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DIMENSION OF THE MODULI SPACE OF A GERM OF CURVE
IN C2.

YOHANN GENZMER!

ABsTrACT. In this article, we prove a formula that computes the generic di-
mension of the moduli space of a germ of irreducible curve in the complex
plane. It is obtained from the study of the Saito module associated to the
curve, which is the module of germs of holomorphic 1-forms leaving the curve
invariant.

INTRODUCTION

In 1973, in its lecture [28], Zariski started the systematic study of the analytic
classification of the branches of the complex plane, which are germs of irreducible
curves at the origin of C2. The general purpose was to describe as accurately as
possible the moduli space of S that is the quotient of the topological class of S by
the action of the group Diff (C2,0),

M (S) = {5’ S’ topologically equivalent to S} /Diff (((327 O)

The Puiseux parametrization of a branch S = {~ (¢t)|¢ € (C,0)} written

r =tP
(0.1) 7'{y=tff+§jk>qakt’“ , p<q, ptq, t€(C,0)
highligths two basic topological invariants, namely the integers p and ¢. In the
whole article, we will denote them by p(S) and ¢ (.5), or simply, p and ¢ when no
confusion is possible. The integer p(S) corresponds to the algebraic multiplicity
of the branch S. This is also the algebraic multiplicity at (0,0) of any irreducible
function f € C{z,y} that vanishes along S. Actually, Zariski proved that the whole
topological classification depends on a sub-semigroup I's of N defined by

Ls={v(fe)|feC{x,y}, f(0)=0}
where v is the standard valuation of C {¢}.
Beyond the topological classification, Zariski proposed in [28] various approaches

to achieve the analytical classification, introducing in particular the set Ag of val-
uations of Kahler differential forms for .S

As = {v(y*'w) +1jw € Q" (C*,0)} D I's \ {0}

IThe author is partially supported by ANR-13-JS01-0002-0
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2 DIMENSION OF THE MODULI SPACE OF A GERM OF CURVE IN C2.

Fixing the topological type - and thus the semigroup I's above -, Zariski gave a
precise description of the associated moduli space for, for instance,

FS = <2,3>, <4,5> or <476,62>

and more generally for (n,n + 1) and (n, hn + 1) . According to him, it is of special
interest, the generic component of the moduli space: a finite determinacy property
ensures that v is analytically equivalent to a parametrization whose Taylor expan-
sion is truncated at an order depending on the sole topological class. Having so a
finite dimension family of branches, the theory of geometric invariants provides an
open set of orbits of same dimension under the action of Diff (C,0) x Diff (CQ, 0)
- see [28] chapter VI or [6]. The image of this open set in the moduli space is the
generic component studied by Zariski. In some sense, its dimension is the minimal
number of parameters on which a universal family for the deformation of .S depends.
In the particular cases mentionned above, Zariski found an explicit formula of this
dimension.

In fact, as far as we know, the first example of computation of the dimension
of the generic component of the moduli space of a branch goes back to Ebey [6]
who, anticipating in 1965 some ideas of Zariski, described not only the generic
component, but the whole moduli space of the branch whose semigroup is (5,9) .
Hereafter, we will give some more details about the construction of Ebey. In 1978,
Delorme [5] studied extensively the case of one Puiseux pair - I's = (m,n) with
m An = 1 - and established some formulas to compute the generic dimension.
In 1979, Granger [12] and later, in 1988, Briancon, Granger and Maisonobe [2]
produced an algorithm to compute the generic dimension of the moduli space of a
non irreducible quasi-homogeneous curve defined by =™ + y™ = 0 first, for m and n
relatively prime, and then in the general case. The common denominator of the two
previous works is the algorithmic approach based upon arithmetic properties of the
continuous fraction expansion associated to the pair (m,n) . In 1988, Laudal, Martin
and Pfister in [19], improved the work of Delorme and gave an explicit description
of a universal family for S with T's = (m,n), m An =1 and a stratification of the
moduli space. Finally, in 1998, Peraire exhibited an algorithm in [24] to compute the
Tjurina number for a curve in its generic component when I's = (m,n), mAn =1,
which is linked to the dimension of the generic component.

From 2009, in a series of papers [15, 16, 17|, Hefez and Hernandes achieved a
impressive breakthrough in the problem of Zariski. They completed the analytical
classification of irreducible germs of curves thanks to the set of valutations of Kahler
differential forms. Moreover, they built an algorithm that describes very precisely
the stratification of the moduli space in terms of the possible Ag for a given topo-
logical class, computes the dimension of each stratum and produces some normal
forms corresponding to each stratum. One could consider that these works gave a
definitive answer to the initial problem adressed by Zariski. Nevertheless, the dis-
advantage of the algorithmic approach is twofold: first, the high complexity of the
algorithm - based upon Groebner basis routine - prevents its actual effectiveness
as soon as the degree of the curve is big. Second, it is difficult to extract general
geometric informations or formulas from it.

In 2010 and 2011, in [10, 11], Paul and the author described the moduli space of
a topologically quasi-homogeneous curve S as the spaces of leaves of an algebraic
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foliation defined on the moduli of a foliation whose analytic invariant curve is
precisely S. These works initiated an approach based upon the theory of foliations,
which is at stake here.

In this article, we propose a construction relying basically, on one hand, on the
desingularization of the curve S, on the other hand, on technics from the framework
of the theory of holomorphic foliations. We intend to obtain an explicit formula for
the generic dimension of the moduli space - the dimension of the generic stratum
-, that can be performed by hand.

The generic stratum of the moduli space. At first, let us give a definition
of the moduli space of a germ of curve and its generic component in line with the
ideas of Ebey [6].

Let Top (5) be the set of all germs of curves in ((C27 O) that are topologically equiva-
lent to S. The group of changes of coordinates Diff (C2,0) acts naturally on Top (5)
by

-8 =¢(5) ¢ € Diff (C*,0), S’ € Top (S).
This action leads to a formal quotient and the following definition

Definition. The moduli space of S, denoted by M (S), is the quotient of Top ()
by the action of Diff ((Cz, O) .

Notice that here the quotient is understood as a purely quotient in the category of
sets : in particular, it does not have, a priori, any particular structure. Nevertheless,
in [6], Ebey proved the following.

Theorem ([|6], Theorem 4 and 6). Suppose that S is irreducible. Then, there exists
a constructible subset A of C* for some P € N and an action of a connected solvable
algebraic group G on A such that there exists a bijection

U :A— Top(S)

that is equivariant for the action of G and Diff ((CQ,O). Moreover, there exists a
constructible set X C A such that each orbit of G on A meets exactly one point of
X.

In other words, X is a transversal for the action of G on A. The set X being
constructible, it can be written
x=Jx
i

where the above union is a finite union of open sets in affine set. Since X is a
transversal, there is a unique ¢ such that the orbit of X;, under G is dense. The
image of X;, \ Sing (X;,) by ¥ in the quotient M (S) is called the generic component
of M (S). By construction, it is a smooth manifold and its dimension defines the
generic dimension of M (S), denoted by dimgen, M (S). A curve will be said generic
if its class in M (S) belongs to the generic component.

The proof of the theorem of Ebey is based upon the fact that an analytical class
[S’] of M (S) is characterized by the class of its ring of functions Ogs, which can
be embedded in C{t} for some uniformizing parameter t. Ebey showed that the
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TABLE 1. Stratification of M (y4 — 2 = O)

set of all sub-rings of C{t} that arise as a ring Og where S’ € Top (S) can be
parametrized by some constructible set in some C¥, P € N. Moreover, the action
of Diff (C2,0) on Top (S) reduces to the action on the sub-rings of C {t} of the group
of finite jets of order Q, Q € N, J% (Diff (C,0)) of all diffeomorphisms written

t— gt + agt® 4+ -+ agt?, a1 # 0.
Here, both integers P and @ depend only on the topological class of S.

Example. Let S be the curve y* — 2° = 0. Following Ebey, the set of all Og where
S’ € Top (S) can be parametrized by

C[t"t° +at’], acA=C
and the action of G = J! (Diff (C,0)) = C* on A = C is written
A-a = Aa.

Thus, the transversal X of the theorem of Ebey is here X = {0, 1} and the orbit of
{1} is dense in A. Its image in M (S) is the generic component whose dimension is
0. Finally, the moduli space M (S) consists in two points M (S) = {G,T} such that
0 is a dense point and 1 is a closed and open point. In particular, the topology of
M (S) is not Hausdorff.

To compute a stratification of M (S) induced by the above construction, by no
means, is easy. Hefez and Hernandes constructed an algorithm based upon Grob-
ner routines that describes very precisely a stratification of M (S) by the set of
valuations of the K&hler differentials forms.

Let us describe an example of this stratification for the curve S defined by y* —2° =

0. This example is extracted from [15]. The set of all rings Og/ for S” in Top (5)
can be parametrized by

C[t" ¢ +at" +bt"" + ct'® + dt"], (a,b,c,d) € C*.

The stratification is given in Table 1. The equation of each stratum is given in the
coordinates (a, b, ¢,d). The symbol S &€ S’ means the stratum S’ contains S in its
closure. The second stratum is the generic one. Its dimension is 1. The last one
is the stratum reduced to the curve (t4,t9) which is a point whose closure is the
whole moduli space.

The dimension of the generic stratum. Let S be a germ of irreducible curve
in the complex plane.
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Theorem (Main Theorem). Let E = Ejo---0FEN be the minimal desingularization
of S. Let c; be the center of F;. Then

dimgen, M (S) = iv:a (l/ci ((E1 00 Ei—l)_l (S)))

i=1
(k—3)? e

where v, is the algebraic multiplicity at x and o (k) = {(k42)(k4) 1f1 kis odd .
A else

Notice that this formula depends only on some topological invariants of the curve .S:
in particular, it is not necessary to exhibit a curve in the generic component of the
moduli space of S - that is in general difficult - to perform the computation above.
One can take any curve in the topological class of S to compute the multiplicities
involved in Theorem .

Remark. Actually, the proof performed here will lead us to a slightly more general
result where the formula keeps on being the same but appears to be correct for any
germ of curve of the form

Sud

where d will be called a direction for S and will be defined later in the article. This
trick will be helpful for the whole induction structure of the proof. However, for
the sake of simplicity, we do not mention it directly in the theorem.

