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NUMBER OF MODULI FOR A UNION OF SMOOTH CURVES
IN (C2,0).

YOHANN GENZMER

ABsTrACT. In this article, we provide an algorithm to compute the number
of moduli of a germ of curve which is a union of germs of smooth curves in the
complex plane.

INTRODUCTION

The problem of the determination of the number of moduli of a germ of complex
plane curve was addressed by Oscar Zariski in his famous notes [15], where he
focused on the case of a curve with only one irreducible component. The number of
moduli refers to the number of analytical invariants that remain once the topological
class of S is given. The topological classification of an irreducible curve S is well
known and relies on a semi-group of integers extensively studied by Zariski himself
in the 70s. However, at this time, even in the case of an irreducible curve, the
analytical classification was a widely open question. Since then, a lot of progress
has been made, and, up to our knowledge, the initial question can be considered
as mostly solved by the combination of the works of A. Hefez and M. Hernandes
[7, 8, 9] and these of the author [5] : the firsts provided a family of algorithms that
describes a sharp stratification of the moduli space of S, the second a formula to
compute the dimension of its generic stratum, and thus the number of moduli of S.

In this article, we propose to go beyond the irreducible case and to study the case
of a union of smooth curves, one of the simplest situation once the irreducibility
hypothesis is dropped. To do so, we follow some methods introduced in [5]: from
the study the module of vector fields tangent to a curve S, which we refer to as
the Saito module of S, we propose an algorithm to compute the number of moduli
of S that can be easily implemented. The associated algorithm is built upon the
desingularization process of S, for which we have already at our disposal, some
classical and available routines on many symbolic computation softwares.
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1. NOTATION

Let S be a germ of curve in the complex plane. According to [14], there exists a
minimal process of desingularization E that consists in a sequence of elementary
blowing-ups of points. We denote it by

E=FEioByo0---0Ey: (C?D) - (C%0).

1
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Here, D = E~1(0) is the exceptional divisor of E and C2 stands for the germ of non
singular neighborhood of D obtained from the successive blowing-ups over (CZ,0).
The strict transform of S by any process of blowing-ups F' will be referred to as
F*S. The decomposition of D in irreducible components is written

N
D:Um
=1

where D; is the exceptional divisor of the elementary blowing-up E;.
Let {to,...,tp} C Dy be the tangency locus between ETS and D;. For any k =

2,...,M, Sy stands for the germ of the curve E7S at t. Doing inductively the
same construction for each curve S, we finally obtain a family of curves

(Sk)kzz,...,N )
whose numbering is chosen so that Ej is the blowing-up centered at the tangency
locus between S and the exceptional divisor. By extension, we set S; = S. For
k=2,..., M the desingularization of the curve S;UD; is a composition of blowing-
ups that we denote
k. mk k
EYoEj0---0ER,.

Each E]k is a certain elementary blowing-up E,« ;) appearing in the decomposition
of the initial process E. This correspondence defines an injective map o*,

of{1,...,Ny} = {2,...,N}.
Notice that by construction, for any k = 2,..., M, ¢* (1) = k and the images

(I (0%) s, s

provide a partition of the set {2,...,N}.

Subsequently, the notation v () will stand for the standard valuation of the object
0:

o if S is a germ of curve, then v (S) = v (f) is the algebraic multiplicity of
any reduced local equation f =0 of S.
o if X is a germ of vector field written in some coordinates X = ad, + b9,
then
v(X)=min (v (a),v(b)).

If any confusion is possible, we will precise the point p where the valuation is
evaluated. The associated notation will be v, (O).

Since E*S is smooth and transverse to the exceptional divisor, one can consider for
any component Dy, the number nf of components of E*S attached to Dy.

We say that D; is in the neighborhood of Dy, if i # k and D; N Dy, # (). The set of all
indexes ¢ € {1,..., N} such that D; is in the neighborhood of Dy will be denoted
by M (k).

For i > 2, the component D, is the blowing-up of a point which belongs to, either
a single component D; or to a couple of components D; and Dj. The associated
set of indexes {j} or {7, k} is called the set of parents of D; and will be denoted by
B (7). By extension, we set P (1) = (). Notice that for any ¢ = 2,..., M, one has

P (i) = {1}
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Finally, we introduce the following notation : for n € N and a,b € R
a | a ifniseven;
b | b ifnisodd.

n
2. TOPOLOGICAL CLASS OF S AND NUMBER OF MODULL.

We recall the prozimity matriz of S as defined in [13, p. 52].

Definition 1. The proximity matrix of S is the N x N matrix P° whose entries
are

1 ifi=jy
(P%),, = —-1 ifieP())
’ 0 otherwise

Given the numbering of the components of the exceptional divisor, the matrix P*
is an upper triangular matrix.

