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LOGARITHMIC GROSS-PITAEVSKII EQUATION

REMI CARLES AND GUILLAUME FERRIERE

ABSTRACT. We consider the Schrodinger equation with a logarithmic nonlinearty and
non-trivial boundary conditions at infinity. We prove that the Cauchy problem is globally
well posed in the energy space, which turns out to correspond to the energy space for the
standard Gross-Pitaevskii equation with a cubic nonlinearity, in small dimensions. We then
characterize the solitary and travelling waves in the one dimensional case.

1. INTRODUCTION

We consider the Schrodinger equation with a logarithmic nonlinearity,
(logGP) 10u+ Au = Auln |u|2, Ujp—o = U0,
where z € R%, d > 1, A > 0, and with the boundary condition at infinity
lu(t,z)| =1 as |z| — oo.
Such boundary condition is reminiscent of the standard Gross-Pitaevskii equation
(1.1) 10 + Au = (|u|2— 1) U, U= = Uo,

whose Cauchy problem was studied in [8| 20} 21} 22| 43 [44]. The most complete result
regarding this aspect is found in [21} 22], where, for d < 3, (LI)) is proved to be globally
well posed in the energy space

Ecp = {u € H&,C(Rd) | Ecpu) < oo} ,

where Egp is the Ginzburg-Landau energy

Eap(u) = HVU”iz(Rd) + %/ (Jul* - 1)2d:c.
Rd
See also [33]] for an analogous energy-critical problem. The logarithmic nonlinearity was
introduced in the context of Schrodinger equations in [9], as it is the only nonlinearity
satisfying the following tensorization property: if w1 (¢, z1), ..., uq(t, x4) are solutions to
the one-dimensional equation, then u(t,x) := uq(t,x1) X -+ X uq(t, zs) solves the d-
dimensional equation. This model has regained interest in various domains of physics:
quantum mechanics [42], quantum optics [9} 130} 135} [10]], nuclear physics [32], Bohmian
mechanics [38]], effective quantum gravity [43]], theory of superfluidity and Bose-Einstein
condensation [1]. The logarithmic model may generalize the Gross-Pitaevskii equation,
used in the case of two-body interaction, to the case of three-body interaction; see [45]46].
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2 R. CARLES AND G. FERRIERE

1.1. Cauchy problem. From the mathematical point of view, the Cauchy problem for
is more intricate than it may seem at first glance. The difficulty does not lie in the
behavior of the logarithm at infinity, of course, but in its singularity at the origin. In the case
of vanishing boundary condition at infinity, ug € H'(R?), the Cauchy problem was solved
in [14] (case A < 0, see also [31]) and [12} [26] (for any A € R), by constructing solutions
of a regularized equation converging to a solution to the exact equation, which turns out
to be unique. Even when nontrivial boundary conditions at infinity are considered, like
in the present paper, the singularity of the logarithm at the origin is the main difficulty,
as the cancellation of the wave function is difficult (if not impossible) to rule out for all
(t,z) € R x R The nonlinearity fails to be locally Lipschitz continuous, so the fixed
point argument employed in [21] in the case of is hard to implement. Even if a
solution of the form v = 1 4+ H! is considered in the one dimensional case (where the
H'-norm control the L> norm), it is not obvious to make a solution global in time, even
if |lug — 1|| < 1. Indeed, the conservation of the energy in the context of reads
dglog(}p/dt = O, where

gloggp(u) = ||vu||ig(Rd) =+ /\/d (|u|2 In |’u,|2 _ |'u,|2 + 1) dz.
R

Consider F' the antiderivative of the logarithm, such that F(1) = 0: F(y) = ylny—y+1
for y > 0, and F(0) = 1. The above potential energy is the integral in space of F(|u|?).
We note that F' > 0 on [0, 00), and Taylor’s formula yields

1
0< Fly =y2/
() o 1+sy

and s0 0 < Epgep(u) < Egp(u). But this is not enough to solve (logGP) in the energy
space, neither locally or globally in time. As a byproduct of our analysis, we will see that
in low space dimensions, d < 4, the energy spaces for (logGP),

ElogGP = {’U S H&)C(Rd) |51()ng(’()) < OO} s

and (1) coincide, Ei,,cp = Egp. Note that the energy space Egp was described very ac-
curately in [21}122]]. We consider the notion of mild solution, based on Duhamel’s formula:

¢
u(t) = ePuy, — i)\/ elt=9)A (u(s) In |u(s)|2) ds.
0

As we construct solutions to (logGP) as weak solutions, it is sensible to ask whether or
not these solutions are also mild solutions, in the same fashion as in [41]. Our main result
regarding the Cauchy problem for (logGP) is the following:

ds < y2,

Theorem 1.1. For any ug € Eiogap, there exists a unique v € L2 (R, Eigcp) solution to

(TogGP). Moreover, the flow of enjoys the following properties:
The energy is conserved, Eipgap(u(t)) = Eiogap(uo) forall t € R.
u—ug € CO(R, L?).

w is also a mild solution.

If Aug € L2, then u —ug € W (R, L) N L (R, H2).

loc loc

1.2. Solitary and traveling waves. There are many references regarding the existence,
description and the stability of solitary and traveling waves for (I.I), as can be seen for
instance from the results evoked in [[18]. In order to consider both solitary and traveling
waves, we look for solutions of the form

(1.2) u(t, ) = ez — ct),
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where w € R, ¢ € R? and ® € Fiogcp. In the case ¢ = 0, we classically call the solution
a solitary waves, and if ¢ # 0, we call it traveling wave (stationary wave if w = ¢ = 0).
From the mathematical point of view, the study of traveling waves for (ILI) (with w = 0)
goes back to [8], and has known many developments since; see e.g. [2| 3} [15} 16} [37]]
and references therein. In the one dimensional case, traveling waves for are either
constant, or such that 0 < ¢ < /2, and given explicitly by

c? 2z c
(@) =1/1— Stanh [ /1- =2 ) +i-S,

up to space translation and a multiplicative constant of modulus 1; see e.g. [2]. This
solution u(t,z) = ¢.(x — ct) is usually refered to as dark soliton, and black soliton (or
kink solution) in the case ¢ = 0 (the only case where ¢ has a zero). In the case of (TogGP),
we do not have such an explicit formula, but somehow a very similar description. In the
general case d > 1, we have:

Theorem 1.2. If ¢ € Fioecp and u is a traveling wave of the form (1.2), then w = 0.

We now focus on the one-dimensional case. First, like for (L)), if || is too large, then
there is no non-constant traveling wave:

Theorem 1.3. Let d = 1 and ¢* > 2\. Any solution to (IogGP) of the form (L2) is
constant.

We now come to the description of non-constant traveling waves:

Theorem 1.4. Assume d = 1 and c such that ¢* < 2). There exists a unique non-constant
traveling wave in the following sense: there exists a traveling wave ¢. such that any non-
constant traveling wave u of the form (1.2)) is such that

¢ = eie(bc‘(' - $0)7
for some constants 0,xy € R. If ¢ # 0, ¢. never vanishes. In the case ¢ = 0, ¢g can be
taken real-valued and increasing, and then
o, Fol0) =+
We emphasize that qualitatively, we obtain the same properties as the black soliton, even
though it is probably hopeless to get an explicit expression in the case of (IogGP).

1.3. Content and notations. In Section[2] we reduce the study of in the energy
space, by analyzing the potential energy and characterizing the energy space Ejocp. In
Section Bl we prove that any solution in the energy space is unique, and that it is a mild
solution. The heart of Theorem [[.1] is established in Section 4] where a weak solution
is constructed by an approximation procedure. In Section[5l we show that H? regularity
is propagated by the flow, completing the proof of Theorem[I.1l We prove general results
regarding solitary and traveling waves in Section[@] in particular Theorem[L.2] In Section[7]
we analyze stationary waves in the one-dimensional case (Theorem[L4lin the case ¢ = 0).
One-dimensional traveling waves are studied in Section[8] where we complete the proof of
Theorems[I.4]and[I.3] We conclude this paper by open questions in Section

We define the L?-bracket by

)= [ rade
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For k an integer, we denote by C* the class of k times continuously differentiable functions,
and if 0 < s < 1, by C** the class of k times continuously differentiable functions whose
derivative of order k is Holder continuous with exponent s. If s = 1, C k.1 s the class of k
times continuously differentiable functions whose derivative of order & is Lipschitzian.

2. PRELIMINARY RESULTS

2.1. Generalities. First, we recall some properties about the logarithm. The first property
was discovered in [[14], and is crucial for uniqueness issues related to (logGP).

Lemma 2.1 ([14, Lemma 1.1.1]). There holds

‘Im ((22 In|zo|® — 21 In|21?)(z2 — z_l))‘ < 20z — 1), Vz1, 22 € C.
The next lemma measures the continuity of the nonlinearity in (TogGP):
Lemma 2.2. Foralle € (0,1) and z,y € C,
jwinfaf? —ylnfyl*| < C(Jal"Mnlall + lol* Mo ol ) |z — o' + 21z~ y].

Proof. Let z,y € C and assume without loss of generality that |z| < |y|. We also assume
x # 0, otherwise the estimate is obvious. Then, we have

ot of? ~ 2t o7 = 2ol e 1yl < 2ol = < 210
On the other hand,
[yl —yinfyl?| < 2z — ylnfyl| < 2"z —yl" [y Iy
hence the conclusion. (|
Then, we also recall a result about norms on finite dimensional subspace of L2.

Lemma 2.3. If {fi.},,, is a finite family of L2 linearly independent functions, then there
exists C > 0 such that, for all \i, € C,

max|Ax| < C|> A fi
k=0 L2
Proof. Since { f;;} is a basis of Vect {fr}, (\k) = Y_jo Mk fk is an isomorphism from
C™ into Vect { fi}. Since we are in finite dimension, the conclusion easily follows. O

2.2. Potential energy. We start by a result on the potential energy o, given by

Epu(v) = /(|v|21n o) — Jof® + 1) da.
Let
Epo(v) = /(|’U| —1)%*In (2 + |v]) dz.

