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1 Introduction

It is natural to believe that, in the absence of quantum anomalies, the structures associated
with integrability (higher symmetries, etc.) will be preserved under renormalization. This
paper is concerned with a particular semi-classical incarnation of this idea: that the space
of classically integrable theories is stable under the leading 1-loop RG flow.
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One may say that a 2d field theory is classically integrable if its classical equations of
motion are equivalent to the flatness of a 1-parameter family of Lax connections,1,2

[∂+ + L+(z), ∂− + L−(z)] = 0 , L± ∈ Lie(G) . (1.1)

In the context of 2d σ-models,

L = −(Gmn(x) ηab +Bmn(x) εab) ∂axm ∂bxn , S = 1
4πα′

∫
d2ξ L ,

= (G(x) +B(x))mn ∂+x
m ∂−x

n
(1.2)

this condition selects an interesting subspace of σ-model couplings, or target space geometries
(G,B); an interesting goal is to understand and classify this subspace.

The 1-loop RG flow of general σ-models (1.2) is a ‘generalized Ricci flow’ in the space
of geometries (G,B) [4–8],3

d

dt
(G+B)mn = Rmn − 1

4HmpqHn
pq − 1

2∇
pHpmn . (1.3)

We expect the subspace of classically integrable couplings to be stable, or closed, under
this flow (see, e.g., [9–11] for background on this idea). Equivalently, if a theory’s classical
equations of motion admit a flat Lax connection, then so should its 1-loop ‘effective equations
of motion’ (those obtained by varying the 1-loop effective action).

Indeed, there is much evidence for this conjecture: integrable σ-models with a few
couplings are found to be renormalizable at 1-loop, with just those couplings running and the
existence of a flat Lax pair being preserved. Such examples include the η-deformed [12] and
λ-deformed [13] models, and the integrable GN [14] and G×G/H [15] models. Moreover,
we are not aware of any counterexamples.

In this paper we shall take a first step towards proving the renormalizability of integrable
models, by computing universal formulae for their 1-loop divergences in terms of the currents
appearing in the Lax connection. The key idea is that, since integrability forces the equations
of motion to take a universal zero-curvature form (1.1), then the 1-loop RG flow will also
be universal, as it is determined by the linearized equations of motion. The only model-
dependent information will come from (i) the analytic structure of the spectral (i.e. z)
dependence of the Lax connection and (ii) the relation between the currents in the Lax
connection and the fields.

For example, for integrable models whose Lax connections have the analytic structure

L±(z) = 1
1± zA± , (1.4)

1We denote by ξa (a = 0, 1) the co-ordinates of 2d Minkowski space with signature ηab = diag(−+). We
will use the standard 2d light-cone co-ordinates ξ± = 1

2 (ξ0 ± ξ1). The antisymmetric 2d Levi-Civita tensor
εab is defined with ε01 = 1. The target space indices are denoted m,n = 1, . . . , D. The Lax connection will
always be valued in a (super)algebra Lie(G), with generators labelled by α, β, γ (see appendix B for further
conventions). The complex spectral parameter is denoted z.

2Formally for classical integrability one should also demand a sufficient number of commuting charges.
This can be ensured by assuming a certain form for the Poisson brackets of the Lax (see, e.g., [1–3]).

3We denote t = log µ where µ is a renormalization scale, and will denote by Λ a UV momentum cutoff.
Here and in the rest of the paper, we set α′ = 1.
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we will show that the on-shell 1-loop divergences take the universal form4

d

dt
L̂(1) = −1

2cG Tr[A+A−] . (1.5)

Here the current A± may take any form in terms of the fields of the model, up to some mild
assumptions that we discuss below. As we will show below, the formula (1.5) matches and
generalizes the known results for the 1-loop β-functions of the principal chiral model (PCM)
with and without Wess-Zumino (WZ) term, its η- and λ-deformations,5 its non-abelian
T-dual (NATD) and its pseudo-dual, with A± taken to be the corresponding Lax current
in each case.

