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HEAT FLOW IN A PERIODICALLY FORCED,
THERMOSTATTED CHAIN II

TOMASZ KOMOROWSKI, JOEL L. LEBOWITZ, AND STEFANO OLLA

ABSTRACT. We derive a macroscopic heat equation for the temperature of
a pinned harmonic chain subject to a periodic force at its right side and in
contact with a heat bath at its left side. The microscopic dynamics in the bulk
is given by the Hamiltonian equation of motion plus a reversal of the velocity
of a particle occurring independently for each particle at exponential times,
with rate v. The latter produces a finite heat conductivity. Starting with
an initial probability distribution for a chain of n particles we compute the
local temperature given by the expected value of the local energy and current.
Scaling space and time diffusively yields, in the n — +oo limit, the heat equation
for the macroscopic temperature profile T'(t,u), t > 0, w € [0,1]. Tt is to be
solved for initial conditions T'(0,u) and specified T'(¢,0) = T, the temperature
of the left heat reservoir and a fixed heat flux J, entering the system at u = 1.
J is the work done by the periodic force which is computed explicitly for each
n.

1. INTRODUCTION

The emergence of the heat equation from a microscopic dynamics after a dif-
fusive rescaling of space and time is a challenging mathematical problem in non-
equilibrium statistical mechanics [6]. Here we study this problem in the context of
conversion of work into heat in a simple model system: a pinned harmonic chain.
The system is in contact at its left end with a thermal reservoir at temperature
T_ which acts on the leftmost particle via a Langevin force (Ornstein-Uhlenbeck
process). The rightmost particle is acted on by a deterministic periodic force
which does work on the system. The work pumps energy into the system with
the energy then flowing into the reservoir in the form of heat.

To describe this flow we need to know the heat conductivity of the system.
As it is well known, the harmonic crystal has an infinite heat conductivity [17].
To model realistic systems with finite heat conductivity we add to the harmonic
dynamics a random velocity reversal. It models in a simple way the various



dissipative mechanism in real systems and produces a finite conductivity (cf. [5],
).

In a previous paper [14] we studied this system in the limit t > co. We showed
that in this limit the probability distribution of the phase configurations is pe-
riodic with the period of the external force. We also showed that with a proper
scaling of the force and period the averaged temperature profile satisfies the sta-
tionary heat equation with an explicitly given heat current. In the present paper
we study the time dependent evolution of the system, on the diffusive time scale,
starting with some specified initial distribution. We derive a heat equation for
the temperature profile of the system, which approaches, as t - oo, the periodic
profile of [14].

The periodic forcing generates a Neumann type of boundary condition for
the macroscopic heat equation, so that the gradient of the temperature at the
boundary must satisfy Fourier law with the boundary energy current generated by
the work of the periodic forcing (see (2.27) below). On the left side the boundary
condition is given by the assigned value T - the temperature of the heat bath.

The energy diffusion in the harmonic chain on a finite lattice, with energy con-
serving noise and Langevin heat bath at different temperatures at the boundaries,
have been previously considered [4, 2, 3, 13, 16]. But complete mathematical re-
sults, describing the time evolution of the macroscopic temperature profile, have
been obtained only for unpinned chains [4, 13]. For infinite harmonic chains,
without boundary conditions, rigorous results can be found in [9]. This article
gives the first proof of the heat equation for the pinned chain in a finite interval,
and the method can be applied with different boundary conditions (see Remark
2.5). Investigation about energy transport in anharmonic chain under periodic
forcing can be found in [11], [10], and very recently in [18].

1.1. Structure of the article. In section 2 we give the precise dynamics and a
statement of the two main theorems: Theorem 2.1 about the limit current gener-
ated at the boundary by a periodic force, and Theorem 2.4 about the convergence
of the energy profile to the solution of the heat equation with mixed boundary
conditions.

In section 3 we obtain a uniform bound on the total energy at any macroscopic
time by an entropy argument. As a corollary (cf. Corollary 3.3) we obtain a
uniform bound on the time integrated energy current, with respect to the size of
the system.



Section 4 contains the proof of the equipartition of energy: Proposition 4.1
shows that the limit profiles of the kinetic and potential energy are equal. Fur-
thermore, we show there the fluctuation-dissipation relation ((4.5)). It gives an
exact decomposition of the energy currents into a dissipative term (given by a
gradient of a local function) and a fluctuation term (given by the generator of
the dynamics applied to a local function).

The fluctuation-dissipation relation (4.5) and equipartition of energy (4.1) are
two of the ingredients for the proof of the main Theorem 2.4. The third compo-
nent is a local equilibrium result for the limit covariance of the positions integrated
in time. It is formulated in Proposition 5.1, for the covariances in the bulk, and
in Proposition 5.2, for the boundaries. The local equilibrium property allows to
identify correctly the thermal diffusivity in the proof of Theorem 2.4, see sec-
tion 5. The proof of the local equilibrium is postponed till section 7, after the
analysis of the time evolution of the matrix for the time integrated covariances
of positions and momenta. The latter is contained in section 6. Both in section 6
and section 7 we use results proven in [14], when possible.

Finally, section 8 contains the proof of Theorem 2.1, that involves only the
dynamics of the averages of the configurations.

