VH(V,) + €nt1))
2a R R
+n7 (PyS Py (VH-(V,) + eni1)) V2H.(€ni1) (PrS; Py (VH(V,) + 2ns1)).

Taking the conditional expectation with respect to F,, on both sides of the previous equal-
ity, we obtain that for all n > 0,
E[H.(Vos1)|Fa] = He(Vn) —nVH:.(V,) PyS; PyVH.(V,)

n2a . 3 3 R
+7E [vvhs(xnﬂ, V)T PyS P V2 He (0t ) PSPV ohe (Xnit, Vi) \]-"n}

= Hs(‘/}n) - nOCVHs(‘/}n)TPJsglp(]VHs(Vn)
2«

+%E [vth(XnJrla ‘/}n) S;1v2H5(€n+l)Sr;lvvha(XnJrla ‘/}n)’fn] (63)
using the elementary fact that Pjvvhg(Xn+1,‘7n) = Vvhg(XnH,‘A/n) as well as

V2H.(£n41)vs = 0 which implies that P;V2H.(£,41)P; = V2H.(£,11). On the one
hand, we have from inequality (5.6) that ||[Vyhe(Xns1, Va)|| < 2. On the other hand, it
follows from inequality (5.8) that Apax (VQHa(an)) < 1/e. Therefore, we deduce from
(6.3) that for all n > 0,

E[H. (Vys1)|Fn] < Ho(V,) + Ap — By, a.s.
where the two positive random variables A,, and B,, are given by

2n20¢
Ap = 5

€(>\min (Sn))
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and B, = naVHg(YA/n)TPJSglPJVHg(XA/n). Our purpose is now to show that
oo
Z Ap < 400 a.s.

We already saw from (4.3) that for all n > 1

Sn = IJ + Z vvha(Xka ‘/}k—l)vvha(Xky ‘//\}c—l)T + Rn
k=1

where

n
k B
= 27(1 + ij) z. 77
We clearly have Apin(Sn) = Amin(Ry). Let p, be the largest integer such that p,J < n
One can remark that
. kNB. _r
Ry = (Zm )’ydlag (v) + 7(1+[3J) 227, (6.4)
k=pn+1

which implies that
p’IL

Amin(Sn) = ’lel’l(V) (Z mfﬁ) .
m=1
However, for any 0 < 5 < 1/2 and for all p,, > 4,
- 1 pu”

2w T

m=1

Consequently, using that p, > nJ~! — 1, we obtain that

2 o0

3 2 _16(1— B)2 0 1
;An 'ymln ) 2 Z 2 < 8(’7 min(u))2 nz::l n2(1fa—ﬁ) < 400 a.s.

since the assumption 0 < o + 8 < 1/2 implies that 2(1 — o — 3) > 1. Therefore, we
can apply the Robbins-Siegmund Theorem [41] to conclude that the sequence (H.(V},))
converges almost surely to a finite random variable and that the series

o
ZB” < 400 a.s.

leading to

0 7 \12
S AZAVAL

< 400 a.s. 6.5
Nenx (S0) (6.5)

n=1

One can very from inequality (5.6) and (4.3) that for all n > 1

Amax(Sn) < 1+ 4n + ymax(v) Z(l + L%Diﬁ <1+ 4+ ymax(v))n.
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Since « > 0, it implies that

o na
5 = +oo a.s. (6.6)
2 (5]
The rest of the proof proceeds from standard arguments combining (6.5) and (6.6). Let
Heoo = lim H.(V,) a.s.

and assume by contradiction that H. o > H.(v*) where

H.(v*) = min H.(v).

vE(v )t

Since H. is a convex function with a unique minimizer v* on (v )+, we necessarily have

lim H.(v) = +oc.
[[v]| =00

~

It means that (V) is almost surely bounded since H.  is finite. Therefore, we can find
a compact set K such that v* = argmin,c(, 1+ He(v) € K and V, € K for all n large
enough. Using the continuity of ||VH.| and the compactness of K, we conclude that
|VH,| attains its lower bound, which is strictly positive on K. It ensures the existence
of a constant ¢ > 0, such that, for all n large enough,

~

\VH:(V,)|| > ¢> 0.

The above lower bound associated with (6.5) and (6.6) yields a contradiction. Hence, we
can conclude that R
lim ||VH.(V,)]|=0 a.s.

n—-+00

It clearly implies that equation (3.5) holds true since (V},) is a bounded sequence with a
unique adherence point v*.

e It now remains to investigate the almost sure convergence of the matrix S,. We
observe from equation (4.3) that S,, can be splitted into two terms,

Sp = M, + %, (6.7)

with
n n
M, => &9 — Ge(Vi_1) and Sn=I;+ Y Ge(Vie1) + Rn,
k=1 k=1
where the vector @, stands for &, = V,ho (X, TA/k,l). Using the assumption 0 < 5 < 1/2,
we have from (6.4) that

lim (1, + Ry) =0.

n—+oo N
Moreover, it follows from (5.3) that G. is a continuous function from R’ to R7*7. Con-
sequently, we deduce from convergence (3.5) together with the Cesaro mean convergence
theorem that

. 1
lim —
n——+oo n

ZGE(‘A/k_l) = G.(v") a.s.
k=1
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which implies that

1 X
ngrfoo EZ,@ = G(v") a.s. (6.8)
Hereafter, we focus our attention on the first term M, in the right-hand side of (6.7). For
any u € R/, let

n
M, (u) = uf Myu = Z &k(u)
k=1
where, for all n > 1, &,(u) = v’ (®,9] — GE(T?n,l))u. It follows from (3.1) that for all
n>1, K@, 10l |F,] = G+ (V,). Hence, for all n. > 1, E[£,41(u)|Fn] = 0. Furthermore,
we obtain from (5.6) and (3.1) that for all n > 1, E[¢2_; (u)|F,] < 16|ul|?. Consequently,
(M, (u)) is a locally square-integrable martingale with predictable quadratic variation
satisfying

(M(w)n =Y E[E (u)|Fro] < 16n]ful|.
k=1

We deduce from the strong law of large numbers for martingales given (e.g. by Theorem
1.3.24 in [18]) that

1
lim —M,(u)=0 a.s.

n—+oo n
which may be translated immediately into the matricial form

1
lim —M, =0 a.s. (6.9)

n—+oo n
Finally, the convergence (3.6) follows from the decomposition (6.7) together with (6.8) and
(6.9), which completes the proof of Theorem 3.1. O

It is straightforward to obtain the almost sure convergence of /Wn as follows.

