STRONG L? CONVERGENCE OF TIME EULER SCHEMES
FOR STOCHASTIC 3D
BRINKMAN-FORCHHEIMER-NAVIER-STOKES EQUATIONS

HAKIMA BESSAIH AND ANNIE MILLET

ABSTRACT. We prove that some time Euler schemes for the 3D Navier-Stokes equations
modified by adding a Brinkman-Forchheimer term and a random perturbation converge
in L?*(Q). This extends previous results concerning the strong rate of convergence of
some time discretization schemes for the 2D Navier Stokes equations. Unlike the 2D
case, our proposed 3D model with the Brinkman-Forchheimer term allows for a strong
rate of convergence of order almost 1/2, that is independent of the viscosity parameter.

Dedicated to Istvan to celebrate his birthday

1. INTRODUCTION

An incompressible fluid flow dynamic can be described by the so-called incompressible
Navier-Stokes equations (NSEs). The fluid flow is defined by a velocity field u and a
pressure term 7 that evolve in a very particular way. These equations are parametrized by
the viscosity coefficient v > 0. Many questions are open in the 3D setting. In this paper,
we will focus on the 3D incompressible Navier-Stokes equations with a smoothing term of
Brinkman-Forchheimer type, in a bounded domain D = [0, L]® of R?, and subject to an
external forcing defined as:

o — vAu+ (u- V)u+ alul**u +Vr = Gu)dW in (0,T) x D, (1.1)
divu=0 in (0,T)x D,

for a > 0, a € [1, +00) and some terminal time 7' > 0. The process u : 2 x [0, T] x D — R?
is the velocity field with initial condition uy in D, and periodic boundary conditions
u(t,x + Lv;) = u(t,z) on (0,T) x 0D, where v;, i = 1,2,3 denotes the canonical basis of
R3, and 7 : Q x [0,7] x D — R is the pressure. Note that similar computations using the
restriction to a bounded domain as a technical step would enable to deal with D = R3
(with no boundary condition). In order to focus on the main issue, this will not be treated
here.

Here G is a diffusion coefficient with global Lipschitz conditions and linear growth
and the driving noise W is a Wiener process defined of a filtered probability space
(Q,F,(F),P). In 2D, there is an extensive literature concerning the deterministic NSEs
and we refer to the books of Temam; see [27, 28] for known results. The stochastic setting
has also been widely investigated in dimension 2, see [19] for some very general results
and the references therein. Unique global weak and strong solutions (in the PDE sense)
are constructed for both additive and multiplicative noise, and without being exhaustive,
we refer to [11, 15].
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Global well posedness in the 3D case is a famous open problem, and can be proved with
some additional smoothing term such as either a Brinkman Forchheimer nonlinearity to
model porous media, or some rotating fluid term. Let us mention that these models can be
used with some anisotropic viscosity, that is no viscosity in one direction (see e.g. [10] and
[14]). The stochastic case has been investigated as well by several authors among which
F. Flandoli, M. Rockner and M. Romito; see for example [18] for an account of remaining
open problems. The anisotropic 3D case with a stochastic perturbation has been studied
in [20] for rotating fluids, and in [6] for a Brinkman Forchheimer modification.

Numerical schemes and algorithms were introduced to best approximate and construct
solutions for PDEs. A similar approach has started to emerge for stochastic models,
in particular SPDEs, and has known a strong interest by the probability community.
Many algorithms based on either finite difference, finite elements or spectral Galerkin
methods (for the space discretization), and on either Euler, Crank-Nicolson or splitting
schemes (for the temporal discretization) have been introduced for both the linear and
nonlinear cases. Their rates of convergence have been widely investigated. The literature
on numerical analysis for SPDEs is now very extensive. Models having either linear, global
Lipschitz properties or more generally some monotonicity properties are well developed in
an extensive literature, see [3, 4]. In this case the convergence is proven to be in mean
square. When nonlinearities are involved that are not of Lipschitz or monotone type, a
rate of convergence in mean square is more difficult to obtain. Indeed, because of the
stochastic perturbation, there is no way of using the Gronwall lemma after taking the
expectation of the error bound because it involves a nonlinear term that is usually in a
quadratic form. One way of getting around it is to localize the nonlinear term in order
to get a linear inequality, and then use the Gronwall lemma. This gives rise to a rate of
convergence in probability, that was first introduced by J. Printems [26].

Discretizations of the 2D stochastic Navier-Stokes equations with a multiplicative noise
were investigated in several papers. The following ones provide a rate of convergence in
probability of time implicit Euler or splitting schemes [12], [13], [17] and [5]. The Euler
scheme is coupled with a finite element space discretization. Note that [17] tackles the
problem of weak convergence, that is convergence in distribution, while in case of an
additive noise [11] proves almost sure and mean square convergence without giving an
explicit rate.

Strong (i.e. L*(Q2)) convergence for a time splitting scheme, for an implicit time Euler
scheme - coupled with a finite elements approximation - of the stochastic 2D Navier-Stokes
equations were proven in [7], [8] for a multiplicative noise or “additive” noise. In the latter
case a polynomial (suboptimal) speed of convergence is proven.

In [9], strong convergence of a space-time discretization (implicit Euler scheme in time
and finite elements approximation in space) for stochastic 2D Navier-Stokes equations on
the torus with an additive noise is studied. The rate of convergence is ”optimal”, namely
almost 1/2 in time and 1 in space. However, since exponential moments of the H!-norm
of the solution is used, some constraints on the strength of the noise have to be imposed.
In the additive case, no localization is needed and the argument is based on a direct use
of the discrete Gronwall lemma.

In this paper, we study a time implicit Euler scheme (5.1) for a stochastic 3D Navier
Stokes equation with a modification, by adding a smoothing term of Brinkman Forch-
heimer type. Unlike the 2D case - and thanks to this extra term - neither localization nor
exponential moments are needed, and we obtain the “optimal” convergence rate with no
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constraint on the noise and the viscosity. For technical reasons, we only have to assume
that the exponent a of the Brinkman Forchheimer term |u/>**u in (1.1) belongs to the
interval [1, %] The proof is based on a careful study of the time regularity of the solution
in both the L? and H' norms, and the discrete Gronwall lemma.

The paper is organized as follows. Section 2 describes the functional setting of the model.
In Section 3 we describe the stochastic perturbation, state the global well posedness of the
solution to (1.1) and its moment estimates in various norms. If the exponent a = 1 we
have to impose that the coefficient a is “large”. The way the Brinkman-Forchheimer term
helps to obtain estimates for the bilinear part is described in Section 7.1 of the Appendix.
The proof of the existence and uniqueness relies on a Galerkin approximation. It is quite
classical, similar to the anisotropic case described in [6]. The proof is sketched in Sections
7.2 and 7.3 of the Appendix for the sake of completeness. Section 4 is devoted to the
moment time increments of the solution to (1.1) in L? and H'; the results are crucial to
obtain the optimal strong convergence rate. In Section 5 we describe the fully implicit
time Euler scheme, prove its existence and some moment estimates. Finally, in Section 6
we prove the strong (that is L2(£2)) convergence rate of this scheme.

As usual, except if specified otherwise, C' denotes a positive constant that may change
throughout the paper, and C(a) denotes a positive constant depending on some parameter
a.

2. NOTATIONS AND PRELIMINARY RESULTS

Let D = [0,L]? with periodic boundary conditions, P := LP(D)? (resp. WP .=
WFP(D)?) be the usual Lebesgue and Sobolev spaces of vector-valued functions endowed
with the norms || - || (resp. || - [lywre). If p = 2, set H¥ := W2 and we denote by || - [|x
the H* norm, k = 0,1,---; note that ||.[jo = || - |[2. In what follows, we will consider

velocity fields that have zero divergence on D. Let H (resp. V) be the subspace of L2
(resp. H') defined by

H :={u € L? : divu = 0 weakly in D with periodic boundary conditions},

Vi=HnW"
H and V are separable Hilbert spaces. The space H inherits its inner product denoted
by (-,-) and its norm || - ||z from L2. The norm in V, inherited from W2 is denoted
by || - |lv; we let (-,-)y denote the associated inner product. Moreover, let V' be the dual

space of V' with respect to the pivot space H, and (-,-) denotes the duality between V'
and V.

Let IT : L? — H denote the Leray projection, and set A = —IIA with its domain
Dom(A) = W*»2 N H.

Let b: V3 — R denote the trilinear map defined by

b(u,ug,us) :—/ ([wi(z) - V]ua(z)) - us(z) da,
D
which by the incompressibility condition satisfies b(u1, ua, us) = —b(u1, us, uz) for u; € V,
i = 1,2,3. There exists a continuous bilinear map B : V x V + V' such that
(B(u1,u2),us3) = b(ui,uz,uz), forall u; €V, i=1,23.
The map B satisfies the following antisymmetry relations:

(B(u1,u2),u3) = —(B(ui,us),u2), (B(uy,uz),uz) =0 forall w; eV. (2.1)
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For u,v € V, set B(u,v) := H([u . V]v).
In dimension 3, the Gagliardo-Nirenberg inequality implies that for p € [2, 6], H! C L?;
more precisely

_ 1 3 _ 1 1
lulls < Co ullfz [Vullls  and  flulls < Cs [lullg [VullZe,  Vu € HY, (2.2)

for some positive constants C3 and Cy.
Furthermore, the Gagliardo-Nirenberg inequality implies that H? C LP for any p €
[2,00), and for u € H?