2. DESCRIPTION OF THE MODEL

We consider a pinned chain of n-harmonic oscillators in contact on the left with
a Langevin heat bath at temperature T, and with a periodic force acting on the
last particle on the right. The configuration of particle positions and momenta
are specified by

(@, P) = (90, -+ +Gns Pos - - -, Pn) € 2y i= R R™L (2.1)

We should think of the positions ¢, as relative displacement from a point, say
x in a finite lattice {0,1,...,n}. The total energy of the chain is given by the
Hamiltonian: H,(q,p) := Yu-o€x(d, P), where the energy of particle = is defined
by

p; 1 woqz
gm(qap) ::E+§(qm_Qx—l)2+ 02 ) .T:O,...,TL, (22)

where wy > 0 is the pinning strenght. We adopt the convention that q_; := qq.



S0

The microscopic dynamics of the process {(q(t),p(t))}s0 describing the total
chain is given in the bulk by

G (t) = p2(1), xe{0,...,n},
dpa:(t) = (ANQm _wgch) dt - me(t—)de(’Yt), Z € {17 s 1}7
and at the boundaries by

dpo(t) = (C_Zl(t) - qo(?) —wgqo)dt— 29po(t)dt + /Ay T-dw_(t) (2.4)

pa(t) = (@n-1(t) = 4u(t) = wBaa(t) )dt + Fu(£)dt = 2p, (=) AN, (32).

Here Ay is the Neumann discrete laplacian, corresponding to the choice ¢,41 = ¢,
and g1 = qo. Processes {N,(t),z =1,...,n} are independent Poisson of inten-
sity 1, while @_(t) is a standard one dimensional Wiener process, independent
of the Poisson processes. Parameter v > 0 regulates the intensity of the random
perturbations and the Langevin thermostat. We have choosen the same param-
eter in order to simplify notations, it does not affect the results concerning the
macroscopic properties of the dynamics.
We assume that the forcing F,,(¢) is given by

(2.3)

Fult) = %7(2) (2.5)

where F(t) is a smooth 1-periodic function such that
1 1
f F(t)dt =0, f F(£)2dt >0, (2.6)
0 0
The generator of the dynamics is given by

Gy = Ay + 7Ship + 295, (2.7)



where

At = szaqw + Z(ANan - w(2)qaf)apx + Fn(t)aihﬂ (28)
x=0 x=0
and
SupF(p,a) = Y (F(p*,q) - F(p,a)), (29)
x=1

where F': R2("*1) - R is a bounded and measurable function, p® is the velocity
configuration with sign flipped at the x component, i.e. p* = (p§,...,p%), with
pe =py, y # v and pt = —p,.. Furthermore,

S_=T.0% = polp,. (2.10)

The energy currents are given by
gtgm = jmfl,x - jm,rp+17 (211)
with
jx,z+1 = _px(QI+1_q:E)a if T € {07"'7n_1}
and at the boundaries
G0 =27 (T-=p§(t),  Jnmer(t) = =Fult)pn. (2.12)

2.1. Statements of the main results.

2.1.1. Macroscopic energy current due to work. The first results concerns the
work done by the forcing in a diffusive limit, i.e.

D) =% [ B G (5,000, p() ds == [ F () (0n(9)) ds,

(2.13)
where E, denotes the expectation of the process with the initial configuration
(q, p) distributed according to a probability measure . We shall write J,,(¢,q, p)
if for a deterministic initial configuration (q,p), i.e. p = dqp, the é-measure that
gives probability 1 to such configuration.

Denote

F(0) = f e~2ml (1) dt. (2.14)
0
Note that by (2.6) we have F(0) = 0. We suppose that
SIF(0)] < oo. (2.15)
7
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Assume furthermore that (u,) is a sequence of initial distributions, with each
{i, probability measure on R™*! x R™*!. We suppose that there exist C' > 0 and
0 €[0,2) for which for any integer n > 1

Here (q,,,P,,) the vector of the averages of the configuration with respect to f,.
In Section 8.3 we prove the following.

Theorem 2.1. Under the assumptions listed above, we have

lim sup |J, (¢, i) — Jt| =0, (2.17)

n—+oo >0

where

J = —(2%)2262@6), (2.18)

LeZ,
with Q) given by

o) = 1IF O [ (%) ﬂmnz (%) . (QTTE)] . (QVTTK)} d
(2.19)

Remark 2.2. The asymptotic current J is the same as in the stationary state
(cf. [14]) and it does not depend on the initial configuration.

Remark 2.3. Rescaling the period 6 with n and the strenght of the force is such
way that

Tn(t):n“}"(#), b—a:%, a<0 and b>0, (2.20)

Theorem 2.1 still holds but with a different value of the current if b > 0 that has
been calculated in [14]:
—~ 1 -2
Q(0) = 44| F(0))? [ cos? (%) [élsin2 (%) + cug] dz. (2.21)
0

Formula (2.21) corresponds to (2.19) with the value 6 = .



