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Abstract

We lay the foundations of a non-parametric theory of best-arm identification in multi-armed bandits
with a fixed budget T'. We consider general, possibly non-parametric, models D for distributions
over the arms; an overarching example is the model D = PJ0, 1] of all probability distributions
over [0, 1]. We propose upper bounds on the average log-probability of misidentifying the optimal
arm based on information-theoretic quantities that we name £5(-,v) and £ ,(-,v) and that
correspond to infima over Kullback-Leibler divergences between some distributions in D and a
given distribution v. This is made possible by a refined analysis of the successive-rejects strategy
of Audibert et al. (2010). We finally provide lower bounds on the same average log-probability,
also in terms of the same new information-theoretic quantities; these lower bounds are larger when
the (natural) assumptions on the considered strategies are stronger. All these new upper and lower
bounds generalize existing bounds based, e.g., on gaps between distributions.

Keywords: Multi-armed bandits, best-arm identification, non-parametric models, Kullback-Leibler
divergences, information-theoretic bounds

1. Introduction and brief literature review

We consider a class D of distributions over R with finite first moments, which we refer to as the
model D. A K-armed bandit problem in D is a K—tuple v = (v, ..., k) of distributions in D.
We denote by (i1, ..., ux) the K—tuple of their expectations. An agent sequentially interacts with
v: at each step t > 1, she selects an arm A; and receives a reward Y; drawn from the distribution
v4,. This is the only feedback that she obtains.

While regret minimization has been vastly studied (see Lattimore and Szepesvdri, 2020), an-
other relevant objective is best-arm identification, that is, identifying the distribution with highest
expectation. In the fixed-confidence setting, this identification is performed under the constraint
that a given confidence level 1 — ¢ is respected, while minimizing the expected number of pulls of
the arms (the expected sample complexity). This setting is fairly well understood (see Lattimore
and Szepesvdri, 2020, Chapter 33 for a review). A turning point in this literature was achieved
by Garivier and Kaufmann (2016), who provided matching upper and lower bounds on the expected
number of pulls of the arms in the case of canonical one-parameter exponential families. Since
then, improvements have been made in several directions, including for example non-asymptotic
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bounds (Degenne et al., 2019) and the problem of e-best-arm identification (Garivier and Kauf-
mann, 2021). The first generalization to non-parametric models in this fixed-confidence setting was
achieved by Jourdan et al. (2022), who worked in a concurrent and independent manner from us.
Their upper and lower bounds differ by a multiplicative factor of 2 (only).

Best-arm identification with a fixed budget. The fixed-budget setting is much less understood
in our opinion. Therein, the total number T of pulls of the arms is fixed. After these T pulls, a
strategy must issue a recommendation [7. Assuming that v contains a unique optimal distribution
v* of index a*(v), one aims at minimizing P(I7 # a*(v)). We are interested in (upper and lower)
bounds that hold for all problems v in D, possibly under the restriction that they only contain
a unique optimal arm. It may be straightforwardly seen that the probability of error can decay
exponentially fast—for instance, by uniformly exploring the arms (pulling each of them about 7'/ K
times) and recommending the one with the largest empirical average. This is why the literature
(see, for instance, Audibert et al., 2010 and Lattimore and Szepesvari, 2020, Chapter 33) focuses
on upper and lower bound functions ¢ < U < 0 of the typical form: for all bandit problems v in D,
with a unique optimal arm,

1 1
< liminf — * < i = * <
((v) < liminf 2 InP(Ir # a*(v)) < lim sup 7 InP(Ir # a*(v)) <U(v) <0,

or, put differently, exp (E(g) T(l—i—o(l))) <P(Ir # a*(v)) <exp (U(g) T(l—i—o(l))) .

This problem is generally considered more difficult than the fixed-confidence setting (see, e.g.,
Lattimore and Szepesvari, 2020, Chapter 33 and Jourdan et al., 2022, Section 6), and even for
parametric models like canonical one-parameter exponential models, no strategy with matching
upper and lower bounds (i.e., no optimal strategy) is known so far.

Earlier approaches. So far, four main approaches were considered for the problem of best-arm
identification with a fixed budget. First, the early approach by Audibert et al. (2010) relies on gaps:
we define the gap A, of arm a as the difference yu* — u, between the largest expectation p* in v
and the expectation of the distribution v,. They introduce a successive-rejects strategy and provide
gap-based upper bounds for sub-Gaussian models, based on Hoeffding’s inequality. They however
propose a lower bound only in the case of a Bernoulli model, not for larger, non-parametric, models.
This lower bound was further discussed by Carpentier and Locatelli (2016), in a minimax sense. A
second series of approaches (see, e.g., Kaufmann et al., 2016) focused on Gaussian bandits with
fixed variances, but their results do not seem to be easily generalized to other models as they rely on
specific properties (even stronger than the symmetry of the Kullback-Leibler divergence, namely,
that in this model, the Kullback-Leibler divergence only depends on the gap between the expec-
tations of the distributions). A third approach, led by Russo (2016, 2020), considered canonical
one-parameter exponential families, but for a different target probability. Namely, a Bayesian set-
ting is considered and the quality of a strategy is measured as the posterior probability of identifying
the best arm. An optimal non-gap-based complexity is exhibited, together with optimal strategies
matching this complexity. However, Komiyama (2022) argue that such an approach is specific to
the Bayesian case and is not suited to the frequentist case that we consider. A fourth approach is to
focus on the case of K = 2 arms, see, e.g., Kaufmann et al. (2016). The non-parametric bounds
obtained therein do not enjoy any obvious generalization to the case of K > 3 arms beyond the one
stated in Theorem 14 and criticized in Section 2.3 for only involving pairwise comparisons with the
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best arm. By considering very specific models, Kato et al. (2022) constructed a strategy that is op-
timal (only) in the regime where the gap between the 2 arms is small—yet, this gap-based approach
does not, by nature, go in the direction of non-parametric bounds.

We will provide more details concerning some of these approaches while presenting and dis-
cussing our main results, in Section 2.2; see also Appendix E.

Content and outline of this article. We focus our attention on instance-dependent upper and
lower bounds, holding for all problems of general models D, including non-parametric models, and
valid for any number K of arms. Put differently, we target a high degree of generality. While admit-
tedly not exhibiting matching upper and lower bounds, we show that the same (new) information-
theoretic quantities £, and L; are at stake in these upper and lower bounds. These information-
theoretic quantities are defined, in Section 2, as infima of Kullback-Leibler divergences and provide
a quantification of the difficulty of the identification in terms of the geometry of information of the
problem. We also present in this section an overview of our results, which we carefully compare to
existing bounds (restated therein, occasionally with some improvements). We state upper bounds in
Section 3 and to do so, we provide an improved analysis of the classical successive-rejects strategy,
not relying on gaps through Hoeffding’s lemma. Section 4 exhibits several possible lower bounds,
which are inversely larger to the strength of the assumptions made on the strategies. These lower
bounds generalize known lower bounds in the literature, like the lower bound for Bernoulli models
by Audibert et al. (2010), but hold for arbitrary models. They share some similar flavor with the
lower bounds by Lai and Robbins (1985) and Burnetas and Katehakis (1996) for the cumulative
regret.

2. Overview of the results and more extended literature review

Before being able to actually provide a formal summary of our results, we introduce new quantifi-
cations of the difficulty of a bandit problem in terms of geometry of the information.

>

2.1. The key new quantities: £, and L, as well as £, and £,

In this article, we only consider models D whose distributions all admit an expectation. We denote
by E(() the expectation of a distribution ¢ € D. For a distribution v € D and a real number = € R,
we then introduce

Lie(z,v) =inf{KL((,v): ¢ € D st E() < z}
and L5e(x,v) = inf{KL(¢,v) : ¢ € D s.t. E(Q) < 2},

inf

where KL denotes the Kullback-Leibler divergence and with the usual convention that the infimum
of an empty set equals +o00. Symmetrically, by considering rather distributions ¢ with expectations
larger than x, we define

L7 o(x,v) =inf{KL((,v): ¢ € D st. E(() >z}

inf
and L2 (x,v) = inf{KL((,v): ( € D st. E(¢) >z} .

inf

We state some general properties on these quantities in Appendix A—among others, that £ and

L5, as well as £, and L7, are almost identical for the model P[0, 1]. The same holds for

canonical one-parameter exponential models, as discussed in Appendix C.3. Lower bounds will be
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typically expressed with £, and L, quantities, while upper bounds will rely on Efnf and L ;

quantities.

Remark 1 The key quantities for the non-parametric study of best-arm identification with fixed
confidence by Jourdan et al. (2022) are defined based on Kullback-Leibler divergences with argu-
ments in reverse order, namely,

Kip(v,z) = inf{KL(v,¢) : ¢ € D s.t. E(¢) < 2} = Kine(v, z)
and K (v,2) =inf{KL(,{): ( € D s.t. E(¢) >z},

where the first quantity was referred to as simply Kis(v, x) by Honda and Takemura (2015) in the
regret-minimization literature (see also Appendix C and Garivier et al., 2022). Optimal bounds for
regret minimization only depend on Kint (v, x).

For best-arm identification with fixed budget, the arguments in the KL are in reverse order
compared to the fixed-confidence setting. Except for very specific models (e.g., the model D2 of
Gaussian distributions with a fixed variance o® > 0), the Kullback-Leibler divergence is not sym-
metric, i.e., KL((,v) and KL(v, ¢) differ in general. Specific best-arm-identification results were
obtained by Kaufmann et al. (2016) for the model D=, based on the Bretagnolle-Huber inequal-
ity (Bretagnolle and Huber, 1979); they indicate that the sum of the inverse squared gaps would be
driving both the lower bound and upper bound functions ¢ and U. However, a close look at the proof
reveals that they heavily rely on a property even stronger than the symmetry of KL for this model:
details and discussions on this matter are provided in Appendix E.2. In particular, generalizations
beyond the Gaussian case appear to be infeasible.

2.2. Overview of the results

The paper provides new and more general (possibly non-parametric) bounds on the misidentification
errors based on the information-theoretic quantities introduced above. In particular, we consider a
version of Chernoff information defined, for v, " in D with E(v') < E(v), as

Lo, v) = {c?nf(x, V) + L5 (x, V)} . (1)

inf
z€[E(v'),E(v)]

Given a bandit problem v with a unique optimal distribution denoted by v*, we may rank the arms
a in non-decreasing order of £ (ua, 1/*), i.e., consider the permutation ¢ such that

0= E(l/gl,u*) < E(Vg2, 1/*) <...< E(l/(,Kf17 V*) < E(UUK,V*) . 2)

Our first main result (Corollary 4 together with Lemma 5) considers models D like D = P|0, 1], the
set of all probability distributions over [0, 1], or D = Deyy,, any canonical one-parameter exponential
family. We study the successive-rejects strategy, introduced by Audibert et al. (2010), for which
arms are rejected one by one at the end of phases of uniform exploration, and state that this strategy
is such that for all bandit problems v in D with a unique optimal arm,

1 1 £(Vg V*)
limsup — InP(I- a*(v)) < —= min b , 3
T—>+£ (Ir # 0’ W) In K 2<k<K k )
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where In K is defined in (16) and is of order In K. The key for this result (Lemma 2, of independent
interest) is a grid-based application of the Cramér-Chernoff bound to control P (Y N<Y N), where
X and Yy are averages of two independent N—samples. This approach can be used to analyze
similar algorithms, like sequential halving (Karnin et al., 2013).

The corresponding lower bounds are stated rather in terms of £, and £, quantities, but Ap-
pendix A explains why, except in a single pathological case, £(1/, v) could be alternatively defined
with £ and L;; instead of £§1f and E?nf. We actually state several lower bounds in Section 4,
that are larger as the assumptions on the strategies considered are more restrictive; as usual, there
is a trade-off between the strength of a lower bound and its generality. However, all assumptions
considered remain rather mild and are satisfied by successive-rejects-type strategies: for instance,
Definition 8 restricts the attention to strategies such that for all bandit problems, the arm associated
with the smallest expectation is pulled less than a fraction 1/ K of the time. Out of all lower bounds
exhibited, our second main result (Theorem 13) holds, as indicated, under mild assumptions on the
model and sequences of strategies considered, and reads: for all bandit problems v with no two
same expectations,

1 Loe(@vw) | Lila,v?)
1' . f - 1 ]P)V I * 2 . . . f 1n n s 4
jlglj_go T n 7( T#a (Z)) Zg}flénK :CE[M(}CI)I}M(ICI)){ k=1 i k } @

where pi(1) > w2y > w3y > - > pk) and where v,y denotes the distribution with expectation
H(a)- Here, we considered the notation (k) for order statistics in reverse order.

This lower bound does not match the exhibited upper bound, as is further discussed in Sec-
tion 2.4. Still, we argue that quantities defined as infima over = of L7 (z,v)) + L (2, )
should measure how difficult a best-arm-identification problem is under a fixed budget. This is the
main insight of this article.

2.3. Re-derivation of existing bounds

We now survey the most important existing bounds and re-derive them from our general bounds.
These existing bounds all hold only for sub-Gaussian models and for exponential models when
K > 3, while a non-parametric bound was only available in the case of K = 2 arms.

To do so, we will sometimes consider the following weaker version of the lower bound (4),
obtained by picking x = pz):

1 X L (1, ")
. S _ i itk V)
fminf 7Py (Ir 2 @”()) > = min, =2 ®
Comparison to the gap-based approaches. Audibert et al. (2010) propose an analysis of the
successive-rejects strategy based on Hoeffding’s inequality, stating that for all bandit problems in
P[0, 1] with a unique optimal arm,
1 A7

. 1 x . (k)
< - R
l}miup lnIP’Z(IT #a (V)) ST 2g}lclgn B (6)

where we recall the definition of the gaps Ay = p* — p). This bound is a consequence of
(Corollary 4, a slightly more general form of) the bound (3), given Pinsker’s inequality (22):

Llvpr) > il {2(0— ) + 20— i) = (0 = n)* = A%y @)
TE[U (k) 1]
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We remark that the bound (6) and the lower bound on L(u( k)s 1/*) may actually be extended to the
model of o2—sub-Gaussian distributions, up to considering factors 1/(40%). We do not discuss the
UCB-E algorithm of Audibert et al. (2010), as its performance and analysis crucially depend on a
tuning parameter set with some knowledge of the gaps.