We know that both previous quantities are non-negative. The following result shows that
they are actually equivalent.

Lemma 2.4. There exists Ko > 0 such that for all v € Ejogcp,

1
o pot(V) < Epot(v) < KoEpor(v).



LOGARITHMIC GROSS-PITAEVSKII EQUATION 5

Proof. Taylor formula yields, fory > 0,
1

y21ny2—y2+1:4(y—1)2/ (I+In(1—-s+sy))(l—s)ds.
0

Distinguishing y < 1 and y > 1, we get:
1
In(2+y) S/ (1+In(l—s+sy)(1—s)dsSIn(2+y),
0

and the result follows, by considering y = |v]. O

This second functional Ej appears to be more convenient than &,,. For instance, since

In2 <1In(2+ |z|) <In2+ Cs||z| — 1|° forall § > 0, we can relate Epot to the L?-norm
of |[v| — 1, but also to any LP-norm, for p > 2 as follows:

Lemma 2.5. Let p > 2. There exists C), such that for all v € Eisecp,
2 2
In (2) [|Jo] = 1[Iz2 < Bpor(v) < I (2) [[Jv] = 1|72 + Cplllv] — 17,

Last, we state a differential result about the potential energy, which follows from stan-
dard arguments, that may be found in [13] ([Proposition 1.5.2, proof of Theorem 3.3.5.
Recall that the function F is given on (0, 00) by F(y) = ylny —y + 1.

Lemma 2.6. Let I be an open interval. If u € uo+C°(I,L?)N L (I, HY)NCY(I, H™!)
and e > 0, then [(1 — eA)2F (|u(t)|?) dz is well defined for all t € I and

% (1= 28)2F () dz = 2 (1~ e8) ™ (us) In[u() ), (1~ 2A) " Dyu(t)).

Moreover, forallt € 1,
[ 1= 28) 2 F(ut)) s — Em(ut).
2.3. Energy space. As for the energy space, Lemmal.4lleads to
Eogap = {v € Hjp (R?) | Vo € L*(R?) and Epy(v) < 00} .
We prove an even more explicit description of Ej,egp:

Lemma 2.7. The energy space is characterized by:
Eiogap = {v € Hipo(R?) | Vv € L*(R) and [v] — 1 € L*(R)}
={ve Hp(R")|Vve L*(RY)and|v] — 1 € H'(RY)}.

Moreover, there exists C > 0 such that for all v € Eiygcp,

o] = 1131 < Ciogap(v).
Proof. First, we show that Ejeecp C {v € Hy, | Vv € L?and |v| — 1 € L?}.

Let v € Eigecp: || V|2 < 00, and Ey(v) < 0o, which is equivalent to Epy(v) < oo.
LemmalR.3lyields [v| — 1 € L2,

Conversely, let v € Hy, such that |[v| — 1, Vv € L. Then V(Jv| — 1) = Vv - 17 and
|V(|v] —1)| < |Vwl|, which shows that f = |v| —1 € H'. Since f > —1, we readily have

By (v) = / PG+ f)de < / PP+ |f]) dr < / P+ ) da < oo,

where € > 0 is arbitrarily small, and where we have used Sobolev embedding to conclude.
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From the previous arguments, if v € Ejoegp, the L?-norm of |v] — 1 can be estimated
thanks to Lemma[2.3land Lemma[2.4] whereas |V (|v| — 1)| < |Vv], hence the conclusion.
O

Corollary 2.8. Forall 6 > 1, € > 0, and p such that

(2,00 ifd=1,
2.1 p,pte€l (2,00) ifd=2
(2,2*] ifd>3, 2°:=24

é
there exists Cp 5 such that if v € Eioggp, then v|ln |v|2’ € LP(RY) and

é
ool || < Cpeis (Eiogcp(v)/2 + Eigar(v)+972).

Lp
Proof. We know that [v| — 1 € H' and, since § > 1,

ol o[ < Gl — 110 2+ flo] ~ 1))° < Ceglle] — 1] + 1]~ 1°+)
= >~ £,0 .

This inequality is easily established, for instance by considering separately the regions
{lv] < 1/2}, {|v| > 2}, and {1/2 < |v| < 2}. The result then follows from Sobolev em-
bedding, Lemmal.7land Lemma 2.4 O

Remark 2.9. This corollary reveals an important difference with the case of vanishing
boundary condition at infinity: in [26}[12], momentain L? (|||z|%u]| 12 for some o € (0, 1])
are considered in order to control the nonlinearity in the region {|u| < 1}. The situation is
obviously different in the case of nontrivial boundary condition at infinity, and the above
corollary is crucial for the rest of this paper.

Lemma[2.7]shows that for d < 4, Ejoegp = Egp, in view of the identity
ul> =1 = (Ju] = 1) (Ju| — 1 +2),

and the Sobolev embedding H'(R?) C L*(R?) for d < 4. In particular, Gérard [21]
proved that Egp + H L < Egp for d > 1, and therefore the same holds for Ejoecp when
d < 4. This is also true in all dimensions :

Lemma 2.10. Let d > 1. For allv € Ejnegp and for all f € H', we have v+ f € Elogp.
In addition, if p > 2 satisfies @.1), there exists C, such that for every such v and f,

Eiogap(V + f) < CpEiogap(v) + Cpiogapr (V) + Cpll I3 + Cyll £ I15:-

Proof. Letv € Ejoecp and f € H'. We know that Vo, Vf € L% so V(v + f) € L%
From Lemma[2.7] there only remains to show that v+ fl—1¢€ L?2. For this, we have for
allz,y € C

1
T +ry

o4yl = ol + | yar

o Ty

Applying this equality to v and f, we get

u+rf

. d,
PEEiA

1
|u+f|—1:|u|—1+/
0

hence
lu+ f] =1 < [Jul = 1] +[f],
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and, for any p € [1, o0],

[lw+ fl = < Ml =g + 11
Moreover, Lemmas 2.4 and 2.3l yield, for any p > 2 satisfying 2.1,
Eogp(v + f) < [IVo+ VI + Clllo + f| = 172 + Cylllv+ f1 = 111,
SIVollhe + IV A1z + Ml = Uz + 11z + Nl = Vs + 1 £
S Eioacp(v) + [I[ul = 1l + 11117 + 117115
< Eiogap (V) + Enogap(v) + [1f s + 1 £ U

We conclude by adapting [21, Lemma 1]. Introduce the Zhidkov space
X' (RY) = {ue L*R?), Vue L*(R)}.
Lemma 2.11. Let d > 1. We have Ejpecp C X '(RY) + H(R?).

Proof. Proceding like in the proof of [21, Lemma 1], consider y € C(‘)’O((C) a cutoff func-
tion such that 0 < x < 1, x(z) = 1 for |z| < 2 and x(z) = 0 for |z| > 3. Decompose
u e ElogGP as

u=u +uz, ur=x(wu, wux=(1-x(u)u

Then ||u1 || < 3, and since |u| > 2 on the support of ugy, for any 6 > 1, we may find Cj
such that

Jus| < Cs [Ju] = 11"

Since |u| — 1 € H'(R?Y) from LemmaZ7 |u| — 1 € L?’(R?) by Sobolev embedding
(provided that § < d%d2 if d > 3), hence us € L?. The properties Vui, Vug € L? are
straightforward, and we refer to [21] for details. [l

3. REGULARITY AND UNIQUENESS

We begin by proving the following point in Theorem I Tk

Lemma 3.1. Let I an interval. If u € L2, Eioggp) (that is, t — Eiegap(u(t)) € LS (1))

loc loc

satisfies inD'(I x RY), thenu — ug € CO(I, L?).
Proof. Since u € L3(I, Eiogap), we know from CorollaryZ8]that u In [u|? € LS (I, L?).

loc loc

Moreover, Au € L (I, H™'). Therefore, (TogGP) yields Oyu = 0;(u—wug) € LS(I, H™1),

with u(0) —ug = 0. This proves thatu—ug € CY(I, H~1). Since V(u—wug) € L2 (1, L?),
we obtain the result by interpolation. (]

This result allows us to infer the uniqueness of the solution of (TogGP).

Theorem 3.2. Let ug € Eioegp and I be a bounded interval containing 0. There exists at
most one solution u € L™ (I, Eycp) to inD'(I x RY).

Proof. Let u,v € L>(I, Eipggp) solve (logGP). Then u(t) — up and v(t) — ug are con-
tinuous from I to L? from Lemma[31l Therefore, w := u — v € C°(I; L?). This error
satisfies (in D' (I x R%))

iOyw + Aw = A(uln |[u]> — vIn|v]?).
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Since on the one hand Aw € L>(I, H~'), and on the other hand w1In |u|*, vIn |v|* €
L (I, L?), the previous equality is also satisfied in L>°(I, H~!). Asw € L*(I, H'), we
can take the H~' x H'! bracket against w of the previous equality, which yields

G i Qw,w g g — ||Vl = /\/(uln|u|2 —vln|v]*)(w—=20)dz.

Thanks to Lemmal[2.1] we have

2 2
< 2f|u = vf|Z2 = 2ljwl|Z.-

Im/(uln|u|2 —vln o) (@w=20)dz

Therefore, taking the imaginary part of (3.1]) leads to

1|d
[Re(@yw, w)g+ m| = 5| lwll72| < 2\[w]7..
2|dt
Since w(0) = 0, Gronwall lemma concludes the proof. O

We end this section with a link between regularity and mild solution.

