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LOGARITHMIC GROSS-PITAEVSKII EQUATION

REMI CARLES AND GUILLAUME FERRIERE

ABSTRACT. We consider the Schrodinger equation with a logarithmic non-
linearty and non-trivial boundary conditions at infinity. We prove that the
Cauchy problem is globally well posed in the energy space, which turns out to
correspond to the energy space for the standard Gross-Pitaevskii equation with
a cubic nonlinearity, in small dimensions. We then characterize the solitary
and traveling waves in the one dimensional case.

1. INTRODUCTION
We consider the Schrodinger equation with a logarithmic nonlinearity,
(logGP) iOpu+ Au = Auln |ul, Uj— = U,
where z € R?, d > 1, A > 0, and with the boundary condition at infinity
lu(t,z)| =1 as |z] = oc.
Such boundary condition is reminiscent of the standard Gross-Pitaevskii equation
(1.1) iOu+ Au= ([u® = 1)u, wuy—o = uo,

whose Cauchy problem was studied in [8] 22] 23] 24] [45] 46]. The most complete
result regarding this aspect is found in [23] [24], where, for d < 3, (L)) is proved to
be globally well posed in the energy space

Ecp = {u (S Hlloc(Rd) |EGP(U) < OO} s

where Eqp is the Ginzburg-Landau energy
2 1 2
Eap(v) = [Vulliz gy + 5 » (Jul* = 1)" da.

See also [35] for an analogous energy-critical problem. The logarithmic nonlinearity
was introduced in the context of Schrédinger equations in [9], as it is the only nonlin-
earity satisfying the following tensorization property: if ui(¢,z1),...,uq(t,zq) are
solutions to the one-dimensional equation, then u(t, z) 1= uy (¢, 21) X - -+ X ug(t, q)
solves the d-dimensional equation. This model has regained interest in various
domains of physics: quantum mechanics [44], quantum optics [9], 32 37 0], nu-
clear physics [34], Bohmian mechanics [41], effective quantum gravity [47], theory
of superfluidity and Bose-Einstein condensation [I]. The logarithmic model may
generalize the Gross-Pitaevskii equation, used in the case of two-body interaction,
to the case of three-body interaction; see [47] [48].

RC is supported by Centre Henri Lebesgue, program ANR-11-LABX-0020-0. A CC-BY public
copyright license has been applied by the authors to the present document and will be applied to
all subsequent versions up to the Author Accepted Manuscript arising from this submission.
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2 R. CARLES AND G. FERRIERE

1.1. Cauchy problem. From the mathematical point of view, the Cauchy problem
for is more intricate than it may seem at first glance. The difficulty does
not lie in the behavior of the logarithm at infinity, of course, but in its singularity at
the origin. In the case of vanishing boundary condition at infinity, ug € H*(R%), the
Cauchy problem was solved in [I4] (case A < 0, see also [33]) and [12] 28] (for any
A € R), by constructing solutions of a regularized equation converging to a solution
to the exact equation, which turns out to be unique. Even when nontrivial boundary
conditions at infinity are considered, like in the present paper, the singularity of the
logarithm at the origin is the main difficulty, as the cancellation of the wave function
is difficult (if not impossible) to rule out for all (t,2) € R x R%. The nonlinearity
fails to be locally Lipschitz continuous, so the fixed point argument employed in
[23] in the case of (L)) is hard to implement. Similarly, the existence result from
[22] holds for more general nonlinearities than in (LIJ), of the form f(|u|?)u, but
the function f is required to be at least C? on [0,00): in our case, f(r) = Inr is
not even continuous at the origin. Even if a solution of the form v € 1+ H' is
considered in the one dimensional case (where the H!-norm control the L* norm),
it is not obvious to make a solution global in time, even if ||ug — 1|| g1 < 1. Indeed,
the conservation of the energy in the context of reads d€iogcp/dt = 0,
where

510g(;p(u) = ||Vu||ig(Rd) + )\/d (|u|2 In |u|2 _ |u|2 + 1) dz.
R

Consider F' the antiderivative of the logarithm, such that F(1) = 0: F(y) = ylny—
y+ 1for y >0, and F(0) = 1. The above potential energy is the integral in space
of F(Jul?). We note that F' > 0 on [0, 0), and Taylor’s formula yields

1
s
0< F(y) =y? / ds < y?,
<F(y) =y Ty SV
and so 0 < &pgap(u) < Egp(u). But this is not enough to solve in the
energy space, neither locally or globally in time. As a byproduct of our analysis,
we will see that in low space dimensions, d < 4, the energy spaces for (logGP)),

Eiogap = {v € Hip (RY) | Eiogap (v) < 00},

and (L)) coincide, Eiogap = Egp. Note that the energy space Egp was described
very accurately in [23] [24]. We consider the notion of mild solution, based on
Duhamel’s formula:

t

u(t) = ePuy, — i)\/ elt=s)a (u(s) In |u(s)|2) ds.
0

As we construct solutions to as weak solutions, it is sensible to ask whether

or not these solutions are also mild solutions, in the same fashion as in [43]. Our

main result regarding the Cauchy problem for is the following:

Theorem 1.1. Let d > 1.For any ug € Eiogap, there exists a unique u € LYY (R, Eiogap)
solution to (logGP)). Moreover, the flow of enjoys the following properties:

The energy is conserved, Eiogap(u(t)) = Elogar (uo) for all t € R.
u—ug € CO(R, L?).

u s also a mild solution.

If Aug € L2, then u —ug € WP (R, L?) N LS.(R, H?).

loc
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We emphasize that due to the singularity of the logarithm at the origin, it is
hopeless to look for a direct Picard fixed point argument on Duhamel’s formula in
order to construct a solution. In addition, like in the case of vanishing boundary
conditions at infinity evoked above, it is not clear that Strichartz estimates can
help in the construction of (local in time) solutions.

Remark 1.2. The parameter A > 0 can be set to 1, by considering the unknown

function v(t,z) = u (%, %) We choose to stick to the general notation A in order

to keep track of the dependence on the nonlinear term more explicitly.

1.2. Solitary and traveling waves. There are many references regarding the
existence, description and the stability of solitary and traveling waves for (L)), as
can be seen for instance from the results evoked in [20]. In order to consider both
solitary and traveling waves, we look for solutions of the form

(1.2) u(t, ) = e“p(x — ct),

where w € R, ¢ € R% and ¢ € Eogap- In the case ¢ = 0, we classically call the
solution a solitary wave, and if ¢ # 0, we call it traveling wave (stationary wave if
w = ¢ = 0). From the mathematical point of view, the study of traveling waves
for () (with w = 0) goes back to [§], and has known many developments since;
see e.g. [21 B [15] 16, 39 [40] and references therein. We emphasize than in these
generalizations, nonlinearities other than cubic are considered, of the form f(|u|?)u.
However, it is always assumed, among other assumptions, that f is continuous on
[0,00): in the case considered in the present paper, f(r) = lnr is unbounded at the
origin, and some work is needed.

In the one dimensional case, traveling waves for (I.I]) are either constant, or such
that 0 < ¢ < v/2, and given explicitly by

c? 2z . c
ch(x):\/l—Etanh( 1_Eﬁ>+lﬁ’

up to space translation and a multiplicative constant of modulus 1; see e.g. [2].
This solution u(t,z) = ¢.(x — ct) is usually referred to as dark soliton, and black
soliton (or kink solution) in the case ¢ = 0 (the only case where ¢ has a zero). In
the case of (logGP)), we do not have such an explicit formula, but somehow a very
similar description. In the general case d > 1, we have:

Theorem 1.3. If ¢ € Eioeap and u is a traveling wave of the form (L2), then
w=0.

This conclusion meets the one from [19], a case where however the assumptions
on nonlinearities other than cubic are not written. It is not obvious that the
logarithmic case is easily inferred, as [I8] (which is central in the argument of [19])
considers only polynomials nonlinearities. We now focus on the one-dimensional
case. First, like for ([ITI), if |c| is too large, then there is no non-constant traveling
wave:

Theorem 1.4. Let d =1 and ¢ > 2\. Any solution to of the form ([L2)

s constant.

We now come to the description of non-constant traveling waves:



4 R. CARLES AND G. FERRIERE

Theorem 1.5. Assume d = 1 and c such that ¢> < 2)\. There exists a unique
non-constant traveling wave in the following sense: there exists a traveling wave ¢,
such that any non-constant traveling wave u of the form ([I2) is such that

¢ = eie(bc(' - x0)7

for some constants 0,xy € R. If ¢ # 0, ¢. never vanishes. In the case ¢ = 0, ¢g
can be taken real-valued and increasing, and then

B, Pol@) = %1

We emphasize that qualitatively, we obtain the same properties as the black
soliton, even though it is probably hopeless to get an explicit expression in the case

of (logGP).

1.3. Content and notations. In Section 2, we reduce the study of in the
energy space, by analyzing the potential energy and characterizing the energy space
FEiogcap. In Section B we prove that any solution in the energy space is unique, and
that it is a mild solution. The heart of Theorem [I.1] is established in Section [
where a weak solution is constructed by an approximation procedure. In Section [}
we show that H? regularity is propagated by the flow, completing the proof of
Theorem [T We prove general results regarding solitary and traveling waves in
Section [6] in particular Theorem [IL3l In Section [1] we analyze stationary waves in
the one-dimensional case (Theorem in the case ¢ = 0). One-dimensional trav-
eling waves are studied in Section [§] where we complete the proof of Theorems
and [[L4] We conclude this paper by open questions in Section

We define the L?-bracket by

()= [ fada.