Example. In [28], Zariski showed that the dimension of the generic component of
the moduli space of S = {y" — z"™ =0} is ¢ (n). After one blowing-up Ey, the
strict transform of S by F; is a smooth curve tangent to the exceptional divisor,
thus for any ¢ > 2, the multiplicity satisfy

Ve, ((E1 0.0 Epq) ! (5)) <3.

Example. More generally, for the semi-group I's = (n,nh + 1) with A > 1, the
desingularization of S consists first in h successive blowing-ups, after which the
curve is smooth. The algebraic multiplicity of the curve S is n. After &k < h
blowing-ups, the strict transform of S is a curve whose topological class is given
by the semi-group (n,n (h — k) + 1) that is transverse to the exceptional divisor.
Thus, according to the Main Theorem, one has

dimgen M (Sinnni1y) =0 (n)+o(n+1)+--+o(n+1)4+0(3)+---

h—1
=on)+h-1ocn+1).

This formula coincides with the one in [28].

Example. Let us consider the following Puiseux parametrization

=8
S:{x 20 | 430 | 435 °
y =20 430 4¢3

Its semigroup is (8,20, 50, 105) and its Puiseux pairs are (2,5), (2,15) and (2, 35).
Thus, S is not topologically quasi-homogeneous. The successive multiplicities
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Ve, ((E1 o-voFE;_1) " (S)) are
8,9, 5 6,5 5 3, ..
Thus the generic dimension of the moduli space is
o8 +c(9)+0c(B)+0(6)+0(5)+0(5) =20
which is confirmed by the algorithm of Hefez and Hernandes [16].

The Saito module of a germ of curves in ((CQ,O). The inductive form of the
formula in the Main Theorem comes naturally from the inductive structure of the
desingularization. At each step, the theory of foliations is involved through the
theory of logarithmic vector fields or forms introduced by Saito in 1980 in [25]. Let
us consider the set Q! (S) of germs of holomorphic one forms w that leave invariant
S, that is y*w = 0. Saito proved that Q! (S) is a free O;—module of rank 2. If f
is a reduced equation of S, then ? is logarithmic in the original sense of Saito -
see [4], chapter II. Adapting the criterion of Saito for the existence of a basis, the
family {w1,ws} is a basis of Q! (S) if and only if there exists a germ of unity u € O,
u (0) # 0 such that the exterior product of w; and ws is written

w1 Aws = ufdr Ady.

In other words, the tangency locus between w; and ws is reduced to the sole curve
S. Beyond this characterization, very few is known about these two generators. At
first glance, we can say the following: among all the possible basis {wy,ws}, there
are some for which the sum of the algebraic multiplicities

(0.2) v(w) + v (ws)
is maximal. According to the Saito criterion,
viw)+v(w) <v(w Awe) =v(f) =v(S5).

thus the sum (0.2) cannot exceed v (S). However, for a given analytical class S it
can be strictly smaller. Notice that for a basis {w;,ws} being defined as above with
v(w1) < v(ws), one has

v(w1) = Loain v (w)

since for any a, b € C{z,y}, the following inequality holds
v(w) <v(awy + bws).
It can be seen furthermore that

Proposition. The couple of multiplicities (v (w1) ,v (w2)) such that v (w1) < v (w2)
that mazimizes its sum is an analytic invariant of S.

Proof. Let us first proof that this couple is well defined. Consider another basis
{n1,m2} of Q! (S) such that v (n;) < v (n2) and

v(m)+v(n)=rvw)+vw).

Since, v (11) = mingeo1(s) ¥ (w) then, v (n1) = v (w1) . Thus, v (n2) = v (w2).
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Now, let 5" be a germ of curve such that ¢ (S') = S where ¢ belongs to Diff (C%,0).
Let {w1,ws} be a basis of Q! (S) such that v (w;) < v (w2) and
v(wy) 4+ v (ws2)
is maximal among all the possible basis of Q' (S). According to the Saito criterion,
{¢*w1, p*wsa} is a basis of Q! (S’). Since the algebraic multiplicity is an analytic
invariant one has,
v(¢p*wr) =v(w1) and v (¢*we) = v (wa).

Suppose that there exists a basis {w],w)} of Q! (S") with v (w}) < v(wh) and
v (@) + v (wh) > v(¢"wr) + v (¢"ws). Then the family {(¢%) ™" wi, (6) " wh}
would be a basis of Q! (S) whose sum of algebraic multiplicities is strictly bigger

than v (w1) + v (wa), which is impossible. Thus, {¢*w;, ¢*w2} is a basis of Q! (S”)
whose sum of algebraic multiplicities is maximal among all the basis of Q! (S). O

The two integers v (w1) and v (wz) as well as their sum are analytical invariants.
However, they are not topologically invariants and in the topological class of a given
curve, they may vary widely.

Example. Let S be the curve y? — 27 = 0 where p < ¢ and ged (p,¢q) = 1. Then
the family

{prdy — qydz,d (y" — 29)}
is a basis of the Saito module since
(prdy — qydz) Ad (yP — 2%) = —pq (y© — ) dz A dy.
In that case, the couple of valuation is (1,p — 1) whose sum is exactly p.
Example. However, perturbing a bit .S, when for instance p = 6 and ¢ = 7 leads to
different values of the multiplicities. For instance, if S if the curve y% —z” +2%y* = 0

which is topologically but not analytically equivalent to 4% = x7, one can show that
the couple

_ 9.4 20 5 3 8 3
wp = 3% dx 5% Y dy + (211'3/ +y ) (6zdy — Tydz)
20 4, 10, 80 , 32
wp = Y dz + < =Y~ 1Y dy + | z* + a7V (6zdy — Tydx)

is a basis for Q! (S). The multiplicities are respectively 2 and 3 whose sum is strictly
smaller than the multiplicity of S. This sum cannot be made bigger: indeed, the
inital parts of wy; and wy are written

wy =y (6zdy — Tydx) + - - -
wy =22 (6xdy — Tydz) + -,
so if v (awy + bwz) > 2 then a (0) = 0. Therefore, any changes of basis
{aw1 4 bws, cwy + dws}

b
d
couple of multiplicities equal to (2,2) or (2, 3).

- where necessarly > € GLg (C{x,y}) - yields a new basis with associated
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Example. Finally, if S is given by 4% — 27 4+ y?2° = 0, another perturbation of

y% — 27 = 0, then it can be seen that S admits a basis {w;,ws} with

(V (wl) 71/(0‘)2)) = (373) # (175) .

This example leads us to introduce the following class of curves.

Definition. A curve S, reducible or not, is said to admit a balanced basis if there
exists a basis {wy,ws} of Q! (9) with

wo) = @ if v (S) is even,
1= v(S)—1
—1 =481

—~

else.

In some sense, when S admits a balanced basis, the multiplicity of S is shared
equally between the two generators of Q! (S), which is why we call it balanced.

Definition. A direction d is either

e an empty set d = (),
e 3 smooth germ of curve d =1
e or the union of two transverse smooth curves, d = [y U ls.

The structure of many proofs here relies on an induction on the length of the
reduction of singularities of S. Along this process, the strict transform of S can be
attached to a regular point of the exceptional divisor or a singular one. Thus, the
local trace of the total transform of S is either the union of S and a germ of smooth
curve or the union of S and a germ of a couple of transverse smooth curves. This
is why we introduce a direction. In the sequel, for any direction d, we will denote
by Sg the union S Ud. The following result will be the key to prove the formula in
the Main Theorem.

Theorem 1. For a generic irreducible curve S and any direction d, one has

v (QSd)}

min v (w) = {
weN1(Sy)

where [-] stands for the integer part function. Moreover, for any direction d, the

curve Sy admits a balanced basis.

This result will be a consequence of a construction of a very particular element
in the Saito module of S;. This construction will be based upon an arithmetic
property of the reduction of singularities following some results of Wall [27] and a
recipe to produce foliations with desired invariant curves inspired by [8, 20].

Theorem 2. If v (S,) is even or if d is empty or reduced to one component, then

there exists a 1—form w of multiplicity [@} in Q' (S4) whose induced foliation is

not dicritical along the exceptional divisor of a single blowing-up of its singularity,
which means that the strict transform of w by E1 leaves invariant E1_1 (0).
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Structure of the article. The structure of the proof of the Main Theorem is
Theorem 2 = Theorem 1 = Main Theorem

The first section of this article is devoted to the proof of the second implication.
The second and the third ones focus on the proof of Theorem 2. Finally the last
one contains the proof of the first implication.

1. DIMENSION OF THE MODULI SPACE & THEOREM 1 =—> MAIN THEOREM

To describe the contribution of the deformation theory, let us introduce first some
notations that will be used all along the article.
Let E be the minimal resolution of singularities of S. We denote it by
E:(M,D)— (C?0).
The map F is a finite sequence of elementary blowing-ups of points
E=FE oFyo---0FEy.
If ¥ is a germ of curve at ((CQ, O) or a divisor, ¥¥ will stand for the strict transform

of ¥ by E, i.e., the closure in M of E~1 (X \ {0}).

The exceptional divisor of E, D = E~!(0), is a union of a finite number of excep-
tional smooth rational curves intersecting transversely

N
D=|JD; Di~P'(C).
=1

The components are numbered such that D; appears exactly after ¢ blowing-ups.
Finally, let us denote E7 the truncated proces

N
Ej:EjoEj+1o~~~oEN andDj:UDi.
=i

The initial lemma is the following

Lemma 3. Let T'S be the a sheaf of base D whose stalk at a point x € D is the set
of germs of tangent vector fields to the total transform of S by E. Then the generic
dimension of the moduli space of S is

dime H' (D, T Sgen)

where Sgen 15 a curve in the generic component of the moduli space of S.

