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We investigated the low-temperature and high-field thermodynamic and ultrasonic properties of
SrCuz(BO3)2, which exhibits various plateaux in its magnetization curve above 27 T, called a mag-
netic Devil’s staircase. The results of the present study confirm that magnetic crystallization, the
first step of the staircase, occurs above 27 T as a lst-order transition accompanied by a sharp
singularity in heat capacity C), and a kink in the elastic constant. In addition, we observe a ther-
modynamic anomaly at lower fields around 26 T, which has not been previously detected by any
magnetic probes. At low temperatures, this magnetically hidden state has a large entropy and
does not exhibit Schottky-type gapped behavior, which suggests the existence of low-energy collec-
tive excitations. Based on our observations and theoretical predictions, we propose that magnetic
quadrupoles form a spin-nematic state around 26 T as a hidden state on the ground floor of the

magnetic Devil’s staircase.

The orthogonal dimer antiferromagnet
SrCuy(BOs3)2[I] has been intensively studied owing
to its unique magnetic properties under extreme con-
ditions, such as high pressure and high magnetic field.
As shown in the inset of Fig. SrCuy(BO3)s has
a two-dimensional (2D) layered structure comprising
Cu?* (S=1/2) with the competing antiferromagnetic
interactions J and J’. This spin alignment, the so-called
Shastry—Sutherland lattice, has strong geometrical
frustration[2, [B]. The macroscopic degeneracy arising
from the geometrical frustration is lifted under extreme
conditions, which results in the appearance of various
quantum magnetic states. Recent studies have inves-
tigated how high pressure modifies the ratio of J'/J
and the competition among the magnetic states, such
as a dimer singlet, a plaquette singlet, and an antifer-
romagnetic order[dH9]. Meanwhile, under sufficiently
strong magnetic fields, the frustration in the Shastry—
Sutherland lattice leads to an intricate magnetization
process including a peculiar series of plateaux[T0HI4],
which has been called a magnetic Devil’s staircase. Each
magnetization plateau can be viewed as a Wigner crystal
of triplets or higher multiplets, where the geometrical
frustration suppresses the hopping of triplet bosons,
leading to the crystallization of multiplets with a
non-trivial magnetic superstructure.
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While the S#=1 triplet boson plays a crucial role in the
emergence of the magnetization plateau, the S*=2 bound
triplet pair is critical for understanding certain plateaux.
According to theoretical studies[I5], [16], the magnetic
crystals of the S*=2 bound states are energetically more
favorable than those of the S*=1 triplets for some low-
field plateaux. As shown in the schematic in Fig. [I} an
ESR study[S2] indicates that the S*=2 level, becoming
lower than the S”?=1 above 20 T, seemingly becomes the
ground state around H* of 24 T. Within the first-order
perturbation approach, the $*=0 and 2 levels cannot be
hybridized even with the Dzyaloshinskii-Moriya (DM)
interaction, and hence it is unclear whether these lev-
els anticross around H*. Compared to the dispersionless
S#=1 (<0.2 meV) and purely discrete S*=0 levels, the
S5#=2 level has a large dispersion (~1.5 meV)[20]. No-
tably, the description of the energy diagram in Fig.
is for a single particle. In the case of multiple parti-
cles in real compounds, the energy diagram is modified
by the many-body effects, which should complicate the
crossing of the energy levels around H*. At fields far
below H*, the state is regarded as a gas phase of the
thermally excited bound triplets. The number of bound
triplets increases towards the crystallization field Herygtal
(=27 T), and the correlation effects among the bound
triplets are enhanced. At Hcpystal, @ strong interaction
results in the symmetry breaking with the solidification
of the S*=2 states. In the thermodynamic phase dia-
gram, a gas-solid phase boundary should generally be a
1st-order transition, where translational and rotational
symmetries are broken simultaneously, and an interme-
diate phase, such as liquid and liquid crystals, often exists
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FIG. 1. Schematic illustration of a one-particle energy dia-
gram for S*=0, 1, and 2 levels in magnetic fields based on the
ESR study[S2]. At around 20 T, the S*=2 level (red band)
falls below the S?=1 level (blue line). Far below (above)
H™, the state is regarded as a gas (solid) phase of the bound
triplets. A possible intermediate phase between the gas and
solid phases appears within the proximity of H*. Importantly,
many-body effects among multiple particles in real materi-
als complicate this energy diagram around H™, which should
make its details unpredictable. The inset illustrates the crys-
tal structure of SrCuz(BO3)2 viewed along the c-axis. The
dashed rectangles represent dimers of the spin-1/2 Cu®* ions.
The thick black and gray lines indicate the antiferromagnetic
exchange interactions J and J', respectively.