8 1-8 3/1 1
lulles < O) I AulZs” Jull 2" for ) =5(5 ) (2.3)
Note that for p = 6 we have 3(6) = 3. Furthermore, ||ul|pe < C||ul|g2 for u € H.
Let a € (1,400) and let f,g,h : D — R be regular functions. Given any positive
constants €y and €1 and some constant C,, depending on «, the following upper estimates
are straightforward consequences of the Holder and Young inequalities

[F@g(@)h(@)]dw < |1 915 | oo 191", 2o, ]2 (2.4)
D L
Ca
< collbllfe + (17177 + —2llgle (25)
0 606{)471

Let Q7 = Q x [0, T] be endowed with the product measure dP ® ds on F ® B(0,T). The
following functional notations will be used throughout the paper. Set

Xo=L>®(0,T; H)N L*(0,T; V) N L**T2([0, T] x D;R3), (2.6)
Xo=L*(Q;L>(0,T; H)) N L*( L*(0,T;V)) N L***2(Qg x D;RY), (2.7)
X1 = L®(0,T; V) N L2(0, T; DomA) N {u [0,T] x D — R3

T
[ D5 + i vuo)| 2] e < o<, (2.8)

Xy = LY (Q; L0, T; V)) N L2(; L2(0, T; Dom A)) N {u Qrx DR
T
B[ OIS + @ uo)|2)at < oc}. (29)

3. GLOBAL WELL POSEDNESS AND FIRST MOMENT ESTIMATES

For technical reasons, we assume that the initial condition ug belongs to LP(£2; V') for
some p € [2,00], and only consider strong solutions in the PDE sense. We prove that the
stochastic 3D Navier-Stokes equation with Brinkman-Forchheimer smoothing (1.1) has a
unique solution on any time interval [0,7"] and prove moment estimates of this solution.
This requires some hypotheses on the driving noise W and the diffusion coefficient G.

3.1. The driving noise and the diffusion coefficient. Let (e;, k¥ > 1) be an orthonor-
mal basis of H whose elements belong to H? := W?2?2(D;R3) and are orthogonal in V. Let
H, = span (e1, - ,e,) and let P, (resp. P,) denote the orthogonal projection from H
(resp. V') onto H,,. Furthermore, given i # j we have

(Ael-, ej) = (Vel-, Vej) =0

since the basis {e, }, is orthogonal in V. Hence Au € H,, for every u € H,,.
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We deduce that for © € V we have P,u = pnu. Indeed, for v € H,, and u € V:
(Pyu,v) = (u,v), and (VP,u,Vv) = —(Pyu, Av) = —(u, Av) = (Vu, Vv). (3.1)

Hence given u € V, we have (P,u,v)y = (u,v)y for any v € H,,.

Let K be a separable Hilbert space and () be a symmetric, positive trace-classe operator
on K. Let (W(t),t € [0,T]) be a K-valued Wiener process with covariance operator @,
defined on the probability space (2, F, (F:),P). Let {(;};>1 denote an orthonormal basis
of K made of eigenfunctions of @, with eigenvalues {¢;};>1 and TrQ = 2]21 gj < o0.
Then

o
Wt => v H¢,  veloT),
j=1
where {f3;};>1 are independent one-dimensional Brownian motions defined on (Q, F, (F;),P).

For details concerning this Wiener process we refer to [16].

Let £ = L(K; H) (resp. £ = L(K;V)) be the space of continuous linear operators from
K to H (resp. V) with norm ||. ||z (resp. [|.[7)-

The noise intensity of the stochastic perturbation G : V' — £ which we put in (1.1)
satisfies the following classical growth and Lipschitz conditions (i) and (ii). Note that due
to the 3D framework, we have to impose growth conditions both on the || - ||z and || - ||z
norms.

The diffusion coefficient G satisfies the following assumption:

Condition (G) Assume that G : V — £ satisfies the following conditions:
(i) Growth condition There exist positive constants K, K;, i =0,1, such that

1G(u)|z < Ko+ KillullF, VueH, (3.2)
IG(w)[|% < Ko+ Killullfr, VueV. (3.3)

(ii) Lipschitz condition There exists a positive constant L such that
IG(u) — G)||Zz < Lllu—v|l3, Vu,veH. (3.4)

We define a weak pathwise solution (that is strong probabilistic solution in the weak
deterministic sense) of (1.1) as follows:

Definition 3.1. We say that equation (1.1) has a strong solution if:

e u is an adapted V -valued process which belongs a.s. to Xi,
o P a.s. we have u € C([0,T);V), and

(u(t),¢)+u/0 (Vu(s),v¢)ds+/o ([u(s) - V]u(s), d)ds
+a/0 /D]u(s,x)‘mu(s,x)(ﬁ(x)d:rds: (uo,qﬁ) +/0 (qﬁ,G(u(s))dW(s))

for every t € [0,T] and every ¢ € V.

3.2. Global well-posedness and moment estimates of the solution. We next prove
that if E(||ug||{,) < oo, then (1.1) has a unique solution u in Xj.

Theorem 3.2. Let o € [1,+00), and for o = 1 suppose that 4va > 1. Let ug € L*P(Q; V),
for some p € [1,00), be independent of W, and G satisfy the growth and Lipschitz condi-
tions (G). Then equation (1.1) has a unique solution in Xy such that a.s. u € C([0,T]; V).
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Furthermore,
(ts[%p lu(®)[13 + / | Au(t)|22dt+ / lu®25:2dt) < C[1+E(luolf)].  (35)
(S

The proof, which is quite classical, is sketched in Section 7.3 of the Appendix.

4. MOMENT ESTIMATES OF TIME INCREMENTS OF THE SOLUTION

In this section we prove moment estimates for various norms of time increments of the
solution to (1.1). This will be crucial to deduce the speed of convergence of numerical
schemes. Let ug € L?(Q; V) for some p € [2,00) and u be the solution to (1.1), that is

u(t) =St uyg — /S(t — 5)B(u(s),u(s))ds — a/OS(t — S)H|u(s)\2au(s)ds
/S (t— $)Glu(s)dW(s), Vte[0,T], Pas. (4.1)

where S(t) = e7¥*4 is the analytic semi group generated by the Stokes operator A multi-
plied by the viscosity v. Then (see e.g. [13], Lemma 2.2 and [26], Lemma 2.1), for b > 0
and ¢ € [0, 7],

[A% | ppage) < COV)E, (4.2)
|47 (1 — e )

—_—~—

e < Clw) (4.3)

for some positive constants C'(b,v) and C(b,v).
The following regularity result for the bilinear term will be crucial in the proof of time
regularity.

Lemma 4.1. (i) There exists a positive constant M such that
| A7 B(u,w)[lL> < M[[A2ullZs < Mull}, Vue V. (4.4)
(ii) For § € (0,3),
1A~ B(u,w)[lge < CllAulis’ Jul &’ Vu € Dom(A). (4.5)

Proof. (i) Using [21, Lemma 2.2] we deduce that given positive Constants 0,0, p such that
0<éd< %+3 ¢ >0, p> 0 such that p+J > 5 Land 6+ 0+ p > 2, there exists a constant
M = M (4,6, p) such that for u,v regular enough

IA™B(u,v) L2 < M| A%l [ AP0]|p2.

Choosing § = %, 0=p=1, we deduce (4.4).
(i) For u € H?, we have

1A Buu)le = sup{ [ [Vullul o] doi: follas < 1}.

In dimension 3, the Sobolev embedding theorem (see e.g. [1], Theorem 7.57 page 217)
implies WA?(D) c LY(D) if3 > fp, 8 >0,1 <p<3andp < q< %. Hence for
§ €(0,2), choosing 8 =20, p =2 and ¢ = 32, we obtain W?%(D) = H* (D) C L!(D).

Let p = 2%; then 113 + % + % = 1, and the Holder inequality yields
1A= B, u) 1z < Ol Vule Jullus.
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3 1
Since the Gagliardo Nirenberg inequality (2.3) implies |[ullLs < C|Aull/, 5HuHﬁ2+6, this
concludes the proof of (4.5). O

The following result proves regularity of the Brinkman-Forchheimer term. To have a
regularity similar to that of the bilinear term, we have to impose some restriction on the
exponent «.

Lemma 4.2. Let a € [1,3].
(i) there exists a positive constant C such that

A% (Ju?*u)]||,, < Cllul?et, Vue V. (4.6)

(ii) Furthermore, for any & € (0,2) there exists C > 0 such that

2a+5+6

_ o 3.5
|A 5(|u]2 w2 < CllAullf, lully, Vu € Dom(A). (4.7)

Iy
Proof. We use once more the Sobolev embedding theorem WA?(D) c L"(D) if 3 > fp,
B>O,1<p<33ndp§r§%.

(i) Choosing 8 = %, p = 2 and r = 3, we obtain W%72(D) = H%(D) C L3(D), while
B=1,p=2andr € [2,6] yields H}(D) C L"(D). Given u € H!, we have

-1 o o
A4 o) = sup { [ fut@)Pruterota)de o], <1}.
Using Hoélder’s inequality with exponents 2,6 and 3, we obtain for § € [%, %)

_1
[A7% (Jul**w) || > < sup{llulliSalullisliéllis = lglly <1} < CllulF*,

where the last upper estimate is a consequence of the inequality 4« € [4, 6]. This completes
the proof of (4.6).
(ii) As in the proof of Lemma 4.1 (ii) we choose ¢ = ﬁ to ensure H? C L9 and

p= % The Hélder and Gagliardo Nirenberg inequalities imply

A3 les =sup { [ ko 9l <1} <l fullol ol

3.5, 140
<Cllullfia [ Aullfs " [lull s

Since a € [1, 3], the Sobolev embedding H' C L for v € [4,6] concludes the proof. O

The following proposition gives upper estimates for moments of time increments of the
solution to the stochastic 3D modified Navier Stokes equation u defined in equation (4.1).
Proposition 4.3. Let ug be Fo-measurable and let o € [1, %] with 4va > 1 if a = 1.
Suppose that the diffusion coefficient G satisfies Condition (G) and let u be the solution
to (1.1). Then for A € (0,1) we have

(i) Suppose ug € LEDP(Q; V) for some p € [2,00). There exists a positive constant
C :=C(T,a,p, TrQ) such that for 0 <t; <te <T,

E(|Ju(ts) — u(t1)|5;) < C [tz — t*P[1+ E(JJuo||Z*T7)]. (4.8)
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(i) Let N > 1 be an integer and for k=0,--- | N set ty = kWT Then there exists C' :=
C(T,a,TrQ, \) > 0 (independent of N ) such that for p(\) = % and ug € LPV(Q; V)
Y £ 2 2
E(3 [ [I9(us) ~ ult) I + ¥ (uls) — ulty-1)) 2] ds)
=17t

<o(3)" 1+ (™)) (1.9)

Proof. The proof relies on a semi-group argument.
(i) Let t; < t5 belong to the time interval [0, T]. Then u(ts) — u(t;) = 35, T}, where

T1 :S<t2)uO — S(tl)uo,

Ty =— ; ) S(ta — s)B(u(s),u(s))ds + ; 1 S(t1 — s)B(u(s),u(s))ds,
Ty=—a 0 2 S(ty — S)(’u<s>‘2au(s))d8 +a ; 1 Sty — 8)(’u(3)|2au(s))ds,
n = [ " S(ts — 8)Gu(s))dW (s) — 0 " St — $)G(u(s))dW (s).