Proof. In [28], Zariski proved that the dimension of the generic component is equal
to the dimension of the space of parameters of a semi-universal deformation of any
curve Syen in the generic component of the moduli space of S. On the other hand,
J.-F. Mattei proved in [22] that any curve S admits a semi-universal deformation

whose base space is ((Cdim‘C HI(D’TS“"), 0) , which conclude the proof. (]

Let S be a curve - irreducible or not -, E'; be the standard blow-up and D; = E1_1 (0)
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Proposition 4. If the module of Saito Q' (S) admits a basis {wy,ws} with
v(wy) +v(wg) =v(S)
Then

(11 —1)(n —2) n (r2—1) (2 —2)

dim¢c H' (D1, TS) = 5 5

with v; = v (w;)-

Proof. Since {w,ws} is a basis of Q! (.9), the criterion of Saito ensures that
(1.1) w1 Awy = ufdz Ady.

for some unity u and some reduced equation f of S. Let X; and X5 be the two
vector fields defined by

Xi = w?
where w; = ix, (dz A dy) and i, is the inner product. Let us consider the standard
covering of D; by two open sets Uy and Us and two charts (z1,y1) and (x2,y2) with

1
Y2 = Y121 Tg = —
Y1

The pull-back of (1.1) by Ej is written in the first chart
Efwi A Efwy = EfuE] fopda; Ady;

Ey (z1,91) = (1, 121) -

Dividing by z¥ = 2¥* T2 yields the relation

(X})ﬂ A (X’%)ﬂ = Eikufxldxl A dyq

where X! = Z1X¢  The two vector fields X! and X2 are tangent to the exceptional
xr

vi—1-
1

divisor. Obviously, they are also tangent to f=o. According to the Saito criterion,
at any point c of the exceptional divisor, the germ of {X 11,5(21} at ¢ is a basis of

the module (T'S),. The computation works the same in the second chart (z2,y2)
of the blow-up.

The open sets Uy and U, are Stein. Thus following [26], they admit a system of
Stein neighborhoods. Since T'S is coherent, by inductive limit, we deduce that the
covering {Uy, Uz} is acyclic for T'S. Therefore, one can compute the cohomology
using this covering and thus

H° (U, NU,, TS)
Hl D T :Hl T — ’ .
(D1, TS) ({U1, U2}, TS) HO (Uy, TS) @ HO (Uy, TS)

Now, the spaces of global sections on Uy, Us and the intersection can be described
as follows

HO (Ul n UQ,TS) = {¢12X11 +1/112X21’ ¢12,¢12 S O(Ul N UQ)}

H°(Up,TS) = {¢1X5+w1X§’¢1,¢160(U1)}

HO (U, TS) = {62X3 + 02X3] 62,02 ¢ O(U2) }.
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FI1GURE 1.1. Covering of D adapted to the Mayer-Vietoris argument.

Thus, the cohomological equation is written
b2 X1 + 12Xy = 1 Xi + Xy — (¢2)~(12 +¢2)~(22>
= (61— dayr ") X+ (1 — vy ) X5

Since, {Xll, X21} is a basis of O-module, the above leads to the system

b1z =1 — doy; T
Yro =1 —ahoy; 2T

Writing these equations using Taylor expansions leads to the checked number of
obstructions. (]

Finally, the proof of
Theorem 1— Main Theorem.

goes as follows. Consider the covering {U,V'} of Dy where V is a very small ball
around the singular point of Sgen and U = D \ Sing(S%). The set

{v=E)" 0. v =E)" )}

consists in a covering of D and V' is a neighborhood of D? as shown in Figure
(1.1). The Mayer-Vietoris sequence associated to this covering and applied to the
sheaf T'Sgen leads to the following long exact sequences in cohomology

0— N — H' (D, TSgen) = H* (V', TSgen)®H" (U, T'Sgen) — H' (V' N U, TSgen)
where N is given by the exact sequence
H® (V' TSgen) ® H (U', T Sgen) — H* (V' MU', TSgen) — N.
Since V' N U’ and U’ are Stein, one has
H' (V' N U, TSgen) =0
H'" (U, TSgen) =0
By inductive limit on the neighborhood of Sing(SE1 ) one can show that

gen

HY (V',TSgen) =~ H' (D?,T'Syen)
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Moreover, E? induces the following isomorphisms

(E*)" : H* (U, TSgen) — H° (U, T'Sgen)

(E*)" : H* (V' N U, TSgen) — H° (U NV, TSgen) »

(E%)" : H(V/, T'Sgen) — H (V,T'Sgen)
In the two first cases, E? is an isomorphism itself on the involved neighborhoods. In
the third case, this is a consequence of Hartogs extension lemma noticing that £?
is an isomorphism from a neighborhood of (E2)71 (V \ Sing(Sg;n)) to its image.
The Mayer-Vietoris sequence finally decomposes H! (D, T'Sgen) along the desingu-
larization of Sye, through the following isomorphism of C—vector spaces,

H' (D, TSgen) ~ H' (D1, TSgen) @ H' (D, T'Syen) -

The curve Sgen admits a balanced basis according to Theorem 1. Hence, the Main
Theorem is an inductive application of Proposition 4 noticing that in that case

dim H' (D1, T Sgen) = 0 (v (Sgen)) -
As a corollary, the formula gives a straightforward proof of the following result
contained in [15].

Corollary. A germ of irreducible curve S is generically rigid if and only if

€ {1,2,3} or
= 4 and its Puiseux pairs are (4,5), (4,7) or ((2,3),(2,2k + 1)) with

Indeed, one can check that the cases above are the only one for which the formula
in Main Theorem yields 0.

2. A REMARKABLE ELEMENT IN Q! (Sy).

The proof of Theorem 1 and 2 starts with the construction of a particular element
in Ql (Sd) .

For any basis {wy,ws} of Q! (Sy), the criterion of Saito ensures that

v(w)+v(w) <v(Sy).

v(Sq4)
2

Thus at least one of these multiplicities is smaller or equal to [ } , which proves

one part, of the equality in Theorem 1. However, to obtain the whole equality we
will need some more informations about these generators. In this section, we are

. . . . 1 . T (S)
going to construct quite explicitly an element of Q' (S4) with multiplicity [VTd}

We recall that a foliation F is said to be dicritical along a divisor % if and only if
F is generically transverse to 3.

Let us give a sketch of the proof of Theorem 2. First, we construct an auxiliary
foliation F [S4] tangent to some curve & topologically equivalent to Sy - but not
necessarly analytically equivalent to S; - with the desired algebraic multiplicity.
Then, we study the deformations of F [S4] by means of cohomological tools. In
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particular, considering a deformation linking & to Sy we prove that it can be
followed by a deformation of F [Sy] that preserves the algebraic multiplicity. The
v(Sq)

resulting foliation is tangent to Sy with {T} as algebraic multiplicity. Among

other properties, we obtain Theorem 2.

2.1. The auxiliary foliation F [S,]. In this section, we are going to construct a
foliation associated to Sy, denoted by F [S4], thanks to a result of Alcides Lins-
Neto [20, 21] that is a kind of recipe to construct germs of singular foliations in the
complex plane.

Let E be the minimal desingularization of S. We denote it by
E:(M,D)— ((CZ,O).

Recall that E is a finite sequence of elementary blowing-ups of points
E=FioFyo0---0Ey.

We can encode the map F in a square matrix £ of size N called by Wall the
proximity matriz (see [27, p. 52]). Let £ be the matrix N x N whose entries are

1 ifi=j
& = —1 if the j** blow-up of E is centered at a point of D;
0 otherwise

Notice that for any : < N — 1, & ;41 = —1 and that for any i > j, & ; = 0.

Let S; be the strict transform of S by Fi10---0F;_1 for ¢ > 2 and S; = S. The map
E' is the minimal desingularization of the total transform of S; by Ejo---0 E;_;.
In the sequel, we will denote by p(S;) and ¢ (S;), p(S;) < ¢(S;) the first two
characteristic exponents of the curve S;: p (S;) is nothing but the multiplicity of .S;
and ¢ (S;) the first exponent appearing in a Puiseux parametrization of S;

r = P(S)
{ y = t95) ... p(Si)1q(S:)
Definition 5. Let £ : (M, D) — ((C27 0) be a process of blow-ups £ = Ej0---0Ey.
Let us write D = E~1 (0) = Y, D;. Let 9 be the maximal ideal at (C2,0) and

7 the sheaf over D of ideals generated locally by the functions of the form go F
where g € 9. Then Z can be decomposed the following way

N
7 =]]zp""

=1

where Zp, is the sheaf of functions vanishing on D; and n (F, D;) are some integers
depending only on E and D. The integer n (E, D;) is called the multiplicity of D;
with respect to F.

The following lemma is in [27, p. 53, Lemma 3.5.3]
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FIGURE 2.1. Exceptional divisors of the sequence of processes of
blowing-ups associated to the desingularization of y° — x'3 = 0.

Lemma 6. The inverse of the prozimity matriz £~ has the following form

1
0 €k
1
0 0 1

where e = n (Ek,Dl) . Moreover, the coefficient exn is the algebraic multiplicity
of the Sk. Finally, the matriz —& (*€) is the intersection matriz of D.

Example 7. Let us consider S = {y° =z'¥}. Then the proximity matrix & is
written

1 -1 0 0 0 0
0O 1 -1 -1 0 0
£— 0 0 1 -1 -1 0
10 O 0 1 -1 -1
0 O 0 0 1 -1
0 O 0 0 0 1
The inverse matrix is written
1 11 2 3 5
01 1 2 3 5
g1 _ 001 1 2 3
00 01 1 2
0000 11
0 000 01

The exceptional divisors of the associated sequence of processes of blowing-ups
{Ek}kzln5 are presented in Figure (2.1).

Notice that, as soon as S is singular, for any direction d, S and Sy share the same
reduction. The next proposition is the one upon which the construction of the
auxiliary foliation F [Sq] is based.

Proposition 8. Let 61 € {0,1,2} be the number of components of the direction d.
In the same way, consider the number §; of branches of the total transform of d by
Ei0---0FE;_1 that meets S; for 2 <i < N. Let us denote k; — 1 the number of —1
on the i-th row of £. Notice that, for i > 2, 6; € {1,2}.
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Let us consider the vector of integers defined by

V(Sl2)—51 + 1
b1 (S2)—s
D2 e
(2.1) Tl =¢ 2
PN [u(sNg—aN} 1
Then
(1) any integer p; is bigger or equal to —1. The case p; = —1 occurs if and only

if
(a) either, k; =2, 0;, =2, ;41 =1 and v (S;) = p(S;) is odd.
(b) or, ki =3, 0; =2, d;ix1 =1, v(S5;) is odd and q (S;) is even.