The data of P (or of the topological type of E) and the integers (nf)kzl N

characterize the topological class of S. More precisely, following [14], two curves S
and S’ are topologically equivalent if and only if there exists a permutation ¢ of
{1,..., N} such that

. s’ _ pS
Vi,j <N, Pioye) = B
and
: s _ .S
Vi < N, Mgy = N -
Now, if S is a union of K smooth germs of curves then .S admits a reduced equation
of the form

fifer o frk =0

where fx is a germ of analytic function with a non trivial linear part :
fi= 1+ e+ £+ 02?4 ey o+
with f7° = 0 and fJ' # 0 or f;° # 0. Being in a fixed topological class translates
into a finite set of algebraic conditions depending on a finite number of complex
K

variables fF!. Thus, there exists a complex constructible subset' X (S) C (CNQ)
and a surjective map

¥ (S) — Top (9)
where Top (5) stands for the set of germs of curves topologically equivalent to S.
A property is going to be said true for a generic curve in its topological class if it
is true for the image of a Zariski open set in X (S) , i.e, the intersection of X (5)
with the complementary of the zero locus of a finite list of polynomial functions on

K

((CN2> . In the present article, most of the results will assume that the curve S

s generic in its topological class, implying that the stated results will be true only
for a curve generic in its topological class.

When S is irreducible, Ebey [3] constructed a non Hausdorff complex structure on
the moduli space of S, that is the standard quotient of Top (S) up to analytical

K
lHere, complex constructible subset means a subset of ((CN2> that is a finite union of finite

intersections of sets of the form {Q = 0 and R # 0} where @ and R are polynomial functions.
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equivalence relation. This quotient happens to be the quotient of a complex con-
structible set of finite dimension by the action of a connected solvable algebraic
group. By definition, the generic dimension of this quotient is the number of mod-
wli of S. The extension of this construction to the general non irreducible case is a
work in progress. However, even in the general case, one can still give a suitable
definition of the number of moduli by a local approach : a curve S being generic
in its topological class, one can consider a miniversal deformation of S [15], i.e, a
commutative diagramm

(5,0) —— (%,0)

| |

{0} —— (C*,0)

through which factorizes any germ of deformation of (S,0). In the parameter space
(C%,0), there is a smooth stratum along which the topological type is constant and
equal to the one of S. The dimension of this stratum is by definition the number
of moduli of S. In the last section of this article, we will mention a cohomological
description of the tangent space to this stratum due to Mattei [11], upon which our
computation is based.

3. SAITO VECTOR FIELD.

In this section, S is any germ of curve - not necessarly a union of smooth curves.

3.1. Definition of a Saito vector field for a curve. Let Der (S) be the set of
germs of vector fields X tangent to S, i.e., such that for a reduced equation f of S,
one has

X-fe(f).
According to [12], Der (S) is a free Oy—module of rank 2 and any basis {X1, X2}
of Der (S) will be said a Saito basis for S. The number of Saito of S is

5(9) = Xergie?(s) v(X)=min (v (X1),v(X2)).

A vector field X € Der (S) is said to be optimal for S if
v(X)=s(9).

If E is any process of blowing-up, we denote by X ¥ the divided pull-back vector field
of X by E. It is a family a vector field parametrized by the point of the exceptional
divisor : for any ¢ € D, (X¥)_is written 2% (or —2—) where Y projects onto X
with respect to F and u® is the maximal power of u that divides Y, where u ( or
uv = 0 ) is a local equation of D at c. An alternative way to construct X% is the
following : the vector field X induces a saturated foliation F at the origin of C2.
The foliation F can be pulled-back by E in E*F which defines a saturated foliation
in the neighborhood of D. The vector field (X*) _is any generator of the latter at

C.

The vector field X is said to be dicritical if X1 is generically transversal to the
exceptional divisor D;.

Below, we recall some material established in [4].
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Theorem 2. Let S be a curve generic in its topological class. Then there exists a
Saito basis {X1, X2} for S with one of the following forms
e if v (S) is even
(&) - v(X1)=v(Xy) = @, X1 and Xy are non dicritical.
(€q) ;v (X1)=v(Xy) —1= @ —1, Xy and Xy are dicritical.
e if v (S) is odd
O) :v(X1)=v(Xe)—1= %, X1 and Xy are non dicritical.
(Oq) - v(Xy) =v(Xg) = %, X1 and Xy are dicritical.

In particular, the Saito number of S is equal to

v(S 1-A
O
2
v(S)
where A — { 1 if S is of type (D) or (€) .
0 else

The curve S being of type (€4) or (Dq), there exists a basis of the following form

(&) :v(X1)=v(Xe)—2= @ — 1, Xy is dicritical but not X.

O) :v(X)=v(Xy)—1= %, X is dicritical but not Xs.

if and only if S has no free point - see below.

By definition, the tangency locus Tan (E7S, Dy) is the set of points
{ta,...,tm} C Dy.

Since Xfl leaves invariant E7S, the locus of tangency Tan (XFI,D;L) between the
vector field X' and D; contains Tan (SE*, Dy). Following [4], we recall that S is
said to have no free point if and only if

Tan(XlEl,Dl) = Tan (SEI,Dl) .
The number of free points is, by definition, the number of elements of the difference

Tan (X1E1 , Dl) \ Tan (¥, Dy) .

The number of free points depends only on the topological type of S. In Table 1, we
present an example of curve for each type of Saito bases. In this table, the notation
f#f stands for the vector field
Oz fOy — Oy fO,

obviously tangent to f = 0.