Then using (4.3) and the upper estimate sup;¢jo 77 [[S(t)[|£(L2,L2) < 00 we deduce
Tl =|[S(81)A™2 [S(ts — t1) — 1d | AZugl|,
< CUIS()l s b2 = ta]2]| A2 uolles < C'ltz — a2 uolv-
Hence taking expected values, we deduce for every p € [2,00)
E(|T1]P,) < CP Jto — t1] 2 E([Juo|l?)- (4.10)

Furthermore, Ty = =151 — T5 2, where

Ty, = OtlS(tl —8)[S(t2 — 1) — 1d | B(u(s), u(s))ds, Tyz = ttQS(tg — §)B(u(s), u(s))ds.

Using the Minkowski inequality, (4.2), (4.3) and (4.4), we deduce that for € € (0, 1),

t1
1 T2,1l2 S/ A8 (81 — ) A~GTD[S(ty — t1) — 1A | A75 B(u(s), u(s))||p2ds
0
3 1
< Clta —t1|+7° sup Hu(s)”%// (t; — s) "1 Teds.
s€[0,t1] 0
Hence (3.5) implies that if E(HUOH%})) < oo for some p € [1,00), we have
3
E(|T2[If2) < O(T) [t2 — 01377 [1 + ElJuo|[§7]. (4.11)

The Minkowski inequality, (4.2) and (4.4) imply

to to
n%ﬂms/Hﬁﬂm—wrhmmmeWMSCsw|wm@/urwrw&
t1

SE[tth] t1
Using once more (3.5) we deduce that if IE(HUOH%}D) < oo for some p € [1,00),

E(]|T2,2

3
02) < Clta = ta] 37 [1 + EfJuo|[77]. (4.12)
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A similar decomposition yields T3 = —a(T371 + T372), where
t1 to

T3 = ; St — s)[S(ta — t1) — Id J|u(s)[**u(s)ds, Ts2= t S(ty — s)|u(s)**u(s)ds.

The Minkowski inequality and the upper estimates (4.2), (4.3) and (4.6) imply that for
€€ (0, i)j

t1
| Ts.1||p.2 g/ 1A 28t — 5) A"G[S(ty — t1) —Id | A7 (Ju(s)]**u(s)) || 2ds
0

t1
<Clta =t sup JuRH [ (0 - o) s,
s€[0,t1] 0
and the upper estimate (3.5) implies that for p € [1, 00),
3
E(IT5]12,) < C [t = 2] 7P [1+ EfJuo 77T (4.13)

The Minkowski inequality and the upper estimates (4.2) and (4.6) imply
t2 1 1
ool < [ 148 (2 = 947 (u(s) Pu(s)) [ueds
t1
t2 1 3
< C(T)/ (t2 — 8) "% |lu(s)[F7 T ds < C(T)|ta = ta]7 sup Ju(s) |3

t1 SE[tl,tQ}

Then using once more (3.5) we obtain for p € [1, c0),

E(|T2[172) < C(T,p)lts — ta]57 [1 + EfJuo| 7] (4.14)
A similar decomposition of the stochastic integral yields Ty = T}y 1 + T4 2, where
t1 1)
T471 = S(tl — 8) [S(tg — tl) —1d ]G(u(s))dW(s), T4’2 = S(tg — s)G(u(s))dW(s)
0 t1

The Burkholder-Davis-Gundy inequality, the growth condition (3.2), (4.2) and (4.3) imply
for e € (0,1) and p € [1, 00),

E(||Tu1)1%) < CPEQ/OIHS(Q —5)[S(ts— 1) —Id]G(u(s))n%ﬂst(”)

. (-
SCPE(‘ /o 142725 (01 = 8) [z 20214 G [S(ts —t1) —1d | 17 w202)
p
< |G ()2 TrQ ds|”)
t1 »
Cy (TrQ)” [ty — 11|72 | KE + KYE( sup [lu(s)I% )] ( /0 (tr — )71+ %ds)

s€[0,t1]
<C(T,p, TrQ) |t — t:| " >IP[1 + E(|Juo[l}7) ], (4.15)

where the last upper estimate is deduced from (3.5).
Finally, using once more the Burkholder-Davies-Gundy inequality, sup;cjo 77 S (8)[ £ (r2iL2) <
00, the growth condition (3.2) and (3.5), we obtain for p € [1, c0)

E(|T12]5) < G \/tz IS(t2 = 9)Glu(s)) 2 T Qds|)
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to P
<Gy (e QP B(| [ 715t = ey [0 + Kalu(e) ] as])

Cp (Tr Q)7 [t — t1P[1 +E([luo )] (4.16)
The upper estiimates (4.10)— (4.16) conclude the proof of (4.8).
(ii) For j =1,--- ,N and s € [tj_1,t;) we have Vu(t;) — Vu(s) = Z?:l T;(s,j), where
Ti(s,j) = VS(tj)uo — VS(s)uo,

/ VS(t; —r)B(u(r ),u(r))dr—i—/s VS(s —r)B(u(r),u(r))dr,
0
T5(s,7) = — a/ VS(t; — r)(|u(r)]2au(r))dr + a/ VS(s— r)(|u(r)]2au(r))dr,

Tu(s,j) / S(t; —r)VG(u( /SS—TVG u(r))dW (r).
Using the upper estimates (4.2) and (4.3) we obtain
1
ITu(s, )z = |A°S (s) A°[S(t; — 8) —1d | AZug||r2 < Cs™°|t; — s Juollv

for any ¢ € (0,1]. Therefore, given any ¢ € (0, ) we deduce

Nt T 26 T TN 26
> / I35, ) [22ds < C(55) ol /0 s7Hds = O () ol (4.17)
j=17ti1

As in the proof of (i), let Tb(s,j) = —(T2,1(s,4) + To2(s, 7)), where

Ty (s, §) = /0 VS(s = 1)[S(t; — 5) — Id | Blu(r), u(r))dr,

Tya(s,j) = | VS(t; - r)Blu(r), u(r))dr.

S
The Minkowski mequality and the upper estimates (4.2), (4.3) and (4.5) imply for § €
(0.3 ma v < 0.5=9)

3 N
§j / [T (s, ) 22ds
j=1 7t

IN

2

Z/ ds /||A2+5+VS r)ATT[S(t; — s) — Id]A_éB(u(r),u(r))drH]der}

tj—1

T2y £y s 1 3_s 5.5 12
Cl= / ds / s — )~ @D Au(r) || 3, )2 dr

) EZZ [ as{ [ 6= A o)

Ty [t ’ 1 ’ s 2(3-9)

_ N\ (5+0+y) _ (54+5+7) 1

SC(N) /0 ds(/o(s r)~\2 dr)(/o(s r)~ {2 ”AU(T)”]LZ dr)

2(546
x sup [fu(r)]p it
rel0,77]

IN

(4.18)

where in the last upper estimate, we have used the Cauchy-Schwarz inequality with respect
1
to the measure (s — 1")_5_5_71(0,5) (r)dr.
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Since fT )_(l+5+7) ds < [y 572 GH0+gs = C(T,6,v) for any r € [0,T), and
Jo (s G gr < C(T,0,7) for any s € [0,T), using the Fubini theorem Holder s
and Jensen s inequalities with respect to dP with conjugate exponents

deduce

Nt T\2v
BY [ Tt d)ltas < 0(5) e
j=17ti-1

— and 5+ , we
Z+5 1_5 ’

246 23 -s) [T (1
<B( s eI [ arauelE [ - reas)

rel0,T7]
TN 2v 2(5+46) 1.5 T 3_§
<c(y) canr{E( sw uel ) {E( | 1wt aar) )
Let A € (0, %), 6 =12 €(0,%) and v € (0,5 — 26). Using (3.5) we infer
6— 2)\
Z N 1||T21 s,0)l[Eds) < C(T, 5)( ) 1+ E (ol ) . (4.19)

Using the Minkowski inequality, (4.2), (4.5) and Holder’s inequality for the measure
L, ¢, (s)ds with conjugate exponents p; = 5= and pg = we have pg(% +9) < 1 for

2
j 5+5
0 € (0,7), and deduce
2
Z / ITe2(o: 7)ads < CZ / s / |AF#25 (1 = r) A7 Blu(r), u(r) | 2dr |
3+, 2
<CZ/ as{ [ = A o1
5425 tJ tj 2
< C sup ||u HV Z/ / —7“ —p2( +6)d7”)p2(/ ||Au(r)||ﬂ%2dr>p1ds
t] 1 S

rel0,T)

< s e (5 Z/ is( [ Nautoar) ™

rel0,T]

IS
lO

The Hoélder inequality for the counting measure on {1,..., N} with conjugate exponents

P _1 1 :
2 =15 and T yields

% g +25 %76 15
Z/ ITo2(s,liEads < €T a) () s Jutr)lf Z / ) 2,dr} " N

rel0,T]

<C(T, ) <%)1_25 sup |lu(r )”2+26{/0 "AU(T)|’i2dr}i_

rel0,T

Hoélder’s inequality with respect to dP with conjugate exponents

1 1
3 i

1

EZ st lRts < 0,0 () (R ( s 1)}

tj—1 TE[O,T}
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X {E(/OTHAU(T)HI{QW)}ZE. (4.20)

Let A € (0,3) and 6 = 152 € (0, 1). The inequalities (4.19), (4.20) and (3.5) imply
-~ [ ) T\ =
] < — - . .
EY. L ims il <o () (o)) way
A similar decomposition yields T5(s, j) = —a(T3,1(s, ) + T52(s, 7)), where
Ty (s, ) = / VS(s — 1)[S(t; — s) — 1d ] (lu(r) P*u(r))dr,
0

Tya(s,j) = / V(5 — ) (ju(r) [2u(r)) dr.