with partial symmetry breaking. This is analogous to a
recent report[21] emphasizing a similarity between water
and SrCuz(BOg3)s in terms of physics near a lst-order
critical point. Indeed, as a potential intermediate phase,
the Bose—Einstein condensate of the S*=2 bound triplets
just below Hyystal has been predicted by several theoret-
ical studies[15] [16] 18, [19]. This phase is equivalent to
the spin-nematic (SN) order, which is the liquid crys-
tal of spins where rotational symmetry is broken while
time-reversal symmetry is retained. A search for the SN
phase should provide new insights into phase competi-
tion in quantum magnets. Nevertheless, it is challenging
to detect the SN state using traditional magnetic probes,
such as magnetization and NMR, because its order pa-
rameter is the spin quadrupole moment rather than the
spin dipole moment. Hence, in this study, we searched
for the SN phase using entropic measurement techniques
which detects the entropy change caused by any sponta-
neous symmetry breakings.

Heat capacity (C,) measurements were performed
in pulsed and DC magnetic-field laboratories in ISSP
(Kashiwa, Japan), IMR (Sendai, Japan), and LNCMI
(Grenoble, France). The C), data measured in pulsed
magnetic fields were obtained by the quasi-adiabatic
method (abbreviated as QA)[22]. The data measured
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FIG. 2.

(a) Low-temperature magnetization data taken from
Ref. [12]. Each plateau is illustrated by the colored bars. Ac-
cording to the theory[I5], regions other than the plateaux
are attributed to the domain-wall (DW) phase and super-
solid (SS), respectively. (b) Magnetic field dependence of the
ultrasonic properties, the relative change in elastic constant
ACs6/Ces (left axis) and its field derivative d(ACs6/Cos)/dH
(right axis) at 0.6 K. The red (blue) curve exhibits the data
measured in the up (down) field sweep. The colored areas,
determined by the dips of d(ACes/Css)/dH, correspond to
the colors used in (a).

in the hybrid and resistive magnets were obtained us-
ing the dual-slope method (DS) and ac method (AC),
respectively. We measured multiple single crystals using
different measurement techniques and confirmed the con-
sistency of the measured C}, values. A magnetocaloric
effect (MCE) measurement was conducted in a pulsed
field, which was generated by a long-pulse magnet for a
long duration of 1.2 s. The ultrasonic properties of the
sample, used for the MCE measurement, were also in-
vestigated using a conventional pulse-echo technique at
0.6 K. The in-plane transverse mode (Cgs mode, wave
vector k||a, polarization vector u||b) was measured using
LiNbOj3 resonant transducers (X41° cut) at a frequency
of 15 MHz. In this study, all the data were obtained by
applying magnetic fields along the c-axis.

First, as a guide to search for the intermediate phase,
we present the ultrasonic properties of the magnetic
Devil’s staircase with the reported low-temperature mag-
netization (Fig. [2p)[12]. Figure shows the relative
change in the elastic constant ACqs/Cgg in the up and
down field sweeps (left axis) and the first field derivative
d(ACss/Cs6)/dH (right axis). Similar to the earlier re-
port with a field parallel to the a-axis[23], the data show a
strong softening of Cgg above 27 T, and there are several
additional anomalies in the present data, most likely due
to the differences in the field direction and temperature.
Although the hysteresis depending on the field-sweep di-
rections, which is most likely due to the 1st-order tran-
sitions and/or magnetocaloric effects, is observed, these
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FIG. 3.  (a) High-field Cp as a function of temperature.