A basis of the Saito module of S is said to be adapted if it has one of the first four
types described in Theorem 2. An adapted basis behaves well with respect to the
blowing-up : indeed, in any case, if {X;, X2} is an adapted basis for S then for any

¢ € D1, the family
), (58), }
(), (),

is a Saito basis for (E}S), or (ETSU D), depending on the type of the basis.
Notice that this property does not hold for any Saito basis and that the basis above
may not be adapted.
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S f== f=2y f=zy(@+y) f=ay@®-1y?)
v (S) 1 2 3 4

X17 X2 Oz, m61,/ 20q, yay 20y +y6yv gf 20y “Fyayv if
v(X1), v(Xa) 0, 1 1, 1 1, 2 1, 3
Type () (® (9%) (€3)

S f=ay(@® -y’ +--) f=ay(@®—y®)@+2y+ - )(@+3y+---
v(S) 5 6
X1, X» z (20 + yOy) + - - (z+ 22y) (202 + y0y) + - - -

Y (x0x +y0y) + - - -

z” (x0g + yOy) + - - -

2, 2

2, 3

(D4) - 1 free point

(&4) - 1 free point

TABLE 1. Examples of different types of Saito bases.

For the sake of simplicity, we will say that S is of class 1 if S admits a Saito basis
{X1, X5} of type (€) or (Dg4). Otherwise, we will say that .S is of class 2. The main
difference between the two classes is that the vector fields of an adapted basis for
a curve of class 1 share the same valuations, whereas they are different for a curve
of class 2.

To keep track of the type of the successive blowing-ups of the curve S, we introduce
the notion of relative strict transform of S.

Definition 3. The relative strict transform of S by E, denoted by S¥, is the
following union of curves
sP=psu  |J D
ieJc{1,...,.N}

where J is inductively defined as follows :

i€ J <= SiUU,ep(iynsD; is of type (€) or (D).

A branch of the process F is a sequence of integers (i1, - - - ,4;) such that the blowing-
up Ej, is centered at a point ¢, which belongs to exceptional divisor of E We
will denote by E**>® the composition

Bt = E;, oFE;
a

Tp—1°
apr O 0 By

Finally, we are able to introduce the main object of interest here.

Definition 4. A germ of vector field is said to be Saito for S if for any branch
(1,--- k) of E and k < N, the vector field XE" g optimal for SEVE,

In other words, a vector field is said Saito for S if it is optimal for S and if this
property propagates all along the process of desingularization of S.
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&+ foy? 40 =0 Y+ fiad =0

Do D,
FIGURE 3.1. Topology of the leaves of the vector field (X; + X2)E

The definition be given, there is apparently no reason for such a vector field to exist
in general. However, we will see that this is actually the case for unions of germs
of smooth curves generic in their topological class.?

Example 5. Let us consider the curve S defined by
S={f=z(z+ foy’+-)y(y+ fra>+---) =0}.

with fo # 0 and f; # 0. The two latter constructible conditions and the form of
the function f fix the topological type of S. The dots in the above expression stand
for higher order terms. It can be checked that S is of type (&) and that

X, = 229, + 2xy0y + -

Xy = 22y0, + y*0y + - -
is an adapted basis. In particular, the Saito number of S is

5(5) =2.
Moreover, for « € C\ {0}, after one blowing-up, X; + aX> is given, in the chart
(z,t) for which
Eq (z,t) = (z,tx)
by
(X1 +aXo) =22t +a)0, +t(—t+a)d + -

which, at (x,t) = (0,0) — the singular point of Sy - is of multiplicity 1 and tangent
to the radial vector field at order 1. In the other chart, the same occurs for the
singular point of S3. Therefore, X; + aXs is Saito for S. Notice that, the vector
field (X1 4+ aX5)™" admits an other singular point whose coordinates are (0, ) in
the coordinates of the chart above. At (0,c«), the linear part is not trivial and
has two non vanishing eigenvalues whose quotient is not a non negative rational
number. In particular, according to [2], X; + X2 admits a smooth invariant curve

that is neither contained in S nor tangent to a component of S. Finally, although
X is optimal for S, X; is not Saito for S since the vector field XlE1 is written

XEr = 24t0, — 120, + - --
and its multiplicity is 2 at (0,0) and thus not optimal for Sy U D;.

2We conjecture that such vector field exists for any curve S generic in its topological class.
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3.2. Numerical properties of a Saito vector field. Let us investigate the topo-
logical properties of a Saito vector field.

First, let us recall some results from [10].

Let 9 be the sheaf generated by the global functions h o E with h € 05 and
h (0) =0. It is a simple matter to get the following decomposition of sheaves

N
M=0 (— Z,OZEDz)
i1

where the integers pZ are known as the multiplicities of D. The number p¥ is also
the multiplicity of a curve whose strict transform by F is smooth and attached to
a regular point of D;.

The valence val (D;) of D; is the number of components D attached to D, i.e, the
cardinal of 91 (7) . The integer valx (D;) refers to the non-dicritical valence of D; with
respect to the vector field X, which is the number of X ¥ —invariant components of
D that are in the neighborhood of D;.

The following definitions are proposed in [10].
Definition 6. Let X be a germ of vector field at p given by
X =a(z,y)0: +b(x,y)0,

(1) Let (S,p) be a germ of smooth invariant curve. If, in some coordinates, S
is the curve {z =0} and p the point (0,0), then the integer v (b(0,y)) is
called the indice of X at p with respect to S and it is denoted by

Ind (X, S,p).

(2) Let (S,p) be a germ of smooth non-invariant curve. If, in some coordinates,
S is the curve {z = 0} and p the point (0,0), then the integer v (a (0,y)) is
called the tangency order of X with respect to S and it is denoted by

Tan (X, S,p).