The Minkowski inequality and the upper estimates (4.2), (4.3), (4.7) imply for § € (0, 3)
and v € (0,5 —9),

S
| T3,1(s,7) L2 S/ HA%“;‘WS(S —r) ATV[S(t; —s) —1d | A_5(|u(r)|2au(r)) HLQdT
0
20+ 146

s —(Lys 3.5
<Oty - s) / (s — )~ G| Au(r)|| 32 () 1227 ar.
0

Therefore, given § € (O, %) and v € (0, % —9)

Nt T\2v [T
el
jzl/tj_st,l(s MEas<c(p)” [ {]

which is similar to (4.18) replacing the exponent 244 of ||u(r)||y by 2a+ 3 +6. Therefore,
we deduce for § € (0, 1)

s

5 2045+

3 2
(s — )~ G0 Au(r) |15, Ju(r)y dr} s,

N ) a
B [ It lds < cm o) () LeE(l T @)
J=1°"%

ti—1
The Minkowski inequality, (4.2) and (4.7) imply for 6 € (0, 1)
[ 2 [ Ylys 5 2 2
S [ it ilteds < 30 [ as{ [T AES (G - ) A7 (utr)P ) o)
j=17t :

j=17ti—1 tj—1

ANy ti —(L45) 3.5 2a+1+45 , 2

<oy [ as{ [Tt - O au s a7 )
j=17ti-1 s

The arguments for proving (4.20) imply

N ) ) .
=3 " tsats s <c@o)(5) B s urly )
=17t

tj—1 T‘E[O,T}

x {E(/OT ||Au(r)||;2dr) }2_5. (4.23)
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The inequalities (4.22), (4.23) and (3.5) imply that for A € (0,3) and 6 = 152 € (0, 1),

EZN:/tj | T5(s, 5)||22ds < C(T, a, A)(%)” [1 +E(|yu0||g<”)] (4.24)
j=1"1

tj—1

Finally, the stochastic integral can be decomposed as follows: Ty(s,j) = Tu1(s,j) +
Tu2(s,7), where

Toa(s,j) = /O S(s—1) [S(t;—5)~1d | VG (u(r))dW (), Tia(s, ) = / S (t—r) VG () dW (r).

The L*(Q)-isometry, (4.2), (4.3) and the growth condition (3.3) imply for § € (0, 3)

N .
EZ/]HT&l(S,j)Higds
j=1"ti-1
N s 1 2
< EZ/ /HS(S —7)[S(t; —s)—1d ]AEG(U(T))HETFerds
j=1"7tj-1~0

N t; s
<E Z/t dS/O HA%_JS(S o T)HZ(L2;LQ)HA_(%_6) [S(tj —s)—1Id ] Hi(uﬂ;u)
j=1"%-1
X (|G (u(r) |7 TrQ dr

T s
<TrQ E/ ds/ (s =)~ 120(t; — )17 [Ko + Killu(r)|[} ] dr
0 0

<1Q [Ko + K B( sy () )7 e

<o Qo)(5)  +E(uol}). (4.25)

Finally, the L?(Q)-isometry, sup,. [S(r)ll £(2;L2) and the growth condition (3.3) and (3.5)
imply

Nt N oortpot
B(X [ 1Tt ltads) <EDS [ [T 180 =) paan Gt T Qurds
j=1"% j=17"%-1"¢

tj—1
N tj ty N
<TrQE d Ko+ K 21d
<Tr Q 223/ / (o + Kallu(r)|2]dr
< O(T, T Q) [1+ Euoll?)]. (4.26)

For a € [1, %] and \ € (0, %), 2 < % <p(A) = %. Therefore, the upper estimates

(4.17), (4.21), (4.24)-(4.26) imply for A € (0, 1)

Ei/ 9 (u(s) =t ads < C(Ta.Te Q) (5) ™ [1-+ E(Juolf)].
j=1"7ti-1
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Small changes in the proof of this upper estimate prove that under similar assumptions

Ef:/tj IV (u(s) = ultj—1))||2ds < C(T, TrQ, )‘)(%VA {1 + E(”“OIIIxjf(A))}'
=1

ti—1

This completes the proof of (4.9). O
Remark 4.4. Note that the above proof shows that when time increments of the gradient
of the solution are dealt with, due to the term containing the initial condition, one cannot
obtain moments of E(||u(t) — u(s)||}) uniformly in s,t with 0 < s <t <T. Furthermore,

in order to obtain the "optimal” time regularity, that is almost %, we also need a time
integral.

5. WELL-POSEDNESS AND MOMENT ESTIMATES OF THE IMPLICIT TIME EULER SCHEME

We first prove the existence of the fully time implicit time Euler scheme. Fix N €
{1,2,...}, let h:= % denote the time mesh, and for j =0,1,..., N set t; := j%
The fully implicit time Euler scheme {u*;k = 0,1,..., N} is defined by u° = ug and for
peV
(uk —uF 4 AR + hB(uk,uk) + ha ¥ *un(ts), go)
= (G HW(ty) = W(ti—1)], @),  k=1,2,..,N. (5.1)
Set AJW = W(tj) - W(tj_l), j = 1, ,N

The following proposition states the existence and uniqueness of the sequence {uk}kzo,_._y N
and provides moment estimates which do not depend on N.

Proposition 5.1. Let a € [1, %] and Condition (G) be satisfied. The time fully implicit
scheme (5.1) has a solution {uk}k:L_..7N € VNH? Furthermore,

IR

N
T
IE( kp2 | 1 A2
sup Jmax Jlutlly + Nglll u”||g2

N
D (IS + ek o Tut]22] ) < oo, (5.2)

k=1

=21

Proof. The proof is divided in two steps.

Step 1: Existence of the scheme We first prove that for fixed N > 1 (5.1) has a
solution in V N L2**T2. For technical reasons we consider a Galerkin approximation. As
in Section 3 let {e;}; denote an orthonormal basis of H made of elements of H? which
are orthogonal in V. Since a € [1, %], the Gagliardo Nirenberg inequality implies that
Hl C L2a+2.

For m = 1,2,... let V,, = span (e1,...,en) C H? and let P, : V — V,, denote the
projection from V to V,,,. In order to find a solution to (5.1) we project this equation on V,,,,
that is we define by induction a sequence {u*(m)}x—o. .~ € Vi such that u®(m) = Py, (uo),
and for k=1,..., N and ¢ € V},,

(uk(m) — uk_l(m), 90) + h[V(Vuk(m), Vo) + <B(uk(m), uk(m)),go>

+a(lut(m)Pout(m), )| = (G m)AW @), (5.3)
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For almost every w set R(0,w) := [lug(w)|r2. Fix k = 1,..., N and suppose that for
J=0,...,k —1 the F,- measurable random variables v’ (m) have been defined, and that
R(j,w) := sup ||u! (m,w)||j2 < co for almost every w.
m>1
We prove that u¥(m) exists and satisfies a.s. sup,,,> [|u*(m,w)||L2 < co. The argument is

based on the following result [22, Cor 1.1] page 279, which can be deduced from Brouwer’s
theorem.

Proposition 5.2. Let H be a Hilbert space of finite dimension, (.,.)g denote ils inner
product, and ® : H — H be continuous such that for some u > 0,

((f). ), >0, forall f € H with | flly = .
Then there exists f € H such that ®(f) =0 and || f|lg < p.

For w € Q let <I>’fn7w : Vin = Vi, be defined for f € V,,, as the solution of

(@) 9) = (f = w5 m,w),0) + B |v(VF,V9) + (PuB(f 1), 0) + a(PullF 1 F),0)
- (PmG(uk_l(m,w)AkW(w), ©), Vo € V.
Then
(@ (1) £) = IF172 = (" (m,w), f) + Wl[V fF2 + hal fIIF52
- (G(uk_l(m,w))AkW(w), f).

The Young inequality implies |(u"~'(m,w), f) < Z[fII2: + 3/lu" ' (m,w)|?, and the
growth condition (3.2) implies

‘(G(uk_l(m,w)AkW(w),f)}

IA

|G (u* " (m, ) 2 | ARV ()| 11 fI2

1 _
SN2 + [Ko + K[l (m, w)lIE2] AW (@) -

A

Hence
1 1, . _
(@ () F) = SIS = 51" ms w)E2 — [Ko + Ko [l (m, w)lIE ] | AW ()7 > 0
if
1
112 = B2 (k,w) = 4| Kol AW (@) [ + B2 (k = 1w) (5 + Ka| AW (@)% ) |
Proposition 5.2 implies the existence of u*(m,w) € V,, such that @ﬁl’w (uF(m,w)) =0,
and [[u*(m,w)||2; < R?*(k,w); note that this element u"(m,w) need not be unique. Fur-
thermore, the random variable u*(m) is F;,-measurable.

The definition of ©*(m) implies that it is a solution to (5.3). Taking ¢ = u¥(m) in (5.3)
and using the Young inequality, we obtain

[ ()12 + hv|[Vut(m)|[22 + hallu®(m) 2532,

— (), w () + (Gt (m) AL, ¥ (m))

- 1 _
luFm)E2 + [ (m)IE2 + Il (m) £z + [Ko + Ky Ju" = (m) [ L] 126 W [

1
su>p1 b”uk(m,w)ﬂiz + hv||Vuk (m,w)|?, + haHuk(m,w)Hi’;‘ij}
mz
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< Rk —1,w)[1+ K1 [|AW (w)l[5] + Kol AW ()| %

Therefore, for fixed k and almost every w, the sequence {u*(m,w)},, is bounded in V N
L22+2; it has a subsequence (still denoted {u*(m,w)},,) which converges weakly in V N
L2+2 t0 ¢y (w). The random variable ¢, is Fi,-measurable.

Since D is bounded, the embedding of V in H is compact; hence the subsequence
{uF(m,w)}m converges strongly to ¢y (w) in L2.

Then by definition u®(m) converges strongly to ug. We next prove by induction on
k that ¢* solves (5.1). Fix a positive integer mo and consider the equation (5.3) for
kE=1,..,N, ¢ € Vip,, and m > mgy. As m — oo we have a.s.

(u*(m) —u""t(m),p) = (6" — "1 9).
Furthermore the antisymmetry of B (2.1) and the Gagliardo-Nirenberg inequality ||g|| s+ <
CIV gl gl vield as.