Proof of Corollary 3.1. By Theorem 3.1 one has that ‘A/n converges a.s. to v* under the
assumption that a4+ < 1/2. Then, the almost sure convergence of W,, to We(u, v) follows
from assumption (3.7) and the arguments in the proof of [5, Theorem 3.5]. O

6.3 Proofs of the almost sure rates of convergence

We now establish the almost sure rates of convergence rates for the SGN algorithm. In
contrast with the previous results, we emphasize that the regularization parameter € must
now be small enough, in the sense of condition (3.2). This entails the key inequality (3.4)
deduced from Proposition 3.1.

Proof of Theorem 3.2. To alleviate the notation, we denote by ||A|| either the operator
norm || Al[2 or the Frobenius norm ||A|r all along the proof. Since these two norms are
equivalent and verify that |.||3 < ||.|% < J||.||3, the upper bounds derived below might
hold up to multiplicative constant depending on J, which will not affect the results that
are purely asymptotic.
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e Our starting point when o = 0 is equation (2.6) written with S,, = nS,,. We recall that
the martingale increment is €,,41 = Vyhe(Xpnt1, Vi) — VH(V,,), so that for all n > 0,

~

Vis1 —v* =V, — 0" = PyS; Py (VHA(V) + €nt1)
~ 1 o ~
=V —v" = —(Ps(S, L GZ () Py) (VH-(V,) + eni1) (6.10)

1 ., ~
- EGE (’U )(VHg(Vn) + €n+1)
where we decomposed S, ! = n_lgnfl =n"1GC (v*)+n_1(§;1 —GZ (v*)) and PyGe(v*) =
Ge(v*) which implies that P;GZ (v*)Py = G2 (v*). The rest of the proof then consists in
a linearization of VH.(V,,) around v*. For that purpose, denote

D, = (Ps(S, ' = G- (v*)) Py) and 8 = VH.(V,)) — VZH.(v*)(V,, — v*).
We obtain from (6.10) that for all n > 0,

1 ~ 1
Vsl —v* = (PJ _ EGE_(U*)V2HE(U*)> (Vo= v") = =Ps5S, 'Prenia

1 1 -
- PS5, 'pss, — =Dy VP He(v) (Vo — 7).

Hence, by setting U, = G;/Q(v*)(‘?n — v*), we obtain that for all n > 0,
_ 1. .~ 1 1
Upi1 = (PJ — D.(v ))Un — S Anen1 — ~Th (6.11)
n n n

~

where I'c(v*) = G;l/Q(v*)V2H€(v*)G;1/2(U*) and Ty, = Apdy + By (Vi — v*) with

A = G2 PSPy, (6.12)
B, = GY?(v*)D,V?H. (v"). (6.13)
Thanks to inequality (3.4), we have that )\f;’ifl>L(I‘a(v*)) > 1. For all 0 < k < n, let
n 1 .
=TI (PJ - L. )) (6.14)

i=k+1
with the usual convention that P} = P;. We deduce from (6.11) that for all n > 0,
~ ~ 1l 1
Uny1 = Py'Uy —kZlkPJ?Ak%H —kZlkPJ?Tk~ (6.15)

The first term of (6.15) is easy to handle. If p stands for to the minimal eigenvalue of
I'.(v*) when restricted to act on the subspace (v )", a simple diagonalization of the matrix
[o(v*) leads, for all 0 < k < n, to

kNP
72 < (2 (6.16)
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where k£ > 0. Concerning the middle term of (6.15), let (M,,) be the multidimensional
martingale defined by M; = 0 and, for all n > 1,

n
M1 = Z Ay
k=1

We infer from (5.3) and (3.1) that ||ep41|| < 4, E[en41|Fn] =0 and
Eleni1e 1| Fnl = Ge(Vi) — VH-(V,,)VH (V)T

Moreover, it follows from (3.5)

~

lim VH.(V,)=VH.(v") =0 and lim G.(V,) = G(v") a.s.

n—-+4o0o n—-+4o0o

which ensures via (3.6) and (6.12) that

ngl—}-loo AnEleniiet | Fal AL = Py a.s.

Consequently, we have from the Cesaro mean convergence theorem that the predictable
quadratic variation of the multidimensional martingale (M,,) satisfies

1 1
lim —(M), = lim —

n—+oco n n—+oo n

n

Z Ak_lE[6k€£|fk_1]Ak_1 = PJ a.s.

k=2

Hence, we deduce from the strong law of large numbers for multidimensional martingales

given by Theorem 4.3.16 in [18] that
| M||* = O(nlogn) a.s.

Therefore, there exists a finite positive random variable C such that for all n > 1,
|Myi1]|| < Cy/nlogn a.s. (6.17)

Hereafter, denote by Q,+1 the middle term of (6.15). We obtain from a simple Abel
transform that

n n—1 n
1 1 1 1
Qny1 = Z%PI?(Mk+1_Mk):5 n-H"‘Z%PI?MkJrl_Z%PI?Mk
=1 =1 =2
1 (| 1
= Munit ’;(kp F g P Mi
1 o
= —M ——(P; =T (v))P}, . M 6.18
n n+l 1 £ k(k+ 1)( J e(U )) k14 k+1 ( )

It follows from (6.16), (6.17), (6.18) that for all n > 1,

Jnlogn K = (k+1)r
- - + R - 7
n ne k(k+1)

logn\1/2  ky/logn e 1
(( n ) + np ;k“) &5
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where a = 3/2 — p < 1. Consequently, we deduce that for all n > 1

logn\1/2  kn'~%/logn logn\1/2
< — ) <
HQn-ﬁ-lH\C(< n ) + (1—a)nP >\D( n ) a.s (619)
where o
p-CUl-atn)
1—a

The last term of (6.15) is much more difficult to handle. Denote for all n > 1,

- Z L (6.20)

We recall that T, = A,6,, + By, (V —v*) where A, and B, are given by (6.12) and (6.13).
We already saw from (5.13) that

2V2 o
10nl < 7IIV— ik

which implies that

2\f o* T *
1Tl < 7”14 [V = 0" | + (| Bul Vi = v*I. (6.21)

Moreover, it follows from (3.5) and (3.6) that
: _ —1/2¢, *

Jim Al =[G ()] and Jm [ Byl =0 a.s.
Consequently, we obtain from (3.5) and (6.21) that it exists a positive constant b = (4r)
where £ is introduced in (6.16), such that for n large enough,

Tl < b||[Vi — o a.s. (6.22)

Define for all n > 1,

1 n
- - 2

We deduce from (6.20) together with (6.16) and (6.22) that for all n > 1

n n
K kP E kb kP = . E

where FE is a finite positive random variable. Putting together the three contributions
(6.16), (6.19) and (6.24), we obtain from (6.15) that for all n > 1,

a.s.