(2) If D, D; # 0 then one cannot have both p; = —1 and p; = —1.

(3) Let us consider D the exceptional divisor D deprived of Dy and of the
components D; for which p; = —1. Then in each connected component of
D, there exists at least one component D; for which, either p; > 0 or, that
meets a component of dFf.

(4) pn = 0.

In the proposition above, the integer —k; is also equal to the self-intersection of the
component D;.

Proof. The proof is an induction on the length of the desingularization of S. Let
us consider that & is written
1 -1 -1 -~ =1 0
1 -1
1

Expanding the expression of p;, we find
_[v(S1) —d ~ ([v(S)) — 6
P = [ 5 +1- ; 5 +1

where for the sake of simplicity, we denote k1 simply by k. Consider a Puiseux
parametrization of Sy = S,
T =1tP
Sl :
Yy = 44+
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pisodd piseven

01 =0, 2 =1 0 1
Si=1,6,=1 0 0
Si=1,06,=2 1 0
S1=2 6,=1 -1 0
01 =2, 6 =2 0 0

TABLE 2. Values of p; depending on p being odd or even.

with p =p(S1) < ¢ = q(S1) and ged (p, q) = 1. According to the desingularization
of S7, encoded in the proximity matrix, the multiplicities and the §;’s satisfy

v(S1) = p
v(S;) = q—p for2<j<r-1
v(Sk) = (k=1)p—(k—-2)q

5 € {0,1,2}

dy € {1,2}

0; = 2 for3<j <k

Thus, the integer p; is written

oy = [p—251] _f: [q_l;_aj} - {(,Q_1)p—(;—2)q—5m

}—mtz

The following lemma is straightforward

Lemma 9. If k = 2, then the values of p; = [%} - [%} are given in Table

(2). If k > 3 then the values of p1 are given in Table (8). When the value depends
on K, it is precised the value of py if k is even or odd. In particular, p1 = —1 if and
only if one of the following case occurs,

e k=201 =2,00=1 and p is odd.
e k=23,01=2,00=1 and p is odd and q is even.

Now, we are able to study the general behavior of p; and to prove Proposition 8.
The property (1) can be seen by reading inductively Lemma 9.

The property (2) is proved as follows. Suppose that p; = —1. According to property
(1), two cases may occur
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pand ¢ p and q p even p odd

both odd both even q odd g even
01 =0, 62=1 1 1 522 mol 52 s
=1, 60=1 1 0 RT_AlvRT_?’ %’%—3
neta=r 1 O
hot k-1 0 R
01 =2, §3 =2 0 0 222 Al £2 a3

TABLE 3. Values of p; depending on « being even or odd.

e if Kk =2,0; =2 and Jo = 1, then D; meets Dy in D. Since ds = 1, ps
cannot be equal to —1. Proposition 8 applied inductively to S; yields the
proposition for Ss.

o if Kk =3, =2, =1, pis odd and q is even, then D; meets D3 and
d3 = 2. Suppose that d4 = 1 then S3 is neither tangent to D; nor to Ds.
Looking at the Puiseux parametrization of Ss yields

q—p=2p—q

which is impossible since p is odd. Thus §4 = 2, and p3 cannot be equal to
—1. We conclude by induction.

Let us now focus on property (3).

e Suppose first that §; = 2.
— If p; > 0, then the connected component of D; in D contains D; as
component with p; > 0. Applying inductively Proposition 8 to Sy with
the sequence of §’s equal to

02, 03, ...

yields the proposition for S; with the sequence of  ’s equal to 61, Jo, .. ..
— If p; = 0, since at least one of the component of d¥ is attached to D1,
the same argument as before ensures the proposition.
— If p; = —1, then two cases may occur :
o if kK = 2 then v(S2) = v (S1) is odd and 62 = 1. Applying
inductively Proposition 8 to S; with the sequence of §’s equal to

0, d3, O4,---
yields the result: indeed, one has

[V(sz)o] _ {V(QSZ)} _ [u(s(;)ﬂ _ [V(sz);(sg]
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and for j > 3, since kK = 2, one has 5;- = §; where the 5;- would
be the sequence obtained following the desingularization of S
with 0y = 0.

o If Kk =3, then 0o = 1, ¥ (S1) = p is odd and ¢ is even. Moreover,
since k = 3, one has d3 = 2. Following the desingularization of
S1, one has v (S2) = ¢ —p > 0 that is odd and v (S3) = 2p — ¢
that is even. Applying inductively Proposition 8 to Ss with the
sequence of d’s equal to

0, 1, 04y ..
yields the result: indeed, one has
|:I/(SQ) 0} B |:V(SQ) 1} B [V

2 2
v(Ss)—1 v(S3)—2 v (S2
S i s |

)

(S 52}

)
2
) — 53}
2 )
and for j > 4, since k = 3, one has 5;» = §; where the (5;- would
be the sequence obtained following the desingularization of S
with 0 = 0 and d; = 1.
e Suppose now that J; = 1. Then according to property (1), p; > 0.If jo =1
then the component of d¥ meets D;. So applying inductively Proposition
8 to Sy with the sequence §5, d3,- - yields the proposition. Let us suppose
that do = 2. If p; > 0, then inductively the proposition is proved. If p; =0
then according to Lemma 9 two cases may occur

— if Kk = 2 and v (S2) = v (S7) is even, then Dy meets D; in D and ps
cannot be equal to —1. Applying inductively Proposition 8 to Sy with
the sequence

1, ds,...
yields the result. The arguments are the same as before.

— if k > 3, then p and ¢ are even and the curve S cannot be topologically
quasi-homogeneous. While §; # 1, no component D; with p; = —1 can
appear. If at some point, one has §; = 1 then the multiplicity of v (S;)
is written ap + B¢ for some o, 5 in Z. Thus it is even and p; cannot
be equal to —1. Therefore, Dy and D; belong to the same connected
component D, which inductively proves the proposition since d¥ is
attached to Ds.

e Suppose finally that §; = 0. One has §, = 1. If p; > 0 then the proposition
is proved inductively. If not, two cases may occur :

— if k = 2then v (S3) = v (S1) is odd. The proposition is proved applying
it inductively to Ss with the sequence

0,03,....
The arguments are the same as above noticing that
v (Sg) _ v (Sg) — 52
2 2 '

— if Kk > 3 and p; = 0 then k = 3, pis odd and ¢ is even. The proposition
is proved applying it inductively to Sy with the sequence

0,1, dq....
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Again, the arguments are the same as before.

O

Now, we introduce a foliation associated to S; prescribing some topological data.

Definition 10. The numbered dual tree A[F] of a foliation F is a numbered
graph constructed as follows. Let E be the minimal desingularization of F. The
vertices of A [F] are in one-to-one correspondence with the irreducible components
of the exceptional divisor of E. There is an edge between D; and D; if and only if
D; N D; # 0. Each vertex is numbered following the next rules:

o if F*F is dicritical along D;, then D; is numbered +o0
e e¢lse it is numbered by the number of irreducible invariant curves of E*F
intersecting D; transversely.

Now, the proposition below produces the checked foliation.

Proposition 11. Let A be the dual tree of Sy and p1,...,pNn be the integers given
by Proposition 8. We number A the following way:

e if p, = —1 then D; is numbered oo.
e otherwise, D; is numberedpi—i—( the number of component of d¥ meeting Di)
o Dy is numbered +oo.

Then, there exists a foliation F [Sq] whose singularities are linearizable and such
that
A[F[Sqd] = A.

Proof. We use a result of Lins-Neto [20] whose statement is also mentioned in [21]
and written in a more compact way. For the arguments to come, we will refer to
the latter version.

The statement of Lins-Neto is quite long to enunciate because the hypothesis require
that we prescribe all the local and semi-local data attached to the desired foliation.
Below, to be the most specific as possible, we will follow the numbering of the
hypothesis in [21] p. 151. We require that

e Hypothesis (1): the desingularization of F [Sy] has the same topology as
the desingularization of S;. For the sake of simplicity, we keep denoting by
D= vazl D; the exceptional divisor of its desingularization.

e Hypothesis (2): F[Sy] is dicritical and regular along Dy. If p; = —1 |
then F [Sy] is dicritical and regular along D;. Otherwise, D; is invariant.

e Hypothesis (5): At each corner point of D that does not meet a dicrit-
ical component, F [Sy] admits a linear singularity written in some local
coordinates (z,y)

(2.2) Azdy + ydx, A ¢ Q™

where xy = 0 is a local equation of D.
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e Hypothesis (4), (6): For each D; with p; > 0, F [S4] admits p; more linear

singularities along D, that can be written in some local coordinates (x,y)
(2.3) Azdy +ydx, A ¢ Q™

where z = 0 is a local equation of D;.

The local analytic class of the singularities added above depends on the
value of A which is called the Camacho-Sad index [3] of the singularity s
along D. It is denoted by

—A=CS,(F[S4],D)

where s is the singularity. Finally, for each component of d attached to
D; with p; > 0, F [Sq] admits one more linear singularity along D;.

The remaining hypothesis controle the projective representations of holonomy of
the desired foliation: this part is irrelevant for our construction and can be chosen
arbitrarily.

The above data must satisfy some compatibility conditions stated in the theorem
of Lins-Neto :

e two dicritical components cannot meet which is ensured by the second prop-
erty of Proposition 8.

o the Camacho-Sad indexes of the singularities along a given component D;
have to satisfy a relation known as the Camacho-Sad relation

> CS.(F[S4l,D;) =D, - D;.

s€D;

The third property in Proposition 8 allows us to choose the Camacho-Sad
indices of the linear singularities added at (2.2) and at (2.3) in order to
ensure the Camacho-Sad relation for any component D;.