The data were measured by the dual-slope method (DS) and
the quasi-adiabatic method (QA). The 22.0 T data reported
in Ref. [ST] are also shown. The dotted curves obtained for
22.0 T and 24.0 T exhibit the Schottky behavior. Note that
the data at 28.0 T are plotted on a semi-logarithmic scale for
clarity. (b) Magnetic field dependence of Cp, measured by the
ac-method (AC) at various temperatures. For comparison,
the dataset measured by the DS method at 0.56 K is also
shown. The arrows indicate the anomalies in C,(H) curves
caused by the crystallization and the transformation of the
spin structure.

field dependences in both sweeps are qualitatively iden-
tical. Some of the anomalies, probed by the minima of
d(ACss/Cs6)/dH, are attributable to the previously re-
ported phase boundaries of the plateaux|[12]. According
to the theoretical prediction[I5], some can be identified
as the phase boundaries of the domain-wall (DW) states
(light blue areas) predicted between the 2/15 (1/6) and
1/6 (1/4) plateaux, while the other anomalies are the
phase boundaries of the supersolid (SS) state expected
just below 34 T (purple area).

Figure [Bp illustrates the temperature dependence of
C, at various fields (for complete datasets, see Supple-
mental Material[24]). The previously reported data for
22 T[S1] are also shown for comparison. A sharp singu-
larity is observed at T'=0.55 K and H=28 T. Based on
the phase diagram in Refs. [26] 27, [S1], this large sin-
gularity corresponds to the transition to the 1/8-plateau

phase. Remarkably, the height of the anomaly is sev-
eral times larger than that of the 1st-order transition
observed in the recent high-pressure experiment[21], and
strongly suggests the 1st-order nature of the crystalliza-
tion. Up to 24 T, the temperature dependence of C,(T)
can be described by the Schottky-type gapped behavior
(see the dotted curve in Fig. [3p). The Schottky anomaly
exhibits a sublinear behavior around the maximum of
the anomaly. It can be assumed that the spin gap be-
tween the singlet ground state and the excited state, A,
vanishes with increasing magnetic field owing to the Zee-
man energy. However, at 26 T, C,,(T) deviates from the
Schottky behavior, and a relatively sharp peak appears
at T*~0.6 K with the superlinear temperature depen-
dence just below T™. The size of the C}, jump at T™ is
about 0.2 JK~'mol™!, which is comparable with those
of the pressure-induced magnetic phase transitions (0.2-
0.3 JK~'mol™1) in SrCuz(BO3)2[9, 21]. At 26 T, mag-
netic transitions have not been detected by any probes
previously [T0HI4, 26], 27], and thus, the anomaly indi-
cates the presence of a magnetically hidden state around
26 T. Moreover, the large C), at temperatures lower than
T* indicates that the large entropy remains at low tem-
peratures, suggesting the existence of low-energy collec-
tive excitations, namely the Goldstone mode of the hid-
den order parameter. In Fig. E[b, we present C), measured
by the AC method as a function of the magnetic field at
each temperature to examine the €}, data from a differ-
ent perspective. Above 30 T, each curve exhibits a large
singularity at Heyysta1 (1) originating from the crystalliza-
tion of the multiplets, which has been detected by various
magnetic probes. The small shoulder, which is denoted
by Htrans, indicates the transformation of the spin struc-
ture between the DW and SS states[I5]. The data below
28 T obtained by the DS method (black dot) agree with
the data taken by the AC method. Below 24 T, the
Cp(H) data exhibit the Schottky-type broad bump that
shifts its maximum towards higher temperature with the
spin gap opening.

Figure [dp shows the field-temperature phase diagram
deduced from the present (filled symbol) and previous
studies (open symbols)[26, 27, [S1]. The phase assign-
ment is based on the theoretical prediction[I5] and the
magnetization data[l2]. The obtained phase diagram
below 33 T is in agreement with the previous stud-
ies. Additionally, we found that the slope of the phase
boundary of Hcysial changes discontinuously at 33 T.
According to the magnetic Clausius—Clapeyon equation,
dT,/dH.=—AM/AS, this behavior is related to the
large magnetization jump at 33-34 T (see Fig. ) No-
tably, the theory[I5] suggests that the crystals of the
S5%=2 bound triplets are energetically most favorable up
to the 1/6 plateau. However, for the 1/4 plateau, the spin
structure of the S*=1 is the same as that of the S*=2.
This could be related to the kink in the (H, T) phase
diagram. The hidden phase detected by our C), data in
the field region of 25-27 T has never been reported in
previous studies. Below 25 T, it is hard to determine the
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FIG. 4. (a) Temperature-field phase diagram of SrCuz(BO3)2. The dashed curve is a visual guide to emphasize the crystal

phase. The colors of the shaded areas correspond to those of the phases shown in Fig. and . (b) Quasi-adiabatic
magnetocaloric effect in a pulsed magnetic field. The red (blue) curve represents the field-dependent temperature in the up-

sweep (down-sweep). The dashed curve, the colored areas, and the symbols are the same as those shown in (a).