[(B(u*(m),u"(m)) — B(6", "), ¢)|
< [(B(u(m) — ¢*, ), uf(m)| + [(B(#", ¢), u* (m) — ¢*)]
< [ Vllalla(m) — ¢ lls [l (m)lla + 16 o]
<C llgplle [max [l (m)lIF + 16* 1] I (m) — ¥ = 0

as m — oo. The inequality (7.8) implies
| ([u® (m)[2*u® (m)—[6"** 6", )| < C/luk(m) = ¢*[([uF () + |9* %) | o] dax

< Ol flu®(m) — ¢F[lz (lu® (m) |15 + 16" I3 )
< Ollpllmz (max [[u® (m) [ + [|6*15) [u” (m) — ¢*lr2 — 0
as m — oo. Note that the last upper estimate follows from the inclusion H' C LP
for p € [2,6] and a € [1, %] Finally, the Cauchy-Schwarz inequality and the Lipschitz
condition (3.4) imply
(G (1 (m)) AW, ) = (G (6" 1) AW, )| < [l |G (u™H (m) = G(6" D)l ell AW |1k
< VLl u* " (m) = ¢" e [ AW |k = 0

as m — oo. Therefore, letting m — oo in (5.3), we deduce
(65 — 0" + hwAgh + hB(6F,0%) + halo" 0k ¢ ) = (GO AW, ), Ve € Vi,

Since Uy, Vin, is dense in V, we deduce that ¢* is a solution to (5.1).

Step 2: Moment estimates We next prove (5.2) for any solution {u*},_o  n to (5.1).
We first study the L2-norm of the sequence. Write (5.1) with ¢ = u* and use the iden-
tity (f,f —9) = 5[ fllLz = lgll?2 + [If — gl|2:]. Using the Cauchy-Schwarz and Young
inequalities, and the growth condition (3.2), this yields for k =1,..., N

1
Flle® = + A VuF L, + hallu®|E5EE

= (G AW W —u’H) + (G H AW uh )

1
k k—
Sl 2 — S +

s e [ = [K0+K1||uk HEJ AW 1% + (G AW o).

N
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For any K =1, ..., N, adding the above inequalities for £k =1, ..., K we deduce

K K
w12 + 200 > " (IVuF )22 + 2ha > [[u¥] 2552

k=1 k=1
K K
< uollZz + Y [Ko+ K w2 AW [ +2 >~ (Gb~Haw ,uf ). (5.4)
k=1 k=1
Therefore,
N
K k2 k(2042
B, max I + 2HE( 3 (191 + el 512
K
K2 k2 k||2a42

< zE(énKagN [Hu 22 +20 > (v VuP|fs + allu ||Lg<a+2)D

k=1

-1

< 2E(|luolff2) + 2hTx(Q) Y [Ko + KiE([[u”[|?2)]
k=0

K
+ 4E(1g}(a§NZ (G(ukil)AkW,ukfl)).
- T k=1

=z

The Davis and then Young inequalities imply

K N-1 1
k—1 k k 2
E(lénKaécN (GuF ) AW ub~ ) < 3E<{ 3 k122 [ Ko + K| HLQ]hTrQ} )
T k= k=0
1 N—-1
k
< JE(,max 7 ) + 9B (hTrQ > (Ko + K [u[22])

Hence we deduce

N
! K k || 2042
3 2y I 1) + 2B (3 Vel + ol ])
N—-1
< 2E(fuo?) + TATKoTrQ + 4K, TvQ S hE([u*|2:).  (5.5)
k=0

Neglecting the sum in the left hand side and using the discrete Gronwall lemma, we obtain

< 2 i
]svuzpllE<lg}(a§Nllu IILz) < O(T, Tr@, |luollf 2, Ko, K1)

Plugging this upper estimate in (5.5), we obtain
TN
k|2 k2 k|| 20+2
JSVI;I:;EQ:I&?NHU I + k§_1 (V|| V|22 + allu HLgatQ]) < 0.

A similar argument with ¢ = Au¥, integrating by parts, and using Lemma 7.2 and in-
equality (7.14) yields proves

sup E(

N
T (0%
sup E( | max[Vu®|2 + 55 37 (14622 + "Vt [2] ) = Cafar) < oc.
= k=1

1<K<
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This completes the proof of the proposition. O

6. STRONG CONVERGENCE OF THE IMPLICIT TIME EULER SCHEME

Let u be the solution to (1.1) and {w’ := un(tj)}j=0,..~ solve the fully implicit time
Euler scheme defined in (5.1). Let e; := u(t;) — v’. Using (1.1) and (5.1), we deduce
ep=0and for j=1,....Nand p eV

tj

(ej —ej_1, ga) + y/ ’ (Vu(s) -V, th)ds +/ <B(u(s),u(s)) — B(w!,u?), <p>ds

ti—1 tj—1
t . . ty ,
o [0 (uPuts) — P s = [ (1GGuls) - Gl Daw ) g). 61)
ti—1 ti—1
Note that since a € [1, %] and H! C IL? for p € [2, 6], Holder’s inequality with exponents 2, 3
and 6 implies that the space integral defining the inner product (|u(s)[**u(s)—|u/|**w’ , )

is converging for u(s),u’,p € V. The following convergence theorem is one of the main
results of this paper.

Theorem 6.1. Suppose that condition (G) holds. Let a € [1, %], when a = 1, suppose
that 4va(1 A k) > 1, where k > 0 is the constant defined in inequality (7.9).

Fiz X € (0,3) and set p(\) = %. Let ug € LPN(Q: V), u be the solution to (1.1)
and {un(tj)}j=o,. N solve the fully implicit scheme (5.1). Then there exists a positive
constant C := C(v, a, a, k, Tr Q) independent of N such that for N large enough

N
. T ;
2 2
EQg%ww»ﬂmp+N;vam—me

<C (%)” [1+E (o). (6.2)

Remark 6.2. Note that the various parameters of the model v, o, a, Tr (Q) only appear
in the multiplicative constant C in the right hand side of (6.2), but not in the exponent \
which can be chosen arbitrarily close to % if ug € V is deterministic, or if ug is a V-valued
Gaussian random variable independent of W.

Proof of Theorem 6.1
(i) We first suppose that a € (1, 3].

Using the identity (6.1) with ¢ = e;, the equality (f, f—g) = %[HfHH%Qf||g||H2dg+Hf*g||HQA2]
and the estimate (7.18), we deduce that for some x > 0 we have for j =1,..., N

1 2 2 1 2 2
5 UlesliZa = lleg1122) + lles — ej-1125 + vl Ves12:
7
+arhl|[u(t;)|®ej|f2 + arhl|u!|%ej|F <> Tj,  (6.3)
=1
where by the antisymmetry property (2.1) we have

Tj1=— / ’ <B(u(s) - u(t(j)),u(s)) , ej>d3, Tjo = —/j <B(ej,u(3)) , ej>ds,

tj—1 tj—1

Tj3=— / ’ <B(uj,u(s) — uj) ,ej>ds =— / ’ <B(uj,u(3) — u(tj)) , ej>ds,

ti—1 ti—1
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Ty = — y/ " (V(uls) — u(t;)), Ve;)ds,

ti—1

Tis=——a / " (lu()Pu(s) — fu(t)Pult;), e5)ds,

Ty = [ (Glul) = G )W (s).e; = ).
T = [ (G(uls) - G D]dW (s),100).

We next prove upper estimates of the terms T}, for [ = 1,...,5, and of the expected value
of Tj and T

Using the Holder inequality with exponents 2, 3, 6, the Sobolev embedding H' ¢ L8 and
the Gagliardo Nirenberg inequality (2.2), we deduce for ¢; > 0

tj
Tja| < / [u(s) — u(t))llLs [ Vuls)||z(lejllLeds

ti—1
tj 1 1
SCGC?:HejHHl/t l[u(s) = w(tj) I (I VIuls) — ut)]lIE [ Vuls)|lL2ds
j—1

<ewvhlle; g

(CsCs)* 2 /tj 2 2 /tj 2 3
+ sup |lu(s u(s) — u(t; ds V0u(s) — u(t; ds
e 20 BB o) —ut)lfads) " ” IVEu(s) = uty)E2ds)
0603 4 t;
<avhlllea + [Ves 2] + L0 sup JuGs)lE [ futs) — u(ep|Eads
6]_” SG[O,T] tj—1
tj
+ [ IVlts) = e e, (6.4)
j—1

where the last inequalities are deduced from the Cauchy Schwarz and Young inequalities.
Let Tjo = —Tj2,1 — Tj2,2 + Tj23, where

Tj2.1 :/j <B(ej,u(tj)),ej>ds, Tj2.2 :/j <B(ej,u(s) —u(tj)),u(tj)>ds,

ti—1 ti—1

Tj2.3 —/j <B(ej,u(s) —u(tj)),uj>ds.

ti—1

The antisymmetry (2.1) implies

3
<B(ej,u(tj)),ej> = —<B(e],e] Z / ;) k0k(€ej)iu(t;)dz.
=1

Hence the upper estimate (2.5) with f = u(tj);, g = (e;)r and h = Ok(e;); yields for
€9,€69 >0

‘<B(€], e] | <62VZ |0k (e; lH]L2 =+ Z €2aﬂmu 6j)kH12LQ

C
+ %H(%‘)k”iz,
eav(Eaak) a1
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which implies
€20k C(a,v,a, k)
+ o Pl eslE: + === hlle;la-
€V €9 62 a—1

| Tj2a] < e2v b |[Vej |

Using a similar computation based on (2.5) with f = u(t;);, g = (ej)r and h = O [u(s) —
u(tj)]; for k,1 =1,2,3, summing on k,! and integrating on the time interval [t;_1,t;], we
obtain for €5 > 0

b 62&% Cla,a, k)
22| < /t IVlu(s) = u(ty)]lIf2ds + hllu(t)®e;lFe + ————hllejza.
i—1 €)1
Replacing f = u(t;) by f = in the above estimate, we obtain
b GQCLKL C(a,a, k)
T3] < / IV lu(s) = ult;)] | 2ds + Rl 1%e;lige + ———=—h ez
ti—1 2 a—1
The three previous inequalities imply for e, €2, €9 > 0,
Cla,v,a,k 2Caa/£
Tial < [FOL0) 2O OB g2, b o 92 + Zach ol
e2(E2) T (é2)
€ € b
+ 5 + 2annllu) el +2 [ 1Vl - ut))[Eads. (6.5)
deov 4 ti1

Using once more (2.5) with f = (w/)k, g = (¢;); and h = 9 ([u(s) —u(t;)];) for k,1 =1,2,3,

and summing on k, [, we obtain for e3 > 0,

€30K || g C,
112 + ——"—lle;IL--

(B u(s) = ulty)), e;)| < [VIuls) —ulty)|lfz +
(egar)aT

Integrating on [t;_1,t;] we deduce for e3 >0
Cy e;;cm t
| Tyal < ———=hllejlliz + == hlllv’ eIz +/ IVlu(s) = ult;)l[f2ds.  (6.6)
€3akK )~ a-1 ti—1
The Cauchy-Schwarz and Young inequalities imply that for ¢4 > 0,
v [l
[ Tjal < eav b || Vel + 464/t IV [uls) = u(ty)]|IF2ds. (6.7)
i—1

Since ‘|f|20‘f — |g|2°‘g’ < C(a)|f —gl(|f]** + |g[**), the Hélder inequality with exponents
2,3 and 6 implies

| (lu(s)P*u(s) = Ju(ty) P u(t;), ¢;)] < C() /Rg [lu(s) P + fu(ty) T u(s) — ult;)l]e;|dz

< C(o) [[lu(s) g5 + lult)lF5a] luls) — ult;) s llejlls-

The Sobolev embedding H' C LS and the Gagliardo Nirenberg inequality (2.2) yield for
€5 >0

1 1
| Tj5] <C(a) sup [lu(s)[ / lejllm llus) — w(tj) g2l VIu(s) — ulty)]lf2ds
SE[O,T] tﬂfl
C(a)?
Sesv el + 19es1] + S0 sup o) [ uts) — utey)Eads
SE[OT] ti—1
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C(a)?