According to the theorem of Lins-Neto, there exists a germ of foliation F [S4] defined
at the origin of (C2,0) that realizes all the above prescription. In particular, by
construction, one has
A[F[Sq]] = A.
O

A lot of foliations can be constructed as above, prescribing freely the projective rep-
resentations of holonomy. Hence, there is a big number of non analytically equiva-
lent choices. However, all the foliations built the way above share some properties.
In any case, F [Sy] is dicritical along Dy. Its singularities are all linearizable and
thus F [Sq] is of second kind as defined in [22, 7]. Its desingularization has the
same topological type as the desingularization of S;. Moreover, the foliation JF [S4]
is tangent to some curve & topologically equivalent to S, since & and Sy share the
same process of desingularization. Finally, the algebraic multiplicity is the desired
one. Indeed, one has the following result :



DIMENSION OF THE MODULI SPACE OF A GERM OF CURVE IN C2. 21

b Db, D Dy D D
1 1 2 5 3 1
V(Sd) v (]:)
0 0 1 +o00 0 1
0,1,1,222  &————@& — @& — @& — 06— 0 5 2
1 0 1 +o0o 0 1

o L1,1,222 | &—@—@ —0& —0 —@ 6 3

1...6

I 1 400 1 +oo 0 1
2 1,21,222 60— — @ — @ o @ 6 3
<
=
° 1 0 1 +00 0 1
S 122222 e— — @ —@ @0 @ 6 3
g
= 11299 H-oo 0 1 +00 0 1
4y 1, 4,4, E
% ¢— & —¢—0o—0o—9o 7 3
()
= 1 +00 1 +00 0 1
221,222 0—*—0—*—0—0 7 3

22,2222/ 0——6 @0 ¥ o o 7 3

FIGURE 2.2. Dual numbered tree A[F[Sy]] for S = {y° =2}
and any direction d.

Lemma 12. Regardless the foliation F [S4] constructed as above, one has

vFisd = |52

Proof. A formula of Hertling in [18] - see Theorem 3.(a) - gives us
N-1
v(F[Sd]) = Z pie1;i +61 — 1.
i=1

In the notations of the Hertling’s formula, one has p; = ey; and egk) = p;. Since
v(Sy) =1 and 6y = 2, one has py = 0. Using the expression of £7! to invert the
formula (2.1), the first row yields

Iilpieli+51 -1 = {V(Sl) _51} +0, = [V(Sd)} :

2 2
]

As an example, Figure 2.2 presents the numbered dual tree A [F [S4]] for the curve
S = {y® —2'3} and for all the possible topological types of direction d. Hence,
for instance, if 53 = 1, d; =2 and J3 = 1 then v(Sq) = 5+ 1 and v (F) = 3.
Besides, in the latter case, the topological type of the foliation E*F [Sy] prescribed
by A [F [S4]] is depicted in Figure 2.3

3. DEFORMATIONS OF F [S;] & PROOF OF THEOREM 2.

In this section, we are interested in the deformations of foliations with a cohomo-
logical approach.
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d S

] =

F1GURE 2.3. Topology of E*F

3.1. Basic vector fields and deformations. Let w be a germ of 1—form and X
be a germ of vector field. The vector field X is said to be basic for w if and only if

(Lxw) ANw=d(w (X)) ANw—w(X)dw=0.

The property of being basic for the 1—form w depends only on the foliation induced
by w, since for any function f, one has

Lx (fw) A fu = f? (Lxw) Aw.

Lemma 13. [4, p. 36] Let X be a germ of vector field. It is basic for w if and only
if for any t € (C,0), the flow at time t of X, denoted by X, is an automorphism
of the foliation defined by w, i.e.,

() <) =0

el1X preserves the set of leaves of the foliation but may

In particular, the flow
permute them.

More generally, a germ of automorphism of w or basic automorphism for w - or for
the foliation induced by w - is a germ of diffeomorphism ¢ such that

(¢p*w) Aw = 0.
If ¢ is tangent to Id, then there exists a formal basic vector field X such that

el1X = ¢. In what follows, we will simply denote the flow at time 1 of X by e¥. If
X is singular at p, then the flow e¥ is convergent in a neighborhood of p.

Thanks to basic automorphisms, we can describe a surgery construction that pro-
duces many non-equivalent germs of foliations from a given one. Consider the
desingularization E : (M, D) — (C?,0) of some singular foliation F at (CZ,0).
For any covering {U; },.; of a neighborhood of D in M and for any 2—intersection
Uij = U; NUj, we consider ¢;; a basic automorphism of E*F which is the iden-
tity map along U;; N D. We suppose that the family {qbij}i,j satisfies the cocycle
relation: on any 3-intersection Ujji, one has

Gij © Gk © Pri = 1d.

We construct a manifold with the following gluing
Moij) = [T Ui/ @m0 @0.9)
i

which is a neighborhood of some divisor isomorphic to D. This manifold is foliated
by a foliation F’ obtained by gluing with the same collection of maps the family of
restricted foliations { E*F| U,‘,}

it
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Lemma 14. There exists a germ of singular foliation at the origin of ((CQ,O) de-
noted by F [¢;;] and a process of blowing-ups E' such that (E')* F [¢i;] is analyti-
cally equivalent to F'.

Proof. The manifold M [¢;;] is an open neighborhood of a divisor whose intersection
matrix is the same as the one of D since the gluing maps ¢;; leave invariant the
trace of the divisor U;; N D. In particular, its intersection matrix is definite negative.
Following the Grauert’s contraction result [13], there exists a process of blowing-
ups B : (M',D’) — (C2,0) such that M’ is analytically equivalent to M [¢;;].
Being analytically equivalent to M [¢;;], the manifold M’ is foliated. Since E’
is an isomorphism between M’ \ D’ and (C?,0) \ {0}, there exists a foliation in
(C2,0) \ {0} whose pull-back by E’ coincides with the foliation of M’ on M’\ D'.
The Hartogs’s extension result allows us to extend this foliation in (Cz,()). The
obtained foliation is F [¢;;]. O

A foliation built the way above is said to be a basic surgery of F. Our goal is to
study the basic surgeries of F [Sy] and in particular to prove the following

Proposition 15. For any curve G topologically equivalent to Sq, there is a 1-form
w € QY (&) defining a foliation obtained from a basic surgery of F [Sq).

The proof is based upon the study of deformations of F [S4] with a cohomological
point of view based upon the notion of balanced equation of separatricies. This is
developed below.

3.2. The balanced equation of separatricies. Roughly speaking, a balanced
equation of the separatricies of a foliation is a meromorphic function that plays the
role of the standard equation of the separatricies associated to a foliation admitting
only a finite number of them. Here, in general F [S;] admits an infinite number of
separatricies. Thus the classical notion is not adapted. Basically, the zeros of F'
contain the set of isolated separatricies - which are always in finite number - and
the poles contain a finite number of curvets attached to the dicritical components
of the exceptional divisor with valence bigger than 3. Below we reproduce some
material from [9] which we refer to for more details.

We denote respectively by
Dic (D) and Dic (D)

the set of dicritical and non dicritical components of D with respect to F. A germ
of irreducible separatrix S of F is said to be isolated if its strict transform S¥
does not meet a dicritical component. We denote by Iso (A) the set of isolated
separatrices of F attached to the component A € Dic (D). A germ of irreducible
separatrix whose strict transform crosses a dicritical component is called a curvet.
The set of all curvets associated to A € Dic (D) is denoted by Curv (A). Finally,
val (A) stands for the valence of A, defined as the number of components of D
intersecting A.
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Definition 16. A balanced equation of separatrices for F is a meromorphic function
F whose divisor is written

(Fo=(Fleo = Y, > aac(O)+ Y, > aac(0),

AeDic (D) C€lso(A) A€Dic(D) CeCurv(A)

where,

e for every non dicritical component A € Dic (D), the coefficient aa ¢ is
equal to 1.

e for every dicritical component A € Dic(D), the coefficients aa ¢ € {—1,0,1}
are zero except for finitely many and satisfy the following equality

Z ap,c =2—val(A).

CeCurv(A)

Since aa, ¢ belongs to {—1,0, 1}, the function F' has reduced zeros and poles without
multiplicities. If D has no dicritical component, then a balanced equation is nothing
but any equation of the finite set of separatricies.

The next lemma follows from the construction of F [Sy] in Proposition 11.

Lemma 17. Any balanced equation of the separatricies of F [Sq] satisfies that for
alli=1,...,N

Z ap,,c =pi + (the number of component of d¥ meeting Di) .
c

3.3. The sheaf T'S;. In the desingularization E : (M, D) — (C?%,0), let us con-
sider the sheaf T'Sy, with D as basis, of vector fields tangent to D and to S¥ that
vanish along the strict transform d”.

For any divisor ¥ = Y n;%; in M, we denote by Q2 (X) the sheaf with D as basis,
of 2—forms w such that the multiplicity of w along ¥; satisfies

vy, (W) > —n,.
Let F be a balanced equation of the separatricies of F [Sy]. First, we prove the
following proposition.
Proposition 18. In Cech cohomology, one has
H (D,92 (2 (F)F — §F +5>) —0

where the divisor (F)” is (F = 0)" — (F = 00)” and D is the divisor D deprived
of Dn and of the components D; for which p; = —1.

The proof is an induction on the length of the desingularization F. The first step
is the following lemma.
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Let us consider a germ of divisor ¥ at the origin of (C?,0) and Ey : (My,Dy) —
(C2,0) the single blowing-up of the origin. Consider the standard coordinates of
the blowing-up together with its standard covering.

Ulz{y_ylxl U2:{y—312

Tr =21 T = Y2T2

Lemma 19. For any n > 0, the following statements are equivalent
e The multiplicity of X at the origin satisfies v (X) > n.

o The first cohomology group of ) (EEl + nDl) on Dy vanishes
(3.1) H' (D1, Q% (5% +nDy)) =0.