The equality below is proved in [10] and specializes to a classical result of [1] if X
leaves invariant D.
Proposition 7. The multiplicity of X satisfies the equality

N

v(X)+1=>) pfe (X,E)
=1

where
(1) if D; is invariant by X,
€ (X, E) = —valx (D;) + »_ Ind (X D, c);
ceD;
(2) if D; is non invariant by X,

¢ (X,E) =2—valy (D;) + Y _ Tan (X D;,c).
ceD;
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Beyond the integers ¢; (X, E)) which describe partially the topology of the vector
field X, we will introduce additional numerical invariants to control its topology.
Besides, when X is Saito for S, we will establish a relation between the latter and
the integers €; (X, E).

The curve S be given, let A5 = (AY)
by 62 the integer

. N
i=1..N be any element in {0,1}" . Denote

o, = card {i € P (k)| A7 =1}.
We consider the following vector of integers
t

6% =

V(Sk)—51§+ { Alf

2 2

V(Sk)_éf k=1,....N

Below, Theorem 8 will provide some geometric interpretations of the invariants
above : actually, Ay = 1 will indicate that the vector field X leaves invariant the
component Dy, and thus, 5;? will be the number of X ¥ —invariant parents of D, in
the process E. In particular, for any k, 67 € {0,1,2}.
We introduce the system of equations (%*) whose unknown variables are the vectors
s
€1

£5=| : | eNVand AS = (AF),_, | defined by

. 1 5o
s
€N

(H%) . (P9) ' €% = &5

A solution (ES,AS) is admissible if it satisfies the compatibility conditions : for
any k=1,...,N

AP =1 = ¢ >ny
3.1 *) k bk
(3.1) (*) {Agzo . GEEQ—Ziem(k)AiS
From Proposition 7, it can be seen that the compatibility conditions are necessary
so that a solution of (%) is induced by the numerical data (¢; (X, E)),_, n-
Actually, as a consequence of Proposition 7, a Saito vector field for S provides an
admissible solution to the system (’HS) .
Theorem 8. If X is a Saito vector field for S then setting

s
&7 = (& (X, E))izl,...,N

and AS = (Af)izl y Such that

AS _ 1 if D; is invariant by X
v 0 else

yields an admissible solution (55, AS) of (HS) .

Proof. For k = 1,...,N, let E’ be the intermediate process of blowing-ups that
leads to Sy, and E* such that

E =E'o EF.
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Let us denote by p the point of attachment of Sy to the exceptional divisor of E’.

The vector field XZ* being optimal for (SE/> , we have
P

N

32w (XF) 1= Yo (3B = ((57) ) 41

i=k

(7))

Now, it can be seen that for ¢ # k
N (XE/, E’“) = ¢ (X, B)
and that
. (XEE’“) — e (X, E) + 5.

Since p£" =1 and v ((SE/) ) = v (Sk) + d7, the relation (3.2) is written

p
N _ 55 s
> o) =M L |
i=k 2

V(Sk)féf

Now following [13], the matrix defined by

Ek‘
(Pi ) )
N>i>k>1

is an upper triangular invertible matrix and its inverse is the proximity matrix P*.
Thus, the vectors £° and A® as defined in the statement provide a solution to the
system (H°) . Moreover, if A7 =0, then

en(X,E) =2+ Y AY=e(X,E) -2+ valx (Dy)
ien(k)

Z Tan (X*, Dy, c) >0
ceDy,

and if Af =1 then

€L (X,E)

—val x (Dk) + Z Ind (XE’D],C,C)
ceDy,

_ Z AS + Z Ind (X*, Dy, c)
ieN(k) c=DyND;, ieN(k)

+ > Ind (X%, Dy, c)
c#£DND;, i€N(k)

It can be seen that if A = 1 then Ind (XE, Dy, D N Di) > 1. Moreover, for any
regular component of S¥ attached to Dy, at ¢, one has

Ind (X", Dy,c) > 1.
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Thus,
> Ind (X%, Dy, c) > nf.
c#DyND;, i€N(k)
Finally, we are led to
er (X, E) >ny.
Therefore, the solution (£, A%) is admissible. O

If we restrict ourselves to the case where S is a union of germs of smooth curves,
we can prove that an admissible solution exists and is unique. We postpone the
proof of the proposition below in a final appendix.

Proposition 9. If S is a union of germs of smooth curves, then there exists a
unique choice of A° such that the associated solution of (’HS) is admissible.

Example 10. The proximity matrix of Example (5) is

1 -1 -1
P°=(0 1 0
0 0 1

and one has
v(S1) =4, v(Sy) =2,v(S3) =2, nf =0, ny =2, n =2.
In addition, we have
ele, 652659:1 Ale, Anggz ,

as illustrated in Figure (3.1). Thus, we obtain that 67 = 0, 65 = §5 = 1. Finally,
one can check that

) 111 1 3 041
(P eS=10 10 1 ]l=|1]= %Jr% =6°
001 1 1 3

3.3. Existence of a Saito vector field. Below, we establish the existence of a
Saito vector field for a union of germs of smooth curves.

Theorem 11. Let S be a union of smooth germs of curves. Suppose that S is
generic in its topological class. Then

(1) there exists a vector field X Saito for S.
(2) there exists I a germ of smooth curve such that S Ul has no Saito basis of

type (€}) .