8esv

t
|19l = utt s, (63)
j—1
where the last upper estimate is deduced from the Holder inequality with exponents 2,4
and 4 and the Young inequality.

Fix J € {1,2,..., N}; adding the inequalities (6.3) for j = 1,...,J, using the identity
ep = 0 and the upper estimates (6.4)—(6.8) we deduce that for any positive numbers
€, =1,...,5, €& and €3, we have

J J J
1 1 ;
slesle+ 5D llej = ejtllfe +vh D VesliZe +anh D [ulty)Iesli2e + w1122
2 2 2

7 —
2C(a,a,k Cla,v,a,k C

E :TjJ + [61V+ ~( 1 ) + ( N ) + R 1 +€5V] h E :HejH]L2
11=6 (62)“*1 eu(€2)* T (ezar)eT

Mg

<.
Il

62 €2 2
- (el tetete)vh Z IVeslitz + (5o + 7 Jasch Z IleaCe) e 22

Jj=1 ]_1
€2+63 (CeCs)*
+ hZH!uj!aeyHer yTE Sup [u(s HVZ Hu —u(t)|f2ds
j=1 s€
C(w)? /
sup ||u u(s) —u(t ds
S Z lus) — w(t) I

4+ — u(t;)||I7 2 ds. :
e 452 Z/ IVEu(s) — )22 (69)

J

Choose positive €1, €2, 64 and €5 such that €1 + €3 + €4 + €5 < %; then choose positive €,
€2 and e3 such that 46 =+ 62 < 1 and 52153 < 1. We deduce the existence of positive
constants C;, 1 =1,2,3 dependlng on v,a,k, € for j =1,...,5, €& and €, such that

*||6’J||]L2 +5 Z lej —ej- 1||]L2 + S h Z HV‘/’JHH} <Cih Z HejH]L2

7=1

—1—6’2[1—1— sup ||u(s) Z/ u(s) — u(t;)||?.ds

s€[0,T

J t;
+C3Z/ ||V[u(8)—u(tj)Hizds-i-ZZTj,l.
=17k

j=11=6

Let N be large enough to ensure C; % < 1. Note that for non negative numbers {z(.J), y(J);
J=1,..,N} we have £ [sup <y a(J) + sup <y b(J)] < supy<yla(J) + b(J)]. Therefore,
using this upper estimate and then taking expected values in the above inequality, using
the Cauchy-Schwarz and Holder inequalities with conjugate exponents p,q € (1,00), we
deduce

N—1

N
1 1
gE(maxlleslt) + 7 S Bllej — ejallfa) + hZE IVesliz2) < Cu Y Edlle; )

=1 Jj=1 J=0
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+ {1+ E( sup fu(s)[F#) }* {NhZE/ Jus) — ulty) s}

s€[0,7 1
N t K
+ CgE(; /t IV ]u(s) - u(tj)||i2d5) + E( kzl yTj,Gy) + E(}@Sz%; Tﬂ). (6.10)

We next find upper estimates of the expected value of the sum of the stochastic terms
T51,1=6,7.

For j € {1, ..., N}, the Cauchy-Schwarz and Young inequalities, the Lipschitz condition
(3.4), the Cauchy-Schwarz and Young inequalities imply for eg > 0

E| 7] <K / _tjl[Gw(s)) = G ] AW ()|, les = ej1llz)

2 ti
< e E([lej — ejllf2) + %E/t [Lllu(s) = ultj-1)lf2 + Lllej-1][f2] TrQ ds
j—1

LTr Q

LTrQ
o ZE(lej 1) +
€6

t
< 6B (lej — e al) + h B [ Juls) — ultion) B ds.
ti—1
(6.11)
Using the Davis inequality and the Lipschitz condition (3.4), we deduce that for e; > 0

1

E(max Tﬂ ) <3E({ Z/ 16 ufs)) — G (w2 lleg1[2: Qs } )
<3E( max sl | Z / G (u(s)) — Gl ) |2 TrQ ds) )

18LTQ
< €7 ]E( max ||e]||IL2) T Z HU s) —u(tj—1)|I2 + llej-1llf2] ds)

ti—1

(6.12)

where in the last inequality we have used eg = 0 and Young’s inequality.
Choose €5 = § and €7 = 15; the upper estimates (6.10) — (6.12) imply

4
1 N-1
I (maXHGJ”L2) +-—h ZE |Ve]||L2) < (Cl —|—74LT1~Q) h Z E(HGJ'H]?})
7=0
3 1
+CT{1+E ANk E/ IR
2 QSEPT]”“ )} {Z Ju(s) - u(ty)lads
C(T,L,Tr Q) Z E(lu(s) - ultj—1)[22)ds
tij—1

+ csE(Z [ 191uts) — atty) ).
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Let A € (0,1) and set § = (1 — A). The moment estimates (4.8) and (4.9) imply

1

N-—1
= (rjnaxuejumw hZE IVejl22) < (C1 + TALTIQ) h ZE les22)

7j=1

Q

16a+2+88
T){1 + E(||uo|[15%)} 2 huc[uﬂz(nu I o )} R (6.13)

for some constant C' := C(T,v,a,a,p, TrQ). Note that for § € (0, 32;7_4) we have

16%?585 > 16c. Neglecting the second term in the left hand side of (6.13) and using
the discrete Gronwall lemma, we deduce that, for some positive constants C' (resp. C1)
16a+2+85

depending on T, v, a,a, Tr Q and E(HuOHV a8 ) (resp. depending on v, a,a, k) such
that

E(max H%’Hi?) < O R t6(CIHTALTIQ)T
J<N

Plugging this inequality in (6.13) we deduce(6.2); this completes the proof when o € (1, %]

(ii) We next let @ = 1 and assume 4va > 1 and 4vax > 1; we only point out the
differences in the proof.

We have to use a different argument to obtain upper estimates of the terms {7} 2,1 =
1,2,3} and Tj3. The Cauchy-Schwarz and Young inequalities prove that for €3, €5, €5 > 0,

(Tj2al < v h[[Vej|22 + — hl[ulty)les iz,

4
|T‘7 2

1 t;
)lesle + 4 [ IVIa(s) — (e Eads,
62 t]‘,1

~ A 1 [t
Tizal < e s+ o [ IVIu(s) — ulty)] [Bads,

ti—1

This implies

1 3 .
Tyl < v b [VeslEa + (o + ) b lllutts) e |22 + & bl e 122

462V
Ly [ v 2.d 6.14
— u(t; . .
R M M CORI I (6.14)
Using once more the Cauchy-Schwarz and Young inequalities, we obtain for ez > 0

. 1 tj

(Tj3] < esh|||u’le;f2 + 463/t IV lu(s) — u(ty)]|If2ds. (6.15)
j—1

The upper estimates (6.4), (6.14), (6.15), (6.7) and (6.8) imply for any positive numbers
€5,] = 1,...,5, €& and €9

Slleslizs + Zuej - 1||L2+vh2||v6]||m+amhz[mu JleslI2a + e 12

7

ZZ i+ [€1V—|— e5v] h Z lejl1Es + <61 +e+e +65)Vh Z IVe;2s
=6 Jj=1 J=1

<
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(i +&)h Z llut))lej12: + (€2 + es) b Z Il le; 122

7j=1
(CsC3)* /
+ ——55 sup |u u(s) — u(t ds
oo sl HVZ Ju(s) - u(t) I
1 1 1 tj
It ot T Vu t)]||22ds. 6.16
* [ " 49 * 4éz 4 i 464 8€5I/ Z/] . I — u(ty)][|L=ds (6.16)

Fix € € (0,3) such that (1 — 2¢)*4vax > 1, let e = 1 — 2¢, and then choose positive

numbers €1, ¢4 and €5 such that €; + €3+ €4+ €5 = 1 —e. Choose € € (0, car), €2+ €3 < ak.

The choice of €2 and € implies 451u + €5 < ak. Therefore,
*||€J||IL2 + 5 Z lej —ej— 1”L2 + GVhZ ||V€J||]L2 <Cih Z ||eJ||L2 + ZZT
7j=11=6
i i
+Cy sup HU(S)H%Z/ [[u(s) —u(tj)H?deerCgZ/ IVTu(s) = ult;)|[2ds
s€[0,T] =17t j=1"ti-1
As in the case a € (1, 3], using (6.11) and (6.12) with e = + and e7 = {5, we deduce
1 v =
SE(sup flesZ) + Lk S E(IVe2) < (o + TALTIQ) b Y (e )
16\ <y 1= =~
1
ror{14E( swp fugsif) ) {ZE/ Ju(s) — ) s }
te[0,T —1
N t;
+CB( S [ IVIule) — utty)Fads).
j=17ti-1
We conclude the proof as in the case a € (1, 3]. O

7. APPENDIX
In this section, we provide the proof of the well-posedness result stated in section 3.

7.1. Proofs of preliminary estimates. The following results gather some estimates of
the bilinear term, and more generally of the non linear part in (1.1). They are deduced
from the Brinkman Forchheimer smoothing term. The proofs are somewhat similar to the
corresponding ones in [6] in a different functional setting.

