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SCALING LIMIT OF THE DISORDERED
GENERALIZED POLAND-SCHERAGA MODEL FOR DNA DENATURATION

QUENTIN BERGER AND ALEXANDRE LEGRAND

ABSTRACT. The Poland—Scheraga model, introduced in the 1970’s, is a reference model to describe the
denaturation transition of DNA. More recently, it has been generalized in order to allow for asymmetry in
the strands lengths and in the formation of loops: the mathematical representation is based on a bivariate
renewal process, that describes the pairs of bases that bond together. In this paper, we consider a disordered
version of the model, in which the two strands interact via a potential 5V (@;,@;) + h when the i-th monomer
of the first strand and the j-th monomer of the second strand meet. Here, h € R is a homogeneous pinning
parameter, (@W;);>1 and (@;);>1 are two sequences of i.i.d. random variables attached to each DNA strand,
V(-,+) is an interaction function and 8 > 0 is the disorder intensity. Our main result finds some condition
on the underlying bivariate renewal so that, if one takes 8, h | 0 at some appropriate (explicit) rate as the
length of the strands go to infinity, the partition function of the model admits a non-trivial, i.e. disordered,
scaling limit. This is known as an intermediate disorder regime and is linked to the question of disorder
relevance for the denaturation transition. Interestingly, and unlike any other model of our knowledge, the
rate at which one has to take 8 | 0 depends on the interaction function V(+,-) and on the distribution of
(@i)i>1, (@j)j>1- On the other hand, the intermediate disorder limit of the partition function, when it
exists, is universal: it is expressed as a chaos expansion of iterated integrals against a Gaussian process M,
which arises as the scaling limit of the field (eﬁ V("ji"’jf))i, ;>0 and exhibits strong correlations on lines and
columns.

FIGURE 1. A realization of the (non-isotropic) Gaussian field M appearing in the disordered scaling limit of
the generalized Poland-Scheraga model. The field (V' (@;,@;)); j>1 presents correlations along rows and columns:
these correlations appear in the limiting process M and can be observed in the figure above.
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1. INTRODUCTION

1.1. The Poland—Scheraga model and the question of disorder relevance. The Poland-Scheraga
(PS) model [61] has been introduced in the 1970’s in order to describe the denaturation transition of
DNA. Since then, it has been widely studied in the bio-physics and mathematical literature, both from
a theoretical perspective, see [38] 42] [43], and an experimental one, see e.g. [20, 2I]. The model is based
on a renewal process that describes the pairs of bases that bind together and it can naturally embed the
inhomogeneous character of the interactions between the bases (see Figure . More generally, the model
is known as the pinning model, which is also used to describe the behavior of one-dimensional interfaces
(or polymers) interacting with a defect line. The inhomogeneity of the interactions along the DNA strands
is usually modeled thanks to a sequence of random variables, often dubbed as disorder, that represent the
different values of the binding potentials along the polymer; in the context of pinning models, this reduces to
considering an inhomogeneous (disordered) defect line.

One remarkable feature of the pinning model is that its homogeneous version, that is when the binding
potentials are all equals, is solvable. One can show that the model exhibits a depinning (or denaturation)
transition and one can identify the critical temperature and the behavior of the free energy when approaching
the critical temperature, see [42, Ch. 4].

Disorder relevance. A natural question is then to know whether disorder changes the characteristics of the
phase transition: in other words, can we determine if (and how) the critical temperature and the critical
behavior of the free energy is affected by the presence of inhomogeneities in the binding interactions? This is
the general question of disorder relevance for physical systems: if an arbitrarily small amount of disorder
changes the characteristics of the phase transition, then disorder is called relevant; otherwise disorder is
called irrelevant. In a celebrated paper, the physicist Harris [50] proposed a general criterion, based on the
critical behavior of the homogeneous (or pure) system—more specifically on the correlation length critical
exponent v—, to predict whether an i.i.d. disorder is relevant or not: for a d-dimensional physical system,
disorder should be irrelevant if v > 2/d and relevant if v < 2/d; the case v = 2/d, called marginal, requires
more investigation.

The pinning model has seen an intense activity over the past decades, both in theoretical physics (see e.g.
[33] 135], 36 [39], 53], [67] to cite a few) and in rigorous mathematical physics (see e.g. [3l [B, 9] [13] [32] 34] [46]
47, 48, 49) 54 [68] [69]). One reason for that activity comes from the fact that the homogeneous model is
exactly solvable and displays a critical exponent v that ranges from 1 to +o0: the disordered pinning model
has therefore been an ideal framework to test the validity of Harris’ predictions. The Harris criterion has

now been put on rigorous ground by a series of works (see [3l Bl [32] 34, 48], 49, [54, 68, [69]), the marginal
case being also completely settled (see [46l 7] and [I3]), after some contradictory predictions in the physics

literature [35], 39].
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Intermediate disorder regime. A recent and complementary approach to the question of disorder relevance
has been to consider scaling limits of the model, see [26] for an overview. In this context, disorder relevance
can be understood as the possibility of tuning down the intensity of disorder as the system size grows in such
a way that disorder is still present in the limit. The idea is therefore to scale the different parameters of the
model with the size of the system, in such a way to obtain a non-trivial, i.e. disordered, scaling limit. This is
called the intermediate disorder regime, which corresponds to identifying a scaling window for the disorder
intensity in which one observes a transition from a “weak disorder” phase to a “strong disorder” phase.

This approach has first been implemented in the context of the directed polymer model in dimension 141,
see [2], and has been widened in [27] to other models (including the pinning model); let us also mention [14] [64]
for other results in the same spirit. In particular, let us stress that in [27], the conditions for having a
non-trivial scaling limit of the model exactly matches that of Harris’ condition for disorder relevance.

The intermediate disorder scaling limit seems to have wide applications for understanding relevant
disorder systems. For instance: it makes it possible to extract universal behaviors of quantities of interest
such as the critical point shift or the free energy of the model see [30, £7]; it is a way to construct
continuum disordered systems that arise as scaling limits of discrete models (and encapsulate their universal
features), see [Tl [15] 23] 25]. Let us also mention that, in the case of marginally relevant disordered systems,
understanding the intermediate disorder scaling limit is much more challenging, see [28]. However, in the
context of the directed polymer in dimension 2 + 1 it provides a way to make sense of (and study) the
ill-defined stochastic heat equation, see the recent paper [29].

Generalization of the Poland—Scheraga model. The Poland—Scheraga model, thanks to its simplicity, plays a
central role in the study of DNA denaturation. But some aspects of it are oversimplified and fail to capture
important features of the model: in particular, the two DNA strands are assumed to be of equal length,
and loops have to be symmetric, ruling out for instance the existence of mismatches (see Figure . For
these reasons, Garel and Orland [40] (see also [58]) introduced a generalization of the model that overcomes
these two limitations: loops are allowed to be asymmetric and the two strands are allowed to be of different

lengths (see Figure [2b)).

(A) Standard PS model. (B) Generalized PS model.

FIGURE 2. Standard vs. generalized Poland-Scheraga models, with two types of monomers along the strands.
The standard PS model is represented on the left: the two strands have the same length and loops are symmetric
(there is no mismatch). The configuration is encoded by the sequence of lengths of the successive loops, from
left to right (in the example (A): 1,1,8,1,1,1,5,1). The generalized PS model is represented on the right: the
two strands may have different lengths and loops are allowed to be asymmetric. (mismatches occur). A loop is
encoded by a pair (k,£), with k the length of the ’top’ strand and ¢ the length of the ’bottom’ strand in that
loop: a configuration is encoded by the sequence of pairs describing the successive loops, from left to right (in
the example (B): (1,1),(3,3),(13,7),(1,1),(1,1),(1,1),(5,8),(1,1)).

The mathematical formulation of this generalized Poland—Scheraga (gPS) model has been developed by
Giacomin and Khatib [45], and is based on a bivariate renewal process, i.e. a renewal process on N2, whose
increments describe the successive loops in the DNA (an increment (k,¢) describes a loop with length & in
the first strand and length ¢ in the second strand, see Figure . In [45], the authors consider only the
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homogeneous gPS model: somehow surprisingly they find that the model is also solvable, but with a much
richer phenomenology than in the PS model. In particular, in addition to the denaturation transition, other
phase transitions, called condensation transitions, may occur; this was first observed in [58]. The critical
points for the denaturation and condensation transitions can be identified (see [45]). Moreover, the critical
behavior of the denaturation transition has been described in [45] and the condensation transitions have
been further investigated in [I0] (it corresponds to a big-jump transition for the bivariate renewal process).

As far as the disordered version of the gPS model is concerned, this has been investigated in the physics
literature, but only at a numerical level, see e.g. [40] 66]. In [11], the authors consider a disordered version
of the model, in which a pairing between the i-th monomer of the first strand and the j-th monomer of the
second strand is associated with a disorder variable w; ;j, where (w; ;); ;>0 are i.i.d. random variables (note
that this is not necessarily adapted to the modeling of DNA). In that case, Harris’ predictions for disorder
relevance on the denaturation phase transition have been confirmed in [I1]: if » is the critical exponent
for the free energy in the pure model, disorder is irrelevant as soon as v > 1 (here, the dimension of the
disorder field is d = 2). In [56], the author considers the case where the disorder variable w; ; associated to
the pairing of the i-th monomer of the first strand and the j-th monomer of the second strand is constructed
thanks to two sequences (&;);>0, (@;);>0 of i.i.d. random variables, representing the inhomogeneities along
the two strands. More precisely, [56] takes w; ; = &;@; as a natural toy model, for which computations are
more explicit. A striking finding of [56] is that, in that case, disorder relevance depends on the distribution
of &;,w;: for “most” distributions, disorder is irrelevant if v > 2 and relevant if v < 2 (the disorder is
fundamentally one-dimensional); on the other hand, there are distributions, namely %(6_, + d,) for some
x > 0, such that disorder is irrelevant as soon as v > 1 (the disorder is essentially two-dimensional).

Intermediate disorder scaling limit for the gPS model. One of the goal of the present paper is to complement
the existing results on the influence of disorder on the denaturation transition for the gPS model. For this
purpose, we investigate the intermediate disorder scaling limit of the model, in the spirit of [27], [26]. We
extend the results of [56] in several directions:

e We consider a more general disorder variable w; ; associated to the pairing of the i-th monomer of
the first strand and the j-th monomer of the second strand: we take w; ; = V(@;,@;) where (&;):>0,
(wj)j>0 are sequences of i.i.d. random variables and V'(-,-) is any (symmetric) interaction function.

e We identify the correct intermediate disorder scaling and we prove the convergence of the partition
function towards a non-trivial limit under that scaling. Remarkably, the scaling depends finely on the
distribution of wj j, i.e. on the function V'(-,-) and on the distribution of &;, @;.

e The identification of the intermediate disorder scaling allows us to give a sufficient condition for disorder
relevance (we determine whether the effective dimension of the disorder is one or two). It also enables
us to obtain sharp bounds on the critical point shift, improving some results of [56].

One of the main novelties of the present paper is that, to the best of our knowledge, it is the first instance
where the intermediate disorder scaling depends on the distribution of disorder, therefore displaying some
non-universality feature. On the other hand, the limit of the partition function under the intermediate
disorder scaling is universal, in the sense that it does not depend on the distribution of the disorder w; ; or
on the fine details of the underlying bivariate renewal.

One major difficulty of the present work is that the disorder field (w; ;)i j>0 presents some long-range
correlations (along lines and columns): as a result, the limit that we obtain is based on a correlated Gaussian
field M (see Figure [1| for an illustration) that exhibits the same type of correlations. Note that in the PS
model, the question of the influence of long-range correlated disorder on the denaturation transition has been
investigated, for instance in [0} [7, 12} 16 BT 59]. However, to the best of our knowledge, intermediate disorder
regimes have so far been considered only in the case of i.i.d. disorder fields (or at least time-independent for
models in dimension 1+ d), with the exception of [64]. One can therefore view our result as a new attempt
to investigate the influence of a correlated disorder on physical systems.
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Some notation. Throughout the article, we write elements of N2, R? with bold characters, and elements of
N, R with plain characters (in particular we note 0 := (0,0) and 1 := (1,1)); moreover for t € R?, t(® will
denote its projection on its a-th coordinate, a € {1,2}. When there is no risk of confusion, we may also
write more simply ¢ = (1,%5). We also define orders on R?: for s, ¢ € R?, write

s<t if s1 <11, 82 <tg, and st if s1 < ty, 89 <to.
For 0 < s < t, let [s, t] denote the rectangle [s1,%1] X [s2,t2] (and similarily [s, t) := [s1,t1) X [s2,t2), etc.)
and [s, t] := [s,t] N Z%. For s,t € R, we write s A t = min(s,t) and sV t = max(s,t); and for s,t € R?,

SAt = (s1Atl1,82 Ata) and sVt = (s1Vi,s2Via).

For s € R?, let |s] := (|s1],|s2]). Finally, we will say that s, ¢ € R? are aligned if they are on the same
line or column, that is if s; = ¢1 or s = t5, and we then write s <> t; otherwise we write s «<» t.

1.2. The generalized Poland-Scheraga model: definition and first properties. Let 7 = (74)r>0 be
a bivariate renewal process, with 7o = 0 and inter-arrival distribution

Lty + 49)
(El + 62)2+a7

with P(|71] < +00) = 1. With a slight abuse of notation, we also interpret 7 as a set {71, 72,...} (we will
always omit 7).

Let & = (@;);>1 and @ = (&;);>1 be two independent sequences of i.i.d. random variables, whose laws
are denoted P and P respectively. We assume that P=Pandwelet P:=P®P. Foric N2, we denote
Wi = Wiy iy = V(&4,,@;,), where V(-,-) is a symmetric function describing the interactions between the
monomers; we naturally assume that V (-, -) is not constant. Let us stress that w := (w;);enz is a strongly
correlated field. Throughout the paper, we assume that there is some 5y > 0 such that

A(B) :=log E[ef**] < 400 for 8 €10, Bo) -

Example 1.1. A first, natural example, is to take V in a product form, that is V(z,y) = f(x)f(y) for
some function f: this is the choice made in [56], with f(x) = x. Another natural example would be to take
V(z,y) = g(x +vy), for some function g.

(1.1) P(T1 = (€1,£2>) = K(fl —|—£2> = Ve = (fl,gg) S NZ,

Remark 1.2. Recalling that the gPS model was introduced to model DNA denaturation, it would also
be natural to consider a field (w;)icn2 defined as a function of a unique sequence (&;);>1 of i.i.d. random
variables, by w; = V(@;,,@;,), with V' a symmetric function. Our approach would actually provide results
very similar to the one we obtain in the setting described above. We comment in Section below what is
expected when constructing w with a unique sequence w, but we do not develop that case any further since it
becomes more technical and should not bring much different results.

For a fixed realization of w (quenched disorder), we define, for § > 0 (the disorder strength) and h € R
(the pinning potential), the following polymer measures: for any n € N2, representing the respective lengths
of the strands, let

dpPea 1
(1.2) —ap )= o oXP ( > (Bwi = AB) + h)l{iE‘r})l{HE‘r}a
Zn,h i€[1,n]
where
(1.3) 20 = Elexp (3 (Bws = AB) + W) lgier) ) Linen

i€1,n]
is the partition function of the system. This corresponds to giving a reward (or penalty if it is negative)
Bw; + h if © = (i1,42) € T, that is if monomer 47 of the first strand is paired with monomer i5 of the second
strand. The term —A(3) is only present for renormalization purposes, and even though Zﬁ’ﬁ’q depends on
the realization of w, we will drop it in the notation for conciseness. 7
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Let us mention that it is also natural consider a conditioned or free version of the model, either by
replacing 1;,c-) With a conditioning or simply by removing it: the partition functions are then

(1.4) Zﬁ:;ond = E[exp ( Z (Bwi — A(B) + h)l{ie.r}) ‘ ne T} ,
i€[1,n]

(1.5) and Zﬁ:gcc = E[exp ( Z (Bwi — N(B) + h)l{,'e.,.})} .
i€[1,n]

Free energy and denaturation phase transition. In [IT], 50], it is shown that for v > 0 (the asymptotic strand
lengths ratio), the following limit, called free energy, exists p.s. and in L!(P):

1 1
_ : B,a _ : B,a
(1'6) FV(B’ h) - nl}%lgm ny log Z(nlﬂlz)ﬁ - nl,kgm nlElog Z(n1,n2)7h ’
ni/n2—y ni/na—y

Also, the limit is unchanged if one replaces the partition function by its conditioned or its free counterparts.
The function (8,h) — F(8,h + A(B)) is non-negative, convex and non-decreasing in each coordinate.
Additionally, the free energy encodes localization properties of the model: indeed, one can exploit the
convexity of F., to show that, if 0,F, (3, h) exists, which is for all but at most countably many (5, h), then

1

_ : B,

OnFy(8,h) = Tim B [771 3 1{1-67}] . P-as.
ni/na—y i€1,n]

In other words, OnF~ (6, h) is the asymptotic fraction of contacts between the two strands. This leads to the

definition of the critical point:
(1.7) hd(B) == inf{h: F,(B,h) > 0},

which marks the transition between a delocalized phase (h < h3(f), zero density of contacts) and a localized
phase (h < hd(53), positive density of contacts). Let us stress that h%(8) does not depend on v > 0, since we
have the following bounds F, (8, h) < F, (8, h) < V7/1:7(6, h) for 0 < v <+, see [I1}, Prop. 2.1].
Homogeneous gPS model and Harris’ predictions for disorder relevance. As mentioned above, the homoge-
neous version of the model, i.e. when = 0, is solvable, see [45]. More precisely, under the assumption ,
we have h. = h.(0) = 0 and we can identify the critical behavior

1
(1.8) Fo(0,h) ~ ca~tp(1/h)R", ashl0, withv= S V1,

for some slowly varying function ¢ (that depends on a and L(-)) and some constant ¢, (it is the only
quantity on the r.h.s. of that depends on «). This determines the critical behavior of the homogeneous
denaturation transition, identified by the critical point h.(0) = 0.

Simply by applying Jensen’s inequality, we get that

1 1
— ; B, ; B, —
Fy(8,h) = m}gn nlElog Z(n?,nz),h < nl,ngn o log E[Z(n?,m),h] =F,(0,h),
ni/na—y ni/na—y

where we have used that IE[ZSE] = Zg;o,q’ see [56] Eq. (1.11)]. Hence, we get that h4(8) > 0 for any 5 > 0.

In view of , Harris’ criterion for disorder relevance becomes: if d is the “dimension of disorder”, then
disorder should be irrelevant if a < % and relevant if o > g. It would be natural to assume that in our setting
where w; = V(&;,, @;,), disorder is one-dimensional (since two strands of length n involve 2n independent
random variables). Yet, [56] studies the question of the influence of disorder in the case V(z,y) = zy, and
shows the following: (i) if P+ 1(6_4 + 6;) for all z > 0; then disorder is “one-dimensional”: it is relevant if
o > 1 and irrelevant if o < 3; (ii) if P= 1(6_4 + 6,) for some x > 0, then disorder is “two-dimensional”: it

is relevant if o > 1 and irrelevant if o < 1.
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2. MAIN RESULTS: INTERMEDIATE DISORDER FOR THE GPS MODEL

Our aim is to complete those results on disorder (ir)-relevance for the gPS model, by taking inspiration
from [2, 27]. In those papers the authors proved for some disordered systems (notably the disordered pinning
model in [27]) that, by choosing a disorder intensity /3, decaying to 0 as n — oo, it was possible to exhibit an
intermediate disorder regime, laying in-between the homogeneous (8 = 0) and disordered (5 > 0 constant)
ones. In [26], it is argued that the fact that such a scaling gives rise to a non-trivial, random limit is a new
notion of disorder relevance, and that it should coincide with the usual meaning introduced by Harris [50].

Our main result consists in proving an intermediate disorder scaling limit of the disordered gPS model
defined in Section we focus on the scaling limit of the partition function in the case a € (0, 1), since
then the bivariate renewal admits a non-trivial scaling limit, see Proposition [2.1] below. We then derive
some consequences of this scaling limit in terms of disorder relevance, more precisely regarding the critical
point shift. One of the main difficulties we have to overcome is the fact that the disorder field (w;);en2 has
long-range (in fact, infinite-range) correlations along lines and columns.

2.1. Heuristics of the chaos expansion. As in [2] [27], we look for scaling limits of the partition functions
by computing polynomial expansions, starting with the free version (1.5]) for simplicity. Let us define

Gi=G(B) =M 1,

so that exp ((Bw; — A(B) + h)1liery) = 1+ ("G +€" —1)1;ery. Then, for ¢ € (R7)? and n € N, expanding

the product in Zﬁifﬁfe = E[Hie[[l,nt]] (1+ (e"¢; + " — 1)1(;e-))] and using the renewal structure, we have

(’ﬂtl)/\(ntz)

k
(2.1) Zotee —1 4} 3 I1 ((eh(il el — 1) (i — il_l)) :

k=1 0=i9<t1<...<ipxnt =1

where we denoted u(%) := P(i € 7) the renewal mass function. In order to understand the correct scaling
for the parameters h and 3, let us focus on the convergence of the term k = 1. As h — 0, it is equal to (up
to smaller order terms in h)

(2.2) S Gui)+h > u(d).

i€[1,nt] i€[1,nt]

2.1.1. The homogeneous term. Looking at the homogeneous term in (2.2)) (i.e. the second one), we need to
estimate the renewal mass function u(¢). When a € (0, 1), this is provided by [72].

Proposition 2.1 ([72], main result). Assume a € (0,1) in (L.1). Then for s € (R%)?, we have
. 2—a o
(2.3) ngrfoon L(n)P(|ns] e ) = ¢(s),

for some continuous function ¢ : (]R*Jr)2 — Ry. Writing s in the polar form s = re'%, we get that

©(8) = r*"2a(0), for some continuous function a : [0, /2] — Ry, which is equal to 0 at =0 and 6 = 7/2.

This theorem and a Riemann sum approximation imply that 3,y 4 u(%) ~ ctL(n)~tn® as n — oo,

with ¢; 1= f[o 1 ©(8)ds < 4+o00. Hence, in order to make the second term converge in (2.2)), we have to take
h = h,, proportional to L(n)n=¢.