The proof of Theorem 11 relies deeply on the form of a Saito basis for S whose
description is given in Theorem 2 : this description can be only made in a suitable
way for a curve generic in its topological class.

Proof. The proof is by induction on the maximal length of a branch in the desin-
gularization of S.

If this length is zero, then S is a smooth curve. In some coordinates (x,y) such
that S = {z = 0}, the vector field X = 9, is Saito for S. Moreover, if [ is the line
{y = 0}, then the family {z0,,y0,} is an adapted basis for S which is not of type

(€3)
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We suppose now that the maximal length of a branch in the desingularization of S
is strictly positive. Let us consider {X;, X2} an adapted basis for S and

(17 7p0ap0+17"' 7p17p1+17'“)

a branch of F such that for each k, the curve (SELPKI) is of type 2 whereas in
Cpy,

the open interval of integers |py, pr+1[, it is of type 1 :

Cl < S Cpy—1 S Cpy £ Cpy41 S ="+ = Cp—1 < Cp; < Cpg1 < .
1 1 2 1 1 2 1

Notice that the index py may be equal to 1, so that, the first curve S is of class 2.
Hence, the above description of a branch covers actually the general case.

Any family {XlEl’k,Xfl’k} for k < pg — 1 is a Saito basis for (SEM) : indeed,

Ck+1

the curve (SEM) being of class 1 for k < py—2, the Saito basis {XlEl’k,XQEI’k}
Ck+1

is also adapted. Considering a convenient combination of X; and X5, we can
suppose that in the basis {XlEl'pO_l,XQELPO_1 }, one has

(33) cho (XlElwpo—1> < cho ()(2E1,p071>7

and XE""7" ig optimal for (SELPO*I) . Since, the latter is a curve of class 2,
Cpo

there exists ¢ € C such that

Elpo-1 Elpo-1 Elpo-1
Ve, (X1 ) <., | X4 + X!

X2

making of the basis {XlEl’pOfl,Xg} an adapted basis for (SEl’p071> . Keeping
Cpo

on blowing-up along the branch until the point c,,, we get a succession of adapted

bases. Now, at the point ¢,, , we have to prove that the vector field X2 satisfies

the inequality
(3.4) Ve, (Xfuq—l) < Ve, (XQEpo,mfl)-

Indeed, if the above inequality does not hold then there is no hope to obtain a vector

field Y which satisfies both inequalities (3.3) and (3.4), which means optimal for

both curves (SELPO*I) and (SEL“*I) . However, we can establish the lemma
Cp, Cp

below adapted to a bran(::h along which thé successives blown-up curves have the

following type

Cpy €= Cpo+1 < Cpo42 < =+ + < Cpy—1 < Cpy-
2 1 1 1 2

Lemma 12. There exists a vector field Y optimal for (SEl’prl) such that

Cpg

YE™ P s optimal for (SEl’prl>

Cpy
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Proof. Applying inductively the property (2) of Theorem 11 to (SEMI*I) yields

C.
a germ of smooth curve [ such that .
(sup®"™)
. . Elpo—1 . Ebro—1 .
is not of type (€/). Since (S ) is of class 2 then ((S ul) ) is of
Cpg Cpo

classe 1. Let us consider an adapted basis {Y7,Ys} for ((SU Z)Elmo_l> . Since
the latter is of class 1, one has "

Veyo (Y1) = Ve, (Y2).

The vector fields Y; and Y» leave invariant the smooth curve I£ """ Thus there
exists a germ of analytic function ¢ such that the vector field

Y1 - ¢Ys

can be divided by a reduced equation L of the curve B According to the
criterion of Saito [12], {Y7,Y2} being a Saito basis for SZ ™" the vector fields Y;
and Y5> satisfy

det (Y1, Y2) = uF.

where v is a unity and F' is a local equation of SETOT Therefore, one has

Y, — ¢Ys _F
o (5% 2 <

and, still following the criterion of Saito, the curve (SEl’pofl) admits the family

Cpg
~ Y1 — Y-
{:)/i = “1“ji§é‘j%a 5{51}

as Saito basis. Notice that Ys is still tangent to (2™ and that
Vepo (fﬁ) < Ve, (Y2).
In particular, Y; is optimal for SEVPT Now suppose that
Ve, (ylEm,m—l) >, (YQEPo‘p1—1> ey
Then, multiplying by LE”"" ™" leads to
(3.5) Ve, (LE”"’l‘l?lE"‘“”‘l) > v, (YQEO‘) 42
since v, (LEPO'M_1> = 1. The family

{LEP(J-,Pl—l)"/EPOvPl_l YEP0~P1—1}
1 » 42

is a Saito basis for ((S U Z)Elyplil) . However, the inequality (3.5) implies that
Cpy
the latter curve is of type (&), which is a contradiction with the choice of I.

Therefore, one has
o pPo,P1—1 EP0=P1*1
Ve, (V1) < v, ()

and Y; satisfies the lemma. O



NUMBER OF MODULI FOR A UNION OF SMOOTH CURVES IN (CZ,O). 14

The property established in the lemma is also satisfied by X{fl’ptl since one can
write o ~
XET —ay, 4+ bY,

where a, b € O, with a a unity. Thus, XZ ™ is optimal for (SEl'prl) and,
Cpy
repeating the arguments along the whole branch, we can see that the optimality

property propagates.
Finally, for any branch B, we consider a vector field Xp optimal along the branch
B and a generic combination of the form

Z aBXB, ap € C
The latter is a Saito vector field for S, which finishes the proof of property (1).