2.1.2. Macroscopic energy profile. Let v (dq,dp) be defined as the product
Gaussian measure on §2,, of zero average and variance T > 0 given by

vr (da.dp) = 7 [T exp {~£.(a.p)/T-) dadp. (222)

where Z is the normalizing constant. Let f(q,p) be a probability density with
respect to vy . We denote the relative entropy

H,(f) = fQ f(a,p)log f(q,p)dvr (q,p). (2.23)

We assume now that the initial distribution p has density f,(0,q, p), with respect
to v, such that for all n > 1,

H,,(f,(0)) < Cn. (2.24)

We also assume that there exists a continuous function 7j : [0,1] - (0, +o0)
such that

lim Eﬂlﬁggo(g)gx(o)] _ folw(u)To(u)du, (2.25)

for any function ¢ € C[0, 1] - the space of continuous functions on [0,1]. Recall
that E,, denotes the expectation of the process (q(t), p(t)) with the initial con-
figuration (q,p) distributed according to a probability measure u. Here and in
the following we denote &,(t) = £,(q(t),p(t)).

Theorem 2.4. Under the assumptions made above for any ¢ € C[0,1] and t >0
we have

) 1
lim
n—oo 1 4 1

zm:go(%)E# (£.(n%1)) = [0 Lo ()Tt u)du, (2.26)

where

D
T =—0>T, wue(0,1),
4y

(2.27)
4y J
T(t, O) = T_, auT(t, 1) = —F, T(O, U) = To(u>
Here J is given by (2.18) and D is defined by
2
D = 1-wh(Gug(0) + Gy (1)) = , (2.28)

2+ wi + woJwi +4

where G, ({) is the Green function defined in (A.2).



Remark 2.5. The derivation of (2.27) does not depend on the boundary con-
ditions. The same proof will work in the case where two Langevin heat baths at
two temperatures, T_ and T, are placed at the boundaries, in the absence of the
periodic forcing. In this case the macroscopic equation will be the same but with
boundary conditions T'(t,0) =T_ and T'(t,1) =T,.

Also, in the absence of any heat bath, we could apply two periodic forces fqgo)(t)

and fT(Ll)(t) respectively at the left and right boundary. They will generate two
incoming energy current, J© >0 on the left and JM < 0 on the right, given by
the corresponding formula (2.18), and we will have the same equation but with
boundary conditions 0,T(t,0) = —@ and 0,T(t,1) = —#. Of course in this
case the total energy increases in time and periodic stationary states do not exist.

In the case were both a heat bath and a periodic force are present on the same
side, say on the right endpoint, then the macroscopic boundary condition arising
is T(t,1) =T, i.e. the periodic forcing is ineffective on the macroscopic level,
and all the energy generated by its work will flow into the heat bath.

Remark 2.6. If the initial data Ty is C' smooth satisfies the boundary condition
in (2.27), then equation (2.29) has a unique strong solution T'(t,u) that belongs
to the intersection of the spaces C([O,+oo) x [0, 1]) and 01’2((O,+oo) x (0, 1)) -
the space of functions continuously differentiable once in the first and twice in the
second variable.

In the proof we will use the weak formulation of the boundary value problem
(2.27) that reads as follows: for any ¢ € C?[0,1] such that ©(0) = ¢'(1) =0 we
have

[ et [ e [ds [T

tDT.
Y (0) -tJp(1).
7y

(2.29)

Remark 2.7. In the proof of Theorem 2.4 we need to show a result about the
equipartition of energy (cf. Proposition 4.1). As a consequence the limit profile
of the energy equals the limit profile of the temperature, i.e. we have

. 1
lim
n—oo n, + 1

T (%) E (p2(nt)) = fo L ()T (¢ u)du. (2.30)



3. ENTROPY, ENERGY AND CURRENTS BOUNDS

Let f,(t,q,p) be the density of the configuration (q(t),p(t)) w.r.t. the Gibbs
measure vp_. Let us assume that the initial density f,(0,q,p) is C'. The results
presented in this section can be extended to a more general initial density satisfy-
ing only (2.24) by using the argument of section 3.2 in [5]. Under such regularity
condition f,(t) is solution of the Fokker-Planck equation

atfn(t) = gt*fn(t)7 (3'1)

where G/ is the adjoint of the generator G, w.r.t. the Gibbs measure v_.
We first prove that the initial entropy bound (2.24) holds for all times.

Proposition 3.1. For any t there exists a constant C' independent of n such that

sup H,(f,(n?s)) < Cn, (3.2)

s€[0,¢]

Proof. Using (2.23) for the generator G, we conclude that
HL(02) - M) = [ as [ F9)Gi10s o)y =1, 411,
with
I, := WAthds Ln fn(s) (Saip + S-) log fr.(s)dvr,
11, := fongtds /Qn fu(s)Aslog fr(s)dvp_.

We have that I,, < 0 because Sgip, and S are symmetric negative operators with
respect to the measure vr_. The only positive contribution comes from the second
term where the boundary work defined by (2.13) appears:

- [On tdsfn(s) [ %fn(s)dyp _ _%Jn(t, £a(0)drro).

therefore
n
H, (fa(n71)) < Ho(£(0)) = 75 Ju(t, fu(0)dvr-).
The conclusion of the proposition then follows from a direct application of (2.24)
and Theorem 2.1. O



Corollary 3.2 (Energy bound). For any t, >0 we have
L et o ]
sup supE|——= > &7 (n°t)|= E(t.) < +oo. 3.3
s supE | L S 60 )| < () 33)

Proof. Tt follows from the entropy inequality, see e.g. [8, p. 338], that for o > 0
small enough we can find C,, > 0 such that

E [Z 832”)(n2t)] < é(C’an +H, (1)), t>0, (3.4)
O

From Theorems 2.1 and Corollary 3.2 we immediately conclude the following.