For k an integer, we denote by C* the class of k times continuously differentiable
functions, and if 0 < s < 1, by C¥* the class of k times continuously differentiable
functions whose derivative of order k is Holder continuous with exponent s. If s = 1,
Ck1 is the class of k times continuously differentiable functions whose derivative of
order k is Lipschitzian.

2. PRELIMINARY RESULTS

2.1. Generalities. First, we recall some properties about the logarithm. The
first property was discovered in [14], and is crucial for uniqueness issues related

to (ogGP).

Lemma 2.1 ([I4, Lemma 1.1.1]). There holds

‘Im ((22 In|zo]® — 21 In|z1?) (Z5 — Z))‘ <2z -z,  Va,zeC.
The next lemma measures the continuity of the nonlinearity in (logGP):
Lemma 2.2. For alle € (0,1) and x,y € C,

[wnfal® — yin yP| < € (|2l zl] + Iyl ]l ) |o — yl' = + 2} — y.
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Proof. Let x,y € C and assume without loss of generality that || < |y|. We also
assume z # 0, otherwise the estimate is obvious. Then, we have

Pmuf—wmmﬂ=mwmurwmw$2mu%iwn

<2z —yl.
On the other hand,
2 2 1—
[yl = yIn lyl*| < 2l — yllnfyl] < 2o~y Jyl [yl
hence the conclusion. O

Then, we also recall a result about norms on finite dimensional subspace of L2.

Lemma 2.3. If {fx},, is a finite family of L* linearly independent functions,
then there exists C > 0 such that, for all A, € C,

> At

k=0

max|\;| < C

L2

Proof. Since {fi} is a basis of Vect {fr}, (Ax) = Y j—o A Sk is an isomorphism
from C™ into Vect{fx}. Since we are in finite dimension, the conclusion easily
follows. O

2.2. Potential energy. We start by a result on the potential energy &,ot, given
by

Epot (V) = / (|v|21n lv]* — o + 1) dz.
R4
Let
Epot(v) = / (Jv| = 1)?1In (2 + |v]) da.
Rd
We know that both previous quantities are non-negative. The following result shows
that they are actually equivalent.
Lemma 2.4. There exists Ko > 0 such that for all v € Eioeqp,
1

Ko

Proof. Taylor formula yields, for y > 0,

Epot(v) < Epot(v) < KoEpot(v).

1
y2lny2—y2+1=4(y—1)2/ (1+In(l—s+sy)) (1 —s)ds.
0
Distinguishing y < 1 and y > 1, we get:
1
ln(2+y)§/ QI+In(I-s+sy)(l—9s)ds<In(2+y),
0

and the result follows, by considering y = |v]. O

This second functional E,. appears to be more convenient than &£,o. For in-

stance, since In2 < In (2 + |z|) < In2+ Cs|z| — 1|° for all § > 0, we can relate Epot
to the L?-norm of |v| — 1, but also to any LP-norm, for p > 2 as follows:

Lemma 2.5. Let p > 2. There exists C, such that for all v € Eigeap,
2 2
In (2) [|[v] = 172 < Epot(v) < In(2) [[[v] = 1|72 + Cylllv] = 1|7,
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2.3. Energy space. As for the energy space, Lemma [Z.4] leads to
Eiogap = {v € Hp (RY) | Vv € L*(RY) and Epor(v) < 00}
We prove an even more explicit description of Ejgap:
Lemma 2.6. The energy space is characterized by:
Elogap = {v € Hi, (RY) | Vv € L*(RY) and [v| — 1 € L*(R%)}
={ve Hp.(RY)|Vv e L*(RY) and |v] — 1 € H'(RY)}.
Moreover, there exists C' > 0 such that for allv € Eiggcp, |||v] — 1||§p < Céogap(v).

Proof. First, we show that Ejogaqp C {v € HL.|Vve L?and|v] - 1€ LQ}.

Let v € Elogap: ||V 2 < 00, and Epot(v) < 00, which is equivalent to Epot (v) <
oo. Lemma 25 yields |v| — 1 € L%

Conversely, let v € H{\_ such that [v| — 1, Vv € L?. Then V(|v| — 1) = Vv - o1
and |V(|v| —1)| < |Vv|, which shows that f = |v| — 1 € H!. Since f > —1, we
readily have

B o) = [ 1P+ Ndo< [ P mG+ 1) des [ 170+ de < x,

where ¢ > 0 is arbitrarily small, and where we have used Sobolev embedding to
conclude.

From the previous arguments, if v € Ej.zqp, the L?-norm of |[v| — 1 can be
estimated thanks to Lemma[25land Lemma[2Z4] whereas |V (Jv| — 1)| < |Vv|, hence
the conclusion. [l

Corollary 2.7. For all 6 > 1, € > 0, and p such that

[2,00] ifd=1,
(2.1) p,p+e€{[2,00) ifd=2,
2,2*] ifd>3, 2%:=2L,

é
there exists Cp ¢ 5 such that if v € Eiggap, then v|ln |v|2‘ € LP(R?) and

mll? <o s 124 ¢ (1+e)/2
v|In |v] < Cpe.s (Erogap (V)= + Elogapr (v) )-

Lpr

Proof. We know that [v| — 1 € H' and, since § > 1,
6 £
|U|’ln|v|2’ < Csllo] = 1(In (2 + ||v| = 1))° < Ces(||v] — 1| + [Jo] — 1|1+5)'

This inequality is easily established, for instance by considering separately the re-
gions {|v| < 1/2}, {Jv] > 2}, and {1/2 < |v| <2}. The result then follows from
Sobolev embedding, Lemma and Lemma 241 O

Remark 2.8. This corollary reveals an important difference with the case of van-
ishing boundary condition at infinity: in [28 [12], momenta in L? (|||z|%ul|z> for
some a € (0,1]) are considered in order to control the nonlinearity in the region
{Ju| < 1}. The situation is obviously different in the case of nontrivial boundary
condition at infinity, and the above corollary is crucial for the rest of this paper.
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Lemma [2.6] shows that for d < 4, Eiozgp = Egp, in view of the identity
ul> =1 = (Ju] = 1) (Ju| =1+ 2),

and the Sobolev embedding H'(R?) ¢ L*(R?) for d < 4. In particular, Gérard [23]
proved that Eqp + H' C Egp for d > 1, and therefore the same holds for Elogar
when d < 4. This is also true in all dimensions :

Lemma 2.9. Let d > 1. For all v € Eiogap and for all f € H', we have v+ f €
Eiogap. In addition, if p > 2 satisfies (1)), there exists C}, such that for every
such v and f,

5logGP (v + f) < CpglogGP (v) + CpglogGP (v)p + Cp”f”i[l + Cp”f”:?{l-

Proof. Let v € Eiogep and f € H'. We know that Vo, Vf € L? so V(v+ f) € L2
From Lemma 28] there only remains to show that v+ f| — 1 € L% For this, we
have for all z,y € C

ol =i+ [ 2y
r+yl=|z -y dr.
o lz+ryl

Applying this equality to u and f, we get

1
|u+f|—1:|u|—1+/
0

u+rf
lu+7fl

fdr,
hence
a1 =11 <l = 11+ 11
and, for any p € [1, o0],
=+ £1= 1l < el = 150 + 151l
Moreover, Lemmas 2.4l and yield, for any p > 2 satisfying (1),
Eioacp (v + f) < IVo+ VI + Clllv + f| = 172 + Cylllv + £ = 1117,

SIVolze + IV AT + Nl = UIZe + 1172 + el = 1%, + 11 £11Es

< Eiogar (v) + lul = o + £ 17 + £

S Elogap (V) + Eogap (V)P + ||f|ﬁql + L - O

We conclude by adapting [23] Lemma 1]. Introduce the Zhidkov space
X' (RY) = {u e L®(R?), Vue L*(RY)}.

Lemma 2.10. Let d > 1. We have Eiogap C X (R?) + HY(R?).

Proof. Proceeding like in the proof of [23] Lemma 1], consider x € C§°(C) a cutoff
function such that 0 < x < 1, x(2) = 1 for |z| < 2 and x(z) = 0 for |z| > 3.
Decompose u € Elogap as

u=1uy +uz, u=xwu, u=1-x{u)) u.
Then ||u1]/r~ < 3, and since |u| > 2 on the support of ug, for any 6 > 1, we may
find Cs such that
Jus| < Cs ||ul = 1.
Since |u| — 1 € H*(R?) from Lemma 26, [u| — 1 € L?(R?) by Sobolev embedding
(provided that ¢ < d;iQ if d > 3), hence uy € L% The properties Vuy, Vuy € L?
are straightforward, and we refer to [23| for details. O
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3. REGULARITY AND UNIQUENESS
We begin by proving the following point in Theorem [Tt
Lemma 3.1. Let I an interval. If u € LS (I, Eiogap) (that is, t — Eingap (u(t)) €

loc
L2 (1)) satisfies in D'(I x RY), then u — ug € C°(I, L?).
Proof. Since u € L{<.(I, Eiogar), we know from Corollary [27] that uln|u]®
Lge (I, L?). Moreover, Au € L (I,H™'). Therefore, yields dyu =

loc loc

Or(u—ug) € L (I, H™1), with u(0) —ug = 0. This proves that u—ug € C°(I, H™!).

loc

Since V(u — up) € Li2,(I, L?), we obtain the result by interpolation. O
This result allows us to infer the uniqueness of the solution of (logGP).

