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BEST CONSTANT AND MOUNTAIN-PASS SOLUTIONS FOR A
SUPERCRITICAL HARDY-SOBOLEV PROBLEM IN THE
PRESENCE OF SYMMETRIES

HUSSEIN MESMAR

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold without boundary of dimension
n > 3. Given a,h € C°(M) and a weight w > 0 a.e., 2 < ¢ < p, we are interested
in the existence of distributional solutions u € HZ(M) to the nonlinear problem

(1) Agu+ a(z)u = w(@)uP~! + h(z)ud™!  in M,
u>0 in M

where A, := —div,(V) is the Laplacian with minus sign convention and H7 (M) is
the Sobolev space defined as the completion of C*°(M) for the norm

w = Jlull gz == \/llull3 + [ Vull3

where the norms || - ||; on the Lebesgue spaces LI(M) are taken with respect to the
Riemannian element of volume dv,. The classical Sobolev embedding yields

2
HZ(M) — LP(M) continuously iff 1 < p < 2* := 7712, compactly iff p < 2*
n—

and it is classical that, when w = 1, problem (1) has a variational structure when
p < 2*. The difficulty is in the critical case p = 2* where many methods have
been developed since the pioneer contributions of Aubin [2], Trudinger [19] and
Schoen [17].

In the present paper, we add a nonconstant weight and we consider a supercrit-
ical case which breaks the variational structure. In order to get a supercritical
exponent, following Moser [15] and Hebey-Vaugon [10], we impose the invariance
of the problem under the action of isometries in order to lower in some sense the
dimension of the manifold. Let G be a closed subgroup of the group of isometries
Isomg(M) of (M,g) and k = mingec dim Gz, where Ga denotes the orbit of a
point z € M under the action of G. We say that a function ¢ : M — R is G-
invariant if ¢ o o(z) = ¢(z) for any € M and o € G. If G acts freely, then M/G
has the structure of a manifold of dimension (n—k): therefore the critical exponent
on M/G is % > 2*, and, by going back on M, artificially, classical variational
methods allows to get G—invariant solutions to (1) with a supercritical exponent.

In the present work, we consider the more intricate case where G does not act freely.
We make the fundamental Assumption 8 on G inspired by the work of Saintier [16]
(more details are in Section 2): note that under this assumption, we cannot consider
problem (1) on the quotient M /G since it is not necessarily a manifold.
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2 HUSSEIN MESMAR

We fix 29 € M and s € [0,2). We define 2*(k, s) = %, 2*(k) = 2*(k,0) and
we consider ¢ € (2,2*(k)). We investigate the existence of a solution u € HZ(M)
to

(k,s)—1

{Agu—kau—d(wawo—l—huql inM,

2
@ u >0 in M

where d, is the Riemannian distance on (M, g). We refer to Djadli [6] for consider-
ations on the case s = 0. Solutions to (2) are critical points of the functional

1/ (|Vul2 + au?)dv, — ! / > —f/ hlu|?dv
2 Ju g 7 2%(kys) dg(z, Gxo)® g

which is defined for v € H(M) N L? %) (M,d(-, Gxo)~*). Our problem is super-
critical from the viewpoint of Hardy-Sobolev embedding. Namely

u— Jy(u) =

2n —
HE(M) — LP(M,d(-,x9)*) continuously if 1 < p < 2*(0,s) = %
Since 2*(k,s) > 2*(0,s) is supercritical as soon as k > 0, there is no embedding
from HZ(M) into L2 **) (M, d(-, 29)~*) and the problem does not have a variational
formulation in the space HZ(M). To overcome this difficulty, we work on

HY (M) :={u€ H}(M)/uoo(z) =u(z)for all 0 € G a.e x € M}.

In the sequel, LY, (M, dy(x, Gxg)~5dv,) is the weighted space of G—invariant func-
tions endowed w1th the norm || f||p.s = ||| f1Pdg(., Gzo)*||1. Our first result is an
improvement of the integrability:

Theorem 1 (Mesmar). Let (M,g) be a compact Riemannian manifold without
boundary of dimensionn > 3 and G a subgroup of isometries of (M, g). We suppose
that Assumption 8 is verified, and we give ourselves k and Gxq as in these hypoth-

esis. Assume that k > 2 and n — k > 3. Then, for any p € [1,2*(k, s)], HfG(M)
is continuously embedded in LY,(M, %). Moreover if 1 < p < 2*(k,s) the
embedding is compact.

Note that the case s = 0 was handled by Faget [7] and the case k = 0 was
handled by Jaber [12]. From this inclusion, we define the first best constant of the
Hardy-Sobolev inequalities in the presence of isometries. It follows from Theorem
1 that there exists L, B > 0 such that for all u € H12 a(M):

3) 2. .0 < LIVul2 + Bl
We define the first best constant to be
Lo = Lo(M,g,n,k,s,xo) = inf{L > 0such that 3B s.t. (3) holds Yu € HfG(M)}
Definition 2. For m > 3 we define the best constant of Euclidean Sobolev space

1 [ Vo|2dX
(4) = inf Jgn IV9

Ks(m)  ¢eDi(®m)\{0} (f '¢'2”’”)dx)
m X

— >0
2% (k,s)

where D?(R™) is the completion of C>°(R™) for ||V - ||z.
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Aubin [2] and Talenti [18] have computed the best constant Ky(m), and Lieb
[13] has computed K (m) explicitly for s > 0. We denote by 2* = 2*(0,0) and
2*(k) = 2*(k,0). We define

A := min{Vol,(0)/ O principal orbit of dimension k},

Faget [7] proved that the best constant for G-invariant Sobolev inequality is

Kon—k
(5) LO(Mag7nak707x0):O(n72)'
AlTTmm
When s > 0, Jaber [12] showed that
| Ly
Lo(M, g,1,0 — K.(n) = o —s
0( » 9,1, 7873:0) (Tl) (n—2)(n—8) <2_sw 11—1(2(271:3))

where I is the Euler function. In this article, we use these properties to prove that

Theorem 3 (Mesmar). Let (M, g) a compact Riemannian manifold without bound-
ary of dimension n > 3 and G a subgroup of isometries of (M, g). We suppose that
Assumption 8 is verified, and we give ourselves k and Gxg as in these hypothesis.

For allk € [1,n—2), s € (0,2) we have
Ks(n—-k
Lo(M,g,n,k,S,on): (n 2 )
A1*2*(k,s)

In particular, for all € > 0, there exists B. , such that for all u € HIZ’G(M), we
have that

Ks(n—k)
(©) 000 < (53 +-) IVl + Bl
AT

In the sequel, for any k € N, CE(M) denotes the space of functions in C*(M)
that are G—invariant. In the spirit of Aubin [2], we are then in position to get
solutions to (2) when h = 0:

Theorem 4 (Mesmar). Let (M,g) be a compact Riemannian manifold without
boundary of dimension n > 3 and G a closed subgroup of isometries of (M, g). We
suppose that Assumption 8 is verified, and we define k := mingcps dimGx and Gxg
as in these hypothesis. We let a € CA(M) be such that Ay + a is coercive and that

—1
. e O

2 2
u€HF o (M)\{0} [yl :s) dv, 2 (h,3) AT
M dg(x,Gxo)®

Then the infimum is achieved by a positive function u € H12G(M) N C% (M) n
CEY(M\ {Gzo}) for all a € (0,min{1,2 — s}), v € (0,1). Up to multiplication by
a constant, u satisfies

u2*(k,s)—1 i
(7) Agu+au: W m M,
u>0 i M

We are then left with proving the strict inequality above. Via test-function
estimates, we are able to realize it to obtain the following:
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Theorem 5 (Mesmar). Let (M,g) be a compact Riemannian manifold without
boundary of dimension n > 3 and G a closed subgroup of isometries of (M,g). We
suppose that Assumption 8 is verified, and we define k := mingcps dimGz and Gzg
as in these hypothesis. We let a € CA(M) be such that Ay + a is coercive. We
assume that n — k > 4 and that