The next lemma gathers further properties of B.

Lemma 7.1. Suppose that a € [1,400).
(i) Let u € L*(0,T; H) N L?***2([0,T] x D;R?), v € Xo. Then

a-1 atl a1
| 1B, ). o) ar < [9olora ess sup ()1l Frvoqomypumsy T
(7.1)

T
/0 [(B(u(t), u(t)) — B(u(t), v(t), u(t) — v(t))|dt < ||Vvl| p2(0,7:m)
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a—1 atl a—1
x ess sup [ = 0Ol It = vl v iy T2 (7.2)
te|0,

(i3) Let u € L4(Q; L>®(0,T; H)) N L?**2(Q7 x D;R3) and v € Xy. Then

e [ IBute).ut).oonlar < | [ 10ooRiar]"} {2 esssup o)}
T 1
o o

E/OT\<B(u(t),u(t))—B(v(t),v(t)) u(t) — v(t))|dt < 7= E‘/ IVo(t) IIdet\ }i
X {E(ess sup [|(u — v)(t HH /dt/|uv )(t, z)|2+2d }2“. (7.4)

t€[0,T]

Proof. (i) Suppose a > 1. Using (2.4) with h = J;v;, f = u; and g = u;, we deduce

(B, u),0)| = | — (B(u,) |<Z/|uz 2)0i0; () (x) de

,j=1

< [l ul = [l 2o [l == 2oy 19702

L2 |

Integrating on the time interval [0, 7] and using the Cauchy—Schwarz inequality, we obtain

T
/‘(B(u(t),u(t ‘dt<esssup [|lu(t) HH /Hu HL2a+2dt /||V’U H]det
0

Hoélder’s inequality implies

2a+42 a—1
/ Hu ||L2a+2dt < HUHLQ‘I"’?([OT]xDR?)) T o

This completes the proof of (7.1) for o > 1.
If @ =1, since [(B(u,u),v)| < Hu”i4 IVv|L2, a straightforward computation implies
7.1).
( Si)nce (B(u,u) — B(v,v), u—v) = (B(u—wv,v), u—wv), using the antisymmetry (2.1) it
is easy to see that the upper estimate (7.1) implies (7.2).
(ii) For a > 1 > 3, we have
with exponents 4,

3 %5 > 1. Using Holder’s inequality for the expected value

and 2« in (7.1), we deduce

4o
3a—2

4(a—1) 3a—2

T 1
IE/O |(B(u(t), u(t)), v(t))|dt S{E(HWH;(O’T;LQQ}‘I{E(efi[?}}f lu(t) 52 )} i
% {E/Tdt/ |u(t, z)[?*+? d:c};‘” T% .
o)

Since o > we have —=—* < 4; this completes the proof of (7.3) for o > 1.
For a = 1 using the antlsymmetry (2.1), and twice the Cauchy-Schwarz inequality, we
deduce

E/OTRB(u(t),u(t)),v(t»\dt < {E/OT yW(t)ufmdt};{ﬂ-z/OTHu(t)ug[;dt}é
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< {e] [} 1wt} e [ ot}

This completes the proof of (7.3).
A similar argument based on the identity (B(u,u)—B(v,v), u—v) = (B(u—v,v), u—v)
shows (7.4). O

We next prove upper estimates for the gradient of the bilinear term.

Lemma 7.2. (i) There exists a positive constant C' such that for oo € (1,00), some constant
Cq > 0, any constants €g,e1 > 0 we have for u € Xy,

€ oo |12 Ca
(AY2B(u,u), AV%0)| < CeollAuls + el Yl + 2 Vul:]. - (75)
5051

(ii) Let o = 1; for every e > 0, we have for some constant C > 0 and any u € X
1 2
(AY2B(u,u), AV?u)| < el| Aullfz + ||lul V|- (7.6)

Proof. (i) Let o > 1 and v € X;. Then

(AY2B(u,u), AY?u) Z / O [u; Oyu;] Opujda = Ty + T,
i,5,k=1

where, using the antisymmetry property (2.1), we get

T, = / Opu; Ojuj Opujde,
,Jk 1

T = Z / ui OOiuj Opujde = Z< (w, Ogu), Opu) = 0.
i,5,k=1 k=1

Using integration by parts, we deduce T1 = 7171 + 17 2, where since divu = 0

T =— Z/(“)k Z(‘?uz uj Opujdr = 0,

jkl

TLQ = / akuz Usj 0; 8ku]da;
1,5,k=1

The inequality (2.5) applied with f = u;, g = Ogu; and h = 848kuj implies

3
Tiol < D eolldidu;l7 + Z H!ua!aakquer Z — (|9 -
irj k=1 irjik= 4 irjk= 15061“ ot

This completes the proof of (7.5).
(ii) Let @ =1 and uw € X;. Then an integration by parts implies

<A1/2B(uu Al/2 Z /ak u,Buj Opujdr = — Z/ulau] Auj dz.

1,7,k=1 1,j=1

The Cauchy-Schwarz and Young inequalities imply (7.6). O
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For ¢ € Xy, set
F(p) = —vAp — Blp, ) — all|p|**¢. (7.7)
Lemma 2.2 page 415 in [2] provides upper and lower bounds of the non linear Brinkman
Forchheimer term. Let o € [1,00); there exist positive constants C' and x such that for
u,v € R3

[[ul*u — [v]**0| < Clu— o] (Ju]** +[o]**), (7.8)
(lulu — [v]*0) - (u—v) > &lu — o (Ju] + [0])**. (7.9)
The following lemma gives upper bounds of F' for any « € [1,0).

Lemma 7.3. Let a € [1,400).
(i) Let u € Xo, v € L*(0,T; V) N L**T2([0,T] x D;R3). Then

/ |(F v(t))|dt < C[HUHB 0,T;V) HUHL2 0,1;v) T ||UHL2<1+2([0 T]x D;R3) HUHLQOHrQ([O T)x D;R3)

a—1 o+l a—1
ol €55 0 IO 0o a1 (710)
€

)

for some positive constant C.
(ii) Let u € Xy, v € L*(Q; L*(0,T;V)) N L**T2(Qr x D;R3). Then

/ (E @), o)t < C ol 2@l agpeyy + 0] z20s2(2pmimn 0] g iy
4 L_l atl a—1
+ HUHL%Q;LQ(O,T;V)){E(ess[glﬁ O o I S O OO o (7.11)
tel(0,

for some positive constant C.

Proof. Integration by parts and the Cauchy-Schwarz inequality imply

T 1 1
/ u(t) vo)ar = [ =v [ Abute. oAbl a)dalar < vl o oz,

2a
a+1

Furthermore, Holder’s inequality with conjugate exponents 2a + 2 and 2 vields

/ / lu(t, z)|**u(t, z)v(t, z) d:c‘dt < |Hu|2au”

Using the above upper estimates with the inequality (7.1) concludes the proof of (7.10).
(ii) The upper estimate (7.11) is a straightforward consequence of the upper estimates
(7.3) ,(7.10), the Cauchy-Schwarz and Hoélder inequalities. O

LQ* ([0,T]x D;R3) HUHLZQH([QT]XD;R:;).

The next lemma provides estimates of the gradient of F'(u) for « € [1,+00). Note that
when a = 1, this requires that the coefficient a in front of the Brinkman-Forchheimer
smoothing term is “not too small” compared to the viscosity v.

Lemma 7.4. (i) Let « > 1. Forn € (0,v), a € (0,a), there exists a positive constant
C :=C(ayn,a) such that for u € X1 and t € [0,T],

/ zAl/QF(u(s)), AY2u(s))ds
0

t t t
< —77/0 ||Au(s)H12Lst - d/o H]u(s)|°‘Vu(s)Hi2ds + C/o ||Vu(s)H12Lst. (7.12)
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(ii) Let « = 1 and suppose 4va > 1. Then for n € (0, v— ﬁ) and a = a — y we have

1
4(v—n
t t t )
/<A1/2F(u(s)),A1/2u(s)>ds < —n/ | Au(s)[|7 2ds — a/ | [u(s)[*Vu(s)||;2ds.  (7.13)
0 0 0
Proof. (i) Let @ € (1,00). For u € X1, integration by parts implies for a.e. s € [0,¢],
V(A% Au(s), AZu(s)) = —v]| Au(s)|..
Furthermore,
/V(|u(s)\2au(s)) -Vu(s)dz :/ [|u(5)]2aVu(s) -Vu(s) + 2a|u(s)\2(a_1)(u(s) : Vu(s))ﬂda:
D D
2/ [u(s)|**Vu(s) - Vu(s)dr = H|u(s)\aVu(s)Hi2. (7.14)
D
Hence, using (7.5) with C'eg € (0, —n), then &1 such that C' ;- € (0,a — a), we deduce

that for a.e. s € [0, 7],

(AV2F(u(s)), AV?u(s)) < —nl| Au(s) |2 — al|lu(s)[*Vu(@)|[2 + C(a,n,&)HVu(S)H(iz- )
7.15
Integrating this inequality on the time interval [0, ¢] concludes the proof of (7.12).
(ii) Let &« = 1. Then using (7.6) and (7.14), we deduce for € > 0 and s € [0, T

(AYV2F (u(s)), AV?u(s)) < (v — o) Au(s)|F2 + i\HU(S)IVU(S)Hiz — al[u(s)|Vu(s) {2

Since 4av > 1, for n € (O,I/— 4—1(1) ande=v—nanda=a— ﬁ we deduce
(AY2F(u(s)), A2u(s) < =]l Au(s) 2 = 3| u(e)*Vu(s)[E. (7.16)
Integrating on the time interval [0, ¢], we deduce (7.13). O

We finally prove upper estimates of increments F'(u) — F(v) for a € [1, 00).