- Ui+ E log n\ 1/2
0l <« TOLEE  p(RBY2 4,

which implies that a finite positive random variable F' exists and a constant 0 < ¢ < 1/2
such that for all n > 1,

~ 1 1/2
[Visr — v*]| < F( Og”) teL, — as. (6.25)
n
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Herafter, we have from (6.23) and (6.25) that or all n > 1

1 1 .
Lpw = (1 n+1>Ln+mHVn+1*U B
1 1 logn\1/2
< (1- )L <F< ) L) .
( PR S n +ehn a5

N

(-5 e ()

where d = 1 — ¢. A straightforward induction yields that for all n > 1

A (RIS oF | (R R O LR

k=2i=k

However, it is well-known that

M0-3)<Ge) e T0-9<G5)"

=2 1=

Hence, we obtain from (6.26) that for all n > 1

Ln < (nil)dLlJrF(niné(&111);(10/?;]{;)1/2 s

Since 1/2 < d < 1, it implies that

2Ly (logn) 3 1 _ 2Ly 2F (logn>/

Ly, < < .
nd nd pot k3/2—d ntd  2d—1\ n s
leading to
1 1/2
Ly = O(( Og”) ) a.s (6.27)
n
Finally, it follows from (6.25) and (6.27) that
~ 1
HVn—v*HQ:(’)( ogn) a.s.
n
which completes the proof of (3.8).
e We now focus our attention on (3.9). We have from (6.7) that
_ 1 — .
S, — G (v*) = —M +— (1J+R ”kz_: c(Vie1) — Ge(v*)). (6.28)

On the one hand, let M, (u) = u” M,u where u € R’. We already saw that (M, (u)) is
a locally square-integrable martingale with increments bounded by 8|u||?. Moreover, its
predictable quadratic variation satisfies (M (u)), < 16n||u||*. Therefore, we obtain from
the third part of Theorem 1.3.24 in [18] that

|M,,(v)]? = O(nlogn) a.s.
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which implies that

%HM”H _ o((loi”)l/z) as. (6.29)

On the other hand, we already saw from Lemma 5.2 that

1 & N . 4L,
- D NG(Vier) = Ge(v")]| < —
k=1
which ensures via (6.27) that
1 < ~ o logn\1/2
- kz 1G-(Vim) = G- = o(((Z22) ) as, (6.30)

Furthermore, we also have

'ymax(y)) 1

1
nH nl ( 1—-p /nf (6.31)

where 3 < 1/2. Consequently, we deduce the almost sure rate of convergence (3.9) for S,
from the conjunction of (6.28), (6.29), (6.30) and (6.31). Finally, we obtain the almost
sure rate of convergence (3.9) for S, " from the identity

<1 — * <1 * qQ — *
Sn _Ga (’U ):Sn (GE(U )_Sn)Ga (’U )a
which completes the proof of Theorem 3.2. 0

6.4 Proofs of the asymptotic normality results

Proof of Theorem 3.3. We now prove the asymptotic normality for the SGN algorithm.
e We recall from (6.15) that for all n > 1,

VA(Vasr = v") = /G2 (0") Qi + Ra (6.32)
where R,, = \/ﬁGs_lﬂ(v*)(Pglﬁl — An) with (71 = G;/Q(v*)(‘/}l — v*),

n
1
Qni1 = Z %P]?Akgk—‘rla
k=1

n
1
A, = - PI'T,
n Z L kLks
k=1
On the one hand, we claim that the remainder R, vanishes almost surely,

lim R, =0 a.s. (6.33)

n—oo

As a matter of fact, we obviously have from (6.16) that

lim nPPU, =0 a.s.
n—oo
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Moreover, we deduce from the proof of Theorem 3.2 together with (6.21) that

T = (logn) +O( (105”)1/2) - O(n—lﬁ(loi")l/z) a.s. (6.34)

since 0 < 8 < 1/2 and
1
Bil=o(L) s
1Bl =0()  as

where B,, is defined by (6.13). Therefore, we obtain from (6.34) that there exists a finite
positive random variable C such that for all n > 1

C /logn\1/2
< — .S. .
1Tl < 5 (=27) as (6.35)

Consequently, it follows from (6.16) and (6.35) that for all n > 1

Ck =~ kP /logk\1/2  Crkylogn e 1
||Anu<np;w( e D

where a = 3/2 + 8 — p, leading to

D /logn\1/2
HAnugm( - ) a.s. (6.36)

with D = kC'/(1 — a). Hence, as > 0, we infer from (6.36) that

lim v/nA, =0 a.s

n—oo

which clearly implies that (6.33) is satisfied. On the other hand, Q41 is a sum of weighted
martingale differences. We deduce from the first part of Proposition B.2 in [50] that

Vit Quin 55 N (0,3) (6.37)

where the asymptotic covariance matrix ¥ is given by the integral form

/O°° (GXP<— (Fg(v*) _ EPJ> S))2 .

"~y Crladran=ge))e

= 3, (e 1PJ)dt
(

by

1 1 o
= 3 [—(rg( ) - 51{,) exp( t(Do(v*) — PJ>]O
_ <2F5(v*) - PJ)_
Therefore, we obtain from (6.37) that
Vi G (01 Quin 5 N (0,621 () (@2De(0) — Pr) G220, (6.38)
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Finally, it follows from (6.32) together with (6.33) and (6.38) that
i * L — * * - = *
Vi (Vo = v%) 5 N (0, G227 (2T (v7) = Py) G212 0),
which is exactly what we wanted to prove.

e It only remains to prove the asymptotic normality (3.14). We already saw from
inequality (5.11) that for all v € R,

Moreover, we have from (2.7) that Wn — We(u,v) can be splitted into two terms,

\f(W — We( TZ he(X, Vi 1),

\FZ (Vie1) = he(Xp, Vieo1) IZ (Vie1) — Ho(v")).
(6.39)

The second term in equation (6.39) goes to 0 a.s. thanks to the almost sure rate of con-
vergence (3.8),

1 U _ o* 1 5 2= log?(n) o s
T o HelVoen) = Hel) < 52 3 e =07l o) as

Finally, the first term in equation (6.39) is dealt using argument from the proof of Theorem
3.5 in [5], allowing to prove that it satisfies the asymptotic normality (3.14). This completes
the proof of Theorem 3.3. O
6.5 Proofs of the non-asymptotic rates of convergence

We first detail some keystone results related to the use of the Kurdyka-Lojasiewicz func-
tional inequality that is at the heart of the proof of Theorem 3.4.