(n—k—2)(6-—s) (n—k—2)(n—k—4) A;f(Zo)
(@) < o@n —2h—2—s) A2n—2k—2—3s)  f(zo)

Then there exists a positive G—invariant solution to (7).

l

Scalg (.f‘o) —

We now consider the existence of a positive G—invariant solution for the per-
turbed problem (2). Such solutions are critical points for

(8)
2% (k,s)

1 1 v 1
NN 2 2 _ + _ 1 q
v JS(v) = 2/ (IVo]g + av®)dy, (k. 5) / dg(x,Gzzro)deg q/ hv? du,

Using Ambrosetti-Rabinowitz’s Mountain-Pass-Lemma [1], we get the following:

Theorem 6 (Mesmar). Let (M,g) be a compact Riemannian manifold without
boundary of dimension n > 3 and G a closed subgroup of isometries of (M,g). We
suppose that Assumption 8 is verified, and we define k := mingec s dimGx and Gxg
as in these hypothesis. We let a,h € C&(M) be such that h > 0 and Ay + a is
coercive. If there exists ug € HfG(M), ug Z 0, u > 0 such that

k—s

2-5) Kyn—k) T
9 Jq (¢ :
o sup 000 < gy

Then the perturbed Hardy-Sobolev equation admits a non-trivial solution in C&(M)N
H} o(M). In addition, we have u > 0 in M and u € C** N CEY(M\ {Gzo}), for
all @ € (0,min{1,2 — s}), v € (0,1).

We are left with going below a specific threshold. Here again, this is performed
via test-functions estimates. We then obtain the following existence result:

Theorem 7 (Mesmar). Let (M,g) be a compact Riemannian manifold without
boundary of dimension n > 3 and G a closed subgroup of isometries of (M,g). We
suppose that Assumption 8 is verified, and we define k := mingec s dimGx and Gxg
as in these hypothesis. We let a,h € C&(M) be such that h > 0 and Ay + a is
coercive. We suppose that

(1) n—k >4;

(2) ¢> 55

(3) h(zg) > 0.
Then the perturbed Hardy-Sobolev equation:

y2 (kas)—1

dg(xa G:L‘O)s
admits a non-trivial solution in C&(M) N HY o(M). In addition u € C®*(M) N
CLY(M N\ {Gxo}), for all a € (0,min{1,2 — s}), v € (0,1).

loc

Agu+au = +hu?t u>0inM

This paper is from the PhD thesis of the author. He thanks Frédéric Robert for
fruitful encouragements and remarks on this work.



SUPERCRITICAL HARDY-SOBOLEV PROBLEMS WITH SYMMETRIES 5

2. PRELIMINARIES ON MANIFOLDS INVARIANT BY A GROUP OF ISOMETRIES

Let (M, g) be a compact Riemannian manifold without boundary of dimension
n, G a closed group of isometries of (M, g) and k := ilélj\r/l[ dim Gz > 1 where Gz is
the orbit of point x under the action of G. Let xg € G be such that dimGxy = k.
Let us now recall some known geometric results and fix some notations. These
results are in the book by Bredon [4]: we refer to Hebey-Vaugon [10], Faget [7] and
Saintier [16] for the following exposition. Let G’ be a closed subgroup of Isomg(M):
then G’ is a Lie group. On the other hand for all x € M, we denote z := II(x)
where I : M — M/G’ the canonical surjection. We define G’z := {gz/g € G'}
the orbit of z under G’ and S’z := {g € G'/g(x) = x} the stabilizer of x under G.
Note that G’z is a compact submanifold isomorphic to the quotient group G'/S’z,
and we define a principal orbit G’z if its stabilizer is minimal (Vy € M, S’y contains
a conjugate subgroup of S’x), in particular the principal orbits are of maximum
dimension but the converse is not true.

Define  := |JOp where the union is taken on all principal orbits. Then  is a
dense open set of M and /G’ is a smooth manifold that can be endowed with
a Riemannian distance g such that the surjection Q@ — Q/G’ is a Riemannian
submersion. We define

(10)

2
= pn—k-2 g

7
with 9(z) = vol(II"1(Z)) = vol(G'z). We assume that k = HEHJ\I} dimGz > 1. In the
T
present paper, we make the following fundamental assumption:

Assumption 8. For any Gxg, a G-orbit of minimal dimension k, we can find
0 >0, and G’ a closed subgroup of Isomy,(M) such that:
(1) G/‘TO = GIO;
(2) For allx € Bs(Gxg) :={y € M/dy(y; Gxo) < 6}, then G'x is principal and
G'z C Gzx.
In particular dimG'x = dimGxzo = k, Vo € Bs(Gxop).

We now consider the quotient N := Bs(Gzg)/G’ that turns to be a (n —
k)—Riemannian manifold. This manifold is then equiped with the metrics g and
g. Welet n € CP(R) be such that 0 < n < 1, n(z) = 1 for z € B(0;1)
and n(x) = 0 for z € B(0;2)¢. For all 43 € N and § € (0, i-‘?(QN)), we define
N0 (Z) =n(61dg (a1, 7)) for all z € N.

3. PROPERTIES OF LP(M,dy(x, Gzg) *dvy): PROOF OF THEOREM 1

We let (M, g) be a compact Riemannian manifold of dimension n > 3, G a
group of isometries of M, xg € M such that Gz is an orbit of minimal dimension
ke [l,n—2),and s € (0,2). We assume that Assumption 8 is verified.

We prove the continuous embedding of Theorem 1. By Hebey-Vaugon [10], the first
Sobolev inclusion in the presence of symmetries (the case where s = 0), implies the
existence of a positive constant C' such that

(11) lullyxry < Cllullgz (ar) for all u € HE (M).
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Hardy’s inequality on R" ™% writes
¢? 4 / 2 —k
12 dX < ———— Vo|*dX, V¢e CFR"
i [ Smax< s [ v b € CR™H)
Let u € CZ (M) be such that there exists 79 > 0, such that suppu C B,,(Gzo) .

We denote @ = u o II, where II is the projection of x on the (n — k)-Riemannian
manifold N := B,,(Gzg)/G’. By (12), there exists C > 0 such that

/ " g <C Va2
N dg(@,20) 7 = 2'

On the other hand, there exists Cy, C3 > 0 such that
u2 / 72 72
——dv, = f’ljd’l}* S C / fd’l}*
/M dg(x,Gro)? 7 Jy dg(z,30)2 7 ? Iy dg(@,30)2 " ?

1Vull; < Csl|Vall;

And

We put together these three inequalities. Then, for any u € Cg (M) such that
suppu C By, (Gxo), there exists C' > 0 such that

2
u 2
——dv, < C
/M dg(z, Gxo)? o= HUHH%,G(M)

Let us now set p = p(s) > 1 satisfying % + 5 = 1. For a function u € Cg (M)
such that suppu C B,,(Gzo), by Holder, we have

2 hs)s (U ) g < / segaen NP w?
/M fu (dg(x,Gxo)) o= < M 4 o dg(z, Gxo)? "

Since 72(2*(]6’5)_5)

5 2-s s
d PEICI) —s) 2% (k,s) 2 25 (k,s)
(/ | |2 (ks _ 4dyy ) < </ u|2*2(ks)dvg) <u2d’0g>
3;‘ G:Bo) M dg(x7Gx0)

Grouping this inequality with (11) and using 2;(2@((]3;;) + 2*(‘2 3= 1, we get

= 2*(k), raising the previous inequality to the power % we

2% (k, s) dvg D e, 2 Ban)
[ @ Gao)’ < (llulle ) ¢ (Ilulle ,an)
<€ ullfy o

Where C,C’,C" are strictly positive constants only depends on M, k, and s. By
density of Cg*(M), we get that (13) holds for all u € H} (M), which proves the
continuous embedding of Theorem 1.