More precisely, let us denote I, = ligl) where | is an equation of X. If a(x1,y1) is
xr

1

a Laurent series in y1
_ i,
a(zi,y1) = E Qi T1Y7
i€EN,j>—N

then
[am} =0¢€ H' (D1, {U1,U2} Q* (¥ 4+ nDy))

Tl

and —— v (E) >n.
ap—1 # 0

Proof. The global sections of 22 (EEl +nD1) on each associated open sets are
written

1
Q% (5 +nDy) (Uy) = {f(l‘l,m) ] xndxl ANdyr| f € (’)(Ul)}
147
0?2 (EEI + nDl) (UQ) = {g (:L‘Q,yg) Iyl dxo Adys| g € O (Ug)}
2
1
QQ (EEI + TlDl) (Ul N UQ) = {h(xl,yl) mdiﬂl A\ dy1 heO (U1 N UQ)}
147
loFE loF

where Iy = 355, lo = <255 . Since the covering {U;, Uz} is acyclic, one has the
x

1 2
following isomorphism

Q2 (EEl + TLDl) (U1 n UQ)
02 (ZEI + nDl) (Ul) o 02 (ZEl + nDl) (UQ)

H' (Dy,9* (2P + nDy))

Therefore, the dimension of (3.1) is the number of obstructions to the following
cohomological equation

h(z1,y1) romday Adyr = g (22,y2) =rdas A dys

iz} L2y%

—f(z1,71) ll%?dwl A dy

which is equivalent to

1 1
(3:2) h(z1,y1) = —f (z1,91) — o)t d (,y1$1> .
Y1 (8
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Let h = xi°y°. Then h is an obstruction to (3.2) if and only if jo < 0 and the
following system cannot be solved in N2

0= eI
Jo=j—i+v(E)—-n-1 i=ig—jotv(Z)—mn—1

Thus, v (¥) > n if and only if there is no obstruction. The second part of the
lemma follows from the fact that if the above system has a solution (4, j) € N? for
(%0, Jo) = (0, —1) then v (3) > n. O

Now let us prove Proposition 18.

Proof. The proof of the proposition is an induction on the length of the desingu-
larization of S;. Let us write

E = F,0E?.

Let Uy be D1\ Sing (S2) and Us a very small neighborhood of Sing (S2). We defined
the following open sets

(3.3) U= (B2 (h) U= (B> ()

The system {U;,Us} is an open covering of D. The associated Mayer-Vietoris
sequence for the sheaf Q2 (2 (F)? —sF 4 E) is written

(3.4) H° (ul,m (2 (F)E — §P +5)) D H (1, 0 ()

— HO (Uh NU, () = N =0
and
(35) 0 = N = H' (D,Q*(--+)) = H' (U, () P H" (U, *(--+)).
We are going to identify each term of the above exact sequences.
The manifold D; \ Sing (S2) is isomorphic to C. Thus, it is Stein. Since, the sheaf

Q2 (--+) is coherent, its cohomology vanishes on U; (see [14]) and, in (3.5), the
following relation holds,

H (Z/ll,Qz (2 (F)F — gF +E)) =0.

Let F3 be defined by the germ of foliation F;F [S4] at Sing (S2). By construction,
the foliation F5 leaves invariant Ss. Let F5 be a balanced equation of F5. Let h be
a local equation of D; at Sing (S2). Two cases have to be considered

o If D, is invariant for F [Sy], then, following [9], F> can be chosen so that

()" =" + )|
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Thus, if the direction ds of Sy is chosen to be the local trace at Sing (S3)
of the union of d¥* and D, then the next equalities hold

(2(F)” - s7+D)| =2(’)" - w"™) - sF|, + Dl

U
—2(R)" —2m) — SE| +DF+ ()"

2 R
—2(Ry)" —sF, +D?

et

e If Dy is not invariant for F [S,] then F5 can be chosen so that
2
(F)" = ()"

Thus setting for the direction dy of Sy the local trace at Sing (S2) of the
sole dF1 still yields

(2 (F)F — gF +b) —2(R)" — 5E, + D2

Uz

since here ﬁ|u2 = D2
In any case, applying inductively Proposition 18 to S5 and to the associated divisor
2(F)" — Sf; + D2 ensures that, in (3.5), one has
H (u2,92 (2 (F)E - & +E)) =g (u2,92 (2 (F)™ — sE, +ﬁ)) = 0.
The map E? induces isomorphisms in cohomology
H° (ul, 02 (2 (F)® — §E +b)) H° (Ul, 02 (2 (F)Pr — g +ﬁ1>)
(3.6) H (U NUp, % (-++)) ~ HO(UyNU, Q(--+)).

12

Let us prove that E? induces also an isomorphism on the set of global sections
along Us and Us. If 1) is a global section of Q2 (2 (F)E - SE 4 5) on U, then the
push-forward of n by E? can be extended analytically at Sing(S2) by Hartogs’s
extension result. It induces naturally a section of 2 (2 (F)Fr — SP 4+ Dy ) on U,.

Thus, E? induces a injective map

(3.7) H° <u2,92 (2 (F)F — §F +5)) 20 (U2,92 (2 (F)Fr — 5B +E)) .

By induction, it is enough to prove that (3.7) is onto when E? is the simple blowing-
up of Sing (S2) and D reduced to Dy U D.

Let 1 be a section of 02 (2 (F)E1 - Sfl —i—ﬁ) on U,.

e If D, is not dicritical for F [Sy] then 7 is written in coordinates

n = hldx/\dy7
x

where z is a local equation of D1, [ is any meromorphic function whose local
divisor is SJ* —2 (F)®" and h is any holomorphic function. If 6, = 1 then
the possible component of d meets Dy at a different point from Sing (S2).
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The family of integers p; satisfies the system (2.1) of Propostion 8. Thus,
one has

p V(Slz)fél + 1
1
V(SQ)*(SQ
P2 YS)0a| 4 q
et ) =
PN {u(sN;ﬂsN} 1

According to Propostion 8, py is equal to 0. Moreover, v (S3) = ean. Thus,
writting the second line of this system leads to

N-1
-72p2 21 9

By contruction of F [S4] and its balanced equation of separatricies F' [9],
the multiplicity of [ is equal to

N-1 |:€2N_1:|

—-2> -1

v(l) =ean —2 ) pieai = oy — 2 7
i=2

Now, after the blowing-up E? which is written in adapted coordinates
E? (x,t) = (z,tx), the pull back of 7 is written

E?*n = E**hE*1dx A dt.
Thus, the multiplicity of E?*n along D, is at least —1. The exceptional
divisor of E? cannot be dicritical for F [S4] since §3 = 1. Therefore, E**n
is a section of 2 (2 (F)E — 552 + D U D2> along D1UD;. Now, if 65 = 2
then one of the components of d¥, say dfl, meets Sing (S3). Whether or

not the component d¥ meets a dicritical component, the multiplicity of [ is
at least

N—1
e
v(l) > en—2 g pi€2i*1:€2N*2[722N} -1
i=2

If the exceptional divisor of E? is dicritical then esy is odd and v (1) > 0.
If not, v (1) > —1. Thus, wether the exceptional divisor of E? is dicritical

or not, F>*w is a section of 2 (2 (F)E2 - 552 + D U D2> along D1 U Ds.

if Dq is dicritical then do = 1. Moreover, 7 is written

n = hidx A dy, E?*n = E>*hE?*lzdx A dt

where
= eany — 1
V(l)+1:€2N—Zpiezrklzezzv—l—?[2N }>0.
i=2

Hence, E?*w is still a section of Q2 (2 (F)E2 — sz +D U D2> along DU
D.
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By induction on the length of E? the isomorphism (3.7) is proved. Thus, the
isomorphisms (3.1) and the exact sequence (3.4) identify N with the cohomology

group
H (D1,92 (2 (F)Er — P +DT)) .

Let us prove that the latter vanishes. If p; = —1, then D; is dicritical and d; = 2
and 6o = 1. Therefore,

N-1 -
-2

(2% - 58) =23 pew— e =2 ([2572] 2) —ean =1
=2 J

since ey is odd. If p; # —1, then

N-1 .

-0
V(Q(F)El_sfl) ZQZPi€1i+51—€1N=2{elN21 +2+6 —eiv > 1L
i=1 ]

Therefore, according to Lemma 19, A/ vanishes, which completes the proof of Propo-
sition 18. (]

To compare the deformations of F [S4] and of the underlying curve Sy, we introduce
the following operator.

Definition 20. The operator of basic vector fields for F [S4] is a morphism of
sheaves defined by

(3.8) B:XeTSdHLXE*%/\E*%GQQ

where w is any 1—form with an isolated singularity defining F [S4] and F any
balanced equation of F [S4].

The operator of basic vector fields may behave quite wildly around the singular
point of F[Sg]. Indeed, one can check that the description of its local image at
singular points may involve the phenomenon known as small divisors. However,
for our construction, we can disregard what happens exactly at the singular points,
since we control everything happening around. To take into account this remark,
we introduce the following notation :

Notation. For any sheaf § of basis D, we denote by §° the sheaf whose stalk
satisfies that for all € D\ Sing (F [S4]), (§), = (§°), and for all = € Sing (F [S4]),
(§), =0

The interest of the above notation relies on the following lemma:

Lemma 21. For any ¢ > 1, one has
H'(D,§)=H"(D,3°).

Proof. Indeed, there is a direct sum of skyscraper sheaves §, such that §° = §/Fo.
The long exact sequence of sheaves associated to the short sequence

02Fe—>F—5/F.—0

and the fact that the cohomology of F,vanishes in degree more than 1 ensure the
lemma. ]
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Proposition 22. Let B, (F [Sq]) be the sheaf defined by the kernel
By, (F [Sd]) = ker (B|zmn-Tsd)

where M™ is the nt" power of the sheaf of O—module generated by the functions
E*f with f(0) = 0. There is an exact sequence of sheaves

(3.9) 0= By (FISa)” = M- TS5 M- 02 (2(F)” - 5P +E)° =0

In particular, extracted from the long exact in cohomology associated to (3.9), there
is an ezxact sequence

(3.10) H' (D,B, (F[S4)°) — H* (D, M" - TS3) -0

Proof. The first part of the proposition is a computation in local coordinates. We
describe the image of 9™ -T'S, by the operator B. Since, F [Sy] has only linearizable
singularities, the multiplicties of F [S4] and of the balanced equation F' along any
irreducible component D; of the exceptional divisor satisfy [7, 9, Proposition 3.7]

o vp, (F[Sa]) = vp, (E*F) if D; is dicritical
o vp, (F[S4]) = vp,(E*F) + 1 else.

i

Let p € D;, for some i, be a regular point of F [Sy] where the foliation is tangent to
exceptional divisor. In some local coordinates (z,y) around p, the pull-back E*%
is written
w dz
E'— =u—
F T

where x is a local equation of D;. Now, a local section X of 9™ - T'S; is written

0 0
m .
X=x (ax—i—b y),a,bE(C{w,y}

where m = n x n(F,D;) where n(E, D;) is defined in Definition 5. Therefore,
applying the basic operator leads to

Oa dz A dy
B(X)=a"u’
(X) =25 —
which is a local section of ™ - Q2 (2 (F)F - ST+ ﬁ) . Since the equation g—g =h

can be solved for any h, the operator B is onto locally around p. This property is
true for any type of regular points for F [Sy].