We expect the universality of 1-loop divergences to be a generic feature, with a single
formula like (1.5) applying for each choice of poles of the Lax connection. Indeed, we will
compute these ‘universal’ formulae for a large class of theories with only simple poles in
the Lax connection. This class includes, but is not limited to, theories obtained from affine
Gaudin models, such as integrable GN models [17, 18] — and indeed our results match the
known 1-loop β-functions for G×G models [14, 15].

We will also focus on the Lax connection corresponding to ZT coset models of ‘pure-
spinor’ type [19–22]. Again we derive a single formula for the 1-loop on-shell divergences of
any theory with a Lax connection of this same analytic structure (assuming the eligiblity
conditions below). In particular, as well as the undeformed pure-spinor ZT cosets, our result
applies to their η- and λ-deformations that were recently constructed in [23]. As a result,
we will show that these models are 1-loop renormalizable and compute their β-functions
(confirming the conjecture of [23]). In the particular case of supercosets with vanishing
Killing form, we show that all theories of this class are 1-loop scale-invariant.

We will give a general path integral argument that such a universal formula for 1-loop
divergences applies for classically integrable models with a generic choice of poles in the
Lax connection. Noting that, typically, some of the zero-curvature equations (1.1) will be
Bianchi identities (satisfied off-shell), we make a crucial assumption that these Bianchi
identities are ‘complete’. That is, they are sufficient to re-write the Lax currents in terms of
the physical fields, at least to leading order in a background field expansion.

We will use this assumption to show that the 1-loop on-shell divergences are insensitive
to the distinction between equations of motion and Bianchi identities. This fact is intuitive
because Bianchi identities and equations of motion play the same role in correlation functions
up to ~-suppressed contact terms,

〈Bianchi · · · 〉 = 0 , 〈EOM · · · 〉 = ~ (contact) , (1.6)
4We denote the 1-loop on-shell effective action as Ŝ(1) = 1

4π

∫
d2ξ L̂(1). The symbol cG denotes the dual

Coxeter number of G (see appendix B).
5The formula (1.5) previously appeared in the particular case of the λ-model in [16], where it was also

obtained by observing that the equations of motion are the same as the PCM up to a redefinition of the
current A±. Our approach is different in that: (i) we will consider a general on-shell background field,
which is technically required to claim renormalizability (as opposed to computing β-functions assuming
renoramlizability); (ii) we will justify the treatment of equations of motion and Bianchi identities on an
equal footing by a path integral argument; and (iii) our approach is much more general, applying not just
for the λ-model but for a broad class of integrable theories.
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so one should expect them to be interchangeable at the leading 1-loop order. As a result,
different theories realizing the same Lax connection are equivalent at the level of 1-loop
divergences, since they differ only by a designation of Bianchi identities and equations
of motion.

In this paper we use a background field method and assume all background fields to be
on-shell, so we are computing on-shell divergences. In the σ-model context, that means
we drop possible diffeomorphism contributions LV (G(x) +B(x))mn to the β-function (1.3)
(where LV is the Lie derivative along a vector V ). This is advantageous in the sense of
removing the ambiguity corresponding to field renormalizations, so it is actually easier
to detect certain properties, e.g. renormalizability. However, it is disadvantageous in the
context of string σ-models, where 2d Weyl invariance demands that these invisible off-shell
terms take a particular form Vm = ∂mφ+O(α′) in terms of the dilaton background φ. We
will return to this point in section 6.

This paper is structured as follows. In section 2 we focus on models with Lax connection
of the same structure as the principal chiral model (eq. (1.4) above). Section 2.1 contains
the general path integral argument that underlies our approach.

Section 3 focusses on models related to ‘pure-spinor’ ZT cosets. Section 4 discusses
a general class of theories with only simple poles in the Lax connection. Section 5 is a
summary and discussion of the results, and section 6 considers the future directions.