Lemma 3.3. Let I be an open interval of R, ug € Enoecp and u € L% (1, Eioecp) satisfying
in D' (I x RY). Then u is a mild solution, and

/Ot e A (u(s) In |u(s)|2> ds € H'(R?) forallt € I.
Proof. From Corollary 28| we have wIn |u|® € L2 (I, L?), thus we can define
unL(t) = —IA /Ot e~ BB u(s) In|u(s) ds € CO(I, L?) N Wb (1, H?).
On the other hand, since Vug € L? and ug € L*™ + L? (from Lemma[2. 1)), we can define
e ug and we have e ug — ug € CO(I, L) N C (I, H™Y) (see [21]). Therefore,
vi= e Pug + e Bon(t) € ug + COI, L) N W™ (I, H?),

and we can compute

t
Ov = iAe? {uo — i)\/ e " 2u(s) In |u(s)|2 ds}
0

t
+ €29, {uo - i/\/ e "Au(s) In |u(s)|? ds}
0
= iAv 4 €A [—i/\eﬂ'mu(t) In |u(t)|2}

= iAv — idu(t) In [u(t)|,

where the equality is to be understood in L (I, H2?). Letw = u — v. Then, w €
CO(I, L?) from Lemma [3.] along with the previous arguments, and with the previous

equality, we have, in L (I, H=?),

Orw — iAw = 0.

Since w(0) = 0 by construction, we get w = 0, which proves the mild formulation. Last,
we know that V(u(t) — ug) € L? and V(e®*®ug — ug) € L? for all t € I, therefore

Voun(t) € L2, vtel.

Since we already know that vn (¢) € L% we get the conclusion. O
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4. CONSTRUCTION OF A SOLUTION

In this section, we construct a global solution u € L (R, Egenis) to (logGP). We adapt
the method used by Ginibre and Velo [24] to construct global weak solutions to non-linear
Schrodinger equations (NLS) by compactness. Here, the framework is different since the
solution is not in L2. However, we know that we should have u(t) — ug € H*. Therefore,
we will approximate the solution on ug + X,,, with X, a sequence of finite dimensional
linear subspaces approximating H*.

Remark 4.1. In [12], for vanishing boundary condition at infinity, another approximation
is considered, consisting in removing the singularity of the logarithm by saturating the
nonlinearity, for € > 0,

4.1 10u® + Au® = \u®ln (|u5|2 + E) . ufi—g = o,

and letting ¢ — 0. This approximation has the advantage of working whichever the sign
of A is, while the approach introduced initially in [[14] (see also [31]]) seems to be bound to
the nondispersive case A < 0. We do not consider this approach here.

4.1. Finite dimensional approximation. Let {wj}j n an Hilbertian basis of L? with all
w; € H' and m € N. One may think for instance of Hermite functions, all the more since

in Lemma[3.1]below, in order to prove the propagation of H? regularity, we further require
w; € H?. We take X,,, == Vect(wj )j<m and look for an approximation u.,, of the form

(4.2) Um(t, ) = uo(x) + Z Imk(Owr(z) = uo(x) + pm(t, ),

satisfying

4.3) (1w irtim + Nt = Xt In | —0, 0<j<m,
HY,H-!

with initial condition u,, (t) = ug, which is equivalent to g,,, x(0) = 0 forall 0 < k < m.
By substitution, (4.3) is equivalent to

i9m.; — (Vw;, Vo) ngk (Vw;, Vi)

= <wj, f <uo + ng,k(t)wk> > ;
k=0

where f(z) = xIn|z|. First, we study the last term.

4.4)

Lemma 4.2. The map ¢ — (w;, f()) is well defined and continuous from ug + H? into
C for any j € N. More precisely, it is C°¢(ug + H',C) for all ¢ € (0, 1).

Proof. By Corollary[2.8along with Lemma[2.10] we know that the right-hand side is well
defined. Moreover, at fixed j, taking ¢, 1 € ug + H*, we get

w5 £ = Gy PN = [y £0) = FONI < [lusllF () — )] do
<C [yl (Il lill + o i 011 o = 01"~ do
2 [ fullp - vl da.
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forany ¢ € (0, 1), where we have used Lemma[R2.2] The second term of the last inequality
is obviously Lipschitzian with respect to the L?-norm of the difference. As for the first
term, by Holder inequality with exponents 2, 2 and 2-, we control it by

B
1— g 1 g
w2l = 137 el )

1
[oln g1

Now, } ©|ln |<,0||é , and H1/)|1n |1/)||é , are locally bounded thanks to Corollary[2.8and
L L
Lemmal[2.10|once again. These estimates yield the conclusion. (]

Lemma 4.3. There exists a solution {gm i}, to @4 on a maximal time interval
(=T, T™), meaning that T™ < oo if and only if

lim sup sup |gm, ;(t)| = oo.
t—T™ j<m

(And similarly for T,,.) Moreover, the g, x’s are C*=¢(=T,,, T™) for all ¢ € (0,1).

Proof. The last term of (&4) is continuous (and even C° for all € € (0, 1)) with respect
to the gy, 1’s thanks to Lemmal[4.2] and so are obviously the other terms. The conclusion
comes from Peano Theorem and the fact that (4.4)) is an autonomous ODE. O

We will then show that such a solution is global. First, we prove an intermediate result.
Lemma 4.4. Forallm € N, (Vwy,)<m are linearly independent.

Proof. Let A\, € Csuchthat > " ; A\ Vwy = 0. Then Vo) = 0, with ¢ := >"7" ( Aywy, €
H!. Therefore, 1 = 0, and we conclude by the fact that {wy} is an Hilbertian basis of
L2 O

Lemma 4.5. The solution given by Lemmad3lis global. Moreover, it satisfies

510ng(um (t)) = glogGP(uo), and HV(pm (t)HLg < 21 / 510ng(uO) fOV allt € R.

Proof. For this, we only have to prove that all the g, ;s are (locally) bounded. Come back
to (@.3): by multiplying by ¢, ; and summing over j < m, we get, in view of {.2),

<(’“)tum,i(9tum + Aty — A In |Um|2> =0.

By taking the real part of this equation, we obtain

d
Eé‘log(}p (um (t)) =0.

Therefore, Eiogap(tm(t)) = Eiogap(uo) forall t € (=T, T™). In particular, ||V, (t)]] 2
is uniformly bounded, and thus so is ||V, (t)]| ;: fort € (=T}, T™),

[Vom@)llpe < [[Vuollpz + IVum (@)l 2 < [Vuoll 12 + 1/ Eogap(um (1))
< 24/ Eogap(Uo)-

We know that Vo, () = Y% gm,k(t) Vwg, thus Lemma [4.4] shows that we can apply
Lemma[2.3] which gives

Og}&xmmm,k(t” < CulVem ()l < 2Cn \/ Elogap(Uo) < 00, vt € (=T, T™).

This proves that the g, ’s are actually globally bounded and therefore the solution is
global. O
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4.2. Uniform estimates. We have already shown the conservation of the energy and an
estimate of the L2-norm of V@m, uniform both in ¢ and m. Now, we proceed with its
L?-norm.

Lemma 4.6. Let u,,, = ug + ., the solution to (d.3) given by Lemma Then o, is
bounded in C*-2 (I, L?) uniformly in m, for every bounded interval I.

Proof. Since all g, ;’s are continuous, we already know that ¢, is continuous in time
with values in L2. By multiplying (43) by g, ;(¢) and summing over j, we obtain

<gpm, 10tom + Aug + A — Aup, In |um|2>Hl.H71 =0,
and the imaginary part gives
1d
24t
since Im (¢, A@m) g1 gr—1 = 0. Then, we can estimate the right-hand side :
[{Veom, Vuo)| < [Vem |l 2 [ Vol 2 < 2&i0ear(uo0),

thanks to Lemmal4.3] and

||spmHiQ =Im (Vom, Vug) + AIm <gom, Uy 10 |um|2> ,

(st 0 Y| < o2 [t 1 |,

S Il (Eiogar(10)!/2 + Engan(uo) )

by Corollary 2.8l Since ,,(0) = 0, Gronwall lemma gives the uniform boundedness of
the L? norm on every bounded interval I. Define

Em(t) == —Apm — Aug + Ay, In 1)

Then &, is bounded in L°°(I, H =) uniformly in m for every bounded interval I. More-
over, forevery t,s € I,

t

(4.5) llem(t) — ‘Pm(s)H; = 2/ (m (1) — Pm(s), 8t<Pm(7')>Hl,Hfl dr.

By multiplying again (4.3 at time 7 by g, (7) — gm,;(s) and summing over j, there holds
{om(7) = m(8): Depm (7)) g -1 = (Pm(T) = om(8): Em(T)) o g1 -

Since we know that the H!-norms of ¢,,,(7) and ¢,,,(s) are bounded uniformly in m for

T,s € I, we get that ‘<g0m(7') — #m(8),&m (7)) g1 gr-1 | is bounded uniformly in m € N,
for s, 7 € I. Then, we get by {.3)

lem(t) = om ()72 < Crlt — ],
forall t, s € I, with C; depending on I but not on m, hence the conclusion. O
4.3. Convergence.

Lemma 4.7. Let u,, = ug + ©m the solution to (£3) given by Lemmal.3] There exists a
subsequence of (o )m (still denoted by o,,,) and

e e COYR,H ) NCY2 (R, L?) N LS (R, HY)
such that p,, converges to p as m — oo in the following sense:

o Oy = pin L (1, HY) for its weak-* topology, for every bounded interval I,
o o, (t) = @(t) in L? for its weak topology, for every t € R.
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Moreover, i, In |un,|? converges to id,p+Ap-+Aug for the weak-x topology of L (R, L?).

Proof. We know by Lemmas [4.3] and [£.6] that ¢,,, is uniformly bounded in L>°(I, H'),
which is the dual of L'(I, H~'), for every bounded interval I. Then, this sequence is
relatively compact for the weak-* topology of L°°(I, H'). By diagonal extraction, there
is a subsequence (still denoted by ¢,,,) which converges to some ¢ € L (R, H') for the
weak-* topology of L>°(I, H'), for every bounded interval I.
!/

Besides, w, In || is also uniformly bounded in L™ (R, L?) = (Ll (R, L2)) thanks
to Corollary 2.8land the conservation of the energy. Therefore, it is also relatively compact
for the weak-* topology of L>°(R, L?).