We split the proof of the compactness embedding of Theorem 1 into two steps:
Step I: Let us first show that we have HY (M) < LY(M,dg(x,Gxo) *dvg). We
fix u € H} (M), by Holder’s inequality we have that

ull. . < |lull (/ dv, >3—2*<2,5>
U w|os — 7
5 = 2+ (k,s) v dg(z, Gag)®
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With (13), we get that

1 1
dv q 2%(k,s)
e )
lullg,s < Cllullzzz ,ary (/M dy(x, Go)®

where C is independent of w. Hence the continuous injection follows.

Step II: Now let us prove the compactness of the embedding. Let (u;);en be
a bounded sequence in leG(M ). The reflexivity of HfG(M ) and the Rellich-
Kondrakov theorem yields the existence of u € H fG(M ) such that, up to a subse-
quence also denoted by (u;);, we have that

(1) u; = u weakly in HY (M)

(2) u; — u strongly in L*(M)

(3) wi(x) = u(x) for a.e x € M.
Let us fix e > 0. For all i € N, R > 0, we define

Qi(R):={ze M/ |u(x)—u(x)| < R}

On the one hand, the continuous injection of the previous part and by the fact that
(ui) is bounded in HY (M) yield C,C’ > 0 such as

do 1 . dv
U; — U|q g S " - / |ul —u 2 (kvs)ig
/M\Qi(R) | dg(x,Gag)s — R¥ (ks)—a Qi (A) | dg(x,Gxo)®
C (k,s) C'(n, k,s,u)
< gl — vl < Tpreas
There exists Ry = Ro(e) such that for all R > Ry we have

C"(n, k,s,u) €

BT (ho)—q 3
On the other hand, let us set the sequence of functions (f;);en defined on M by
|ui (@) — ()

filw) = dg(x,Gxo)®

1g,(r)(x) for i € N and a.e. z € M.

Then, by Lebesgue’s theorem, we deduce that there exists ig = ig(e) > 0 , such
that for all ¢ > iy we have that
/ fid’l}g <
M

Then, for all R > Ry, and i > i, we have that

dv
q "9
e e

/ |u'*u|q7dvg +
M\Qi(R) dg(7,Gro)* [y

Hence (u;);en converges u in the space LY(M,dg(x, Gxo) °dv,). This proves the
compactness of the embedding when g < 2*(k, s).

This ends the proof of Theorem 1.

fl-dvg <€
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4. BEST CONSTANTS ON RIEMANNIAN MANIFOLDS UP TO €

This section is devoted to the proof of Theorem 3. We let (M, g) and G as in
Assumption 8. Given € > 0, we prove (6), that is the existence of B. > 0 such that

K.(n—k
]2 gy < (A() ; ) Va2 + Bl ull? for all u € H2 (M)

2% (k,s)

We follow the work of Jaber [11] who proved this inequality for k = 0.

Step I: Construction of a finite covering of N = B, (Gz()/G’ by exponential balls.
We put the (n — k)—Riemannian manifold (NV,g). For ¢ the Euclidean metric on
R"~* and by compactness criterion of M (more details in Jaber [11], Proposition
1.2.1 and Appendix I), and therefore on N, we have for all £ € N, and all p > 0,

there exists r = r(z, p) € (0, iﬁ(QN)) , such that lin% r(x,p) = 0 and the exponential
p—

map (Ba, (%), exp; ') satisfies the following properties:

(1=p)d<g<(1+p)d
(14) (1-p)Fde <dvy < (1+p)3de
D;YT|s < |T|;3 < Ds|T|s for all 1-covariant tensor 7' on N

With lim Ds=1.
p—++o00

Step II: We prove that for all € > 0, there exists rp > 0 such that for all u €
C°(By,(Gxp)) that is G—invariant, we have:

2 KS(TL — k) € 2
(15 e < (S + 5 ) 10l
By the definition of the best Sobolev constant (4), we have for all ® € C°(R"~*)
|<D|2*(Ic,s) %
(16) ——dX < Ky (n—k) |VO|2dX,
s 3
e IXTE

where ¢ denotes the Euclidean metric on R"*. We let 79 > 0 that will be fixed
later. Let u € C°(B,,(Grg)) be G—invariant. Define N := B, (Gz¢)/G C R*~*
equipped with its metric g. We note @ = w o II where II is the canonical projection
from (M, g) to (N,g) (see Assumption 8). It follows from (14) applied on N and
(16) that

_ 2 pok _
ey S A+ DFETRL =) [ V(a0 exp,, )X

< D21+ p)FET (1 - p) T Ka(n — k) /N Vv,

Since lim D2(1+p) . (1—p)~"2" =1, it follows that for all e > 0, there exists
p—
po > 0 such that for all 0 < p < pg, we have

dvg =D €
o) < (KR4 5) [ Vaide
<wa dg (7, 3o)* 2/ oy T
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According to Faget [7] (formula (1.10)), for any function f € CZ (M), and for any
e > 0, there exists Ug,, a neighborhood of Gz, such that

/ fdvy < 26V oi(Grg) / Fdug
Uca 1—e€
0

Uty /G
And also

1—c€ _
2 2
/UGI IV fl,dvg > (1+6)2VOZ(GJC0)/ IV fl5dvg

. UGag /G

Let us then set rg small enough such that B, (Gzg) C Ugs,, we will have

2
3 (k,5)
/ |u|2*(k,s) d’l}g
By (Gzo) dg(l‘, G'TO)S

1+e€ P . dv- EG)
= <1V01<Gxo>) / I
BT‘O(EO) g(fL',SU())

2
14 e NOD ¢
< Vol(Gx0)> Ks(n—k)+ = / |Va|2dvg
<1 < 2) Boy(@o)

146\ 7o +2 2 g € 9
< 2% (k,s) _ _
< (1_€> Vol(Gao) (Ketn— k) + 2)/M\vu\gdvg

2
14+e\ZEaT 2 € 9
< (1—e> AT (Ks(n—k)—l—§) M|Vu\gdvg

And this is true for any € > 0. So for all € > 0 we have that (15) holds.

Step III: We prove that for all e > 0, 79 > 0 and u € C&®(M \ B,,(Gzo))
G —invariant, there exists B, ¢ > 0 such that:

Kin—k) €
(e L e ) R I

*(k,s)

For all z; € M, such that dy(x1, Gzo) > 1o, we set u € C°(B,, (Gz1)) G—invariant.
Then for all x in the support of u, we have that dy(z, Gxo) > 1o > 0. Therefore,

. 2
T *<-1S)
.’E Gxo) B, (Gx1) dg(fE, GxO)s
' T
< ——= / |“‘2*(k’s)dvg
rom Brl(Gwl)

Since 2*(k, s) < 2*(k), by Faget [7], the embedding H ;,(M) < L? (%) is compact.

Then for all 3> 0, there exists Bg > 0 such that for all u € HY (M), we have
[ull5- .5y < BIIVull3 + Bgllull3,

which yields (17).