In appendix A we derive sufficient conditions for the Bianchi ‘completeness’ assumption
and show that they are satisfied for all models considered in the paper. In appendix B
we state our conventions for (super)algebras and derive an identity in terms of structure
constants. In appendix C we show that the 1-loop equivalence between equations of motion
and Bianchi identities is consistent with the standard fact that T-duality commutes with
the 1-loop RG flow.

2 Principal chiral model and relatives

First let us consider a simple analytic structure for the Lax connection,

L±(z) = 1
1± zA± . (2.1)

Here z is a complex spectral parameter.
One example of a theory with such a Lax connection is the principal chiral model (PCM),6

L = −1
2h Tr[J+J−] , J± = g−1∂±g , g ∈ G . (2.2)

In that case the current appearing in the Lax connection is just the Maurer-Cartan current,
A± = J±. More generally, e.g. for integrable deformations of the PCM, the currents take a
model-dependent form A± = A±(g) in terms of the physical fields, schematically denoted g.

The curvature of the Lax (2.1) is

F+−(L) := ∂+L− − ∂−L+ + [L+, L−]

= 1
1− z2 ∂A+ z

1− z2 F+−(A) .
(2.3)

6Here and below, Tr is taken to be a symmetric, ad-invariant bilinear form on the algebra Lie(G).

– 4 –



J
H
E
P
0
3
(
2
0
2
3
)
0
0
3

The equations of motion are assumed to be encoded in the vanishing of the curvature for
all z, i.e. the flatness and conservation of A,

∂A = 0 , F+−(A) = 0 . (2.4)

Hence all theories with this same Lax connection have this same set of ‘on-shell’ equations.
Some combinations of these equations may be Bianchi identities, which hold even

off-shell. For example for the PCM we have A± ≡ g−1∂±g implying F+−(A) ≡ 0. In general
the currents A±(g) may solve one or more Bianchi identities (which we denote with the
symbol ≡) of the form7

P (g) · F+−(A) ≡ O(g) · (∂A) , (2.5)

where the linear maps O(g), P (g) : Lie(G)→ Lie(G) may depend on g.
We propose that, for all theories with Lax connections of the from (2.1) satisfying

the Bianchi Completeness Assumption 2.1 below, the 1-loop divergences take a universal
form in terms of A. Indeed the 1-loop renormalization is fully determined by the classical
equation of motion, and these theories have the same equations of motion, up to the
distinction between Bianchi identities and equations of motion. As we shall argue below,
that distinction does not affect the 1-loop on-shell divergences.

Hence, at the 1-loop level, one may treat any model of this type like the PCM: treating
F+−(A) ≡ 0 as a Bianchi identity and ∂A = 0 as an equation of motion. Then the
divergences are simply the same as the PCM, with the Maurer-Cartan current J± replaced
with the appropriate Lax current A±. The resulting prescription for the 1-loop effective
Lagrangian is

d

dt
L̂(1) = d

dt
L̂(1)

PCM

∣∣∣
J→A

= −1
2cGTr[A+A−] . (2.6)

Here we have used the fact the only 1-loop divergences of the PCM (2.2) are absorbed into
its coupling as d

dth = cG , so its 1-loop effective Lagrangian is d
dt L̂

(1)
PCM = −1

2cGTr[J+J−]. In
the following sections we will explicitly derive the result (2.6) by a path integral argument.

2.1 General argument: Bianchis vs. EOMs

In this section we give a path integral argument that, under certain assumptions, 1-loop
on-shell divergences do not depend on which equations are Bianchi identities and which
are equations of motion. We will consider a general 2d field theory with Lax connection
L± = L±(z;A(g)) in terms of some currents A±(g) ∈ Lie(G) that depend on the physical
fields g. We expand the currents around a background,

A± = Ā± + a± , Ā± = A±(ḡ) , (2.7)

where ḡ is an on-shell background for g. We assume the ‘completeness’ of the
Bianchi identities:
Bianchi Completeness Assumption 2.1 Assume that, to leading order in the back-
ground field expansion, a subset of the zero-curvature equations is equivalent to the Lax
currents taking the correct form A± = A±(g) in terms of the physical fields.