Let§ € C(R) and j < m:

3 [ 07) (Wl dr = [ 605) (w7 dr = [ 000) (Vg V()

- /G(t) (Vw;, Vug) dr

m—r oo

_ / 6(t) (Vw;, Vo) dr.

— mﬂ«wmwv»dr—/b@MVwﬁV¢v»dr

Since (w;); is an Hilbertian basis of L?, this proves that Au,, In lum|” also converges to
i0pp+ A+ Aug in D' (R, L?). Therefore, the convergence is also in the weak-* topology
of L=(R, L?), thus we get idyp + Ap + Aug € L= (R, L?).

From this and the fact that Ap € LX(R, H™ 1), we get O;p € LS (R, H~'). There-
fore, o € W,u°(R, H™') and thus € Co.N(R, H~1) N L°(R, H'). By interpolation,
this leads to ¢ € Co? (R, L?).

As for the convergence in the second item, let ¢ € R. Since ¢, (t) is bounded in L?
uniformly in m, the sequence is relatively compact for the weak topology of L2. Let x be
the limit of a subsequence (still denoted by ,,). It is then enough to prove that x = ¢(t).
Lety € (0,1) Then,

2 L[
o) = xllz2 = (@) = X, om(t) — x) / (p(t) = x, (1) — pm(t)) dr

+ JR—
2’7 t—ry
= (p(t) = x, em(t) = X)
t+y
+%§b_<ﬂw—%¢@—wﬁ%wﬂﬂ—¢Mﬂ+¢ﬂﬂ_@m@ﬂh

Since @, ¢, € C%2 ([t — 1, + 1], L?) uniformly in m, we have for all 7 € [t — 1, + 1]

(0(8) = X, () — 9(T))] < Cilt = 72 [0 (t) = x|l 2,
(0(t) = Xs 0m(t) = ()] < Colt — 7|2 [lio(t) = Xl 125
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hence
2 Cy by 1
lo(8) = X3 < (00 = x om(®) =X + SO ~xlpa [ le— 7l dr
Y t—r
1 [t
— t) — — Om d
“6) 5 - (p(t) = x, (1) = om (7)) dT
< (p(t) = x, om(t) — x) + Ciy? llo(t) — x|l
1 [t
+ o () = x; (1) = (7)) dr.
Y t—y

Moreover, we know that
e (o(t) — X, pm(t) —x) — 0by weak convergence in L? of ¢, (t) to X,
m—r oo

o Ltjj (p(t) = x, (1) = pm(7)) dT —> 0 Dby the weak-* convergence in L ((t—
m—00
1,t+1),L?) of o, to .
Therefore, taking the limit m — oo in (£6)), we get

1
llo() = xlI7= < CevElle®) = Xl e
Since this is true for all v € (0, 1), we get ||o(t) — x/|| .= = 0, hence the conclusion. [

4.4. Equation and initial data for the limit. We are now able to prove that u = ug + ¢
is indeed a solution to (logGP).

Lemma 4.8. Let o € CO'(R, H~1) NC%2 (R, L?) N LS (R, H') defined in Lemma@2
Then u ‘= ug + ¢ satisfies (logGP).

Proof. First, since ¢,,,(0) — ¢(0) and ¢,,,(0) = 0 by construction, we get ¢(0) = 0 and
thus uj—o = uo.

We also know from Lemmald7] that Au,, In |um|2 converges to i0;p + Ay + Auyg for
the weak-* topology of L>(R, L?), and thus also for the weak topology of L?(I x ) for
every bounded interval I and every bounded open subset of R

We also know that ¢, is 3-Holder continuous in time with values in L*(R?) on I,
uniformly in m from Lemmald.6] and thus also on L?(€2). Last, ,,,(t) € H! forall t € T
along with a uniform bound in m by Lemmas[4.3]and 4.6l Thus, Arzela—Ascoli Theorem
for ¢ |q yields its relative compactness in C(Z, L?(Q)), which shows that ¢, | converges
strongly to ¢jq in C(I, L?(€2)), and thus also in L?(I x Q). Up to a further subsequence,
©m converges a.e. to ¢ in I x €2, and so does u,, to u. By continuity of z — zIn |z|2
on C, we obtain the convergence of ty, (t, ) In [ty (£, )|* to u(t, z) In |u(t, z)|* ae. in
I x Q. Besides, we also know that 1w, In |u,,|* is bounded in L (I, L2) uniformly in
m, and thus also in L2(I x ). Therefore, along this further subsequence, t, In |, |*
converges weakly to u In |u|? in L2(I x Q).

Therefore, by uniqueness of the limit, we get Au In |u|2 = 10y + Ap + Aug, which
gives the conclusion. (]

4.5. Conservation law. We now prove that the energy of the solution that we have just
constructed is independent of time. Note that this is necessarily the solution to (TogGP), in
view of Theorem[3.2]

Lemma 4.9. Let o € CON(R, H~1) N C%2 (R, L2) N L2 (R, H') defined in Lemma @27

loc

and u := uy + @. Then u satisfies Eiog(u(t)) = Eiog(wo) forall t € R.



14 R. CARLES AND G. FERRIERE

Proof. This proof is an adaptation of the techniques developed by Ozawa [39] to prove
conservation laws from the mild formulation, and resumes the regularization procedure
presented in e.g. [13]. We know that ¢ € L (R, H'), thus Lemma 2.0 shows that
u € L2 (R, FEiogap). From Lemma[3.3] « is a mild solution. Moreover, we also know that
Vu(t) € L? forall t € R (and not only a.e.). Therefore, for all ¢ > 0, (1 — eA) " Vu(t)

is well defined in L2 and

(1 —eA)'Vu(t) — Vu(t)  in L%

e—0
On the other hand, we also have
= [le™"A (1 — eA) " Vu(h)|2,
—[|(1 = eA) e AVu()|2,
= |(1 = eA) e Vg + (1 — eA) e AV (u(t )—uo)Hiz.

(1= eA) " Vu(t)||,

The last line is well defined since Vug € L2. Moreover, since u(t) — ug € H*', we have
e AV (u(t) — ug) = Ve A (u(t) — ug), ie

H(l — 5A)71Vu(t) — H(l —eA)” Le= ATy + (1 —-eA)” 1Veiim(u(lf) — uo)Hiz

Iz

Since (1 —eA)~1V is bounded on L? (e.g. as a Fourier multiplier), we can substitute u(t)
by the mild formulation :

(1 —eA)" Ve "2 (u(t) — uo)

—(1—-cA)"lY <u0 —iA /Ot emish (u(s) In |u(s)|2) ds — e—imuo) .

Moreover, since the Schrodinger semigroup e maps 1o + H' into itself, we have
e MATyy = Ve_imuo,
which leads to

(1= eA) " Vu()|3, = H(1 - aA)1V<u0 —iA /Ot emisA (u(s)ln|u(s)|2) ds> 2

L2

Now, we know thanks to Lemma[3.3] that fot e"isA (u(s) In |u(s)|2) ds € H!. Therefore,

(1= eA) ' Vu()|[,

t 2
= H(l —eA) 'Wug —iA(1 — EA)_lV‘/0 e A (u(s) In |u(s)|2) ds

L2
= ||(1 = eA) " Vo[,

— 2\ Re <(1 —eA) "Wug,i(1 — EA)_1VAt e A (u(s) In |u(s)|2) ds>

1V/ ﬂSA s)Inju(s )|2) ds

2
+ X\2||(

L2
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Then, we compute the last two terms of the right-hand side: for the last term,

2

H(1 - sA)—lv/Ot eish (u(s) In |u(s)|2) ds
_ ’ /Ote-isﬂa —e8) 79 (u(s) Inu(s) ) ds )

_Re</t e8] — A)_1V(u(s)ln|u(s)|2) ds,/ote—“’ﬁu_EA)—lv(u(S')mm(S')ﬁ) ds’>
= [ [ (e ) (o) ) )20 = 22) T (u fu)  asas
— 2Re //o<s/<s<t <e_ZSA(1 . EA)_1V(U(S) In |u(s)|2) oA - EA)_1V(U(SI) In |u(s')|2)>ds ds’,

L2
2

by symmetry s <+ s’. Therefore,

H(l - {-:A)_lv/ot N (u(s) N |u(5)|2) N

L2

=2Re //O<s’<s<t <(1 — EA)_1V(u(s) In |u(s)|2) Let=sDA (1 - EA)_1V(u(s’) In |u(s’)|2>>ds ds’
=2Re /Ot <(1 — EA)71V(U(S) In |u(s)|2>,/0S els=sNA (1 — 5A)71V(u(s’) In |u(s’)|2) ds’> ds

= ;Im Ot <(1 — EA)_1V(U(S) In |u(s)|2>7 —iA(1 - 5A)‘1V/OS ei(s_s/m(u(s') In |u(s')|2) ds'> ds
= ;Im ; <(1 - EA)_1V(u(s) In |u(s)|2), (1- EA)_IV[U(S) - eiSAuo} > ds.

For the other term,

Re <(1 —eA) "Wug,i(1 — EA)_1V/t e A u(s) In |u(s)|2) ds>
- —Im/ 1 — eA) " Vg, e A (1 — A)_1V(u(s)ln|u(s)|2)>ds
=— Im/ e (1 —eA) Wug, (1 —eA)™ IV(u(s) In |u(s)|2) > ds
_ /O tm { (1 - eA)7V (u(s) Infu(s)]?), (1 = £8) 7 Te g ) ds.
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Therefore, there holds

(1 =) Vu ()|,

— 2\ m /t (1 - sA)*lv(u(s) In |u(s)|2), 1- sA)*lvu(s)> ds

- H(l - 6A)‘1Vu0Hi2
_2)\Im/ 1 —eA) 1(u ) In |u(s) ),(1—6A)_1Au(s)>ds

= 2)\Im/ 1 —eA) " (u(s) In|u(s) ), (1—eA)™! {Au(s) — du(s)In |u(s)|2} > ds
= —2/\Im/ 1 —eA) M u(s) In|u(s) ), (1- EA)_liatu(s)> ds

(uts
:—2/\Re/0 ((1-en) 1(

Thanks to Lemmal[2.6] we get

(1= eA) " Vu(t)||2

u(s) In|u(s) ),(1 —EA)flf)tu(s)>ds.