6.5.1 Kurdyka-Lojasiewicz inequality.

The analysis that we carry out is essentially based on the so-called Kurdyka-Lojasiewicz
functional inequality. We refer to the initial works [31,32] and to [10,11] for the use of such
inequality in deterministic optimization. To this end, let H. be the positive and convex
function defined, for all v € (v;)*, by

H.(u) = H(G;"*u) — H(GZ?u),

where G 1/2 stands for the square root of the Moore-Penrose inverse of G, = G.(v*), and
* = G20+, Since Gy V2 is symmetric, we notice that VH,(u) = G_I/QVH (G_l/ u) and

38



V2flg(u) = G;1/2V2H8(G;1/2U)G:1/2. Hence, we obtain from the upper bounds (5.7)
and (5.8) that for all u € (v )™,

IV H(u)]] < 22 max(G272), (6.40)
and

A (V2. () < %)\max(G;). (6.41)
Consequently, it follows from the Taylor-Lagrange formula that for all u € (v )+,

AL() < 5 Amax( @)l — w2 (6.42)

First of all, we verify that the function H. satisfies a Kurdyka-Lojasiewciz inequality as
stated in the next proposition. We refer the reader to [22] and the references therein for
further details on this topic.

Proposition 6.1. There exist two positive constants m. < M such that, for all u € (vy)*
with u # u*,

|V .(w)”

0<me< VH. (u 24
e < [[VH:(u)| A (u)

< M < +o0. (6.43)

Moreover, the constant m. can be chosen as
Me = EAmin(Ge (V™)) min(l, i) (6.44)

The proof of this key inequality is postponned to Appendix B. From equation (6.44),
we clearly observe that the magnitude of the constant m. depends on €. Nevertheless, in
the analysis carried out in this paper, the regularization parameter ¢ is held fixed, and we
will not be interested in deriving sharp upper bounds depending on ¢ for the mean square
error of \?n. We believe that a careful analysis of the role of € on the convergence of the
SGN algorithm is a difficult issue that is left open for future investigation.

6.5.2 Choice of a Lyapunov function

Hereafter, a key step in our analysis is based on the Lyapunov function ® defined, for all
u e <'UJ>J_’ by

®(u) = H,(u) exp(H,(u)). (6.45)
On the one hand, it follows from the elementary inequality exp(z) < 1+ x exp(z) that for
all u # u*,

®(u)

T ST B(w). (6.46)

We shall repeatedly use inequality (6.46) in all the sequel. On the other hand, we can
easily compute for all u # u*,

Vo(u) = <1 + ﬁll(u)><1>(u)Vﬁg(u),
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which implies that

~ 1 ~
(VO (), VH(w)) = (1+ =) 0(w)||VHe(u)[*
He(u)
Consequently, we deduce from Proposition 6.1 that m.®(u) < (V®(u), VH.(u)) < M®(u).
Moreover, if ¥ denotes a positive semi-definite matrix, by an application of Proposition
6.1, we also obtain the following key lower bound

<V<I>(u), EVﬁe(u)> > e Amin ()@ (), (6.47)
that will be useful to control the non-asymptotic rate of convergence of the SGN algorithm.
Finally, as remarked in [22], a straightforward computation leads, for all u # u*, to

2 2 7 7 o \T 1 277
V20 (u) = cp(u)((1 + = )Vﬂg(u)VHg(u) + (1 = )v Hg(u)>.

E(U € u)

Hence, using the fact that Apmax (Vﬁs(u)Vﬁs(u)T) — ||[VH.(u)||%, we obtain that for all
u # u*,
2

A (V) < B(u)((14 ~ (u)) IV E ()| + (1+ Nl))Amax(VZﬁa(u))).

H.(u

Therefore, using inequality (6.46) together with the upper bounds (6.40) and (6.41), we
obtain that for all u € (v;)* with u # u*,

)‘maX(v2(I>(u)) < eAmax (G5 ) (1 + @(u)) (6.48)

where 6. = 2(6 + e 1). Inequality (6.48) will also be crucial to derive the non-asymptotic
rate of convergence of the SGN algorithm. Finally, thanks to the following result, we will
be able to relate the study of the Lyapunov function ® to the quadratic risk of V,, and 5.

Proposition 6.2. There exists a positive constant d. such that for all u € (v )+,

lu —u*|? < d®(u). (6.49)
Proof. First, one can verify that for all u € (v J)tina neighborhood of u* with u # u*, the
function ||u —u*||"2H.(u) is lower bounded. Moreover, using that H. is a convex function
on (v;)* that attains its minimal value at u* with a non-degenerate minimum, we also
have

lim inf Hg(u) > 0.
[l —=+oo  lull

It implies that for any positive t,

exp(tﬁlg(u))

——— = 0.
ull++oo [Ju— u*||?

Since H.(u) > 0, one always has ®(u) > H.(u). Consequently, for all u # u*,
®(u) ®(u) ®(u)

= | T— T, %
[u — u*[2 [u — u*[2 lu—u|<1 T [ — u*[|2 [lu—w*||>1s
H.(u) . H.(u)exp(H(u)) _ 1
Ty, _a* > —
ZMu—wP I T S T e T
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for some positive constant d., where we used the local behavior around u* of ﬁs to derive
a lower bound for the first term and the asymptotic behavior of H. for the second one
with ¢ = 1, which is exactly what we wanted to prove. O

6.5.3 A recursive inequality and proof of Theorem 3.4

We first describe the one-step evolution of the sequence (@(Gi/ 2‘A/n)) where (V) is the
recursive sequence defined by (2.6) corresponding to the SGN algorithm. From this anal-
ysis, we shall also deduce the rate of convergence of the expected quadratic risk associated
with V,, and S,,. Denote U,, = Gi/zvn.

Proposition 6.3. Assume that o € [0,1/2] and that o + 5 < 1/2. Then, there exist an
integer ng = J and a positive constant cc > 0 such that, for all n > ng,

(1 o menakmin(G*))\min(Sgl)

2

The proof of Proposition 6.3 is postponed to Appendix B. We are now in position to
establish the non-asymptotic rates of convergence for the SGN algorithm.