Audibert et al. (2010) also propose a carefully constructed lower bound for the model By, 1) =
{Ber(z) : # € [p,1—p]} of Bernoulli distributions Ber(z) with parameters x in [p, 1 — p| for some
p € (0,1/2). A key inequality in their proof follows from the Kullback-Leibler — y2-divergence
bound: )

Va,y € [p,1—p,  KL(Ber(z),Ber(y)) < &=y
’ ’ ’ ’ 2p(1 —p)
Their construction may actually be generalized to models D with Cp > 0 such that for all v,/
in D, one has KL(v,v') < Cp(E(v) — E(v/ ))2 This is a property that clearly holds for some
exponential families: on top of the restricted Bernoulli model discussed above, for which

CB[ppr] = 1/(2]7(1 _p)) )

we may cite the model D2 of Gaussian distributions with variance o2, for which Cp,=1/ (202).
For models enjoying the existence of such a constant C'p, (a straightforward modification of) the
analysis by Audibert et al. (2010) entails that for any v in D,

1%133;5 % InP,(Ir # a*(v)) > -5Cp 23}3}( % . (8)
As by the very assumption on the model, £, (x4, v*) < Cp A%k), the lower bound (5) implies
the stated lower bound (8), with an improved constant factor.

The lower bound (8) and the upper bound (6) differ in particular by a factor proportional to
In K. Carpentier and Locatelli (2016) discuss this gap in the case of the Bernoulli model Bi1/4,3/4)
and improve the lower bound (8) by a factor of In K, but not simultaneously for all bandit problems
v (as we aim for); they obtain the improvement just for one bandit problem v. Their lower bound
result (formally stated and discussed in Appendix E.1) is therefore of a totally different nature. More
results on how and when given lower bounds with a given complexity measure may, or may not, be
improved were stated by Komiyama et al. (2022).

Discussion of the non-parametric bound for X' = 2 arms of Kaufmann et al. (2016). It turns
out that the existing literature for the fixed-budget setting offered so far a non-parametric bound, in
the case of K = 2 arms. Namely, in a general, possibly non-parametric model D, Kaufmann et al.
(2016, Theorem 12) stated a lower bound for all 2—armed bandit problems v = (v, 12):

ljl“gl}rgcf; % In IP)Z(IT 75 a*(g)) = — )\H}l% maX{KL(Aw*(Z), Vw*(g))a KL()‘a*(g)v Va*(g))} s
E\a* (1) <Eu, ()

©))

where w, (v) denotes the suboptimal arm in v and where the infimum is over all alternative bandit

problems (A1, A2) in D with reverse order on the expectations compared to v. We note (see the

proof of Theorem 14) that we may actually rewrite this lower bound in a more readable way, in

terms of £, and £, quantities, illustrating once again that these quantities are key in measuring



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

the complexity of best-arm identification under a fixed budget:
inf maX{KL ()‘w*(g)v Vw*(g)) y KL ()\a* (v)s Vgx (g)) }

AinD:
= inf ]{max{ﬁif(x, l/w*(g)), ﬁiif (x, y*)}} . (10)

E(Aa* (v) )<E(>‘w* (v) )
TE [Mw* (v) 7""*

The proof technique of Kaufmann et al. (2016) may be applied in a pairwise fashion to generalize
the lower bound (10) for 2 arms into a lower bound for KX > 2 arms, stated in Theorem 14: for all
v in D with a unique optimal arm,

fiminf 2 InPy (I # 0"() > = min inf _{max{Cola.), L))} (D)
We however do not claim that (11) is a deep and interesting bound, as it only involves pairwise
comparisons with the best arm. In particular, we lack divisions by the ranks of the arms, as in (4).
This is why we had not stated the result (11) of Theorem 14 in Section 2.2 and mention it only here.

That being said, given that the infima in (4) are over more restricted ranges than in (11), we can
see no obvious ranking between the two bounds, which rather look incomparable.

Bounds for K = 2 arms and exponential families, cf. comments after Theorem 12 of Kauf-
mann et al. (2016). We denote by Dy, the model corresponding to a canonical one-parameter
exponential family with expectations defined on an open interval M (see Appendix C.3 for a re-
minder on this matter). For such a model, we denote by d the mean-parameterized Kullback-Leibler
divergence. By continuity of d, we have that for all v in Deyp, and for all z € M,

Ve < E(v), Lse(z,v) = L’fnf(:n, v)= d(x, E(y)) , (12)
and  Vz > E(v), Lo (z,v) = L (z,v) = d(z,E(v)). (13)

Note that all bounds stated in Section 2.2 then admit simple reformulations in terms of d. The
Chernoff-information-type quantity £ introduced in (1) may also be mean-parameterized as follows:
for 4/ < p,

L(p',p) = min {d(z,p) +d(z,p)} . (14)

z€[p,p
We now explain why we called L (and therefore £) a version of Chernoff information. The orig-
inal definition of the Chernoff information D(y/, 1) is the value d(y, ) for y € [i', p] such that
d(y, ') = d(y, ). As mentioned in the comments after Theorem 12 of Kaufmann et al. (2016), D
is the quantity at stake in (10) for a canonical one-parameter exponential family: given that d( -, )
and d( -, pu) are respectively increasing and decreasing on 1/, p],

min max{d(z, i), d(z, p)} = D(p', ) -
z€[p’ ]

Therefore, D (1, p) < L(p', 1) < 2 D(p', i), which shows that L is related to D, as claimed.

Example 1 We state the lower bound (5) and the upper bound (3) for the model B, 1_, of
Bernoulli distributions with parameters in [p, 1 — p|, where p € (0,1/2). We denote by

1—
kl(z,y) :xlnf—i—(l—x)lnl x, where x,y € [p,1 —p]
Yy -y

7
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the mean-parameterized Kullback-Leibler divergence of this model. We consider a generic bandit
problemv = (Ber(p1),...,Ber(pk)). We rank the parameters as in (4), i.e., introduce the notation
p* =Dpa) > p@e) > --- > D) Then, after noticing (see Lemma 21 in Appendix C.3) that this
ranking is the same as the one considered in (2), the upper bound (3) rewrites as

min {K(z pg) + k(") |
lim su lln]P’(I £ a*(,/)) < b min z€[p(r).p*]
. ! 77T K 2<k<K L ;

while the lower bound (5) rewrites as

.1 _ Kl(pgy,p*)
lminf 7 Py (Ir 2 () > = min, —= ="
They should be compared to the upper (6) and lower (8) bounds of Audibert et al. (2010), respec-
tively.

2.4. Discussion of the (lack of) optimality of the new bounds exhibited

The lower bound (4) does not match the upper bound (3) because of two aspects. First, the infima
in (4) are only taken on restricted ranges [,u(k) , u(k,l)) and not on the entire intervals [u(k), w*] as
in (3). Second, the upper bound (3) involves a 1/ In K factor, while the lower bound (4) does not.
A similar 1/ In K factor was missing between the upper (6) and lower (8) bounds of Audibert et al.
(2010) for Bernoulli models, together with a numerical factor of 5 CB[p, 1) The non-parametric
bounds exhibited in this article mainly generalize and extend the known parametric bounds but do
not refine the latter in the sense that gaps between upper and lower bounds would be closed.

That being said, we would like to illustrate below on one specific example to which extent the
gap-based bounds can be looser.

Example of an extreme improvement: distributions with separated supports. For general
non-parametric models, gaps are not enough at all to measure complexity as we may well have a
finite gap between two distributions v and vo with up > o, but L(ve,v1) = +oo. This holds,
for instance, as soon as 1 and vy have closed supports separated by a threshold x, i.e., the closed
supports of v and v are included in (—oo, z¢) and (zg, +00), respectively. Indeed, by mimicking
the beginning of the proof of Lemma 16 of Appendix A.2, it may be seen that [,fnf(:n, V1) = 400
for z < zg and Eif(:v, v9) = +o0 if & > xp, so that in all cases, the sum E?nf(a;, v9) + Efnf(w, V1)
equals 400, and thus, £(v2,1) = 4o00. In our bounds, e.g., the upper bound (3), the pair of
distributions v, v5 will therefore not contribute—as intuition commands: these two distributions
are easy to distinguish—, while it does contribute in the earlier gap-based bounds.

3. Upper bound: successive-rejects strategy, with an improved analysis

We consider the successive-rejects strategy introduced by Audibert et al. (2010), for K arms and
a budget 1. The strategy works in phases, and the lengths of the phases are set beforehand; they
are denoted by ¢1,...,¢x_1 > 1 and satisfy /1 + ... + {1 = 1. The strategy maintains a
list of candidate arms, starting with all arms, i.e., So = {1,...,K}. At the end of each phase
r € {l,..., K — 1}, it drops an arm to get S, while during phase r, it operates with the K’ —r + 1
arms in S, _1.
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ALGORITHM: SUCCESSIVE-REJECTS STRATEGY

Parameters: K arms, budget 7, lengths ¢1,..., 0 1 > 1withé1 4+ ...+l 1 =T
Initialization: Sp = {1,..., K}
For each phase r € {1,..., K — 1}:

1. Foreacharma € S,_1

(a) Pullit |4, /(K — 1+ )] times

(b) Compute the empirical average YZ of the payoffs obtained in this phase and in
the previous phases

2. Drop the arm a, with smallest average (ties broken arbitrarily):

S, =Sr—1\{ar}, where a, € argmin X,
GESrfl

Output: Recommend arm I, where S = {Ir}

More precisely, during pahse » € {1,..., K — 1}, the strategy draws | ¢, /(K —r + 1) times
each arm in S, _; (and does not use the few remaining time steps, if there are some). At the end of
each phase r, the strategy computes the empirical averages YZ of the payoffs obtained by each arm
a € S,_ since the beginning; i.e., YZ is an average over

N, =6/K|+...+ [6/(K—7r+1)]

i.i.d. realizations of v,. It then drops the arm a, with smallest empirical average (ties broken arbi-
trarily). This description is summarized in the algorithm box.

3.1. General analysis

The key quantities for the general analysis will be the logarithmic moment-generating function ¢,
of a distribution v € D, and its Fenchel-Legendre transform ¢};:

VAER, ¢,(A)= ln/e)‘r dv(x) and Vo eR, ¢)(z) =sup{iz—¢,(N)}. (15
R PYSI
Based on them, we can now define, for all v,/ € D with E(v') < E(v),
e(,v) = () + &5
( ) G[E( ’) E(v) { (@ )}
The following simple lemma shows that ® plays a s1gn1ﬁcant role for bounding the probability that
two sample averages are in reverse order compared to the expectations of the underlying distribu-
tions. It supersedes the use of Hoeffding’s inequality in Audibert et al. (2010).

Lemma 2 Fix v and V' in D, with respective expectations = E(v) > ¢/ = E(V/'). Forall N > 1
let X Ny and Y  be the averages of N—samples with respective distributions v and v'. Then,

limsupilnP(YN <Yn)<— inf {¢}(z)+¢)(x) o/, v).
N—+o0 N T€[p’
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Proof sketch The fact X 5y < Yy entails the existence of x such that X y < = < Yu. By indepen-
dence, together with two applications of the Cramér-Chernoff bound (recalled in Appendix B.1),

P(Xy <z <Yn)=P(Xny<2z)P(z <Yn) <exp(—N¢}(z)) exp(—N ¢} (z)).

The technical issue is then to deal with some union over z of the events {YN <z < YN}. We do
so with a sequence of finite grids, with vanishing steps, and use lower-semi-continuity arguments to
obtain an infimum over an interval based on a sequence of finite minima. A complete proof is to be
found in Appendix B.2. |

The main performance upper bound is stated below in terms of ®, that is, in terms of Fenchel-
Legendre transforms of logarithmic moment- generating functions. Section 3.2 will later explain
why and when the latter may be replaced by .Cmf and E;lf quantities, leading to a rewriting ® = £
and to the bound claimed in (3).

Theorem 3 Fix K > 2 and a model D. Consider a sequence of successive-rejects strategies,
indexed by T, such that N, /T — ~,. > 0asT — +oo forallr € {1,...,K —1}. Let v be a
bandit problem in D with a unique optimal arm and, for each r € {1,...,K — 1}, let A, be a
subset of arms of cardinality r that does not contain a*(v). Then

1
I “nP(Ip #a*(v)) < — mi { & (1, * }
imsup 7 In (It # a*(v)) ,min (7 min (g, v¥)

Proof sketch A complete proof may be found in Appendix B.3; it mimics the analysis by Audibert
et al. (2010), the main modification being the substitution of Hoeffding’s inequality by the bound of
Lemma 2. We have I # a*(v) if and only if a*(v) is rejected in some phase, i.e.,

K-1 K-1
{IT#a*(g)}:U{aT:a )} C U{ v)€ S,_1 and Yk € S,_1, T*(Z)gfﬁ.
r=1 r=1

By optional skipping (see Doob, 1953, Chapter III, Theorem 5.2, p. 145) and by the fact that by the
pigeonhole principle, the (random) set S,,_; necessarily contains one element of the deterministic
set A,

P(a"(v) € S, 1 and Yk € 5,1, Xy <X < sz; P(Vir < V7) 5
€A

where, for all a, the 72 are the averages of independent V,—samples distributed according to v,.
The proof is concluded by Lemma 2 and the fact that a sum of exponentially fast decaying quantities
is driven by its largest term. |

We conclude this subsection by stating the bound of Theorem 3 for the phase lengths suggested

by Audibert et al. (2010), namely, 1 = T//In K and forr € {2,..., K — 1},
K
T — 1
by = — where InK = E — 16
" (K-r+2)InkK ok (16)

l\D\»—\

10
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We also consider lower bounds f (v, v*) on the ® (g, v*). We may of course use f = & but
sometimes, it is handy to rely on more readable lower bounds. For instance, in the case of the
P[0, 1] model, Hoeffding’s inequality entails that

¢i(x) =2(x —E(W)?,  sothat  ®(vg,v*) =AY f (v, ") ; (17)

see more details in Appendix B.4. Such bounds hold more generally in models consisting of sub-
Gaussian distributions.