The black

square indicates the field where the MCE curve shows a kink. (¢) Temperature dependence of entropy at each field. The
black dotted lines represent the calculated curves of the Schottky-type entropy with the energy gap A/kgs. The dashed curves
overlapping with the 24.0 T and 26.0 T data were derived from the data at 24.1 T and 26.2 T for the QA measurements. The
thin black line indicates 0.72 J/Kmol, (RIn2)/8, which corresponds to the entropy of the 1/8 plateau at Terystal-

lower-field phase boundary precisely.

For further identification of the phases from an en-
tropic viewpoint, we present the results of the MCE un-
der adiabatic conditions (Fig.[dp). The data taken in the
up-sweep and the down-sweep are plotted as red and blue
curves, respectively. The data are qualitatively consis-
tent with the reported quasi-isothermal MCE curve[I3],
even though the thermal condition in Ref. [13] was differ-
ent from that in the present study. Moreover, we found
that the MCE data during the field up-sweep show a kink
around 24 T (black square), which can be attributed to
the entrance of the hidden phase. This implies that the
hidden state shows a dome-shaped phase diagram with
a lower critical field of about 23-24 T, as shown by the
pink area in Fig. [fh and b. It should be noted that,
below 27 T, the MCE curves show a large hysteresis be-
tween the up-sweep and down-sweep. The hysteresis in
the gapped region may originate from the spin-glass-like
slow dynamics observed in the pSR study[28]. It can
be interpreted that the magnetic disorder is frozen in
the up-sweep; once the state undergoes crystallization
above 27 T, the magnetic entropy can be released and
the MCE exhibits a proper isentropic curve in the down-
sweep. Therefore, based on the down-sweep MCE curve
and the C), data, we estimated the entropy .S at various
fields as a function of temperature, as shown in Fig. fk.
The dotted curves represent the Schottky-type behavior
with the shown A. As mentioned above, the datasets
below 24 T are reproduced well by the Schottky behav-
ior. However, the entropy data at 26 T shows the large
entropy at low temperatures (<0.5 K) and deviates from
the Schottky behavior. It should be noted that, at 28 T,

the entropy of the 1/8 plateau reaches (RIn2)/8 at the
crystallization temperature, Ttrysta1. This is because the
number of triplets at the 1/8 plateau is N /8 per mole,
which is related to crystallization below Ttyystar. The co-
incidence, S=(RIn2)/N at Terystal in a 1/N plateau, was
observed in other plateau phases[29].

We now discuss the origin of the hidden state appear-
ing on the ground floor of the magnetic Devil’s staircase.
It should be emphasized that the NMR spectrum does
not show any splitting below 26.5 T[I1], indicating that
the peak in C), is not attributed to any order of magnetic
dipoles. As noted earlier, in this field region, theoretical
investigations predicted the SN order, namely the con-
densation of the S*=2 bound triplets, which does not
split the NMR spectrum. Experimentally, the peak at
26 T cannot be attributed to the soft mode of the S%=1
state, primarily because the ESR study[S2] reports that
the energy level of the S*=2 mode becomes lower than
that of the S*=1 mode. Note that the ESR detects the
signals of the S*=1 and 2 states at ~100 GHz around
20 T, whose energy scale is ~5 K, consistent with the
value of A/kp obtained in the present data (Figs. |1| and
). Above 20 T, the S*=2 signal in the ESR spectrum
is smeared out. However, a simple extrapolation of the
low-field data yields a crossing field between the S*=0
and 2 states around H*=24 T. The H* value is also
confirmed by the 1/} experiment[30], where the spin
gap is approximately 5 K at 20 T and becomes almost
negligible around 24 T. Even if the energy levels are anti-
crossed around H*, the characteristic of the ground state
originates from the S*=2 bound triplets above H* (see
Supplemental Materials for further discussions[24]). The



deviation of Cy,(T") above H* from the Schottky behavior
indicates that the anomaly at T results from the cooper-
ative phenomenon of the macroscopically existing bound
triplets. The contribution from the S*=1 state should
be negligible because the energy gap between S*=0 and
S%=1 is roughly 5 K even around 24 T[S2], which only
leads small entropy below 1 K, as seen in the case of
A/kg =5 K in Fig. . Since the dispersive character of
the S*=2 level|20] permits its condensation, the require-
ment for the emergence of the SN order is satisfied in
the field region showing the peak in C,. The observed
peak is relatively less significant than those of the typical
phase transitions probably because of low dimensionality
of SrCuy(BO3)s. In most cases, the low dimensional-
ity broadens the peak structure in C),. Such broadened
anomalies are observed for the pressure-induced magnetic
orders in SrCus(BOs3)2.[9, 21]