E[® (1) F0] < )cb(ﬁn) Feon2o)?

max

(S-1). (6.50)

n

Proof of Theorem 3.4. In the proof, we use the notation c¢. to denote a positive constant
(depending on e and possibly on « and () that is independent from n and whose value
may change from line to line. We only consider the situation where o €]0,1/2] and our

analysis is based on the function ®. We will establish that for all n > 1,

E[@(Un)] <

= oplea”

(6.51)

Step 1: Preliminary rate. Our starting point is inequality (6.50) that we combine with
(B.6) and (B.7) to obtain that there exists an integer ng such that, for all n > ny,

E[®(Unt1)|Fn] < (1 — e1(n)nF)®(U,) + co(n)nA=1) (6.52)
where ny =n/J,
. me)\min(G*)
ei(n) = 8 + 4ymax(v) + 2n—1’
ea(n) = &

J2B=D (ymin(v)(1 —n;")F + (1 — 2y min(y))njl)T
By taking the expectation on both sides of (6.52), we obtain that for all n > ny,
E[®(Unt1)] < (1 — c1(n)n ) E[®(T,,)] + ca(n)n 21728,

Hereafter, it is not hard to see that for n large enough, there exist two positive constants
c1 and cg, depending on €, such that ¢;(n) > ¢; and ca(n) < co2. Hence, there exists an
integer ng such that, for all n > ng,

E[®(Un41)] < (1= ern™F) E[@(Un)] + epn 20777,

Therefore, it follows from the proof of Lemma A.3 in [5] that there exist a positive constant

ce and an integer ng such that, for all n > ny,
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We emphasize that at this stage, we do not obtain the announced result that necessi-
tates further work with a plug-in strategy. The rest of the proof details this additional step.

Step 2: Plug-in. Let us now explain how one may improve the above result from

n~(1=2+B) to p=(1-20) " Firgt of all, thanks to Proposition 6.2, we obtain via Step 1
that

E[|Un — u*]]*] <

Ce

s (6.53)

Next, we shall consider the study of the convergence rate of S,, to improve the pessimistic
bounds (B.6) and (B.7). If p, denotes the largest integer such that p,J < n, we already
saw from (4.3) and (6.4) that for all n > 1,

where
::Lz_: Xk,Vk 1)V h (Xk,Vk 1) )
s ot (st + 35 o(1+15)) " at

k=pn+1

On the one hand, it is not hard to see that it exists a positive constant cs such that

IRl < 2.

On the other hand, starting from the fact that

(6.54)

_ 1 ~ ~
Zn—l—l Zn + ? (Vvhs(Xn—l-ly Vn)vvh5<Xn+1a Vn)T - En)g

we obtain that

_ _ 1 ~ ~ _
||Zn+1 - G*H% = ||Zn - G*H% + m”vvha(*xﬂ-&-lv Vn)vvha(Xn-i-h Vn)T - EnH%
2 ~ ~ ~ _
+ n+1 <Sn - G*7 vvha(XnJrh Vn)vth(XTL+la Vn)T - 2n>F

Therefore, by taking the conditional expectation on both sides of the above equality, we
obtain that

_ _ 2 ~ _
B[S0t = GullbiFa] = 180 = Gully + = (B = G, Ge(Va) ~ S

1 N o
BV, V) Ve X, )T = T 7).

_ 2 2 ~
= IIEn—G*II%—m\IE — GuF + ——= (0 — G+, G=(V) — Gu)p

n+1
1 N o
o 1Bl IVehe (X1, V) Vohe(Xonga, )T = Sl 172
) 1 1 ~
< T, = Gall%(1 - ) — Gl
| GHF( n+1)+n+1HG(V) G.|%

1 > ST w12
—i—mE[vahg(XnH,Vn)VUhE(XnH,Vn) —EnHF|]-“n] (6.55)
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where the last line follows from Cauchy-Schwarz and Young inequalities. Moreover, we
deduce from inequality (5.6) that

E [vahE(XnJrla ‘?n)vvhs(Xn+1a ‘7TL)T - in”%“]:n
< QE[”V’UhS(Xn+17vn)vvhs(Xn—i-la ‘/}n)TH%LF”] T 2”in”% <2 x 4% +2 x4 = 40.
Furthermore, we obtain from (5.15) that
~ 16J =
1G-(Va) = Gullfr < —5- IV = o ”

Using the previous bounds in (6.55) leads to the recursive inequality

40 n 16J
(n+1)2  (n+1)e?

_ 1 _ ~
E|[So1 = Gullt] < (1= == )E[IS0 - GulIF] + E[IV — v*|?).

n+1

Since U, — u* = GY/* (17n — v*), inequality (6.53) ensures that
_ 1 — 40 167 - Amaz (GT)
_ 2 < _ - -G, 2 e/ \mazx * )
E[HE”“ G*HF} A (1 n+ 1>E[”2" Gullie] + (n+1)2 + n2(l—a—p)g2

By applying Lemma A.3 in [5], we obtain that for n large enough,

= 291 C
E[Hzn — G*HF] < n(1=2(a+pB)) "

From this last inequality and (6.54), we conclude that for n large enough,

Ce C3

<Q 2
E[[Sn - GulF] < — + 5 (6.56)

(1-2(a+p))
Since 48 < 1 — 2a, it follows that 1 — 2(ac + ) > 2/, which means that n~(1—2(@+5))
decays faster than n~2% and the second inequality in (3.18) holds true.

e From now on, we focus our attention on the first inequality in (3.18). It follows
from (6.50) and the previous calculation that for n large enough,

E[@ (1)) < (1 - er(m)n FE@(D,)] + e’ B[N (5, )], (6.57)

using that §;1 =nS, 1. The identity ?,;1 ~ Gy =G (G —S,)S,

n

! implies that

——1 ——1 — _ _ =—l\a _
Amax(Sy ) 1S5 = Gill2 + 1G5 2 < Amax(Gi) Amax (55,7 ) 150 — Gall2 + G l2-

It follows from inequality (B.6) that for n large enough, Apax (S, 1) = PAmax (S5 1) < can?

where ¢4 is a positive constant. It ensures that for n large enough,

——1 — el —
Mmas(Sn ) < 26000 (G0 ||y — GL3 + 2] G 113

max
Since || Sn, — G+||3 < ||Sn — G«||%, we obtain from inequality (6.56) that for n large enough,
48
-1 n —
E[Xae(8, )] <o (14 -5z ) + 216713,
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Consequently, we deduce from the condition 45 < 1 — 2« that there exists a positive
constant C. such that for all n > 1,

B[S, < c.. (6.58)

It follows from (6.57) and (6.58) that there exist two postive constants ¢; and ¢, such that
for n large enough,

E[@(Uns1)] < (1= cin™ FE[@(U,)] + ccn® 2.