Theorem 3.2. Let ug € Eiggap and I be a bounded interval containing 0. There
exists at most one solution w € L™(I, Eiogap) to in D' (I x R?).

Proof. Let u,v € L®(I, Eipgip) solve (logGP)). Then u(t) — up and v(t) — ug are
continuous from I to L? from Lemma 31l Therefore, w := u —v € C°(I; L?). This
error satisfies (in D’ (I x R%))

0w 4+ Aw = Auln [u)* —vin|v]?).
Since on the one hand Aw € L>(I, H~'), and on the other hand uIn |u|*, vIn|v|? €
L>(I, L?), the previous equality is also satisfied in L>°(I, H~!). Asw € L>(I, H'),
we can take the H—! x H' bracket against w of the previous equality, which yields
(3.1) iW(Opw, w) g1 g1 — [Vw|?, = )\/ (uln u|® —v1n |v)*) (@ =0) dz.
R4
Thanks to Lemma 2.1 we have

2 2
< 2lju = vz = 2[wllz.

Im/ (uln |u> = vIn|v|*)(w="0) dz
Rd

Therefore, taking the imaginary part of (B.I]) leads to
1
’Re(@tw,w>H717H1‘ = —‘ < 2)\”“}”%2.

=l
—||lw
2|t
Since w(0) = 0, Gronwall lemma concludes the proof. O
We end this section with a link between regularity and mild solution.
Lemma 3.3. Let I be an open interval of R, ug € Eiggapr and u € LY (I, Eiogap)
satisfying in D'(I x RY). Then u is a mild solution, and

/t e isA (u(s) 1n|u(s)|2> ds € Hl(Rd) forallt € 1.
0

Proof. From Corollary 277, we have uln|u|” € L (I, L?), thus we can define

loc

loc

t
oL (t) = —i)\/ e~ u(s) In|u(s)|” ds € CO(I, L?) N Wb (1, H?).
0

On the other hand, since Vug € L? and ug € L™ + L? (from Lemma 2.10), we can
define e#“ g and we have e ug—ug € CO(I, L)NC* (I, H™1) (see [23]). Therefore,

v = e"Pug + e Pung(t) € ug +CO(1, L%) N Wli’coo (I,H™?),
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and we can compute
t
Ov = iAe? {uo — i)\/ e " 2(s) In |u(s)|2 ds}
0

t
+ €29, {uo - i/\/ e Au(s) In |u(s)|? ds}
0

— iAv + eitd [—Meﬂ'mu(t) In |u(t)|2}
= iAv — idu(t) In [u(t)|,

where the equality is to be understood in LS (I, H ?). Let w = u —v. Then,

w € C(I, L?) from Lemma B.1] along with the previous arguments, and with the

previous equality, we have, in L (I, H™?),

ow — 1Aw = 0.

Since w(0) = 0 by construction, we get w = 0, which proves the mild formulation.
Last, we know that V(u(t) — ug) € L? and V(e ug — ug) € L? for all t € I,
therefore

VunL(t) € L?, vtel.

Since we already know that vnp,(t) € L2, we get the conclusion. O

4. CONSTRUCTION OF A SOLUTION

In this section, we construct a global solution u € L™ (R, Epgnrs) to (logGP)). We
adapt the method used by Ginibre and Velo [26] to construct global weak solutions
to non-linear Schrodinger equations (NLS) by compactness. Here, the framework
is different since the solution is not in L?. However, we know that we should have
u(t) —ug € H'. Therefore, we will approximate the solution on ug + X, with X,,
a sequence of finite dimensional linear subspaces approximating H'.

Remark 4.1. In [12], for vanishing boundary condition at infinity, another approx-
imation is considered, consisting in removing the singularity of the logarithm by
saturating the nonlinearity, for € > 0,

(4.1) 10puf + Au® = Mufln (|u":|2 + g) , uTt:O = o,

and letting ¢ — 0. This approximation has the advantage of working whichever the
sign of A is, while the approach introduced initially in [I4] (see also [33]) seems to
be bound to the nondispersive case A < 0. In the case of Gross-Pitaevskii equation,
integrability constraints are different, and the corresponding potential energy is
given by

)\~/]Rd ((|u€|2 +e)ln (|u*5|2 + 5) —(I+In(1+¢)) (|u‘g|2 — 1) —(14+e)In(1 + 5)) .

We believe that this strategy should work, possibly with long computations; we
rather choose an approach involving an energy independent of the approximation.



10 R. CARLES AND G. FERRIERE

4.1. Finite dimensional approximation. Let {w;},_y a Hilbert basis of L? with
all w; € H' and m € N. One may think for instance of Hermite functions, all the
more since in Lemma [5.1] below, in order to prove the propagation of H? regular-
ity, we further require w; € H2 We take X,, = Vect(w;)j<m and look for an
approximation u,, of the form

(4.2) U (t, ) = ug(x) + Z Im.k(O)wr (z) = up(z) + pm (L, x),
satisfying
(4.3) <wj,i8tum + Aty — Mgy, In |um|2> =0, 0<j<m,
HY,H-1
where (f,9) ;1 g1 = Jpa f7 for Schwartz functions, with initial condition w,,(t) =

ug, which is equivalent to g, x(0) = 0 for all 0 < k < m. By substitution, [3) is
equivalent to

m

iGm.; — (Vw,, Vug) Z ) (Vw;, Vwyg)

= <U}j, f (uo + ng,k(b‘)wk> > ;
k=0

where f(z) = xn|z|>. First, we study the last term.

(4.4)

Lemma 4.2. The map ¢ — (wj, f(p)) is well defined and continuous from uo+H"
into C for any j € N. More precisely, it is C¢(ug + H',C) for all ¢ € (0,1).

Proof. By Corollary 2.7 along with Lemma [2.9] we know that the right-hand side
is well defined. Moreover, at fixed j, taking ,v € ug + H', we get

i £2) = s SN = I £0) = SN < [ Jaslf ) = )] da
N Y R ) [
2 [ fuslle - vlda,

for any £ € (0,1), where we have used Lemma The second term of the last
inequality is obviously Lipschitzian with respect to the L2- norm of the difference.

As for the first term, by Holder inequality with exponents 2, and , we control
it by
1||€ 111€
hwslslle = 15" ([ el 2|, + [[wim il Lz).
Now, H<p|1n |g0||% , and H@[J|ln |¢||% , are locally bounded thanks to Corollary 2.7
and Lemma 2.9 oﬁce again. These es%cimates yield the conclusion. (I

Lemma 4.3. There exists a solution {gm i}, to &) on a mazimal time interval
(=T, T™), meaning that T™ < oo if and only if

lim sup sup |gm, ;(t)| = oo.
t—=T™ j<m

(And similarly for T,,,.) Moreover, the gm x’s are Ct1=¢(=T,,, T™) for alle € (0,1).
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Proof. The last term of (4] is continuous (and even C%¢ for all ¢ € (0,1)) with
respect to the g, i’s thanks to Lemma [£.2] and so are obviously the other terms.
The conclusion comes from Peano Theorem and the fact that ([44]) is an autonomous
ODE. O

We will then show that such a solution is global. First, we prove an intermediate
result.

Lemma 4.4. For all m € N, (Vwg)g<m are linearly independent.

Proof. Let Ay € C such that > ;" (A\yVw, = 0. Then V¢ = 0, with ¢ =
S o Akwy, € H'. Therefore, 1 = 0, and we conclude by the fact that {wy} is
a Hilbert basis of L2 O

Lemma 4.5. The solution given by Lemmal[{.3 is global. Moreover, it satisfies

ElogaP (Um (1)) = Elogap (W),  and ||V (t)|| 12 < 24/Eogap(ug)  for all t € R.

Proof. For this, we only have to prove that all the g, s are (locally) bounded.
Come back to ([@3]): by multiplying by ¢, ; and summing over j < m, we get, in
view of (£.2),

<8tum, 10U + Al — ANy, I |um|2> =0.

By taking the real part of this equation, we obtain
d
E&OgGP (um (t)) =0.

Therefore, Eiogap(Um(t)) = Eogap(uo) for all t € (=T, T™). In particular,
[Vt (t)] 2 is uniformly bounded, and thus so is ||V, (t)||2: for t € (=T5,,T™),

IVem®)ll gz < [[Vuoll 2 + [Vum (t) 2 < [Vuoll 2 + 1/ Erogap (um (1))
< 2\/ 5logGP(u0)-

We know that Vg, (t) = 7" o gm,k(t)Vwy, thus Lemma A4 shows that we can
apply Lemma 23] which gives

Og}chmlgm,k(t)l < CnlVeom(t)ll 2 < 2Cmy/ Eogap (o) < o0, vt € (=T, T™).

This proves that the g, ;;’s are actually globally bounded and therefore the solution
is global. ([l

4.2. Uniform estimates. We have already shown the conservation of the energy
and an estimate of the L?-norm of V,,, uniform both in ¢ and m. Now, we proceed
with its L2-norm.

Lemma 4.6. Let u,, = ug + @m the solution to [3) given by Lemmal[{.3 Then
©m 1s bounded in COz (I, L?) uniformly in m, for every bounded interval I.