Step IV: We show (6) for all u € CZ(M). To do this, let ¢ € C2°(R*) be such
that 0 < ¢ < 1 and ¢(z) = 1 for all z < 1 and ¢(x) = 0 for all z > 2. For all



10 HUSSEIN MESMAR

d >0, weset n:= ¢ (M) € C°(Bs(Gxp)). Note that n and (1 — n) are

G-invariant, and furthermore there exists H > 0 such that

(18) Iz, , V(1 —n)2|, < H

Let € > 0, and set u € CZ(M). Since 2(](“,5) > 1, so according to Minkowski
inequality we have:

2
do 3% (k,s)
2% (k g 2 2
([ e ) <l (0= g,

< [lu? HM,SHI(l* |z,

2
dU 2*(k s) de 2% (k,s)
2% (k, s) g 1 _ 2%(k,s) Y%
(/ L Y T > (/ )l T )

By (15), and (17), for all € > 0, there exists By > 0 such that

(o)™
dg(z, Gxg)®

€ 1
= <A1 . L 2) (V@02 + V(@ = mFu)l, ) dvg + Bulull3
= : v v d
= A1 +§ W Vuly + Jul [V, ) do,
K,(n— € 1 \2
+(Al(m)+2)/ (( n)? [ Vulg + | V(1 - )2|g) dv, + B ||ull

K,(n—k € 1 1 1
= ( 1572 ) + 2) </ (W\Vu@ + 207 [Vulglulg|Vnz |, + [ul*[ V2 ‘!27> dvg
A TGS M

[ (0= MUV 4 20} Tl 900 = ), + PV (= ) ) oy

+ Bs,e

With (18), we get

/ ‘ |2 (k, .s) dUg RCR
(x,Gxo)®

Ky(n— k) 2 2 2
19 < (BB O (I9ull 4 am Tl + 28211l ) + B ol
A 2% (k,s)
Let €9 be such that
K,n—k K,n—k
<(77,2)+€> (1+€0) < (ni2)+e
A1*2*(k.s) A172*(k,s)

And using the fact that

(2H)?
4H|[Vallylfully < ol [Vull3 + e ull3
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Using (19), we get

2
s) dv 2% (k,s) K,n—k €
([ o e ) <(() 5 ) 1+ vl + Bl

33 G.’JSO Al 2% (k,s)

K,(n
< <A1 e )/ IVl dvg+B/ ful2dv,

B, — ((QH) +2H2) (W+;> + B,.

€0 A" 7w

with

Which completes this step.

Part V: By density of C&(M) in H} (M), we get that (6) holds for all u €
H? (M), which proves (6).
It follows from (6) that

K,(n—k
(20) LO(Mag7nak787$0) < (n’72)
AT TR

We prove the reverse inequality. Take L; > 0 such that there exists By, such that
2 2 2
(21) w2 koo (v, (2,50)) < LallVully + By [lully

for all u € Hf (M). We take ® € C°(R"*) and we let (®,,),>0 be the family in
C2°(N) defined for all 4 > 0 small enough satisfying p < 5% by:

©,,(7) = (" expz, (7))
where the exponential map is taken with respect to the metric §) on N := Bs(Zo)/G.
Applying inequality (21) to our sequence ®,, we write:
2 2 2
(22) ‘|CDM||L2*(1€‘S)(N,d§(i,ig)3) < L1||V(I)u||2 + BL1|‘(I)M||2

Let € > 0. By compactness criterion of N, there exists R, > 0, such that for all
p € Br.(0) C R"* we have:

(1= €)€ < (expz, 9)(p) < (1+€)¢

in the sense of bilinear forms. We fix g = uo(e) such that for all u < po, we have
Ru < Rc. Then for all p < pg, with a change of variables, we write

2
/ @, 2 __9%__
Bur(Zo) dg(x71'0)s
2
nok |<I>|2 (k’s)(,u_l engol(a:)) 2% (k,s)
> (1—€)7® — AV (expylyne
B, r(20) dg(T,T0)* %o

e P|2" (k.s) (X P o)
(23) — (1 - )T / Md)(
Bro) X
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And further

/ |V<I>#|§dv§ = / Vo (ﬂ_l expgol(x)) |§dvg
N BMR(iO)

<1+ 6)% / Ve (M71 expgol(w)) ?expfl)*fdv(expgl)*ﬁ
Bur(Zo) o 0

(1 + 6)% m—2

(24) Tl L
1-— € BR(O)

With the same arguments, we show that
(25) / 2 dvg < (1+ e)"T”“M"—’“/ P2dX
N Br(0)

Combining (23), (24) and (25) and (22) we will have for all € > 0, u < po than

2
B2 (k) (X k5
/ |®| S( ) dx
Br(0) | X|

n—k
1+¢€)= L
= ( )n—k 1_1 / |V(I)|§dX+/J‘2BL1/
(1-o7®s [(1=6) Jpae) B (0)

Passing € — 0 and p — 0, we get

2
P 2% (k,s) X 2% (k,s)
(26) de <L |V®|2dX
X 0
Br(0) | ‘ Br(0)

It then follows from the definition (4) that
(27) Ly > Ks(n — k)
Now, let L € R be such that there exists By, such that
[l 1,5).s < LIVull3 + Brllull; for all u € HF o(M).
Define the family  — ¢,(z) = ©,(Z) in CF (M), where @, is as above. We have

2
2% (k,s)
oo = ([ lou e
sS), BHR(G;E[j) dg({l?,l’o)

2
- / g @, 2 e Vs
Bur(Zo) dg(‘r7$0)s

2
2% (k,s)
(28) < (A+ CRM)_Hz*(Lk,s) / | |2*(k~9)&
- B a d5(Z,70)*

ur(Zo) g( » L0

édel

And by definition of §, we have
[ v = [ V6,2,
N M
Using (26) in (28), we have

2 l—5x—
160l 2 s < (A + o) T L /M V6, [2dv,
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We then apply (21) on ®, with L; = (A + c}c,u)l_wi’ﬂ)L. By using (27), we get

that L > M, and then Lo(M,g,n,k,s, zg) > W With (20), we get
AT 2 (k) A 2%(k,s)

the result and Theorem 3 is proved.

Remarque 9. In the case s = 0, this result still holds as proved by Faget [7].

Remarque 10. Theorem 3 does not allow to conclude if Lo is achieved or not, in
other words for the moment we do not know if (6) holds for e = 0.

5. APPLICATIONS OF THE MOUNTAIN-PASS LEMMA: PROOF OF THEOREMS 6
AND 7

This section is devoted to the proof of the existence Theorems 6 and 7. We will
need the following computational lemma:

Lemma 11. Forallq € (2,2*(k, s)), there exists C1 = C1(q) > 0, C2 = Ca(q) > 0,
and C3 = C3(q) > 0 such that for all z,y € R

2+ y|? — |2|? — qlz|92zy| < O |27 2|y[* + |y||
[z +y)|z + y|? — xlz|] < Cy |a]y| + [y 7|
l2]7 = |yl — |z — y|?] < C3 (|2|9 e —y| + |z — y|T  yl)

Lemma 12. Let (X, gx) be a compact Riemannian manifold, (fi)ren a sequence
of bounded functions in LP(X) with p > 1. If (fx)ken converges almost everywhere
to a function f, then f € LP(X) and (fi)ren converges weakly to f in LP(X)

Proof. A proof, inspired by Hebey, is in Jaber ( [11], Lemma 6.5.1). O

We use the following version of the Mountain-Pass Lemma by Ambrosetti-Rabinowitz
seen in Jaber [12]: Concerning terminology, we say that a sequence (uy)yeny € E
is a Palais-Smale sequence (PS) for J € C!(E) at the level 3 € R if J(uy) —
and J'(uy) — 0 strongly in the dual E

Theorem 13 (Ambrosetti-Rabinowitz [1]). Let J € C1(E,R), where (E, |- ||g) is
a Banach space. We assume that
(1) J(0)=0
(2) There exists o, > 0 such that J(v) > a for all v € E verifying ||v||p =7
(3) There exists vg € E such that limsup J(tvg) < 0

t—+o00

We consider to > 0 large enough such that ||tovo||z > r and J(tovg) < 0. Then J
admits a Palais-Smale sequence at level By, where