Hereafter, using once again Lemma A.3 in [5], we obtain that for all n > 1,

which is exactly the announced inequality (6.51). Finally, as Vi — v, = G;l/ 2 (ﬁn — u*),
the first inequality in (3.18) clearly follows from (6.51) together with Proposition 6.2.

e It only remains to prove the inequalities (3.19) and (3.20). We already saw the
decomposition

n

W= Welpor) = — S (Ho(o®) — he(Xi, Vi),
k=1
_ % S 6 - % SO (H. (V1) — Ho(v), (6.59)
k=1 k=1

where the martingale increment &, = —ha(Xk,YA/k_l) + HE(XA/k_l). As E[¢g41 | Fr] = 0, it
follows from (6.59) together with inequality (5.11) and the first inequality in (3.18) that
for all n > 1,

n

—~ 1< -~ 1 c,a
B[]~ Welpv)| = | SOB[HVhr) = H()]| < 30 s <
k=1 k=1

which proves inequality (3.19).
Regarding the L' risk IEHWn — We(p, I/)H, we still use the decomposition (6.59). The
triangle inequality and inequality (5.11) imply that

B[, - Wop)] < B[S &+ - S E[HT) - H60)],
k=1 k=1

n

< G(E(oa))" o S E

=1

where the last line comes from the Cauchy-Schwarz inequality. Let us now prove that
supy>1 E[¢7] < +oo. To this end, we observe that

El¢i] = E (E [(hs(xk, Vi) — Hel(Tion) |fk]> < E[h2(Xx, Vi),
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thanks to the property that E [hg(Xk, ‘A/k—1) |~7:k] =
|m(x,v) —v|| <2, it follows by integration that he(z,v)
deduce that

H.(Vj,_1). Using that ||8yhe(z,v)|| =
< he(x,v*) + 2||jv — v*||. We then
E[€7] < 2E[h2(X, v*)] + 4E[| Vi1 — v*[|*]

Using the first inequality in (3.18), it follows that (E[H‘/}k—l — v*[|*])g>1 is a bounded
sequence Moreover, arguing as in the proof of [5, Theorem 3.5], the condition
[y A(z,y;)dp(x) < +oo, for any 1 < j < J, implies that E[h?(X, v*)] is finite. Therefore,
we conclude that supy; E[¢7] < +oo. Hence using once again the first inequality in (3.18)
together with a conditional expectation argument, we obtain that

HW — Welw )] < 2€nz k1 a S 7’

which proves inequality (3.20). This achieves the proof of Theorem 3.4. O

A Appendix - Proofs of auxiliary results

This appendix contains the proofs of some auxiliary results of the paper.

A.1 Proof of Lemma 5.2
Since Vyhe(X,v) = n(X,v) — v, we first remark that
G:(v) = L) +w! - VE[?T(X,’U)]T — E[r(X,v)]v",
= L) —w! —vVH.(v)T — VH.(v)v7, (A.1)

where L(v) = E[r(X,v)n(X,v)T]. For u € (v;)* and ¢t € [0,1], we define the real-valued
function ¢, (t) = v Ge(vi)u with v; = v* + t(v — v*). It follows from the decomposition
(A.1) that

du(t) = ul L(ve)u — (u, v)? — 2(u, v)(D(t), u)

where ®(t) = VH,.(v;) is a vector-valued function satisfying
' (t) = VEH.(v) (v — v*) and ®"(t) = VPH.(v)[v — v*, v — v*],
where V3 H, stands for the third-order tensor derivative of HL. Now since <I’( ) = VH.(v)

and ®(0) = VH.(v*) = 0, and using the property that ¢, (1) — fo @l (t)dt, we
obtain that

1
uT(L(v) — L)) — 2{u, v)(V H.(v), u) = /0 & (t)dt. (A.2)

We clearly have

(1) = ST Lv)u — 2{u, 1) (¥ (1), )
where 9
auTL(vt)u = (Vytu(v),v — ™) with Yu(v) = ul L(v)u.
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In addition, we also have (®/(t),u) = u” V2H_(v;)(v — v*). Since
ul L(v)u = E[{u, 7(X,v))?]
and )
Vo (z,v) = g<diag(7r(x, v)) — m(z, v)w(x,v)T),
one obtains that
Vothu(vr) = 2 [{u, m(X, v0)) (ding(m(X,u))u — (X, v0))w(X, 1))
Consequently,
Pu(t) = W (X, v0)) (u” diag(m (X, ve)) (v — v*) = (u, 7(X, ve) ) (7(X, vp), 0 — v*))]
— 2<u, T V2 H (vg) (v — v¥).

Then, we deduce from equality (5.4) that

6(0) = 2B [(w, (X, 1) — vpuT Ac(X, )0~ 07)]

with A.(z,v) = diag(7(z,v)) — 7 (x,v)7(z,v). It follows from Cauchy-Schwarz inequality
and the upper bound (5.6) that

[(u, m(X, ve) — v)| < 2||ul],
which together with the fact that Apax(A:(x,v)) < 1 yields

4

= o 2
< Cllv = ol

| (8)] <
Hence, inserting the above upper bound in (A.2), we obtain that
* 4 *
[u"(L(v) = L(v*))u = 2{u, v) (VH:(v), u)| < o= ).

Therefore, in the sense of partial ordering between positive semi-definite matrices, we have
shown that

4 4
—EHU —v*||I; < L(v) = L(v*) = VH. (v)vT — vVH.(v)T < g||v —v¥||1;.
Inequality (5.15) thus follows from the decomposition (A.1) since
G:(v) — G-(v*) = L(v) — L(v*) — vVH.(v)T = VH_(v)v"

which completes the proof of Lemma 5.2.
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A.2 A recursive formula to compute the inverse of S, for the stochastic Newton
algorithm

In this section, we discuss the construction of a recursive formula to compute, from the
knowledge of S,;ll, the inverse of the matrix S,, defined by the recursive equation (2.8)
that corresponds to the use of the stochastic Newton (SN) algorithm. To this end, let us
first recall the following matrix inversion lemma classically referred to as the Sherman-
Morrison-Woodbury (SMW) formula [27], also known as Woodbury’s formula or Riccati’s
matrix identity.

Lemma A.1 (SMW formula). Suppose that A and C are invertible matrices of size d X d
and q X q respectively. Let U and V' be d X q and q X d matrices. Then, A+ UCV s
invertible iff C~' + V A™U is invertible. In that case, we have

(A+Ucv)t=A1— Ay ct+valu)ytvaL (A.3)
A repeated use of the SMW formula allows to prove the following result.

Proposition A.1. Let P; =15 — 'qu:5 be the projection matriz onto ('U(]>J'. Suppose that

n
Sn =174 Vohe(Xg, Vio1) = Hy + w07,
k=1

where "
H, = Py + nghs(sz, Vi1),
k=1

with Hy = Py. Then, for alln > 1, one has S;;' = H, + v v’ with H,, that satisfies the
recursive formula

1 -1
H- = Py (Hn_l + - diag <wn)) Py, (A.4)
€
_ _ _ . ERN
=H ,-H (anl + e diag (7rn 1)) H _,, (A.5)
where 7r;1 stands for the vector whose entries are the inverse of those of mp, = w(X,, 1771,1).