Lemma 7.5. There exists a positive constant r depending on o € [1,400), and for n €
(0,v) a positive constant C(n), such that for u,v € V N L**T2(D;R3),
a 2 s
(F(u) = F(v),u=v) < = V(u=0)|[f2 —ar|(jul+ [v])*(u=0)[| L. +CODIVollisu— ]|
(7.17)

Proof. Using integration by parts, we obtain v(A(u —v),u —v) = —v||V(u — v)||Z,. The
monotonicity property (7.9) implies

2
a /D (lu(@) 2u(w) — [o(@) (@) - (u(@) - v(@))de = ax|[(jul + o) —v)|%. (7.18)
Finally, Holder’s inequality and the Gagliardo-Nirenberg inequality (2.2) for the L* norm
imply
|(B(u,u) — B(v,v),u —v)| =(B(u — v,v),u —v)|
_ 1 3
<l = vl[EalVollez < Cillu = vli22 [V (u = v) 1221 Vol2
3 4 11 _
<LeH 19— )Es + 5 O IVolallu — ol

where the last inequality holds for any € > 0 by Young’s inequality. Choosing %5% €
(0,v —n), we conclude the proof of (7.17). O
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We next prove that (1.1) has a unique strong solution in AXj;. The outline is quite
classical, based on some Galerkin approximation and a priori estimates.

7.2. Galerkin approximation and a priori estimates. Recall that D is periodic do-
main of R3. Let (e,,n > 1) be the orthonormal basis of H defined in section 3.1 (that
is made of functions in H which are also orthogonal in V). For every integer n > 1 we
set K, := span((y,- -+ ,Cy). Let II,, denote the projection from K onto Q'/?(K,), and let
Wh(t) = Z?:l \/%Cjﬁj(t) = I, W(?).

Recall that if H, = span(eq,...,e,), the orthogonal projection P, of H onto H, re-
stricted to V' coincides with the orthogonal projection of V' onto H,,.

Fix n > 1 and consider the following stochastic ordinary differential equation on the
n-dimensional space H,, defined by wu,(0) = P,ug, and for t € [0,T] and v € H,:

d(un(t),v) = (PyF(un(t)), v)dt + (Py, G(un (1)) I, dW (t),v), Pas., (7.19)
where F' is defined in (7.7). Then for k =1, --- , n we have for ¢t € [0, T7:

d(un(t), ex) = (PoF (un(t)), ex) dt + Z qj% (Po G(un ()¢, ex) dB;(t), Pas.
j=1

Note that for v € H,, the map u € H, + (F(u), v) is locally Lipschitz. Indeed, H? C
L22+2 and there exists some constant C(n) such that [[v|g2 < C(n)|v|jp2 for v € Hy,. Let
p, 1, v € Hy; integration by parts implies that

[(Ap — A, )| < llo = ¥llv [ollv < C)? e — Pl [vllee-

In the polynomial nonlinear term, the upper estimate (7.8), the Holder inequality with
exponents O‘T'H, 2a + 2, and 2« + 2, and the Sobolev embedding H? C L2*+2 imply

| [ (@)t o)t

< C (llF8ase + [9lIf3as2) llp — Pllnzate V]l 20+
< COM* TV (lollZs + 1¥11E2) lle = Bllez ole-

Finally, using integration by parts, the Holder and Gagliardo-Nirenberg inequalities, we
deduce:

|<B((pa(p) —B(¢7¢)av>| = | - <B(90_'¢7U)7 90) - <B(¢7U)a <P—¢>‘
< Clle = ¥llua(llelne + [[¢llLe) IVvllee < CCn)3lle — vlliz (lleline + [1)lLe) o]l

Condition (G) implies that the map u € H,, — (\/@ (G(U)Cj , ek) 1<4,k< n) satis-
fies the classical global linear growth and Lipschitz conditions from #,, to n X n matrices
uniformly in ¢ € [0,7]. Hence by a well-known result about existence and uniqueness of
solutions to stochastic differential equations (see e.g. [24]), there exists a maximal solution
U =Y p_q(Un , k) ex € Hy to (7.19), ie., a stopping time 7} < T such that (7.19) holds
for t <7y and if 77 < T, ||un(t)||f2 — oo as t 1 7.

The following proposition shows that 7,; = T" a.s., and provides a priori estimates on
norms of u,, which do not depend on n.

Proposition 7.6. Let a € [1,00), and if « =1, suppose that 4va > 1.
(i) Let up be Fo-measurable such that E(||uol|3;) < co, T > 0 and G satisfy (3.2) and
(3.4). Then the evolution equation (7.19) with initial condition Pyug has a unique global
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solution on [0,T] (i.e., 7 =T a.s.) with a modification u, € C([0,T];Hy). Furthermore,
z’fIE(||u0||12§) < oo for some p € [1,00), we have u, € Xy and
T
2 2p—2 2
supB( s [+ [ [0l O] b3~ ) < CO+B(ol )]
n telo,
(7.20)

(ii) IfE(HuOH%})) < oo for some p € [1,00) and G satisfies also (3.3), we have furthermore

T
supE( sup Jan (O + [ [l (O + 01T ()] )72

n t€[0,T]
< C1+E(Jluoll37)]. (7.21)

Proof. (i) For fixed N > 0 set 7y := inf{t > 0 : ||u,(¢t)||lg > N} A 7. 1td’s formula and
the antisymmetry property of B imply

tIATN 2
[un(t ATn)II7 = ||Pnu0||%{—2/o [V Vun(s)[I£2 + allun(s) 12552 ] ds + > Ti(t), (7.22)
i=1

where
tATh

() = 2 /0 " (Glun(s) dWa(s) s un(s))s  Th(t) = /D PGt (5)) T |2 ds.

Apply once more the It6 formula to z — 2P and z = |lu,(t A 7n)||% for p € [2,00). We
obtain

tATN
2 2 2p—2
lun(t AT = [1Pauolly — 2p/0 [V un () 1F2 + allun(s)|[752] llun(s) 7" ds

3
+) T, (7.23)
where

Ti(t) = 210/0 v (PaG(un(s)) dWin(s) , un(s)) llun(s)ll77

5
—~
~
~—
I

t/\TN 2 2 72
p/o 120G (un ()T | 2 [[un () 1 ds,

tATN
T5(t) = 2p(p — 1)/0 (G (wn(5)) TTa) “un ()| ln(s) 117~ ds.
The growth condition (3.2) implies
t
To(t) + Ts(t) < p(2p — 1) /O 5o + K1 |[un(s A ) 3] llun(s A ) |7~ Tr Qds.

Using the Davis inequality, the growth condition (3.2) and Young’s inequality, we deduce
for g € (0,1),

E( sup Ti(s)) < 6pE({ /0 DI () Tr Qs )

S<tATn

SBE(ngun(s/\m)Hi?) " /Ko—I-K1||un(s/\TN)||H]||un(s/\TN)||2p2Ters.
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Neglecting the first integral in the right hand side of (7.23), using the above upper esti-
mates of T; and the Gronwall lemma, we deduce that for 5 € (0,1),

SupE<sup n (s A TN)||§§) < C(8,p, Ko, K1, TeQ)[1 + E(|[u| ). (7.24)
n>1 s<T

As N — o0, the sequence of stopping times 7y increases to 7,5 and on the set {7} < T'},
we have supc(o o] [|un(s)|[m — oo. Hence (7.24) implies P(7; < T) = 0 and for almost
every w, for N(w) large enough we have 7y, (w) = T Plugging the upper estimate (7.24)

n (7.23), we conclude the proof of (7.20).

Note that the above argument based on (7.22) instead of (7.23) proves that if E(||uol/%) <
oo we have once more 7y (,)(w) = T for N(w) large enough and a.e. w, and that (7.20)
holds for p = 1.

We next prove that u, € Xy. Plugging the above upper estimate for p = 1 in (7.22),
taking expected values and using Condition (3.2), we obtain

T
E/O [un(s)I + lun(s) 7552 ] ds < oo,
A similar argument using (7.24) in (7.23) completes the proof of (7.20) when the H-norm
of the initial condition has 2p moments.
(ii) Taking the gradient of both hand sides of (7.19), using the It6 formula and (3.1),
we deduce for 7y :=inf{s > 0 : ||up(s)|[v > N} AT,
1 NP 1 2 BTNy 1
¥ unen i) e = [ A3l +2 [ (AR PP (a(9), Abun(s)) ds
0
tATN i IANTN 1
+ 2/ (A2 PG (un(s))dWy(s), Vun(s)) —i—/ |A2 PG (un(8))1,|| % ds
0 0

tATN
A% P2 +2/ (A3 F(un(s)), Adun(s)) ds
0

tATN

+2 / TN(A%G(un(s))HndW(s),A%un(s))+ / | A2 PG (1 (8))IL, || ds.
0 0

Indeed, since u,(s) € V for s < t A7y, we have A%un(s) € H and A%G(un(s)) € L(K,H).
Using once more the It6 formula for the function z — 2P for p € [2,00), we obtain

1 - \2p 19 ALY 1 2(p-1) 4
[A2un(t A TNl < [[A2uollpz + 2 (A2 VE(un(s)), A2un(s)) [|Vun(s)[l12
0

’ﬂz

(7.25)

where

tATN 1 1
Ti(t) = 2p /0 (A2G(un(s))dWa(s) , AZun(s)) [[Azun(s) 7% Vd
To(t) = p /0 v 1G ()T 12 [|AZ () [[FF

Ty(t) = 2p(p — 1) /0 (A G n()) T1)* A ()% 1A Yt (5)] P2
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Since
1 * 1
(AR Gl (9) ) gy < 143G (L) < G aun(5)) i
the growth condition (3.3) and Young’s inequality imply

_ B _ B tATN
Ty + Ts(t) < C(p, T, Tt Q, Ko, K1) [1 +/ un (5)]22 + Hvun(s)uif;ds]
0
The growth condition (3.3), the Gundy and Young inequalities imply that for 3 € (0,1),

B(supTi(s)) < CoB({ | T [+ Ballua @I} V()27 T Qs ) )

s<t

N

< BB (supllun(s A 70118 ) + BE(sup [[Vun(s A 7a)]7% )
s<t s<t

+ 03T QKo K1+ B( [ I¥uats A7) 25)|

Let p € (0,v) and a € (0,a). Using (7.12) for a > 1 and (7.13) for a = 1, (7.20) and the
Gronwall lemma, we deduce
E( sup [lun()I}?) < C[L+E(uol)]-
SSTN
for some positive constant C' which does not depend on N and n. For fixed n, letting N —

oo and using the monotone convergence theorem we deduce u, € L?P(€2; L>°(0,T;V)).
Plugging this in (7.25) and taking expected values, we conclude the proof of (7.21). O

7.3. Proof of global well-posedness of the solution. The proof of Theorem 3.2 is
classical and uses the upper estimates (7.2) and (7.4) for the uniqueness; see e.g. [6] for
details.
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