We now order the arms into o1, ..., 0k based on f, namely, we let 03 = a*(v) and
0=Ff(Vor, ") < f(Vou, V") <o < f (Vo1 V") < fVorer V") s (18)
and we take A, = {0 _r11,...,0K }. We obtain immediately the following corollary, for which a

detailed proof may be found, for the sake of completeness, in Appendix B.4.

Corollary 4 Fix K > 2, a model D, and consider a lower bound f on ®. The sequence of
successive-rejects strategies based on the phase lengths (16) ensures, that for all bandit problems v
in D with a unique optimal arm,

L (o)
li 1 P(I < —=
e R £ O 0) < SR BB T

)
where arms were reordered as in (18).

3.2. On links between ¢ and the quantities £mf, £mf, L’mf and Emf

The Fenchel-Legendre transform ¢}, of the logarithmic moment-generating function of v admits a
classical (see, e.g., Boucheron et al., 2013, Exercice 4.13) dual formulation in terms of infima of
Kullback-Leibler divergences. The following lemma, proved in Appendix C.2, reveals that these
infima correspond to £ and £, for the model P[0, 1] of distributions supported on [0, 1],

Lemma 5 Consider the model D = P|0, 1]. For all v € P|0, 1],

Yo SE@), o) =Liglev)  and  Vr>E@), ¢n) = Loglv).
Based on this lemma, we have the following rewriting, which is useful to reinterpret the quantities
appearing in Theorem 3 and Corollary 4: ®(v/,v) = L(/, v) for the model P[0, 1], i.e

mf { o5 ( } = inf {L'mf V) + Emf( v) } ) (19)

ze[E(’ ze[E(V),E(v

For canonical one-parameter exponential models Deyp,, a slightly weaker version of Lemma 5,
only holding for x corresponding to expectations in Dy, and provided in Appendix C.3, simi-
larly shows (19), i.e., ® = L. Conditions on general models for ® = £ to hold are discussed in
Appendix C.4.

11



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

4. Lower bounds

In most of this section, we restrict our attention to generic K—armed bandit problems v, that are
such that p; # py, for j # k. In particular, the best arm a*(v) is unique. (This is probably a new
terminology' for referring to bandit problems with no two same expectations for the distributions
over the arms.)

Definition of a strategy, and of a (doubly-indexed) sequence of strategies. A strategy (1, ¢) de-
pends on the budget 7" and the number K of arms; it consists of a sampling scheme ¢ = (¢;)1<i<T
and a recommendation function ¢. Ateachroundt € {1,...,T}, the strategy picks an arm A;, pos-
sibly at random using an auxiliary randomization U;_1. Given this choice Ay, the strategy observes
a payoff Y; drawn at random according to v/ 4,, independently from the past. For ¢ > 2, the choice
Ay is therefore a measurable function A; = 1y (Hy) of the history H; = (Uy, Y1, ..., Yi—1, Ui—1),
while A = 91 (Hy), where Hy = Uy. Atround 7, the strategy recommends the arm I = ¢(Hr).

Outline of this section. As always in lower-bound results, there is a trade-off between how re-
strictive are the assumptions on the (doubly-indexed) sequences of strategies, and sometimes on the
models, and how large the lower bounds are: the more restrictive the assumptions, the larger the
lower bounds. We are interested in assumptions on strategies that are natural in the sense that they
should be satisfied by successive-rejects-type strategies. For instance, Theorem 14 comes with the
least assumptions but provides a bound where there are no divisions by the ranks & of the arms,
which Theorems 10 and 13 do. We may see Theorem 10 as a warm-up result: its main aim is
to generalize the lower bound by Audibert et al. (2010) to non-parametric models with a (non-
constructive) proof that is only a few-line long. Our preferred result is Theorem 13, which provides
the largest lower bound while putting the heaviest (though natural) constraints on the sequences of
strategies.

4.1. Common restriction: consistence

For our lower bounds, we will consider sequences of strategies, either only indexed by T" > 1 given
a value of K > 2, or doubly indexed by T" and K. These sequences will also be assumed to be
“reasonable” in the sense below.

Consistent (or exponentially consistent) sequences of strategies. The probability P (IT #* a*(g))
of misidentifying the unique optimal arm may vanish asymptotically (and even vanish exponentially
fast) for all bandit problems—in not too large a model D, as illustrated in Section 3. We will there-
fore only be interested in such sequences of strategies, called (exponentially) consistent. In the
sequel and for extra clarity, we index the probabilities by the ambient bandit problem v considered.

Definition 6 Fix K > 2. A sequence of strategies indexed by T > 1 is consistent, respectively,
exponentially consistent, on a model D if for all generic problems v in D,
1
P, (IT # a*(g)) — 0, respectively, limsup — InP, (IT + a*(g)) <0.
- T—+oo T— 400 T -

By extension, a doubly-indexed sequence of strategies is (exponentially) consistent if for all K > 2,
the associated sequences of strategies are so.

1. The terminology comes from measure theory: if expectations were drawn at random according to some diffuse
distribution, e.g., a uniform distribution over an interval, or a Gaussian distribution, then, almost surely, no two
expectations would be equal.

12
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The fundamental inequality. The fundamental inequality by Garivier et al. (2019), together with
the very definition of consistency, yields in a straightforward manner our building block for lower
bounds. Details of the derivation are provided in Appendix D.1, for the sake of completeness.

Lemma 7 Fix K > 2 and a model D. Consider a consistent sequence of strategies on D, and two
generic bandit problems v and \ in D such that a*(\) # a*(v). Then

K
P . : Ex[Nao(T)]
%gl}rrgf InP, (Ir # a*(v)) > —limsup g ——— = KL(Aa, V) ,

T
T—+o0 a1

T
where No(T) = ZH{At:a}
t=1

denotes the number of times arm a was pulled in the T exploration rounds of a given strategy with
budget' T' > 1.

4.2. A lower bound revisiting and extending the one by Audibert et al. (2010)

The focus of this subsection is to establish the lower bound (5), from which we derived the gap-
based lower bound (6) by Audibert et al. (2010). The lower bound (5) is smaller than the lower
bound to be exhibited in the next subsection, but it comes with less restrictive assumptions on the
behaviors of the sequences of strategies considered.

Firstly, we only consider sequences of strategies—actually, sequences of sampling schemes—
that do not pull too often the worst arm, and which we will refer to as being balanced against the
worst arm. Successive-rejects-type strategies sample the worst arm less than other arms in expecta-
tions, and hence, are indeed balanced against the worst arm. To define this constraint formally, we
denote by w,(v) the index of the unique worst arm of a generic bandit problem v.

Definition 8 A doubly-indexed sequence of strategies is balanced against the worst arm on a model
D ifforall K > 2, for all generic K—armed bandit problems v in D,
1 1
li —[E,|N, T) < —.
imsup 7 By [N, ()] < 3
A second constraint is related to bandit subproblems. We say that v/ is a subproblem of a K—
armed bandit problem v if v’ = (1) e for asubset A C {1,..., K} of cardinality greater than or
equal to 2; we denote by v/ C v this fact. We say in addition that v’ and v feature the same optimal
arm if V(/l ‘) = Varw)- It should be easier to identify the best arm in v/ than in v, in the sense
below, and this defines the fact that a strategy cleverly exploits pruning of suboptimal arms. Again,
successive-rejects-type strategies naturally satisfy this constraint.

Definition 9 A doubly-indexed sequence of strategies cleverly exploits pruning of suboptimal arms
on a model D if for all generic bandit problems v in D with K > 2 arms, for all subproblems V' C v
featuring the same optimal arm,

1 . 1
- > - , * / .
lim inf 7 Py (I # a* () 2 lm inf = In Py (Ir # o*(v))

We use again the order statistics fiy, (,) = H(x) < E-1) < -+ < f4(1) = Ha*()-

13
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Theorem 10 Fix a model D. Consider a doubly-indexed sequence of strategies that is consistent,
balanced against the worst arm on D, and that cleverly exploits the pruning of suboptimal arms
on D. For all generic bandit problems v in D with K > 2 arms,
1 Liae (e v*)

liminf — InP, (Ir # a*(v)) > — min —20 - 7

ol Py (I £ a"w) > - min =
Proof sketch The bound is proved for £ = K by considering alternative bandit problems A differing
from v only at arm a*(v), where v* is replaced by distributions ¢ € D with E(() < p k). For
A, the arm a*(v) is the worst arm, and is therefore pulled less than a fraction 1/K of the time,
asymptotically and on average, as the strategy is balanced against the worst arm. An application of

Lemma 7 concludes the case k = K. The extension to & < K — 1 is obtained by clever exploitation
of the pruning of suboptimal arms. A complete proof may be found in Appendix D.2. |

4.3. A larger lower bound, for a more restrictive class of strategies

In this section, we derive a slightly stronger version of the lower bound (4). This lower bound is
larger than the bound exhibited in the previous subsection but relies on stronger assumptions on
the strategies considered. Namely, we introduce an assumption of monotonicity, which extends
Definition 8 to provide frequency constraints on each arm a € {1,..., K}.

Definition 11 Fix K > 2. A sequence of strategies is monotonous on a model D if for all generic
problems v in D, for all arms a € {1,... K},

E,| Ny (T 1
limsupif[ ()< )] < -,
T—4o00 T a

where arms are ordered such that p1y > gy > -+ > [(k)-

This condition is satisfied as soon as a given arm is not pulled more often, asymptotically
and on average, than better-performing arms (note that Definition 11 is slightly weaker than this).
Successive-rejects-type strategies naturally satisfy this requirement.

We also rely on the following assumption on the model D, which essentially indicates that there
is “no gap” in D. Once again, the model P[0, 1] and canonical one-parameter exponential models
Deyp all satisfy this mild requirement (see Appendix D.3 for the immediate details).

Definition 12 A model D is normal if for all v € D, for all x > E(v),

Ve > 0, L

inf

(z,v) 2 inf{KL((,v): (€D st E(() >}
= inf{KL(¢,v): (€D st. z+¢e>E(() > z}.

Theorem 13 Fix K > 2 and a normal model D. Consider a sequence of strategies which is
consistent and monotonous on D. For all generic bandit problems v in D,

{ﬁiif (2. 1w) | L) } _

J—1 J

1
liminf =InP, (I a*(v)) > — min min inf
T—+o00 T' Z( r# (7)) 7 o<k<K 2<j<k TE[L(5):H(j-1))
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Proof sketch A complete proof may be found in Appendix D.4. For triplets (k, j,z) satisfying
the stated requirements, we consider an alternative problem )\ differing from the original bandit
problem v at the best arm (1) and at the k—th best arm (&), for which we pick distributions such that
E(A1)) <2 <BE(Ag)) < p(j—1)- Then arm (1) is at best the j—th best arm of ), while arm (k) is
exactly the j — 1-th best arm of A. By monotonicity and Lemma 7, we obtain

1 . KL(Awysvy) | KL(Aw), v*)
I%IEE;ETIHIP’Z(IT #a (g)) > —< o1 + i > . (20)

We get —L7 (@, v)/(j — 1) — Lig(x,*) /j as a lower bound by taking (separate) suprema of
the lower bound (20) over E()\(l)) < zand x < E()\(k)) < fi(j—1)> Where the < p;_1) constraint

disappears thanks to normality of the model. |

4.4. A general lower bound, valid for any strategy

The previous subsections illustrated what may be achieved under restrictions—though natural res-
trictions—on the classes of strategies considered. For the sake of completeness, we also provide
a lower bound relying on no other restriction than consistency; it extends the lower bound (9)
exhibited by Kaufmann et al. (2016) for K = 2 arms, and is formulated in terms of L'iflf and E;f.
A proof of the following theorem may be found in Appendix D.5.

Theorem 14 Fix K > 2 and a model D. Consider a consistent sequence of strategies on D. For
all generic bandit problems v in D,

1
liminf = InP, (I # a*(v)) > — mi inf L2z, vp), L5 (x,v))
fmint P (I # ' (0) > = iyl max{ L5 ), e}
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Content of the appendices

The appendices of this article contain the following elements.

L., and L7

* Appendix A states and proves some basic properties on quantities £ Eignf, - -

inf?
that were introduced in Section 2.1.

* Appendix B provides the proofs for the first part of the analysis of the successive-rejects
strategy, namely, the general analysis in terms of ®, to be found in Section 3.1.

* Appendix C provides the proofs for the second part of the analysis of the successive-rejects
strategy, namely, the rewriting of ® as £ that was the key contribution of Section 3.2.

* Appendix D is related to the lower bounds of Section 4, and provides detailed proofs thereof.

* Appendix E contains additional elements on the literature review of Sections 1 and 2; it states
and discusses some important existing lower bounds.