Proof. Since all g, ;’s are continuous, we already know that ¢,, is continuous in
time with values in L?. By multiplying (@3] by g ;(t) and summing over j, we
obtain

<90m, 10rpm + At + App — A In |um|2>H1,H71 =0,
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and the imaginary part gives

5 dt”SDmHLg =Im (Vm, Vug) + AIm <g0m,um In |y, | >

since Im (¢, Apm) g1 -1 = 0. Then, we can estimate the right-hand side :
[{(Vom, Vuo)| < [[Vom | L2 [[Vuoll L2 < 2E1056p (uo),
thanks to Lemma [£.5] and

Uy, I

[ (et )] < il

S lemll 2 (Sogar (u0)/2 + Eiogar(uo) )

by Corollary 27 Since ¢,,(0) = 0, Gronwall lemma gives the uniform boundedness
of the L? norm on every bounded interval I. Define
Em(t) = —Apm — Aug + A, In |um|2.

Then &, is bounded in L° (I, H~!) uniformly in m for every bounded interval I.
Moreover, for every t,s € I,

(@5)  loml) = en@lEa =2 [ (on(r) = on(s).pm() s

By multiplying again (3] at time 7 by gm.;(7) — gm,;(s) and summing over j,
there holds

(m(7) — m(8), Orom(T)) g JH-1 = \Pm (1) = M(S)agm(T»Hl,H*l'

=
Since we know that the H'-norms of ¢,,(7) and ¢,,(s) are bounded uniformly in
m for 7,5 € I, we get that ‘(@m( ) = ©m(8),&m (7)) g1 pr- 1‘ is bounded uniformly
inm €N, for s,7 € I. Then, we get by @3)

2
l[om(t) = em(s)llz2 < Crlt — s,
for all t,s € I, with C} depending on I but not on m, hence the conclusion. ]

4.3. Convergence.

Lemma 4.7. Let tuy, = ug + @ the solution to [@3) given by Lemma[{-3 There
exists a subsequence of (om)m (still denoted by ¢, ) and

¢ e CONR,H Y NCO3(R, L) N LE.(R, HY)

such that @, converges to ¢ as m — oo in the following sense:

o O — @ in LI, H") for its weak-x topology, for every bounded interval

I,

o on(t) = ¢(t) in L? for its weak topology, for everyt € R.
Moreover, My, In |u,|* converges to idyp + Ap + Aug for the weak-+ topology of
L*>(R, L?).
Proof. We know by LemmasE.5land .G that ¢,, is uniformly bounded in L>(I, H'),
which is the dual of L'(I, H™!), for every bounded interval I. Then, this se-
quence is relatively compact for the weak-* topology of L>°(I, H'). By diagonal
extraction, there is a subsequence (still denoted by ¢,,) which converges to some

e Lﬁfc(R H?') for the weak-x topology of L>°(I, H'), for every bounded interval
I
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!
Besides, Uy, In |u,,|* is also uniformly bounded in L>(R, L?) = (Ll(R,L2))
thanks to Corollary 2.7 and the conservation of the energy. Therefore, it is also

relatively compact for the weak-* topology of L (R, L?).
Let 6 € C3°(R) and j < m:

)\/9(7) <wj,um 1n|um|2>d7' = /6‘(7) <wj,icpm(7)>d7—/9(t) (Vw;, V(7)) dr
—/9(1%) (Vw;, Vug) dr

[ o) wy, ip()) dr — / 8(t) (Vuw;, Vip(r) dr

- /9(15) (Vw;, Vug) dr.

Since (w;); is a Hilbert basis of L2, this proves that My, In [u,,|* also converges to
i0rp + Ap + Aug in D'(R, L?). Therefore, the convergence is also in the weak-*
topology of L>(R, L?), thus we get iy + Ap + Aug € L>®(R, L?).

From this and the fact that Ap € LS (R, H™'), we get dyp € LS. (R, H™1).
Therefore, o € W,">°(R, H~') and thus ¢ € C2! (R, H=1) N Lo (R, H'). By inter-

loc . loc loc
polation, this leads to ¢ € Cloo’f (R, L?).

As for the convergence in the second item, let ¢ € R. Since ¢y, (¢) is bounded
in L? uniformly in m, the sequence is relatively compact for the weak topology of
L?. Let x be the limit of a subsequence (still denoted by ¢,,). It is then enough to

prove that y = ¢(t). Let v € (0,1) Then,
2 L[
o) Xl = (£ = om(® =)+ 57 [ {6) =, 0(0) ~ @) dr

= (p(t) = x, em(t) = X)
t+y
3 [ G0 = xpl0) = 9lr) + 000 = () + or) = (D)

Since @, pm € C%2 ([t — 1, ¢+ 1], L?) uniformly in m, we have for all 7 € [t — 1, ¢+ 1]

(0(t) = X, () — 9(T))] < Cilt = 712 [0 (t) = x|l 2,
(0(t) = Xs 0m (1) = ()] < Colt = 7|2 [lio(t) = Xl 125

hence
t+y 1
() = X132 < e(8) = xoom(®) = x) + 56O = s [ le=rltar

I

(46) 5 {(t) = x; (1) = pm(7)) d7

< (1) = X em(t) = X) + Cev2 [lo(t) = x| 2

t+y

+3 [ el = xeln) — )

Moreover, we know that



14 R. CARLES AND G. FERRIERE

o (p(t) — x,om(t) — x) — 0 by weak convergence in L? of ¢,,(t) to X,
m—00

o :i;y (p(t) — x,0(T) — om(7)) dT = 0 by the weak-* convergence in

L®((t —1,t+ 1), L?) of ¢, to ¢.
Therefore, taking the limit m — oo in (L.6]), we get

2 1
le(t) = xll72 < Cov2lle(t) = Xl e

Since this is true for all v € (0, 1), we get ||¢(t) — x| .2 = 0, hence the conclusion.
]

4.4. Equation and initial data for the limit. We are now able to prove that
u = ug + ¢ is indeed a solution to (logGP).

Lemma 4.8. Let o € CON (R, H-1)NC%2 (R, L2)NLS,
Then u == ug + ¢ satisfies (logGP).

Proof. First, since ¢,,,(0) = ¢(0) and ¢,,(0) = 0 by construction, we get ©(0) =0
and thus uj;—g = uo.

(R, H') defined in Lemmal[{. 7.

We also know from LemmaBZthat Aty In |[um|* converges to id;p+Ap+Aug for
the weak-* topology of L*°(R, L?), and thus also for the weak topology of L?(I x )
for every bounded interval I and every bounded open subset @ of R¢.

We also know that ¢,, is %-Hélder continuous in time with values in L?(R9) on
I, uniformly in m from Lemma 6, and thus also on L?(Q). Last, ¢y, (t) € H'
for all t € I along with a uniform bound in m by Lemmas and Thus,
Arzela—Ascoli Theorem for ¢y, o yields its relative compactness in C(I, L*(2)),
which shows that ¢, o converges strongly to ¢jq in C(I, L*(2)), and thus also in
L2(I x Q). Up to a further subsequence, ¢, converges a.e. to o in I x Q, and so
does u,, to u. By continuity of z — zIn |z|2 on C, we obtain the convergence of
U (, ) I [ (£, 2)]7 t0 u(t, ) In |u(t, 2)|* a.e. in I x Q. Besides, we also know that
U I |t | is bounded in L°°(I, L2) uniformly in m, and thus also in L2(I x Q).
Therefore, along this further subsequence, wp, In |u,|> converges weakly to u In |u|?
in L2(I x Q).

Therefore, by uniqueness of the limit, we get AuIn |u|2 = i0:p+ A+ Aug, which
gives the conclusion. ([l

4.5. Conservation law. We now prove that the energy of the solution that we
have just constructed is independent of time. Note that this is necessarily the

solution to (logGP)), in view of Theorem
Lemma 4.9. Let o € CON(R, H-1)NC%2 (R, L*)NLE (R, HY) defined in Lemma[Z.7]

loc
and w = up + . Then u satisfies Eiogap (u(t)) = Eogapr(wo) for all t € R.
Proof. In view of the construction of the solution, Fatou’s lemma yields
Erogap (u(t)) < Eogap(up), VEeR.

Arguing like in the proof of [I3, Theorem 3.3.9], for ¢y € R, we denote by v the
solution to with vj;—g = u|¢—y,. We have like above,

Elogap (V(t)) < Elogar (v(0)) = Eiogar (ulto)), VEER.
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By uniqueness (Theorem B22)), we infer v(t, x) = u(t +to, x), and, taking t = —to in
the previous inequality,

Erogapr (o) < Elogap(u(to)), Vio € R.
We conclude Eipgap (u(t)) = Eogar (uo) for all ¢ € R. O

5. HIGHER REGULARITY

In this section, we prove the propagation of the H? regularity by the flow of
(logGP)). We would like to proceed like in [12] (see also [14] [13]) directly on the
solution u constructed, i.e. differentiating with respect to time and get an
L2-energy estimate for ;. A direct formal computation would lead to the local
boundedness of this L?-norm with the additional argument that d;u(0) € L? as
soon as Aug € L?. However, this computation cannot directly be made rigorous
since uIn |u|? cannot be differentiated due to the lack of regularity of the logarithm.

To overcome this difficulty, we shall work on the approximate solutions u,,. In
[12], the authors worked on the approximate solutions to prove the propagation of
the H? regularity, since the above mentioned energy estimate is licit in the case of
(@1 (and provides bounds which are uniform in €). However, we cannot reproduce
the same proof here: our approximate solutions do not satisfy an equation with a
regularized nonlinearity. Indeed, the equations (£3)) can be put under the form

101 om + Py (Aum — Ay, In |um|2> =0,

where P,,, is the orthogonal projector from L? onto X,, (we can assume w; € H>
to make this rigorous).