Corollary 3.3 (Current size). For any t. >0 there exists C' >0 such that
C

ftE[jx_Lx(n%)] ds| < —
0

In particular, for any t >0 there exists C'> 0 such that

sup x=0,...,n+1. (3.5)

x,te[0,t4]

C
=T tds| < —, 3.6
| [ (Bl -7 Jas| < = (3.6)
Proof. By the local conservation of energy
d n n n
n 2 ZELE (n20)] =E[1 ,(n) - 0 (n?0) ] (37)

Therefore

[]inix(n s)ds = /]nn+1(nsds+ Z( 5(")(71275)] [875")(0)]),

et
and bound (3.5) follows directly from estimates (2.17) and (3.3). Estimate (3.6)
is a consequence of the definition of j_1 o (see (2.12)) and (3.5). O

4. EQUIPARTITION OF ENERGY AND FLUCTUATION-DISSIPATION RELATIONS

4.1. Equipartition of the energy. In the present section we show the equipar-
tition property of the energy.

Proposition 4.1. Suppose that p € C[0, 1] is such that supp ¢ c (0,1). Then,

lim ng( )/t [pi(nQS)—(qx(n2s)—qx_1(n23)) —wig(n? s)]ds_

|
(4.1)

n+1

10



Proof. After a simple calculation we obtain for z=1,...,n—1,

Pi - wids = (@ = ¢2)” = V (421 = 0)] + Gt (¢ape + 2942) - (4.2)
Therefore,
t
| E[p2002) e (n5) = (a.(n%s) ~ . (n25))?Jas (43)
0

t
=V /0 E [qx(nQS)(qml(an) - qx(nzs))] ds
+072E g (n2)pa(n?t) + 2962 (%) | - n72E| 2 (0)p.(0) + 27¢(0) ]
After summing up against the test function ¢ (that has compact support strictly

contained in (0,1)) and using the energy bound (3.3) we conclude (4.1).
O

4.2. Fluctuation-dissipation relation. In analogy to [14, Section 5.1] define

1 1
fr = — (qus1 = ¢) (Px + Prs1) + = (Gt —q$)2a r=0,...,n-1,
4ry 4

(4.4)
S:c 32P3+(Qx+1—%:) (Qx_%c—l)_wgqga ZE=O,...,TL,
with the convention that q_1 = qo, ¢, = ¢ns1. Then
. 1 Opme
Jras1 = ——VSe + Gifu — ’—lfn(t) (g —qn-1), x=0,....,n-1. (4.5)
4~ 4~

5. LOCAL EQUILIBRIUM AND THE PROOF OF THEOREM 2.4

The fundamental ingredients in the proof of Theorem 2.4 are the identification
of the work done at the boundary given by Theorem 2.1, the equipartition and
the fluctuation-dissipation relation contained in section 4, and the following local
equiltbrium results. In the bulk we have the following:

Proposition 5.1. Suppose that ¢ € C[0,1] is such that suppp c (0,1). Then

lim L i(p( ‘ )fOtE[qx(n%)qu(an)—Gwo(é)pi(nQS)]dSZO, (5.1)

neteom+1 =" \n+1

for £=0,1,2. Here G, (¢) is given by (A.2).

At the boundaries the situation is a bit different and we have

11



Proposition 5.2.

n—+oo

lim OtE[qg(nzs) — (G (1) + Gy (0)) p3(n?s)]ds = 0. (5.2)

The proofs of Propositions 5.1 and 5.2 require the analysis of the evolution of
the covariance matrix of the position and momenta vector and will be done in
section 7. As a consequence, recalling definition (4.4) and the bound (3.6), we
have the following corollary

Corollary 5.3. For any t >0 and ¢ € C[0,1] such that supp ¢ c (0,1) we have

lim L Zn:go( ’ )/;E[Sx(nzs)—Dpi(nzs)]ds=0, (5.3)

notoon+1 =" \n+1
and
Tim Ot {E[So(n?s)] - DT }ds = 0. (5.4)

We apply Corollary 5.3 in order to prove Theorem 2.4. Let M, ([0,1]) be the
space of the positive, Borel measures on the interval [0, 1] endowed with the weak
topology. The subset M, g, ([0,1]), consisting of measures with total mass less
or equal to E,, is compact in this topology and the topology is metrizable when

restricted to this set. Define &, € C'([0,t.], M,([0,1])) as

x
n(t, =7 x n*t x = ( ) . .
Ealt, ) = ZSO E[&.(n*)],  we=| (5.5)
We endow C'([0,¢.], M, g, ([0,1])) with the corresponding uniform topology. As
a consequence of Corollary 3.2 for any t, > 0 the total energy is bounded by
E. = E(t.) (see (3.3)) and we have that &, € C ([0,¢.], M, g, ([0,1])).