Now, let us prove the second statement of Theorem 11. The vector field X; being
Saito, Theorem 8 ensures that his topological data provide an admissible solution
of the system (H¥). Since S is a union of smooth curves, for any i =2,..., M,

67 =AY,

In particular, the following relation holds

nf | AS M1 X as

(3.6) ef:;—i—{ R Af—kZJ o
V1 T y—AS

Suppose that v (S7) is even, then for any smooth curve [, the valuation v (S; Ul)
is odd, thus S U cannot be of type (€/) . Hence, we may suppose v (S1) odd. If §
is of type (94) then for any generic smooth curve S U is of type (&;) and not of
type (€)). If S is of type (O) then S U is of type (€). Thus, we can also suppose
that S is of type (D). It remains a couple of cases to investigate

Case 1. n7{ > 0. Let I; be some irreducible component of S such that I¥ is

attached to D;. Let [ be any germ of smooth curve such that [Z and I1*
are transverse but attached to the same point of D;. Notice that S and
S UI are not in the same topological class, but both can be supposed as
generic as necessary in their own topological class. We assert that S U1
cannot be of type (¢). Indeed, if it was so, then the multiplicity of its
Saito vector field X7 would be equal to
v(Sy)+1 171/(51)—1
2 B 2
which is exactly the multiplicity of a Saito vector field for S. However,
one can obtain the topology of X! from the one of X; provided that
S is of type (9/) and S U is of type (€]). As depicted in Figure 3.2
it consists in replacing the invariant smooth curve [; by two tangent
smooth curves [ and [; that are transverse after the first blowing-up. In
the process, it can be seen that the valuation of the associated vector
field increases by one, which contradicts the equality (3.7).
Case 2. ny = 0. Since S is of type (), it follows from [4] that one has

M
esz—ZAf.
k=2

(3.7) v (X7 = = v (X))
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F1cURE 3.2. Topology of the Saito vector fields of S and S U .

Combining with the relation (3.6) yields

M
(3.8) Z{AEO_ :g.

1
k=2 2
v

Let us consider [ a generic germ of smooth curve such that /! is attached
to Sz and suppose that SUI is of type (€;). Applying the same arguments
as above leads to

Elart s Lty
ASUlfé AgUlf .

k=3 Vi va+1

Since [ is attached to Ss, the curve S U1 satisfies
Vk #2, (SUl), = Sk.

Now Proposition 8 ensures the unicity of the family of integer (Af ),
which provides a compatible solution to (HS ) . Therefore, for any k # 2,
one has
AR =AY
Combining the two relations above yields
0 1 0
AFY — 2 [ AF-

1
2
va+1 12}

1
2

In particular, if vy is odd, then A5 = 0. Thus, if for any generic germ of
smooth curve [ such that %1 is attached to S; for i = 2,...,k, the curve
S Ul is of type (€)), then we have the following alternative : either v; is
even or A? = 0. But the latter contradicts (3.8).

O

4. NUMBER OF MODULI OF S.

According to [11], if S is any curve generic in its topological class, its number of
moduli, denoted by M¥, is equal to
M® = dim¢ H' (D, Xsp)

where Xg is the sheaf of germs of vector fields on c2 tangent to the total transform
E~1(S) of S by E. Indeed, the first group of cohomology of the sheaf Xg|,, can be
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identified as the tangent space to the space of parameters of any miniversal deforma-
tion of S. This dimension can be inductively computed along the desingularization
of S following the result below.

Theorem ([5]). For any germ of curve S, the number of moduli M® is written
M
s _ 3 1 1 SxUD
M5 = dime H (Dl, xs\Dl) + 3 Mk
k=2
where XY is the sheaf of germs of vector fields on the total space of Ey tangent to

the total transform E;* (S).

This theorem is the one upon which our whole strategy is based.
Following [4] and setting

o (8) = dime H' (Dy, x4, ).

one has : if S is generic in its topological class then

w(S)=2) (v (S) —4) if S is of type (€)
(v (5)4— 3)% if S is of type (O)
(41) o(9)=¢ (v (9)— 2)4(1/ -9 . S+ iAf if S is of type (&)
(v (5)4 9" 5, ¢S + kZALAg if S is of type (D)

Thus the expression of o (S) depends firstly, on the type of the curve .S, secondly,
on some topological data associated to S and its Saito vector field. When S is a
union of germs of smooth curves, these data can be obtained from an admissible
solution of (HS ) since Proposition 5 and Theorem 8 assert that this solution is
unique and given precisely by the topological data of a Saito foliation for S.

The formula (4.1) recovers the number of moduli computed by Granger for the
curve X, : 2™ +y"™ = 0 in [6], n > 2. Indeed, this curve is desingularized by one
blowing-up and it can be seen that for n > 5, it is of type (€4) or (Dg4) with
S { .
2

n

Therefore, one has

(n—2)2 £ i
ME" — 0 » _ 1 1I N 1S even
(2n) { (D=3 it s 0dd

which is in accordance with the results of Granger.

Algorithm 1 computes an admissible solution of (’HS ) The proof of Algorithm 1
is given in Appendix. Algorithm 2 computes the number of moduli of S.
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Algorithm 1 Algorithm to compute an admissible solution of (H%).