Assuming that the hidden state is the SN order, two
different SN orders, namely plaquette SN and antiferro-
SN orders, are predicted for SrCuy(BO3)2[I8, 19]. The
structural difference between the two SNs is the order
vector, k. The antiferro-SN order with k=(m,r) breaks
the Cy lattice rotational symmetry and hosts the modu-
lation of the magnetic dipole moment, whereas the pla-
quette SN order with k=(0,0) possesses rotational sym-
metry locally even though the U(1) symmetry of global
spin rotations is broken. In contrast to the antiferro-
SN phase, the plaquette SN order shows no NMR spec-
trum splitting. Hence, the plaquette SN state is a more
plausible candidate for the observed hidden state. No-

tably, the NMR relaxation rate [30] in the SN state is
expected to be 1/TyocT7 [311,[32). Since the large power
index is difficult to distinguish from the exponential be-
havior in the reported temperature region, the NMR data
does not contradict our present results. The conclusion
supports the theory[I9] indicating that the plaquette SN
order is the most favorable for the experimentally deter-
mined J’/J=0.60-0.64[7, 13, 33, [34].

In summary, our high-field thermodynamic investiga-
tion demonstrates that SrCus(BO3)s exhibits a magnet-
ically hidden order around 26 T and various magnetic
crystal states above 27 T. The hidden state is distinct
from the lower-field gapped state; for example, C,(T')
cannot be explained by the Schottky behavior. The large
low-temperature heat capacity and entropy indicate the
presence of low-energy excitations that originate from the
dispersive S*=2 level. Based on the theoretical predic-
tions, we interpret that the S*=2 bound triplets condense
around 26 T and form the plaquette SN state. Further
identification of this hidden state using other probes ac-
tive to the spin quadrupole is a topic to be considered for
future studies.
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Supplemental Materials for
Magnetically hidden state
on the ground floor of the magnetic Devil’s staircase

Appendix A: High-field heat capacity

In addition to the selected heat capacity data shown in the main text (Fig. 2), Figure [S5[shows the detailed C,(T)
data in the field range from 20.0 T to 28.0 T. In Fig.[S5p, the datasets are vertically offset for clarity. The dotted curves
represent the Schottky-type behavior. The blue and black arrows in Fig. |S_3|c point Terystal and T, respectively. The
green arrow indicates the curvature of the temperature-dependent behavior. The thick trunslucent curves in Fig.
are guides for the eye.
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FIG. S5. (a)Temperature dependence of heat capacity in magnetic fields above 27.0 T. (b) Heat capacity below 24.1 T as a
function of temperature. (¢) Cp vs. T data in the field range from 24.5 T to 27.0 T. (d) Comparison of the C, data at 22.0 T,
24.0 T, 26.0 T, and 28.0 T.



Appendix B: The C, anomaly at T

The derivative of C} is helpful to determine 7. Figure (a) is a schematic example of C, and dC},/dT showing
a typical second-order transition with a Schottky-like background. In Fig. b)—(f), we show dCp/dT vs. T at each
field. The precise determination of the transition temperature is hard when the background heat capacity contribution
is difficult to subtract. Nevertheless, we could find that the sign of dC,/dT changes from positive to negative above
25.0 T, which clearly demonstrates the presence of a peak in C,(T'). Since the second derivative of entropy with respect
to temperature is dC,/dT, in this situation, there are two inflection points in S(T') near the peak temperature. This
observation experimentally guarantees that there is a kink structure in S(7"), which is equivalent to the definition
of the second-order transition by Ehrenfest classification; i.e., a discontinuity in the second derivative of free energy
corresponds to a kink in entropy. At 22 T, no anomaly is observed in this temperature range. Although the 24.0 T
data shows a slight deviation from the Schottky-like behavior around 0.6 K, no change in the sign of dC,/dT is

observed in Fig. [S6(c).
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FIG. S6. (a)Schematic examples of C), and dC,,/dT showing a C), peak with a Schottky-like background. (b)-(f) Temperature
derivative of C}, as a function of temperature at each field. To make the behavior clearer, the values of the data points are
obtained from moving averages of 11 points, 5 points before and 5 points after.