Appendix A. Properties of the £, L=, £, and L. quantities

inf inf

We separate the list of properties in two categories: general properties, that hold for all models D,
in Appendix A.1; specific properties for the model D = P[0, 1], in Appendix A.2. It also worth
noting that the £, £fnf, L., and £i>nf quantities admit a simple rewriting in the case of canonical
one-parameter exponential models Deyp, as the mean-parameterized Kullback-Leibler divergence d,

see Appendix C.3. Properties in this case thus follow from classical properties of d.
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A.l. General properties

We state some properties for £5,, that all also hold for Efnf; the corresponding properties for £,
and E?nf are deduced by symmetry.

The function £ ( -, ) is non-increasing and satisfies £ (z, ) = 0 for all z > E(v), as can
be seen by taking { = v. Also, whenever D is convex, the function L, is jointly convex over
R x D, as indicated in the lemma below. In particular, z — L5;(x, v) is continuous on the interior
of its domain (the set where it takes finite values).

Lemma 15 When D is a convex model, all four functions L= Efnf, L., and £i>n

N ¢ are jointly
convex over R x D.

Proof We provide the proof for L.,
other functions.
We set two distributions v and v/ of D, two expectation levels x4 and p/ in R, and a weight

A € (0,1). We want to prove that

and it may be adapted in a straightforward manner for the

inf

Lo+ (1 =X v+ (1= M) S ALe(p,v) + (1= X)L (V). (1)

The desired inequality holds whenever L (11, ) = +o0 or L5(i/, V') = +oo. Otherwise, as-
suming that both £, (11, v) and L5, (i, ') are finite, we set § > 0 (which we will ultimately let
converge to 0) and pick ¢ and ¢’ in D such that E(¢) < pand E(¢) < 1/, as well as

KL(C’ V) < Eiflf(uv V) +0¢ and KL(C,a V,) < ‘Cif(:ulv V/) +9.

1

Then, by joint convexity of the Kullback-Leibler divergence:

AL (1, v) + (1= ML (1 V) +0 2 AKL(G, v) + (1 = MKL((, )
> KL(AC+ (1= N v+ (1= A))
>

LoeAp+ (1 =X, v+ (1= M)),

inf

where for the last inequality, we used the definition of £ as an infimum and the fact that by
convexity, the distribution A{ + (1 — \)¢’ belongs to D, with expectation larger than A+ (1 —\) '
The desired convexity inequality (21) follows by letting 6 — 0. |

A.2. Specific properties for D = P[0, 1]

We now consider only the model P[0, 1] of all distributions over [0, 1].
Since we are considering distributions over [0, 1], the data-processing inequality for Kullback-
Leibler divergences ensures (see, e.g., Garivier et al., 2019, Lemma 1) that for all ¢ € P[0, 1],

KL(C,v) > KL (Ber(E(()), Ber(E(y))> > 2(E(¢) - E(v))?,

where Ber(p) denotes the Bernoulli distribution with parameter p and where we applied Pinsker’s
inequality for Bernoulli distributions. Therefore, taking the infimum over distributions ¢ € P[0, 1]
with E(¢) < =,

Vo <E(v), Li(z,v)=2(E@) —z)°. 22)

inf
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We denote by m(v) = min(Supp(r)) > 0 the minimum of the closed support Supp(v) of v;
that is, m(v) is the largest value such that Supp(v) € [m(v), 1]. We will refer to m(v) as the
lower end of the support of v. Though we will not need it immediately, we also define the upper
end of the support of v as M (v) = max(Supp(y)) < 1; by symmetry, it will be considered when
studying £ and £, instead of £, and L.

The lemma below states that the functions £:(-,v) and .Cmf( v) coincide, except maybe
at m(v). One may wonder what happens at z = m(v). We denote by v{m(v)} the probability
mass assigned by v to the point m(v). It follows from the second part the lemma below that
Lsi(m(v),v) = L5 (m(v), v) if and only if {m(v)} is not an atom of v.

inf

Lemma 16 We consider the model D = P|0,1]. The function L3 (-,v) is continuous on the
interval (m(u), +oo). We also have, on the one hand,

Vu#Emv),  Lapv) = Li(v), (23)
and on the other hand, at p = m(v),
1
lnm_[’mf( ( ) ) ‘Clnf( ( ),V):+OO. (24)

Analogous results hold for L (-, v), LZ:(+,v), and M (v).

Proof To prove (23), we first identify the interior of the domain of Emf

Distributions ¢ such that E({) < m(v) cannot be absolutely continuous with respect to v;
otherwise, they would also give a null probability to values strictly smaller than m(v), which con-
tradicts the assumption E(C ) < m(v). Hence KL((,v) = 400 for these distributions. It fol-
lows that £ (u,v) = L5:(u,v) = +oo for 4 < m(v); we note in passing that we also have
L5(m(v),v) = +oo.

For ;o > m(v), we take ¢ > 0 with m(v) + ¢ < p and have, by definition of the support of a
measure, that [m(y), m(v)+e] has a positive v—measure denoted by «. The distribution ¢ given by v/
conditioned to the interval [m(v), m(v)+ €] is absolutely continuous with respect to v, with density
d¢/dv = 1/k on [m(v), m(v) + €], and 0 elsewhere; therefore, KL({, ) = In(1/k) < +oc and
Lse(p,v) < 400,

The interior of the domain of y — L5 (u,v) is therefore (m(v), +00), and we recall that
L5:(+,v) is continuous on this interval. We fix some 1 > m(v). For all ¢ > 0, by the very
definitions of all quantities as infima of nested sets, we have

[’mf( - & V)g‘cignf(u’y) 1nf(

V).
Letting ¢ — 0, we get, by a sandwich argument, that £ (i, v) = L5, (u, v). This concludes the
proof of (23).

We turn our attention to (24). We already showed above that L, (m(y), 1/) = +o00. Now, to
compute [anf(,u, v), we wonder which are the distributions ( that are absolutely continuous with
respect to v, and thus, give a null probability to values strictly smaller than m(v), and are also
such that E(¢) < m(v): at most one such distribution exists, the Dirac mass at m(v), denoted by
Om(v)- We then distinguish the cases v{m(v)} > 0 and v{m(r)} = 0 to establish, respectively,
the equalities

L5 (mv),v) :KL((Sm(Z,),y):lny{ml(y)} and L5, (m(v),v) :+oo:lny{m1(y)}.
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In both cases, the first equality in (24) is proved, which concludes the proof. |

We also have the following result, which is the most important and useful one, as it discussed
the quantity that appears in the upper bounds on the average log-probability of misidentification of
the optimal arm; see Corollary 4 together with Lemma 5.

Lemma 17 Let v, € P[0,1] with u = E(v) > E(V') = i/. Then

inf [’mf(x V) + Emf( ) = inf [’mf(x V) + ‘Clnf( /)
T€[W ] T€[W ]

if and only if either m(v) # M (V') or v{m(v)} x V'{M (')} = 0.

Remark 18 In other words, the only case for which the two infima differ is when m(v) = M (V/),
i.e., the upper end of the support of V' equals the lower end of the support of v, and both v and V'
admit this common value as an atom.

Proof The first lines of the proof of Lemma 16 show that £, (z,v) = L (z,v) = +oo for
x < m(v). We can symmetrlcally show that £Z(z,1") = LT (x,1)) = +oo for z > M(V)).
Therefore, L5 (v,v) + L2 ((z,v') and L (z,v) + Emf( V') are infinite whenever z lies outside

of [m(v), M(v)]. This implies that

inf Lo, v) + L (x,0)) = inf Lielw,v) + Loe(z, V)

el ) wel N m(v), M) B
and inf L3 (z,v)+ L N = inf L= r,v)+ L
e Gt ) a0 =ity gy T )+ Bl ).

We now split the analysis according to how large the interval Z is, where

=, pn[m), M) = {max{//,m(u)}, min{, M(V/)}} .

Case 1: L is empty. In that case, the two infima are over an empty set and both equal +oco.
Case 2: 1T has a non-empty interior. When a # b, the infimum of a convex function over a

closed interval [a, b] equals the infimum over (a,b), whether the function takes finite or infinite
values at a and b. Now, the interior of Z = [a, b] equals

(a,b) = (max{u m(v)}, min{p, M )}) =W, p) N (mv), M)

and does not contain neither m (1) nor M (v'). By Lemma 16, the functions £( -, v) and £5,( -, v)
coincide on R\{m(v)}. It may be similarly shown that £ (-,2) and El;lf( ,') coincide on
R\{M (') }. In particular, the functions Le(v)+ L2 V) and LS. (-,v) + L2:(+, V') co-
incide on the interior of Z. Their infima over the interior of Z, which, by convexity, are equal to the
infima over Z, are therefore equal.

Case 3: T is a singleton. This case arises if and only if m(rv) = M(v'), as by definition,
m(v) < pand M(v') > p/. We then have Z = {m(v)} = {M(v/)}, and both infima are equal
to the values of the sums at m(v) = M (). By Lemma 16 and by symmetric results for £ and
E?nf, on the one hand,

ﬁmf( ( ) ) [’mf( ( /)71//) :+OO,
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and on the other hand,

1 1
s c (M), =1 1 :
Elnf(m(y>7y) +£1nf( (V )’V) ny{m(y)} + nI//{M(V/)}
We get the desired equality if and only if either v{m(v)} = 0 or v{M (')} = 0. [ |

Appendix B. General analysis of successive-rejects in terms of ¢

This appendix is devoted to the technical elements omitted in the general analysis of the successive-
rejects strategy presented in Section 3.1.

B.1. The Cramér-Chernoff bound

In this section, we recall the statement of the highly classical Cramér-Chernoff bound: with the

notation introduced in Section 3, for an N-sample X7, ..., Xy, distributed according to v and of
average denoted by X v,

V.

and V.

exp(—N ¢} (z)), (25)
exp(—N ¢5(x)) - (26)
Such a classical result would in principle not require to be proved here. However, it turns out that

we will re-use parts of this proof in later proofs, like the application 27 of Jensen’s inequality or the
variations of ¢} discussed at the end of this section. This is why, despite all, we now prove (25)—(26).

(v)

E(v),
E(v), P(X

A\VARV/AN

T
T

Proof For all A < 0, by Markov’s inequality first and then by independence,
_ - - N
P(Xy <o) =P(M > &) <M E[MN] = 077 (E[M/M])
= exp(—Az + N ¢, (\/N)) = exp(—N()\'a: - ¢V(X))) ,

where \' = A/N. The bound also holds for A = X" = 0 given that ¢, (0) = 0. Optimizing over
A < 0 (or, equivalently, over X < 0), we proved so far

IP’(YN < x) < exp(—N ililg{/\x — ¢V()\)}) .
Now, by Jensen’s inequality,
VAER,  ¢,(\) =lmE[eM] > AE[X] = AE(v); 27
therefore, for x < E(v),
YAZ20, Az —¢,(N) <Az—-E()) <0.
In particular,

0=—¢,(0) < sup{Az — ¢,(\)} = sup{ Az — ¢,(\) } = ¢}s(z). (28)
A<0 AER
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This concludes the proof of (25). The bound (26) follows by symmetry. |

We also note, in passing, that Jensen’s inequality entails, for x = E(v), that
VA eR, AE(v) — ¢, (M) < )\(E(u) — E(y)) =0,
thus showing that ¢}, (E(r)) = 0. The property (28) and its counterpart for z > E(v) and A > 0

actually show that ¢ is non-increasing on ( —00, E(V)] and non-decreasing on [E(V), —|—oo).

B.2. Proof of Lemma 2
We first restate the lemma, for the convenience of the reader.

Lemma 2 Fix v and V' in D, with respective expectations . = E(v) > p/ = E(V'). Forall N > 1
let X Ny and Y  be the averages of N—samples with respective distributions v and v'. Then,

1 - e
limsup — InP(Xy <Yy) < — inf {¢}(z)+ ¢5(x)} o/, v).
N—4o00 N €[y’ u]

Proof The proof consists in two parts. We first show that for any finite grid G = {g2,...,96-1} in
(1, ), to which we add the points g; = p' and g5 = p, we have

<Y ) mln{qbl,( "),  min {qb H(gj—1) + @p( gj} &5 ( } (29)

. 1 —
lim sup N ln]P’(X p e

N—+4o00

Indeed, by identifying, when X ; and Y y belong to [1/, uz], in which interval [g;_1, g;] lies X v,
we note that

{(Xn<Yn} € {Xn<p}u{¥nzp}u U{YN gi-1and Xy < g;}.

First, by independence and by the Cramér-Chernoff inequalities (25) and (26),

P(Yn 2 gj—1and Xy < g;j) =P(Yn 2 gj—1) P(Xn < gj) < eXp(—N(¢Z/(9j—1)+¢§(9j))) :
Second, again by the Cramér-Chemoff inequalities,

P(Xn <p) <exp(-Ngj(1))  and  P(Yy >p) <exp(=N ) (u)) -
By a union bound,

P(Xn <Yn) <exp(—N¢}(i)) +exp(—N )+ Zexp( 5(gj-1) +¢V(gj)))

The stated bound (29) follows by identifying the (finitely many) terms with the smallest rate in the
exponent.