Remark 2.2. One could show that for any o > 0, the random set 11 = {Ti};5 C (R4)? converges in
distribution towards a random closed set S, C (R4)? (for the Fell-Matheron topology, we refer to 25, App. A]
for an overview of such convergence for univariate renewals). When o« € (0, 1), Proposition shows that S,
is random (and ¢ characterizes its finite-dimensional distributions). On the other hand, when o > 1, S, is

easily seen to be simply the diagonal A = {(z,x),x € Ry}: this justifies to focus on the case a € (0,1).

In fact, let us state right away the scaling limit of the homogeneous constrained partition function, i.e.
when ,, = 0, in the scaling window h,, =< L(n)n~%. Similar results hold for the free and conditioned partition
function (see Remark in the non-homogeneous case).
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Proposition 2.3. Assume that lim,, o, n®L(n)"th, = heR. Then, for any o € (0,1) and any t = 0,
writing Zn, p, 1= ZS;O, we have

“+o0 k+1
(2.4) nl;rréo n27°‘L(n)ZLntJ7hn =275 =¢(1) + Z n* / . / H ©o(s; — si—1)dsy---dsy,
k=1 0<s < <5<t =1

In (2.4) we use the convention sg := 0 and sg11 := t for the k-th term of the sum.

In view of Remark in the same way as the function ¢ characterizes the finite-dimensional distribution
of the set S, one can interpret the quantity Z, ;- as characterizing the finite-dimensional distribution of a
(weakly) pinned set S, much as in [65] for the usual pinning model. In particular, we have Z, +_, = ¢(t).

2.1.2. The disordered term. Considering the disorder term in (i.e. the first one), notice that E[(;] =0
and Var(¢;) ~ Var(w;)B3? as 8| 0 (see Lemma [2.4] below). If the variables ({;);cn2 were independent, then,
properly rescaled, the sum would converge to an integral of ¢ against a white noise, as is the case for an i.i.d.
disorder, see [2], 27]. However, in our case, the field ({;);en2 displays strong correlations on each line and
column of N2. Therefore, the first result we prove is that the partial sums of (¢;)jenz, properly normalized
by A7n3/2 for some r € N, converge towards a Gaussian random field M which encapsulates the correlation
structure of ¢, see Theorem below. A (non-trivial) consequence of Theorem (and Proposition is
the following convergence in distribution and in L?(P), as n — oo and 3 | 0,

(2.5) 5%@? zjgﬂ%§¥3—+ p(s)dM(s),

ic[1,nt] [0,¢]

where r € N and o, are constants that depend on the distribution of w; (see Lemma below). The
definition of the integral with respect to M, together with the fact that the integral on the right-hand side
of (2.5) is well-defined, is part of the statement, and is discussed in detail in Section 4| below.

2.1.3. Scaling window. All together, the analysis of the first term (2.2)) in the chaos expansion (2.1 suggests
that one should take the following scaling for the parameters 3, h,:

hn T . ﬁn "
2.6 lim — 2 :=heR d lim ——— =3¢, .
(2:6) A Tyne and i e yE P €0 teo)

Note in particular that in order to be able to have lim,,_, o, 8, = 0 (which is required to obtain an intermediate
disorder regime), we require a > %

2.2. Convergence of the field ((;);enz. Recall that w; = V(©;,,@;,) for some symmetric function V (-, ).
Let us denote B the set of disorder distributions P = P @ P such that A(8) := logE[e?1] < 400 for
B € [0,5). Recall also that ¢; = (;(8y) := €®»«i=2Bn) _ 1 and that it has mean 0. Before we prove the
convergence of the field ({;);enz, let us state a central lemma that provides the asymptotic behavior of the
two-point correlations E[(;(;]: a key fact is that the correlations on lines and columns actually depend on
the interaction function V'(-,-) and on the distribution P.

Lemma 2.4. Let 3,5 € N2. If i +» j then E [(;¢;] = 0. Additionally, as 3, — 0,
o*By+o(By)  ifi=j
a2B% + o(B2) ificr g, i#jand P eP,,

with 02 := Var(wy), 02 = (T})2Var(E[w§' |@i,]) and

(2.7) E [¢:G5] = {

(2.8) P = {P: min{k>1, Var(E[} |@,]) >0} =7}
Ifo2 =0 for all k €N, i.e. if P € Poo, then E[(i¢j] =0 for all i # j (in fact, E[¢; | @;,] =0).
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Therefore, 8 is partitioned into sets B, for r € NU {+oc} and the decay of the correlations on lines
and columns depend on which 3, contains the distribution P. Let us stress that in general, the 9, (and
notably B ) are non-empty: let us give a few examples.

Example 2.5. In the case V(z,y) = xzy we find that (see [56]): Py is the set of distributions such that
E[w1] # 0 (or else Elw;|@;,] = 0 a.s.); Pa is the set of distributions such that E[w1] = 0 and Var(0?) > 0;
B, is empty for any r > 3; P contains the remaining distributions, i.e. P = %(5_m + 0) for some x > 0.

Example 2.6. In Appendiz[C, we tailor an ezample to obtain an instance where Py # O and even P # 0.
The example is based on an interaction function of the form V(x,y) = xf(y) + yf(x), for some well chosen
distribution P and function f. It is reasonable to expect that such an example could be adapted to construct
cases where B, is non-empty for some arbitrarily large values of r.

Let us now state the convergence of the field ((;);enz2. For s = (s1,52) € (Ry)? and n € N, let us define
(2.9) Ma(s) == Y G,
i€[1,ns]

with the convention M, (s) =0if s; < 1/n or so < 1/n.

Theorem 2.7. Let t € (Ry)? and recall that (; = P« 2Bn) — 1 4 N2, Assume that P € B, for some
r € N. Iflim, o0 B, = 0 and lim,,_,o nB2" = 400, then

(2.10) (MMn(S)>se[O,t] @, (M(s))se[ﬂ,t]’

where M is a Gaussian field on (R,)? with zero-mean and covariance matriz given by

(2.11) K(u,v) == (ug Avi)(ug Ava) (ur Vor +us Vo),  w= (ur,uz),v=(v1,v2) € (Ry)>.
The convergence holds for the topology of the uniform convergence on [0, t.

Let us also mention that when P € P, then using Lemma [2.4] and the central limit theorem, we can

show that
(o) O wie)
onfBy sc(0.4] s€(0,t]”

where W is a Gaussian field with covariance (u; A v1)(uz A v2), i.e. W is a Brownian sheet. In other words,

the rescaled field (=—2—(;);en2 converges to a Gaussian two-dimensional white noise. We do not prove this
onfn €

statement since it is not needed below.

2.3. Intermediate disorder: statement of the main result. We now have the tools to state our main
result. The only missing piece is that our statement involves iterated integrals against the field M. We refer
to Section [f] and Appendix [B] below for a construction of the integrals against the field M, and in particular
for the proof that the chaos expansion series in is well-defined in L?(P).

Theorem 2.8. Let T satisfy (I.1)) with a € (3,1). Let P € B, for some r €N, and let (By)n>1, (hn)n>1
satisfy the scaling relation (2.6)). Then for any t = 0, we have the convergence in distribution

27— B w0, (d) B.M,
(2.12) n*"“L(n )ZLntJ o 00 Ztﬁ %

where the random variable ZfiM’q is given by the chaos expansion (in L*(P))

N +oo k
(2.13) Z3M = o))+ Y // Vi(sr,. .8 H (UTB dM( sJ)+hds,)

k=1 g1y < <5<t
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In (2.13), we have o2 := (r})2 Var(E[w} |©;,]) and v, is defined by
k+1
(2'14) ¢t(317 RN} sk) = 1{0::sg<s1<-~~<sk<sk+1::t} H %O(Si - si—l) .
i=1
Remark 2.9. As far as the conditioned 4 and free °° partition functions are concerned, the same result
holds, without the scaling factor n>~*L(n): one has to replace 1, respectively by 15" and e, defined by

Vy(81,- -, Sk)
2.15 cond(g gy PASL s SK)
k
(2.16) frec(sy, ..., 8p) 1= 10=is0<s1 << sp <t} H o(8 — 8i—1).

i=1
In this paper we focus on the proof for the constrained partition function, and comment in Remark [{.15
below how to deduce the statement for the other two cases.

Let us conclude this section by showing that when « € (0, 3) or when « € (0,1) and P € P, then one
cannot obtain a disordered scaling limit by taking 3, — 0. This shows that disorder is irrelevant in these
case, in the sense put forward in [26]. We state the result in the free case for future use (similar statements
hold in the constrained and conditioned case).

Proposition 2.10. Assume that o € (0,%) or that o € (0,1) and P € Boo. Then, if limy, 0o n*L(n) " hy, =

h € R, for any vanishing sequence (Bn)n>1 we have that lim,,_, Zﬁ?iﬁﬁi = Zﬁf}ﬁf in L*(P).

2.4. Consequence on the critical point shift for the gPS model. As a consequence of the scaling
limit obtained above, we are able to obtain upper bounds on the critical point shift. Indeed, the following
general statement allows to relate the second moment of the partition function at the annealed critical point
h2(B) = 0 to the critical point shift h.(3). It is extracted from [56, Prop. 3.1], and its proof is inspired by
the approach in [54].

Proposition 2.11 (Proposition 3.1 in [56]). Fiz some constant C > 1 and define
ng :=sup {n € N, E[(Zﬁiﬁr,fio)2] <C}.
Then there is some (explicit) slowly varying function L such that the critical point satisfies
0 < he(B) < L(ng)nz®.
If Zg,’,flri% is bounded in L*(P), then ng = +oo (provided that C' had been fized large enough), so hd(8) = 0;
moreover, there exists a slowly varying function L such that for all h € (0,1) we have F,(B3,h) > z(l/h)hl/o‘.
Together with Theorem [2:8] this allows us to obtain an upper bound on the critical point shift.

Corollary 2.12. Assume that o € (%, 1) and that P € B, for some r € N. Then, we have the following
upper bound on the critical point: there is some 81 > 0 such that for all § € (0,81) we have

0 < hd(B) < Lo(1/B)57

2ar
a—1

for some slowly varying function L.

Note that this sharpens the bound found in [56] Prop. 2.4], which treats the case of a product interaction
2a

V(z,y) = xy: when P € Py, it was obtained that h3(8) < L2(1/8)57>-1. We believe that the upper bound
in Corollary is sharp in general, up to slowly varying functions: indeed, it matches the lower bound on
the critical point shift obtained in [56, Thm. 2.3] (in the case of a product interaction). Obtaining a lower
bound on the critical point shift in the case of a general interaction seems reachable but technically involved.
For this, one would need to adapt the ideas developed in [56], with extra technical difficulties coming from
the general interaction V(x,y). We leave this problem for future work.
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Proof of Corollary[2.13. Let B(n) := (nz~*L(n))"/" and let 7(-) be the asymptotic inverse of 4(-), 4.e. such
that B(n(u)) ~ n(B(1/u))™! ~ u as u | 0. One can show that n(u) ~ L*(u)uiﬁ as u | 0 for some
(semi-explicit) slowly varying function L*, see [19, Thm. 1.5.13].

Now, by Theorem [2.8| and thanks to the definition of 7i(-), we have that Z° (g)e‘ls o converges to Zf hl gree as

B4 0in L2 Hence, letting C := QE[(Zi’gee)z], we get that there exists 81 > 0 such that E[(Z?(g;f heo)] < C
for all 8 < f31. Put otherwise, we get that i(8) < ng for any 8 < 1, with ng defined in Proposmlonm

with the constant C' above. Applying Proposition [2.11] we therefore end up with
0 < hi(B) < cL(n(B)n(B) ",
for all 8 < ;. Since fi(u) ~ L* (u)uih%l as u | 0, this concludes the proof. O
Let us stress that another corollary of Proposition [2.11] comes as a consequence of the proof of Proposi-
tion The following result shows that when a € (0, ) or when a € (0,1) and P € P, then disorder

is irrelevant in the sense that, for small 8 > 0, there is no critical point shift and no modification of the
homogeneous critical behavior (recall (1.8) and the fact that F.,(3,h) < F,(0,h)).

Corollary 2.13. Assume that o € (0,3) or that a € (0,1) and P € Boo. Then, there is some B1 > 0 such
that for all B € (0, 51) we have h3(B) =0 and F,(0,h) > F~(B,h) > L(1/h)hM* for all h € (0,1).

Proof. Thanks to Proposition . 11|, one simply need to show that for 8 small enough Zﬂ fre% is bounded in
ree

L?*(P). The estimate on E[(an +0)?] is obtained in the proof of Proposition m see Section more
precisely Remark [6.3] O

2.5. Some Comments.

2.5.1. About disorder relevance. Theorem and Proposition [2.10| provide a complete characterization for
the existence of a non-trivial scaling limit for the gPS model with disorder w; = V(@;,,®;,) and a < 1.
For the toy model V(z,y) = zy of [50], they confirm the prediction of [26] claiming that this matches
Harris’ criterion for disorder relevance [50], assuming that the dimension of the disorder is described by the
correlations of the field (¢;);enz as in Lemma (i.e., disorder is one-dimensional if and only if E[(;¢;] # 0
for 4 <> 7). Let us stress that we also proved that this limit is (partially) universal, in the sense that the

limiting continuous random field M which defines 77 :/l’q does not depend on V(+,-) or P, P, but only on the

line-and-column correlation structure we chose for w; however the scaling at which the non-trivial limit holds
depends strongly on the chosen disorder distribution, and ranges in a wide (countable) amount of possible
values indexed by r € N (where we provided explicit examples for » = 1,2,4 and 8 in Examples .

Let us mention that all this work is concerned with the denaturation transition. Regarding the condensation
transitions in the gPS model, the question of the influence of disorder has not yet been investigated. However,
the findings of [44] suggest that these (big-jump) transitions are actually absent from the disordered version
of the model.

2.5.2. About the continuum gPS model. In the relevant disorder case, a natural next step would be to study
the continuous model. Inspired by the article [25], one should be able to construct a universal continuum gPS
model, i.e. a disordered measure on random closed sets of R3 that are increasing (for <), with a continuum

partition function ZB M.a given by (2.13 -

Following the hnes of [25], one should prove the convergence of a two-parameter family of point-to-point
partition functions towards a process of continuum partition functions, see [25] Thm. 16]; another line of
proof could also be to consider continuum partition functions restricted to functionals of the random closed
set, as done in [I5]. Let us stress here that in below, the limit depends on the parameter r (and
o, which could be absorbed in the definition of 3): the continuum model therefore carries a dependence
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on r, but only through the power of the inverse temperature; on the other hand and more importantly, the
disorder field M is what makes the continuum model universal.

Similarly to what is argued in [27] Sec 1.3, §2], one could be able to use the continuum partition to extract
information on the free energy F. (53, h) in the weak-disorder limit, i.e. when 3, h — 0. In particular, one can
define the continuum free energy as

. 1 5
(2.17) F. (3,h):= lim —]E{log z‘qu] .
t—>oo,%—>fy tl t,h
The fact that the limit exists and is finite is not immediate, but should follow from super-additivity
and concentration arguments. One is then led to conjecture that, setting 5. = B(e"_%L(l/g)_l)% and

he = iAzso‘L(l/s) (see (2.6)), we have that
(Conj1) lgiigg_va(BE,ha) = F,(B,h).

As argued in [27], this amounts to exchanging the limits of infinite volume, i.e. letting the size of the system
to infinity, and of weak disorder, i.e. letting the inverse temperature 8 and the external field h go to 0. This
exchange of limits is in fact a delicate issue: it has been shown for instance in the context of the copolymer
model with tail exponent a € (0,1) in [22} 24] and for the pinning model with tail exponent a € (%,1) in [30];
but is known not to hold for a > 1, see [27, Sec 1.3, §3] and [9].

Analogously to what is done in [30], the exchange of limits would provide information on the
behavior of the critical point h3(3) defined in in the weak-disorder limit £ | 0. One should first prove
that the critical point for the continuous model, defined by

nd(B) :=sup {h € R,F.(3,h) =0},

—

is positive and finite. Then, using the scaling properties M([0, ct]) &) APM([0,t]) and ¢(ct) = > 2p(t)
(d) c%(afé)g./\/l‘q
Z ) )

for t > 0 and ¢ > 0, we get that th’%/t’q =Z . , recalling also that 3 appears with an exponent r

in the chaos expansion (2.13). This in turns implies that
F, (c%W—%)B, cafAL) = cFv(Bﬁ), and hd(B) = hg(1)32‘% .

Then, similarly to [30, Thm. 2.4], one could expect that a slightly stronger version of (Conjl) would yield
the following universal weak-disorder asymptotics
=hi(1),

q
810 La(%)ﬁml_l

where L, is a slowly varying function obtained by inverting the relation 5" ~ n%_aL(n) asn ~ Lg (ﬁ_r)zﬁ‘é‘%l
as 10, n 1 oo (soh~hL(n)n~° translates into h ~ ﬁza(ﬁ_r)ﬁﬁ%l); see [30, Rem. 2.2] or [27], Sec. 3.1]
for details in the context of the pinning model. Let us stress that the constant h4(1) depends only on « and
not on the fine details either of the bivariate renewal (in particular not on the slowly varying function L) or
of the disorder distribution w, except trough the constant o,.

2.5.3. About the case of a single sequence of disorder. Let us now briefly discuss the case where we only
have a single sequence of i.i.d. random variables (@;);>1 and where the disorder sequence is given by
w; == V(@4,,wi,). Define A\(B) = log E[e*i] for 4 not on the diagonal, i.e. with i1 # ia; note that in general
we have log E[e?~i] # \(B) for i on the diagonal. Define again ¢; := ¢#«=28) — 1 for any i € N?; in
particular, we have E[(;] = 0 if ¢ is not on the diagonal and E[(;] # 0 if ¢ is on the diagonal.

Now, note that w; is independent of w; except if i1 = j1, 41 = j2, t2 = j1 or 42 = ja; in that case, we
say that ¢ and j are linked and we write i «~ j. We also separate the cases where (i1,72) = (j1,j2) or
(i1,12) = (Jo2,j1), that is ¢ = j or ¢ is the symmetric of j with respect to the diagonal, that we denote as
1 = j. We provide a figure below: the lines represent the points that are linked to (i, 7).
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Now, we can perform the same calculations as for Lemma One gets that E[(;¢] =0 if 4 ¢ j and
that, for ¢ and j not on the diagonal and ¢ # j, as 3, — 0 we have

o2B2" +0(B27)  if i« j and P € P,

(2.18) E[Gi¢] = {O if i e~ j and P € P

One can also obtain estimates on E [(;(;] when ¢ and j are on the diagonal or ¢ = j. One should be able to
adapt the proof of the convergence in Theorem with a different covariance structure due to the fact
that the correlations occur in a more intricate way (using the relation ¢ «~ j instead of i <> j). After
some calculations, we expect that the (rescaled) field ({;);en2 converges to a Gaussian field with covariance
function given by

(219) Q(s7 t) = Qx(l)x(Q)x(?’) + x(l)x(‘l) (m(Q) + m(B)) ,

with 2 < 2® < 20) < (4 the ordered points of t1,t2, $1, S2. A realization of such a Gaussian field is
presented in Figure [3] Finally, a reasonable conjecture is that the statement of Theorem [2.8] also holds in
this setting when replacing the field M with the one described above. However, proving this result should
involve even more technicalities than in our setting (see in particular Sections and below) because
of the more complex combinatorics appearing in the correlations. This is the reason why we do not develop

on this further.

FIGURE 3. A realization of a Gaussian field with covariance Q(-,-) defined in (2.19)). The covariance structure
is different from the Gaussian field M, to be compared with FigureEl

2.5.4. About other models with long-range correlated disorder. The question of the influence of disorder with
long-range correlations on physical systems has been addressed widely in the physical literature, starting
with the seminal paper by Weinrib and Halperin [71]. In [71], the authors propose a modification of Harris’
predictions on disorder relevance, depending on the rate of decay of the two-point correlation function:
namely, if the disorder verifies E[w,w,] < ||z — y[|~* for some a > 0, then disorder should be irrelevant if
v > 2/ min(d, a) and relevant if v < 2/ min(d, a), with v the critical exponent of the homogeneous model. In
other words, Harris’ criterion is modified if a < d.

As far as the standard (one-dimensional) pinning model is concerned, this question has been investigated
in the mathematical literature, for instance in [6] [7, 12, 16, 17, [31} [60]. In particular, it has been proven in
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[7, [12] that Weinrib—Halperin’s prediction fail: disorder becomes always relevant as soon as a < d = 1. The
main idea is that the two-point correlations do not encapsulate the important features of the environment;
instead one has to study the rare appearance of large regions of favorable disorder. However, one could
still hope to recover Weinrib—Halperin’s predictions for the existence of a non-trivial intermediate disorder
scaling limit of the model (at least for Gaussian disorder), tuning down the inverse temperature 3, | 0 at
the correct scale.

As a first step, one would need to make sense of the following continuum partition function, which is the
natural candidate for the limit of the (free) partition function:

(2.20) Zs(t) =1+ ;Bk/o

a—1

k k

H 19(Si - Si—l) H W(dsz) .

<s1 < <sp<t ;_q i—1

In the above expression, ¥(s) = s corresponds to the scaled renewal mass function P(i € 7) (with
a € (0,1) the tail exponent of P(m > i), verifying a = 1/v) and W a fractional Brownian Motion with
Hurst index H € (3,1), i.e. a Gaussian field with covariance function E[W,W;] = $(|s|?" + [t|*H — [t — s|?H),
which corresponds to the scaling limit of a Gaussian field (wy,)nez with correlations Elwy,, wn k] ~ c|k| ™2,
a=2(1— H) € (0,1). Then, one is able to compute (or at least estimate) the L? norm of each term in the
sum. In particular, for £ = 1, one gets

2 1
‘ / ﬁ(S)W(dS) _ CH/ S/a—lsa—l(s_sl)QH—Zdesl :CHF(Q)F(ZH— 1) / S2a+2H_3ds,
0<s<t L2 0<s/<s<1 Ila+2H —1) Jo

which is finite if and only if 2o + 2H — 2 = 2/v — a > 0, that is if and only if v < 2/a, recovering
Weinrib—Halperin’s condition for disorder relevance. This suggests that the expansion makes sense
when v < 2/a. However, when controlling the L? norm of the k-th term, we obtain a bound that is not
summable in k. Therefore new ideas are needed in order to decide whether it is possible to make sense
of when v < 2/a; if so, this would confirm Weinrib—Halperin’s predictions, in the sense put forward
in [26].