— H(l — EA)71VU0"12

_ —/\/t 4 [/(1 - EA)*QF(MS)F)dx} ds
o ds
= )\/(1 —eA)2F(Jug|?) da — /\/(1 —eA)2F(Ju(s)]?) da,
which gives Eiogap(u(t)) = Eiogap(uo) after taking the limit e — 0. O

5. HIGHER REGULARITY

In this section, we prove the propagation of the H? regularity by the flow of (TogGP). We
would like to proceed like in [[12]] (see also [14}13]) directly on the solution u constructed,
i.e. differentiating with respect to time and get an L2-energy estimate for d;p. A
direct formal computation would lead to the local boundedness of this L?-norm with the
additional argument that 9;u(0) € L? as soon as Aug € L?. However, this computation
cannot directly be made rigorous since u In |u|2 cannot be differentiated due to the lack of
regularity of the logarithm.

To overcome this difficulty, we shall work on the approximate solutions u,,. In [12],
the authors worked on the approximate solutions to prove the propagation of the H? regu-
larity, since the above mentioned energy estimate is licit in the case of (and provides
bounds which are uniform in €). However, we cannot reproduce the same proof here: our
approximate solutions do not satisfy an equation with a regularized nonlinearity. Indeed,
the equations can be put under the form

D1 + P (Dt = At I ] *) =0,

where P,,, is the orthogonal projector from L? onto X,,, (we can assume w; € H? to make
this rigorous).

Thus, the nonlinearity is still not smooth enough to make the computation rigorous.
However, by assuming w; € H? (for all j), we automatically have ¢,,,(t) € H? for all
t € Rand m € N. Even more, we have ¢,, € C!(R, H?) since the g, s belong to C* (R)
(see Lemmal[4.3)). Those crude bounds are a priori not uniform in m, but we show that we
can improve them.
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Lemma 5.1. Let u,, given by Lemmad.3|and assume w; € H? for all j € N. Then, for
all bounded interval I, Oy, is bounded in C°(I, L?) uniformly in m.

Proof. From Lemma 3] we know that the g, ;’s are !¢ for all e € (0,1), therefore
¢y, € CO(R, H?). Let 7 > 0 and
2 2
o n (1) = [0com (t + 7)[72 — |0epm (Bl 72
m,T T )
which is well defined for all t € R and any 7 > 0. Our goal is to prove a bound on ¢y, (%)
independent of 7 < 1. For this, we first rewrite

1
Vm,r (1) = . Re(Orpm (t + 7) + Orom(t), Orpm(t + 1) — Opom (t)).
Since Oy, (t + 7) and Gy (t) are in Vect(w;) j<m, we can use (3] and get

T Ym,+(t) = = Im(Oppom (t + 7) + Orom(t), Apm (t + 7) — A, (1))
+ ANI(By 0 (t 4 T) + Dy @ (£), i (E + 7)1 [t (8 + 7)|* = Ui (8) I [0 ()]

For the first term, we get
(Orom(t), Apm (L +7) = Apm (b)) = (Orpm(t), Apm (L + T) = A (t) — TO A (1))
Since (Orom (1), OtApm (1)) = —||8thpm||iz, the last term vanishes when we take the
imaginary part. On the other hand, we have shown that Ap,, € C*¢(R, L?). Hence, for
allT <1,

[Apm(t+7) — Apm(t) — TatA‘Pm(t)Hm < Om,s,tTlJrs-
Therefore, forall t € R, 7,¢ € (0,1),
I (Bspim (1), Ao (t+T) = Apm (8))] < CrpeemF,

and similarly for Im(9y o (t + 7), Apm (t + 7) — Ay, (1)).

Now, we also have

(Oeprn (1), (¢ + 7) 1 Jen (8 + 7)1 = i () I [ ()] 7)

= ~pm(t+7) = o (1)t 7 I g 6+ I = 2 () 0 4+ 7))

1

= ~(pm(t+7) = om(t) = 70upm (t), tm (t + ) In [t (¢ + )" — 20n (£) I [ (4 7) 7).
For the first term, we can use LemmaZJIsince @, (t +7) — @ (t) = U (t + 7) — um(t),

so that

‘Im(g@m(t +7) = Om(t), um(t 4+ 7) In Juy, (t + T)|2 — U (8) I g, (8 4 7')|2>‘
< 2flum(t + 1) = um(®) 72 = 2llom(t+7) = om(t)]Z2.

For the second term, we can use Lemmal[2.2] so that

(Pt +7) = m(t) = 700w () (& )10 [ (¢ 4 7)[* = e (8) In [t + 7))

< lom(t +7) — @m(t) — TOpm (t)|| 2
The first factor can be estimated like previously with the fact that ¢,,, € C1¢(R; L?):
H@m (t + 7') - ‘Pm(t) — 700, (t)”p < Cm,t,sTH_a-

U (t 4 7) In g, (E + 7‘)|2 — U () In |y (E + 7')|2HL2
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As for the other factor, we use Lemma[2.2and then Corollary 2.8]to obtain

() I [t (¢ + 7)° = i (8) It + 7)1

L2
1—

o

A

(7)1 00 ¢ 7)1+ 8100 a1 24+ 7) = 0,8
+ um (t +7) = um ()] 12

L2

A

[t (t 4 7) = ()]

4
L=

(£ )1 [0t &+ 7)1+ i ()1 10 8|

+ um (t +7) = um @) .-

2||€ 2

S ([t + D0t (8 7)1+l (010 ()1
e (£ 4 7) = (8] 2

S (Eroger(10)/2 + Euogap (1) )2 (¢ +7) = wm (Dl * + funn(t +7) = wm (V)] =

Therefore, we obtain

£ 1—¢
)t +7) = wn @]l

(Pt +7) = m(t) = TP () (& ) 10 [ (¢ 4+ 7)* = e (8) I (£ + 7))
< Cunre [ (Goscp (0)/? + Eu(10)® ) 1drrnl 2 + 7210, 0l 12
where 6-¢m == L(@m(t + 7) — @i (t)). Thus, we get
[0 (001 (), (- 7) 0 [t (£ 7) =t (8) I (8) )|
< (27 + O o™ ) [0, 0m 2
+ Crpet' T2 (glogGP(UO)E/Q + glogGP(UO)E) ”67907””;%-

Similar computations can be done for Im(dy@m, (t + 7), tm (t + 7) In |t (t + 7)|* —
U (8) I | (£)]2), 30 we get
[Ym,r ()] < Crpe™ + (4X + Cm,t,STS)H(STSDmHi?

5.1 . e
+ Cpet' T2 (glogGP(u0)€/2 + 510gGP(u0)€> ||5780m||1L2 %

At m fixed, since ¢, € CY(R; L?), we know that as 7 — 0, 6, (t) converges
strongly to 9@, (t) in L? for any ¢t € R, but also that, for ¢t € R fixed, 107 0mll 2 is
uniformly bounded in 7 < 1. The previous estimate shows that 1y, ,(¢) is uniformly
boundedin 7 < 1latm € Nand ¢t € R fixed, which means that

t e [Bepm(t)ll7: € Wio™ (R,R).
The limit 7 — 0 in (3.0} then yields

< AN|Orom()][32-

d 2
om0
On the other hand, we also have i9;¢,,, (0) = Py, {)\uo In |uo|2 — Auo}, and since P,,, is
an orthogonal projector, we get
10t0m (0)]l 2 < Ao n ol |, + 1 Auoll 5

S Os)\(glogGP(uO)E/2 + 5‘logGP(uO)E) + HAU0||L2'
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Thanks to Gronwall Lemma, we get a bound which is independent of m: forallm € N
andt € R,

2

10epm (D172 < | CeX(Eiogar(u0)*/? + Enngap(0)®) + | Aug| 2| ™. O
Corollary 5.2. Let u given by Lemmad.Zl Then, for all bounded interval I, Oyu is bounded
in L>(I; L?), and so is Au.

Proof. We want to take the limit m — oo in Lemma 5.1l For this, we use the fact that

Om — @ in L® (I; H') for its weak-x* topology for any bounded interval I by Lemmal£.7
Therefore, Oy, — Oy in D'(I x RY). As the L>°(I; L?) norm of 0;¢,, is uniformly

!
bounded in 1 and since Co(I x R?) is dense in L>(I; L?) = (Ll(f; L2)) , this limit
shows that ;> = d,u belongs to L>°(I; L?).
To conclude, we show that uIn |u|® € L>(I; L?): in view of Corollary 2.8l for ¢ € I,

[ty 0 )P, S Euogam(10)! 2 + Egp (o).

Hence, using (logGP), Au € L>(I; L?). a

6. ON STATIONARY AND TRAVELING WAVES

In this section, we prove some rather general results regarding solitary and traveling
waves. First, plugging (L2) into (TogGP), we get the equation for ¢:

(6.1) —wp—ic-Vo+ Ap=Apln|o|>.
6.1. The only possible value for w.