Appendix C: Magnetic field dependences of energy gap and ESR signal

Figure [S7|shows the energy gap determined by C), (this work and Ref. [S1]) and frequency of the ESR signals (S*=1
and 2)[S2] as a function of magnetic field. Note that the values of the gap in 20-24 T is obtained by fitting only
the low-temperature data with the low-temperature Schottky behavior Csenox(A/kpT)%exp(—A/kpT). Considering
the energy of photon is given by kgT=hv, 20 K in the left axis (temperature) corresponds to 417 GHz in the right
axis (frequency). This plot indicates that heat capacity measurements detect the energy gap between the singlet
ground state (S#=0) and the lowest excitation mode, which switches from S*=1 to S*=2 around 22 T. The eye guide
(translucent pink arrow) indicates the extrapolation of the S*=2 mode, which seems to be a ground state at H*~24 T.
As reported in the previous study [S1], the data at 14 T, much lower than H*, are well reproduced by the Schottky
behavior in the wide temperature region; however, at fields close to H*, the temperature dependence slightly deviates
from the Schottky anomaly, suggesting a phase transition near H*. Above 24.5 T, the shape of C,(T) data can no
longer be fitted with the Schottky function (Fig. 3 and Fig. [S5)).
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FIG. S7. Magnetic field dependences of energy gap (left axis) and ESR signal of S*=1 and 2 (right axis). The open symbols
are the data points taken from the previous works [S1, [S2]. The translucent pink arrow is the guide for the eye.
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Appendix D: Theoretical interpretation of NMR relaxation rate and heat capacity in a spin gapped system
in the vicinity of a spin nematic phase

1. 1. Thermally activated triplon (or magnon) gas

We consider magnetic excitations from spin gapped states in an applied magnetic field. The following results
are applicable, for example, to two cases; 1) magnon excitations from the fully polarized state in the frustrated
ferromagnetic models [S3] and 2) triplon excitations from the spin gap state in the orthogonal dimer model (or 2D
Shastry-Sutherland model (this work)) in a field. In these models, hopping amplitudes of single-particle excitations are
highly reduced due to frustration effects, whereas bound excitation pairs have large hopping amplitudes [S3) [S4} [S5]
[see Fig. [S8[a)].

Let us consider a thermally activated dilute Bose gas of magnetic excitations (magnons or triplons) with S% =
and bound excitation pairs with S* = 2 in a spin gap system in a magnetic field. The gapped ground state is the
vacuum of these two types of excitations. We consider the non-interacting case; the Hamiltonian reads

H=>Y ci(k)aar + > e2(k)blbr. (D1)
k k

where a}; (ag) denotes the bosonic creation (annihilation) operator for a single-particle excitation with S = 1 and
momentum k and b;c (bg) does the creation (annihilation) operator for a bound excitation pair with S* = 2 and
momentum k. Both of the excitation energy, €1 (k) and e2(k), contain Zeeman energy. As shown in Fig. [S§(a), €1 (k)
(e2(k)) has an energy gap from the S* = 0 state Ay (Az) and a bandwidth W; (Ws). In the case of frustrated
ferromagnets, S* should read the magnetization difference from the ground state AS*. The bound pair creation
operator is written with a form b;rc = Zq g(q)a,t/2+qa£/27q, where g(q) is a form factor satisfying g(g) = g(—q) and

the normalization 2" [g(q)[* = 1.

As we consider a dilute Bose gas regime and the non-interacting case, we do not treat the pair formation and pair
breaking in the equilibrium state. We approximate the whole Hilbert space as the product of the Fock space for single
excitations and bound pairs, i.e., the operators a and b are commutable. In this approximate boson Hilbert space,
the spin operators have the following matrix elements.