Thus, the nonlinearity is still not smooth enough to make the computation rigor-
ous. However, by assuming w; € H? (for all j), we automatically have ¢, (t) € H?
for all t € R and m € N. Even more, we have ¢,, € C}(R, H?) since the g, s
belong to C*(R) (see Lemmal[L3]). Those crude bounds are a priori not uniform in
m, but we show that we can improve them.

Lemma 5.1. Let u,, given by Lemma [{.3 and assume w; € H? for all j € N.
Then, for all bounded interval I, Oyuy, is bounded in CO(I, L?) uniformly in m.

Proof. From LemmaL.3] we know that the g,, ;’s are C1¢ for all e € (0, 1), therefore
Orti, € CO5(R, H?). Let 7 > 0 and

Y (1) 1= 19 (t + 7172 = 1Bepm ()72

T

which is well defined for all t € R and any 7 > 0. Our goal is to prove a bound on
Ym.+(t) independent of 7 < 1. For this, we first rewrite

1
Vm,r (1) = o Re(0iom (t +7) + Orpm (1), Orpm(t + 7) — Orpm (1))
Since Opom (t + 7) and 9, (t) are in Vect(w;)j<m, we can use ([@3) and get

T Ym,r (t) = - Im<at90m(t + T) + at%"m(t)a Apm (t + T) — Apm (t)>
+ AT (o (t + 7) + Oy pm (£), tm (t + 7) I [t (£ 4 7)|° = o (8) I [t (£)]?).
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For the first term, we get
(Orpm (t), Apm (t +7) = Apm (1)) = (Deom(t), Apm(t 4+ 7) = Apm(t) — 7O, Apm (1))
+ 7(0pm (1), 0t Ao (1))
Since (Drpm (), :Apm(t)) = —[8:Vpm |7, the last term vanishes when we take
the imaginary part. On the other hand, we have shown that Ay, € C1¥(R, L?).
Hence, for all 7 <1,
1A@w (t+7) = Apm(t) = 70 AP (t)| L2 < Conpee'
Therefore, for all t € R, 7,¢ € (0, 1),
Im(Otpm (t), A (t + 7) — Api (1)) < Om,s,t71+sv

and similarly for Im(9; ., (t + 7), Apm (t + 7) — A, (1)).
Now, we also have

(Orpm (t), um (t + 7) In Jum (t + T)|2 — um(t) In |um(t)|2>
1
T

1
= Z(om(t+7) = om(t) = 70 om (t), um (t + 7) I Jum (t + ) =t (8) I fuga (£ + 7)[%).
For the first term, we can use LemmaR2Ilsince @, (t47)— @ (£) = U (E+7) —um (¢),
so that

(Pt +7) = i () wm(t +7) I [t (¢ + )| = i (8) I fus (¢ + 7))

[0 (Pt +7) = o (8), (£ + 7) Ittt + 7)1 = 0 (6) In i 2+ 7))
< 2 (t+7) = un O3z = 2lpm(t +7) = em @I
For the second term, we can use Lemma [2.2] so that
(Pt +7) = m(t) = 700w () () 10 i (¢ 4+ 7)* = e (8) In (£ + 7))

U (t 4 7) In g (E + 7‘)|2 — U () In |y (E + 7')|2HL2

< lem(t+7) — om(t) = T0om ()] 12
The first factor can be estimated like previously with the fact that ¢,, € C*¢(R; L?):

l@m(t+7) = pm(t) = 70:0som () 12 < Crmpe' .
As for the other factor, we use Lemma and then Corollary 2.7 to obtain

U (t 4 7) In |, (E + 7‘)|2 — U () In |y (E + 7')|2HL2

M)

| (1 (8 7)1 10 2 7)1+ e (1510 i )1 i (+7) = ()5 |
+ [ (t +7) = un (D) L2
S Ium(f+T)I%|1nlum(t+T)||+Ium(t)lgllnlum(t)ll‘f e (£ +7) = i (£)]' L
€ 2

+ lJum (t +7) = um (D)l 2
g

2
P (OIS OIE

2
€

S (||t + )l e+ 7)1
ol (£ 4 7) = wn (8] 2
< (Etoscp (o) + Euoggp (w0) 2 (¢ 4 7) = e (Ol 2% + (1 +7) = ()] -

5 1_¢
)t +7) = un (0)]332
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Therefore, we obtain
[P+ 7) = @ma(0) = 7010 (1), (& 7) I [ttt + 7) = (8) I (¢ + 7))
< Crmte {T%% (glogGP(U0)€/2 + glogGP(UO)E) ||5780m||1L;% + T2+€||5Tg0m||L2j| ,
where 679, = L(@m(t +7) — pm(t)). Thus, we get
‘Im(@tcpm(t), U (t + 7)1 [ty (£ + 7)|° = Uy (£) In |um(t)|2>‘
< (27 + Cont o™ ) 167 0ml |72

£ 1-£
+ Cpem' 2 (&ogGP(uO)E/Q + glogGP('UJO)E) 167 Pmll 722
Similar computations can be done for Im (@, (t + 7), tm (t + 7) In [ (t 4+ 7)|* —
U () 10 [t (£)]?), 50 We get
[m,r ()] < Crt,e™ + (4X + Cm,t,aTs)H(ST‘pm”i?

£ 1-£
+ Cm,t,a7—1+ 2 (glogGP (UO)€/2 + 5logGP (UO)E) ||6TSDm||L2 2.

At m fixed, since ¢,, € C¥(R; L?), we know that as 7 — 0, §,¢,,(¢) converges
strongly to dppm (t) in L? for any t € R, but also that, for ¢ € R fixed, ||0-¢m || is
uniformly bounded in 7 < 1. The previous estimate shows that 1, - (¢) is uniformly
bounded in 7 < 1 at m € N and ¢ € R fixed, which means that

t = [Opm(t)llz: € Wio™ (R, R).
The limit 7 — 0 in (&) then yields

< AN|Orom()][32-

d
om0

On the other hand, we also have i0;p,, (0) = Py, {)\uo In |u0|2 — Aug|, and since P,

is an orthogonal projector, we get
1910m (O < Ao 1 fuof? |, + 1 Aol .

< Ca)\(glogGP (u0)€/2 + 5logGP (UO)E) + ||AUO||L2-

Thanks to Gronwall Lemma, we get a bound which is independent of m: for all
m e NandteR,

2
10upm ()72 < |CeA(Erogar (w0)? + Erogap (o)) + || Augl| 2| . 0

Corollary 5.2. Let u given by Lemma[{.} Then, for all bounded interval I, dyu
is bounded in L°°(I; L?), and so is Au.

Proof. We want to take the limit m — oo in Lemma [B.I1 For this, we use the

fact that ¢, — ¢ in L>®(I; H') for its weak-* topology for any bounded interval
I by Lemma 7. Therefore, 0y, — O in D'(I x R?). As the L>(I; L?) norm
of dypm is uniformly bounded in m and since C.(I x R?) is dense in L°°(I; L?) =

!/
(Ll(I; L2)> , this limit shows that 0;¢ = 0;u belongs to L>(I; L?).
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To conclude, we show that uln |u|* € L>(I; L?): in view of Corollary 27 for
tel,

[uy e, < Soscr ()2 + Euogar (uo)
Hence, using (logGP)), Au € L>(I; L?). O
6. ON STATIONARY AND TRAVELING WAVES

In this section, we prove some rather general results regarding solitary and trav-
eling waves. First, plugging (I.2) into (logGP]), we get the equation for ¢:

(6.1) —we—ic-Vo+Ap = Apn|¢|>.
6.1. The only possible value for w.

Proof of Theorem [I.3. w satisfies with initial data ¢ and v € L (R; Ejogcp)-
From Lemma Bl we thus know that u — ¢ € C°(R; L?). On the other hand, we
know that, for any ¢t € R, € R? and any f smooth enough,

fla—te)— f(x) = —t/o Vf(x—7c)-edr,

which leads to

1 1
1f(x —te) = f@)] L2 < Ilﬁl/0 IVf(z —7¢) - cf 2 d7 < Ilfl/0 IV f(z—7c)|p2lcldr

1
< Jtlle / 17112 dr < [V F ]2

Since V¢ € L?, we can also apply this inequality to ¢, which proves that for all
teR, ¢(.—ct) — ¢ € L2

The above two claims imply that u—¢(- —ct) € L? for all t € R. In view of (L2),
this means that (e’“! — 1)¢ € L? for all t € R. Suppose that w # 0: considering
t=1I, weget —2¢c¢ L?, which is in contradiction with the fact that |¢| — 1 € L?
from Lemma, Therefore, w = 0. O

6.2. Regularity and limits of a traveling wave in dimension d = 1. In this
section, we prove a result about the regularity and limits at infinity of traveling
waves of the form (I2) solution to in dimension d = 1. In view of Theo-
rem [[L3] such traveling waves satisfy

(6.2) —icd' + ¢ = Apln ||
Lemma 6.1. A traveling wave ¢ solution to [@2]) satisfies

e ¢ €C} and limp,_,o|d(z)] =1,
o ¢ € H' and lim g 00 @' () = 0.