= mi J(y(t
Bo min max (v(t))

andT' = {v € C°([0,1], E) /7(0) = 0,7(1) = togvo }. In particular, 0 < By < sup J(tvo).
>0
Proposition 14. For all ug € HiG(M), ug Z 0, ug > 0, there ewists By =
Bo(uo) > 0 and a sequence (un)nen € Hi (M) which is a Palais-Smale sequence
for the functional J, at level By. Moreover Sy < sup Jy(tuo).
>0
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Proof. We take E = H} (M) and J = J; € C'(E,R) in Theorem 13. Since
Jq(0) = 0, we have (1). Concerning (2), the coercivity of the operator Ay + a
and the Sobolev and Cotsiolis-Ledoux inclusions [5] imply that there exist C; > 0,
i =1,2,3 such that for all v € Hf (M), we have:

2* k:e
(29) Jo(0) = Cullollzss any = Collollzs 0y = Callvlle _ary

We consider the real function f(r) = C; —Cor?” F:)=2 — Cyra=2. As ¢, 2*(k, s) > 2,
then f(r) — C1 when r — 0. In other words, there exists 1o > 0, such that for all
r <o, f(r)> % So, for all v € H127G(M), satisfying ||v||H%G(M) = 2, by (29)

we have J,(v) > ClTrg. Regarding (3), for ug € H} (M) \ {0}, we have that

2

= k;s S

tq dv
q_ "9
/ bl

i=at? — b2 Fs) _ pd
—2"(k.s) (atw*ms) _h_ thfz*u@,s)) < 42" (kss) (at%w(k,s) _ b)

Where a,b > 0 and ¢ > 0. Then Jy(tuy) = —oo and (%ii) holds.

Jq(tuo)

Let 9 > 0, Bo = Bo(up) and T" as in the Mountain Pass lemma. Then for all vy € T,

2
we have that sup,c(o 1 J4(7(t)) > X, where A = C17%¢, hence By > A > 0. So for
to > 0 large enough, our Proposition is proven. O

Proposition 15. Letp,q > 0 such that p+q = 2*(k,s), u € H127G(M), feL>(M),
and (w,)nen a bounded sequence in H12G(M) which almost converges everywhere
tow € HfG(M) Then, up to a subsequence, we have

d d
lim/f|u|pw Ug /f\u|pwq Yg

n—o0 x, Gxp)®

Proof. Let r = w > 1 and 7’ are conjugate. The inclusion of Theorem 1,
implies that there exists C' = C(M, g, k, s) > 0 such that

ary < Clloll gz ap) forall v e H} o(M).

||U| ‘LQ*(}@‘S)(M) Tty

Hence, flu[f € L"(M, %), On the other hand |||w, |||

 dy(2,Go)* L (M, goade)

hence the sequence (|w,|?)ven is bounded, and we apply

lwnll?,. . ) (M, goadgye)

Lemma 12 and verify that (|w,]?) yen converges weakly to (|w|?) yey in L™ (M, %).
g )
This completes the proof of this proposition. ([

Proposition 16. Let (M, g) and G be as in the Assumption 8. Let a,h € C&(M) be
such that Ay +a is coercive and h > 0. Let (un)nen € Hi (M) be a Palais-Smale
sequence for for J, at level B € R. We assume that

Ks(n—k)_n;f;‘g 2—s

, with = .
A7 W Cnkys 2(n—k —s)

6 < Cn,k,s
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Then there exists u € H} (M) such that Jy(u) = B and up to a subsequence (uy)
converges strongly to u in HY o(M). Moreover Jj(u) =0 and J,(u) = B.

Proof. We let (un)nen € H12G(M) be as in the statement, that is

(30) Jy(un) = B and J;(un) — 0 strongly in HiG(M)/,
where 3 is as above. Note that, for all ¢ € H} (M), we have
* 1
J/ — v v d _ 2 (k75)727d
Ugtum) = [ (T, 0+ auiydvg = [l #9072,

(31) — /M hil)uN|uN\q_2dvg

We proceed here in 4 steps:

Step I: We prove that the sequence (un)nen is bounded in HY 4(M). Indeed,
since the operator Ay + a is coercive, there exists C' > 0 such that

2
ol o < C [ (FunE +audan,

2 *(k.s dv
(32) gc[qu( M+ gy f, el () PREREInE /h|uN|qdvq]

On the other hand, from (31) we get that

ollunllaz o)) = (Jg(un), un)

* . d’U
:/ (|VuN|§+au?V)dvg—/ lun|? (k’é)igs—/ hlun|?dvg
M M ( ) M

dg(x,Gxo

Putting the previous equality in J,, we have

2 * d'U
2 =({1-— 2% (kys) 779
Ja(uw) ( 2*<k,s>>/M e g @ Gy
2
(33) +(1=2) [ hlunttdvy + ollunlle )
q M LG

By combining (32) and (33), we get
dv
s oy < | [ a9 8% [ duas

z,Gxg
(34) +olllux gz _oar)
Using (33), (30) and the fact that h > 0

dv
2% (k,s) __ “Yg
(1 2*ks>/u| dy(z, Gxo)®

2
=25~ (1=2) [ Huxltav, + oluvllag ,an)

<28+ 0(||UN||H1%G(M))

This implies that

(35) / |u |2 (k,s) (xdqégx ) O( )+0(||UNHH2 M))
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and
2 dv
1-- hluy|?d krs) g ,
(1=2) [ Hhuntran, =28 = 5 [ P 89 B olun g )
(36) o (HuNHHiG(M))

Grouping (34), (35) and (36) we get that
= O) + olfunls_ar)-
And then ||“NHH§ .(ar) is bounded. This completes the proof of this step.

Step II: We claim that, up to extraction, there exists u € HfG(M) such that

(1) uy — u weakly in H} (M)

(2) uy — u strongly in LP* (M) for all p; € [2,2*],

(3) uny — u strongly in LP2(M, WLG?E) for all py € [2,2%(k, s)],

(4) un(z) — u(x) for a.e z € M.
Moreover, Jg(u) = 0.
The existence of u is a consequence of the boundedness of (ux) and the compactness
of the subcritical embeddings. Passing to the limit in Jy(uy) = o(1) yields J(u) =
0: we refer to Jaber [12] and Mesmar [14] for details.

Step ITII: We prove that for the subsequence of (uy)yen in Step II, we have that

2% (k,s)
7 — 2 Md 1 d
(37) VG =l = [ e du, + o(1), an
38) cnnsllVi(uy — )2 < B+o(1), With cpps = ——
n,k,s N 2 = , W n,k,s — 2(71 k- 5)7

Indeed, we set wy = uy — u. Lemma 11 yields the existence of C' > 0 such that

’|UN|2*(k,s) _ |u|2*(k,s) _ |wN|2*(k,s) <C <|u|2*(k,s)—1|wN| + |u| |wN‘2*(k,s)—1>

Using this inequality, and applying Proposition 15 to the sequence (wy ), we get
(39)

* * dU * dU
2*(k,s) _ 2 (k,s)) . dyy 2* (k, 5) g 1).
(a9 = fuy = = [T o)

Let us test Jj(un)
o(1) =(J;(un) — J(u), un — u)

- /MowuN C W2+ afuy — u)?)dvg + /M B — u) [unux|?2 — ufult] dv,
* * dU
_ _ 2% (k,s)—2 _ 2*(k,s)—2| Y%
/M(UN u) [UN|UN| ulul } dg(:c,Gxo)S
- /Muww — W) + aluy —uw)?)dv,

N / (|“N|2*(k’s) —wuyluy]* 072 4 juf*
M

—Jg(u) on uy —u

“ dv
s 2% (k,s)—2 g
) uuy|ul (k,s) ) P RENTL

(40)

— / h (|uN|q +|ul? — vuy|un|T? — uuN|u|q_2) dug
M
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On the other hand, Lemma 12 yields

A el = T e
= i [ el
and
nEr-sI-loo MhuuN|qu_2dg(xd,vC?9:0)5:/Mh|u|ng($d,U5$())s
Sl f e