In the second part of the proof, we note that the bound (29) holds for any finite grid in (¢/, u),
and we consider a sequence
Ggn ):{ (n) ggl) 1}
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of such finite grids. In particular,

<Yn) < mm{¢ (), max S, cb,*/(u)},

n>

1 _
limsup — InP(X N
N—+o00 N (

where S, ¥  min {¢ (QJ 1)+¢ ( )}

2<]<Gn_1

To obtain the claimed bound, given that (see the end of Appendix B.1)

dp(p) =0= (1),

it suffices to show that

max Sy, > inf {cb )+ o5(z)}

n=1 €[ ]
To that end, we assume that the steps &, of the grids G(™), which are defined as

def
Enp = Imax
2<j<Gn

vanish asymptotically, i.e., ,, — 0. For each grid G (") we denote by x} € (1, p) the argument of
the minimum in the definition of S,. As a consequence, for eachn > 1,

Sn = ¢y (a5, — en) + o (a7)

for some 0 < €, < €,,. The quantity x; — e}, denotes the point in the grid that is right before x7, and
it belongs to 1/, u). We note that we also have £}, — 0. In the compact interval [, u], the Bolzano—
Weierstrass theorem (see, e.g., Bartle and Sherbert, 2000, Section 3.4) ensures the existence of a
converging subsequence: there exists 2%, € [i/, u] and a sequence (ny)x>1 of integers such that

R which also entails xy —en  — Th

Tk k——+oc0 Tk Tk k——+oc0
Now, the functions ¢, respectively, ¢7,, are lower semi-continuous, as the suprema over A € R of
the continuous functions = — Az — ¢, (), respectively, © — Az — ¢,/(A). Therefore, by these
lower semi-continuities,

* * * * * * *
> inf {¢5/(z) +¢;
ze[, ]{ ( )}
This concludes the proof. |

B.3. Proof of Theorem 3

The proof mimics the analysis by Audibert et al. (2010), the main modification being the substitu-
tion of Hoeffding’s inequality by the bound of Lemma 2.

Proof We recall that forr € {1,..., K —1}, wedenoted by N, = [ {1 /K| +... 4+ |4 /(K—r+1)]
the total number of times an arm still considered in phase 7, i.e., belonging to S,_;, was pulled in
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phases 1 to r. For each arm a, we denote by 72 the average of a N,—sample distributed according to
v,. By optional skipping (see Doob, 1953, Chapter III, Theorem 5.2, p. 145, or Chow and Teicher,
1988, Section 5.3 for a more recent reference), we may assume, with no loss of generality, that for
eachr € {1,..., K — 1},

T

on the event {a € S,_1}, X,

=Y. (30)
We fix a bandit problem v with a unique optimal arm a*(v). The successive-rejects strategy

fails if (and only) if it rejects a*(v) in ones of the phases. This corresponds to the event

K-1 K-1
{IT#CL*(Z)}: U{ar:a }C U{ ) € Sr—1 and Vk € S,_q, YZ*(H)<Y;}.
r=1 r=1

(We have an inclusion because ties are broken arbitrarily.) By optional skipping (30),

K-1
L_Jl {a*(g) € Sy—1 and Vk € S,_q, YZ*(E) < 72}
B K-1
= U {CL*(Z) S Sr—l and Vk € S’r—l, ?Z*(Z) < ?1’;} .
r=1

Recall that the set .S, is a random set; dealing with it therefore requires some care. On the event
of interest, S,_; contains K — r + 1 elements, among which a*(v). The set A, is of cardinality r
and does not contain a*(v). By the pigeonhole principle, S, thus necessarily contains one arm
in A,. As a consequence, for each phase r € {1,..., K — 1},

{a*(z) € Sr—1 and Vk € Sp_1, Yy < Yk} C kgr{Ya*(V) < Yk} .

Summarizing the inclusions above, taking unions bounds, and upper bounding the obtained sum in
a crude way, we proved so far

(IT;&a Z Z ]P( o (v) S k) < K? max max]P’(Y *(v) g?i),

1<r<K—1 k
r=1 kA, " A
or equivalently,

1 2 1 .
- * <= - <
p Pl # 6 0) < g+ e s P (Ve <T)

2 N, 1 —
_ 2 r - < .
Tan—i_lggial?—l l?éil}f T er P<Y W) Yk)

As N, /T — 7, > 0as T — +o0, we may apply Lemma 2, together with an exchange between the
lim sup and the maximum over a finite number of quantities. We obtain

lim sup — T lnIP’(IT #a*(v)) < max max {% (—@(Uk,l/*))}

T too 1<r<K —1keAr
= — min {’yr min <I>(1/k, *)} )

This concludes the proof. |
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B.4. Proof of Corollary 4 and of the bound (17) on &

In this final subsection, we provide two series of proofs: first, a proof of Corollary 4; and then a
proof of the bound ® (v, v*) > A7 stated as (17).

Proof of Corollary 4. To apply Theorem 3, we need only to show that the phase lengths of (16)
are such that N, /T converges to a positive value, and to identify this limit value ~,. As N1 =
|61/K], where ¢{; = T/InK, we immediately have Ni1/T — v = 1/(KInK) > 0. For
re{2,...,K —1},

T

2=t () Slrrevmrems)

r

w1 <1+Z 1 1 )_ 1
Totee " T MK \K S K-p+l K-p+2) (K-r+Dhk’

The bound of Theorem 3 reads:

b (i 0 0) < iy { gy g atee)

It implies, in terms of lower bounds f (v, v*) < (I)(Vk, V*),
limsupl lnIP’(IT # a*(g)) < —; min {1 min f(l/k, 1/*)} . (3D
T too In K 1<r<kK—-1 | K —r + 1 keA,

The permutation o in (18) and the sets A, = {ox_r+1,...,0K} were exactly picked, for each

re{l,..., K — 1}, to minimize

min %)

over sets 3, abiding by the indicated constraints: being of cardinal r and not containing the optimal
arm a*(v) = o1. We get
min f(l/k, V*) = min f(l/gk, 1/*) = f(I/UK_T_H, 1/*) ,

keA, K—r+1<k<K

which, together with (31), yields the stated bound, up to replacing K —r+1 withr € {1,..., K—1}
byke{2,...,K}:

]_ . ]. * _ ]- . ]- *
T K 1<r<k 1 {K—r+ 1f(V”K’T“’V )} T Ik 2gllc1<nK{kf(Va’“’V )} u

We now move to the proof of the bound (17) on ®, when the model is D = P[0, 1]; we restate
this bound here for the convenience of the reader:

o5(z) = 2(z — E(V))Q, so that @ (v, v*) = A}, “ f (v, v*) .

For the ease of exposition, the path followed in Section 2 to show that ® (v, v*) > A7 was to
first note that ® = £ when D = P[0, 1] (see Lemma 5) and then use Pinsker’s inequality (7). We
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provide here a slightly more direct but equivalent approach, based on Hoeffding’s inequality.

Proof of the bound (17) on ®. When v € P[0, 1], Hoeffding’s inequality exactly states that

AQ
MR, 6,() SAEG) +
sothat VzeR, ¢;(x)=> sup{)\(x —E®)) - )\2} =2(z — E(l/))2 :
AeR 8

This corresponds to the first part of (17).
For its second part, we consider a pair v, v/’ of distributions in P[0, 1], we setany z € [E(v/), E(v)],
and we apply twice the bound of the first part to get

¢5(x) + ¢5(z) = 2(x — BE()) + 2(x — B(v))”.
From the definition of ®, it follows that

! i )2 2l VY —=E®W))".
o/ )z it 12(e - BW)) 4 2(r - Bw)’} = (BW) - B))

This corresponds to the second part of (17). |

Appendix C. Proofs and details for Section 3.2: Rewriting of ® as £

We use the notation of Sections 2.1 and 3 and discuss conditions on models guaranteeing that
® = L, i.e., that (19) holds. We do so for D = PJ0, 1] in Appendix C.2 and for canonical one-
parameter exponential families in Appendix C.3. Based on these two examples, we provide a set
of conditions for general models, in Appendix C.4. A building block of these results is that for all
these models D, the functions L5, (-,v) and £Z (-, v) dominate the Fenchel-Legendre transform
¢}, defined in (15); we prove this in Appendix C.1.

All proofs of this section are immediate adaptations of a rather standard result, stated, among
others, but in a slightly different form (and for the model D of all real-valued distributions with a

first moment), by Boucheron et al. (2013, Exercise 4.13).

Remark 19 This rewriting of L3 (-, v) or L (- ,v) as ¢}, claimed, e.g., by Lemma 5, can be seen
as a counterpart to a similar rewriting of the KCins as the supremum of a function of A € [0, 1]. More
precisely, we recall (see Remark 1) that the Kins function is defined, for v € P[0, 1] and x € [0, 1],
as

Kint (v, z) = inf {KL(v,¢) : ¢ € P[0,1] s.t. E(¢) >z},
and Honda and Takemura (2015, Theorem 2 )—see also Garivier et al., 2022, Lemma 18—show that

ln(l L x)] ,

1—2
where X is a random variable distributed according to v. In both cases, for Ls¢(-,v) or L (-, V),
and for King, being able to rewrite the infimum of Kullback-Leibler divergences as a supremum is
not unexpected: a given Kullback-Leibler divergence can be formulated as a supremum, see (32),
and equalities between inf sup and sup inf holds under suitable assumptions (provided, e.g., by

Sion’s lemma).

Kint(v,z) = sup E
0<AK1

26



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

C.1. LS

S.(-,v) and L£Z.(-,v) dominate ¢,

inf

This domination is a consequence of a variational formula (32) for the Kullback-Leibler diver-
gences.

Lemma 20 For all models D containing distributions with finite first moments, for all distributions
veD,

v < E(”)» ¢Z(aj) < £< (i’,l/) and Va > E(V)7 QS;(IL‘) < ‘C?nf(xay) .

inf

Proof We rely on a key variational formula for the Kullback-Leibler divergence, see Boucheron
et al. (2013, Corollary 4.15): for all distributions v, v/ over R,

KLV ,v) = sup{IEV/ [Y]-InE, [eY] v Y e LY(Y) st E, [eY] < +oo} ,

_ sup{El,/ V] —InE,[e¥]: rv.Y € Ll(u’)} , (32)
where the supremum is over random variables Y : R — R with a finite first moment with respect
to v/, and where E, and E,, indicate that expectations are relative to v and v/, respectively. In
particular, when v and v/ lie in D, they admit finite first moments, hence all random variables of the

form Y = \idg are v/—integrable, where idg denotes the identity function over R and where A € R.
We have E,/[Y] = AE(2/). A consequence of (32) and of the definition (15) of ¢} is therefore that

KL(V,v) > sup{)\E(l/) —InE, [e’\idR]} = ¢5(E(V)) . (33)
AER

Using the variations of ¢ indicated at the end of Appendix B.1, we see that

o5 (E(V)) = ¢}(x) when E(V') <z <E(v) or E(/)>z>E®).

v 14

Therefore, taking an infimum in (33) yields, when z < E(v),

LS

inf

(z,v) = inf{KL(/,v) : E(V)) < 2} > ¢} (),

and similarly for the other claimed inequality. |

C.2. The case of P[0, 1]

In this section, we focus on the model P[0, 1] and prove that the inequalities of Lemma 20 are in
fact equalities, as claimed by Lemma 5, which we restate below. This yields, in particular, the target
equality (19), as discussed after the statement of Lemma 5 in the main body of the article.

Lemma 5 Consider the model D = P[0, 1]. Forallv € P[0, 1],

Vo < E(v), ¢h(x) =L (x,v) and Vx> E(v), ¢5x) =L (z,v).
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The lemma holds for all z € R, that is, even outside of the [0, 1] interval, though the proof
reveals that when x is smaller than the lower end m(v) of the support of v, we actually have
¢5(x) = L5 (z,v) = +oo. The counterpart statement ¢ (z) = L (z,v) = +oo holds for x
larger than the upper end M (v) of the support of v. The pieces of notation m(v) and M (v) were
formally defined in Appendix A.2.

Proof Note first that by Lemma 20, it suffices to prove that

Vo SE(), ¢p(2) > Lip(z,v)  and Vo2 E@), ¢p(z) > Li(z.v).

We only deal with the first inequality, namely £ (z,v) < ¢%(z) for z < E(v), as the other one
may be obtained by symmetric arguments.

In the case z = E(v), we have ¢}(E(r)) = 0, as stated at the end of Appendix B.1, and
L',l\nf( (v), 1/) = 0, as can be seen by taking ( = v in the infimum defining Eiif. We therefore only
consider z < E(v) in the sequel. We will rely on the standard fact that, by Holder’s inequality, the
logarithmic moment-generating function

¢y : A € R— InE, [eMdoal]

is convex, where id|g ] denotes the identity function on [0, 1]. Also, by two applications of a stan-
dard theorem of differentiation under the integral, given that v is supported by [0, 1], we have that
¢, is continuously differentiable over R, with derivative

E, [idjp,1 e 910.1]

/o
¢I/ DA € R+— EV [ekid[o,l]}

By convexity of ¢,, this derivative is non-decreasing. Therefore, the limit of ¢/, at —oo exists; we
denote it by ¢ and have that a priori £ € {—oc} U R. We now prove that actually,

(= lim ¢, (\) =mv). (34)

A——00

On the one hand, by definition of m(v), we have id ;) > m(v) v-a.s., which entails ¢}, (\) > m(v)
for all A € R, and hence, ¢ > m(v). On the other hand, as ¢/, is non-decreasing, it is always larger
than its limit £ at —

VAER, & (\)=(, thus, Ey[(id[oyl] — 0) M, u] >0, (35)
or {(1d[0 1] — €) Alidjo,1) )] >0. (36)

The last inequality and limit arguments as A — —oo impose that idjg;; — £ > 0 v-a.s., which in
turn entails that £ < m(v). This concludes the proof of (34).

The various properties exhibited above for ¢,, including the fact that the derivative ¢/, takes
values in [m(v), +00), entail that the function

A XeR+— Az — ¢ (V)

is concave, continuously differentiable, with a non-increasing derivative A’ taking values in the
interval (—oo, z — m(v)] and with limit z — m(v) at —
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We split the analysis of the case = < E(v) into three sub-cases, depending on the respective
positions of z and m(v), and recall that we want to show that £ (z,v) < ¢%(z).