Proof. Since ¢ € Eiogap, we have ¢ € HL_ and in particular ¢ € C%z (R) by
Sobolev embedding in dimension d = 1. Actually, ¢ satisfies ([62)) with w = 0
and ¢1n |<;5|2 € L2 N C° from Corollary 271 Moreover, ¢/ € L? since ¢ € Eloggp.
Therefore, we get ¢” € L%, which leads to ¢/ € H'. By Sobolev embedding, this
leads in particular to ¢’ € Cy and, coming back to ([G.2]) once again, we get ¢ € C°.
This leads to ¢ € HZ NC*. ¢ € H' also gives lim;|_,o, ¢ () = 0. Furthermore,
with Lemma 26 |¢| — 1 € H', which means that lim |, |¢(z)| = 1 and that ¢ is
bounded, which shows that ¢ is also bounded by (G.2]). O
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7. SOLITARY WAVES IN THE ONE-DIMENSIONAL CASE

In this section, we prove Theorem in the case ¢ = 0. By Theorem [[.3] we
know that w = 0. Thus, the equation we address in this section is:

(7.1) ¢ = Apln|g|*.

7.1. Properties of a solitary wave in dimension d = 1. We first assume that
there exists a non-constant traveling wave u of the form (2)) with ¢ = 0, solution
to in the energy space, and we gather some of its properties.

First, we show that ¢ satisfies an interesting energy equality.

Lemma 7.1. If ¢ € Eiggap, then
(7.2) /17 = A (|6 n|¢* — ¢]* + 1) .
Proof. Multiplying (1) by 2¢'(x), and taking the real value, we get

d o i 2 2 42
182 = A (16 ol o> +1).

By the facts that ¢ € Eiogap and |¢|*In|¢* — [¢]? + 1 > 0, we get |¢'|> € L' and
|6]*In |p|> —|p|>+1 € L', so we can integrate the above equation, and no additional
constant of integration appears. (I

Corollary 7.2. If ¢ € Eozap 15 real-valued on some unbounded interval I, then
either ¢’ never vanishes and does not change sign on I, or ¢ is constant on I (equals
to +1).

Proof. If there is some y € I such that ¢'(y) = 0, then Lemma [7I] shows that
¢(y) = £1 as * — xlnxz — x + 1 vanishes only for z = 1 on Ry, and thus the
uniqueness part of the Cauchy theorem applied to (T.I]) gives (as long as it does not
vanish) ¢ = +1 on I. On the other hand, if there is no such y, ¢’ cannot change
sign on [ since it is continuous and never vanishes. ([l

Then, we show that ¢ can be taken real-valued up to a gauge on some neighbor-
hood of +oc.

Lemma 7.3. There exists 2= € RU{—oc} and 0 € [0,27) such that ¢(z)e~? is
real-valued and positive for all x > x~, and, either = = —o0, orlim,_,,— ¢(x) = 0.

Proof. We can write (1)) as a first order differential system,

(7.3) @) - <A¢1r|¢l2) - <<i>) |

F is a continuous function on C? and is of class C! on (C\{0}) xC. From LemmalG.T]
there exists 2o € R such that 2 > [¢(z)| > % and [¢/(z)| < 3 for all 2 > .
Therefore, by Cauchy-Lipschitz Theorem, there exists a maximal interval I, =
(7, 2") such that zo € I and (¢, ¢’) is the unique solution of (T3) on I, with
initial data ¢(xo) and ¥ (xg) = ¢'(xo), with values in C? \ ({0} x C). Moreover,
if |z7| < oo, then either lim, ,,+ ¢(x) = 0 or lim, .+ (J¢(z)| + |¢(z)]) = oo, and
similarly for the limit + — 2.

However, since we already know that 2 > |¢(z)| > 3 and [¢/(z)| < 3 for all
x > x0, we can already conclude that 7 = co. On the other hand, since ¢ € C?(R)
by Lemma [61] we know that lim, .- (|¢(z)| + |[¢(z)|) = oo cannot be true if
T > —o0.
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On I, ¢ does not vanish. Hence, we can use a polar decomposition: ¢ = pe®?,
with p and 0 real-valued and defined as

_ Im(¢/3) b(a0)
p? p(zo)
The regularity of ¢ and the fact that it does not vanish on I, ensure that p and

are well defined and C? on I,. Thus, we can compute ¢” in terms of p, #, and their
derivatives:

(7.4)  p=lol, ¢ . 0(zo) € [0,27) such that e??@0) =

¢// _ (p// _ 0(9/)2 + Qiplel) eie'
Substituting into (1)), we get (after simplification by e?)
(7.5) o = p(0)? +2ip'0" +ip” = Apln p>.

By taking the imaginary part, we get pf” + 2p'6’ = 0. Since p does not vanish on
Iy, we get for all z € I:
co
() = —,
=
where ¢ is a constant. Then, we can compute for all € Iy
wuw4wm+wwwuwﬁ@—<wm+i%Qém%
p(x

which leads to < € L?(I;) and at the same time lim o, < = co since we know

that lim, 400 p(2) = 1. Combining these two arguments yields ¢o = 0.
Hence, 6 is constant on I, which gives the conclusion. O

From now on, without loss of generality, we can assume that 6 = 0 in Lemma[7.3]
up to changing ¢ to e~ .

Lemma 7.4. Let = € RU{—o0} from Lemma[7.3 Then = > —oco. Moreover,
o(z) € (0,1) and ¢'(x) > 0 for all x > x~. Last, p(x~) =0 and ¢'(z~) = 1.

Proof. From Corollary [[.2] we know that ¢’ never vanishes and does not change
sign on (z~,00). By contradiction, if ¢(x2) > 1 for some xo > x~, then
e Either ¢/ > 0 on (z7,00), and thus ¢(x) > ¢(x2) for all x > x5, which is
in contradiction with the fact that lims|é| = 1.
e Or ¢ <0 on (z7,00), which means that ¢(z) > ¢(x2) > 1 for all 2~ <
x < xy. Therefore, x~ = —o0, but then we have the same contradiction as
in the previous case, for —oo.

Therefore, ¢(z) € (0,1) for all x > x~, and this leads to ¢’ > 0 on (z~,00). Now,
remark that f(z) = 2% Inz? — 2% + 1 is decreasing on [0, 1]. Thus, A\f(¢) = (¢')? is
decreasing, which shows that, taking 2o € (z 7, 00), we have ¢ (x)? > ¢'(z0)? for all
x~ <z < g, and thus ¢'(z) > ¢'(xo). By integration, we get for all z € (z~, x¢],

d(x) < d(wo) + (x — 20)d' (20)-

Since the right hand side goes to —oo as © — —oo, and since ¢ > 0 on (x~,00),
this yields £~ > —oo. Thus, we are in the second case of Lemma [.3] and since ¢
is continuous, we get ¢(z~) = 0. Last, (Z2) holds for z = x~, and we know by
continuity that ¢’'(x~) > 0, which gives ¢/(z7) = 1. O

Lemma 7.5. Let = € R from Lemma[7.3 Then, for all x < z~, ¢(x) is real-
valued, negative and increasing.
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Proof. From Lemma [[4, we know that ¢(z~) = 0 and ¢’'(z~) = 1. Therefore,
there exists 6 > 0 such that ¢ # 0 on [z~ — §,2~). Define

zy =inf{y <z~ |Vz € (y,27),¢(z) #0} <z~ —4.

On I, == (zg,x), we can use a polar factorization in the same way as in (Z4):
® = pe'? where p and 6 also satisfy (Z5) on I. Taking again the imaginary part
and integrating the ODE, we have, like before,

HI(I) = Vz € Is.

We still have then
¢ (z) = <9’(x) + i—fo)) e,

plx

and once again we must have ¢ € L?(I) since ¢' € L?. However, we know that
¢(z7) =0 and ¢'(z~) = 1, which means that ¢(x) ~x — 2~ as x — z~. In terms
o

of p, this implies p(z) ~ |x —z~| as * — x~, and -y € L?(I3) if and only if

co = 0. Once again, 6 is constant on I, and therefore so is %. With the previous
asymptotics, we know that it tends to —1 at x=. Thus, we get

¢ =—p.

This shows that ¢ is real-valued and negative on Is. Then, we can apply Lemma [7.1]
on (z,,00), which shows that ¢’ does not vanish on this interval, and thus ¢’
does not change sign once again, which proves that ¢’ > 0 on I,. Therefore,
o) < ¢p(x™ —96) <0 for all z € (z;,z~ — J), which proves that z; = —oc. O

It only remains to analyze the limit of ¢ at —oo.

Lemma 7.6. We have
lim ¢(z) = -1

Tr—r—00

Proof. We have seen that ¢ is increasing, thus it has a limit at —oo. From
Lemma [Z.5 we know it is negative. Moreover, |¢| — 1 € L?, which means that
¢+ 1€ L*((—00,0)). The conclusion easily follows. O

The conclusion of all the previous lemmas is the following;:

Corollary 7.7. If u is a non-constant traveling wave solution to of the
form (L2) with ¢ = 0, then there exists € R such that e=*¢ is a real-valued,
increasing, C? function with values in (—1,1) which vanishes at a unique point x.

Moreover, ¢o(x) = e~ p(x + x0) also satisfies (logGP)),

I, Pol@) = %1

(7.6) (@) =A(Amof -t +1)  onR



22 R. CARLES AND G. FERRIERE

7.2. Analysis of the new ODE and proof of Theorem From Corol-
lary [T7] ¢ vanishes at z = 0, satisfies (Z.0]) and is strictly increasing, i.e. ¢ > 0.
Thus, ¢q satisfies the ODE

(7.7) o= VAR~ +1  onE.
The uniqueness of this function is the topic of the following lemma.