Proof of Theorem[[.2l u satisfies with initial data ¢ and v € L°°(R; Eioggp)-
From Lemma [3.1] we thus know that u — ¢ € C°(R; L?). On the other hand, we know
that, forany t € R, x € R< and any f smooth enough,

1
flx—te) — f(x) = —t/o Vf(x—r7c)-cdr,

which leads to
1 1
1 —te) — F@)ll, < I / IV 5z —re) el o dr < |t / IV (= ¢)| ale] dr
0 0
1
< Jtlle / 17112 dr < [V F ]2

Since V¢ € L2, we can also apply this inequality to ¢, which proves that for all ¢ € R,
d(.—ct) — ¢ € L2

The above two claims imply that u — ¢(- — ct) € L? forall t € R. In view of (L2), this
means that (¢*“* — 1)¢ € L? for all ¢t € R. Suppose that w # 0: considering t = Z, we
get —2¢ € L2, which is in contradiction with the fact that |¢| — 1 € L? from Lemma2.7l
Therefore, w = 0. [l
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6.2. Regularity and limits of a traveling wave in dimension d = 1. In this section, we
prove a result about the regularity and limits at infinity of traveling waves of the form (L.2)
solution to in dimension d = 1. In view of Theorem [[.2] such traveling waves
satisfy

(6.2) —ic/ +¢" = ApIn|o|>.
Lemma 6.1. A traveling wave ¢ solution to (6.2) satisfies

e pcC} and lim|,| oo |p(z)| = 1,
o ¢ € H' and lim|g| o0 @' (z) = 0.

Proof. Since ¢ € FEiggap, we have ¢ € H,. and in particular ¢ € C%2(R) by Sobolev
embedding in dimension d = 1. Actually, ¢ satisfies (62) with w = 0 and ¢1In|¢|*> €
L? N C° from Corollary 2.8l Moreover, ¢’ € L? since ¢ € Ejggp. Therefore, we get
¢" € L2, which leads to ¢’ € H'. By Sobolev embedding, this leads in particular to
@' € CP and, coming back to (6.2)) once again, we get ¢ € C°. This leadsto ¢ € H2.NC>.
¢' € H' also gives lim|;|_,o ¢/ (z) = 0. Furthermore, with Lemma 27l |¢| — 1 € H*,
which means that lim |, |¢(x)| = 1 and that ¢ is bounded, which shows that ¢” is also
bounded by (6.2)). O

7. SOLITARY WAVES IN THE ONE-DIMENSIONAL CASE

In this section, we prove Theorem[L4lin the case ¢ = 0. By Theorem[L.2] we know that
w = 0. Thus, the equation we address in this section is:

7.1) ¢" = Apln|g|’.

7.1. Properties of a solitary wave in dimension d = 1. We first assume that there exists
a non-constant traveling wave u of the form (L2) with ¢ = 0, solution to in the
energy space, and we gather some of its properties.

First, we show that ¢ satisfies an interesting energy equality.

Lemma 7.1. If ¢ € Fiogcp, then
(7.2) &' = A (18] In|o]* — |¢]* +1).
Proof. Multiplying (Z.I) by 2¢’(z), and taking the real value, we get

d e i 2 2 42
12 = A (9P ol — 0> +1).

By the facts that ¢ € Eipgp and |¢|*In|¢|? — [¢]* + 1 > 0, we get |¢/|> € L' and
|p|*In|¢|? — ¢ + 1 € L', so we can integrate the above equation, and no additional
constant of integration appears. (]

Corollary 7.2. If ¢ € Eioecp is real-valued on some unbounded interval I, then either ¢/
never vanishes and does not change sign on I, or ¢ is constant on I (equals to +1).

Proof. 1f there is some y € I such that ¢'(y) = 0, then Lemmal[Z.T]shows that ¢(y) = +1
as x — xlnzx — x + 1 vanishes only for x = 1 on R, and thus the uniqueness part of
the Cauchy theorem applied to gives (as long as it does not vanish) = £1 on I. On
the other hand, if there is no such y, ¢’ cannot change sign on [ since it is continuous and
never vanishes. O

Then, we show that ¢ can be taken real-valued up to a gauge on some neighborhood of
+00.
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Lemma 7.3. There exists v~ € RU {—oc} and 6§ € [0,2) such that ¢(x)e~% is real-
valued and positive for all x > x~, and, either x= = —o0, or lim,_,,— ¢(x) = 0.

Proof. We can write (Z.1)) as a first order differential system,

a3 (2) = Guomar) =2 ((2):

F is a continuous function on C? and is of class C* on (C \ {0}) x C. From Lemmal[6.1]
there exists zg € R such that 3 > [¢(z)| > 3 and |¢/(z)| < & forall z > z(. Therefore,
by Cauchy-Lipschitz Theorem, there exists a maximal interval I, = (2, 2™) such that
xo € I and (¢, ¢') is the unique solution of (Z3) on I, with initial data ¢(zo) and
¥(xg) = ¢'(x0), with values in C2 \ ({0} x C). Moreover, if |x*| < oo, then either
lim, .+ ¢(x) = 0orlim, .+ (|¢(x)|+](z)|) = oo, and similarly for the limit z — x~.

However, since we already know that 3 > |¢(z)| > 3 and |¢/(z)| < § forall z > g,
we can already conclude that z+ = co. On the other hand, since ¢ € C 2 (R) by Lemmal6.1]
we know that lim,, _, .- (|¢(z)| + |¢(z)]) = oo cannot be true if z~ > —oo.

On I, ¢ does not vanish. Hence, we can use a polar decomposition: ¢ = pe'®, with p
and 6 real-valued and defined as

I ! ,
74  p=ldl 0" = 4]{11((;25 ¢)‘7 0(xo) € [0,2n) such that e?(*0) = —(ZS(QCO)'
P p(xo)
The regularity of ¢ and the fact that it does not vanish on I, ensure that p and 6 are well
defined and C? on I . Thus, we can compute ¢” in terms of p, §, and their derivatives:

¢ = (p" — p(0)* +2ip'0) .
Substituting into (Z.I)), we get (after simplification by e*’)
(7.5) P! — p(0") + 2ip'0" +ipd” = \pln p°.

By taking the imaginary part, we get pf” + 2’0’ = 0. Since p does not vanish on I, we

getforallx € I;:
Co

0 (z) = —,
=
where ¢ is a constant. Then, we can compute for all x € I
(0) = (0'0) + i) (0 ) = (9'a) 410 ) 60,
plx
which leads to & € L?(I;) and at the same time lim 4, < = ¢o since we know that

lim, 4 o0 p(z) = 1. Combining these two arguments yields ¢y = 0.
Hence, 6 is constant on I, which gives the conclusion. O

co
P

From now on, without loss of generality, we can assume that # = 0 in Lemma[Z3] up
to changing ¢ to e~ ¢.

Lemma 7.4. Let z= € RU {—o0} from Lemma[Z3] Then x~ > —oo. Moreover, ¢(x) €
(0,1) and ¢'(x) > 0 forall x > x~. Last, p(x~) =0and ¢'(x~) = 1.

Proof. From Corollary we know that ¢’ never vanishes and does not change sign on
(x~,00). By contradiction, if ¢(x2) > 1 for some x2 > x~, then

e Either ¢’ > 0 on (z~,00), and thus ¢(x) > ¢(x2) for all & > zo, which is in
contradiction with the fact that lim |¢| = 1.
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e Or¢’ < 0on (z~,00), which means that ¢(z) > ¢(x2) > 1forallz™ < z < zo.
Therefore, x~ = —o0, but then we have the same contradiction as in the previous
case, for —oo
Therefore, ¢(x) € (0,1) for all x > z~, and this leads to ¢’ > 0 on (z~,c0). Now,
remark that f(z) = z?Inz? — 22 + 1 is decreasing on [0, 1]. Thus, Af((b) ( ¢')?%i
decreasing, which shows that, taking 79 € (z7,00), we have ¢'(z)? > ¢/ ( 0)? for all
2~ < x < g, and thus ¢’ (z) > ¢'(z¢). By integration, we get for all x € (™, @o),

d(x) < ¢(xo) + (z — 20)d' (20).
Since the right hand side goes to —oo as 2z — —oo, and since ¢ > 0 on (z~, 00), this yields
2~ > —oo. Thus, we are in the second case of Lemma[7.3] and since ¢ is continuous, we
get ¢(z) = 0. Last, (Z.2) holds for z = z~, and we know by continuity that ¢/(z~) > 0,
which gives ¢'(x7) = 1. O

Lemma 7.5. Let = € R from LemmalZ3l Then, for all z < x~, ¢(x) is real-valued,
negative and increasing.

Proof. From Lemma [7.4] we know that ¢(z~) = 0 and ¢/(z~) = 1. Therefore, there
exists 6 > O such that ¢ # O on [x~ — §,z ™). Define
zg =inf{y <z |Vz € (y,27),¢(x) #0} <z~ —4.

On I == (z, ,x™), we can use a polar factorization in the same way as in (Z.4): ¢ = pet?,
where p and 6 also satisfy (Z.3) on I>. Taking again the imaginary part and integrating the
ODE, we have, like before,

9/(17) = Vr € Is.

We still have then
_ . Co i6(x)
¢/x—<9’x —I—z—)e ,
@ = (0@ +i

and once again we must have % € L?(I) since ¢/ € L% However, we know that

¢(x~) = 0and ¢'(z~) = 1, which means that ¢(z) ~ © — 2~ as  — z~. In terms of p,
this implies p(x) ~ |z — 2z~ | asz — x~, and ?0) € L*(I,) if and only if ¢y = 0. Once

again, 6 is constant on 5, and therefore so is 2. With the previous asymptotics, we know
that it tends to —1 at ™. Thus, we get

¢ =—p.
This shows that ¢ is real-valued and negative on Is. Then, we can apply Lemma [l on
(xg ,00), which shows that ¢’ does not vanish on this interval, and thus ¢’ does not change

sign once again, which proves that ¢’ > 0 on I5. Therefore, ¢(z) < ¢(z~ — ) < 0 for all
x € (xy ,x~ — J), which proves that z; = —oc. O

It only remains to analyze the limit of ¢ at —

Lemma 7.6. We have

lim ¢(z) = -1

Tr—r—00

Proof. We have seen that ¢ is increasing, thus it has a limit at —co. From Lemma[Z.3] we
know it is negative. Moreover, || — 1 € L?, which means that ¢+ 1 € L?((—oc,0)). The
conclusion easily follows. O

The conclusion of all the previous lemmas is the following:
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Corollary 7.7. If u is a non-constant traveling wave solution to of the form (L.2))
with ¢ = 0, then there exists 0 € R such that 8719(;5 is a real-valued, increasing, c?
function with values in (—1, 1) which vanishes at a unique point xo. Moreover, ¢o(z) =

e—i9¢(gg + o) also satisfies ,
lim ¢o(z) = £1.

r—+o0

and
(7.6) (@) =A(efmet - 03 +1)  onR

7.2. Analysis of the new ODE and proof of Theorem .4l From Corollary[7.7] ¢ van-
ishes at x = 0, satisfies (Z.6)) and is strictly increasing, i.e. ¢ > 0. Thus, ¢ satisfies the
ODE

(7.7) 0y = VA @B i +1 ok
The uniqueness of this function is the topic of the following lemma.