The sheaf 91" is generated by its global sections. Therefore, Proposition 18 ensures
that

H (D,zm" .02 (2 (F)P — §F +ﬁ)) —0.

Finaly, the long exact sequence in cohomology associated to (3.9) proves the end
of Proposition 22. O
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3.4. Deformations of F[S,] . Proposition 22 can be expressed as follows: any
infinitesimal deformation of S, tangent to D at order n can be followed by an infin-
itesimal deformation of the foliation F [Sy] at the same level of tangency. Roughly
speaking, the proof of Proposition 15 consists in an non-commutative analog. Ac-
tually, let us consider the following sheaves of non-abelian groups

Definition 23. For any involutive sub-sheaf J of the sheaf of tangent vector fields
to S¥ that vanish along d and D, we consider

& (3)

the sheaf of non-abelian groups generated by the flows of vector fields in J.

According to the Campbell-Hausdorff formula,

(3.11) XY — XY +3X Y]+ (X [X Y[V [X YD)+

any element of & (J) is a flow of an element of J.

The first step of the proof of Proposition 15 is the following;:

Proposition 24. Ezxtracted from the long exact sequence in cohomology induced by
the embedding & (B (F [S4])°) < & (M- T'S3), the following sequence

H' (D, & (Bi (F[S4)°)) = H" (D,® (M- TS3)) — 0

15 exact.

Proof. Let us consider a 1—cocycle {¢;;},; € ZY(D,& (M- TS3)). By definition,
this is a flow

(3.12) pi; = eXi

where {Xj;},; € ZY(D,Mm-TSS). By induction on n, we are going to prove

that there exist {BZ}U € ZY(D,By (F[S4)°), {XI'}, € Z2°(D,M-TS) and

{X},, € 21 (D,m" - TS3) such that

(313) C_X;Ld)UeXJ” = eBl,; eXl’S

For n = 1, this is the relation (3.12). Now, suppose this is true for n. Accord-

ing to Proposition 22, there exist {EZ} € ZY(D,By (F[Sq4)°) and {Y;"}, €
ij

Z% (D, - TS3) such that

Xpp =7+ B Y
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Taking the flow at time 1 yields

oY o Xi Y L oY Bl o X oY

pijei e¥i iWetiies
= B [efB?j,efyin] e Y NG Yy

n n n >n n+1
Bl [e B Y, ]63 Y,

= “Pij e i ijeti
n n n n n > n+1
= PPl e Bl [e_Bij,e_Yi ] eBiieYis

€6 (Mn+1.753)

n+1 n+1
eBij eXij R

where BJ"! is given by the Campbell-Hausdorff (3.11) where X = BJ} and Y =
i@, which ensures the property by induction. Taking n as big as necessary, the
proposition is a consequence of the stability property proved in [8]. O

We can improve a bit the previous property taking advantage of the inductive
structure of the desingularization of S,.

Proposition 25. Let E : (M,D) — (C2,0) be the desingularization of F [Sq).
Consider the sheaf J-TSy, where J is the ideal of functions vanishing along D and
Bo (F[S4]) = ker (B|3~Tsd)' Then for every {¢i;},; € ZY(D,® (3-TS3)) there
ezists a family {wfj}w k= 0...1 of 1-cocycles in Z* (D,(’5 (BO (F [Sd])o)) such
that

ij 17
In particular, M [¢i;] is the support of a foliation obtained by successive basic surg-

eries of F [Sql.

Proof. The proof is an induction on the length of the resolution of Sy;. Let us con-

sider a 1-cocyle {¢;;},; in Z' (& (3-T5Sq)°) . Let us consider {qﬁTj}” the restriction
of the cocyle {¢ij}ij to D%. We are going to apply inductively the property to S 4,
for some adapted direction ds of S as defined in the proof of Proposition 18. Ap-

plying inductively Proposition 25 to {QSTJ}ZJ yields the existence of 0—cocycles in
(5] (3- (TSﬁQ)O) and of 1—cocycles & (BO (.7-' [Sﬁz])o) such that

—_— M My —1 M—1\—1 —1

¢z‘j = ¢3¢7,1‘j¢3¢12j o 'wij (ij ) (% 1) T (¢J1) ’
a relation that is equivalent to (3.14) for {¢;;}
1—cocyle

i Now, consider the following

Pij = Id else.

It belongs to Z' (& (J-TS,)). Since M and J coincide along D1, it belongs also
to Z' (& (M- TS4)°). Therefore, Proposition 24 yields a 0—cocycle and 1-cocycle
respectively in & (9 - T'S5) and & (B (F[S4])°) such that

bij = ¢i¢ij¢j_1-

- {¢12¢;¢?---¢§V1 for i =1and j =2
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In particular, if (i, 7) # 2, then qﬁ;lqﬁj = 1);;. Therefore, for any (i, j) # (1,2), one
can write

$is = OOl - wMoab e (M) T (B T ()
and

_ -1 -1 ~1
$12 = d1vpady " (637) (627 1) - (¢2)
which is equivalent to (3.14) for {d)ij}ij. The proposition is proved. O

Finally, we can prove Proposition 15. Let E’ : (M’,D’) — (C?,0) be the desin-
gularization of &. The curves & and S, are topologically equivalent. Since S is
irreducible, the exceptional divisors D and D’ are analytically equivalent. Following
[8] section 3.2, there exists a 1-cocycle {¢;;},; in & (J-T'S7) such that

M/ ~ M [QS”] .
According to Proposition 25, M’ is the support of a foliation obtained from a basic

surgery of F [Sy] that leaves invariant the curve C, which completes the proof of
Proposition 15.

As a corollary, we obtain Theorem 2, since under the hypothesis mentionned, p;
cannot be equal to —1 and F [S,] is not dicritical along the exceptional divisor of
the first blowing-up.

4. THEOREM 2 —> THEOREM 1.
The proof consists in an argument by contradiction and four consecutive steps.

4.1. Step 1: construction of an equisingular family of curves S (¢) followed
by an analytical family of forms w(e) € Q! (S (¢)) reaching the minimal
valuation in Q! (S ().

Let S be an irreducible germ of curve in the generic component of its moduli
space and let E : (M, D) — (C?,0) be its minimal desingularization. Let d be
any direction for S. Let ¥ be a mini-versal deformation of Sy for the topologically
trivial deformations of Sy

Si = (CPH2x%)

\ I

0 < (CP0)
Let H be an equation of ¥. The family e € C¥ — w (¢) = dH|, -1, is an analytic
family of 1—forms such that w (e) € Q' (H~1 (0) N7~ (€)) and v (w (¢)) = v (S)—1.
Consider now, the smallest integer v such that, there exists a Zariski open set such
that for all € € U there exists w (¢) € Q' (H~* (0) N7 (¢)) and v (w (¢)) = v. Our
main goal is to prove that

[V (Sd)}
v

2

Lemma 26. The family w (€) : € € (C,0) — Q' (S4(€)) can be chosen analytic in
€.
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Proof. Up to some change of coordinates (z,y) € (C2,0), we can suppose that the
direction d is a fixed curve equal to 0, {x = 0} or {zy = 0} that does not depend
on €. In these three respective cases, any element in Q! (Sy (€)) can be written in
coordinates
A.dz + By, d=10
w(e) = OArde +zBdy, d={x=0}

yAcdx + 2B dy, d={zy=0}

Let v, be a Puiseux parametrization of S (¢) depending analytically on e. The
hypothesis ensures that for any N € N and for any e, the following system has a

solution w
Jetg (viw) =0 (1)

The family (L), is an analytic family of linear systems with a finite number of
unknown variables, say M, which are some coefficients of the Taylor expansion of
Ac and B. - (1) and (2) - and an open condition (3). Thus, the solutions can
be viewed as a constructible set Z of U x CM that projects onto U through the
projection p : CP+M — CP. Since the image of p|, contains an open set, the set
of points in Z where p|, is a submersion cannot be empty. Thus if (z, €) is such a
point, there exists a local analytic section o of p defined in a neighborhood of ¢y such
that o (e9) = (p, €0) . This provides a analytic family (we) . (cr ) that is a solution
of (L.) in a neighborhood of €. Since the family ~. is topologically trivial, taking
a bigger integer N if necessary, we can find a family of functions f;, € C{x,y} with
v (dfy) > v, v (dfy) == +oo such that for any £ > N and any €, one has

v(yidfy) = k.

Considering a form written

(4.1) Q=wc+ Y ax(e)dfy,
E>M
we can choose inductively ay (¢) such that (4.1) becomes a formal solution Q €
C{e} [[x, y]] of the system
72 =0
v—1 _
Jet(, 2 =0
and
Jet!, )2 # 0
According to the Artin’s approximation theorem [1], we can take {2 analytic as a
whole, Q2 € C{e,z,y}. O

For € generic, we can also suppose that w (¢€) is equireducible [23]. Finally, let
E(e): M(e),D(e)) — ((CQ,O) , €€ ((CP,G())

be the equisingular family of minimal desingularizations of the foliations F (€) de-
fined by w (¢) . In particular, E (¢) is also an equisingular family of desingularizations
of Sy (€) . For the sake of simplicity, we consider that ¢y = 0 and we still denote by
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M, E, F, wand Sy respectively the manifold M (0), the desingularization F (0),
the foliation F (0), the 1—form w (0) and the curve Sy (0).