Lemma 7.8. There exists a unique function ¢o satisfying (L) with the initial
data ¢o(0) = 0. It is defined on R and satisfies

L dol@) = £1.
Moreover, ¢g € Fiogap-

Proof. We already know that f(z) = zlnz—x+1 > 0 for all 2 > 0, and f vanishes
only at # = 1. Moreover, by simple computations, we check that g(x) = f(2?) is
C! on R, and C? on R\ {0}. We also compute f’(1) =0 and f”(1) = 1, hence
1, ., 2
g((E) x::l:l 5 (JJ B 1) ’

From these facts, we deduce that h = /g is a C°(R)NC* (R\{—1, 1}) function such
that h(z) ~g—+1 |22 — 1|/v/2. Therefore, it is C®! locally on R, and we may invoke

Cauchy-Lipschitz Theorem: there exists a unique ¢q satisfying ¢, = \/Xh((bo) with
the initial condition ¢o(0) = 0, on a maximal interval I 5 0 of existence.

Then, ¢y cannot reach 1 or —1, because the constant function 1 and —1 are
both solutions to this ODE, and it would contradict the uniqueness in the Cauchy-
Lipschitz Theorem. Since ¢ is continuous, we infer that ¢o(z) € (—1,1) for all
x € R. Moreover, we can easily prove that there exists c¢; > 0 such that

hy) =z ey +1), Vye[-1,0]
hy) Z ei(l—y), Yy €[0,1].
Since we know that ¢o(z) € (—1,0] for all z <0, we can estimate
9h(x) = e1VA(¢o(x) +1), Vo <0,
By integrating backward, we get for all x <0,
—1 < ¢o(x) < —1+ VP,
0 < ¢(x) < crVaeVrar,
Similarly, we also have for all x > 0
1— eV < gy (a) < —1,
0 < ¢gp(x) < c1VAeVrer,

Those estimates prove the expected limits at oo, and also show that ¢ € L?
together with |¢g| — 1 € L2 We conclude that ¢y € Elogcp by Lemma 2.6 O

The previous result obviously proves that we have a set of solitary waves for
(logGP)).
Corollary 7.9. For any 6 € R and any o € R, € ¢o(. —x0) € Elogap is a solitary

(stationary) wave of (logGP).
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It remains to show that they are the only possible solitary waves in order to
prove Theorem [L.5 in the case ¢ = 0.

Proof of Theorem [L3: case ¢ =0. Let ¢ € Eiogcp and u be a traveling wave of the
form (LZ) with ¢ = 0. From Corollary [[7] we can find 6 € R and z¢ € R such
that e=?¢(. + x¢) is a real-valued, increasing, C? function with values in (—1,1),
which vanishes at 0, and satisfies (Z.0)), i.e. (1) by positivity of its derivative.
It is therefore ¢, defined in Lemma [.8 by uniqueness given by the same lemma:
e~ Wh(. 4+ x0) = ¢o, i.e. ¢ =ePpy(. — mp). O

8. TRAVELING WAVES IN THE ONE-DIMENSIONAL CASE

8.1. Admissible velocities. The goal of this section is to prove Theorem [I.4]
and characterize velocities of nontrivial (that is, nonconstant) traveling waves. We
assume that there exists a traveling wave of the form (I2)) solution to (logGP)), i.e.
¢ € E]oggp solution to m

Lemma 8.1. The function n=1— |¢|* satisfies, on R,

SO0 = helo),

where
he(y) = )\((1 Pl —y)? - (1—y)?+ 1) — 2)\—2i—c2 3
Proof. We follow the same lines as in [2]. Writing ¢ = ¢1 + i¢2, ([6.2) becomes
Ut edly = A1 In (63 + ¢2)
{ b —cd) = AdaIn (67 + ¢3) .

We multiply the first equation by ¢2 and the second one by ¢;, and we subtract in
order to get:

(9102 — G16%) = —c(badh + 6101) = 5o, m=1- o]

Moreover, we know that ¢ is bounded by Lemma 6.1} thus ¢} ¢2, 105 € L?, and
n € L? by using Lemma Thus, integrating the above identity yields

(8.2) o — P19l = gn-

(8.1)

Now, we multiply the first equation of (1) by ¢}, the second by ¢} and we sum
in order to get:

G167 + Dhdy = A (D10 + d2¢5) In (67 + 63) ,
which can be written as
li /
(1917) = A (loF mIgf* ~ |6 +1) .
We know that both |¢/|* and |¢|*In|¢|> — |¢|* + 1 (which is positive and whose
integral over R is bounded by Eogap(¢)) are in L', hence:

16/ = A(j¢)* n|¢]” — |o]” + 1) on R,
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We deduce then
" = =2|¢'* = 2(4167 + ¢2¢5)
= =216/ = 261 (—cdh + Adr In|8f") = 205 (c0} + AdaIn |6
= —4\(1 —=n)In(1 —n) =2\ — ¢*n = hi(n).

Multiplying by 7', we obtain

Since limy o, 1’ = lim4oo 7 = 0 from Lemma [6.I] we conclude by integrating. O

Remark 8.2. This lemma may be extended to the case of any non-linearity F'(u)
with F a continuous function on C of the form F(u) = u f(|ul?) with f(1) = 0.

Corollary 8.3. If c # 0, then ¢ never vanishes.

Proof. Tt comes from the fact that h.(1) = —% < 0if ¢ # 0, while he(n) = (/)2
0. Therefore, n(z) # 1, that is ¢(z) # 0, for all € R.

g

Corollary 8.4. If ¢> > 2), then n = 0.

Proof. The limiting case ¢ = 2\ is treated like in [2]: if 7 is not identically zero,
then in view of Lemma [6.I] by translation invariance, we may assume

n(0)| = max {[n(z)|, x € R} >0, #'(0) =0

In view of Lemma [B1] h.(n(0)) = 0. On the other hand, Corollary B3] implies that
1 —mn(z) > 0 for all x € R, and direct computation yields

RI(y) =4 In(1 —y), 0<y<1.

Therefore, h)(y) is positive for y < 0, negative for 0 < y < 1. As h.(0) = 0, h.,
is negative on (—o0,0) U (0,1): h, is decreasing on (—o0,1). Since h.(0) = 0, the
only zero of h. on [0, 1) is the origin, and so n(0) = 0, hence a contradiction: 7 is
identically zero.

Suppose now ¢? > 2. Since h.(0) = h.(0) = 0, and h!/(0) = 2\ — c?, there exists
¢ > 0 such that h.(y) < 0 for all y € [—¢,¢] \ {0}. On the other hand, h.(n) is
continuous, nonnegative (from Lemma BT]) and tends to 0 at £0o. The conclusion
follows easily. O

Lemma 8.5. If ¢ > 2), then ¢ is constant.

Proof. By Corollary B4l we know that |¢(z)] =1 for all z € R. Since ¢ is a CZ(R)
function, there exists a real-valued function @ € C? such that ¢ = €? (defined like
in (Z4) for instance). By substitution in ([G.2]), 6 satisfies then

et +i0" — (0')? = 0.

By taking the imaginary part, we get #” = 0. Since we must have ¢’ = i¢'e’? € L2,
we get 0’ € L? and thus §' = 0. O
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8.2. Nontrivial traveling waves. We now consider the case 0 < c? < 2. Define,
for all y > 0,

£oln) = S (% —v) + dying?
) =75 ) Ty,
2 (1—y2)?
ge(y) = _Z(yiz) + )\(yz Iny®* —y* + 1).

The following lemma is established by direct calculations:

Lemma 8.6. Let ¢ such that 0 < ¢ < 2)\. There exists 0 < yo < y1 < 1 such that
the following holds:
o f. has exactly two zeroes on (0,+00): y1 and 1.
fe is positive on (0,y1) U (1, 4+00), negative on (yi,1).
ge has exactly two zeroes on (0,+00): yo and 1.
ge is megative on (0,yo), positive on (yo, +00) \ {0}.
There exists C. > 0 such that 2-(1 = y)* < ge(y) < Ce(1 = y)? for all

y € (y1,1).
Proof. We compute

2 2
, c 3 " 3c 2\
=S (=2 —1) +2AIy +2 -+
=5 (-2 1) +omprnn o) =25+ 20
As
lim fi(y) = —o0, lim fi(y) = +oo,

y—0 Yy——+0o0
the derivative f. has a unique zero on (0, +00), which we denote by y2 > 0. Since
f1(1) = 2X — ¢ > 0, we know that 0 < y2 < 1: f.(1) = 0, hence f.(y2) < 0, and
there exists a unique 0 < y; < yo such that f.(y1) = 0.

We note that f, = % g, and in view of the above pieces of information, we can
draw:

Y 0 Y Y2 1 400

fc(y) +00 —0— B S g— “+00

+ +00
9e(y) e

In particular, g. is increasing on (0, y1), from —oo to a positive value, and there
exists a unique yo € (0,y1) such that g.(yo) = 0, and the lemma follows easily. O

Lemma 8.7. If ¢ is such that 0 < c? < 2, then p = |¢| satisfies
(83) pH = fc(p)a

(8.4) (r)? = ge(p).