Lemma 7.8. There exists a unique function ¢q satisfying (L1) with the initial data ¢o(0) =
0. It is defined on R and satisfies
lim ¢o(z) = £1.

z—+o0

Moreover, pg € Eiogcp-

Proof. We already know that f(z) = xlnx —x + 1 > 0 for all z > 0, and f vanishes
only at z = 1. Moreover, by simple computations, we check that g(z) = f(2?) is C! on
R, and C? on R \ {0}. We also compute f/(1) = 0 and f”(1) = 1, hence

1,5 2
), 2,5 -0

From these facts, we deduce that h = /g is a C°(R) NC*(R \ {—1,1}) function such
that h(z) ~p 11 |22 — 1‘/\/5 Therefore, it is C%! locally on R, and we may invoke
Cauchy-Lipschitz Theorem: there exists a unique ¢ satisfying ¢, = v Ah(¢o) with the
initial condition ¢ (0) = 0, on a maximal interval I > 0 of existence.

Then, ¢y cannot reach 1 or —1, because the constant function 1 and —1 are both solu-
tions to this ODE, and it would contradict the uniqueness in the Cauchy-Lipschitz Theo-
rem. Since ¢ is continuous, we infer that ¢o(z) € (—1,1) for all z € R. Moreover, we
can easily prove that there exists ¢; > 0 such that

h(y) > ca(y+1), Vye[-1,0]
h(y) Z Cl(l - y)v Vy € [07 1]

Since we know that ¢ (z) € (—1,0] for all z < 0, we can estimate

¢o(r) > etV A(do() +1), Vo <0,
By integrating backward, we get for all z < 0,
—1 < go(x) < —1+ eV,
0 < ¢p(z) < eV eV A
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Similarly, we also have for all z > 0
1— e VAar < gy (z) < 1,
0 < ¢(x) < crVaeVrarr,

Those estimates prove the expected limits at 0o, and also show that ¢, € L? together
with || — 1 € L?. We conclude that ¢y € Ejoecp by Lemma 2.7 O

The previous result obviously proves that we have a set of solitary waves for (IogGP).

Corollary 7.9. For any 6 € R and any xy € R, eie(bo(. — x0) € Eiogcp is a solitary
(stationary) wave of ([ogGP).

It remains to show that they are the only possible solitary waves in order to prove The-
orem[L4lin the case ¢ = 0.

Proof of Theorem[L.4} case c = 0. Let ¢ € Ejogp and u be a traveling wave of the form

(T.2) with ¢ = 0. From Corollary[7.7} we can find # € R and ¢ € R such that e~ ¢(. +

7o) is a real-valued, increasing, C? function with values in (—1,1), which vanishes at 0,

and satisfies (Z.6)), i.e. (1) by positivity of its derivative. It is therefore ¢q, defined in

Lemma [Z.8] by uniqueness given by the same lemma: e~ “¢(. + 2¢) = ¢p, i.e. ¢ =
i0

€ gf)o( - Io). [l

8. TRAVELING WAVES IN THE ONE-DIMENSIONAL CASE

8.1. Admissible velocities. The goal of this section is to prove Theorem[I.3] and charac-
terize velocities of nontrivial (that is, nonconstant) traveling waves. We assume that there
exists a traveling wave of the form (L2 solution to (logGP), i.e. ¢ € Ejoggp solution to

62D

Lemma 8.1. The functionn = 1 — |<;5|2 satisfies, on R,

%(n/)2 = h’C(n)a
where 2
) = M1 =1 =) = (1 =2 1) - 22 S

Proof. We follow the same lines as in [2]. Writing ¢ = ¢1 + i, (6.2) becomes
{ 1+ cdh = Adi In (67 + 63) ,
5 — e = Ag2In (67 + ¢3) .

We multiply the first equation by ¢- and the second one by ¢, and we subtract in order to
get:

8.1

(¢162 = 6165)' = —c(@adh + 9101 = 2ofs n=1—|of"

Moreover, we know that ¢ is bounded by Lemmal6.11 thus ¢} ¢a, 165 € L%, andn € L?
by using Lemma[2.7l Thus, integrating the above identity yields

(8.2) o — P19l = gn-

Now, we multiply the first equation of 8.1} by ¢}, the second by ¢, and we sum in
order to get:

P + Dhdy = N (d10] + p2y) In (45 + ¢3)
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which can be written as
!

(167) = A (1o o o +1) .

We know that both |¢/|? and |¢|* In |¢|® — |¢|> + 1 (which is positive and whose integral
over R is bounded by Eioep(¢)) are in L', hence:

07 = A(JoF m|of — |6 +1)  onR
We deduce then
" = =2[¢'|* = 2(41¢ + b2y
/12 / 2 / 2
— =216/ = 261 (—cg + Adr In |0 — 205 (c0} + AdaIn |o)
= —4A1 =) In(1 = 1) = 2X = ¢*n = he(n).
Multiplying by 7/, we obtain

1 /
5 ((1)%) = (he()'.
Since limyoo 1 = lim4o, 7 = 0 from Lemmal6.1] we conclude by integrating. O

Remark 8.2. This lemma may be extended to the case of any non-linearity F'(u) with F' a
continuous function on C of the form F(u) = u f(|u|”) with f(1) = 0.

Corollary 8.3. If ¢ # 0, then ¢ never vanishes.

Proof. Tt comes from the fact that h.(1) = —% < 0if ¢ # 0, while he(n) = 2(7/)? > 0.
Therefore, n(x) # 1, thatis ¢(x) # 0, forall z € R. O

Corollary 8.4. If c?> > 2\, thenn = 0.

Proof. The limiting case c¢? = 2\ is treated like in [2]: if 7 is not identically zero, then in
view of Lemmal6.1] by translation invariance, we may assume
n(0)] = max {|n(z)|, = € R} >0, 7'(0)=0.
In view of Lemma [81] h.(r(0)) = 0. On the other hand, Corollary B3] implies that
1 —n(xz) > 0forall x € R, and direct computation yields
R(y) =4 In(1 —y), 0<y<1.

Therefore, h(y) is positive for y < 0, negative for 0 < y < 1. As h.(0) = 0, b is
negative on (—00,0)U (0, 1): h, is decreasing on (—oo, 1). Since h.(0) = 0, the only zero
of h. on [0, 1) is the origin, and so 7(0) = 0, hence a contradiction: 7 is identically zero.

Suppose now ¢? > 2\. Since h.(0) = h.(0) = 0, and h!/(0) = 2\ — ¢?, there exists
e > Osuchthat h.(y) < Oforally € [—&, €]\ {0}. On the other hand, h.(7) is continuous,
nonnegative (from Lemma[8.I) and tends to 0 at +=co. The conclusion follows easily. [

Lemma 8.5. If 2 > 2\, then ¢ is constant.

Proof. By Corollary [8.4] we know that |¢(z)| = 1 for all z € R. Since ¢ is a CZ(R)
function, there exists a real-valued function # € C? such that ¢ = €*’ (defined like in (Z.4)
for instance). By substitution in (6.2)), 6 satisfies then

cd +i0" —(0")? = 0.
By taking the imaginary part, we get 8" = 0. Since we must have ¢/ = i0'¢?’ € L2, we
get§ € L? and thus @' = 0. O
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8.2. Nontrivial traveling waves. We now consider the case 0 < ¢? < 2. Define, for all
y >0,

) /1 9
fe(y) = Z(E_y) +Aylny?,
2 (1 — y2)?
ge(y) = _Z(7;72) + )\(QQ ny? —y* + 1).

The following lemma is established by direct calculations:

Lemma 8.6. Let c such that 0 < c¢? < 2)\. There exts 0 < yo < y1 < 1 such that the
following holds:

fe has exactly two zeroes on (0, 4+00): y1 and 1.

fe is positive on (0,y1) U (1, 400), negative on (y1, 1).

ge has exactly two zeroes on (0, 4+00): yo and 1.

ge is negative on (0, yo), positive on (yo, +00) \ {0}.

There exsits C. > 0 such that C%(l—y)2 < ge(y) < C.(1—y)? forally € (y1,1).

Proof. We compute

2 2
gy = S (3 pey 3 2)
fily) = 1 < e 1)+2/\lny+2/\, y) = e + ; > 0.

. / _ . / —
lim fe(y) = —o0,  lim fe(y) = +oo,

the derivative f. has a unique zero on (0, +o00), which we denote by y2 > 0. Since
fL(1) =2X — ¢? > 0, we know that 0 < yo < 1: f.(1) = 0, hence f.(y2) < 0, and there
exists a unique 0 < y; < yo such that f.(y1) = 0.