Let us also mention that the effect of long-range correlations in the disorder has been studied in the directed
polymer model, for instance in [55, [63]. However, in these references, the disorder displays correlations only
in the spatial dimension and not in the time dimension; it remains an open problem to study the model with
correlations in time.

2.6. Organisation of the rest of the paper. Henceforth, the paper is organized as follows. In Section [3]
we prove Lemma [2.4] from which we deduce the convergence of arbitrary moments of the rescaled field M,
to those of M. Theorem then follows from standard arguments of finite-dimensional convergence and
tightness. Let us also mention that Claim below ensures us that in the remainder of the paper, we may
reduce all questions of convergence, notably the main theorem, to L2-convergences on a convenient L?(IP)
space.

In Section [d] we discuss the integration against the random field M. We first provide general results
for defining the integral against a random field by using its covariance measure, notably Theorem In
Section we apply these to prove the well-posedness of [ ¢ dM in , and in Section we proceed
similarly for iterated integrals. In particular we prove that the series Z in is a well-defined L?(P)
random variable.

Section [f] contains the most technical parts of the paper, which are required to prove Theorem 2.8
Section [5.1] shows that we may reduce the statement to the case h, = 0, Sections prove the
convergence of any term of the polynomial expansion to its continuous counterpart in , and
Section [5.4] concludes with the convergence of the whole partition function to the series Z.

Finally, Section@displays the proofs of statements regarding the homogeneous gPS model (Proposition,
and when the limit is trivial (Proposition 2.10). Those results are postponed to the end of the paper since
they rely on standard techniques, namely Riemann-sum convergences and estimates on bi-variate renewal
processes.
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Some estimates on bi-variate renewal processes and bivariate homogeneous pinning models are recalled in
Appendix [A] In Appendix [B] we prove Theorem similar results can already be found in the literature
(see e.g. [T0, Theorem 2.5]), but for the sake of completeness we provide a full construction of the integral
with covariance measures. In Appendix [C] we eventually provide examples of disorder distributions in 4,
Ps, as claimed in Example [2.6]

3. CONVERGENCE OF THE FIELD M,, TO M: PROOF OF THEOREM [2.7]
Let us comment on the meaning of the convergence in Theorem Define
(3.1) L>([0,¢]) := {f:[0,¢] = R; f is measurable and bounded},

and equip it with the norm || - || (and ensuing Borel sigma-algebra). Then, for any random variables
(Wy)n>1 and W in L>°(]0, t]), we have that W,, converges in distribution to W if for any bounded function
h : L*(]0,t]) — R that is continuous (for the aforementioned topology), lim,_,. E[h(W,,)] = E[R(W)].
Notice that the fields M,, and M defined above are a.s. bounded so this convergence is well-posed. In this
section, we prove the convergence in Theorem and we also provide useful estimates on (M, (s))sxo0-

To be able to distinguish the different notation, the L norms on spaces of functions from [0, t] to R, i.e.
LP([0, t]), will be noted || - ||,, whereas on spaces of real random variables, i.e. LP(IP), they will be noted
I lzwcey o I e, p € Lo,

3.1. Preliminary results: the covariance structure. We start with some preliminaries, controlling the
covariances of the field ((;);enz: we prove Lemma then we show how the covariance function K(u, v)
appears and prove some other useful estimates. Recall that ¢; = (;(8,) := ePrwi=A(Br) _ 1 has mean 0, that
w; = V(&;,,0;,). Recall also the definition of the sets (B, ),>1 and Poo partitioning the set P of all
distributions.

Proof of Lemma[2). First of all, if 4; # j; and iz # ja, then w; and w; are independent, so we clearly have
that E[QC]] =0.
When ¢ = j, by a simple (and classical) Taylor expansion, we find

E[¢i¢;] = X2 =22Bn) _ 1 ~ Var(wy) B2 as fp 1 0.

It remains to treat the case 4 <> j but ¢ # j. Let us assume that i; # j; but io = jo and write for
simplicity @y = @;,, w2 := w;, and w3 = W;,: this way we have w; = V (w1, w2) and w; = V(wq, ws).
Then, we write

E[GiG;] = Bl (V () ¥ (mamo)] — gV m [ V()

Z _Z()aak bjk)

where for the last equality we have expanded the exponentials, developed (V (wwy,ws) + V (w2, @w3))* and set

(3.2)

aj = E[V (w1, @)V (wa,@3)* 7], bjp = E[V(w1, @) |E[V (w2, 5)" 7]

Now, we show that for P € B, if j < r then a;, = b, (and similarly for k£ — j < r, by symmetry).
Indeed, by definition of 93, the random variable E[V (w1, w2)? | 1] is constant a.s., equal to E[V (w1, w2)’].
Therefore, if j < r, conditioning with respect to w; we get

ajyk = E[V(wh’WQ)jV(’WQ,’(Eg)k_‘j] = E[E[V(WhWQ)j |W1} V(WQ,Wg)k_j]
= E[V (w1, @)’ |E[V (w2, @3)"] = bj k-
Note that this also holds if » = +oo0.
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Therefore, if P € Poo, we have a;j i = b; i for all j,k > 0, so E[(;(;] = 0, as announced. If P € L,
with r € N, then we have Y-5_ (%) (ajx — bjx) = 0 for all k < 2r, and for k = 2r, 770 (%) (ajx — bjs) =
(2:) (arp — by ), with

ary — by = E[V (w1, w2)" V(wa, ws)"] — E[V (w1, ws2)" |E[V (ws, ws)"]
= E[E[V w1, w2)" | wﬂz] —E[V(wy,ws)")?
= Var(E[V (w1, @2)" | w2]) = 2,

where we have used that conditionally on @y, V (w1, ws) and V(ws, w3) are independent, and by symmetry
of V we have E[V (w1, ws2)" | wa] = E[V (w2, ws)" | w2]. Going back to (3.2)), for P € P,., we get that as
fBn 10,

2)‘(ﬁn)]E = (1 1 572LT 2r ~2 _ 1 1 57% 2r

e [Clcj] - ( + O( ))(27")' r Op = ( +0( )) (r')gﬁn :
Since e2*(An) — 1, this concludes the proof of Lemma 2.4 with o2 := 2/(r1)?. O

Let us define, for s € Ry x Ry,
— 1 1

3.3 My(s)i=———M,(s) = ——+— Gis
(3:3) (¢) orn3/2py, (¢) A ie[[lzns]]
where W is the scaling advertised in Theorem Thanks to Lemma [2.4) we easily identify the

covariance structure of (M, (s))sxo0. Let s = (s1,52),t = (t1,t2) € R2, and let us compute
— 1
(3.4 E M (&)Mut)] = g > > ElGG]-
ornS B .
1€[1,ns] j€[1,nt]

Then, in view of Lemma (or (2.7)), we distinguish in the sum indices (4,7) that are equal (there are
(14 0(1))(s1 At1)(s2 Ata) n? of them), aligned indices that are not equal (there are (1 + o(1))(s1 At1)(s2 A
t2)(s1 V1 + s2 Vi) n? of them, see Figure , and other indices (which do not contribute to the sum).

= (t1,t2)

sy At = (81752)

0 s1 Aty

FIGURE 4. Graphical representation of indices i € [1,ns], § € [1,nt] with 4 +> 5 and 4 # 5. One of 4,5 must be in
[1,ns] N[1,nt] (there are (s1 A t1)(s2 A t2)n? possible locations, represented as the red dot), and the other one has to
be aligned with it (there are (s1 V ¢1 + s2 V t2)n — 1 possibilities, represented by the red lines).

Therefore, in view of (2.7), as n — +oc the covariance E[M,(s)M,(t)] is asymptotic to
2

o2
If lim,,_, o n3%" = +00, which is one assumption of Theorem then we end up with
(35) ngIJIrloo]E Wn(s)ﬂn(t)] = K(s7 t) = (81 AN tl)(SQ AN t2)(81 \Y tl + So \Y tg),

(81/\t1)(52/\t2) (81 /\tl)(SQ/\tQ)(Sl\/tl =+ S9 \/tg).
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which is the correlation function in Theorem 2.7

Let us conclude this section by giving a lemma that gives estimates on multi-point correlations—this will
appear useful in the rest of the paper. Let us define the classes of sets of “m-aligned” indices (with possible
repetitions of the indices) as

26 A . . N2 V1<kk <m,3ko=kki,....k,=F

(8:6) = ) € (™5 that VI < a < p, ik, © i, ’

in other words, (21,...,%,) € A, if for all pair (ix,x), 1 < k, k' < m, there is a path from i to ix of
subsequently aligned indices in {%1,...,%,;,}. We refer to Figure [5| below for an illustration of sets that are
m-aligned.

Moreover, a specific type of m-aligned sets will play an important role in the computation of the scaling
limit of the partition function below, which may be formed by the union of two renewal trajectories 7,7/ C N2.
A m-aligned set (21,...,%,) € Ay, is called a m-chain of points if there is no repetition of the indices
and if we may reorder it into a non-decreasing sequence % < 2 < %3 < ... such that ¢; < 43 < --- and
29 < 14 < ---; an example is provided in Figure 5| For such sets, we improve our estimate on multi-point
correlations by additionally controlling the dependence of the pre-factor in m € N.

g

FIGURE 5. Examples of sets that are m-aligned with m = 7. The indices that are alone on their column or on their
line are represented with (empty) circles, the ones that are aligned with another index both vertically and horizontally
are represented by filled dots. If we denote b the number of points alone on their line or column then we have from left to
right b =5, b =0, b = 2. More specifically, the third example is a m-chain of points.

Lemma 3.1. Assume that P € B, for some r € N. For any m > 2 and q1,...,qm € N, there is a constant
C = Cpq such that for any set I = (%1, 1,...,4,) € Ay of distinct m-aligned points we have

m m
(3.7) ogE[Hglf’:} <CBE  withR:=Y g, Vry,

p=1 p=1

where T, := 1 if 3, is alone on its line or on its column (in other words if if) #* ig_z) for all j # p orif

iz(gl) * i;l) for all j #p), and r, = [ 5] otherwise.
In addition, there ewists a constant C' > 0 such that for any m > 2, for any m-chain of points
I=(4,%,...,1%,) € Ap, we have

m
(3.8) 0< E|: H Cip} < (Cl)mﬁ7217‘+(m72)|—§“ )
p=1
Proof. The fact that correlations are non-negative simply follows from the observation that w +» efr®=A(Bn) _1
is non-decreasing and from the FKG inequality (see e.g. [62]), so we only have to prove the upper bound.
Let us write for simplicity w, = @Z.u), Wp,2 = W,(2)" this way, we have w;, = V(wp,1,@p,2). Therefore,
P P

we can write

+00 Bk
(3.9) eA(ﬁ")Cip = BnV(@p1,mp,2) _ E[e/ﬁnv(wp,lywp.Q)] — Z ?7'1

k=0

(V(wp,l,wpg)k - E[V(wm,wp,g)k]) :
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Hence, expanding the power g, we have

ap +oo
(EA(B")Ci,J = ZﬂﬁW £
=0

where we have set

ap

Wy := Z 1 1%, k! H (V(wnlawzﬂ)ki - E[V(wp,l’wpﬂ)kj]) ’

kit +kq, =L I =1

and notice that W, , = 0 for any ¢ < g,. We can now expand the product of series and take the expectation:
we get that

(3.10) =1 A (Bn) {ﬁ Cf;’] — Jioﬂﬁ Z ]E[ﬁ Wj,z_,} )
j=1

p=1 (=0 Ly4etly =t

Now, using that for any k < r E[V (wp1,@p2)" | @p2] = E[V (w1, @p2)"] a.s. by definition of ,., one
can easily check that E[W, ¢ | @y 2] = 0 a.s. for any ¢ < r. With this in mind, if ¢, is alone on its line
(i-e. i, (2) ;é 7, ) for all J # p), since w1 appears only in W), ; , conditioning with respect to (z; 1), and
(Wg,2)1§g§m7 we get

E[f[le,ej]:za[[ ot | Tp] H Wie,| =0 ift, <7

Jj=1,j#p

This obviously holds also in the case where ) is alone on its column since then w, > appears only in W, 4 .
However, we cannot use the same trick if both @, ; and @, > appear in other terms W, with j # p: in
that case, we use Cauchy—Schwarz inequality to get

B T i
j=1

where we have used that, analogously as above, E[(W,,;)? | @,2] = 0 a.s. for any 2¢ < r.

Overall, we get that E[H;nzl Wj.e;] = 0 if there is some j such that £; < g; V 7;, with r; as defined in the
statement of the lemma. Therefore, the first non-zero term in the series is (possibly) for £; = ¢; V r;:
and since exp(—\(f3,)) is bounded by 1, this concludes the proof of (3.7).

For the second part of the lemma (in which ¢, = 1 for all p), note that starting from (3.9, we have

similarly to (3.10))
(3.11) em’\('@")]E[Hgip] - ¥

p=1 ki, km >0

w2, ] W]E[H w2, | Y0 i, <

J:%5
J#p

(B 74?1 +-tkm

R [HYM

with Y,z == V(@p1,@p2)" — E[V(@p,1,@p2)"]. Then, exactly as above, the sum can be restricted to
k, > r, for all p, with here r; = r,,, = r (the first and last index of the chain are both aligned with only one
other index), and otherwise 7, = [ 5] for 2 < p < m — 1. Now, note that, using Cauchy-Schwarz inequality,
we get that

E[ﬁ Vo] <E[ TT 052 B[ TT 0)7] "~ < TTE(, 2]
=1 p even p odd =1

where we used that (Y, r,)p even, r€sP. (Yp.k, )p odd, are independent, thanks to the structure of I (the indices
i, for p even, resp. p odd, are strictly increasing). Since by assumption V (w1, @, 2) admits a finite 5y/2
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exponential moment, we get that there is a constant C' > 0 such that E[V (w1, @, 2)"] < CF for all k > 1,
hence E[(Y)x,)%/? < (C")*». We therefore end up with

i 15 Ykt N /
E|:H Clp] = Z % < (C/ﬁn)ZiZI riemC Bn ,

T, k!
p=1 k1>r1, k>, p=1"P

where we used that ), C/LTT <a" Y pso %I,C =a"e” for a > 0. Recalling that we already observed above that
>ty ri =2r+ (m —2)[ 5], this concludes the proof of (3.8). O

3.2. Finite-dimensional convergence. In this section, we prove the convergence in distribution of
(Mn(s1),...,My(S)), for any m € N and s1,...,8, € RZ. Let Xy, ., (i,j) := K(s;,s;) be the
covariance matrix of (M(s1),..., M(s;,)), where we recall that K(-,-) is defined in ([2.11). In view of (B.5),
¥ is the limit of the sequence of the covariance matrices of (M, (81),..., M,(8)); in particular, it is positive

semi-definite.

Propﬁition 3.2.£et m €N and s1,...,8, € Ri. Asn — 00, if limy 00 Bn = 0 and lim,,_, nB%" = +oo,
then (M (1), ..., Mn(8m)) converges in distribution toward a Gaussian vector, centered and with covariance
matrixc Mg, .. s, -

Before we prove this proposition, let us start with the case m = 1, which already encapsulates the
combinatorial difficulty and will ease the understanding of the general case m € N. We show the convergence
of the moments of M, (s) to the moments of a Gaussian variable, which implies the convergence in distribution.

Lemma 3.3. Let £ € N and s € ]Rf_, Then ]E[(Mn(s))q is well defined if n is large enough, and if
limp—00Bn = 0, lim, oo n32" = +00, then we have

(312) i E[(ﬁ ( ))q 0 if £ is odd,
) n(s = s
n> oo (K(s, .5;))6/2 W if £ is even.

where K(s,t) is defined in (2.11), so K(s, s) = s182(s1 + $2).
Proof. We write

(3.13) E[(MAS))?:(M)Z Z Z E[C, -G, -

i1€[1,ns] i€[1,ns]

Now, notice that E [¢;, - - - (;,] depends only on the relative positions of the indices (45)%_,. For instance, if
one of the i, is isolated (i.e. not aligned with any other index %) then the expectation is equal to 0.

Recall the definition of classes of sets of “m-aligned” indices (with possible repetitions of the indices).
Then, for any I = (iy,...,4,) € [1,ns]’, there is a unique partition J = {J1,...,J;} of {1,...,¢} such
that for 1 <a <k, {i;}cs, is a maximal set of “m-aligned” indices of I; in particular {i;};cs, € A,
forall 1 <a <k, and i; ¢ i, for any j € J,, j' € Jp with a # b. One can view (J,)i1<q<r as equivalence
classes, for the following equivalence relation (defined for I fixed): j = 5’ if and only if there exists a path
Jo =, j1s--- Jqg=3"in {1,..., ¢} satisfying i, > 4, ,, for all 0 < p < g. For I = (i1,...,%¢) € [1,ns]",
we denote ®(I) = J this partition. For J C {1,...,¢} we let ®;*(J) C I be the set {i;,j € J}, with
possible repetition of the indices: this way, any partition J = {Jy,...,Ji} of {1,...,¢} induces a partition
{®7 (J1),..., @7 (Js)} of I; if J = ®(I), this corresponds to the partitioning of I into maximal sets of
“m-aligned” indices.

Therefore, if ®(I) =J = {J1,...,Ji}, we may factorize

k

(3.14) ElnG)=[TE[ TT &) =TTE] T <.

a= Jj€Ja Jel ieq>;1(J)
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As a consequence, denoting Jp the set of partitions of {1,..., ¢}, we write

(3.15) E[(Mn(s))e] = (a’ n3/2/8r) Z Z HE[ H CZ}

JeJe 1e[1,ns]* JEJ i€d; ' (J)
d(I)=J

First of all, in (3.15)), we can restrict the sum to having only |J| > 2: indeed if |J| = 1 we obviously have
]E[Hieq);lu) ¢i] = E[¢1] = 0 (note that it also restricts the sum to |J| < ¢/2). Now, we claim that the main

contribution in the sum comes from having |J| = 2 for all J € J, or in other words from the term |J| = ¢/2.
Indeed let us show that, for any m > 3,

1 n—>+00
(3.16) (o,m372B5)™ IE,L%ns) [I;Iﬂ

where we introduced the notation A,,(ns) = {I € A,,,I C [1,ns]} (note that we still allow repetitions of
the indices). To that end, we perform a first simplification: denote A,,(ns) the set of I € A,,(ns) such that
all indices in T are distinct. Then, we clearly have that | A, \ Am| < m|Am—1] < Cm||s|1n™ and hence

1 n—-+0oo
ey 2 E[T16] < G =0,

T€Am (ns)\ A (ns) €1

where we simply bounded E[[];.; (;] by a constant and used that nB2" — +oo. We therefore only need to

prove (3.16) with A,,(ns) replaced by Apm(ns). Now, with the idea of using Lemma let us define (see
Figure [5| for an illustration)

AW (ns) .= {{il, .. im} € An(ns), there are exactly b indices alone on a line or a column} .

Now we just have to show (3.16) with A (ns) in place of Ay, (ns), for any b € {0,...,m}. Using
Lemma 1 , we then have that for an I € Agg)(ns) (recall all indices are distinct)
E{HC'L} < CBZT+(m_b)[T/2] < Cﬂ£b+m)r/2 )
i€l

Hence, using that |,Z$f? (ns)] < | A (ns)| < C|s]lin™T, we have

1 m)r/a _ Cm r m—4)r
(3.17) AT 3 “‘[Q] < n1/25r)m”57(zb+ /2 _ Wﬁ(w /2

1€ AV (ns) i€l

Now, this goes to 0 since m > 3 and nl/QB; — 00, due also to the fact that b+ m > 4: indeed, we cannot
have b = 0 if m = 3 so we either have b > 1 or m > 4.

In addition to (3.16)), recall that when m = 2 then (3.5|) shows that
(0,028 3 E[Hgi} O, (s, 5)

IeAnm(ns) i€l
in particular these terms are bounded. All together, for any fixed partition J € Jp with at least one |.J| > 3,
we have

(3.18) ( n3/2ﬂ Z HE[ H Czi| < H(WW Z E[HC1}> n—>+oc 0,

I€[1,ns]t JEI l€¢;1(J) JeJ I€A| 5 (ns) el
d(I)=J

where we simply dropped the condition that ¢; ¢ 4, if j,j’ are in different J’s.
Recall (3.15]), where we have already said that we can restrict the sum to J € J; having all |J| > 2.

(i) If £ is odd, then it imposes that one |J| is larger or equal than 3. Hence E[(M,(s))] goes to 0, which
proves the first part of (3.12)).
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(ii) If ¢ is even, then the only part contributing to the sum in (3.15)) comes from J € J having all |J| = 2:
we denote 2, the set of pairings of {1,...,£}, i.e. the sets of partitions J € P, with |J| = 2 for all J € J.
We end up with

(3.19) E[(Mn(s))z]zo(l)—i—ﬁz 3 Ho_%ﬂzrﬂ«:[ T <

IeZ 1e[1,ns]* J€I icd; 1 (J)
(I)=J
Now, denote T¢ = {(41,...,%¢) € (N*)%,3j,j/ s.t.i; = i;,}. Analogously to (3.18)), we get that for a fixed
J € P, the sum over I € [1,ns]*NYT, with ®(I) = J goes to 0: indeed, there must be some J = {7, 5'} with
i; = 1j, and Lemma gives that E[ij] = O(B2), so that (n3p2")~1 Zije[[l,ns]] E[ij] = O(n*2ﬁz(1_7’))
goes to 0 (and all the other terms are bounded).
As a consequence, the restriction of the sum to I € [1, ns]]e N Y, in goes to 0, and we have

(3.20) E[(Mn(s))ﬂ:o(l)—i—#z 3 Hﬁx&[ I«

JeZi 1e[1,ns]nrs JEJ icd; 1 (J)
®(1)=]

Then, Lemma (or (2.18))) gives that E[Hie¢;l(J) G) = (1+0(1))o2B2" for all J in the product above.
Moreover, there are ((1+0(1))s1s2(s1 + s2)n?)*/? terms in the sum (recall Figure . All together, we get the
second part of (3.12)), using that the number of pairings Card(&?) is the correct combinatorial factor [

Proof of Proposition[3.2. We now prove the finite-dimensional convergence. Let m € N, s1,...,s,, € R
and let (M(s1),...,M(sm)) be a Gaussian vector of covariance matrix ¥, 5, . We show that for

any ui,...,Uy, € R, (271?21 ukﬂn(sk))n>1 converges in distribution to >_;" , ugM(s), by showing the
convergence of its moments. Let £ € N, and let us compute

(3.21) E {(iuan(sk))q _ 5_:1 . kilE[jﬁluijn(skj)} .