Moreover, there exists xg € R such that p(xg) = yo, where yq is defined in Lemmal8.8,
and 0 € C?, defined so that ¢ = pe'®, satisfies

(8.5) 0 = 3(1 - p_12)
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Proof. By Corollary B3] ¢ never vanishes. It is also a C7 function. Therefore, we
can define p and @ as in (Z4) so that ¢ = pe??. They satisfy

(8.6) —icp' +cpd 4 p" — p(0')* +2ip'0" +ipf” = \pln p>.
By taking the imaginary part, we get
(8.7) —cp +pb" +20'0" =0.
As p never vanishes, the solution of this ODE on 6’ takes the form
C Co
() ==+ —
) =5+ e

where ¢g is a real constant. Then, there holds

¢ = (p’+z'(fp+ C—po))ei" €L’

2
On the other hand, we already know that lim+., p = 1, thus we must have ¢g = —3,
so that )
c
0@ =5(1- ;)
@ =50~ e
Now, (8H) reads
2 2 2
" c 1 c 2
=S - 5 o
c? 1 c?
=——(p—- —(p—-+—= Apln p?
7 (0=5) + TS+ 5) vy
c? ( 1 9
= — ——p) + Aplnp”.
4 \p?
After multiplication by p’ and integration, we find:
2 (1— p?)?

(0 = PR +A(p*Inp? = p? +1).

We also know that if p = 1, then 8’ = 0 and thus ¢ is constant. On the contrary, if ¢
is not constant, then p is not either, and thus has an extremum since limy,, p = 1.
Let xo be extremal. Then p'(x¢) = 0, and therefore 0 = g.(p(z¢)), with p(zo) # 1.
Lemma 86l implies p(zg) = yo. O

Lemma 8.8. There exists a unique p. € C? satisfying 83), pc(0) = yo and pL(0) =
0. Moreover, p. > yo > 0, limyoo pe = 1 and p. — 1 € H'.

Proof. Since f, is C* on (0,00), we can apply Cauchy-Lipschitz Theorem to get
a local solution. By multiplying (83) by p.. and integrating, this solution satisfies
also (84). Lemma B0l then yields p. > yo, which proves that this solution is global.

Then, by (B3] and Lemma [8:6 again, we get p//(0) > 0. Hence there exists € > 0
such that p/, < 0 on (—¢,0) and p,, > 0 on (0,¢), and p. > yo on (—¢,¢) \ {0}. Let

T =sup{z > 0|p.(y) >0 forall y € (0,2)},
7 =inf{z <0|p.(y) <0forall y € (x,0)}.

From (84)) and Lemma along with the fact that p. and p, are continuous,
we know that either x+ = 400 or p.(x*) = 1, and similarly either z— = —o0 or
pe(x™) = 1. However, if p(x1) = 1 at some point z; € R, then 4] gives p,(z1) =0
and the uniqueness in Cauchy-Lipschitz Theorem for (83]) leads to p. = 1, hence
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a contradiction. Therefore, x+ = +o0o and £~ = —oo, which implies that p. is
decreasing on (—o0, 0), increasing on (0, 00) and p.(z) € [yo, 1) for all x € R. Thus,
it has limits £1 > yo at oo and must also satisfy limy p., = 0 in view of (84)).
Therefore, the limit must satisfy g.(¢+) = 0, which leads to £ = 1.

Last, since p,, > 0 on (0, c0), (84) reads on this interval

b = V5o,

By Lemma [R.f] and since p.(x) > y; for x large enough, we get

P/c >4/ Oc(l - Pc)-
Thus p. converges exponentially fast to 1 at +o0o by Gronwall lemma, and therefore

pl. converges exponentially fast to 0. The same holds as * — —oo, hence the
conclusion p, — 1 € H'. O

Lemma 8.9. For ¢ such that 0 < ¢ < 2)\ and 6y € R, define ©. by
, C 1 )
=-(1-—= ©.(0) = by,
=5(1-%) e =t
where p. is given by Lemma 88 Then ¢. = p.e’®: € Eiogep and u defined by
[@T2) is a traveling wave for (logGP).
Proof. Direct computations show that O, satisfies (87), and thus (p., O.) satisfies

(B6), which is equivalent to ¢ satisfying ([6.2) or u satisfying (logGP). Therefore,
we only have to prove that ¢. € Eiogap.-

By Lemma B8 we already know that |¢.| — 1 = p. — 1 € H!. Moreover,

e 2_1 .
1= o+ ip 0% = (g wigft) oo

©

2 pe
By Lemma B8] again, p, € L? and p,. is bounded, and bounded away from 0, so
2
that pcp—_l € L?. We conclude ¢. € Ejoecp thanks to Lemma 2.6 O

End of the proof of Theorem[LA Let ¢ € Eizcp and u a traveling wave of the
form ([[2). By applying Lemma B we get o € R such that p(xg) = yo where
p = |¢|, which yields p/(zg) = 0 through [84). Since p(. + o) also satisfies (B3],
this function satisfies the assumptions of Lemma 88 Thus p(. + o) = pc, and
since 6 satisfies (8], ¢ is of the form ¢, defined in Lemma [R9 for some 6. O

9. SOME OPEN QUESTIONS

Multidimensional solitary and traveling waves. We have classified solitary
and traveling waves in the one-dimensional setting, using ODE techniques. The
picture is of course rather different for d > 2, see typically the case of traveling waves
for the Gross-Pitaevskii equation (I)), in [8 B], where the role of hydrodynamical
formulation (via Madelung transform) is decisive. See also [2] [I6] and references
therein.

We note that contrary to the case with vanishing boundary condition at in-
finity, one cannot easily construct multidimensional waves from one-dimensional
ones by using the tensorization property evoked in the introduction. Recall that if
ui(t,x1),...,uq(t, zq) are solutions to the one-dimensional logarithmic Schrédinger
equation, then u(t, z) := uy(t,x1) X - - - X uq(t, z4) solves the d-dimensional logarith-
mic Schrédinger equation. In the case of vanishing boundary condition at infinity,
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u;(t,) € L3(R), hence u(t,-) € L*(R?); see e.g. [11] for some applications. On the
other hand, if u;(¢,-) € Eiogap = Egp (the sets are the same in the one-dimensional
case), then even for d = 2,

(acl R ,TQ) — ul(t, ,Tl)’u,z (t, LL‘Q)

does not belong to the energy space Eiosap = Egp (case of R?), as the spatial
derivatives are not in L?(R?).

Orbital stability. In the case of the one-dimensional Gross-Pitaevskii equation,
the orbital stability of traveling waves was proven in [25] by using the fact that
this equation is integrable, in the sense that it admits a Lax pair, and solutions are
analyzed thanks to Zakharov-Shabat’s inverse scattering method. It seems unlikely
that even for d = 1, is completely integrable, so the stability of traveling
waves will require a different approach.

In [38] 4], the orbital stability of the black soliton is studied without using the
integrable structure, but variational arguments. In [7] (dark soliton) and [27] (black
soliton), the orbital stability is improved to asymptotic stability (the modulation
factors, which consist of a translation parameter and a phase shift, are analyzed).
These approaches may be more suited to (IogGP)), but new difficulties due to the
special form of the nonlinearity arise, starting with the control of the presence of
vacuum, {u = 0}.

Scattering. Another way to study stability properties consists in establishing a
scattering theory, considering the plane wave solution, u(t,z) = eik'w_“k'%, k € R?,
as a reference solution. By Galilean invariance, the analysis is reduced to the case
k = 0, and the question is the behavior of the solution as ¢ — +oo when the
initial datum wg = 1 is perturbed. In such a framework, a crucial object is the
linearized Schrodinger operator about the constant 1. Using in addition normal
form techniques, a scattering theory for (1)) was developed in [29] B0, B1] for
d > 2, and resumed in [35] B6] in the case of the three-dimensional cubic-quintic
Schrodinger equation (the quintic term introduces the new difficulty of an energy-
critical factor).

In the case of (logGP)), the new difficulty is due to the fact that the logarithmic
nonlinearity is not multilinear in (u, @), reminding of the difficulty of giving sense
to linearization in such a context (see e.g. [21] [42]).

Convergence toward other models. It is well-established that in the long wave
régime, the Gross-Pitaevskii equation converges to the KdV equation in the one-
dimensional case, and to the KP-I equation in the multidimensional case; see e.g.
[5l 6 [T7]. More precisely, we may resume the general presentation from [I7]: con-
sidering the nonlinear Schrodinger equation

iOu+ Au= f (Ju]*) u,

where the nonlinearity f is such that f(1) = 0 and f’(1) > 0, the KdV and KP-I
equations appear in the limit € — 0, after the rescaling

t=cedr, Xy =c¢e(x)—ct), X;=c%x;, j€{2,...,d}.
Writing
u(t,X) = (14 ®A°(t, X)) it (X))
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and plugging this expression into the equation solved by w, the formal limit € — 0
in the obtained system provides a limit A solution to the KdV equation if d = 1,
and to the KP-I equation if d > 2. We emphasize that in the usual Gross-Pitaevskii

equation (L)), f(y) = y — 1, in the logarithmic case with A = 1, f(y) =
Iny, so we always have f(1) = 0 and f’(1) > 0. The general case considered
in [I7] is analyzed under the assumption f € C*°(R,R), which is not satisfied in
the logarithmic case. This is probably not the sharp assumption in order for the
arguments presented in [I7] to remain valid, but it is most likely that the proof
uses a CY regularity on [0, +-00), like in [15] [16, [40] (these papers are devoted to the
existence of traveling waves in the same framework; C! regularity of f is required
only near 1). Again, the main difficulty in the case of the logarithmic nonlinearity
lies in the control of vacuum, as f fails to be continuous at the origin.
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