INPUT : P%, (n?, -+ ,n%)

IF PS=(1):
IF nf =1: RETURN (1,1).
IF n5 =2 : RETURN (2,1).

IF n§ >3 : RETURN §+{

Nl O
o

3

IF P% # (1) :
FORk=2,...,M :
Extract from P° the proximity matrix of P°%.
Apply Algorithm 1 to the input

S S S
(P k7<n(,}lz(1)7"' 7”02(1\%)))

to get a family of admissible solutions {(SS’C , AS’“) }k:2 Y
SET
0 ifk=1
Af’o = { S . i/ -
A7 ifk=c"(j).
and the associated vector &,
Apply Algorithm 1 to the input

Sk (5K conk
(P 9 (no'k(l) + 17 ’ndk(Nk)>)
to get a family of admissible solutions {(é'skUDl , AS’“UDl)}kZQ v
SET o

ast_ L ifk=1
T AT ifk=0t(h).

and the associated vector &!.

RETURN : Exactly one solution of (7—{,5) defined by ((PS)_1 &0, AS’O) and

((P$)7" &%, 251} is admissible.

Algorithm 2 Algorithm to compute the number of moduli of S.

INPUT : P%, (nf, - ,n%)

IF P =(1):
nf72)2 . S .
RETURN : 1 : if ny is even
’ nd— ny? —
w if nf is odd
IF PS £ (1) :

Compute an admissible solution for (HS) by Algorithm 1.

Determine the type of the curve S and the values of €7 and (Af)k:le .

Compute o (S).
FOR k=2,..., M:
Compute inductively the number M%+YP1,

RETURN : M® = ¢ (S) + 224:2 MSEUD1
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S1 S2 U Dy S3 U Do

Type (€a) (D4q) (D4q)

Saito Picture m i ’ z ' ;:

1 -1 0
s - 1 -1
, (géll>(01) ”

v (Sk) 10, 6, 4 7, 4 5
ns 4, 2, 4 3, 4 5
A7 (0,1,0) (0,0) (0)
67 (0,0,1) (0,0) (0)

()
es (%)

o (9) 13 4 2

TABLE 2. Number of moduli of Sy 4.

Example 13. Let us consider the curve Sy 2 4 defined by the proximity matrix

1 -1 0
pSizi=10 1 -1
0 0 1

and the integers n{ = 4, n§ =2, n§ = 4. The curve Sy 24 is topologically equiva-
lent to the one given in some coordinates (z,y) by

y(y+ ) (y+22) (y + 3z) x - -
T (a: + y2) X oo
(z—9) (=1 +9°) (e —* +2°) (e —y* +35°) =0
Then we get the data summarized in Table 2. Therefore, the number of moduli of

S4,2.4 is equal to 13 +4 4+ 2 =19.

We implemented, among other procedures, the Algorithm 1 and Algorithm 2 on
Sage 9.* to compute the number of moduli. See the routine Courbes.Planes follow-
ing the link

https://perso.math.univ-toulouse.fr /genzmer/
5. APPENDIX

Once a proximity matrix P° and a family of integers (n{,---,ny) are given, one
can choose an arbitrary vector A%, compute the associated integers 5,? and obtain
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the vector &°. Then, the invertible system (H%)
-1
(H®): (P%) &% =¢"

provides a unique corresponding solution £°. However, there is no reason for this
solution (5 S AS ) to be admissible. Nevertheless, we will prove that for any union
of germs of smooth curves - not necessarly generic in its topological class - we have
the following proposition.

Proposition. If S is a union of germs of smooth curves, there exists a unique
choice of A° such that the associated solution of (HS) is admissible.

To prove the above proposition, first, let us establish a lemma that describes the
behaviour of the system (H%*) when one goes from S to S U [ where [ is somehow
a generic smooth curve.

Lemma 14. Let [ be a smooth curve such that the strict transform E71 is attached
at D1 at no point of attachment of any component of ETS.

o If there exists A® with A7 = 0, such that the solution of (HS) s admissible,
then the same AS provides an admissible solution for the system ("HSUZ).

o If v (9) is odd and there exists A° with A7 = 1, such that the solution of
(’HS) is admissible, then the same AS provides an admissible solution for
the system (H5Y').

Proof. The lemma above can be seen on the behaviour of the system (HS ) when

ny is increased by 1 : indeed the hypothesis on [ ensures that E is still the desin-

gularization process of S Ul and that

nyU =nf +1
ngt = ny Vk #1

Since S is a union of smooth curves, its proximity matrix P is written

S (1_1 _10...0>
P- = . . .

with the number —1 repeated M times on the first line. Therefore, one can expand
the expression of €7 as below

M

(5.1) e = 7’/(51)2_515 L] A -> 71/(5’“;_5’? + { Ak
v(s1)—ss =2 v(Sk)—63

By construction, 07 = 0. Now, if A{ = 0, since the solution (€%, A%) is admissible,
one has €§ > 2 — Zf\iQ A?. If ny is increased by one, it does not affect v (Sy,) for
k > 2 but it changes v (S7) into v (S1) + 1. However, if v (S7) is even then

S1uUl S
v(&UD { 0 :”(ﬂjﬁ 0
2 3 2 2
v(S1U1) v(S1)

+1
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and if v (S7) is odd then
Sp Ul S
v (S )Jr{(l) V(1)+{(1)
2

v(S1U1) v(S1)

Thus setting ¢! = ¢] or €] + 1 depending on v (S1) being odd or even and

APVL =AY i=1,...,N
eSV=ed  i#1

yields an admissible solution of the system (H5Y').
Now, if v/ (S;) is odd and Af = 1, then one has

M

v(Sy)+1 v (Sk) — 07 AY
T D 7 * Y
e V()55
and €7 > ny. The multiplicity v (S;) being odd, one has
Sy Ul 1 S 1
visiulh . _vS)FL
2 3 2
V(SlUl)
Thus setting ;! = 7 + 1 yields an admissible solution of the system for SUI since

§9 = § 11> 05 +1=nSU.