We fix ki,...,ke € {1,...,m} and we consider

(3.22) E[f[Mn(skj)]:(M)f RIS E[ﬁ@j].

j=1 i1€[[17sk1]] ’igGIIl,Ske]] j=1

Then, we proceed as for the proof of Lemma to each f-uple I = (i4,...,14), we associate a partition
o(I)=J={J1,...,Jr} by decomposing I into disjoint maximal “|J|-aligned” indices. As we showed above,
cf. (3.18)), the contribution of the terms with some |J| # 2 goes to 0. First of all, this implies that if £ is
odd, then E[Hf.:l M, (sk,)] goes to 0 as n — 4o0. If £ is even, then analogously to (3.19)-(3.20), the main
contribution to comes from pairings J € &, and from I € [1,nsy,] X --- X [1,nsg,] with distinct
entries. We therefore have that

E[ﬁwskn}:o(mn;wz > Moms 0 ¢

JeEPe I€[1nsy, | x---x[1,nsk,], JET 1‘6(1);1(])
I¢Y,,®(I)=J

(1+0(1)) Z H K(sk;: 8k,,) -

JeZe J={j.j'} €l

Here, we used again Lemma [2.4] and that for any fixed J, the number of terms in the sum over I with
O(I) =J has (1+o(1) [[,—(; jye5 K (S, Sk, )n? terms, in analogy with Figure
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Going back to (3.21)), we get that if £ is odd, then the ¢-th moment goes to 0. If £ is even, we have that it
is (1+0(1)) times

Z Z H ukjukj’K(skj’skj’): Z ( Z ukuk'K(Skvsk’))e/2~

JEP ky,....ke=1 J={4,5'}€J Jez?,  k,k'=1
All together, we have shown that for any ui,...,u,, € R and any even £ € N
mo . ¢/2
(3.23) E[(;uan(sk)) } 5072 6/2 ( ;1ukuk/ (sk, sk/)> )

(The limit is 0 if £ is odd.) Note that the term raised to the power ¢/2 is the variance of >, upM(sy).
This shows that for any ¢ € N, the ¢-th moment of ;" uxM,(sk) converges as n — oo to the /-th moment
of >0 ugM(sk). Since (M(sk))1<k<m is a Gaussian vector, this implies the convergence in distribution
of (Mn(sk))1<k<m to (M(sk))1<k<m- 0

3.3. Convergence of (M, (s))scjo,t)- In this section we prove that the sequence (M, (s))seo,g converges
in distribution to ( (8))sefo,4- Let us first introduce a continuous interpolation of M,,. For any n € N
and s € R, let sl .= % ns| (not to be confused with the projection s(* € R, a € {1,2}); notice that
sl € 172, and ||s[”] — s|j1 < 2. Define for any s € [0, t],

M, (s) =(1 = 7)1 = 72) My (s") + 31 (1 = 72) M (s + L(1,0))

(3.24) . o
+92(1 = 71) Ma(s™ + 1(0,1)) +92m M (s™ + 1(1,1))

where (71,72) n(s— s € [0,1)2, and where we use the convention M, (s) := M,(sAt) if s € R2 \ [0, t].

Note that M, is a continuous random field, which satisfies M, (s[") = M, (s[") for all sl € [0, ¢] N 17.
We prove the following Lemma.

Lemma 3.4. Under the assumptions of Theorem[2.7, one has for any p < +o0,

(3.25) My, — Mol = 0.

— 00

Recall that | M, — M, ||e := SUPo<s<t |M,(s) — M,(s)|, which is a real-valued random variable. Recall
also that for p € N, {3 € LP(P) as soon as n is sufficiently large.

Proof. We prove the result for p € 2N (we take p > 4r) and n sufficiently large, so that in particular
(1 € LP(P). First, notice that for n € N and s € [0, ¢], one has

(3.26) | M, (s) — My(s)| < max{ |M,(s™) =M, (s + (0, 1)),
M

Let us rewrite the last term, for i € N3,

o 1 11+1
’[,) — Mn(%’l, + (%, %)) = n3/25T ( Z CJ s+l T Z<21+1,J)

Jj=1

M, (

S|
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Doing similarly with the two other terms, and using the inequality (a + b)? < 2P(aP + bP) (recall p € 2N), we
obtain

(/230 || My, — Ml|o)? < 103115nt(z<u 12+1) +C Ojggm(ZCuﬁu))
(3.27)
<Gy, ((ZC(J 22+1>) (2C<i1+1,j))p)
P

oxiZnt j=1

for some Cy > 0. Holder’s inequality and Lemma |3.1] H-S.? give E[G, -+ (i, ] < E[¢]] < ¢p(8n)?, uniformly in
neNand 4y,..., 14, € (N?)P: this implies E[("1; ((jip41))"] < ¢p(in)PBh. Therefore, (8.27) gives

~ Catyta]| t]] Cotytalt||
. — P] « Z=iv2WPp o p+2 gp o ZaPlall TP
(3 28) E’[(HM’H Mn”oo) ] — (?13/25;;)1) n n — (n1/2ﬁfl)p_4 ’
where we have used that 82 < 82" for the last inequality (recall we took p > 4r). This goes to 0 since p > 4,
recalling that n'/247 — +ooc. O

We now have all the required estimates to finish the proof of Theorem

Proof of Theorem[2.7 First, let us prove that (Mn)neN converges to M in distribution. Lemma ensures
us that for m € N and s1,...,s,, < t, the vector (Mn(sl) — M, (s1),.. .,Mn(sm) — M, (s,,)) converges
to (0,...,0) € R™ in probability. Recalling Proposition and applying Slutsky’s theorem, this implies
that (Mn(sk))ff:l converges to (M(sy))7, in distribution, yielding the finite-dimensional convergence.
As for the tightness of (Mn)nZIa it can be proven with a direct adaptation of Donsker’s theorem (see
[52, Theorem 4.1.1 and Proposition 4.3.1, Chapter 6] for the multidimensional variant). In order not to
overburden the presentation of this paper, we do not write the details here.

Finally, let h : L°°([0, t]) — R be a bounded Lipschitz function, and let us prove that lim,,_, | o, E[h(M,)] =
E[h(M)]. We write

(3.29) [E[L(M,)] - E[h(M)]| < [E[A(M,)] — E[n(M)]] + CE[|| My, = Myl ]

for some C' > 0. The convergence in distribution of (Mn)neN implies that the first term goes to 0 as
n — oo, and Lemma shows the same for the second term. We conclude with Portmanteau’s theorem [I8],
Theorem 2.1], which proves the convergence in distribution of (M,,),en to M. a

3.4. Convergence of the field in LP(P). Before moving on to the definition of the integral against M, let
us state a last Claim which strengthens Theorem [2.7] on a convenient probability space.

Claim 3.5. There exist a probability space (Q .7-' IP’) and copzes Mn, n>1 (resp. /\/l) of M, n>1 (resp.
of M) on that space, such that for s € [0, and p € [1,00), M, (s) — M( ) in LP(P) as n — cc.

Proof. This is a consequence of Skorokhod’s representation theorem. Since the set of continuous functions
on [0, t] with the || - ||co-topology is separable, there exist a probability space (€, F,P) and copies M, M, n>1
(resp. ./\/l) of Mm n > 1 (resp. M) on that space, such that M/ — M P-almost surely. Using the moment
estimates from Lemma and dominated convergence theorem, it follows that for s € [0, ¢], J\/I\T'l(s) M (s)
in LP(@). Finally, let M,, be a piecewise constant modification of ]\7,’“ ie. M\n(s) = ]\/4\,2(3@ for s € [0, t],

n € N; then ]\/4\n has the same law as M,,, n € N, and we conclude the proof with Lemma |3.4 ([

4. COVARIANCE MEASURE OF M AND STOCHASTIC INTEGRAL

In this section we prove the well-posedness of k-iterated integrals against the field M, of any order k£ > 1.
In particular we prove that the series Z := Y > | [, dM defines a well-posed L?(P)-random variable.
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4.1. Presentation of the general theory. We first present the general theory for integrating a deterministic
function against a L?(PP)-random field X on R by using its covariance measure. This theory has already
been introduced in the literature (see e.g. [70, Chapter 2]), but to our knowledge its applications were so
far mostly limited to orthogonal fields, that is when E[X (A4)X(B)] =0 for AN B = (). In our setting it is
applied to the non-orthogonal, non-martingale random field M and allows the construction of the limiting
random variable in Theorem [2.8] Let us mention that part of the following claims can already be found in
the literature, however for the sake of completeness we provide complete proofs in Appendix

Let us introduce some definitions. With analogous notation to what is done in R?, for u,v € R¢ we
denote u < v if all coordinates of u are smaller or equal than those of v; we also denote u(®) the a-th
coordinate of u. We let

(4.1) Sa = {[u,v); u,v R, u<xv}U{D}
be the set of sub-rectangles of R?, closed at the bottom-left and open at the top-right.

Definition 4.1. We call (additive) L*(P)-random field on S; any family X of random variables X (A) €
L*(P), A € S84, such that for A, B € Sq with AUB € S4, ANB =1, one has X(AU B) = X(A) + X(B)
P-a.s. With a slight abuse of terminology we also call it a random field on R?.

Remark 4.2. Notice that Sy is a semi-ring: it is non-empty, stable by finite intersection and for A, B € Sy,
A\ B is a finite union of disjoint elements of Sy. Also, we have o(S4) = Bor(R9).

For any application X : R? — L2(P), that we may call L?(P)-random function from R? to R, we can
define a random field (X (A))aes,, by setting, for any rectangle A = [ug, u1) € Sg, up < w1,

(4.2) X([wo,w)) = > (—D)* T X (),

e€{0,1}4

where for & = (¢1,...,e4) € {0,1}% we have set u. = (ug), . ,ugi)), and X () :=0. For A € Sy, X(A) is
called the increment of X on A (notice that it is coherent with the dimension d = 1). We then take X (A) as
the definition of the integral of the function 14 with respect to X, which we write 14 ¢ X := [14dX below,
and our goal is to extend this definition to more general measurable functions.

Remark 4.3. Any random function generates an additive random field via its increments, but some fields
are not constructed by pointwise-defined functions, as for instance some white noises. Most of the upcoming
statements hold for generic additive random fields, thus we do not distinguish notation between increments
of functions and fields; we mention explicitly whenever we assume that a field is generated via the increments
of some pointwise-defined random function.

Definition. Let X : S — L?(P) be a random field. For A, B € Sy, define
(4.3) v(Ax B) = IE[X(A)X(B)} .

If v can be extended to a o-finite measure on Bor(R? x R?), we call v the covariance measure of X and we
write vx = V.

As an example, let us state that the field M appearing in Theorem admits a covariance measure v
that can be computed explicitly (and which displays the correlation structure of the field M on lines and
columns).

Proposition 4.4. Let M be a Gaussian field on (R;)? with zero-mean and covariance function K(u,v)
giwen in (2.11). There is a unique o-finite measure v on Bor(IFRz+ X Ri) such that for any A,B € Sy,
vm(A x B) = E[M(A)M(B)]. Moreover, for any non-negative measurable functions g, h : R — R, we have

(4.4) /]R2 - g(uw)h(v)dvay(u,v) = /]R2 g(u)(/}R h(.’l?,UQ)dx‘f"/R h(ul,y)dy)du.
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Remark 4.5. For the sake of comparison, let us consider the Gaussian white noise W on R%. One
has vy (A x B) := E[W(A)W(B)] = Xa(ANB) for A,B € Sy, where A\q denotes the d-dimensional
Lebesgue measure. This can be extended to all E € Bor(R? x RY) by vw(E) = AXi(ma(E)), where

74(E) := {u € R% (u,u) € E}. Put otherwise, for non-negative and measurable g, h : R% — R, , we have
(4.5) [ stwh@anro) = [ gwhludu).

RY X R4 Rd
Thus vy is supported on the diagonal of R* x R® and displays the absence of correlation in W.
More generally, a Gaussian field (Xs)scpa with covariance function K(s,t) admits a covariance measure vx
which is formally given by dvx (s, t) = %K(s, t) (i.e. in the sense of distributional derivatives).

The proof of Proposition [4.4] is postponed to Section [£.2] below for coherence’s sake.
Assume X is a random field which admits some covariance measure v := vx. Let us now display some

properties of the measure v which are useful to construct the stochastic integral against X. First, let us
define

(4.6) L? = {g : R = R measurable ; /
R4 x R4

lg(w)g()|du(u, v) < +oo} ,

and for g, h € L2, write

(4.7) (g:h)y = / g(u)h(v)dv(u,v)  and  |gll, == V(9,9)v -
R4 x R4

The next result shows that those definitions are well-posed. In particular, L? is a vector space and (-, ),
enjoys many properties of a scalar product (but is not in general a scalar product, see Remark below).

Proposition 4.6. Let X : Sy — L*(P) be a random field which admits a o-finite, non-negative covariance
measure v on Bor(R% x R?).
(i) The set L? is a vector space. Moreover (g, h), is well-posed for g,h € L2.
(ii) The application (-,-), is bilinear, symmetric and semi-definite positive. In particular ||gl|, is well-posed
for g € L2.
(iii) (Cauchy-Schwarz) For g,h € L2, one has (g, h), < ||g|l,||hll.-
(iv) (Triangular inequality) For g,h € L%, one has ||g + k|, < |9l + [|h]].-

Remark 4.7. Let us stress that (-,-), is not, in general, a scalar product on L? (in particular || - ||, is not a
norm). Recall the expression of vy from (4.4) and let h: Ry — R be defined by

h=10,1/2)x[0,1/2) = Li/2,1)x[0,1/2) — L[0,1/2)x[1/2,1) + L[1/2,1)x[1/2,1) >

2 .

we have ||[|h[ ||, = Ilj0,1)llvp =2 <00 soh e Ly ;

forall g € LﬁM.
On the other hand, with the Gaussian white noise W on R?, for any function g : R> — R we have
g2, = Jez9(w)?dAz(u) (see (4.5)). This proves that ||g||,,, =0 if and only if g =0 Xs-a.e.

Let us now state the main theorem of this subsection, which defines an integral with respect to X using
its covariance measure v. Its proof is displayed in Appendix [B]

however ||h||,,, =0, and more generally (g, h),,, =0

Theorem 4.8. Let X : S — L?(P) be a random field which admits a o-finite, non-negative covariance
measure v on Bor(R? x R?). For A € Sy, we define

laoX = X(A) € L*(P).

Then the application g — go X can be extended into an isometry from L2 to L?(P): more precisely, for
g € L2, there exists a random variable g o X defined almost everywhere on (2, F,P) such that

(i) (-) o X is linear: for gh € L2, A€ R, (g+Ah) o X =go X + A(ho X) P-a.s.;
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(ii) for g,h € L2,
(48) E[(go X)(ho X)] = (g.h), .
The random variable g © X is called the integral of g against X and will be denoted [ gdX :=g ¢ X.
4.2. Application to the field M. Recall that we identify an L?(P)-random function X : R? — L?(P) with
the field (X (A))acs,, by setting X () := 0 and for any rectangle A = [u,v), u < v, by rewriting (4.2)) in
dimension d = 2 as
(49) X(A) = X('Ul, ’U2) — X(ul, UQ) — X(’Ul, UQ) + X(ul, 'LLQ) .

Let M be a Gaussian field on (R )? with covariance K defined in (2.11]). The goal of this section is twofold:
first to prove Proposition i.e. to define a measure v on Bor(Ri X Ri) such that for A, B € S,
vm(A,B) == vpm(Ax B) = E[M(A)M(B)]; and second to prove that the limiting renewal mass function
 is integrable against M.

4.2.1. Computation of the covariance measure of M: proof of Proposition . By M is an additive
field on Ss: for any real numbers x < y < z and v < v, one has
(4.10) M([u,v) x [x,2)) = M([u,v) X [z,y)) + M([u,v) x [y,2)).
Moreover for any rectangles A, B € Sy, we can decompose them into finite unions of rectangles A = UY_| A,
and B = U?ZlBj such that for 1 <i <p, 1 <j <q (we can take p,q <9), one of the following holds:

(a) A, = Bj.

(b) There exist up < u; and so < s1 < t9 < t; such that either A; = [ug,u1) X [s0,51) and B; =

[wo, u1) X [to,t1) or A; = [s0,81) X [ug,u1) and B;j = [to,t1) X [ug, u1), or the other way around.
(c) For a € {1,2}, the projections of A;, B; on the a-th coordinate are disjoint.

This implies that we only have to compute the covariances of increments M(A), M(B) for couples of
rectangles (A, B) satisfying one of the above: this will give us covariances of all rectangles thanks to (4.10)
and the bilinearity of (X,Y) — E[XY]. We do so in the following Lemma.

Lemma 4.9. Let M be a Gaussian field on Ri with covariance K defined in (2.11)). Let ug < w1 and
8o <81 <to <ty

(a) If A= B = [ug,u1) X [0, 51), then
E[M(A)?] = (w1 —uo)(s1— s0)(u1 — ug + 51 — sp).-
(b) If A =[ug,u1) X [s0,81) and B = [ug,u1) X [to,t1), then
E[M(AM(B)] = (ur —ug)(s1 — s0)(t1 — to) .
(c) If the projections of A, B on the a-th coordinate are disjoint for a € {1,2}, then EJM(A)M(B)] = 0.

Proof. We only detail the proof in the second case A = [ug,u1) X [s0,$1) and B = [ug,u1) X [to,t1), since
the other two are very similar. Let us first rewrite (4.2)) into

MA) = D ()T M(ui,s;)
,5€{0,1}

since d = 2 is even here. Thus,

E[M(A)M(B)]

Z (—1)tHathH E[M(u;, ;)M (uk, t)]
6.4,k 1€{0,1}
= Z (1) TR (g Ay ) (55 A1) (w Voug, + 85 V 1)
64,k 1€{0,1}

= ST ()P A ) (s) (Vg + 1),
i,j,k,le{O,l}
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where we used sg < s1 <ty < t1. Let us develop the last factor to rewrite E[M(A)M(B)] as a sum of two
terms: in the first one, we can factorize lezo(fl)l = 0, so it remains

E[M(A)M(B)] = (i;)(l)jsj>(§(l)ltl>( > (1)i+k(ui/\uk)),

J= i,ke{0,1}

and a straightforward computation gives the result. O

Note that we can rewrite those expressions for any A, B € Sy as

(4.11) vpm(A, B) == E[M(A)M(B)] :/[0 , 1A(s)(/0“ 1B(m,32)dgg+/ot2 1B(sl,y)dy)ds.

where Lemma proves this identity for A, B satisfying (a), (b) or (¢), and generic couples of rectangles
are handled by bilinearity of the r.h.s. and (4.10). Let us mention that this quantity va((A4, B) can also be
written as

vm(A,B) = X3((z,y,2) € R? (z,y) € A and (z,z2) € B)
+ Ag((x,y,z) € R3: (z,y) € A and (z,y) € B) ,

where A3 denotes the 3-dimensional Lebesgue measure.

(4.12)

Conclusion of the proof of Proposition[4.4 With this at hand, Proposition is a direct consequence of
Proposition which provides a criterion to extend a function on (§2)? into a measure on Bor(R? x R?),
and which allows us to identify its expression. Eventually, M admits a well-defined covariance measure
v on Bor(R2 x R2) which verifies (4.4). O

4.2.2. Integrability of ¢ and ¢ against M. Recall that Theorem [{.8] defines the integrals g © M of functions
g € LEM, where the measure v is given explicitly in (4.4). Let us now prove that the term & = 1 in
the expansion (2.13) is well-defined (at least for h= 0). To lighten notation, from now on we will write
Il -1 =11 for the L* norm on R2.

Proposition 4.10. Fiz t - 0 and let g : R3 — Ry be the function defined by g(s) := ||s[|* 10,4 (s) for
s € R3\{0} anda € (0,1). Theng € L2 ifand onlyif o € (3,1). As a consequence, f[o,t) o(8)p(t—s)dM(s)

vm

is well-defined if and only if a € (,1).
Proof. Recalling (4.4)), we have that

tl t2
o2 = [ ats)( [ gtesapet [ gl my)ds
(0,t) 0 0

1
= —— (s57!
L—a Jo,

(4.13)
— (tl —+ 52)0671 —+ 5?_1 — (tz + 81)0671)(81 —+ 52)a72d81d52 .

For o € (3, 1), we bound this from above by — f(oyt)(sg_l + 5971 (51 4 59)* 2ds1dsy. Then we have that

t1 Safl
/ 8?71(81 * s2)a_2d81d82 = / 17(3?71 —(s1+ tz)a_l)d81
(O’t) 0 o — 1

t1 %a—Q t%a—l
ey =
A a—1"1" T U-a)(2a-1)

IN

. 2 t2a71+t20¢71
so we obtain ||g[|2 < G—arEa-n < T0°

On the other hand, for « € (0, %], we write

1
ol 2 g [T T T e ) s,
0.t
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then we use that (¢{ " +t571) f(mt)(sl + 52)*2dsydse < +o0, and

tq1 820172 _ Sozfltocfl
/ 97 (51 + 82)* 2dsydsy > / < L L =
(0,t) 0

l-«a
This proves that [|g||2 = +oo for o < 1.
If we define the function ¢(s) = ¢(s)@(t — 8)1{0<s<¢}, we can bound ¥(s) < Cg(8)p(t)1gsy<1ye)y +
Co(t)g(t—s)lgysy>1e)y- Hence, [[¢]luy, < +ooif o€ (1,1). If on the other hand we have « € (0, 3], using

>d51 =+400.

that 1¢(s) > Co(s)p(t)1(o,14)(s), we get that [[¢[|,,, = +o0, since (s) > cg(s) uniformly for s = ret?
with 6 € (g7, £7) (which is enough to conclude, with the same computation as above). O

4.3. Integrals of higher rank against M. The goal of this section is to define integrals of higher rank in
the expansion of Z in (at least when h= 0) and to prove that the series defines a well-posed random
variable in L?(P).