5.1. Compactness. Since M, g, ([0,1]) is compact, to show that (&,) is com-
pact, we only need to control modulus of continuity in time of &, (¢, ) for any
@ € C1[0,1], see e.g. [12, p. 234]. For any 0 < s <t <t, we have

En(t,0) = En(s, )

Z Dz [(jx—l,ac - jx,x+1)(n27—)] dT

S =0

7’L2 n-1

n+1 Z ((10904—1 Sﬁx) /StE[jx7x+1(n27')] dr (56)
/s (0B [-1,0(FBT) | = 0nE [nns1(n?7)]) dr

n+1



and by using a slight modification of Corollary 3.3 we have for any ¢ € C'([0,1])

[6n(t,0) = &n(s, )| < C(t = 5). (5.7)
This is enough to establish compactness in C ([0, t.], M., ([0,1])).
5.2. Limit identification. Consider a smooth test function ¢ € C?[0,1] such
that
p(0) =¢'(1) = 0. (5-8)
In what follows we show that

6ulte) 6 0.9) = O 1)+ £ [ s o). (59)

The symbol o,(t) stands for a quantity that satisfies
lim sup lon(s)| =0 for any t > 0. (5.10)

Thus any limiting point of (5") has to be the unique weak solution of (2.29) and
this obviously proves the conclusion of Theorem 2.4.

By an approximation argument we can restrict ourselves to the case when
supp ¢” c (0,1). Then as in (5.6) we have

n2 n- 1 t
Enlt,0) = &u(0,9) = Z (Pz+1 = 9096)]0 ]E[jx,x+1(n27)]d7 ( )
5.11
2 t
nT:_ 19071 f E [jn,n+1(n27—)] dTa

By Theorem 2.1 the last term converges to —p(1)Jt. On the other hand from
(4.5) we have

n2 n—1

Z (Somﬂ 301) AtE [jz,:):+1(n27-)] dr = ZInJ7 (5.12)

J=1

n+1

where

)lewz [n( 21) - ,(0)|ds

Ls:= —i( n ) Vngon_lfo fn(n2s)E[qn(nzs)—qn_l(nQS)]ds

13



It is easy to see from Theorem 3.2 that I,, » = 0,,(¢). Using the fact that ¢/(1) =0
and the estimate (8.14) respectively we conclude also that I, 5 = 0,(¢). Thanks
to Theorem 3.2 and (5.8) we have

Lia= Z I(]l +o0,(t), where

IS% W1+1) 2@”(%) fotE[ {S’x(n2s)]ds
Ig o1 ( i )2 o (n — 1) /:IE[ Fn(n?s)]ds = 0,(1),

4y \n+1 n
¢
IS’% = 7@’(0)[0 E[So(nQS)]ds.

By Corollary 5.3 and the equipartition property (Proposition 4.1) we have

n

fi= ﬁzw(nil)[t [ 2(%8) Jds + 0u(1)

x=0

y(n+1 égp (n+1)[ [gx(”2$)]d8+on(1)

and

lim I(d) —’(O)DT_t
n—+o00 47 )

Thus (5.9) follows. 0

6. THE EVOLUTION OF THE COVARIANCE MATRIX

6.1. Dynamics of fluctuations. Denote

¢, (t) = qu(n’t) =7, (n*t) and  p(t) = pa(n’t) - D, (n’t) (6.1)
for x=0,...,n. From (2.3) and (2.4) we get
G (t) = n?pl(1), zef0,...,n},
dpl,(t) = n* (Aq} - wiq,) dt = 29n°pl, (1) dt = 2p, (t=)dN, (yn’t), we{l,...,n},
(6.2)

and at the left boundary
dpg(t) =n? (Aq6 - wgq(')) dt — 2yn?py(t)dt + /4yT_ndw_(t). (6.3)

14



Here N,(t) == N,(t) —t. Let X'(t) = [} (1), ..., q,(t),p5(t), ..., p,(t)]. Denote by
S, (t) the the covariance matrix

S(Q)(t) S(q’p)(t)
S,()=E, [X'®)eX'(t)|=] =" n : 6.4
(1) =B, [X' () @ X'(1) ] [nga) 591 (6.4)
where
S0 =Bl gm0 =[Balg0nm]
(6.5)
T
SY(LP)(t) = [EM [p;(t)p;(t)]]ryzo » and S,(lpvq)(t) - [ngq,p)(t)] ‘
6.2. Structure of the covariance matrix. Given a vector v = (Yo, Y1,---,Yn);
define also the matrix valued function
T 0 0 ... 0
00 0 ...y
Let 35(h) be the 2 x 2 block matrix
0n+1 0n+1
Y = : 6.7
-0t o | ©.7)

Here 0,41 is (n+ 1) x (n+ 1) null matrix. We have
2 2 t 5 o )
Sn(t) = EM,L[e_An tX,(O) ® X’(O)G_ATn t:l + n2 [ @_A" (t_S)EQ(p2(n28))€—ATn (t_s)dS
0

where A is given by (8.2) and p2(s) = [E,, p3(s),...,E,,p2(s)]. Consequently

%%Sn(t) =-AS,(t) - S, () AT + &(F(n?t)). (6.8)
Denoting
()= [ Su()ds. (pe= [ Pnts)as, (6.9)
we have by integrating in (6.8)
AU(SD)e + ({Su))eAT = 5o ( (D). ) = R (6.10)
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where, both here and in the following, R,, denotes a generic matrix with entries
of order n=2 as n — oo.