Proof. For n > 1, we define

Sn =15+ Z (Vghs(Xk, ‘7]6,1) + ’UJ’U?) = gn_1 + 3, =H, + (TL + 1)UJU§, (A6)
k=1

where ¥, = V2ho(X,,, ‘A/n_l) +vﬂ;§ and Sy = I; = Py +’UJ'U§. As discussed in Section 5,
the eigenvectors of the matrix V%hg(X ks ‘71@71) associated to non-zero eigenvalues belong
to (vy)* for any k > 1, which implies that H, is a matrix of rank J — 1 and that v is
its only eigenvector associated to the eigenvalue A\; = 0. Hence, for all n > 0, H, is also a
matrix such that all its eigenvectors associated to non-zero eigenvalues belong to (v;)*.
Therefore, for any n > 0, the inverse of the matrix S, (which is of full rank J) satisfies
the identity

- _ 1
Sl =H, + n+1UJU§. (A7)
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Moreover, given that S,, = H,, + v J'U?; one has that

Syt =H, +vvl =51+ v vl (A8)

+1

The computation of 5; ! can be done recursively as follows. By applying the SMW formula
(A.3) with U =V = I; we obtain that

n—1

- ~ ~ - -1
St =80 -5 (T + 5 Sk (A.9)
Now, introducing the notation m,, = 7(X,, 17”_1), we remark that

VZhE(Xn, 17”,1) = (diag(ﬂn) — mm,f)

is proportional to a multinomial matrix (up to a minus sign and the multiplicative factor
e71). Consequently, from the pseudo inverse formula of multinomial matrices [47], we
obtain that the inverse of the matrix ¥, is given by

v 1 = ePydiag(n, )Py + v 7, (A.10)

where m,; I stands for the vector Whose entrles are the inverse of those of m,. Now, in-
troducing the notation 7,1 = Sn 1+ ’UJ’UJ and Q,_1 = 3,1 + S 11, we deduce from
equation (A.10) that

Qn-1 = Ty—1 + Py diag(m, ") Py.

Consequently, by the SMW formula (A.3), it follows that
_ _ _ _ 1. -1 _
L=Tl TP <PJTn_11PJ +- dlag(ﬂ'n)) Py

Then, applying once again the SMW formula and equality (A.6), one has that

1 ~ ~ ~ n?
T, 11 = Sn 1— fng—MSnflev?an =Sp-1— nt 1UJU§,
JPn—-1UJ
n
=H,_ vyl
n 1+7’L—|—1 JU g

€

Hence, by the fact that H, maps the subspace (vj)— onto itself and since Pj is the

projection matrix onto (v;)*, we thus obtain that
=T —H, i (H Lai “m
n—1 — n—1 n—1 1 - lag(ﬂ-n) n—1-

Consequently, we have shown that

-1 n T 1 . -1
= (E +5! ) =H, 1+ PN Hy,—1 (anl + Z dlag(%z)) Hiy—1.

Therefore, combining the above equality with (A.7), one obtains that

~ ~ —1. 1
-1 — -1 -1 — T
Sn—l <Enl + Sn—1> Sn—l = Hn—l + W’UJ’UJ

_ 1 . _
~ o Hoo(Homy + - diag(m)) HooaH

n—1
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Inserting the above equality into (A.9) and using again (A.7), one infers that

1 1
T _ . _
n ne1 —H,_; — mvﬂu +H, Hy (anl +2 dlaz‘%(”n)) Hyp—1H, 4,

~ 1 -1 _
vvl +H, H,_ (Hn_l + 2 dlag(ﬂn)) H,_H |,

= ! 7+P(H +fld' (7‘(‘)) 1P
VJjU _ 14,
n 1 JUJ J n—1 Z(Tn J

by noticing that H _|H,_; = H,_H,_, = P;. Herafter, we immediately deduce (A.4)
from the above identity together with (A.7). Finally, (A.5) follows from an application
of a generalization of the SMW formula [17] to the setting of the Moore-Penrose inverse
to handle the situation where the matrix A in equation (A.3) is not invertible, which
completes the proof of Proposition A.1. O

B  Proofs of auxiliary results related to the KL inequality

Proof of Proposition 6.1. The proof consists in a study of H(u) when a vector u € (v )= is

either near u* or such that ||u|| — 4o0. First, we observe that u — ”VE[E(U)H2+%

is a continuous function except at u*. Then, since ﬁe(u*) = 0, a local approximation of
H. using a Taylor expansion shows that, for all h € (v;)*

)

1 ~
He(u" + h) = ghTV2H(u)h + o[ h]?),
and _ ~
VH.(u* + h) = V*H.(u*)h + o(||h]]).

with V2H,(u*) = G;1/2V2Hg(v*)G;1/2. Since the matrices G5 /% and V2H_(v*) are of
rank J —1 with all eigenvectors corresponding to positive eigenvalues that belong to (v )+
the Courant-Fischer minmax Theorem yields:

)

77 H 2
0 <Amin(V?H.(u*)) =  liminf M
U—MJ*,’LLG('UJ)J- HE (u)
H.(u)]? ~
< tmsp VO 0)), B.1)

u—su*,uc(v )t HE(’U,)

where Amin(V2H.(u*)) denotes the second smallest eigenvalue of the matrix V2H_ (u*),
and the notation u — wu* corresponds to the convergence of u € (v;)*. Inequality

(B.1) thus implies that the continuous function u — |V H, (u)|? + % is upper and

lower bounded by positive constants in a neighborhood of u*. Finally, we observe that
||V H.| is bounded thanks to inequality (5.7), and it can be checked that the function H,

is coercive (over the finite dimensional vector space (v;)1) since it has a unique minimizer
~ 7 2
at u*. These facts together with the boundedness of u + ||VH.(u)||? + % in a
=(u

neighborhood of u* of implies that inequality (6.43) holds.
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Now, let us show that the constant m appearing in inequality (6.43) can be made

more explicit thanks to Lemma 5.1. Indeed, since VH,(u) = G;UQVHE(G;UQU), we
immediately obtain from inequality (5.14) that

1 — exp(—6(u)
5(u)

1 — exp(—6(u)

g 5(u)

(VH.(u),u—u*) > (u—u) TG AV H (0GP (u — ),

= 1%, (B.2)

where d(u) = g)\maX(Gllm)Hu — u*|| and the second inequality above follows from the
fact that N
—1/2 oy r—1/2
Aot (G PV ()G > 1,
by inequality (3.4). Note that inequality (B.2) corresponds to a local strong convex prop-
erty of the function H in the neighborhood of u*. Then, by the Cauchy-Schwarz inequality,
one has that B B
(VEL(0), 0 — ") < |V EL () [lu — )]

Thus, we obtain by inequality (B.2) that, for any u € (v;)*,

1 — exp(—d(u))
d(u)