Recall that S; denotes the semi-ring of bounded sub-rectangles of R? and that (Sq)* =~ Siq is also a semi-
ring: for X : Sy — L%(P) a random field, we define the product field X®* on Siq by X®¥(A) = Hle X(4,)
for A = Ay x ... x Ay € Spq. If X is a random function, i.e. X : R — L2(P), then we may define
X®k(sy,...,85) = Hle X(s;) a random function on (R?)* ~ R and the above definition of the field
X®k(A) matches exactly the dk-dimensional increment of the function X®* on A € Syq, see (£.2)). With
those notation, if X®* admits some covariance measure vxs» on Bor(R% x R%), then Theoremgmay be
applied as it is to define the stochastic integral against X®*. For ¢ : R* - R, g € L§(®k, we will write

gEX 1= go (X®F) = /gd(X@”f).

Henceforth, this section is analogous to the previous one: first, we prove that the field M®* admits a
well-defined, explicit covariance measure v gr on Bor(Ri’“ X R%f); then, we prove that the function vy
in is integrable with respect to v,ex. Therefore the integral of 1); against M®* is well-posed, and we
additionally prove that the series of integrals in , i.e. Z, is well-defined in L?(PP).

Covariance measure of M®*. We have the following result.

Proposition 4.11. Let M be a Gaussian field on Ri with zero-mean and covariance matriz K (u, v) given
in 2.11) and let k > 1. Then M®F admits a unique non-negative o-finite covariance measure vyer 0n
Bor((R2)*) such that for any A, B € 8§ we have vpyer(A,B) = vxer(A x B) = E[M®F(4) M®*(B)].
The measure vqor 1S characterized by the following: for any measurable non-negative function g : (Ri)k - R,
we have

/R% g(uy, ..., ugk)dvpaen (U, ..., ugk)
+

= Z /Qk (/ g, ..o, ugp)d Ay, (ujl)...d)\uik(ujk)>clui1 odug,,
R3F Auilx"'X-Auik

T € Pay

(4.14)

where the sum is over all partitions of {1,...,2k} into pairs J = {{i1,j1},-..,{ix, jr}}, and for u € R%,
o A, denotes the set of points in R aligned with u, i.e. Ay := (Ry x {u2}) U ({ur} x Ry);
e \, denotes the (one-dimensional) Lebesque measure on Ay, i.e. for f:R3 — R, fAu f)dr,(v) =
fooo [z, uz)dz + fooo fur,y)dy.
This result is a direct analogue of Proposition for generic k > 1. The formula can be obtained
as an application of Wick’s formula. Alternatively, one can obtain for simple functions g = 14, A € S¥

thanks to Proposition i.e. with the convergence of moments of M,, to those of M, and then extend it to
all functions (indeed, recall that in the asymptotics of the moments of M,,, we proved that the contributing
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configurations contain only pairs of aligned points, see (3.19))). In order not to overburden the presentation
of this paper, we leave the details to the reader.

Remark 4.12. In the case of a Gaussian field X with covariance measure vx (recall Remark , the
covariance measure of X®F can be obtained via Wick’s formula:

dVX®k('U,1,.. ’u,gk Z H dVX umub)

JE€ Py {abeT
Integrability of 1 against M®*. For any k € N, we define ¢, := 1y as in ([2.14):

"/}t,k?(sh B Sk) = 90(81)(00(32 - 31) s (P(sk - skl)@(t - Sk?)l{0<s1<~--<sk<t} .

To lighten notation, let us write vy := v er henceforth. Similarly to Section we prove here that the
integral of v; ;, against vy is well defined when « € (%, 1) and we give a bound on its dependence on k.

Proposition 4.13. If a € ( 1), then ¥, Yiee and i/zcond are in sz for all k > 1. More precisely, there
is a constant Cy, > 0 such that for k e N, we have
(Ca)k+1ct ko (t(l) A t(2))2(k+1)(a72)

el TR with Chpe =
I'(k(a— 1)) BT (D f@))k

[eelly, <

In particular gy, <k>/\/( = Pk © MO is a well-defined L?(P)-random variable.

Notice that this proposition and the completeness of L?(IP) immediately imply that the series Z from (2.13)
is well-posed (at least for h = 0, we will see in Section that we can always reduce to this case).

Corollary 4.14. For 3 > 0, one has D k1 Ek||1/1t7k||l,k < oo. In particular 3, -, B\k(wtké/\/l) is a well-posed
random variable in L*(P).

Remark 4.15. In the Temaz'nder of this paper we focus on the constrained partition function i.e. on the
integration of 1y defined in We claim that the same results for 1/1C°“d and 1/; '°¢ follow naturally.

Indeed, we have Y53 = ()~ li/th so [|ogrd2, < o) 2|[Yukll2, . Using that o(2t — s) > Cp(t) uniformly
for s €10,t) we also get that

ree 1 —
PRe(s1,. .., 8) < 590('?) Yo(s1)@(s2 = 81) - @8k — 88,)0(28 = 8k)L{0<s < <su <1 »
hence @[Jfree < ng‘t’r,;d,

Proof. Let us define g, similarly to 1, but with g(s) = ||s]|*~2 in place of ¢(s), where | - | = || - ||1.
We show the proposition for g, which will imply the result for 1, , (recall Proposition . Let us warn
the reader that the proof is more technical than in the case k = 1, due to the richer combinatorics in the
correlation structure of vy, see (4.14]).

We have

(415) ||gk||3k = // gk(ul,...,uk)gk(vl,...,vk)dyk(ul,...,uk,vl,...,'vk).

O0<u1<-<up<t
0<v<--<vp <t

Note that by a change of variable, we can reduce to the case where ¢ = 1, at the cost of a factor at most
(¢ A £(2))2(k+1)(a=2)

(t(l)t(z)(t(l) vV t(2)))k ’

using that tM x|+ t@|y| > (W A @) (|2| +|y|). Note that we can bound Cy o < (E1) A£2)) (k4D 2a=T)+3,

tk,a =
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Now, in view of the expression of vy (recall (4.14), for any fixed 0 < u; < -+ < ug < ¢, the integral over
v1,..., V) is concentrated on the “grid” set

Q(ul,...,uk):UAui,

where we recall that for w € [0, 1], A, is the set of points aligned with w, that we write as A, = CS) u ng)
with £ = [0,1] X {uz} and £ = {u1} x [0,1]. Moreover, the integral is concentrated on
(vi,...,vk) € G(u1,...,up) where there must be some v; in A, for every 1 < j <k (so that all points u;
are aligned with one v;): since v; < -+ < vy, there is a permutation o of {1,...,k} such that v; € Ay,
for all i (using also that the Lebesgue measure of points in Ay, N Ay, is equal to 0). We refer to Figure |§| for
an illustration.

[ T2
.
Uug
ov,
. Aug
us3
i n
- 2
[uy
FIGURE 6. Tllustration of the grid set G(u1, ..., u), with k = 4 points. The black squares represent the positions of
u1,...,us4, and the set Ay, is represented in a red solid line. The red dots represent the positions of v1,..., v4: here we

have that v1 € Ay, (0(1) =2), va2 € Ay; (0(2) =1), v3 € Ay, (0(3) =4) and vy4 € Ay, (0(4) = 3).

Let us denote Sy the set of all permutations o of {1,...,k} that are admissible pairings of the v;’s with
u;’s, in the sense that they are compatible with the condition u; < -+ < up and vy < -+ < v, All
together, we have

||gk||12/k = // 1{Hae§k ,va(i)EAuiVi}gk(ulw"7uk)gk¢(’vlu"'7vk)dykt(ula'~'7uk7vl7"'uvk)‘

O0<u;<---<up<1
0<vy < <vp<1

Let us stress that S; does not contain all permutations: indeed, we cannot have u; < ws < usz and
v1 < v < vz with the following “alignment pattern”: v3 < wui, ve < ug, v1 < u3. Hence, admissible

permutations must avoid the pattern (321). Since there are C, = 725 (2") < 4" such permutations (see e.g.
[51] for a recent account on permutations avoiding patterns of length 3), we get that
(4.16) 1Sk| < 4*.

Therefore, recalling that gi(u) = Hf:ll g(w; — u;_1) with by convention ug = 0, ug41 = 1, the proof then

consists in showing that, for any o € Sk,
k+1

(4.17) // H (g(ug(i) — ug(i),l)g(vi — vi,l)l{vieA%m})duk(ul,...,uk,vl,...,vk)

0<uy < <up<1 =1 &
0<v1 < <vp <1 C

= Tlk(a 1)
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This is a consequence of the following proposition.

Proposition 4.16. There exists some (explicit) Co > 0 such that for 0 x up < w1 <1, 05 v < vy <1
and k € NU {0},

(4.18) /[ 1x [v0,01] s — 2 [|**=2) g (w — 9) g (v — w0) g (w1 — w)g(vr — v)dvpq(w, )
. Uug,u1 | X |vo,v1

< Co D) [Jur — o) FFVO™) g(u; — ug)g(v1 — v0) ,

= I(k(a—1 : =
where T'(k) := W@g)) if k€N, and I'(0) := 1.

Applying Proposition iteratively, we obtain (4.17)), which concludes the proof. |

Proof of Proposition[{.16. The way to estimate the integral in depends on the respective locations of
U, U1, Vo, V1. We only treat the case uél) < v(()l) < ugl) < vgl) and véz) < u((]2) < '1)52) < u§2), see Figure
other cases are analogous (or easier) and can be treated with similar techniques. We will actually estimate
the integral in restricted to u, v being on the same column, i.e. to u() = v(); the case where u, v
are on the same line is similar.

We introduce the following notation, which will be used throughout the proof (we refer to Figure [7| for a
graphical representation):

(4.19) zi=u® ol =o® oV yi=w® wl? 2= 0@ 0P
. T = ugl) - 'v((jl) R Y= u(12) - u(()2) R Z = vgz) - véQ) ,
and also a := 'uél) - uél) and b := vgl) — ugl).
<————->.<—————E————->§<—————>
A ——w
| -7 :
| //’il....f. :Vl
! ~ : T P )
! . | 1-- |
—: e x ,'r// |
y: // ————i///ly :E
/
AP :
Y S |
U / l s
Vo

FIGURE 7. Tllustration of the relative position of the points in the integral over «, v on the same column (in red). u
(resp. v) is constrained to remain in a rectangle of size T X y (resp. T X Z), and their distances to ug, w1, vo and v may
be expressed in terms of z,y, z and the constants a,b, =,y and z.

With these notation, the integral in (4.18]) restricted to w, v on the same column can be written as

T Y ¥2 N o
/ / / @+y+a) D@ +y+a)z+2)T+T—2—y)@F+b+z—x—2)]" “dedydz.
0 0 0

Using a change of variable (z,s,t) = (z,2 +y + a,z + 2), we get

T x+y+a T4z N B 2
/ / / sk(o‘_i)[st(E— s)(E—1t)]" “dedsdt
0 z+a T

S\ k(a—d) 5E\20-3 [T (2@+Tta)/5  2e+3)/E o
= (f) ’ (i) / / / shle=3) [st(2—s)(2—1)] *deds dt,
2 4 0o J2 2

(x+a)/s z/t
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where we have set 5:=T+7y+a=|lug —ugll, t:=T+z+b = ||[v1 — vy, and then rescaled the last two
integrals in §/2, /2 respectively. Exchanging the integrals to first integrate with respect to x, this is equal to

<\ k a—% S F\ 20— 2 2 N a—
(4.20) (3) ( )(%)2 3/ / OB 512 - 6)(2— )] Au] dsdt,
0 0

where As ¢ C [0,1] is defined by
(4.21) Ay = {2€(0,7]; 2 +ac[55—7,55] and =€ [it—z Lf]},
and | A, | denotes its Lebesgue measure. Therefore, the proof will be over once we show

22 1 a—2 1)~ 5t\ 3
(4.22) / / SO [st (2= 5)2 =) Asldsdt < Ca2 DTG ()7
0 Jo

for some C, > 0. Indeed, plugging (4.22)) into (4.20]), we get that the integral in (4.18) is bounded by
4%*%0@ f(k) g(kﬂ)(a—%)ﬂa—z) E(a72)+(047%) ’

(a—1
which concludes the proof of (4.18]) since flo2) < a—3 (recall vy, vg € [0,1]).
Proof of (4.22]). Let us first state an inequality which will prove useful henceforth:

(4.23) z Ay < V(@Ay)(zVy) = /Ty, Vz,y>0.
We split the Lh.s. of (4.22)) into four integrals over the sets I} = {s,t <1}, I = {1 < s,t}, 5 ={t <1 < s}
and Iy = {s <1 < t} respectively, and we compute an upper bound for each term.

Integral over I. Since A, C [0, 53]N[0, LF], we have |A, .| < (3s)A(Lt) < (5L)Y/2(st)!/? thanks to (£.23).
Therefore, the integral over I verifies

11 ol 1 1
/ / sk(a_%)[st(Q—s)(Q—t)]a_2|Ast|dsdt < (S—t)z / sk(a_%Ha_%ds/ o5 dt
o Jo ’ 4 0 0

1 1 (Ej)%
a— 3 (k+1)(a—3F)\4
where the last identity holds because o > 1/2 and k > 0. Then, we observe that there is k, € N such that T
is increasing on [kq (o — 3),00), hence for k > kq,
1 1 [(k(a— 2 ~ !
(4.24) _ < = (k(a . D) Fk) < oMb (k)
(k+1)(a—3) " kla—3) T(k(a—3)+1)
Fixing a suitable C,, > 0, this proves the upper bound (4.22) for the integral restricted on I; = {s,t < 1}.
Integral over I5. Recalling ([#.21), we have A, C [£5— 7§ — a,Z] N [T — Z, 7], hence

s i . 5 b ;
Al < @+T+a-F)A@+2-3) < GO-$)AE1-1) < (F) (@-9e-0)},
where we used . Therefore,
2

2 ? k(a—1) =2 st % 2 k(a—1)-1 a—32 a—32
SO [51(2— 5)(2 = )] *|Auy| dsdt < (Z) sHe=D-1g _ge-tds [ (2- 1) Fdt
1 1 1

1

1 g% % 2 k(a—l)—l a—3
(4.25) = T (Z) sPeT)TH2 — 5)Y T2 ds
1

S}

where we also used that s*~! <1 for s € [1,2] in the first inequality. For k = 0 the integral above is finite,
which proves ([4.22); for & > 1, we recall that fol 2071 —2)0~lde = FISEI(I)JI:EJI;), a,b > 0, which yields (since
a>1/2)

2 2 T(k
(4.26) /s’“<a—%)—1(2—s)a—%ds < / sHe=2)-1(2 _ g)2=3 qs < O, 283 ( -
1 0 I'((k+1)(a—3)

8
-
=
S
\
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We conclude by recognizing the definition of f(k)
Integral over I3. Similarly to the previous cases, we have A, ; C [55 —7 —a,T| N[0, %ﬂ, so (4.23]) implies

Al = G- A () < ()7 (e-an*.
Thus,

2 1 7.1 2 1
a— t\ 2
//sk(‘“%)[st@—s)@—t)] 2|As,t|dsdtg(sz)2/ s’““*%)*l(%s)“’%ds/ t°72 dt,
1 0 1 0

and a straightforward change of variable t — (2 — t) yields the same upper bound as in (4.25)-(4.26).

1

Integral over I,. With the same argument as before we have |A; | < (E—E)’( (2 —1))2, so we get

1 2 7.1
/ / O D512 6)(2 - )] MAuy) dsdt < (Sl)/ Ko $) o 2ds/ @—1)° -t dt
0o J1 7 4 0 1

1 1 ( st ) 3
TSkt -H\a)
Then we conclude the proof as for the term I, with (4.24)). a

5. CONVERGENCE OF THE POLYNOMIAL CHAOS EXPANSION

In this section we consider the polynomial expansion of the partition function. Similarly to Proposition
we focus on the constrained partition function (the cases of the conditioned or free partition function are
analogous, recall Remark [4.15)): similarly to (2.1), we have

[nt1]Anta] k

k+1
(5.1) Z0m = efnetng 22BN > [T G+ e —1) T ulis—iia).
=1

k=0 0=ip<i1<...<ipr1=|nt] [=1

Let us highlight the different steps of the proof. First, we show that one can reduce to treating the
case h, = 0, simply by expanding the product Hle(eh" i, + e — 1) and factorizing in the homogeneous
partition function. Then, we show the L? convergence of the k-th term of the expansion to a (multivariate)
integral against M, for each k > 1 separately: this is the purpose of Proposition [5.1] To conclude the proof,
we control the L? norm of each term of the expansion: we show that the L? norm of the k-th term is bounded
by some constant ¢ uniformly in n, with ¢; summable—this is the content of Proposition

Before starting the proof, let us recall the assumptions of Theorem [2.8] we work with in this section:
we have a € (%, 1), P € B, for some r € N, and the scaling relations for hy,, B,. Recall also the
definition of 1 := 1y, where we drop the index ¢ to lighten notation—we work with a fixed ¢. Also, to
lighten notation, from now on we write nt, nty, nta omitting the integer part.

5.1. Reducing to the case h, = 0. Let us first explain how to reduce to the case h,, = 0.

At the continuous level, note that expanding the product Hle(ar,fa’\’“ dM(s;) —I—/i\zdsj) in and sum-
ming over points between indices where dM(s;) appears, we get that the continuum partition function
can be rewritten as

R +o00 R 4+1 kj+1
Zf’%w’q:z:(grﬁ’”)é // H(th / / Hcps—s Hds)Hd./\/ls]
£=0 0<s1<-<8p<t J=1 sj_1<8] < <sk <sj

(5.2) —Zarﬁr // g)sl,..., f[ M(s;)

0<s1<--<8¢<t
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where, analogously to (2.14), we have defined

~ k+1
h
(5.3) E )(317 S Sk) = 1{0::so<sl<---<Sk<5k+1::t} I | Zsjfsj,lﬁ )

j=1
recalling the definition of Z_7 in Proposition

At the discrete level, analogously to what is done in ([5.2)), expanding the product H;jll(eh” Ci, +eln —1)
and rearranging the terms, we can rewrite (b.1) as

_(5nw‘nf_)\(6n))zﬂnawaq

[nt],

Sy el (S8 i)

=0 0=i9<%1<...<ip<igp1=nt j=1 kj=1 ij,1=i6—<i’1—<...-<i%,<i;_+1='-a 1
5 %

£+1

= Z Z H Cz] H 1j—ti—1,hn >

£=00=j,=<j1=<...<Jg=Jgp1=nt j=1 Jj=1

where we recognized the expansion of the homogeneous partition function Z; 5, to get the last identity,

see (B1).
Then, we can set u") (i) := Z; ., and observe that thanks to Proposition (which is proven in
Section |§| by a standard Riemann-sum approximation) we have, for any s > 0,
lim ng_aL(n)u(h")(LnsJ) =Z,;= go(h)( ).
n—oo
Note also that Lemma which provides the uniform bound w") () < C; L(||4[1) = ||4]|§ 2
These are the two key properties that allow us to adapt the proof of Theorem performed in the case
hn =0, to a general sequence (hy)n>1 (satisfying (2.6))). Indeed, we simply need to replace the renewal
mass function u(-) with «(*»)(-) and use Lemma instead of u(i) < CL(||é]|y)~"|4]|$ 2, which comes
from [8, Thm. 4.1]. In the limit, the k-points correlatlon function v (sq, .. sk) Hffll o(8; — 8;—1) for
0<8y<8 <= 841 =t from (2.14) is simply replaced by o) = Hk w(h)( — 8;—1) defined in (5.3)),
as appears in (5.2)).

5.2. Rewriting of the k-th term as a discrete integral. We now focus on the following expansion, for
h, =0:

k+1

o0
n? L) 2 = P A 3 > o [ [ uir = i)
=1 =

k=00=i9<i1<...<ip<ip1=nt

which leads us to define
k+1

(5.4) an = Z n?- “L(n HC” H w(d; —41-1)
=1 =1

0=ig<i1<...<ip<ip41=nt

Note that the prefactor e~ (Bnwne=A(Bn)) ig irrelevant since it converges to 1 in L2. The main idea is to rewrite

the k-th term Z,, ;. as some “integral” of a discrete approximation 1, of ¢ against the product discrete field

M S . Note that we use different indices m,n for the approximation of the correlation function ¥ and for

the approximation of the field M: in the proof, the idea is to first let n — oo and then m — co.
Let us introduce some notation. For m € N, let A, := [0, -L1) and D,,, := LZ>N[0,t]. For k,m,n € N

and a function g,, : [0, ]* — R constant on each H;C:1(ul +An), U1,...,uk € D,y,, we define the k-iterated
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“discrete integral” of g¢,, against M,

k
(5.5) g M= Y gulunseewn) [[Ma(w - 214 4,),

Ul,..., U EDpy =1

where we refer to (3.3)) for the definition of M,, and to (4.2 for the definition of increments of a field that

appear in the last product. Note that the term (7%1) is added to ensure that, if n = m and %z € D,, = D,
then we get M, (2(i — 1)+ A,) = #%Lgi,n, where we write (;,, 1= ¢; = ePn@i=2Bn) 1 for 4 € N? to
keep track of the dependence on n.

Now, define

(5.6) em(u) == m* *L(m)P(lmu] € 7), u €0,

which is piecewise constant on each (u + A,,) N[0, t], u € D,,. By Proposition [2.1| (from [72]), ¢, converges
simply to ¢ as m — oco. With this at hand we define the piecewise constant approximation ,, of ¥ by
replacing ¢ with ¢, in its definition (2.14)):

77[}m('ufly ceey uk) = ‘Pm(ul) me(u2 - 'U'l) T ‘Pm(t - uk)1{0-<u1-<----<uk-<t} .
With this notation, we can rewrite the k-th term Zn’k, see (5.4]), as
~ o'rnS/QIBT k k —
5.7 Tk = —5——2 M, .
( ) n,k’ (n2_aL(n)) d)n n
One of our main goals is to prove the following.