Case 1: © > m(v). By Jensen’s inequality (27) and given that we consider x < E(v), the
limit of A at +o00 equals —oo. The limit of A at —oo also equals —oo, as the derivative A’ has
limit 2 — m(v) > 0 at —co. By concavity of A and the fact that A’ is continuous, this implies the
existence of some A\* € R such that

NXN)=z-¢,(\)=0 and  ¢)(z)= sup {AN} =AY

Denoting by ()« the distribution absolutely continuous with respect to v with density

A*idio, 1) )
dCx= e _ Midpy—eu(A)

dv E, [eA*id[o,l]]

we have E¢,,[idp 1] = E((x) = ¢),(X*) = a. Therefore, by definition of £;;(, ) and of the
Kullback-Leibler divergence,

dCox
L£5(2,v) SKL(Gr,v) = B, [m o)
4

} = X" Eg[idio 1] — (V) = AV) = (@)

Case 2: x = m(v). In that case, A’ — 0 at —oco and A’ is non-increasing, thus A’ < 0 on R
and A is non-increasing on R. Thus,

* — — : — : _ Aidpo, —m(v))
@ (m(v)) =sup{AN)} = lm A() = lim In B, | (o=

By monotone convergence based on idjp ;) — m(v) = 0 v-as.,

lim —InE, [e’\(idlo’l]_m(”))] =—Inv{m{)},

A——00

whether V{m(u)} is positive or null. Moreover, Lemma 16 states that

Lse(m@),v) = —Inv{m@)}.

We therefore have Efnf

(xz,v) = ¢}(x) in this case.

Case 3: x < m(v). In that case, as A — z — m(v) < 0 at —oo, we get that A — 400 at —oo,
thus ¢} (z) = sup A = +o00. Now, no distribution ¢ € P[0, 1] with E(¢) < =, if some exists, can
be absolutely continuous with respect to v; indeed, x < m(v) imposes that ¢ puts some probability
mass to the left of the support of v. Therefore, KL((,v) = +oo. Allin all, £, (z, v) appears as
the infimum of either an empty set or of +oo values, so that £ (z, ) = +oc. In this case as well,

inf
L5(x,v) = ¢ (x), both being equal to +oco. u

C.3. The case of canonical one-parameter exponential models Deyp

In this section, we show that the target equality (19) is satisfied by so-called canonical one-parameter
exponential families Dex,. Before we do so, we recall the definition and the properties of the latter.
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Canonical one-parameter exponential families. We follow largely the exposition by Cappé et al.
(2013, Section 4); more details, including the proofs of the stated properties may be found in the
monograph by Lehmann and Casella (1998). A (regular) canonical one-parameter exponential fam-
ily Dexp is a set of distributions v indexed by 6 € O, all absolutely continuous with respect to some
measure p on R, with densities given by
% = exp(fidr — b(0)) , (37)
P
for some smooth enough normalization function b. More precisely, b is assumed to be twice dif-
ferentiable. We also assume that © is the natural parameter space, i.e., that © contains all possible
parameters for p:

0= {0 eR: /Rexp(ey) dp(y) < +oo} ,

and that © is an open interval (this latter fact is what regularity stands for). A closed-form expression
of bis: forall € O,

b(0) = ln/ e dp(y). (38)
R

The derivative b’ of b is a continuous function, by assumption, and it may be shown that it is in-
creasing, so that b’ is a one-to-one mapping with a continuous inverse (') ~!. In addition, it can be
seen, by a differentiation under the integral sign, that E(vp) = b/(0) for all § € ©. Therefore, the
distributions in Deyp, may be rather parameterized by their expectations. We denote by M = V/(©)
the open interval of the expectations of distributions in Dey,, and let ;1 and p be its lower and
upper ends:

M= (- py) -

For each = € M, there exists a unique distribution in Dy, with expectation z, namely, V()1 (z)-

Kullback-Leibler divergences for Dey,. We may also parameterize the Kullback-Leibler diver-
gence function by the expectations: we define, for all 81,6, € O,

d(E(V91)7 E(Vaz)) = KL(V917V92) . (39)

This defines a divergence d which is strictly convex and differentiable on the open set M x M. In
particular, d is continuous, is such that d(u, p') = 0 if and only if 4 = 4/, and, for all p € M,
both d(ju, - ) and d( -, i) are decreasing on (p_, p], and increasing on [i, 1). In the following, we
extend d to R x R by 400 values outside of M x M.

A direct application of the continuity and monotonicity properties of d is that all functions L,
Lfnf, L., E?Hf coincide with d in the sense of the stated equalities (12) and (13). Indeed and for
instance, we have, for v € Deyp and < E(v) with x € M:

< 3 . N —
Li(z,v) = mf {d(p, 1)} = %lzr% d(p,v) = d(z,v).

<

When z ¢ M, by the convention on the infimum of an empty set, L. (z, ) = +o0, while by our
definition of d outside M x M, we also have d(x,r) = +oc. But as Lemma 22 below illustrates,
we will only be interested on the behaviors on M x M.
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We now state a monotonicity property of the Chernoff-information-type quantity L defined for
exponential models in (14). This property was referred to in Example 1, when indicating that arms
can be equivalently ranked in descending expectations or ascending values of L( -, u*).

Lemma 21 Consider a canonical one-parameter exponential family Dey, and fix any p € M.
Then L( -, ) is non-increasing on (ji—, p).

Proof Fix p— < po < p1 < p. To get the desired inequality L(ug, 1) = L(u1, 1), it suffices to
show, by (14), that

Vy € [po, ), d(y, p2) +d(y, p) = min d(w, ) +d(e, 1) = L{p,p).  (40)
x 1LH

We distinguish two cases. If o < p1 < y < pu, then, since d(y, -) is increasing on (u—,yl,
we have d(y, p2) = d(y, 1), from which the inequality (40) follows by considering z = y. If
2 <y < pp < p, then similarly d(y, ) > d(p1, p), which yields

d(y, p2) +d(y, p) = d(p1, ) = d(p1, pr) +d(pr, i),
>0 =0

from which the inequality (40) follows by considering x = 1. |
A slightly weaker version of Lemma 5, sufficient for our purposes. We may now come back to

the proof of the target equality (19) for canonical one-parameter exponential families. The following
slightly weaker version of Lemma 5 is enough to yield (19), given the rewritings (12) and (13).

Lemma 22 Consider a canonical one-parameter exponential family D = D,,,. For all v € Dy,
Vo e M, ¢5(z) = d(z,E(v)) .

The result of the lemma holds, by conventions, for x < p_ or x > p, but does not hold in
general for z € {p_, u4}.

Proof By Lemma 20, we only need to show that ¢},(z) > d(z, E(v)). Given the definition (15) of
¢} as a supremum, it suffices to exhibit a \* € R such that

d(z,E(v)) = Xz — ¢ (XY). 41)

Let §; € © be such that v = v, and 2 = (b')~!(x) € O be such that E(vy,) = z. We will
prove (41) with A* = 65 —6;. Given the closed-form expression of the densities (37), the distribution
Vg, is absolutely continuous with respect to vy, , with density given by (62 —61)idr — (b(62) —b(61)).
Therefore, by definition of the Kullback-Leibler divergence,

n SZZ?] = EW)Q[(@z — 01)idg — (b(62) — 5(91))]

= (92 — 91) E(VQQ) — (b(@g) — 5(91)) = A*l' — (5(92) — b(@l)) . (42)

d(z,E(v)) = KL(vg,, ve,) = Ev,, [l
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To obtain (41), it only remains to show that b(62) — b(61) = ¢, (N\*). Using the closed-form
expressions (38) of b at > and (37) of the density at 61, we obtain

=dvy, (y)=dv(y)

e N
b(63) = In / e”¥ dp(y) = b(61) + In / 0200y L1y=b0) 4p(y)
R R
=b(®h) +1In / NV du(y) = b(61) + ¢ (NY) (43)
R

which concludes the proof. |

Remark 23 A more direct approach bypassing Lemma 20 can be followed with D.,, models, along
the following lines. The result (43) can be generalized into

VOO,  ¢,(0—01)=b(6)—b(6). (44)
As b is differentiable on ©, the function ¢, is also differentiable; at \* = 65 — 01, we have
¢, (X) = ¢,,(02 — 1) = V'(02) = .

Thus, the derivative of the strictly concave function A : X € R — Az — ¢, (\) vanishes at \*,
which is therefore the argument of its maximum: ¢%(x) = A(X*). The closed-form calculation (42)
and the rewriting (44) then lead to Lemma 22.

C.4. Conditions for general models

In this section, we extend Lemma 5, and thus the target equality (19), to more general models. We
did so by mimicing the proof of Lemma 5: the result below can certainly be improved. We extend as
follows the definitions of the lower and upper ends m(v) and M (v) of the closed support Supp(v)
of a distribution v over R:

m(v) = inf (Supp(v)) € RU {—oc} and M (v) =sup(Supp(r)) € RU {400} .

Lemma 24 Consider a model D containing distributions v over R with finite first moments and
with exponential moments: eN® ¢ LY(v) for all A € R. Assume that the model D is stable by
exponential reweighting of densities: for all v € D, for all A\ € R, the distribution vy with density
dvy Nidz

—_— = with respect to v 45

dv  E,[edz] P (45)
also belongs to D. Assume also that 6, the Dirac mass at x, belongs to D whenever there exists
v € Dwithz € {m(v), M(v)} NR and v{z} > 0; put differently, if a distribution v € D puts
some probability mass on an end x of its closed support, then the Dirac mass at x belongs to D.

Then, for all v € D,

Ve <E(v), ¢5(x) = LS (x,v) and Nz >E(v), ¢5x) =L (x,v).

inf inf
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Proof By symmetry and by Lemma 20, we only need to prove that

Ve <E(v), ¢5(x) > L3 (x,v). (46)

inf
For 2 = E(v), we have ¢} (E(v)) = 0 = L5,
by taking ¢ = v in the infimum defining Efnf,
establish a few properties of ¢,, based on the assumptions of Lemma 24. All random variables e
are v—integrable, for A € R, which entails, by application of a standard theorem of differentiation

under the integral sign together with local domination arguments of the form

(E(v),v), as stated at the end of Appendix B.1 and

respectively. Before moving to the case x < E(v), we
Aidr

Y € ()\_7 A_A'_), |1d]R e/\ile| g ‘ldR‘ (e)\_id]R + e)\.},.ile) < (eile 4 efid]R) (e)\_idR 4 e)\+idIR) ,
that ¢, is differentiable over R, with derivative given by

E, [idg %]

¢, NeER— E, [oe]

(47)

Holder’s inequality still entails that ¢,, is convex, thus its derivative ¢!, is non-decreasing; therefore,
¢!, admits a limit ¢ € {—oo} UR at —oo. Actually, we have £ = m(v), as can be seen by combining
the following facts. First, by definition, idg > m(v) v-as., thus ¢), > m(v), hence ¢ > m(v).
As a consequence, if £ = —oo, then we also have m(rv) = —oo. Otherwise, if ¢ € R, the same
arguments as in (35)—(36) show that idg — ¢ > 0 v-a.s., i.e., £ < m(v).

We may now come back to establishing ¢ (z) > L3 (z,v) in the case z < E(v). We consider
three sub-cases, depending on the respective positions of x and m(v).

Case 1: © > m(v). The properties of ¢, ensure, exactly as in Case 1 of the proof of Lemma 5
(in Appendix C.2), the existence of A* such that ¢/,(\*) = x and ¢} (z) = Az — ¢, (\*). Given
the assumption (45), we may consider the distribution vy« € D. We note, again exactly as in Case 1
of the proof of Lemma 5 and given the closed-form expression (47) for ¢/, that E(vy+) = ¢, (\*),
thus E(v)~) = x. Finally, an explicit computation yields

KL(vy+,v) = ME(vys) — InE, [eM] = M2 — ¢, (\) = 65 (2) -

14

By the defining infimum of £ (z, v), we have indeed £ (2, 1) < KL(va+, V) = ¢h(z).

inf
Case 2: © = m(v). In particular, m(v) € R, which allows us to follow the monotone-
convergence arguments of Case 2 of the proof of Lemma 5 (in Appendix C.2) and get the equality
¢5(m(v)) = —Inv{m(v)}. Now, for the second part of this sub-case, we also adapt an argu-

ment of the second part of the proof of Lemma 16 (in Appendix A.2), namely, the fact that either
there exists at most one distribution ( € D absolutely continuous with respect to v and satisfying
E(¢) < m(v), namely, ¢ = (), the Dirac mass at m(v). The latter is indeed absolutely continu-
ous with respect to v if and only if v{m(v)} > 0. When v{m(v)} > 0, we have d,,(,) € D by the
Dirac assumption of the lemma, so that

L5 (m(v),v) = KL(0n),v) = —Inv{m(v)}.
Otherwise, when v{m(v)} = 0, the infimum defining L5 (m(v),v) is either over an empty
set or of 400 values, and thus equals +oo = —1In u{m(u)} In both situations, we obtained

L (m(v),v) = g5 (m(v)).
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Case 3: x < m(v). In particular, m(v) € R in this sub-case as well, which allows us to repeat
the exact same arguments as in Case 3 of the proof of Lemma 5 (in Appendix C.2): we may show
that both £ . (, ) and ¢%(z) are equal to +co. [ |

inf

Appendix D. Proofs for lower bounds (Section 4)

This section provides the detailed proofs that were omitted when stating our various lower bounds
in Section 4.

D.1. Proof of Lemma 7

We restate the lemma for the convenience of the reader. The proof reveals that the inequality actually
holds for limits taken along subsequences (7},),>1. Also, we may only relax the assumptions on
the bandit models; e.g., they do not need to be generic and it suffices that they have different unique
optimal arms. (The notion of a generic bandit problem is defined in the first lines of Section 4.)

Lemma 7 Fix K > 2 and a model D. Consider a consistent sequence of strategies on D, and two
generic bandit problems v and \ in D such that a*(\) # a*(v). Then

K
1 E\[N (T
i nf P (I 7 () > ~lmowp KL ),

T
where N,(T) = Z]I{At:a}
t=1

denotes the number of times arm a was pulled in the T exploration rounds of a given strategy with
budgetT' > 1.