We then consider two cases. If |Ju — u*|| <

IV He(u)|| =

[ — ]l (B.3)

g
G172

max( * ) ’

§ — % (1 — exp(—4)) is decreasing, it follows from (6.42) and (B.3) that,

then, using that the function

7 IVH-(w)[* _ ||V He(w)|? 2¢ 2
IV H. ()| + A T e (1—exp(—\/§>). (B.4)

To the contrary, if ||u — u*|| > m, then

. IVE(w)* _ o €2 2
||VHE<u>H2+T<U) > IVE.(I > 53— (1-exp(-v2)) . (B

using the inequalit —expl—0(u)) =21 —expl— that holds for o(u) > . Con-
ing the inequality 1 p(é()> p(\/i)h holds for 8(u) > v2. C

2
sequently, since (1 — exp (—ﬁ)) > 1/2 and combining inequalities (B.4) and (B.5), it
follows that the constant m appearing in inequality (6.43) can be chosen as m = m. with
m, defined by (6.44). This concludes the proof of Proposition 6.1. O

We then show the proof of the one-step evolution of the SGN algorithm.

Proof of Proposition 6.3 . First, by using the arguments from the proof of (i) of Theorem
3.1, we remark that the matrix S, defined by (2.9) satisfies:

Pn pn+1
Amin(Sn) = 1 4+ ymin(v) <Z m_5> and  Amax(Sn) < 14 4n + v max(v) Z m_’B,
m=1 m=1
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where pn > 1 denotes the largest integer such that p,J < n. Consequently, using the fact

that 5 ﬁ (pn — 1) Z mP < T ﬁpn # the above inequalities imply that:

Amax(S, ) < 1-5
1 — 3+ ymin(v) ((nJ D 1)
1
< .
= 1 —2ymin(v) + v min(v)(ny — 1)1-F’ (B.6)
where ny =n/J, and
Amin(5,7) > 1 ! . (B.7)

" 1-B+4(1 - B)n + ymax(v) (n/J) P Z 1y (4 + 2y max(v))n

Step 1: Taylor expansion. First, we introduce the notation ﬁn = G}k/ QXA/n, and in the proof
we repeatedly the property that the eigenvectors of G, associated to non-zero eigenvalues
belong to (v;)*. Using equation (2.6) and the fact that P;G. = G\, a second order Taylor
expansion yields

O(Upy1) =@ (ﬁn - naGi/stjlvth(XnJrlv ‘771))

— o(0,) —na<vq>((7n),c:1/25 1V, he n+1,17n)>

2 ~ ®2
+"7v2<1>(gn+1) (G1/2S 1V, he( nH,Vn)) , (B.8)

where &,4+1 is such that &,11 = ﬁn + tn+1([7n+1 — Un) with ¢,4+1 € (0,1). Now, applying
inequalities (5.6) and (6.48), the second order term in equation (B.8) can be bounded as
follows:

IV2®(Ens1) (Gi/zsglvvha<xn+1ﬁn>) | < 0 Amax(G7) (1 + B(Eni1)) %

~ 2
HG,{/QS;l Vohe(Xns1, Vi)

< 40 Ao (G)NE (G2 (1 + @(6n41)),
which vields the inequality:
O(Uns1) < <I>((7n)—na<V<D(ﬁn),G1/25 1V, h (Xn+1,17n)>
Anox(G) 22
Amin(Gx) e

Step 2: An auxiliary inequality. We now establish a technical bound to relate <I>(§n+1) and
®(U,). To this end, by a first order Taylor expansion of the function s Ho(Un+5Ups1—

Uy)) where US = Uy, + $(Un41 — Uy), one has that:

+255 (Srjl)(l + (p(§n+1)) (Bg)

]' ~
(i) = 0 + | VLT s~ Tr) s,

o1



and thus, combining the Cauchy-Schwarz inequality with the upper bounds (5.6) and
(6.40), we obtain that:
ﬁE(én) < ﬁ:—:(ﬁn) + Sl[lp] HVﬁIE(ﬁE)HHﬁn+1 - ﬁn”
t€lo,1

< Ho(Up) + sup [|VH(UD)|[|n*GY?S7 Y yhe (Xni1, Vi) |
te(0,1]

< Ho(Up) + max (G ) Amax (GY ) Amax (S70). (B.10)
Note that, under the condition o + f < 1/2, it follows from inequality (B.6) that

N*Amax (S5 1) < ¢o for some constant ¢g > 1 for all n > J. Hence, inserting the up-
per bound (B.10) into the definition of ® and using inequality (6.46), we obtain that

T /177 )\max (Gi/2)

D(&pi1) < (Hg(Un) - 4)\min(Gi/2) naAmaX(S;1)> X

o 1/2
exp (Ha(Un) + 4)\maX(G*)na/\maX(Sn1)>

/\min(Gim)
1/2
g exp 47)\maX(GI/2)na)\max(S;1) X
)\min<G* )
7 (77 )‘maX(Gi/z) ! -1 T (7T
(He(Un)+4Wn Amax(S71) | exp (Hg(Un)>
)\max(Gi/Q) =7 Amax(Gi/2) iy
<exp [ g2 L) (T, + dep SR (1 4 &(T,))
( Amin((;’i/z) )\mln(Gi/z)
< & (1 +o(0,)), (B.11)

: Amax(G') Amax (G4')
where ¢g = max [ 1,4cp=22 ">~ | exp | deg 22— 2 ).
0 ( ’ 0 )‘miﬂ(Gi/2) p 0 )\min(Gi/Q)

Step 3: Derivation of a recursive inequality. Inserting inequality (B.11) into (B.9), and
taking the conditional expectation with respect to F,, we obtain that:

E [@(ﬁnm \fn} < O(U,) — n® <v<1>(z7n), Gi/QSglGi/QVﬁlg(ﬁn)>

Amax *
+ 266 (G )n2a)\2

N (Ga) max (S ) <1+50 (1—1—(1)([7”))),

~

where we used the property that VH.(V,,) = Gi/QVﬁg(ﬁn).
Consequently, using inequality (6.47) and introducing c. = 2épd. /)\\m‘f"‘((g:)), we have:

max(Sgl)) q)(ﬁn)

+cgn2°‘)\ilax(5,jl) (B.12)

Now, thanks to inequalities (B.6) and (B.7), and the condition 0 < a+ 5 < 1/2, it follows
that there exists an integer ng such that, for all n > ng,

E[@(ﬁn+1)\fn} < (1 = men®Amin(Ga) Amin(S;0) + cen N2

msno‘)\min(G*))\mm(S;l) > 2c.n? N2 (S71

max( n )

(B.13)
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Hence, by combining inequalities (B.12) and (B.13) we obtain inequality (6.50) which
concludes the proof of 7). O
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