Proposition 5.1. Let k > 1. Under the assumptions of Theorem[2.7, one has

jo— (d)

n— 00

This convergence holds in LQ(@) on a convenient probability space (ﬁ,f, I@’)
Recall from Proposition that the stochastic integral v § M is well defined.

ki
Remark 5.2. The “integral” i, - M,, that we introduced does not fall under the definition from Theorem @
—Qk
Even though one could define the covariance measure of MS? with a collection of Dirac masses, one cannot

. . k =—=Rk k
use a direct argument (such as dominated convergence) to get that ¥y, ¢ M;? converges towards ¥ © M.
Nonetheless, the development of such arguments would be an interesting expansion of our results towards a
general methodology to study the influence of (correlated) disorder on physical systems.

5.3. Proof of Proposition Recall from Claim that, up to a change of probability space, we may
assume that (M,),>1 converges P-a.s. to M and that all pointwise convergences hold in LP(P) for p > 1
(we do not change notation for simplicity’s sake). Hence we simply need to prove the L?(P) convergence on
that probability space.

In order to deal with the fact that ¢ blows up around 0, let us introduce a truncated version of ., ¥, @, V.
For 6 > 0, let ©2,(u) := @ (u)1{ju)>s} (note that ¢¥ = ¢p,)and

U0, (wr, - ug) = @), (w1) @9, (wa — wy) -+ @0 (£ = k) L{0<uy < <up <t} -

We define similarly ¢°(u) := @(u)1qy) s and 1°.
We write for n > m, § > 0,

(5.8) o * M= SM|2 < L+ L+ I+ Li+1s,
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where
L= o "M =8 SMalle, L= 08 Mo — 0, Mallre,
(5.9) I o= |, M~ 6 Mle, L= |6, 6 M~ S M]|Le,
L= WS M—y&M]pe.

We now need to control each term separately. We show that we can fix § sufficiently small so that the
terms I; and I; are small, uniformly in n for I;. Then, for a fixed d, we show that Iy, I; can be made
arbitrarily small by choosing m large, uniformly in n > m for I>. It then remains to see that, for any fixed
m and §, I3 vanishes as n — co.

5.3.1. Term I5. First of all, notice that we have lims_,o1° = 1, so by Proposition the isometry
property (4.8) and dominated (or monotone) convergence, we get that we can chose § sufficiently small to
make Iy arbitrarily small.

5.3.2. Term I;. We use the following key result, which shows that I; is arbitrarily small for small §, uniformly
in n large. Its proof is postponed to Section [5.5] below; it can be viewed as the core of the proof, and contains
some of the most technical part of the paper. As a first part, we also include a bound on the L? norm of the
discrete integral for the non-truncated ,,: this part is the discrete analogue of Proposition [4.13] and will
prove useful later.

Proposition 5.3. (i) There exist constants C,c > 0 and some ng > 1 such that for any k € N, n > ng, one
has

(5.10) o TR < Oy O
- n ° nllL2 > 577, 1.\ n -
g L(k(a—3))
(ii) For every k € N, we have
(5.11) limlimsupHi/)n]?Mn —wgkﬁnﬂiz =0.
610 p—oco

5.3.3. Term I4. Tt is already clear that lim,, . I4 = 0: this follows from the fact that ¥, (u) — 1°(u) as
m — oo for all u € [0, t]*, together with Proposition and dominated convergence.

5.3.4. Term Iy. Let us show that the convergence lim,, ., 9%, = 9° actually holds for the || - ||» norm on
[0,¢]*. First, the convergence lim,, oo om(u) = p(u), m — oo holds uniformly in u € [0, ]\ [0,6)? for
§ > 0 (see [72]). We therefore get that for § > 0 fixed, lim,, o0 [|#S, — ¢°||cc = 0. Now, let u := (uy, ..., ur)
with 0 =: ug < u1 < ... < U < Ug41 := t. Then, by the simple fact (proven e.g. by recurrence) that

i k k-1 P
Hai_Hbi < (max{\ai|,|bi|}) Z|ai—bi\,
i=1 i=1 =

(5.12) ax

we get that
k+1 k+1

IT 6w~ i)~ [T % —win)| < e+ sup ()] + o)) l6h ¢l
=1 =1

[0,2]\[0,6)2

Since, |pm(u)l,|¢(u)| are bounded by a constant Cs uniformly for [|u| > 4, this indeed shows that

limy, 00 wan - wéuoo =0.
Let us now prove that we can choose m; € N to make I, arbitrarily small uniformly in n > m > m;.
Notice that for n > m and u € D), p € {n,m}, we may rewrite

Mau-1+8) = Y Maw-14+Au),
we(u+Ap)NDrnm
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which gives, with the definition ({5.5)),

k
(5.13) W8 NN~ MW, =Y (00 (w) — 0 (w)) [[ M (wr — L+ M) -

we(Dnrn)k =1

Therefore, recalling that the correlations of the field M,, are non-negative, we have

2k

wWE(Dpm )2F =1
(15, = ¥ lloo) “E[Mn(0,))*] = (1185, — ¥ o) *E[M(£)**] .

Recall that (E[M,,(t)?*]),,>1 converges, so it is bounded. Thus, we conclude the proof by choosing m; € N
such that, for n > m > my, |93, — ¥ ||« is sufficiently small.

IN

k— jp—
14, - M — 5, - Mpl|7

IN

5.3.5. Term I3. Let m € N be fixed and § > 0 (we allow § = 0). Since ¥, (or 9%, = ,,) is constant on each
Hle(%il +Ap), i1, .., 4 € N2, there exists a family {a, € Ryw = (w1, ..., wx) € (Dyy,)*} such that for
(u1,...,ug) €[0,¢)

k
(5.14) o () = ) dw [ [ Lo (w) -

we(Do )k =1

Thus, starting from the definition (5.5)), we get

k
VRS T o ( S aw [T tom) ul)n Mo(u— 11+ A,)

u€(Dm)k ~we(Dm)* =1 =1

k k
= Z [ Z Hﬂn(’u,l7%1+Am) = Z [ Hﬁn(wl*%]-)-
wE (D )* ue(Dm)k =1 wWE(Dy ) F =1
uel‘[le[o,wl)

(5.15)

k k
Recalling the definition of the integral &, we have ([])_, Lio,w,)) oM = [T, M(w;). Hence we may also
write with a similar computation

k
(5.16) YoM = S ay [[ M(w).

we(Dp )k 1=1

Using Proposition it is clear that for fixed § > 0,m € N we have the convergence

k k
(5.17) Y o« H w) = > aw [[ Mw).

we(Dyy, )k we(Dm)k =1

It remains to replace M, (w; — 21) with M, (w;) in (5.15). For wy,...,wy € [0, t), we have

k L k
Hlljlan(wl 1;[ n(wi—5 )LQ
k -1 k
< 3 || T () = My 41) [T M) T Mt 1)
=1 j=1 j=l+1
< 5= ([t - 0], T ], 1T [ 201, )
=1 j=1 j=l+1
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where we used Holder’s inequality. In each term of the sum, the k—1 last factors are all uniformly bounded by
[[M ()] L2r < ClM(E)|| g2+ < oo (recall Claim . Then, the first factor goes to 0, thanks to Lemma

which proves that || Hle M, (w;) — Hle M (w; — £1)[| 2 goes to 0 as n — co. Recollecting 1 ,
this concludes the proof that lim,,_.., I3 = 0. Note that all the proof was also valid in the case § = 0, so we

also have that lim, o0 ||m kﬁn — U g M||z2 = 0. O

5.4. Conclusion of the proof of Theorem [2.8 With the help of Proposition [5.1] and thanks to the first
item of Proposition [5.3] we are able to conclude the proof of Theorem @

Indeed, in view of (5.7) and using the fact that lim, % = B by (2.6 ., Proposmon shows
that, for any fixed k,

n—oo

an—>(0r5 ) YoM = // ¢t(51,~~,5k)HUTﬁTdM(Sj)-
=1

0<s1<<sp <t

Then, item (i) of Proposition [5.3| shows that there is a constant C' > 0 and some ng > 0 such that, for all
k € N and n > ny,

c* - c* A
CB/2\k < 2k
= Tla -y P S e
Hence, we have the following bound on the L? norm of rest of the series, valid uniformly for n > ng:

H Z Z””“ Z Han||L2 < Z (ﬁ+2_k)’

k> ko E>ko

1Zn gz <

which can be made arbitrarily small by choosing kq large. Hence, fixing ko > 0, letting n — oo and then
ko — oo, we get that

t,h=0 "’

[e'e] " L2 o0 . k BM o
Y Zup ——= D (0B o M=12
= k=0

using also Corollary to ensure that the r.h.s. is well-defined. O

5.5. Proof of Proposition [5.3] The only thing that remains to be proven is now Proposition [5.3] We
start with the proof of the ﬁrst 1tem and then we built on that proof to deal with the second item.

5.5.1. Proof of item (i) of Proposition , Notice that from (5.7), ||¢n I?MnHLz < C’“||Zn’k||Lz. We therefore
need to control the L? norm of Z,, ;, defined in (5.4)), that can be written more compactly as

(5.18) Zp gk =n""L(n) > un(D ] G
I€Ty iel

where we have denoted
IkZIk(t) = {IZ(’i17...,ik),0=: g <11 < - <1 <nt=: ik+1}

the set of increasing subsets of [1,nt] with cardinality k, and defined u,, (I) := Hl 1 Yu(i; —i;_1) (with by
convention big = 0, i1 = nt). With these notation, we need to control

=02 Lm)? Y wDunDE[ ]G]

I,J€Ty icl,jed

(5.19) 1 Zn,
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Step 1. Controlling the correlation term. Since the indices in I, J are increasing, the set I U J can be
uniquely partitioned (as done in [56, Prop. 3.4]) into disjoint sets

(5.20) tUv Uy U Om,
meN

where:
e ¢ is the set of isolated points, i.e. indices ¢ € I (resp. in J) such that j 4 ¢ for any j € J (resp. in I);
e v is the set of intersection points, i.e. indices that are both in I and J;

e 0, are chains of indices, i.e. indices 41, ...,%, (necessarily alternating between I and J) such that
2141 <> 9 for all 1 <1 < p—1 and such that any other index in I U J is not aligned with any of the ;;
the integer p > 2 is called the length of the chain.

By independence of the (; for non-aligned sets, we get that

B[ T o] =eea [T T «f

i€l jeg meEN  i€om

For fixed I,J, let us denote No(I,J) = |¢| the number of isolated points, N1(I,J) = |v| the number of
intersection points and N,(I,J) = [{m,|o | = p}| the number of chains of length p. The correlation is
equal to 0 when No(I,J) > 1, and in the case No(I,J) = 0 we get, thanks to Lemma ,

k
2r+(p=2)[ 51\ Np(1,J)
(5.21) B[ JI «¢)<cran @] (5 )
ieljed p=2
where we also used that [I| = |J| =k to get that the power of the constant is 2|v| + [t| + 3, 5 |om| = 2k.

Going back to (5.19), we can decompose \|anH%2 into two parts. The first part contains the main
contribution, which comes from sets of indices I, J such that I UJ contains only chains of length 2, i.e. such
that No(I,J) = k (and necessarily N,(I,J) = 0 for all p # 2): using (5.21)), this is bounded by C* times

(5.22) Ki=Ki(kn) = 0 °L)? (820 S un(@Dua(d).

1,J€T;,, No(I,J)=k

The second part, containing contributions from all other sets of indices I, J, will be negligible: decomposing
over the value of N,(I,J) and using (5.21), we get that it is bounded by C* times

k - ovrr
(5:23) Ky =Ka(k,n):= (0" "L(n))* ) S un(Dug (g e e G BED,
q1,--,q2k>0,g2<k  I,JETL}
2q1+3 2%, pap=2k Np(I,J)=dp

Lemma 5.4. There exists a constant C' > 0 and ng > 1 such that for all n > ng and k € N,

Ck
K< — |
YT 4 k(a- 1))

Lemma 5.5. There exist constants C,c > 0 and ng > 1 such that for alln > ng and k € N,

C*Bn

K: <—+Ck ck.
2SI+ k(a—1)) Pn

These two lemmas readily conclude the proof of item (i) in Proposition so let us now prove them.
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Step 2. Proof of Lemmal5.4 Note that one can rewrite u,(I) = P(I C 7,nt € 7). Therefore, letting 7, 7’
be two independent bivariate renewals with joint law denoted P®2, we have that

Ky = (82" Z (>~ *L(n))*P®*(I cr,JCct' ,ntcTnTt)
1,J€Ty, No(1,0)=k
(5.24) < Cy(B2)F > P(Icr,Jcr |nternT)

I,JET,, No(I,J)=k
= CUBENEBE({(L ) e T No(L ) =k T 77 7]

where we have used that n?~“L(n) < C}P(nt € 7)~! for some constant C}, see Proposition We also
introduced the notation P2%(-) = P®2( - | nt € 7 N 7’). Now, we denote

Co(m. ') = [{(i,4) € [Lnt]* i em.j e/ i j}],
i.e. the number of pairs of aligned points in (7 U7’) N [1, nt], so we have that
C ! 1
(I, J)eT2, TcrJcr}< ( 2(;’7 )) < SO(r, T
We end up with
k

K< SB[ esr )]

Recall that the projection of 7 on its a-th coordinate is denoted 7%, a € {1,2}. Now, notice that
Co(7,7') < [pM N[0, nty]| + |p? N[0, nta]|, where we have denoted p(!) = 70 N7/ and p@) = 72 0 7/(2)
for simplicity. Using that (z + 3)* < 2F(z* + y¥), and that the law of p(®) conditionally on nt, € p(® is
symmetric in %nta, we have for a € {1,2} the upper bound

ntg k
E®2 [(5Zr Z 1{i€p<a>})
i=1

where we used [46, Lem. A.2] to remove the conditioning, at the cost of a constant factor.
Then, we can bound the term above thanks to Lemma Indeed, from Remark we have that

Inte

k
nt, € p(”)} < C2FE®? Kﬁi > 1{i€p(“>}) } ,

i=1

1
3ntq
Uspi, = Y, Pli€p) ~ cay,n® 'Ln) >~ C, 5, 8,7 as n — 00,
i=1
where we plugged in the definition (2.6) of (3, for the last identity. Therefore, letting v := 2« — 1 and
0 < & <~ in Lemma[A.2] we have that there exists a constant C' > 0 such that

3nta k
E® Kﬂﬁ ) 1{iep<a>}> ] <CFT(k(1—v+0)+1).
i=1
This concludes the proof, since I'(k(1 —y+4d)+1) < C’kﬁ!&)m thanks to Stirling’s formula, then taking

62%72@—%. O

Remark 5.6. Let us note for future use that we have proven above that for any ¢ € (0,2« — 1) there is a
constant C' > 0 such that for any k > 1

1 . ) ntg k Ok C/k
_E T e (a < —T(k(2(1 - 1) < .
i Kﬂ" ; Gient ”) ] = Gl kE0 =) +0)+1) < T(k(2a —1—06)+1)
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Using that < e see e.g. [41l Thm. 1], we get that there is a constant ¢ > 0 such that for

any u > 0,
ntg

(525) E%Q |:eXp (uﬁir Z 1{i€p(a)}>:| S c—lecul/(2a—1+5) < +00.
=1

Step 3. Proof of Lemma[5.5, We proceed similarly as above, the proof being more involved. Rewriting
un,(I) =P(I C ,nt € T), we get as in (5.24) that Ky can be bounded by a constant C; times

>0 T(bj+1) b]+1

k - _ I
S et ORER (1) € 2 N(LT) =gV S p< 2T Cr T Y]]
yeer 28 20,q2<k
2211 +Zq%);c:2 p:pz:2k

Now, similarly as above, we easily get that

/ 1 t 2k /

a1 =2 dp

where C,(7,7’) is the number of chains of length p contained in (7 U 7’) N[1,nt]. In the end, we need to
bound

2k
(5.26) B2 S ;(ﬂ%mr nnel)” I1 (BZ”(”‘Q”“CP(T,T’))q”] .

qi1,-- 7‘12k>07qz<k Hp 19p° p=2
2q1+37E , pap=2k

Let us now make an observation: for any A = (A1, ..., Agk) with A; > 0, we can write

> H qu = X pPA(2Ql+Zpr—2k)

q1,.- (I2k>0 q2<k p=1
2q1+33E, pap=2k

where P is the law of independent Poisson random variables (@Qp)i1<p<a2r With respective parameters
(Ap)1<p<ak (by convention @, = 0 if A, = 0). We can therefore rewrite ([5.26) as

2k
(5.27) E®2 [ezikl "PPA(QQl + 3 pQp =2k, Q2 < k)} :
p=2

where A = A" (7, 7') is defined by
(5.28) A= B2 TN n[1,nt]], Ap = BirJr(p_Q)r%WCp(T, 7') for p > 2.

Using Holder’s inequality and Cauchy—Schwarz’s inequality, for any € > 0 (fixed small enough), we have
that (5.27) is bounded by

= M R 2k
14e 2(1+¢) . 2(1+¢) 1+
(5.20) E®2 [eQiM} ES2 [621? 23t *P} E®? [PA (2Q1 +3 " pQy =2k, Q2 < k:) ]
p=2

1
14¢

First term in (5.29). From [11l Prop. A.3], we know that when a < 1 the intersection 7N 7’ is terminating,
so |t N7'| is a geometric random variable. Lemma below states that the conditioning does not change
this very much: it gives that

1te 1te 52 ’
E%Z |:€2 < )\1:| SE%Q |:€2 =B lTNT |:| < 262

k>0

1?[3"’“P§’2(|Tﬂ‘r’\ >k)<C,

where the last line holds for n large enough (so that 2% 2 is smaller than half the constant ¢ appearing in

Lemma |A.3).
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Second term in (5.29)). Since a chain in 7 U7’ of length p’ > p contains exactly p’ — p + 1 chains of length p,
we get that the number of p-chains included in 7 U 7/ is

(5.30) Cp(T,7') = Z (' —p+1)Ny(r,7),

p'2p
where we recall that N, (7, 7') is the number of (maximal) chains of length p in the decomposition ([5.20]) of
(rUT’)N[1,nt]. We therefore get that,

Z)\pszQH(pQ(]C (r,7) BQTZN T, 7) prfp+lﬂ(p2[]<2[32’”ZpN (r,7"),
p=2

p'=2

where we have used that 22:2 (—p+ 1)57(5)_2)[ﬂ < 2p' provided that n is large enough so that BIL%] <1/2.
Notice also that we have
2k

(5.31) S PNy () < 2(1p0 0 [0, 0| + [0 1 [0, nta]])

p'=2
where we recall that p(® = 7@ 070 ¢ ¢ {1,2}. Indeed, the left-hand side is the total length of all
the chains of length larger than 2 in 7 U 7/ and point in a chain belongs either to p(!) = 71 N /(M) to
p? =73 N7 or to both (one may also refer to [56, Eq. (3.22)]). Hence, we get that

nty nta

€ n —+
E§2 |:621-: szz )\p:| S E?;z {exp < 5/827‘(2 1{l€p(1)} + Z 1{16p(2)}>):|

which is finite thanks to Remark see (5.25)) (after using Cauchy-Schwarz inequality to deal with p()
and p(?) separately).

Third term in (5.29). Denoting @3 = Zp23 pQp, we want to show that there is a constant C,c > 0 such
that, for n large enough (how large must not depend on k)
1

Tre k

< C"Bn

(k(a—1)+1)

We separate the estimate into three parts, according to the three following events: we fix some n € (0,1) (its
precise value is given below), (i) Q3 =0 and Q1 > 1; (ii) Q1 + Q2 > (1 — )k, Q3 > 1; (iii) Q3 > 2nk.

Case (i). On the event that Q3 = 0, we get that

P (201 +202 + Qs = 2k, Qs < k. Qs = 0) < PA(Qu+ Q2 = k. Q2 < k)

(5.32) E§2 [PA (2@1 +2Q2 + ég =2k, Q2 < k) 1+6:| + Ckﬁzk .

e—(>\1+>\2)

LyE—2C k
:k!;<k>>\>\ <E(’\1)‘ D).

where we have bounded (A;/A2)¢ by the maximum of A; /Ay and (A;/A2)* and bounded the sum of the
binomial factors by 2¥. Plugging this in the Lh.s. of (5.32), and using that (x + y)Y < 27(zY +y?) for vy > 1
and (z+y)" < z7 4y for v/ < 1 so that

(5.33) E[(A+ B)W]”/ <277 (E [AW]”' + E[B”]”/) ;

we get that
(5.34)

9 ~ ~ 1+e] T+ 9k+1
B [PA<2Q1+2Q2+Q321€,Q2 <k,Qs=0) } <

k!