Proof The considered sequence of strategies being consistent on D, and as a*(\) # a*(v),

ar EPy\(Ir # a*(v)) = Pr(Ir = a*())) T L,

. def
while pr =Py, (Ip # a*(v)) T_)—+>OO 0.
Note that we introduced above short-hand notation p7 and q7.
The fundamental inequality for lower bounds in bandit problems (which is a consequence of
the chain rule and of the data-processing inequality for Kullback-Leibler divergences, see Garivier
etal., 2019), applied for Z = 7, q+(,)}, €xactly states here that

K
S " EA[No(T)] KL(Aq, va) > KL(Ber(qr), Ber(pr)) , (48)

a=1

where we recall that Ber(p) refers to the Bernoulli distribution with parameter p. Given the asymp-
totics of pr and qr,

Tw—lin asT — +o0.
1 —pr

KL (Ber(gr), Ber(pr)) = qrn ;—i +(1—gr)ln
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Put differently,

KL (Ber , Ber
%lnIP’Z(IT # a*(g)) ~ — ( (q? (pT)) )

Combining this limit behavior with the previous inequality leads to the stated result, namely:

K

1 E\ [Ny (T
liminf —InP, (IT * a*(g)) > —limsup M KL(Aq, va) -
Totoo T~ % T—+oo “21 u

D.2. Proof of Theorem 10

We restate the theorem for the convenience of the reader (and recall that the notion of a generic
bandit problem is defined in the first lines of Section 4).

Theorem 10 Fix a model D. Consider a doubly-indexed sequence of strategies that is consistent,
balanced against the worst arm on D, and that cleverly exploits the pruning of suboptimal arms
on D. For all generic bandit problems v in D with K > 2 arms,

1 L=< ,V*
fmind L, (Ir # 0°() > —_min Z0).

Proof The proof consists of two steps. The first step is to prove that for a generic bandit problem v
in D with K > 2 arms, we have,

im i 1 * E; (M K)al/*)
Sl 10) > -l

(49)
In the second step, we use this lower bound and the very definition of the clever exploitation of the
pruning of suboptimal arms to get the claimed bound.

Step 1: lower bound (49). We follow a well-established methodology and consider an alternative
bandit problem only differing from v at one arm, namely, at the best arm. To do so, we set some dis-
tribution ¢ € D with E(() < p k), if some exists, and define the bandit problem A = (A1, ..., Ak)
as

Observe that ) is also a generic bandit problem in D, that a*(v) is the worst arm in A (and also that
the second best arm of v is the optimal arm in )\, but we will not use this specific fact). Therefore,
Lemma 7 yields, as )\ and v only differ at arm a*(v),

B[Ny (o (T
liminf 2 0P, (Ir £ a* (1)) > — limsup 2o @ )]

KL(A g+ *
T—+oo T Totoc T Aar ), ¥") 5

where we recall that v* = v/,+(,). Given that a*(v) is the worst arm of ), and since by assumption,
the sequence of strategies is balanced against the worst arm,

1 1
I s [Ny (T)] < =,
i sup 7 A [Nov(T)] <

35



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

proving that

o1 KL(C,v*)
e

The claimed inequality (49) follows from taking the supremum in the right-hand side over distribu-
tions ¢ € D with E(¢) < p(x).-

Step 2: clever exploitation of pruning. For each k € {2,..., K — 1}, define v/} ;. as the sub-
problem of v obtained by keeping the k£ best arms and dropping the K — k worst arms. Use the
definition of clever exploitation of pruning of suboptimal arms and apply (49) to v/ ;. to get

L (N(k)’ V*)
—

Vv

. . 1 * . . 1 * /
limint 7 0PI # 0*(W) > fimint 71y, (Ir # 0" (Wha) ) > -

Taking the maximum of all lower bounds exhibited as k varies between 2 and K, we proved the
claimed result. u

D.3. Proof of the normality of the models P[0, 1] and Dey,

In this section, we show that P[0, 1] and canonical one-parameter exponential models are normal.
For the convenience of the reader, we first restate the definition of normality.

Definition 12 A model D is normal if for all v € D, for all x > E(v),

Ve > 0, L:e(z,v) d:efinf{KL(g, v): (€D st E) >z}
=inf{KL((,v): (€D st. x+e>E(«) >z}.

Proposition 25 P[0, 1] is a normal model.

Proof We fix v € P[0,1], areal x > E(v), and £ > 0. Recall the piece of notation M (v) for the
upper end of the support of v, as introduced in Appendix A.2. As in Case 3 of the proof of Lemma 5
(in Appendix C.2), we note that when x > M (v), there exists no distribution ¢ € P[0, 1] absolutely
continuous with respect to v and such that E(¢) > z; hence, both infima in Definition 12 equal
+00. We now tackle the case where E(v) < x < M (v). For all § > 0, we introduce

Tl :min{x—i—é, W} < M(v).

Case 1 of the proof of Lemma 5 and Lemma 20 reveal (by symmetry) that for each § > 0, there exists
a distribution 5 € P[0, 1] with expectation 5 and such that £ (25, v) = ¢%(z}) = KL((s,v).
By Lemma 16, £ (2}, v) = L (2%, v) and LT ,(-,v) is continuous on (—oo, M (v)). Putting all
these elements together, we obtain

>
L inf inf

(z,v) = lim L7 (2%, v) = lim inf KL((5, v)
0—0 5—0

> inf{KL((s5,v) : 6 € (0,¢)}
> inf{KL((,v): (€D st. z+¢e>E() >z},

where the first inequality is by the very definition of a lim inf. |
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Proposition 26 All canonical one-parameter exponential models D.y, are normal.

Proof The proof consists of rewriting £, as d, as indicated by (13), and using the regularity

properties for d exhibited in Appendix C.3. We fix v € Deyp, areal z > E(v), and € > 0. When
x > M(v), the same argument as in the previous proposition shows that both infima equal +oc.
For © < M (v), we introduce 0 € (0, p4 — =) and write

L7 (x,v) =d(z,E(v)) = %ig% d(z +6,E(v))
- inf{d(ﬂc +5,B(v)) 16 € (0, 5)}
= inf{KL(¢,v): (€D st. z+e>E(() > a},

where the second and third equalities follow, respectively, by continuity of d( - E(V)) on M and
by the fact that this function is non-decreasing on (z, u4+) C [E(v), u4 ), and the final equality is by
the rewriting (39). |

D.4. Proof of Theorem 13

We restate the theorem for the convenience of the reader (and recall that the notion of a generic
bandit problem is defined in the first lines of Section 4).

Theorem 13 Fix K > 2 and a normal model D. Consider a sequence of strategies which is
consistent and monotonous on D. For all generic bandit problems v in D,

1 L (z,v, LS (x,v*
liminf —InP, (I7 # a*(v)) > — min  min inf { mf,( ) + mf(. ) } .

Proof We fix a generic bandit v in D and consider the following sets of alternative bandit problems,
indexed by triplets (k, j, ) satisfying 2 < k < K and 2 < j < k, as well as = € [pjy, p(j—1)):

Alt;@j’z(g) = {A inD : E(A(l)) <x < E()\(k)) < H(i—1) and A\, = v, for a ¢ {(1), (k‘)}},

in particular, an alternative problem A in Alty, ; »(v) only differ from the original bandit problem v
at the best arm (1) and at the k—th best arm (k). Given x € [y, i(j—1)) and E(A\(q)) < z, arm
(1) is at best the j—th best arm of ), but it can be possibly worse. Similarly, the same condition on
z and the fact that x < E()\(k)) implies that arm (k) is exactly the j — 1-th best arm of A. Both
facts are illustrated on Figure 1. Thus, by monotonicity of the strategy,

Ex N (T 1 Ex N (T 1
lim sup A[ (k)( )] < = and lim sup M < -
T—+00 T j—1 T—+00 T J

Given that the optimal arm in ) is different from the optimal arm (1) of v, Lemma 7 may be applied;
together with the two upper bounds above, it yields

KL (A Y()) N KL(Ay, V") ) ‘
j—1 J

... 1 N
st om0 >
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mean

| [ | | | [ [ | .
1 1 1 1 1 1 1 1 arm

Figure 1: Original bandit problem v (in dark) and modifications made to arms (1) and (k) to obtain
an alternative bandit problem A € Alty, ;. (v) (in red): in A, arm (k) is the j — 1-th best
arm, while arm (1) = a*(v) is at best the j—th best arm.

We can now take the infimum over all bandit problems A\ € Alty, ; () and obtain the following
lower bound, where we define a quantity Zj, ; ,(v):

KL ()\(k)a V(k)) KL()‘(l)a V*) def
* > — i = —T; .
1T1m}r][1f hlp (IT #a (H)) = AeAlltf,E,z(u){ Jj—1 * J } bgia (L)
We prove below that
Loe(, (k)) L@, v")
z = + = 50
k.jx ( ) ] 1 ] ’ ( )

from which the lower bound claimed in Theorem 13 will follow, by taking the supremum of
—Tk, j(v) first over z € [,u(j),u(j_l)), then the maximum over 2 < j < k, and finally, the
maximum over 2 < k < K.

We now prove (50). The infimum over A € Alt, ;.(v) may be split into two separate infima,
respectively over A(zy and A(q); given that each term of the sum of KL only depends either on A,
or on )\(1), but not on both, we may write

KL (A, v KL (A, v*
L= { Ay vm) | KA. )}
A1) A(k) ED: J—=1 J
E()\(l))<:1:
e<EA@w)<ug-1)

1
= — inf KL(Agy, V) += inf  KL(\qy, "),
T a0, (A viw) + . (A %)
$<E(>\(k))<u(j71) ()\(1))<l’

‘Clnf( (k)) :‘Ci<nf(xvy*)
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where we obtained L3, (z,v*) by definition while we relied on the normality of the model (Defi-
nition 12) to obtain E;f (J;, V(k)). We did so with € = p(;_1) — @, which is indeed positive as we
considered = < p(j_1). |

D.5. Proof of Theorem 14

We restate the theorem for the convenience of the reader (and recall that the notion of a generic
bandit problem is defined in the first lines of Section 4).

Theorem 14 Fix K > 2 and a model D. Consider a consistent sequence of strategies on D. For
all generic bandit problems v in D,

hmlnf InP, (I a*(v)) > — min inf  max{L:(x,v), L c(z, )} .
T oo ( T 7é (7)) kta*(v) €[upn*] { 1nf( k) 1nf( )}

Proof Let v be a generic bandit problem. We fix k # a*(v) and = € [uy, 1*], and prove that
|
liminf - In Py (Ir # a*(v)) > — max{Li(w, i), L@, v)

from which the stated lower bound follows, by taking suprema. To do so, we consider the set of
alternative bandit problems

Alt 5 (v) = {AinD : B(Agr)) <z <E(A) and A\, = v, for a ¢ {a*(g),k}};

it is composed of bandit problems, only differing from v at arms a*(v) and &, and for which arm &
is better than arm a*(v), with associated expectations separated by x. In particular, the optimal arm
in ) is different from the optimal arm a* () of v. Lemma 7 may therefore be applied,; it states that

liminf % InP, (IT + a*(g))

T—+o00
Ex|Ngs (T
— lim sup w KL\, ) + M KL()\Q*(V), Va*(u))
T—+o00 T T B B

> — max {KL()\k, vk)s KL (Mgt (1)1 Var () } :

where we used, for the second inequality, the crude upper bound N (T') + Ngx(,)(T') < T'. Taking
the supremum of the obtained lower bound over all A € Alty, ,(v) leads to the following inequality,
where we define the short-hand notation Zj, ,(v):

>— i . ) = - .
l}minf InP,(Ir # a*(v)) > AEAll?kf,x(g)maX{KL()\k’yk)’KL()\a )1 Va (z))} T o(v)

The proof is concluded below by showing that 7y, , (v) = max{ L (z,vi), Los(z, %) }.
As in the proof of Theorem 13 (see Appendix D.4), we use a separation of the infima, in the
abstract form, for two functions f and g,

1ur’1£ max{ f(u), g(v)} = max{ir&ff(u) , irgfg(v)} .

39



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

Here, by definition of Alty, ,(v),

Toalv) = Aa*(if}ﬁkev max {KL()\k,yk), KL(AM(Z),%@)}
E(Aa*(g))<z
E(Ag)>z

= max )\ggD KL()\k, I/k), Aa*i(ri)fep KL ()\a*(z), Va*(g))
E()‘k)>x E(Aa*(z))<x

= max{ﬁiif(a;, vk), L (, V*)} ,

which concludes the proof. |

Appendix E. Additional comments for the literature review

This appendix is devoted to additional discussions concerning the fixed-budget literature. More
precisely, we discuss in detail two gap-based lower bounds that we believe are somewhat detached
from the spirit of the article, namely, the minimax lower bound of Carpentier and Locatelli (2016)
in Appendix E.1 and the Bretagnolle-Huber technique in Appendix E.2.

E.1. The minimax lower bound of Carpentier and Locatelli (2016)

Carpentier and Locatelli (2016, Theorem 1) proved (slightly stronger versions of) the following
(non-asymptotic) minimax lower bound. Consider the model By 4, 3/4) of Bernoulli distributions
Ber(p) with parameters p € [1/4, 3/4]. For all sequences of strategies that are consistent on
Bii/a,3/4p forall T > 0.14 K* In(6KT),

—1
. 1 400 1 In6
drin 3[1/4,3/4], fln}P’Z(IT a a*(g)) > _an< Z Ag) T &)
ata*(v) ¢

where, of course, we may rather use the weaker lower bound based on

-1 9
1 Ak

_ _ > 0

(Z Az> > - Bn

atar(v) O

However, the bound (51) is different in nature from the lower bounds considered in this article, as
first and foremost, it only guarantees a 1/In K improvement of the lower bound (8) of Audibert
et al. (2010) for a single bandit problem v (actually belonging to a known collection of K bandit
problems). This is in strong contrast with the uniform instance-dependent lower bounds presented
in this article: bounds holding simultaneously for all bandit problems of a given model. Second,
the proof of the result (see the simpler proof provided below for Proposition 27 stated next) is truly
gap-based and does not seem to extend in any obvious way to non-parametric models.