4.2. Step 2: vanishing of some cohomology.

Let {Ti;},; be a 1—cocycle in ZY(M,TSy). Let us consider the deformation ob-
tained by the gluing
M {e(tmﬂ} .

Since the flow e leaves globally invariant Sy, the manifold M [e(t)Tﬂ admits
an invariant curve topologically equivalent to Sf . By versality, the so defined
topologically trivial deformation is equivalent to a deformation Sy (e (¢)) for some
analytic factorization € (t) : (C,0) — (C”,0). The deformation Sy (e (t)) is followed
by the deformation of foliations F (e (¢)). Therefore on the open set M (¢)* which
is M (¢) deprived of the singular locus of E (e)* F (€), the cocycle {e(t)TU}ij is
equivalent to a cocycle of basic automorphisms. Thus, there exist a 0—cocycle of
automorphism {¢; ()}, leaving globally invariant S (e (t))f(e(t)) and D (e(¢)) and a
1—cocycle of basic automorphisms {B;; (t)},; for F, such that on M (e ()", one
has

T = 6 (1) Bij (8) 5 (1).
Taking the derivative at ¢ = 0 of the above expression yields to a cohomogical
relation on M (0) = M.
(42) Ty =Ti+bi; — T
where {T;} is a O—cocycle in T'Sq and {b;;},; is a 1—cocycle with values in the
sub-sheaf of basic vector fields for F tangent to Sy, denoted simply by B (F).

Let us denote by € the image sheaf of T'S; by the basic operator (3.8) for F with
a given balanced equation F'.

The following diagram
(4.3) HY (M*, B (F))

|

H' (M, TSg) —> H' (M*,TS,y)

| X
H' (M, Q) —1 > H" (M*,Q)
is commutative. Since for any 1-cocycle {T};},; € ZY (M, TS,), a relation such as

(4.2) exists, one has
Imo C Ims.

Thus, the composed map B o « is the zero map.
The sheaf €) on M* can be described as follows

(4.4) 0 =02 (2(F)° - 55+ 3 nD)

where D = Y D; and the n;’s are some integers depending on F. This sheaf can be
extended analytically on M. The Mayer-Vietoris sequence applied to the covering



36 DIMENSION OF THE MODULI SPACE OF A GERM OF CURVE IN C2.

{M* U} of M where U is an union of some small open balls around each singularity
is written

oo HO (M, Q)@ HO U, Q) 2 H (M NU,Q)
— H' (M, Q) » H' (M*, Q)P H" U, Q) — -
The Hartogs’s extension result ensures that A is onto. Moreover, since U can be

supposed to be Stein and € is coherent, we deduce that in the diagram (4.3) the
map 7 is injective.

The previous lemma and the properties of the diagram (4.3) ensure that the map

H' (M, TSy) 2 H' (M, Q)

is the zero map.

4.3. Step 3: the contradiction.

We are going to prove that the fact that the above function f is the zero map leads
to a contradiction with the inequality

v(F) < [V(Qsd)] .

We recall that F' being a balanced equation of F [9, Proposition 3.3], the next
relation holds

v(F)=v(F)—1+4+71(F)
where 7 (F) is a positive integer called the tangency excess of F [9, Definition 3.2].

Fix a local system of coordinates (1, y1) along the first blowing-up such that 1 =0
is a local equation of D;. Suppose, first, that F is not dicritical along the exceptional
divisor of the blowing-up of its singularity. Then, one has the following inequality

vp (Bjw) =v(F) =v(F) —1+71(F).
Let us suppose that in the coordinates (x1,y;) the point (0,0) is singular for
#E“;w). Then in small neighborhood of (0,0), the 1—form E} % can be written
Ty
xI(F)_l ((-+-)doy + 21 (- ) dyr) .

In particular, for any vector field Y = a1 (--+) 3%1 +(-) 8%1 tangent to Dy one
has w w
LyEfENErS =277 (),

'p YR
Therefore, in the description (4.4), one has
ny = 1-—27 (.F) .

Now, in neighborhood of (0,0) deprived of (0, 0), ET % can be more precisely written

2T e () day 42y (- ) dyy)

for some integer a. Moreover if | stands for an equation of the divisor 2 (F') — Sy,
then its strict transform can be locally written

=gl () (o).
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Finally, if one considers the meromorphic vector field X = y2a =l 69: then

B(X) = LyE: /\E 2a+0b 1

S T dep Adys + -

Since 3 (X) vanishes in H* (M1,§22 (2 (F)Pr — sB 4 n1D1>), Lemma 19 shows
that

which implies that

But v (F) < [V(‘gd)} — 1 gives us

2 (F) — v (Sq) <2 {”
which is a contradiction.

Suppose, now, that F is dicritical along the exceptional divisor of the single blowing-
up of its singularity. Then, one has the following inequality

vp (Bjw)=v(F)+1=v(F)+71(F).

*
Elw

Let us suppose that in the coordinates (z1, y1) the point (0, 0) is regular for m

and that {; has neither a zero nor a pole at (0,0). Then in small nelghborhood of
(0,0) deprived of (0,0), the 1—form Ef% can be written

xI(]:)dyl.
In particular, for any vector field Y = z; (---) 3%1 + () Biyl tangent to Dy one
has
w 27 (F
LyEi /\Eff =227 (.

Therefore, in the description (4.4), one has
ny = 72’7’ (.F)

If one considers the vector field X = then

yay’
1

w
BX)=LxEtSr Y= ~
lF I (0 0) —27(F) 7

15 dxl ANdyy + -

Since § (X)) vanishes, Lemma 19 shows again that

W(F)—v(Sy) > —27(F) <= 2v(F) —v(Sq) > —2.
If v(F) < {@} — 2 then we are led to a contradiction. Suppose that v (F) =
[“52] — 1.7 v (S4) s 0dd then

21/(‘7-—)1/(5,1)2(1/(‘5‘(12)11) —v(Sq) = -3,
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which is still a contradiction. Suppose that v (Sy) is even. Then, v (F) = @ —1.
The multiplicity v (F) being as small as possible in Q! (S;), a basis of Q! (S;) can
be written {w;,ws} with

v (Sa)

Tflzy(wl) <v(wg) and v (wy) + v (wa) < v (Sq).

Thus there are only three possibilities for v (ws) .

o if v(ws) = @ + 1, then any 1-form w of multiplicity V(gd) in Q! (9y) is
written
w = awy + bws,

where a is a function of multiplicity 1 and b is any function. In particular,
its jet of smallest order is written

(a); - (wl)@_lv

where (x); stands for the jet of order i. Thus, as w; is dicritical along the

exceptional divisor of the single blowing-up of its singularity, w is also. This

would imply that any element of multiplicity ”(gd) in the Saito module has
this property. This is a contradiction with Theorem 2.

o if v(wy) = @ or v(wg) = “(52) _ 1 then using the criterion of Saito we

2
have

(wl)y(wl) A (w2)u(w2) = 0

Therefore, wo is dicritical after one blowing-up. If v (w2) = @ then any
1—form of multiplicity @ is dicritical, which is impossible. If v (ws) =

@ — 1, let us write

w = ler 4+ ..

wy = Pwr+---
where w, = xdy — ydx. Consider w in the module of Saito with multiplicity
@. It can be written

w=awi + bws = (aP; + bPy) w, + -+ - .

If v(a) = 0 or v(b) = 0 then v(w) = @ — 1 unless there exists a
non vanishing constant C such that P, = CP;. But in that latter case
{w1,wy — Cwy } is still a basis of the module of Saito with v (we — Cwy) >
@ —1 which leads to a case already treated. Thus, v (a) > 1 and v (b) > 1
and necessarily, w is dicritical along the exceptional divisor of one blowing-
up. As before, any 1-form of multiplicity (54 would be dicritical along the

2
exceptional divisor of the blowing-up of its singularity, which is impossible.

This completes the proof of the first part of Theorem 1, and thus for S generic, we
prove that

(4.5) weglli(nsd)”(w) _ |:Z/(Sd):| _
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4.4. Step 4: existence of a balanced basis.
Let us prove now the existence of balanced basis for Q! (Sy).

Let us suppose first that v (S;) is even. Consider a basis {wi,wa} of Q! (Sy).
According to (4.5) there are some 1-forms with multiplicity @ in Q! (S,;). Hence,

at least one of the forms in the basis, say wy, has a multiplicity equal to @ The
v(Sa)
2

multiplicity of ws is greater or equal to . If it is equal, then the basis is balanced.
If not, {wy,w; + wo} is still a basis and is balanced.

Suppose now that v (Sy) is odd. If the direction of Sy is empty or contains one
component, let us consider S = Sq U L where L is a smooth curve transverse to
the direction of Sy. Since the multiplicity of S is even, according to the previous

case, the module Q! (S) admits a balanced basis. Therefore there exists a couple
a 1—forms {w;,ws} of multiplicity % such that

w1 Awe = ulfdz A dy, u (0) # 0.
where [ is an irreducible equation of L and f a reduced equation of S;. Now,

according to (4.5), there exists w tangent to Sy such that v (W) = % The

1-form I@ is tangent to S. Hence, there exist two germs of functions a; and ay such
that

W = aq1w1 + asws.
The functions a; and as cannot both vanish. Suppose by symmetry that a; does
not vanish, then {lw,ws} is a basis of Q! (5‘) .Thus
lw A wy =vlfdz Ady, v (0) #£ 0.
Dividing by [ the above expression leads to the criterion of Saito for the balanced

basis {@,wa} of Q! (Sy).

If the direction of S; contains two components L, and L, then let us consider
S = S U L;. The module Q! (5) admits a balanced basis {wy,ws} with v (wy) =

v(we) = [V(QS)} = % Now, there exists w in Q' (Sy) with v (w) = {@} =

%. Since @ is also tangent to S U Ly, there exist two functions a; and ag such

that
W = a1wi + asw2.
The functions a; and as cannot both vanish so we can suppose that a; (0) # 0.
The family {@w,ws} is still a basis of Q' (5) that satisfies
W Aws =wflidz A dy, w (0) # 0.
Thus, multiplying by Is leads to
W A laws = wflilodx A dy, w(0) #0

and {w, lowsy} is a balanced basis of Q! (S).

This ends the proof of Theorem 1.
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