Also, the weak convergence of (uy) to u in Hf (M), the last equalities, as well as
(39) and (40) imply (37). The weak and strong convergence of Step II imply

1
/M (|VUN|£27 - |Vu|3) dvg + o(1)

Jo(un) — Jq(u) =5
. 1 2% (k,s) _ 1,,12% (K,s) dvg
2+ (k, s) /M ('“N‘ [ul ) dy(z, Gzo)®

2
(41) = (; - 2(115)) /M (IVun|2 = [Vul2) dvg + o(1)

Since (J,(u),u) = 0, we have that

(oL 2 (k)1 1.1 / a
Jal) = (2 2*(k73)) /Mu dg(%GCUO)SdUg i 2 q Mhu Wy,

and then J,(u) > 0 since h > 0. Moreover EIE Jq(un) = . Then (41) yields

(42) _— /M (V[ — [Vul2) do, < B+ o(1)
By weak convergence of uy, we have that
/ IV (un — u)[2dv, :/ |VuN|§dvg+/ |Vu|§dvg—2/ (Vu, Vo),du,
M M M M
(43) _ /M (IVun 2 — |Vul2) dvg + o(1)

Combining (42) and (43) yields (38).
Step IV: It remains to show that

Nli_r)rloo /M |VuN|!2]dvg = /M |Vu|3dvg

It follows from Theorem 3 that for all € > 0 there exists B, > 0 such that

2
|v|2*(k,s) 3% (k,s) Ks(n _ k) ) ,
5 d < | = \Y% B.||v]|?.
</ﬂ dy(z, Gxo)® Yo “\ A7 + e ) [[Volly + Bel[vl];

for all u € H12G(M) Let us test this inequality for v = un — u, using the fact that

un converges to u strongly in L?(M)

2% (k,s)

*% 1V (ui —w)l5 %) + o(1)

20 Ks(n —k)

e — ] 26 . _( :
L2 00) (M, g des) Al
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Let us use this result with (37)

X dv
1) =V —w)|? = |27 (Rss) g
o(1) = [|V(un —u)ll; /\UN ul 4, (z, Gro)®
N dv
= _ 209 2% (k,s) g _ -2
= 1
IV (un U)||2[ </ lun — ul dg(:c,Gxo)S) IV (un —u)ll;

2*(1@,3)

2 *
+e> 1V (un — w)]|2 )72 4 o(1)

K (n—k)

2
> [V (uy — w2 1( sln —
A 2% (k,s)

this inequality and (38) imply

2* (k,s) 2% (k,s)—2
2

() 7 +w

, then it follows from the previous inequality that

o(1) > [V (s — )2 |1 - (K(“"“H)

1——2
AT (ks

Ko(n—k) —"7oc"
2
AT TS
for € small enough, there exists C > 0 such that ||V (uy — u)Hg < o(1). Hence the

result. This proves Proposition 16. O

Like 8 < ¢p ks

We are now in position to prove Theorem 6.

Proof of Theorem 6: We do the proof in steps:

Step I: Suppose there is ug € Hf (M), ug # 0, ugp > 0 such that (9) holds. Tt
follows from Propositions 14 and 16 that there exists u € HfG(M) \ {0} such that
Jy(u) = B >0, hence u # 0 , and Ji(u) = 0, which satisfies (2) in the weak sense.

Step II: (Regularity) Arguing as in Ghoussoub-Robert [8] or Jaber [11], we get
that u € CO*NCLY (M \ {Gxo}), for all @ € (0,min{1,2—s}), v € (0,1). We refer

to Mesmar [14] for a detailed proof.

Step IIIL: (Positivity) For all u € H} (M) we set uy(x) := max{u(z),0} and
u_(x) := max{—u(x),0} for a.e. x € M. Doing the same analysis as for .J,, we
show that (J.F)'(u) = 0, where for all v € H} (M) we set

2

1 o 1/ -1
_ dv, — 2 [ hluy |7 v d
9 /. gy Gy U0 g fy T s

In particular, ((J;)'(u),u—) = 0, hence

1
Jf () == /M(|Vv|§ + av?)dw,

* u_
O:—/ Vu_|? 4+ au?)dv +/ PV AL S —, [} +/ hlog |7 u_dv
9y o+ [ P07 e, byt

Therefore [, (|Vu_|2 + au? )dvy, = 0. Using that A, + a is coercive, we get that
[Ju—| |H12 (M) =0, so u > 0. By the maximum principle for elliptic operators [3], we

get that w > 0 on M \ G,. This proves Theorem 6. (]
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6. PROOF OF THEOREMS 7, 4 AND 5

6.1. Test-function estimates. To go below the threshold (9), we construct test-
functions modeled on the extremal for the Hardy-Sobolev inequality (5) given by

m—2
44 d: X eR" = (1+|X>*) > m:==n—k.
(

Given (M, g) and G which satisfy the Assumption 8 of Section 2. We define the
test functions (&c)eso for all € > 0, T € N := Bs(Gxo)/G’ by

m—2

2—s 2—s
_ €z
(45) Uc(7) = (628 T dy(z, 0)23> where m:=n—-F%k >3

where § is defined in (10).

Lemma 17. Let (X, g) be a compact Riemannian manifold of dimension m > 3,
and (By, (20), exp,,') an exponential ball centered at xo and of radius p € (0,i4(X)).
So setting x = exp,, (r0), for all x € B,,(x0), we have that

(46)
N Agf(xzo) | flzo)
/S foexp,, (z)/det(g)(x)df = wy, [f(xo) - ( o o+ 6”‘2 scazg(xo)ﬂ +0(r?)

For all f € CY(X), where r = dgy(x,z0) and df and w,,—1 are respectively is the
area element and the volume of the unit sphere S™~1 of R™.

Proof. Using the Cartan expansion of the metric g to order 2 (for the proof see
Hebey [9]) for any point « € B, (o), that is

1
9ij () = 0ij + ng‘aﬁjx%ﬁ +0(r).
With this expansion and a Taylor expansion of f, straightforward computations
yield the result. O

Remarque 18. In the exponential map (N, expgol), we pass to the polar coordi-
nates (r,0) such that for all T € N, we have r = dg(Z,Zo) and € S™ 1 . So we
have for all T € B,,(Zo)

(47) dvy (%) = \/det(§)(z)dz = /det(g)(z)r™'do

with dz = (expz,!)*(dX), and with Gauss’s Lemma, we have that §1;(Z) = 61;.
Lemma 19. For ¢ as in (44), we have that

Vel 72y = Jpm |VOPAX — m Scaly(Zo)e* +o(e?)  if m>5
) me [Vo[*dX — %Scalg(a‘:o)ez In(1) 4+ O(e?) ifm—4

€

Jam |X 12| Vo[dX

Proof. Since . is a radial function, so by the Gauss Lemma above, for all £ € N

‘Vae@ = gijviaevjae = gr?“(vra€>2
,,,2(175)

2(m—s)

(62_5 + ,,«2—5) 2—s

_ (m o 2)26m72
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We integrate |[Vic|? over N using (47) and Cartan expansion (46) and by changing
the variable r = €ep, we write

o (1-5@m 2 o))
/ |Vﬂe‘g2}dvg =(m— 2)2€m72wn—k—1 / P 2(m—s) dr
N 0 r2s (62—3 + TQ—S)TS

wo (1= 5 g 4 O((en)?))
(m = 2)*wp—1 / pm d
0

2(7n 5) P
p2s (1 + p275) —s

—92)2
(48) = Ae) — %Scalg(fo)wmle(e) + C(e)
where v
- erld
A(e) :=(m — 2)2wm_1/ id Ele)
0 25 (1 + p2 5) s
Lo m+34 - m+1 3d
B(e) = 62/ p p2(7”75> and C'(e </ (<) 2(?'1,75) >
0 p2$ (1 + p2—s) 3—s + ,02 s) 2—s

Step I: We first compute A(e):

+oo m+1 400
p" T dp
Ale) = (m — 2)*wp, 1 [/ ) —/ ]
0 pQS (1 + p2—s) 2—s PTO

“+o0 m-+1
P dp
:/ \V(b|2dX —(m— Q)me_l/ )
m ‘)TO P2S (1 + p275) 2—s

(49) = / [Vo|*dX + O(e™?)

m+3

Step II: On the other hand, p — L € L'(R™) as soon as m > 5.
p2s(1+p2fs) 2—s
Therefore for m > 5, we have that

/7 m+3dp 62/+c>o pm+3dp
p2s 1+p2—s)2(§i§s) 20 p2s(1+p2—s)%

Em=2uyly [ XPIVOPAX +0(?)