7See [24] for discussion of Bianchi identities of this form in theories related to the PCM.
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In other words, some subset8 of the Lax zero-curvature equations are the Bianchi identities,9

Bianchiα(g,A) ≡ BαI(g) zero-curvI(A) ≡ 0 , (2.8)

definded by the property that the physical currents satisfy them off-shell, Bianchiα(g,A(g))≡0.
Here zero-curvI(A) = 0 are all of the equations (indexed by I) following from the zero-
curvature condition F+−(L) = 0, and BαI(g) is some matrix depending on g.

The linearized Bianchi identities are then

Bianchiα(ḡ) · a ≡ BαI(ḡ) zero-curvI
(
A(ḡ) + a

)∣∣∣
O(a)
≡ 0 , (2.9)

where the symbol |O(a) indicates truncation at linear order in a. We may indeed re-
place Bα

I(g)→ Bα
I(ḡ) to linear order in (2.9) since the background field is on-shell,

zero-curvI
(
A(ḡ)

)
= 0.

The Bianchi Completeness Assumption is that the linearized Bianchi identity (2.9) is
equivalent to the fluctuations a± of A± arising from fluctuations φ of the physical fields g,

A±(ḡ) + a± = A±(ḡ + φ) . (2.10)

The 1-loop effective action is given by

Ŝ(1)(ḡ) = −i log
∫
Dφi ei

∫
φiOij(ḡ)φj = i

2 log detO(ḡ) , (2.11)

where φiOij(ḡ)φj = L(ḡ + φ) − L(ḡ) + O(φ3) is the linearized Lagrangian to quadratic
order, and the linearized equations of motion are EOMi(ḡ) · φ ≡ Oij(ḡ)φj = 0.

We observe that (2.11) has an alternate path integral representation,10

2Ŝ(1)(ḡ) = −i log
∫
DuiDφi ei

∫
uiOij(ḡ)φj = −i log

∫
DuiDφi ei

∫
ui EOMi(ḡ)·φ (2.12)

The extra factor of 2 in the left-hand-side of (2.12) arises from the identity,

log det
(

0 O(ḡ)
O(ḡ)T 0

)
= 2 log detO(ḡ) + constant , (2.13)

and we drop the finite constant contribution. One may think of eq. (2.12) as representing the
linearized equation of motion as a Bianchi identity imposed by the Lagrange multipliers ui.

Now let us ‘integrate in’ the Bianchi identities to make manifest the symmetry between
equations of motion and Bianchi identities. Due to the Bianchi Completeness Assumption 2.1,

8In particular, we are assuming that the zero-curvature equations F+−(L) = 0 include all necessary
Bianchi identities. Note that this assumption seems to single out σ-models, and excludes models like
sine-Gordon, which would require extra Bianchi identities to be imposed by hand. See appendix A for
sufficient conditions for Bianchi completeness.

9One might worry about the possibility of a more general (e.g. non-linear) relation between the Bianchi
identities and the zero-curvature equations than (2.8), but in any case the linearized Bianchi identities would
still take the form (2.9).