In the following {¢;(x), 1,5 =0,...,n} are the eigenfunctions and eigevalues
of w? - Ay, defined by (A.3) in Appendix A.
Given a matrix [ By a ]z.2-0

.....

Bjjr = i By wbi(x) iy (2").

z,x'=0

Then we have the inverse relations

Bow= S By (a)i(a) (6.11)

3,4'=0

Following the same algebraic calculation as in [14], section 6.3, we obtain

& 20 (15, 157) 7=
Sy, = 2PV L (4) + R, 6.12
(S35 L (t) (6.12)

where

Byt = 3 6y + (Tt~ (s 00, (613)

and

O, i) = [1 . M]l
S 82 + pir)

We also have

S(p)(t) O(1j, 1y )FJJ (¢) + (6.14)
Finally,
O (k5 1) =
S (4) = LI (= ) F () + Ry 6.15
() 27(/~LJ+MJ)(M] Nj) J,J() ( )
6.3. Some bounds on the kinetic energy. From (6.14) we have
((SED) = 3 Moy (92} + (Tt = {(P3))e) Mo + R (6.16)
)
where
= Y O, 1y )0 () (2)0; () Uy (y).- (6.17)
J,3'=0
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It has been shown in [14, Appendix A] that

> Myy=> My,=1 and M,,>0 forallz,y=0,...,n. (6.18)
y'=0 y'=0

Using energy estimates (3.3), bounds on the momenta averages (8.14), together
with (3.6) and (6.18), we conclude that

({2 = 20 May (D)) + prn(t), (6.19)
y
where the symbol p, ,,(t) satisfies
n 1
su wm(8)]=01—), 6.20
s 2 lpaa(3)] = O(3) (6.20)

as n - +oo. The following lower bound on the matrix [M,,] comes from [14,
Proposition 7.1] (see also [7]).

Proposition 6.1. There exists ¢, >0 such that
n n-1
Z Oy — Myy) fyfe 2 s Z(fo)2, for any (f.) eR™ . n=1,2.... (6.21)
z,y=0 z=0

Multiplying both sides of (6.19) by ({p2)):, summing over x and using Propo-
sition 6.1 we immediately conclude the following.

Corollary 6.2. There exists C'> 0 such that

SN~ (2D = S nmt2 (622

Proposition 6.3. For any t > 0 there exists C'> 0 such that

D (I EI) PECEE R B
x:S(}l.I")n<<pi>)t<C. '

Proof. As a direct consequence of (3.3) and Corollary 6.2 we have: for any ¢ > 0
there exists C' > 0 such that

n-1

2PN = ((pRa))e]?

z=0

IN

C (6.24)
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and
sup ((p2)) < COn'? n=1,2,... (6.25)

Indeed, estimate (6.24) is obvious in light of (6.22). To prove (6.25) note that by
the Cauchy-Schwarz inequality

§| (P20l + (),
n 1/2
{g ({2 12} ) < O/ + (),

and (6.25) follows, thanks to (3.6).
From (6.19) and (6.20) we conclude that for any ¢ > 0 we can find C' > 0 such
that

5 (U= 2 < Z|pm<t>| (v2):

< sup (r2)) lem( )| <€ St;p(<pi))t (6.26)

Using the Cauchy-Schwarz inequality we conclude

sgp((pz z; | —{(Praa |

n—1

2 1/2
(g + ﬂ{z (- o) | (6.27)

2
Denote D,, := Y7~ (((pz)) ((p? +1))1t) . We can summarize the inequalities ob-
tained as follows: for any ¢t > 0 there exists C' > 0 such that

C
Dn < Sllp((pi))u (628)
n+ ]. x

sup({pz))e < ({po))e + Vin + 1D < ((pf))e+ C+ Csup<<px))1/2,

for all n = 1,2,.... Thus the second estimate of (6.23) follows, which in turn
implies the first estimate of (6.23) as well.
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7. PROOF OF LOCAL EQUILIBRIUM

We prove here Proposition 5.1 and 5.2.

7.1. Proof of Proposition 5.1. Let

20 (1, 1)
B (pu, pyr) = — 2 7.1
i) = DL (r.)
For a fixed integer ¢ define
—(n,0) 1 " Tjx ) (Wj’(:r;—ﬁ))
K =— D (i, pujr : 2
(.’17) 4(77, n 1)2 jJ(;n_l (:u]7/“LJ )COS (’I’L 1 COS nil (7 )
By [14, Lemma B.1], for a given ¢ there exists C' > 0 such that
K (2)] < £=0,....n (7.3)

1+a2%

for n=1,2,.... It has been shown in Section 8.1 of [14] that for any ¢ > 0 there
exists C' > 0 such that

”—(ne) C
RE" -y -Ga Ol <

<z <(l-9)n. (7.4)

form=1,2,....
By virtue of (8.14) we have

Zsﬁ(

It suffices therefore to prove that

I e N (G MO S S

lim
n—+oo 1 + 1

)/t [Qx(n23)]E[qx+z(n23)]ds=O. (7.5)

n+1

lim
oo 1y + 1

We prove (7.6) for ¢ =0, the argument for other values of ¢ are similar. By (6.12)
we have

(S, = 3 HEN (2, + Bu(t, ) + o, (7.7)

y=0
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with

HE) = 3 5@ gt (0 () () (),
v=03 (7.8)
Bt ) = X5 ()0 (2)® g ) (T = (0D )5 0)(0).