Wyp—1

When m = 4:
)

1 7d - 7d
B(e) :62/ PP 2(d—s) +E2/ Pr 2(4—s)
0 p25 (1 +p2 5) s 1 p2s (1 +p2—s) 2—s
PO

< dp e pr 1 1
&) +e </ o +/ 2s 2G—s) sy | 4P
1 P 1 1Y (1 + p2—s) 2—s (pQ—S) 2—s
PO 7—230( 1 )

< P =5
:0(62)+e21n<”—:)+62/1 L dp

(1+p2—s) 2—s

And then
e2(m 2) W U Jam [ XPIVO2AX + O(em=2)  ifm >5
(50) Be) = { O(€?) + € ln(e) ifm=4
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Step III: Finally straightforward computations yield

[ oo(e?) ifm>5
(51) Cle) = { O(e?) ifm=4
Grouping (49), (50) and (51) in (48), we get the expected estimate. O

Lemma 20. Let f € C*(N) be such that 0;f(To) = 0 for i = 1,...m, m :=
n—k >4, then

f|ﬂe |2*(k,s)

~ d3(Z,%0)*

|¢|2*(k,5)
dvg :f(l‘o)/ . WdX

Az x
_ 2 ( g (o) + (o) Scalg> / |X|275|¢7|2 (COFD e
2m 6m Rn—F

*(k,s)
*(k, e)(]\f,dg(i,(lilo)_deg)
sion (46) and performing a change of variable r = ep

Proof. We compute ||u€|\ L2 using (47) and the Cartan expan-

PO

* g o 7o) — D, r(ep)? + O 3
gt s = | pr-1 ) = Posleo) 1 OUen)))

2(ms)

p% (14 p2—5) 2=
(52) = f(20)A(€) = Dy, pwym— 1B () +0(C'(e))
where
A~ pTO 'rn—l
Dg,f = gf(wo) + f(xO)S(Zalg, A/(E) = wm71/ dp (m7s) :
2m 6m 0 ps (14 p2=s) 2=
£ pmts £o m—1 3
BI(E) — 62/ dp (m > ; C,(E) ::/ 14 (fp) 2((1’573)
0 p(L+p>) > 0 po(L+p?s) >

Arguing as in the proof of Lemma 19, we get that

Ale) = 9 7 x4 oen—s
97 o TRT O

B = ugty [ Xl 9ax + o)
R’HL

and
O(€?) ifm>5 m=4and s<1
C'(e)={ O(e¢In %) ifm=4ands=1
O(em—9) ifm=4ands>1
By gathering these identities in (52), we will have the announced result. (]

Arguing as in the above proof of Lemma 19, we get that:
Lemma 21. For all g € C°(N), and q € (0,2*(k)) we have
€ 9(To) [om [6]2dX 4 o(e™ ) ifg>
[ sladravy = § <% (2 g1+ OcE n ) ifa=
N ) (e—""'";z) <m—2>) ifg< %

g(m—2) ('m. 2)
2

v}
*
—~
&
N

m—

[ V)

*
=
=

v}
*
=
N
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In particular, when g = 2, we get that
- 2 2 : >
/ gﬂZdvg—{ €2g9(Zo f]Rn k|qb| dX+O(6) sim>5H
N

9(Zo)wze? In(2) + O(€?) ifm =4
Lemma 22. Form=n—k > 5, and ¢ as in (44), we define
oy o Jrm [9PAX
VT e IVOPAX
ko - 1 Jam (X1 B90dX 1 [o. [X[PVedX
27 Ty (2" (k.9) = 5
2*(k, 8)3m f]Rm | le‘b dx 6m me |Vo|2dX
1 Jg |1 X2 g (B9)d X
k3 =

2*(k, s)m o |¢||2;((": 2 dX

We have that

k —2)(6 — k -2 —4
63) B, -2 kg oDy
ky " 12(2m —2—s) k1 4(2m —2 — s)

+oo _tidt

Proof. Let p,q > 0 such that p—q > 1. We consider [l = [, an integration

p [(I‘H
q+1 p+1-

L+ qii . These two relations allow us to find the following results which will
be useful for the calculation of our main ratios:

p—q—1 +1 g+1
(54) Ig+1 = qu and I;Z_,’_l = 1)_7_1];’1"'1

aror

by parts shows that I = Moreover, one can easily show that [] =

Now, we will calculate the ratio ’;—f using (54). Passing in polar coordinates (r, ),

and setting t = r2~% such that dr = ﬁtiﬁdu we will have

+o0 m—1 +o0 o —1
T dr Wy —1 t2-s
(55) / |¢|2dX:wm_1/ 2(m-2) 5 _ / 2(m—2) dt
m 0 1+ 74278) 2—s s Jo (1+ t) 53—

Similarly, we can prove that

(56) / XPIVoPdX =
an

(m _ 2)2wm_1 /+oo 25L+1
o

2-s 1+w 742

Using (55) and (56) and (54), for ¢ = 2(771 2 we will have
m—2
(57) me |X|2‘v¢|2dX _ ( 2_3) wm_1]g+2 _ m(m — 2)(m +92— S)
Jam 162dX ] 22m —2—s)
In a similar way, we will have for p = %7 g=72 -1
—S * .S 1

Gy Jen XPTOEEOAX LG m(m—g)

Jam 024X II T 2m—2)2m—2-s)
and for p = 2(’2”_;3)’ g = m=s

w | Vo[2dX 1

(59) M:(mfgyL:(mfg)(mfs)

2% (k,5) .

S i dX p—1-q-1

By combining (57), (58), and (59), we get (53). O
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6.2. Proof of Theorem 7. We now go back to the initial manifold (M, g). For
p >0, we let N := Bgy,(po)/G' = Bz,(po) that is a Riemmanian manifold of
dimension m > 4. We take the family (%¢)eso defined as on (45), and we define

JERS L
(62 S—i—d @.70) ) if x € B,,(Gxo)
ue(z) = n
(62 S it € M\ B, (Gro)
Note that ue € H} (M). Let J, be as in (8). For all € > 0, and ¢ > 0, we get
t2 t2*(1€,s) UQ*(k’S) td
Jo(tue) = ¢ d < dv, — — huld
) = [ 9w, s e g
t2 t2 (k,s) t4
60) = —A—-—B.——C.
(60 2 2*(k, s) q
Where
A, = / (|Vﬂ5|§ + dﬁf)dvg +/ (|Vu€|£27 + au€2)dv9
N M\ B, (Go)
B, :=

a

[ R S
N d3(Z,Zo) M\ B,y (Go) dy(z, Gzo)

C. ::/ E\ﬂ6|qdvg+/ hudv,
N M\ B, (Gzo)

with 7(z) = o~ == h(Il(z)), a(z) = o~ =2 a(Il(z)), and f(z) = o~ 7F=2 ([I(z))
Outside the ball centered in Gxq, we have that