O

Proof of the proposition. The proof is by induction on the length of the desingular-
ization of S. First, let us prove the proposition for a curve S desingularized after
one blowing-up. The system (H°) reduces to the sole equation

v (S1) Alf

(5.2) ;= —5+ {

2
v(S1)

If v(S1) = n{ = 1 or 2 then Ay = 1 is the unique admissible choice since €7 is

respectively equal to 1 and 2, which are all bigger than the respective n7, whereas
if A7 = 0 one finds always 1 which is smaller than 2 = 2 — Dien(n) AP Tfv(S,) =

ny > 3 then €7 < nf thus AY = 1 is excluded. However, A7 = 0 brings an

admissible solution to the equation (5.2) since e} > 2.

For the inductive step, let us consider the unique choice (Afi’()) provided
k=1,...,N;
by the inductive application of the proposition to each S;. In the same way, consider

the unique choice (Afi’l) i obtained when the proposition is applied to each
=1
S; U D;1. Then we set

0 if k=1
S,0. AS,0 .
A7 By _{ AFC it k=0t (j).

yeeey Vi

and
1 ifk=1

S, 1. AS1 _ ;
AT A _{ APPY i k=o' (j).
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Notice that the above values of Af"’* are well defined since for any &k # [, one has
Imo® N Ime! = 0.

From these data, we can compute the integers 5;3’*, * = 0,1 and the vectors of
integers &%*, « = 0,1 respectively associated to A% and A%'. Then, we can
consider the associated solutions

(5.3) (£5%, A5¥)
of the invertible system (H%).
For any k =2,..., M, 5,‘3’0 = 0. Thus, the vectors &% and &% satisfy
S, _ Sk _
(6%9), =(6),, k=2,...,M.

s,1
0y

Moreover, for any k =2,..., M = 1 and therefore

D SrUD1 -1 S,1
(&) = 2k 2L (5 Y D) J{ A1 LAC) +{ AT p1= (&%), 41

1 =
! 2 2 2 2
v(SKUDy) v(Sk)—1
In particular, for £ = 2,..., M, one has

SkUDL ((C/‘SkUD1>1 = (5571) +1= ek "1

Since
SpUD: _ S
ni* ot =ny +1,

we conclude that both solutions (5.3) for x = 0, 1 satisfy the compatibility conditions
(3.1) for any k= 2,..., M and also for any kK > M + 1, since for k > M + 1,
63,0 — GS,I _ GSi ) )
( )k ( )k ( )J where k = o' (5).

S,0 _ 1 S
gt =mnp =0

To finish the proof, we are going to see that exactly one of the solutions (5.3)
satisfies the compatibility condition for k = 1.

Following (5.1) one has

1 0
6‘1971 + ef7o =V (Sl) -+ \‘ 1 -+ \‘ 1
2 2

M 5,1 M 5,0
A. ’ A
N RN RS
= (si)—l V(S
Observe that v (S7) ZZ , v (S;) = ny. Thus, the relation above reduces to

s,1 5,0

el :n1+1—z +{A J{A%
; 2
v(S;)—1 v(S;)
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5,0
If v (S;) is even then { Afil = APP If v (S;) is odd, then
v(Ss)
AZ° s,1
i — A
S,1 i
=
v(Si)

But Lemma 14 ensures that

AP =0 = AP =0

7

v (S) odd and Af’o -1 — AP'=1

7

Thus whether v (5;) is odd or even, one has

{ AP0 ASO
ASL T2
Finally, we are led to the relation
M
(5.4) el 4 ef’o =ny +1-— ZA?’O.
i=2

Hence, one of the following inequalities holds

S,1 s
€ =2 ny
or
M
613,0 >2— E Af’o
i=2

the two being mutually exclusive according to (5.4). By induction, this concludes
the proof. O

Example 15. Suppose that S is desingularized after two successive blowing-ups,
then its proximity matrix is written

s (1 -1
)

Below, we present the unique choice of A% = (x,*) € {0, 1}2 depending on n7 and

n3 that leads to an admissible solution of (7—[

5
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ns AS
- e @ e 0 0 00 ® (0,0)
o e 00 0 00 ® (1)
- e e e 0 0 00 @ (1,0
- @ 060 0 00 O (1,1)
e e @0 0 00
e e o e e
-0 e s & aam
L S
1 2 3 4 5 6 7 1

FIGURE 5.1. Unique admissible choice of A% = (A, A5).

instance, if n{ = 3 and n5 = 5 then v (S;) = 8 and v (S3) = 5. Setting
= (1,0) yields

One can check that

and

(1) ()-(3)- ()

&f=3>n7=3 &§=2>2-0

so the solution (£9, A%) is admissible.

(1]
(2]
(3]
[4]
(5]
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