Using (3.3) and (3.6) we conclude that lim,,_, . sup,
if on <x < (1-0)n,

Bn(t,x)‘ = 0. Furthermore,

S H) = G,2(0) + o(n) (7.9)

Then we have that

nilgw(nil){<(Sa(:?;z+e>>t_Gwo(f)“pg:))t}
1 T\ (7.10)
T+l Q*p(m)gﬁfé@ [{(P2))e = ((p2))e] + 00

Using Schwarz inequality and (6.23) we obtain the bound

> HE ({2 - ()] < ZlHi’L)iZ\ ()= (P20 < Z

[Z > H£@>)2]1/2 [l |2]1/2 < [z (> )

(7.11)

IHaE’Z)I\ (2D = ((P2))e]

IIMN

1/2

<
v

2
It follows from results in Section 8.1 of [14] that Z::O<ZZ:O|H$?LJ)|) < C, and
Proposition 5.1 follows for ¢ = 0.

O
7.2. Proof of Proposition 5.2. From Propositions 8.1 we have
t
lim 75(s)ds = 0.

It suffices therefore to calculate [, E(g)(s)?)ds = ((Sé?o)))t.
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We have, see (6.12) and (7.1),

(SO =3 S @y, sy )5 (0) () () () (2 e (7.12)

y=04,7=0

3% B O (0 (T~ (D)) +00()

-3 HP )+ ) (7.13)
Here
H" = 3 @ w0y () (v) (7.14)

That has the property

ZH“” zcbwj,mwj(of z L0y

7=0 J
7j 7.15
n cos’ (2(n+1)) ( )
o+ 1 =0 W3 + 4 sin? (2(:{11)) n—oo

Using [14, Lemma B.1] we conclude that there exists C'> 0 such that

C
HM| < =0,...,m,n>1. 7.16
H1< gy 4O (7.16)
Then, proceeding as in (7.11) using the Cauchy-Schwarz inequality and the first
estimate of (6.23) we conclude that we obtain

5 1H et < -
Hence
(S5 = (21{5}?) ((B3))e + 0n(t) = Go2(0) + G2(1) + 0. (7.17)

O
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8. THE DYNAMICS OF MEANS AND THE PROOF OF THEOREM 2.1

8.1. The dynamics of means. Let i be a Borel probability measure on R2(%+1)
and let (q,p) be the vector of the p-averages of initial data. In the following
q(t)
p(t)
Eqp(g:(t)) and D,(t) = Eqp(pz(t)). Let eyns1) the 2(n + 1) vector defined by
€2(n+1),j = O2(n+1),j- Lhen the evolution equation is given by

qt) \_ —af @ ft ~A(t-s)
( (1) )— e 517, Fn(s)e €(n+1)ds. (8.1)
Here A is a 2 x 2 block matrix made of (n+1) x (n + 1) matrices of the form
_ 0 _Idn+1
A= ( “Ax+wi 291d4 ) (8.2)
where Id,,;1 is the (n+ 1) x (n + 1) identity matrix. Using the expansion

F(t) = %} F(l)e*m

we denote by the vector means of positions and momenta by g, (t) =

and defining

( Zéz)) ) = 6_Ate2(”+1)7 (8'3)

we can write

at)  _af @), 20 [ et y(t-s)
_ = _ — s < ds. 8.4
(p<t>)€ b ) 2w b ae-s )2 Y
To find the formulas for the components of T,(t), w,(t), x = 0,...,n of the

u(t q\. . . . ) .
vector gg tg ) = eAt( % ) it is convenient to use the Fourier coordinates in

the base 1; of the eigenvectors for the Neumann laplacian Ay, see (A.3). Let
Ui (t) = Yoo U ()Y (x) and T;(t) = X0 U (t)1¥;(x) be the Fourier coordinates of
the vector (u(t),v(t)). Likewise, we let g; = X0 q,%;(z) and p; = X0 P, (),
with g, p,, x=0,...,n the components of (q,p).

Let
Aje =7 £V - 1y (8.5)
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be the two solutions of the equation A2 — 29\ + p; = 0. Note that ;. \;_ = y;.
Then,

(1) - eijL”[ T B - T e {27 )] (86)

_ exp{-A\;-t _ _ _ _
v;(t) = %[(#m + Aj+Dj) exp {—Qt V- Mj} ~ 1G5~ M—Pj] (8.7)
20/ = 15

and

in the case when p; # v2. When 2 = p1; (then A; . =) we have
W) = [ L+t +Bit]e ™, T(t) = [td + (1= 0)F; e "
Then, by (8.6) and (8.7), we conclude that the components of e~4tey,,.1) equal
N exp{-A,_t} [ —exp {-2t\/7% - 11} ]
yi(t) = =1;(n) N e
exp {-\;_t} [/\j,+ - \j-exp{- QtM}]
NG

in the case when p; # 72. In the case that 2 = p; (then \;. = ) we have

7;(t) = ¥j(n)te® and Z;(t) = ¥;(n)(1 - yt)e .
Elementary calculations lead to the following bounds