We note that f. = % g.., and in view of the above pieces of information, we can draw:

Y 0 n Y2 1 +00

fc(y) +00 —0— B S g— “+00

+ +00
9e(y) e

In particular, g. is increasing on (0, y1 ), from —oo to a positive value, and there exists
a unique yo € (0, y1) such that g.(yo) = 0, and the lemma follows easily. (|

Lemma 8.7. If ¢ is such that 0 < ¢ < 2, then p = |¢| satisfies
(8.3) p" = felp),

(8.4) (1)? = ge(p).-

Moreover; there exists xg € R such that p(xo) = yo, where yq is defined in Lemma
and 0 € C?, defined so that ¢ = pe', satisfies

(8.5) g = 3(1 — p—12)
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Proof. By Corollary B3] ¢ never vanishes. It is also a CZ function. Therefore, we can
define p and @ as in (Z.4) so that ¢ = pe?®. They satisfy

(8.6) —icp' +cpd 4 p" — p(0')* +2ip'0" +ipf” = \pln p*.
By taking the imaginary part, we get
8.7) —cp' +p0" + 206" =0.
As p never vanishes, the solution of this ODE on 6’ takes the form
c
0(x) ==+ —"5

where cg is a real constant. Then, there holds
¢ = (p’ + i(Ep + C—O))ew €L’
2 p

On the other hand, we already know that limy ., p = 1, thus we must have ¢ = —=%, so

2’
that )
0 (z) =< (1 - —)
=30 S
Now, (8.6) reads

5o 3) - e
EEAEN
(%—)—I—)\plnp

After multiplication by p’ and integration, we find:

(p’)Q——Z%ﬂL/\(p np? —p* +1).

We also know that if p = 1, then §’ = 0 and thus ¢ is constant. On the contrary, if ¢ is
not constant, then p is not either, and thus has an extremum since lim4., p = 1. Let g
be extremal. Then p’(zo) = 0, and therefore 0 = g.(p(x0)), with p(zo) # 1. Lemmal8.6
implies p(zg) = yo. O

Lemma 8.8. There exists a unique p. € C? satisfying 83), p.(0) = yo and p.(0) = 0.
Moreover, p. > yo > 0, limyoo pe = 1 and p. — 1 € H'.

Proof. Since f. is C* on (0, 00), we can apply Cauchy-Lipschitz Theorem to get a lo-
cal solution. By multiplying (8.3) by p’. and integrating, this solution satisfies also (8.4).
Lemmal[8.6]then yields p. > yo, which proves that this solution is global.
Then, by (8.3) and Lemmal[8.6lagain, we get p”(0) > 0. Hence there exists ¢ > 0 such
that p/, < 0 on (—¢,0) and p,, > 0 on (0,¢), and p. > yo on (—¢,¢) \ {0}. Let
v =sup{z > 0| p.(y) > 0forally € (0,2)},
z” =inf{z <0|p.(y) <Oforally € (z,0)}.
From (8.4) and Lemmal[8.6]along with the fact that p. and pl, are continuous, we know that
either 7 = +oo or p.(z+) = 1, and similarly either 2~ = —oco or p.(z~) = 1. However,
if p(x1) = 1 at some point 21 € R, then (84) gives p.(z1) = 0 and the uniqueness in

Cauchy-Lipschitz Theorem for (8.3) leads to p. = 1, hence a contradiction. Therefore,
2T = 400 and £~ = —oo, which implies that p,. is decreasing on (—oo, 0), increasing on
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(0,00) and p(x) € [yo,1) for all z € R. Thus, it has limits {1 > yo at +00 and must
also satisfy lim+ o, p/, = 0 in view of (84)). Therefore, the limit must satisfy g.(¢+) = 0,
which leads to /+ = 1.

Last, since p/, > 0 on (0, 00), (8.4) reads on this interval

)

By Lemma[8.6land since p.(x) > y; for x large enough, we get

P>/ Col1 = po).

Thus p. converges exponentially fast to 1 at 400 by Gronwall lemma, and therefore p/,
converges exponentially fast to 0. The same holds as z — —oo, hence the conclusion
pe—1€ HL. (|

Lemma 8.9. For c such that 0 < ¢? < 2\ and 6y € R, define ©.. by

c 1
Y :—(1——), 0.(0) = 6o,
where p. is given by Lemmal8.8 Then ¢. := p.e*© € Eiogcp and u defined by (L2) is a
traveling wave for (IogGP).

Proof. Direct computations show that O, satisfies (877), and thus (p., ©.) satisfies (8.8,
which is equivalent to ¢, satisfying (6.2)) or u satisfying (IogGP). Therefore, we only have
to prove that ¢. € Ejogcp.

By Lemmal[8.8] we already know that |¢.| — 1 = p. — 1 € H'. Moreover,

. T cp?—1 6
¢ = (Pl +1ipcO.) ™% = (p’c+z§—p0p )elo‘:-

By Lemma [8.8] again, p.. € L? and p,. is bounded, and bounded away from 0, so that
2
Po—2 Cp:l € L?. We conclude ¢ € Ejogp thanks to Lemma[2.7] O

End of the proof of Theorem Let ¢ € Elocp and u a traveling wave of the form (L.2)).
By applying Lemma[877] we get z¢ € R such that p(z¢) = yo where p = |¢|, which yields
p'(x0) = 0 through (8.4). Since p(. + x¢) also satisfies (8.3), this function satisfies the
assumptions of Lemmal[8.8l Thus p(. + o) = pe, and since 0 satisfies (83), ¢ is of the
form ¢, defined in Lemma [8.9]for some 6. O

9. SOME OPEN QUESTIONS

Multidimensional solitary and traveling waves. We have classified solitary and travel-
ing waves in the one-dimensional setting, using ODE techniques. The picture is of course
rather different for d > 2, see typically the case of traveling waves for the Gross-Pitaevskii
equation (L.I), in [8] 3], where the role of hydrodynamical formulation (via Madelung
transform) is decisive. See also [2] and references therein.

We note that contrary to the case with vanishing boundary condition at infinity, one
cannot easily construct multidimensional waves from one-dimensional ones by using the
tensorization property evoked in the introduction. Recall that if u;(¢,21), ..., uq(t, z4)
are solutions to the one-dimensional logarithmic Schrédinger equation, then wu(t, z) :=
up(t,x1) X -+ X ug(t, zq) solves the d-dimensional logarithmic Schrodinger equation.
In the case of vanishing boundary condition at infinity, u;(¢,-) € L?(R), hence u(t,-) €
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L? (Rd); see e.g. [L1]] for some applications. On the other hand, if u; (t,-) € Eioecp = Egp
(the sets are the same in the one-dimensional case), then even for d = 2,

(acl R ,TQ) — ul(t, ,Tl)UQ (t, .’L‘g)

does not belong to the energy space Ej,.gp = Egp (case of R?), as the spatial derivatives
are not in L?(R?).

Orbital stability. In the case of the one-dimensional Gross-Pitaevskii equation, the or-
bital stability of traveling waves was proven in [23] by using the fact that this equation
is integrable, in the sense that it admits a Lax pair, and solutions are analyzed thanks
to Zakharov-Shabat’s inverse scattering method. It seems unlikely that even for d = 1,
is completely integrable, so the stability of traveling waves will require a different
approach.

In [36} 4], the orbital stability of the black soliton is studied without using the integrable
structure, but variational arguments. In [7] (dark soliton) and [25] (black soliton), the
orbital stability is improved to asymptotic stability (the modulation factors, which consist
of a translation parameter and a phase shift, are analyzed). These approaches may be more
suited to (TogGP), but new difficulties due to the special form of the nonlinearity arise,
starting with the control of the presence of vacuum, {u = 0}.

Scattering. Another way to study stability properties consists in establishing a scattering
theory, considering the plane wave solution, u(t, z) = eik'm*“k‘zt, k € RY, as a reference
solution. By Galilean invariance, the analysis is reduced to the case k = 0, and the question
is the behavior of the solution as ¢ — 400 when the initial datum uo = 1 is perturbed. In
such a framework, a crucial object is the linearized Schrédinger operator about the constant
1. Using in addition normal form techniques, a scattering theory for (I.1)) was developed
in [27, 28! [29] for d > 2, and resumed in [33| [34] in the case of the three-dimensional
cubic-quintic Schrodinger equation (the quintic term introduces the new difficulty of an
energy-critical factor).

In the case of (logGP), the new difficulty is due to the fact that the logarithmic nonlin-
earity is not multilinear in (u, %), reminding of the difficulty of giving sense to linearization
in such a context (see e.g. [19}140]).

Convergence toward other models. It is well-established that in the long wave régime,
the Gross-Pitaevskii equation converges to the KdV equation in the one-dimensional case,
and to the KP-I equation in the multidimensional case; see e.g. [5,16}[17]. More precisely,
we may resume the general presentation from [[17]: considering the nonlinear Schrodinger
equation
iOu+ Au= f (Ju]*) u,

where the nonlinearity f is such that f(1) = O and f/(1) > 0, the KdV and KP-I equations
appear in the limit ¢ — 0, after the rescaling

t=ce3r, X;=¢e(xy —ct), X; = azxj, jed2,...,d}.
Writing
u(t, X) = (1+24%(t, X)) e'=¢" (20,
and plugging this expression into the equation solved by u, the formal limit ¢ — 0 in

the obtained system provides a limit A solution to the KdV equation if d = 1, and to the
KP-I equation if d > 2. We emphasize that in the usual Gross-Pitaevskii equation (L)),

f(y) = y — 1, in the logarithmic case (logGP) with A = 1, f(y) = Iny, so we always
have f(1) = 0 and /(1) > 0. The general case considered in [17] is analyzed under the
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assumption f € C*° (R, R), which is not satisfied in the logarithmic case. This is probably
not the sharp assumption in order for the arguments presented in [17]] to remain valid, but
it is most likely that the proof uses a C° regularity on [0, +00), like in [15} [16} 37] (these
papers are devoted to the existence of traveling waves in the same framework; C! regularity
of f is required only near 1). Again, the main difficulty in the case of the logarithmic
nonlinearity lies in the control of vacuum, as f fails to be continuous at the origin.
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