(E®2 [(AM’S“)”E} T LES? [A(”E)ﬂ By >
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For the first term, we use Holder’s inequality to get
k-1 T at+e? ) maz? (146)2(k—1)] G792
®2 —1\1+e ®2 Q+e)” 9% @2 e)? (k— E

Now, recalling that A; = 52 |7 N7/ N [1,nt])|, we get that

e )2 —&
B2 (M) 5" ]““)2 BB [T 0 N [Lnt] | T < g2,

using Lemma for the last inequality. Using that Ao < £27(|p™M N [0,nt1]| + [pP N [0,7t5]]) and
applying (5.33)) with v = (1 +¢)%(k — 1),+ = ﬁ, we also get that for § € (0,2a — 1),

ntq
E®2 [)‘(1+6) (k— 1)] Gror < gk-1 Z E®2[(52rzl{zepw}

a=1,2

>(1+s>2(k—1>] a2

< CFD((1+6)%k(2(1 — a) + 0) + 1) < (O (k(2(1 - a) +8) + 1),

where first we have used Remark and then Stirling’s asymptotics for Gamma functions. Using again
Stirling’s formula, setting § = o — 3, we have ZI'(k(1 — (o — 3)) +1) < C*T(k(a — ) + 1)7!
The second term we need to estimate in ([5.34)) is

1 1
G2 (A) | T = SRR 7 0 [ ne] |0 T < cRge

using again Lemma for the last inequality.
All together, we conclude that

~ ~ 1+e] T+e Ck52 C
®2 _ — < n 2k
(5.3  E; [PA(2Q1+2Q2+Q3 2,Qz < k. Qs = 0) } S TR

Case (ii). Let n > 0 (fixed below) and consider the event Q1 + Q2 > (1 — 1)k, Q3 > 1. We have

P)\(QQl +2Q0 4 Q3 = 2k, Q1 + Q2 > (1 — )k, Qs > 1)
k-1

< Y Pa(@ =200, + Q2 = 1)

(=(1—n)k

" k—1
< max P>\<Q1+Q2:€>P>\(Q321>S(1\/(>\1+)\2) )ZW‘W

(1—n)k<e<k—1 (1 —=n)k)! =

where we have used Markov’s inequality for the last line; recall that Qs = 2123 pQp, with (@), independent
Poisson random variables of respective parameter A, given in (5.28). (We also omitted the integer part of
(1 = n)k for simplicity.) Now, notice that

2k
ZmprﬁM(p e, (r, 7y < 282 5T 0y (1)

p>3 p=2
< 8k2B, x B2 (|p™M) N[0, nt1]| + [pP N[0, nto]])

where we have also used (5.30)-(5.31)) to get that C,(T,7’) < 2(|p™") N[0, nt1]| + |p® N[0, nts]|) for all p. All
together, bounding (1V (A1 +X2)*~1) < 1428871 128 X571 and recalling also that A; = 82 |[TN7'N[1, nt]],
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X2 < B2 (1pM N [0,nt1]] + |pP N [0,nts]|), we obtain that

~ ~ 14+e] T+e
BS? {PA (2014200 + Qo= 20Qu+ Qe 2 (1= k Gaz1) |
C’ ' - 1+e ﬁ
B (1 =n)k)! Z (E®2{('62 Zl{lep“)}) ]

ﬁ nitq £ ﬁ
+E§2|:<(B2|TOT ﬂ[[l nt]]\ 52T21{Z€p(a)})1+:| ! +E7§2|:(ﬁfzrzl{iép(a)})k(l+ ):| i >7

where we have again used (withy =14¢,9" = 7 Jr8) The first expectation is bounded by a constant
thanks to Remark[5.6] The second expectation is also bounded by a constant. Indeed, using Cauchy—Schwarz
inequality to treat both quantities separately, we use Lemma to show that EQ?[(82|r N7/ NN[1, nt]]|)b]
is bounded by some universal constant C' (in fact, the constant goes to 0 as b — oo, provided that §,, is small
enough), and then we use Remark for the other term. For the last term, we can again use Remark
to get that it is bounded by C*T'((1 + €)k(2(1 — a) + &) + 1)/(1+9) < C*T(k(2(1 — @) + &) + 1), the last
inequality following from Stirling’s asymptotics.

Again by Stirling’s formula, setting § = 2(a—1),n = 1(a—3), we get that WF(k(Q(lfa)+5)+1) <
C*T'(k(a — 1)+ 1)71. All together, we have obtained that

_ - 14 ﬁ Cck "
(5.36)  ES° [PA (2621 +2Q2+ Qs =2k, Q1+ Q2 > (1 -k, Qs > 1) } < I‘(]<;(a_6)+1>

Case (iii). Tt remains to control the case where Q1 + Q2 < (1 — n)k and hence Qs > 2nk. Let
an := —1 log By and denote A,, the event {2253 ApeP® < k}. We have that

1
T+e 1

< P2(AS)TF 4 BE? [PA (@5 = 20k) 14, ] 7

©2 ~ _ 1+e
E;° | PA(2Q1 4 2Q2 + Q3 = 2k, Q3 > 2nk

For the first term, notice that by the definition of A and recalling ({5.30) -7 we get

2k
Z}\pepan BQT Z p Zﬁ(? 2)[ % ]epaﬂ
p=3

p=3
<2827 (1o N [0,nt1]] + o) N [0,nta]]) D BB/ Feren
p=3

where we have used that p — 2 > p/3 for p > 3. Now, using the definition of a,, we get that ﬁﬁ/gep“" = ﬁﬁ/u
so the last sum is bounded by a constant times 55/4. Hence, we get that for § € (0,2a — 1),

PE(A5) < PR 3 3 ey 2 e /4) < enp - as(3 /0y =)
a=1,2 i=1
where the last inequality comes from Lemma note that the conditioning in P®? can be removed by using

[46, Lem. A.2]. Since the power verifies m > 1, this is clearly bounded by eXp(—c(;B,fle) < Bk at
least for n large enough.
For the second term, we use that

PA(Qs 2 20k) < e 21 By [P | = ek oxp (30, (1~ 1)

p=>3
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where for the last identity we recalled the definition @3 = Zp23 pQp, with @, ~ Poisson(A,). Hence, on the
event A, we get that the sum in the last exponential is bounded by k: we obtain

nk

1
B2 [Pa(Qs = 20k) "1, |77 < o7 b < oo (5%

where the last inequality is valid for n large enough, using that a,, — oo; the last identity follows recalling
that e = (8,)/4, by definition of a,,.
All together, we have obtained that

(5.37) E&? {PA(2Q1 +2Q0 + Q3 = 2k, Q3 > 2”k)1+1 e BE+ (Ba)F .

Conclusion. We now simply need to collect (5. 35[) (5.36)-(5.37) to conclude the proof of and hence of
Lemma [5.5} with the constant ¢ = % = 1(a — 3). O

5.5.2. Proof of item (ii) of Proposition . Similarly to and ( -, we can write

Lﬁﬁ‘“s’f*,{f*:m -
(n%, ) (wn My =y Mn) n L(n)z (u un HQ’

“L(n) I€T, iel

where for I = (41,..., %) increasing, we have set u,, (I) := Hz Ll —41) and ud (1) := Herllu (i;—141-1)
with u® (%) := u(i)1{|;>6n} (recall that by convention ig = 0 and i1 = nt). Using that o,.3] > enz=L(n),
we simply need to bound the L? norm of the right-hand side, which is equal to

(L) Y (1)~ ua(D) ()~ (NE[ T Gi65]
1,JET;, ieljet
Note that if all indices in I are such that ||4; — 4;_1|| > on, then u’ (I) = u, (I), and similarly for J; if

one has [|4; — 4;_1]| < dn for one I, then we have u (I) = 0. Hence, we get that

k— k— o

I " B = 0 MLl < CE2Lm)? Y wn(Dun(DE| ] GG -
[,Jezg icl,jed
where we have defined Z) = {I € Ty, 31 <1 < k+ 1,||4; — 4;—1]| < 6n}. Then, as in the proof of item (i) of
Proposition we can decompose over the structure of I U J (see (5.20)) and (5.21))): we obtain that
k= k=

where K{, K3 are defined exactly as K1, Kz, see (5.22)-(5.23), with the sum restricted to I,J € I,f instead
of Zj,. Now, we can bound K3 < Ko, and directly use Lemma to deal with this term. Therefore,

. k— k— .
limsup ||ty - M, — 2~ M2, < C*limsup K¢,

n—oo n— oo

and it remains to deal with KC9: as in (5.24)), we can write
(5.38) K§ < CBES2|[{(1.7) € T x T, No(1,T) =

]

where we recall that No(I, J) = k means that I U J can be written as a union of k disjoint pairs of aligned
indices.

Let us denote A(7,7") = {(4,5) € [L,nt — 1]%,i € 7,5 € 7/,4 <> 5} the set of pairs of aligned points in
7 UT’; note that on the event {N2(I,J) = k}, indices (¢,5) € I x J form k distinct pairs in A(7,7’). Since
I € 7, there must be some index [ € {1,...,k + 1} such that ||4; — 4,1 | < dn: decomposing according to
whether I =1, l=k+1or 2 <[ <k, we get (using some symmetry)

/ . ’
HILJ) e} xI) , No(I,J) =k, I CT,J C7'}| <203(r,7) (CQIE?I)) + C4(r, 1) (62]57:72-)),
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where we recall that Ca(T,7') = |A(T,7')| and we defined C§(7,7’) = |{(4,5) € A(T,7"), ||i|| < dn}| and
CS(r, ") ={(4,4),(#,4") € A(r, '), ||i" — i|| < n}|.

In other words, 53 counts how many couples of aligned pairs of points in 7 U 7 have indices ¢ at distance

smaller than dn. Using that (Z) < %ba and recalling (5.38)), we therefore need to control (we only need to
control the first term if £ = 1)

EG2|p2res(r, ) (B ea(r, ) T < B2 (82 ci(r, 7)) Vg Bz Car, 7)) 7,

BS2 30 (r ) (52 Calr. 7)) ] < B[ (3 C(r. 7)) B (8 Catr 7)™ ]

In both cases, the second term is bounded by a constant (which depends on k), see Remark On
the first line, for the first term one easily gets that C3(,7’) < |p™ N[0, dn]| + |p® N[0, 6n]|. Tt is then
straightforward to get that

on 2 9
ES2[ (8¢ (r,7))°] < CE? [(ﬁ?f > Liepmy) ] < ' (B2 L) 2 on)> ) < c2eh,
i=1
using first [46, Lem. A.2] to remove the conditioning, then expanding the square and using that P(i € p()) =

P(i € 7(M)2 ~ cL(i)2i%*72 as i — oco. Details are left to the reader.
It only remains to estimate

2
2|78 2 2
ES2(C(r, )] = ES [( > 1{|i'i|<6n}1{(i,j>eA<r,T'>}1{(i',j/)eA<r,r’>}> }

0<i<i' <nt
j.i'€lo,nt]
1 . . . . . . . .
Sm Z Z P(“’ZQ’?’?”“’ntET)P(.717]2,.73,,74,711‘,€7'/),

0<i1i2i3iant 0<j1 927354 =<nt
[|i2—31]|<én 30€64,j;¢risq) for 1<I<4

Note that the indices must be in non-decreasing order, otherwise we cannot have 21, 22, 23, 24, nt € 7. Then,
we can use the following uniform bound from [8, Thm. 4.1, see also Eq. (4.2)]: there exists ¢ > 0 such that
P(ict) < cL(|i])~"|4)|* 2, VieN.

Note that Lemma is the analogous of this inequality in the case h,, # 0. Using this, if all indices are
distinct, we bound P4y, 49, 43,44,nt € 7') by a constant times [[;_, L(||4; — 41 )[4, — 41-1[*~2 (with
the convention 49 = j, = 0, i5 = j5 := nt), and similarly for P(j,,74,53,54,nt € 7'): by a Riemann sum

approximation, we have that for any o € &4

L e / . / ~1 a—2\10, 3.4
Z Ljlia—is | <on} P (21, 82, 83, 44,0t € )P (j1,50, 45, 44.nt € 7') < C(L(n)"'n"%) " (n?)
0<11<ia<13<i4<nt
0=, =jp<i5=d,<nt
Jierieqy for 1<1<4 4 4
X / (/ Ul,..., H)\ua(” d’Ul ) (u17""u4)1{\|u27U1H§5}Hdul’
[0,¢]* Auy XX Ay =1 =1
where g(s1,...,84) =[], |s: — si—1]|* 2 with the convention sy = 0 and s5 = ¢. Here, we have used the

notation of Proposition A, denotes the points in R3 aligned with u and A, is the (one-dimensional)
Lebesgue measure on A,. In particular, the integral in the right-hand side is bounded by

/ g(ur, ..., ug)g(vy,...,v4)dvpes (Ur, ..., Us, V1,...,Vq) = ||g||i(4),
R16 M

which is known to be finite by Proposition The case where some of the indices i, (or j,) are equal in
the sum is treated exactly in the same manner: there are simply fewer terms and the sum is smaller (details
are left to the reader).
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Recalling that 827 ~ cL(n)*n!=2% and that P(nt € 7) ~ ¢(t)L(n)"2n*~2, we therefore end up with
= 2
EX?[(ByCo(T,7"))"] < O,
where

L; = /16 1{”u27ul“S5}g(’u,17...7’U,4)g(’01,...,’U4)dVM®8(’U,17...,’U,4,'U1,...,’U4> .
R
n

We therefore end up with limsup,,_,.. K < O ¢(622*~1) 4 I5). Since limsjoIs = 0 by dominated
convergence, this concludes the proof. ([l

6. HOMOGENEOUS AND DEGENERATE DISORDERED CASE: PROOF OF PROPOSITIONS [2.3] AND [2.10)

6.1. Homogeneous case: proof of Proposition Let us prove the result, which essentially comes from
Riemann-sum convergence. We focus here on the constrained partition function; the free case is identical.
First of all, we expand the partition function as

Zutn, =E[( T (14 (" = Dlger)) e

i€[1,nt]
(6.1) (nt1)A(nts) k1
= Y (-1t > I wtir—da-0).
k=0 0:i0<’i1<...<’ik<ik+1:nt =1

~

Since h,, ~ //{L( ) ~® by assumption, we have that for any fixed € > 0, for n large enough, (1 —e)h <

Le(};sn =< (- €)h We now define for h € R,
0 1 k+1
Zoih = hknW 3 11 (L(n)nzﬂu(il B iz_1)> 7
k=0 0=140<81<... < <ipr1=nt [=1
so that Znt,(1—e)ﬁ < L(n)n®=*Zne,p, < Znt,(1+s)ﬁ for large enough n. We show below that

(6.2) hm Znth th—th // 1/1t(sl,...,sk)dsl-~-dsk

k=0 g<s)<-<sp<t

and that A — Z, j, is continuous. Together with the above bounds, this will conclude the proof.

For each k, the convergence of the k-th term in Znt7ﬁ to the k-th term of Z, ;, is a simple consequence of
Riemann-sum convergence, since L(n)n?~“u(|nu] — [nv]) converges to (4, —i;_1), see Proposition [2.1}—the
convergence is actually uniform on compacts. One can also use the uniform bound L(n)n?~*u(é) < C||+4 1972,
which comes from [8 Thm. 4.1], to bound all sums uniformly: there exists C' > 0 such that for all k¥ > 1

k+1

Tik 3 [T (L2~ utin i)

0=ip<t1<... <l <ipp1=nt [=1
k+1

< Ck / / H ls;i — si—1]|*™ 2dsy -~

0=50<81 << <8 41= tz 1

k+1 / k
< (C/)k // H(ti —ti,l)afldtl coedty = m”t”gkﬂ)a—l

O=to<t1<--<tp<twii=|t]l1 *=*

)
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where we have used a standard calculation for the last identity (see e.g. [I4, Lem. A.3]). Therefore, this
shows that for any kg > 1

k41 ’ i
Sl S I (b =uii— i) < ¥ wg(gg;w i

k>ko 0=ig<i1<...<ip<ipr1=nt [=1 k>ko

which can be made arbitrarily small by taking kg large, uniformly for A in a bounded interval. This concludes
the proof of (6.2)) and shows that the convergence is uniform on compacts. Hence, this also shows that the
limit Z, ;, is continuous in h. U

Notice that Proposition shows that lim,, o nQ_O‘L(n)Znu,m,hn =7 where we have set

u—v,h’

Zabh, =E {exp (hn Z l{iE‘r})l{bE‘r} a < 7':| .
i€a+1,b]

Let us state a lemma which will be useful in the following: it can be found in [56, Lem. 5.2]

Lemma 6.1. If h,, ~ ?LL(n)n_o‘ for some he R, there exists a constant C' = Cﬁ,t such that for any n € N,
1 € [1,nt], we have

Zip, < CL(Jdll) " l4l7
As a by-product, this proves that Zsﬁ < C|s)|972 for all0 < s < t.

6.2. Degenerate disordered case: proof of Proposition Here, we focus on the free partition
function. First of all, let us notice that we can write

23 = 255, B [op (20 (Buwi = MBa)lgseny )|
i1€[1,nt]

where we have used the short-hand notation Py, = Pﬁt gfree We have seen in Proposition that fote'il
converges to Zfree We therefore simply need to prove that the second term above converges to 1 in L2(PP),
which is the purpose of the following lemma.

Lemma 6.2. Assume that a € (0,3) or that o € (0,1) and P € Poo. Then if hy, ~ hL(n)n=*, for any
vanishing sequence (B,)n>1 we have

nlgm Ep, [exp( Z (Brwi — )‘(ﬁn))l{ie-r})} =1 L2(P)'
i€[1,nt]
Proof. We focus on the proof in the case h, =0, that is when P;,, = P. Let
Z"‘;)t,ﬁn = E[exp < Z (ﬂnwl - A(/Bn))l{ze-r})} .
i1€[1,nt]
Since E[Zy, 5 ] = 1, we simply need to show that lim,, o E[(Zy, 5 )?] = 1.

Case « € (0, 5). In that case, one can use [50, Prop. 3.3] (whose proof uses only that w; is correlated via
horizontal and vertical lines, but not the specific definition of w;): it gives that

(6.3) 1 <E[(2%, 5 )% < E®2 e%(k(wn)—ﬂ(ﬁn))(I‘r“)ﬂf’“)|+\T(2>ﬂ‘r’(2>\)} ,

where 7,7 are two independent bivariate renewals with the same distribution, and 7, 7/() are their
projections on the i-th coordinate. Notice that 7?7/ are two independent recurrent renewal processes,
with inter-arrival distribution verifying P(7() = n) ~ c¢oL(n)n= 1+ as n — oo, so we get P(n € 7)) ~
c,L(n)~'n'~ thanks to [37]. Hence, 7() N 7/() is a renewal process which is terminating if a € (0, 1),
because Y o0 P(n € 70 n7') = 3% P(n € V)2 < 4oo. We therefore have that |[7() N7/,
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|73 N7/(?)] are two (correlated) geometric random variable, so the upper bound in (6.3)) goes to 0 as 8, — 0
(for instance using Cauchy—Schwarz inequality to treat the two geometric random variables separately).

Case a € (0,1), P € Poo. In that case, we can compute exactly the second moment of the partition function.
Writing ¢; := eP«i=A(B») _ 1 and expanding the product as in , we get
(nt1)A(nt2) k
Cg =1+ > > 11 G utar —dia).
k=1  0=ig=<i1<...<ip<sntl=1

By Lemma if P € Po, then we have E[; | ((j)jzi] = 0. We therefore get that, for any 4, < --- < i; and
./ -7
741 < - < 'Lk/,

LI 0 if 4, # 4! for some I
E . Ll = l
{EC“ ZI;IIC”} {E[C%]k if k=k" and i; = i) for all [,
where the second line comes from the fact that (Cﬁ)lglgk are independent, because 41 < -+ < 1. Since
E[¢}] = e} =2MB) _ 1, we therefore end up with
(nt])/\(’ntg) k
E(Z0% )7 =1+ 3 DR | (G R I

(64) k=1 0=ip<%1<...<ixInt =1

~ E°? [exp ((A(%) —20(B.) Y 1“@7/})] < B2 A8 -2AEIr0r]

i€[1,nt]

where again 7,7 are two independent bivariate renewals with the same distribution. From [I1, Prop A.3],
T N7 is terminating when o < 1, so |7 N 7/| is a geometric random variable, and the upper bound in (6.4))

goes to 1 as §, — 0.

The case of a general sequence (hy,),>1 satisfying h,, ~ EL(n)n*O‘ can easily be adapted, using for instance
that Py (s € T) = Z; p,, Zflrffi’hn, together with Proposition (and the help of Lemma —or analogous
results for the one-dimensional pinning model in the case o € (%, 1). O

Remark 6.3 (Proof of Corollary [2.13)). Let us stress that the bounds (6.3)-(6.4) provide uniform bounds

on the second moment ]E[(ijéfgcc)Z], also for a non-vanishing B > 0. We therefore get that if B > 0 is

fized small enough, the upper bounds (6.3))-(6.4]) are finite, so that Zﬁ;’f’;e is bounded in L*(P). Applying
Proposition this gives Corollary[2.13

APPENDIX A. TECHNICAL RESULTS ON RENEWAL PROCESSES

We give in this section some technical estimates on the intersection of two independent copies 7,7’ of a
bivariate renewal satisfying . We start with a lemma that gives estimates on 7() N7/(1) | the intersection
of the projection of 7, 7.

Let 7 = (7;);>1 be a recurrent one-dimensional renewal process on N starting from 79 = 0 and inter-arrival
distribution verifying P(m; > n) ~ {(n)n~" as n — oo, for some v € (0,1) and some slowly varying
function #(). Define

U, = ZP(@ €T).
i=1
Then, P(r; > n) ~ £(n)n~7 is equivalent to the fact that U, ~ ¢,n?¢(n)~! with ¢, = w, see [19]
Thm. 8.7.3).

Remark A.1. If 7,7/ are two independent copies of a bivariate renewal satisfying (1.1)), then T = At )
is a one-dimensional renewal process: if o € (%, 1), then T is recurrent and verifies the above tail assumption,
with v = 2a— 1 € (0,1) and £(n) = c,L(n)? for some explicit constant c,. Indeed, thanks to (1.1)), we have
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P(tM) = n) ~ cL(n)n= %% as n — oo, so Doney’s result [37] gives that P(n € (W) ~ con® 'L(n)~ .
Then, if a € (%, 1),
U, = ZP(Z erWnrM) = ZP(@ e T2 ~ e n21L(n)72
i=1 =1
and one concludes thanks to [19, Thm. 8.7.3].

The following large deviation estimate is standard but we include it here since most of the literature
treats more general cases (or with less optimal bounds, as in [4, Lem. A.3]).