(8.8)

Zi(t) = ¥;(n)

w? .
Re)j. > 7. =min {’y, ﬁ} , |)\j,:l:| <y+ |,)/2 _wg - 4|1/2’ 7=0,...,n. (8.9)

Hence, there exists C' > 0 such that
175 (O] + 17O < C(E+ 1)e ™ by (n))] (8.10)

forallt>0,j=0,...,n, n=1,2,.... By the Plancherel identity, (8.6) and (8.7)
we conclude also that there exist constants C,C” > 0 such that, for all ¢ > 0 and
neN,

2 [0 0] = L[5 72 0)

=0

(8.11)
<C(t+1)e wZ( 7)< C'(t + 1)e 41, (ap).
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8.2. L? norms of the means. By (8.4) and the Plancherel theorem

I ACIOR OIERE) o MEIORETOIES

C’I’L

>

njo

+

2
Zf(£ f 27ri€s/0’yvj(t _ S)dS

—~ t )
S E(0) f e2mil10% (¢~ 5)ds
1 0

(8].12)

The constant appearing here below do not depend on ¢ and n. Using (8.10) and
(8.11) we conclude therefore that

2
> [ [22(5) + Pa()] ds < O (ap) + (me) e
x=0 7

From (8.13) we conclude therefore the following.

Proposition 8.1. Assume that the hypotheses of Theorem 2.1 are in force. Then,
there exists C' > 0 such that

3 [ [+ s < . (5.14)

forallt>0,n=1,2,.... Here?d is as in (2.16).

8.3. The proof of Theorem 2.1. We show (2.17) and (2.18). Recall that the
initial configuration (q, p) is distributed according to p,. For the work done we
have

Wo(t) = fo ' F ()P, (5)ds
= Z%(n) Zz: %j—"\(ﬁ) '/:eﬂ”fs/eﬁ}(s)*ds.

Using (8.1) the utmost right hand side can be rewritten in the form W, ;(¢) +
W,,.(t) where

ONE 0N R ORE

Wy (1) = Z%(n)Zf(ﬁ)f(ﬁ’) [ s eontermo [ et (s
00
24 (8.16)

(8.15)



Thanks to (2.15) and the Cauchy-Schwarz inequality we conclude from (8.11)

c 12— — ! 1/2 —yxs/2
W] < #a(@,8,) ) (50 1o s

Thanks to (2.16) lim,,e [W,(n?t)|/n = 0. Using (8.8) we have

S I ol e s I ol [’ *
f ezQsz/GZj(S/)*dSI — / e szKs/@Zj(S/)dSl
0 0

oy (n) [)\M [e—s(xj,++2mz/0) -1] Aj- [e—s(xj,_wme/e) _ 1]]

TN AL 2mill0+ N, 2millf+ A

so that we can decompose the work done in W, ¢(¢) = Wf} + Wf} , where

O e S FOF O e )
nf A SN L - N T 2mil)0 + N;— 2mil]0+ N,
t
xf exp {2mis(¢ - ¢")[0} ds
0
t & 3 (n)

) Aj At
‘"Z L- AL ZW ¥ (2me/9+xj_ 2m’£/9+Aj,+)

while Wé? (t) is exponentially small in time. After a direct calculation we obtain

W(l)( ) = 29t (27 22": ¢]2(n)€2|f(f)|2 _ _£7
(9) =0 {[uj-(zwé/ey] +[2fy(27?€/9)] |-

so that lim,, e J,(t) = =lim,_.c Wy, (n%t)/n = Jt, and Theorem 2.1 follows. O
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APPENDIX A. THE DISCRETE LAPLACIAN

A.1. Discrete gradient and laplacian. Recall that the lattice gradient and
laplacian of any f : Z — R are defined as Vf, = foi1—f: and Af, = foi1+ foo1-2f2,
x € Z, respectively.

For a given function ¢ : [0,1] - R and n = 1,2,... we define three discrete
approximations: of the function itself, of its gradient and Laplacian, respectively
by

po =), (Vap)e = (n+1)(0(57) - (), (A1)
(Anp)s = (n+1)%(0(23) +9(57) - 20(:5)), ze{0,....n}.
We have used the convention ¢(-—=) = ¢(0).

Suppose that wy > 0. Consider the Green’s function of —A + w? on the integer
lattice Z. It is given by, see e.g. [15, (27)],

Guo(z) = (-A+ wg)_l (z) = fol {4sin®(mu) + wg}_l cos(2mux)du (A.2)

A.2. Discrete Neumann laplacian -Ay. Let A\; and ¢;, j =0,...,n be the re-
spective eigenvalues and eigenfunctions for the discrete Neumann laplacian —Ay,

ie. ¥;(-1) =1;(0) and ¢;(n) =1;(n+1). They are given by

o ) B 2—507]‘ 12 7Tj(2.1'+1) .
)\j—451n2 (m)7 w](x)—(m) COS(W)7 x,j—O,...,n.
(A.3)

The eigenvalues of w2 — Ay are given by

. TJj .
uj=w§+)\j=wg+4s1n2(m), ]ZO,...,H.
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