/ (Va2 + au®)dv, = O(™2)
M\ B, (Gzo)

x dv
2% (k,s) g O( m—s)
Ue _— = €
/J\/I\Bpo (Go) dg(z,Gxo)*

/ hutdvy = O(e 2
M\B,, (Go)

By using the equalities above, and Lemmas 19 and 20 we get

A= L IVgpRdx — Jam XLIVORAX IXEIVOIRAX g al ()2 + e2a( (70) fe ¢|2dX +o(e)  ifm>5
‘ Jpa [VO[2dX — %Scal (xo)e In(1) + a(Zo)wse? In(2) + o(e? In(1)) ifm=4

2% (k,s) CF(= 7
=Fan) [ e (S T sels ) [ NP 00X ot

x|

q('m. 2)
6’I'VL —_——

h(Zo) [ 6]7dX + O( me w) sig> Z*Q(k)
Ce=1q €% In($)h(Zo)wm—1 +o(e* (7)) si ¢ = 2K
O (e@) siq < 2200
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Hence, when € — 0
o )
Ac— Ag = / |Vo|*dX , B, — By = f(mo)/ X

Step I: We prove that for all ¢ > 0, there exists a unique t. > 0 such that
sup Jy(tue) = Jy(teue), and that
t>0

dX, et Cc. — 0

(61) te =T(1 — apCe + 0o(C)),

where T, = (AEBgl)Z*UC}S)*?, ag > 0, and the sequence t. converges and its limit
to verifies tg k) B = A,.

Indeed, % vanishes for t = 0 or else for t. > 0 such that A, = f.(t), where

fe(t) == 12" (k$)=2p 4 19-2C . Since A, > 0, B.,C. > 0, C. > 0, a straightforward
1

analysis of f. yields t. — tg := (AOBO_1)2*<M>*2 when € — 0. Furthermore, we

have that

te = (A B! — 19720, BT T
1
=T, (1— 47 2A71C) T2 = T, (1 — agCy + 0(CL))

qg—2 4 —1
With o = ;ET‘:)O_Q. This completes our step.
Step II: We show that with subsequence near (uc)eso, we have
2% (k,s) T(‘)J
(62) Jo(teue) = cn s (I(ue)) @72 — —Cc +0(Ce)
q
: _ 2—s

With Cn,k,s = m and

Vue|? + aue)dv

2
. d (k)
(fM |ue|? (k,s)idg(xé?wo)s)

Indeed, the expansions (60) and (61) of J,(tu.) and t. imply

t2 t2*(k7x5) 4
Jq(teue :iAe - = B, — ice
alteue) 2 2*(k, s) q
T2 72 (k) . T4
=S A - B ~T2A 4+ T¥ R B + TIC,)C, — = C, + o(C.
) 2*(k,5) +a0( € + 1 + 1 ) q +0( )

The explicit definition of T, then yields (62).
Step III: We prove that

Ks(n —k)

A" s (e)
(klt_l(d_io) — kgscalg(fo) + kg%?) 62 + 0(62) sim > 5,
w3 (fw |ng§|2dX)71 (d(fo) - %Scalg) €2 ln(%) + o0 (62 ln(%)) if m =4,

Where k1, ko, k3 are constants as in Lemma 22. We distinguish 2 cases:

Case IIl.a: m = 4. In this case we have
I(u) = C1 + Cowse? ln(%)o (62 ln;))
(C5 + Cye 4 0(€?)) 7
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with
2 (k,s)
Ch = fps [VOI2dX;  Co = a(zo) — 4Scaly(#o); Cs = f(70) fou Urgr—dX;
Cy=— f(xO) Scalg(i’o) + Agf(l’o) / ‘X|275‘¢|2*(k’s)dX.
24 8 Rn—F

It then follows that:
1 C1 + Cowse*In(1)2 + 0 (2 In(L))

2 2
Gy (1 + %;162 + 0(62)>

= <I{5(TL2]€)) 1 (1 + %U}3€2 In <1) +o (62 ln(1)>>
A" wws Ch € €
The proposition is proved in this case.
Case IIl.b: m > 5. In this case we have
CL+ 0262 + 0( 2)
(C3 + Cye? 4 0(€2)) EHC)

I(ue) =

I(uc) =

with
Cr = [ [Vo[?dX; C2 = a(o) me| 9|2dX — 1 o Scaly (To) [ [ X7 VEI2dX;

2 * f(z T if(@ —s *(k,s
Cs = .’IJO me ‘X|S dX; C,= (%Scalg(l'o) + #) me |X|2 |¢|2 (k,8)qX.

It follows that:
1 C1 + Coe? + o(€?)
—5 —5
Cy (1 +Ge 0(62)) e

G Cq Cs 2Cy 2 2
- c;,ﬁ " Cgﬁ <01 2*(k,5)C5 ) © ole)

Since ¢ is an extremal for the Hardy-Sobolev inequality (4), we get that

Oy 2C, A~f(f0) & KS(TL - k)71

G2 204 a(30)— kaScals (zg) + ks 220 g C1 :
C1 2¢(k,5)C3 (To) —kaSealy(To) ks f(Zo) orte  ATTES

I(ue) =

Lemma 22 completes the proof of this case.
Step IV: We show that there exists a constant ¢ > 0 such that
K (n—k)

Jq(teue) S Cn,k,s (Alz*(zk,s)

Indeed, for m >5

2% (k,s)—2 (m 2) q(m—
— ch(wo)e™ +o(e" =)

(63)
Ks(n —k) - ( - ’ - v Ag (x0)> 2 2
I(u.)) < ———=— +ks|a(Zo) — ¢, 1 Scalg(To) + ¢ ks —=—— ) € + 0o(e
(ue) i 5 | @(To) — ik s Scalz(To) + ¢, 1, F(zo) (€7)
with, as in (53),

o m=2)(6—s) _
mks T 12(2m — 2 — s) s 4(2m —2 — s)
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Consequently, there exists ks := k5(m, s) > 0 such that
Jg(teue)

2% (k,s)

K n — k 2% (k,s)—2

< Cnok,s ( i( P )> + ke (a(l'o) - c;,k,sscalg(‘i‘()) + C;:Ak s
AT (ks ’

3/ (%)
)
(64) +m¥>—%%z+ma>

with

q(m=2) - —2)

Comem " hiag) [ lolrax +0 ("
Rn— k

) +o(e™™ s
Now m — w < 2, it follows that €2 = o(e™~ =2 ) which proves our equality.
For m = 4, by the previous steps there exists kg := kg(m, s) > 0 such that

K.(n—k) ¢ 1 1
I(ue) < M + ks (a(zo) — ¢}, 1 sScalz(Zo)) € In ( ) +o (62 In ())
ATk Y ’ €

This implies that
Jq(teue)

(65) +o0 (e2 In (l)) — 1506 +0(C.)

In this case
C. = 64—%(550)/ |p|9dX + o)
Rn—k

Then €?In(1) = o(Ce) which proves the rest of our step. We can now conclude.
Since h(zg) > 0 in (63), we get the conditions of Theorem 6, and this implies the
conclusion of Theorem 7.

6.3. Proof of Theorems 4 and 5. We note that if h = 0, then (62) becomes

2% (k,s)

Jo(teue) = cn s (I(ue)) T2
Therefore, if

inf fM(|VUe|2 + aue)dv, < Ki(n—k) -

2 )
ueH\{0} f |’LL |2*(k,s) dvg 2% (k,s) Al 2% (k,s)
M 7€ dg(x,Gxo)®

by following the same argument in Step II of the proof of Theorem 7, we get that
the conditions of Theorem 6 are verified, and this implies the conclusion of Theorem
4. Moreover, if

_ (n—k—2)(6—s) _ (n—k—-2)(n—k—4)A;
(@0) < To@n — 2k —2 sy o)~ m T ey

Then we can deduce from (64) and (65) the proof of Theorem 5.

f (o)
Zo)

l
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