1) On the ferromagnetic ground state ®;| ]);: The spin operators have matrix elements

k —
S+NCLL+2ZQ*(2(]>bI¢+qaq+"'7 (D2)
q
; VN 1
Sk~ —75&0 + Vo zq:(ajwqaq + 2b£+qbq)7 (D3)
(b)
H <« H* H<H*
near H*
bound pair ( )
Sz=2
> >
S S
2 o[
® €1(k) ---i-z-::L:: ® s S _1| ]
S7=1 fw, RSN
AN DY
$7=0 P $7=0 | '
k density of states D(E)

FIG. S8. Schematic figures of (a) energy spectrum for single-particle excitations with S* = 1 and bound excitation pairs with
S% =2 in a low field, and (b) the density of states for single-particle excitations (S* = 1) and bound excitation pairs (S* = 2)
in a low field (left) and in a high field closed to the critical field (right).
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where we omit three-body terms and higher ones in Eq. (D2]).

2) On the dimer singlet ground state: On the Shastry-Sutherland lattice, the spins SSpm ( = z,y, 2z) have the

index j for the unit cell position, the index n = A, B for the dimer types in each unit cell, and the site index

m = 1,2 in each dimer. We thus have a creation operator ak for triplons (S* = 1) on 7n-type dimers. We only

consider the lowest energy mode, whose creation operator has a form aTk = an apgfn(k )aL " with the normalization

ol fn(k)|*> = 1. The creation operator for the lowest-energy bound excitation pair (S* = 2) has a form b; =

qum’ g(a,n, n’)a;rc/%q’na;rc/%qm, with a form factor g(q,n,n’). The spin operators have matrix elements
1
75 SV S = 610k + 22 (5520 ) fr(@thsgaq +- (D1)
. 1
Z Sknm = JN Z(aquaq + 2blt+qbq) (D5)

in the approximate boson Hilbert space spanned with ak and bJr Note that the spin operators have matrix elements
also to the higher energy mode created by f};(k )ak A — falk )ak p» Which we omit here.

2. 2. NMR relaxation rate
a. A. Formula

The NMR relaxation rate 1/77 is expressed in terms of the dynamical susceptibility with the form

L _ gy 2Rl 2
T, i g & 23 Ty (k,wo) + [ALPTmy ™ (k, wo) (D6)

a=z,y

for Bravais lattices that contain only one site in unit cells, where wg is the NMR frequency, and Ai and Al,‘e denote
form factors describing the coupling between nuclear and electronic spins. The dynamical susceptibility is given by
the retarded Green function of spin operators, x**(k,w) = [dtG%*(k,t)exp(iwt) for w > 0, where G¢*(k,t) =

—i0()[(Sg (1)52(0)) = (52, (0)SE(1))] with o = z,y, 2.
In the case of the Shastry-Sutherland lattice, the k summation in Eq. is replaced with

Z Ak:,n m k ,n ,m’ Z Ian m;n’, m’(k7 WQ) + A‘Il:n,mAlk‘: n’ m’Ian m;n’, m’(k7 UJQ)] ’ (D7)

k,n,m" ,m,m’ a=x,y
where X%, s (R, w) = —i [;7 di(] (t), S

symmetric and antisymmetric parts concerning the index m, A

(0)]) exp(iwt) for a = x,y, z. We decouple the form factors into

L/ pL/IS L/1,A8
k,nm — Ak,n + (71)mAk,n
(symmetric) parts are coupled with the low-energy spin excitations in the transverse (longitudinal) components.

In the following, we describe only the former case shown in Eq. . The results for the Shastry-Sutherland system
also have the same temperature, bandwidth, and gap dependence with a slight modification in coefficients of |AJ-|2

and |Al|2.

knm k,n’ ,m’/

. The antisymmetric

b. B. Transverse component Imx*® (k,w)

In usual gapped systems, single-particle excitations can not receive the small energy fwy from nuclear spins, and
hence the transverse components do not contribute to the relaxation. In our model, a straightforward calculation
leads to