As mentioned above, the proof of (51) in Carpentier and Locatelli (2016) uses only K different
bandit problems in By /4, 3/4. We may therefore resort to the pigeonhole principle to exchange,
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in some sense, the “for all 7 > 0.14K*In(6 KT)” and “there exists v in Bj1/4,3/4)” parts. More
precisely, we obtain, from (51) the following proposition. For the sake of completeness, we provide
a self-contained proof of this proposition closely following the original arguments by Carpentier
and Locatelli (2016), except for the change-of-measure argument, for which we rather resort to
Lemma 7. Doing so, we are able to improve the numerical factor 400 that would follow from (51)
into a smaller factor of 30.

Proposition 27 Fix K > 3 and consider the model B[y 4, 3/4) of Bernoulli distributions Ber(p)
with parameters p € [1/4, 3/4]. For all consistent sequences of strategies on 31 /4, 34}, there exists
an increasing sequence of budgets (T,,)n>1 such that

-1
. .. 1 30 1
vin By /4,374, %r_r)lig T ln]P’Z(ITn # a*(g)) > oK ( Z AZ) ) (52)
aar (1)
Proof We consider some base Bernoulli bandit problem 1" = (4™, ..., 15%°), where

V}iase — Be]:‘(]_/2) and v] € {2, ceey K}’ V;use — Ber(p]) 9

for parameters p; € [1/4, 1/2) to be specified later. For each k € {2,..., K}, we then define the

alternative bandit problem k) = (V{k), ey Vﬁf)) as follows:
y(k) . BEI‘(l — pk) lfj = k,
J V;““ if j #£ k.

Given the constraints on the p;, the unique optimal arm of v** is a*(v"™) = 1, while the unique
optimal arm of (¥ is a* (g(k’)) = k. We introduce, for a given bandit problem v

. 1
H(v) = Z A2 )
ata*(v) ¢
the right-hand side of (52) may be rewritten as (34/1n K) H(v)~!. The suboptimality gaps of the

arms of "¢ equal A;““ = 1/2 — pj for j # 1, while the ones of v(¥) equal

Vidk AP =1—p—pi=(1/2—pi) +(1/2-p)) = AFT + AR,

1
thus  H@p®) =) —— . (53)
J7£k; (Al;case + A;ase)2

The proof is decomposed in two steps. First, we show that for all values of the p; abiding by the

constraints and for all weights us, ..., ux such that u; > O forall j and uy + ... +ug = 1, there
exists k* € {2,..., K} such that there exists an increasing sequence of budgets (7,),>1 with

. . 1 ase 2

lim inf — InP, ) (Ir, # k%) = —9wp (AF)" . (54)

n

Then, we set specific values of the u; and p; to get

ase 2 10 -1
Vke{2,....K},  u(AP)° < SIHKH(N)) : (55)
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Proposition 27 follows by combining (54) and (55).
Part 1: Proof of (54). Forall T > 1,

s =l 1S

K Eybase [Nk
k=2

therefore, for all T' > 1, there exists kr € {2,..., K} such that E s [Ny, (T)] /T < up,.. By the
pigeonhole principle, there exists ¥* € {2,..., K} and an (infinite) increasing sequence (7},),>1
of integers such that kr,, = k* for all n > 1. In particular,

]E ase N * T
e LG
n—-+00 Tn

Since v** and v(**) only differ at arm k*, an application of Lemma 7 along subsequences (see the
initial comments in Appendix D.1) guarantees that

Eybase [Nk* (

lim inf T— InP, (ITn =+ k*) > — (hm sup )] ) KL(Ber(l — Dr*), Ber(pk*))

n—+oo Ay n—+00 Ty
ase 2
= —Up* X9(1/2—pk*)2:—9’u;€*( ';c*) 5

where, in the last inequality, we used that for all x € [1/4, 1/2),

1-=z T 1 >
_ — _ < — — .
KL(Ber(1 — z),Ber(z)) = (1 — z)In . +2ln T2 S 9 <2 x>

Part 2: Proof of (55). Weset, forj € {2,...,K},

K 1

U
uj = — —, where U:<§
k=

1 >_
(A%)" H (v19) S (AP H(w®) )

Then, uy, (A‘,’jse)2 = H(g(k))flU forall k € {2,...,K}. To get the desired result, it suffices
to guarantee that U < 10/(31n K). To do so, we consider the same values as in Carpentier and
Locatelli (2016) for the pj, i.e., we set, for j € {2,..., K},

J
4K

J

TUK or, equivalently, Af])_ase _

l\.')\}—t

p; =

We show first that (A‘,’;‘“)2 H(l/(k)) < 2k, for all k € {2,..., K}. Indeed, by (53) and by lower
bounding Aj** + A% either by Ap* or A%, we get

(Ap ) aE®) =3 B s

(ap)°

]<k (Abdse + Ab'dse) J>k (Al;;se + A;aSe)Q
base 2 K 1
—1+Z = +Z —1+k2/ —dv < 2k.
J>k Abm i~k kU
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Finally,
K -1 K+1 -1
1 1 -1 10
U< -] < —d =2(In(K+1)—In2) < -——,
(g%) </2 2 ”) (In(K+1)—n2) =< o3 o
where the final inequality holds since K > 3. |

E.2. The Bretagnolle-Huber technique by Kaufmann et al. (2016, Section 5.2)

Kaufmann et al. (2016, Section 5.2) provide an interesting series of results relying on the so-called
Bretagnolle-Huber inequality recalled below in (57); we state one of their lower bounds in Corol-
lary 29. But as we argue in this section, the methodology followed seems extremely specific to the
case of parametric models where Kullback-Leibler divergences could be controlled (lower bounded
and upper bounded) in terms of gaps, like the model D 2 of Gaussian distributions with a fixed vari-
ance 02 > 0. In particular, we state in Proposition 28 what would be the straightforward extension to
non-parametric models of the Gaussian results of (Kaufmann et al., 2016, Section 5.2), and we im-
mediately discuss after this statement why this extension lacks interpretability and interest. Proposi-
tion 28 considers any sequence of strategies (not necessarily consistent) and provides an asymptotic
bound; however, it does not directly control the target probability of error ]P’Z(IT # a* (g)), but a
larger quantity. A proof of Proposition 28 is provided at the end of this section.

Proposition 28 Fix K > 2, a model D, and any sequence of strategies. Let v be a bandit problem
in D with a unique optimal arm. Consider, for each k # a*(v), a distribution }, € D such that
E((r) > p*. For k # a*(v), denote by v %) the bandit problem obtained from v by changing the
distribution of arm k into (. Forall T > 1,

-1
, ) 1 In4
1 > — | = -
T In maX{P,,(IT #a (Z))7 kg}lﬁ‘é) P ) (IT a k)} i ((#%:(V) KL(v,, Ca)) T

Lack of interpretability of the bound for general models. To derive an interesting and in-
terpretable bound from this result, one needs to choose carefully the distributions (;. There is
a tradeoff between obtaining a large lower bound by choosing (. as close as possible to 1 in
terms of Kullback-Leibler divergences, and controlling the maximum of the misidentification prob-
abilities: when (, gets closer to v, while abiding by the constraint E((;) > p*, the probability
P, (IT # k:) becomes larger, and should even intuitively converge to 1/2. In any case, the target

error P, (IT #* a*(g)) should get dominated by PP, (IT # k:) and the obtained bound is likely
to be uninformative on the target error, due to the maximum in the left-hand side. This tradeoff
seems to be unsolvable in general, unless there exist some specific properties for the Kullback-
Leibler divergence of the model, as we illustrate below for a Gaussian model, which was the setting
considered by Kaufmann et al. (2016, Section 5.2).

Another intuitive issue with the bound of Proposition 28 is that it involves Kullback-Leibler
divergences with arguments in reverse order compared to the lower bounds presented in Section 4.
Indeed, taking the supremum of the lower bound over distributions (, such that E({;) > p* would
lead to a complexity in terms of the K, (Vk, u*), where

def .

Kie(v,z) = inf{KL(v,¢) : ( € D s.t. E(¢) >z},

43



FIXED BUDGET BEST-ARM IDENTIFICATION IN NON-PARAMETRIC MULTI-ARMED BANDITS

rather than in terms of the £, (M*, I/k). Our intuition, given all bounds presented in this article, is
that the ;. (I/k, M*) would not form the correct notion of complexity for the fixed-budget best-arm
identification.

How Kaufmann et al. (2016, Section 5.2) could exploit Proposition 28 in the Gaussian case.
Yet, in the case of the model D2 of Gaussian distributions with a fixed variance o2 > 0, for which
KL is symmetric, Proposition 28 admits an interesting corollary, corresponding? to Theorem 16 of
Kaufmann et al. (2016, Section 5.2). The corollary actually relies on a strong property of KL in this
model: not only is it symmetric, but it only depends on the expectation gaps between its arguments.
Namely, for all pairs N (u, %) and N (', o2) of distributions in D2, for all A € R,

N2
KL (N (u,0%), N(i/,07)) = (”20’5) =KL(N(u+A,0%), Nt + A, 0%)). (56)

We introduce the following short-hand notation:

def 202

Cly) = Z A2
afa*(v) °

Corollary 29 For all sequences of strategies and for all bandit problems v in D2 with a unique
optimal arm, there exists a set of alternative bandit instances (g(k)) k#a*(v) iN Dy2, where each v

admits k as a best arm and satisfies C(y(k)) < C(v), and for which

\_Ind

%ln max{]P’V(IT #a*(v)), max P, u (Ir # k)} >—-4C(v)~ T

k#a*(v) =

The proof provided below is highly specific to the Gaussian model and exploits the gap-based
rewriting (56) of the Kullback-Leibler divergence. The calculations led would only extend to mod-
els for which such gap-based rewritings of (upper and lower bounds on) the Kullback-Leibler diver-
gence would be available.

To compare the result of Corollary 29 with the bound (8) stemming from Audibert et al. (2010),

note that A2
_ 2 . k)
1y =2 (k)
Cly)™ > o2 23}?& k
Proof We apply Proposition 28 with the distributions (x = N (u* + Ay, 02), for k # a*(v). On the
one hand, the bound of Proposition 28 involves

1 B 2072 _Cl)
2. Kl 2 '

S =
atary TlWarGa) 22 (E(va) — E(Ga)) 4
l’[’*iAﬂ /‘L*+Aa

2. The maximum of the left-hand side of Corollary 29 is present, but somewhat discrete, in the Theorem 16 of Kaufmann
et al. (2016, Section 5.2): it corresponds to the “There exists an alternative bandit problem” part of the statement of
the latter.
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On the other hand, for k # a*(v), as the best arm of v(*) is k, with associated expectation * 4 Ay,

202 202 202
(™) Z (0" +Dp —pa)? A2 + Z (1 + A — a)?

a#k a¢{k,a*(v)}
202 202 202
Sat X o moayps 2 mCw.
Fooag{karw)} aFta*(v) ¢
These two observations conclude the proof of Corollary 29. |

Proof of Proposition 28. We conclude this section with a proof of Proposition 28. It relies on the
Bretagnolle-Huber inequality (Bretagnolle and Huber, 1979), which states that, for all p, ¢ € [0, 1],

p+1l—q> %exp(—KL(Ber(p), Ber(q))) . (57)

Proof We fix distributions (j, abiding by the conditions of the proposition and also fix 7" > 1. We
will prove below that, for all convex weights (ub)b#a*(z), i.e., non-negative weights summing up
to 1,

In4

;lnmax{Py(IT + a*(g)), kﬁ?é) ) (IT # k)} > — ﬁz;){ub KL(Vb,Q,)} — (58)

b

from which Proposition 28 follows, by optimizing the obtained lower bound, i.e., by taking

-1
1 1
" <a¢az*(y> KL(M)) “ KL G)

We now fix convex weights (Ub)b7,ga*(z) and prove (58). As b # a*(v) and b is the unique optimal
arm of v(®), for the first inequality, and by the Bretagnolle-Huber inequality (57), for the second
inequality,

IP’Z(IT # a*(g)) +P,m (IT + b) > IP’Z(IT # a*(g)) +P,m (IT = a*(g))

>~ exp (—KL(Ber(pT),Ber(qT))) :

1
2

where pr « IP’Z(IT + a*(g)) and gr e P, (IT % a*(g)). Inequality (48) reads, in the present

case, as v and g(b) only differ at arm b,
KL (Ber(pT), Ber(qT)) <E, [Nb(T)] KL(w, (p) -

Using max{u, v} > (u + v)/2 after collecting all bounds obtained so far yields

max{P, (I # a*(v)), P (Ir £ ) } > iexp(—EZ [No(T)] KL(, ) ) -

We take the maxima over b # a*(v) in both sides, apply logarithms, and conclude the proof of (58)
by showing that

b;g}l(flz){Eg[Nb(T)] KL(w, Cb)} < b%g@){% KL (v, ) } - (59)
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Indeed,
Ez [N b (T)]

s BN,

) biam(v)
so that there exists b* # a*(v) such that E,, [Ny« (T)] /T < up+. We then have
min (B, [Ny(T)] KL(vs, ) } < e KL(tr, ) < max {u KL(, G)}
bta* () ba (1)
as desired in (59).
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