Lemma A.2. For any 0 € (0,7) there is a constant cs such that for any t > 1 and anyn > 1

P( Luer 2 t0,) <exp (= cstm=)
i=1

As a consequence, for any 6 € (0,7), there is a constant Cs > 0 such that for any k > 1
B[( 2 10en) ] < € T(0 —+9).
" i=1
Proof. Denote t,, := [tU,], so that, for any A € (0, 1),
P(jilmﬁ}zﬂ%>:I%nngn)geMEk4”FV
i=1

Then, one can use that there is a constant ¢ such that E[e™*™] < 1—cl(1/A\)\Y for all A € (0, 1), by standard
properties of the Laplace transform (see e.g. [19, Thm. 1.7.1]). Hence, using that U,, ~ c,n7¢(n)~!, we get
that

P(iz:;]-{iET} > tUn) < exp (/\n — c’tn7€(n)—l/\’Y€(1/)\)) < exp (/\n _ cﬁ;t(/\n)’Y—‘s) ,

where we have used Potter’s bound ([I9, Thm. 1.5.6]), to get that for any ¢ € (0,) there is a constant ¢s > 0
such that %1(7/3) > c5(An)~° for any A > 1/n. Optimizing over A, we choose A = c4t*/(1=7+%) /n (which is
greater than 1/n, at least for ¢ large). This completes the upper bound.

For the second term, using the first part of the result, we bound

1 & k 00 n - -
EKUi Zl{ie}) } :/0 P(Zl{iET} > tl/kUn)dt <1 +/0 oot FOTTD gy
"=t i=1

=1+ (c5)F (1 — 5 = HT(E(1 — 7 +6))

where we simply used a change of variable ¢t = (u/ 05)k(1’7+5) for the last identity. This concludes the proof,
using also that 2I'(z) = T'(z + 1). O

Lemma A.3. Let 7,7 be two independent copies of a bivariate renewal satisfying (1.1) with o € (0, 1).
For any t = 0, there exist constants c,cy > 0 such that for any k > 1

P®2<|TOT’O [0,nt]| > &

nteTN T') < CtP®2(|T Nt N [[O,nt]]f > k) < cie .

Proof. Let T := {3 € [0,nt],||¢|| < ||nt — ¢||} be the set of points that are closer to 0 than nt. Since
conditionally on nt € 7, the time-reversed process T in [0,nt] \ T starting from nt has the same law in as
7 in T, we get by sub-additivity that

P2 (lrne' no,nt]| > k|nternt’) <2P®*(|rn7' NT| > L |nternt).
Therefore, it suffices to compute an upper bound for the r.h.s. above. Let X := sup{i € 7,7 € T} and
X' :=sup{i € 7,4 € T} be the up-right most point (i.e. the sup is taken for the order <) of 7, resp. 7/
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in T. Then [56, Lem. A.1] (which is proven in the symmetric case t = 1 but remains valid for any ¢ > 0)
proves that there exists a constant C; such that, for all 4 € T,

Cy
P(nt € 1)
where the last inequality comes from Proposition (taken from [72]). Using this, we obtain

P(lrne'NT|> L |nternt)
=Y PP(rne'nT >4 X =i, X' =j)P(X =i|nter)P(X =j|nteT)
i,j€T
<(C)? D P(lrne'NT|> 5| X =i, X' =j)P(X = i)P(X' =)
i,j€T
< (C)PP(lrnT' NT| > %).

P(X =i|nteT)< L(ln[)"Hnl~®~YP(X = ¢) < C{P(X = 4),

This proves the first inequality in the lemma. Since it is proven in [IT Prop. A.3] that the bivariate renewal
T N7’ is terminating for a € (0,1), we get that |7 N 7’| is a geometric random variable, which concludes the
proof. O

APPENDIX B. INTEGRATION AGAINST A CORRELATED FIELD: PROOFS OF THE GENERAL THEORY

Recall the definition of the semi-ring of rectangles of R%:
Sa = {[u,v) CR"; u x v} U{D},
and let R4 be the ring of sets generated by Sg: it is given by all finite unions of rectangles in Sy (recall that a
ring of sets is a non-empty class of sets, stable by finite union and difference). Recall also that we call any family
(X(A))aes, of L*(P) random variables an (additive) L?(P)-random field on Sy if X(AU B) = X (A) + X(B)
P-a.s. for all A,B € Sy, AUB € Sgand ANB = 0. Let X : Sq — L*(P) be a L*(P) random field and
assume that there exists a o-finite measure v on Bor(R? x R?) ~ Bor(R??) such that for A, B € Sy,
E[X(A)X(B)] = v(Ax B).

In this section we establish the properties of L2 and (,-), (recall (4.6l{4.7)) and we define the integral

against X. We divide this appendix into four parts:

e First, we prove that any L?(IP) random field on S; can be uniquely extended to bounded sets of Bor(R¢)
(in particular we define the integrals of indicator functions of bounded Borel sets against X);

e Second, we prove Proposition that is L2 is (almost) an inner product vector space;
e Third, we extend the integral to L? and prove Theorem

e Finally, we provide sufficient conditions for a generic correlation function on S, k € N to be extended
to a full o-additive measure on Bor(R¥). In particular this implies the well-posedness of v, in
Proposition [.4]

B.1. Extension to indicator functions of bounded Borel sets.

Proposition B.1. Let X : Sy — L*(P) be an additive L?(P)-random field. Then it admits a unique “reqular”
extension to bounded sets of Bor(R?).

Here, “regular” means that for a given bounded B € Bor(R%) and a sequence A, € Rgq, n > 1 that
converges to B in the sense that

limsup BAA,, := ﬂ U (BAAg) =0,
=00 n>1k>n

(where /A denotes the symmetric difference), then we have lim,, s X (4,) = X(B) in L?(P). Also, “unique”
means that for any two such extensions X, X then for any bounded B € Bor(R%) we have X(B) = X(B)
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P-a.s. Let us mention that this regularity property can be extended to sequences A, € Bor(R%), n > 1
uniformly bounded and satisfying the above, but we leave the proof as an exercise to the reader.

Proof. The core of the proof relies on the following two observations.
—Fact 1. Notice that any C' € Ry can be written as a disjoint union of rectangles U¥_, C;, so we can define

k k
(B.1) looX =) (lg,0X) = ZX(C,») = X(C),

i=1
which does not depend on the chosen decomposition (recall (4.10))). Moreover, the isometry relation (4.8))
clearly applies to 14,1p with A, B € R4 by bilinearity, that is

E[(laoX)(1poX)] = (1a,1B),, A, B € Ry,
(recall that the (-,-), is defined in (4.7))). Furthermore, the definition of (-) ¢ X can also be extended linearly
to expressions Zle a;la, with A; € Rg, a; € R, 1 < i <k, and by bilinearity they still satisfy the isometry
relation.
—Fact 2. We have the following lemma from measure theory, which is proven afterwards.

Lemma B.2. Let (E,&, ) be a measured space such that p(E) < oo and let R C P(E) be a non-empty
ring of sets such that o(R) = E. Then for any B € £ and n € N, there exists A, € R such that

(B.2) w(BAA,) <277,
where /\ denotes the symmetric difference.

With these two observations at hand the proof is direct. Let B be a bounded set of Bor(R?): in particular,
setting A,, := [-m,m)¢, we have that B € Bor(A,,) for some m > 0. Let (A,),>1 be a sequence of
elements of R4 N Bor(A,,) satisfying for the finite measure p,,(A) := v(A x A,,) on Bor(A,,). Then
X(A,) =14, ¢ X € L?(P), n > 1 is well defined, and for p,q > 1,

E[(X(4p) = X(Ag))°] = 14,0 X —1a,0X[T> = |14, — 14,7

_ /A (1a, — 1a)(u) % (La, — 14,)(v) dv(u, v)

m

< / lApAAq(u)dl/('u,,'v) = um(ApAAq),
AZ,

where we used |14, —14,| = 14,24, < 1. Since A,AA, C (A,AB)U(BAA,), it follows that u(A,AA,) <
27P + 279, thus (X(A,))n>1 is a Cauchy sequence in L?(P). By completeness, it therefore has a limit
that we denote X(B) (or 1p ¢ X), which does not depend on the chosen sequence (A4,),>1 that verifies
lim,, oo u(BAA,) = 0 (this is obtained with the same computation as above). O

Before proving Lemma let us mention that the sequence (A,),>1 constructed above satisfies
(i) lim, yo0 14, = 1B pim-a.e., and (ii) lim, ,o, 14, © X = 1 o X in L?(P). Thus, the functions 15 with
B € Bor(A,,) bounded do satisfy the isometry relation (4.8]) again, by dominated convergence and bilinearity.

Proof of Lemma[B.2 Let us define for n € N,
A, = {B €&;JAeR, u(BAA) < 27"},
and A = Np>1A,. It is clear that R C A, for all n € N, so R C A. Let us prove that A is a Dynkin system,
which will conclude the proof by Dynkin’s 7-\ theorem.
First, we clearly have R C A, so A is non-empty. Let By, Bo € A such that By C B, and n € N. By

assumption there exist Aj, Ay € R such that u(B,AA,) <2771 a € {1,2}. Since R is a ring, we have
Ay \ A1 € R, and we also notice

(BQ\Bl)A(AQ\Al) C (BgAAQ)U(BlﬁAl)
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Hence pu((B2 \ B1)A(A2\ A1)) < 27" and By \ By € A, for all n € N, thus A is stable by difference.

Let By € A such that By, C Bit1, k> 1, and let B = Up>1By. Let n € N. Notice that, since u(B) < oo,
there exists kg € N such that u(B\ By,) < 27"~!. Moreover By, € A, so there exists A € R such that
(B, AA) < 27771 Thus,

W(BAA) < (B Biy) + (B AA) < 277,
which finishes the proof. |
B.2. Proof of Proposition Consider the application

(@:0) = () = [ glwhlo)dv(u,v).

which is well-defined (possibly infinite) on non-negative, measurable functions. We claim that it is bilinear,
symmetric and positive semi-definite: indeed, we have proven in the previous section that the isometry
is satisfied for indicator functions of bounded Borel sets, which implies those properties; and they can be
extended to non-negative measurable functions on R¢ by monotone convergence.

In order to prove that L2 is a vector space (notice that it is not straightforward from the definition), we
first have to prove a Cauchy-Schwarz inequality for non-negative functions: for g, h non-negative measurable
functions on R?, we claim that:

(B.3) (g: ) < lgllul2ll,  Vg,h=0.

To show this, let us define G (resp. G+) the set of finite linear combinations of indicator functions g =
> cila, of bounded Borel sets 4; € Bor(R?), ¢; € R, 1 <4 < n (resp. with ¢; > 0). Notice that, using
the bilinearity of (-,-),, the application g — g ¢ X can be extended to G and satisfies the isometry property
for all g, h € G. With those observations in mind let g, h be measurable non-negative functions, which
we can write as g = 2121 ¢ila, and h = ZjZl d;1p, for some c;,d; > 0, A;, Bj € Bor(R%) bounded, i,j > 1.
For n € N, define g,, = 2?21 ¢;la, and h, = Z?Zl d;lp;, so that g, h, € G,. Therefore, using on G,
Cauchy—Schwarz inequality on L?(PP), then again, we obtain

(> )y = E[(gn © X)(hn © X)] < E[(gn 0 X)2]/*E[(hn 0 X)?]

We conclude the proof of by monotone convergence, letting n — oco.

Therefore, for g,h € L?, the inequality implies that (|g|,|h|), < oo and thus g + h € L2, which
proves that L2 is a vector space. Moreover, the observation that (-,-), is bilinear, symmetric and positive
semi-definite can also be extended on L? using on G and dominated convergence. This fully proves
Proposition [4.6} (i)-(i4).

Regarding the Cauchy-Schwarz inequality, we may extend it from non-negative functions (recall )
to L2: indeed, write for g,h € L2 and \ € R,

0 < [lg+ ARl = llgll? +2X(g, k) + A[IR]15 .

and since (g, h), € R is well-posed, we deduce that the quadratic polynomial in A above has a non-positive
discriminant, which concludes the proof of (ii).
Finally, we deduce that a triangle inequality (iv) holds for || - ||, for g,h € L?, write

(B.4) lg +1lZ = llgl? +2(g, hyw + 1017 < Nglly + 2llgllv Ikl + 1RIE = (gl + lI21.)%,
which proves the inequality. ]

B.3. Proof of Theorem We finally extend the definition of the integral to L2. Recall that G is the set
of finite linear combinations of indicator functions of bounded Borel sets, that g — g ¢ X is well-posed on G
and satisfies . Finally, notice that G is dense in L2. Therefore, our goal is to extend the integral from G
to L2 by completeness; however this is not straightforward since (L2, || - ||,) is not actually a normed space
(because || - ||, is not a genuine norm, recall Remark [4.7). We circumvent this difficulty with a quotient of
vector spaces.

1/2
= ||9nHV||hn||v
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Define (with an abuse of notation)
(B.5) Ker(v) = {g€ Ly llgll, =0} = {g € L}; Vh e L, (g, h), =0} .
The equality in (B.5)) is a direct consequence of the Cauchy-Schwarz inequality: for g € L2 such that ||g||, = 0
and h € L2, one has (g,h), < ||g|.||k|l, =0 and —(g,h), <||gl. || = hll, =0, so (g, h), = 0. In particular,
Ker(v) is a linear subspace of L2.

For g € L2, let us denote g its equivalence class in L2 /Ker(v). It is clear that for g, h € L2/Ker(v)
and any representatives g1, go € g and hy, ho € h, then we have (g1, h1), = (g2, h2),. Therefore (-,-), can
be defined on L2 /Ker(v), on which it is a scalar product; in particular || - ||, is a well-defined norm on
L2 /Ker(v).

Recall that the integral is well-posed on G and satisfies . For any g € G, we may define go X :=go X,
which is well-defined almost everywhere on (2, F,P): indeed, for any two representatives g1, g2 € G,

lgro X —gaoX|z> = llgr —g2ll7 = 0,
so g1 ¢ X = go ¢ X almost surely. Therefore, the application g — g o X is an isometry from the normed
space (G/Ker(v), || - ||,) to L?(P), hence it can be extended to the completion of (G/Ker(v),|| - ||,) which is

(L2 /Ker(v),| - ||,). Finally for g € L?, define go X := go X, which satisfies ([4.8) and thus concludes the
proof of Theorem O

B.4. A sufficient condition for the well-posedness of the covariance measure. Let us stress that the
assumption that the covariance function v defines a non-negative, o-additive measure on Bor(R¢) does not
follow naturally from its definition. On the one hand, if the field X admits some negative correlations, then
the construction has to be adapted to signed measures (which should not prove too difficult conceptually).
On the other hand, it is easy to construct fields with non-o-additive correlations.

Example B.3. Consider the case d =2 and the deterministic field X (u1,u2) = 1{u, 4u,>0}, (U1,u2) € R2.
For any point of the line {(x, —x),x € R}, say 0 for simplicity, one can construct sequences of sets such as
A, =[-2/n,1/n]? and B, = [~1/n,2/n]* which satisfy
limsup A,, = limsup B, = {0}, and X(A,)=1=-X(B,), Vn>1.
n—oo n—oo

Hence it is clear that neither X or its covariance function can be extended to bounded Borel sets consistently.

In dimension 1 this issue around discontinuities can be circumvented by allowing atoms in the covariance
measure, but this isn’t enough in higher dimensions (in the above example, the whole diagonal {(z, —z),z € R}
is singular). An interesting question would therefore be to find sufficient and/or necessary conditions on
a random function or field X for its covariance function to be o-additive and effectively define a measure
on Bor(R?). The following result is a step in this direction, giving a simple sufficient condition. It will be
applied to functions defined on S; x Sy ~ Saq4, but for the sake of generality we prove it for functions on Sy,
k>1.

Proposition B.4. Let v : S — R satisfy the following:
(i) v is non-negative on Si;
(i) v is additive on Si;
(iii) v is o-finite on Sg: that is v([—m, m)*) < co for all m > 0;
(iv) there exists a measure ju on Bor(RF), o-finite on Sy, such that for A € S, v(A) < u(A).

Then v can be extended to a o-finite measure on Bor(RF), which is unique. In particular, if v(A) = u(A) for
all A € Sy, then v(A) = u(A) for all A € Bor(RF).

Let us point out that for X an additive L?(P)-random field on S; and v(A x B) := E[X(A)X(B)],
A, B € Sy, then (ii), (iii) automatically hold, and (i) holds for fields X with non-negative correlations.

Finally, we prove in (4.11)-(4.12)) that v, satisfies assumption (iv), so Proposition applies to v and
directly implies Proposition |4.4
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Proof of Proposition[B.} By assumption v is additive on Sy, which is a semi-ring of sets and ¢(S)) = Bor(RF),
so in order to extend it into a measure with Carathéodory’s theorem it only remains to show that it is
o-additive on Sy (and the extension will be unique because of assumption (iii)). We do so under the
additional assumption u(Sy) < oo, then the general result follows by defining v, := v(- N [-m,m)¥),
fm = (- N [=m, m)*) and letting m — oc.

First, let us prove that v is non-decreasing on Sk: let Ay, As € Sy such that A; C As. Since Sk is a
semi-ring, A, \ Ay = UY_, B; for some p € N and disjoint B; € Sy, 1 < < p. Using assumptions (i) and (ii),
we have

V(Ay) = I/(Al)JrZI/(Bi) > v(A),

which proves the statement. Moreover, this can straightforwardly be extended to A1, Ay € R(Sy) which is
the ring generated by Sy, (i.e. all finite unions of rectangles).

Now let A; € Sy, i € N, such that A := (J,~; 4; € S,. We may assume that the (4;);>; are disjoint
without loss of generality. For n € N, we have

A(Ua) 2 V(ZQAZ.) -

and taking the limit as n — oo, we obtain v(|J;s; 4;) > >_,5; ¥(4;). Let us now show that v({J;s,, 4:)
vanishes as n — oo, which will conclude the proof. For n € N, recall that (J,~, Ai € Sy and A4; € S,
1 <i<mn-—1. Since S is a semi-ring of sets, UiZn A; can be written as a finite union U§:1 B; for some
disjoint B; € Si, 1 < j < p. Thereby,

0 < V(UAi) = ZV(BJ') < ZM(BJ') = u(UA¢>7

i>n j=1 j=1 i>n

v(A;),

n

i=1

where we used assumption (iv). Since we assumed that p is a finite measure,
nlggoﬂ<UAi) = u(ﬂ UAi) = p(0) =0,
i>n n>1i>n

which concludes the proof. O

APPENDIX C. AN EXAMPLE OF DISTRIBUTION IN Py, Ps

Let us provide an example of distributions P and interaction function V(x,y) tailored to obtain cases
where P4,Bs are not empty. We let V(z,y) = = f(y) + yf(x), where f is determined below. We choose
X :=&; (and Y := @;) to be uniformly distributed in the set E = {£+/a, Vb, £v/2 — a, £/2 — b}, where
0 < a < b< 1 are two parameters we can play with. Now, we choose a function f : E — E by setting

f(£va) = £v2 —a (the sign is the same),
f(=vZ=a)
F(EVD)
V=)

Fva  (the sign is reversed),
+v2—>b (the sign is the same),
TVb  (the sign is reversed).

Observe then that for all x € E we have 2% + f(z)? = 2 and that f(f(z)) = —z. From this we get the
following facts on w; :=V(X,Y) = Xf(Y)+ Y f(X):

e For any k > 0 we have E[V(X,Y)2**1| X] = 0. This is due to the fact that all the terms Y2kT1=7 f(Y)J|
0 < j < 2k + 1 appearing in the binomial expansion of V(X,Y)* have mean zero. This is easily shown by
induction on j, using that that E[Y?*+1] = 0, E[Y?* f(Y)] = 0 by a direct calculation and then reducing j
by using that f(z)? =2 — 22 when j > 2. This shows that P ¢ B, for any odd 7.
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e We have that Y and f(Y) have the same distribution and E[Y] = 0, E[Y?] = 1. By a direct calculation,
one finds that
EV(X,Y)*| X] = X* + f(X)* =2,
where we also have used that E[Y f(Y)] = 0 (by a direct calculation or making use of the fact that ¥ and
f(Y) have the same law and f(f(Y)) = —Y). We therefore get that P ¢ PBs.

e Now, by a direct calculation, we get that

E[V(X,Y)' | X] = EYY (X" + f(X)*) + 6X f(X)?E[Y?£(Y)?] + 4X F(X)(f(X)* = X*)E[Y*f(V)],
using also that E[Y f(Y)3] = —~E[Y2f(Y)], since Y and f(Y) have the same law and f(f(Y)) = —Y. Note
that X4 + f(X)* = 4 — 2X?2f(X)? and E[Y?] = 2 — E[Y2f(Y)?], so that setting o = E[Y?f(Y)?] and
w1 = E[Y3f(Y)] we can write

EV(X, V)| X] = 42 — o) + 4240 — DXF(X)? + 4 X F(X)(F(X)? — X2).

Then, one can notice that X2 f(X)? can only take two values, u := a(2 — a) and v := b(2 — b), with equal
probabilities (note that 0 < v < v < 1). In particular, we have

1
po :=E[Y?f(Y)?] = 5(“ +v).
Similarly, one can check that X f(X)(f(X)? — X?) takes only two values (with equal probabilities),

2\/a(2 —a)(1 —a) = 2y/u(l —u) and 24/b(2 —b)(1 —b) = 2\/v(1 —v). Recalling that E[Y f(YV)?] =
—E[Y3f(Y)] this gives that

i =BV F(¥)] = —3 (all — ) + Vol —0)) .
Overall, we find that E[V (X,Y)?*| X] takes two values with equal probabilities:
A=4(2— po) +4(2u0 — Du + 8urv/u(l —u),
B =4(2— po) +4(2p0 — 1)v + 8u1/v(1 — v).
It then remains to determine whether A # B. We have
A—B=42p0 — 1)(u—v) + 8u1(v/u(l — u) — /o(1 —v))
=4(u+v—1)(v—v)—4(u(l—u)—v(l—-2v))=8u—-v)(u+v—1),

where we have used the values of yo and py above. If u+ v # 1 then A # B, showing that E[V (X, Y)*| X]
is not a.s. constant and thus P € .

e In the case where we have u + v = 1 then the above shows that E[V(X,Y)*| X] is a.s. constant, so
P ¢ B4. One can then carry on and determine whether P € B,. for some r > 6. We do not develop here
the calculations, but one can actually check that in the case u +v = 1 then E[V(X,Y)%| X] is again a.s.
constant: we have that P ¢ 3¢. On the other hand, E[V(X,Y)®| X] can be checked to be a.s. non-constant
(except for one value of u) showing that P € PBg in that case.
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