Imx** (k,

(k > q) ’ [n1(q) — na(k — @))[0(w — e1(q) + 22(k — q)) — 6(w + £1(q) — e2(k — @),

where n,, (k) = [exp(Bem(k)) — 1]~ with m = 1,2 and 8 = 1/kgT. When there is an overlap between the density of
states for single excitations and bound pairs, D (E) and Dy(E), for a certain value of E [see Fig. [S§(b)(right)], we
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find a non-vanishing contribution from Imy®*(k,w) to 1/T;. According to Fig. ., IS7] this condition takes place between
20 and 24 T in SrCuz(BO3)2. For simplicity, we omit the momentum dependence in g(k), i.e., we set |g(k)|*> = 1/2N,
thereby finding the transverse component as

d
— >y 1 (k dED,(E)D E D8
w;glmzmx ) = 3 [ AEDIE)Da(E) pn(E) (D)
where n(E) = [exp(BE) — 1]7!
c. C. Longitudinal component Imy** (k, wo)
The longitudinal component is estimated as
ZImX (., wo) / AE[D1(E)? + 4Ds(EY2)-Ln(E). (D9)
woﬁo woN dE

d. D. Temperature dependence of relazation rate 1/Ty

Hereafter, we approximate the DOS by a constant value for a finite bandwidth, setting D,,(E) = N/W,, for
A, < E < A, + W, and otherwise D,,(E) = 0. This approximation is justified because the models we are
concerned with map effectively to square-lattice boson systems with the finite nonzero density of states at the lower
band edges. We also omit the momentum dependence in the form factors A1 and A, setting |ALk|?> = ci /N and
|Aj|> = ¢/N. In a low-temperature regime kg7 < min{A;, Ay, W5}, the relaxation rate shows

1
T o BAL(] L o~ BWL —BA2
1 cymksT [(Wl)Qe (1-e )+ (W2)26 } (for Ay + Wy < Ag), D10)
B 4 4
e [(WC;/ - (m(;l)Q) AT+ Wq)ze_m} (for Az < Aa).
W 1 2

The prefactor in the single-particle term with the form exp(—BA;) is (Wa/W1)?/4 times larger than in the bound
pair term. It also increases by an additional contribution from the transverse component near the gap closing field
of H*. Thus, the single-particle excitation term dominates the relaxation rate if the single excitations are nearly
dispersionless, i.e., W7 < W5, and the temperature is not low enough.

In SrCus(BO3)2, the single triplon excitations (S* = 1) have a nearly flat dispersion [S@], i.e., W; is extremely
small. This dispersionless feature can highly enhance the coefficients of the exponentially decaying terms with the
form exp(—BA;). Hence, one needs to cool the system down to a very low temperature to detect the gap Ay of bound
triplon pairs.

3. 3. Heat capacity below H*
Heat capacity behaves as

N<A1)2 —BA; —BW1 N(AQ)Z —BA2
C»U ~ W@ (176 )+W6 (Dll)

in the low-temperature regime kg7 < min{Aj, Ay, W5}, where we have also used the relation W7 < Aj. The
contribution from the single particle excitations is also non-negligible in the nearly dispersionless case W7 < Wh.
The measurements at low temperatures and the high A; /A, are essential to observe the contribution from the bound
triplon excitations. When the gap of bound pairs is much smaller than that of single excitations, i.e., Ay < Ay, bound
pairs are mainly thermally activated at a temperature range above Ay /kp, and heat capacity from single excitations
disappears since these two types of excitations are not independent.
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4. 4. Above H*

Above H* of 24 T, As becomes negative in the one-particle picture, while A; is positive. In this field region, the
interactions between the bosons shift the energy effectively to a positive value or zero, giving rise to the condensate
of the bound triplons. In the case of the Bose-Einstein condensation of magnons in the three-dimensional dimer
system TICuCl; [ST7], the heat anomaly around the transition temperature can be reproduced by a self-consistent
Hartree-Fock calculation. It is challenging for SrCus(BOs3)s to calculate the heat anomaly using this method because
of the difference in the energy corrections for the bound triplons and single triplons. The quasi-two dimensionality of
SrCus(BOs3)2 also makes the quantitative evaluation of the heat anomaly more difficult. Nevertheless, above H*, the
heat capacity in the temperature range of kgI" < A; should be dominated by the contribution from the bound pairs.
As shown in Fig. [S7} the A; seems to be constant at 4-5 K above H*, which leads to a peak of the Schottky anomaly
at 2-2.5 K and a negligibly small C,, of ~0.5 JK~'mol~! at 1 K. Therefore, the broad maximum of C,(T") observed at
24 T and 1 K with the peak height of 1.5 JK~'mol~! (Fig. b)) originates from the bound triplons, not the single
triplons. The anomaly observed at T, even lower than 1 K, is also attributed to the cooperative phenomenon of the
macroscopically existing bound triplons.
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