10We denote the operators characterizing the linearized equations of motion, Bianchi identities and
zero-curvature equations by EOMi, Bianchiα and zero-curvI , where i, α are some indices and I = (i, α).
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we may trade the integral over φ for an integral over the fluctuations a± of the Lax currents
while imposing the linearized Bianchi identities through delta-functions,11

2Ŝ(1)(ḡ) = −i log
∫
DuiDa± δ(Bianchiα(ḡ) · a) ei

∫
ui EOMi(ḡ)·a (2.14)

= −i log
∫
DuiDvαDa± exp i

∫
(ui EOMi(ḡ) + vα Bianchiα(ḡ)) · a . (2.15)

In (2.15) we have recast the delta-function constraints using Lagrange multipliers vα.
Eq. (2.15) is clearly invariant under (ḡ-dependent) rotations between the equations of

motion and Bianchi identities, since these may be absorbed into a change of variables of u
and v. By assumption the equations of motion and Bianchi identities are related to the
zero-curvature equations by such a rotation, so we obtain the result

2Ŝ(1)(Ā) = −i log
∫
DU I Da± exp i

∫
U I zero-curvI(Ā) · a . (2.16)

Note that (2.16) only depends on Ā (not explicitly on ḡ) since the Lax connection and its
zero-curvature equations only depend on A.

Thus we conclude that, for a given analytic structure of the Lax connection, all theories
satisfying the Bianchi Completeness Assumption 2.1 have the same 1-loop on-shell effective
action Ŝ(1)(A) in terms of the Lax currents A. This argument is valid assuming the absence
of gauge redundancies (including, e.g., κ-symmetry of the Green-Schwarz string), which
would need to be appropriately fixed.

2.2 Divergences for PCM and related models

In the particular case of Lax connections of the PCM-form (2.1), we write U = (u, v) ∈
Lie(G)⊕ Lie(G) so that (2.16) becomes

2Ŝ(1)(Ā) = −i log
∫
DuDvDa± exp i

∫
Tr
[
u ∂(Ā+ a) + v F+−(Ā+ a)

]∣∣∣
O(a)

. (2.17)

Thus the only theory-dependence comes from the form of the Lax current A±(g) in terms
of the physical fields. This leads to the prescription (2.6): the 1-loop effective action for
any theory of this type is obtained from that of the PCM by replacing J± → A±(g).

We can also compute the 1-loop effective action directly from (2.17) using Feynman
diagrams. The following computation will therefore manifestly treat the Bianchi identities
and equations of motion on an equal footing, and treats the Lax currents A± (or their
fluctuations a±) as the fundamental fields, as well as the Lagrange multiplier fields u, v.

Using the fact that the background is on-shell (∂Ā = F+−(Ā) = 0), truncating
at quadratic order in the fluctuations a±, u, v and changing variables (u, v) → (x, y) =

11We schematically denote the linearized equations of motion both in the φ variable and the a variable as
EOMi; indeed the equations of motion can be written in terms of the fluctuation a of the Lax current since
they follow from a zero-curvature equation. We may neglect the determinant from the change of variables
a↔ (φi,Bianchiα(ḡ) · a) since it is of first-order in derivatives, so the resulting counterterms are finite and
will only contribute to 2-loop and higher divergences.
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Figure 1. The Feynman rules following from the path integral (2.18). Fluctuation fields and
background fields are denoted by solid and dashed lines respectively. k± denote the light-cone
components of the 2d momenta. The indices α, β, γ label the Lie algebra generators Tα, the structure
constants are defined by [Tβ , Tγ ] = ifαβγTα and indices are raised and lowered by ηαβ = Tr[TαTβ ]
and its inverse ηαβ (see conventions in appendix B).

(u+ v, u− v) we get from (2.17)

2Ŝ(1) =− i log
∫
DxDyDa±

exp i
∫

Tr
[
x ∂+a− + y ∂−a+ + 1

2(x− y)
(
[Ā+, a−] + [a+, Ā−]

)]
.

(2.18)

Now one can quantize this system of scalars x, y and 2d vectors a±.12 The Feynman rules
resulting from eq. (2.18) are indicated in figure 1.

There is only one divergent diagram, indicated in figure 2, which contributes

2Ŝ(1) =
(∫

d2l

(2π)2
1

l−(l + k)+

)
1
4fαβγfδ

βγ
∫
d2ξ Āα+Āδ− (2.19)

The integral over l diverges as − 1
2π log Λ

µ where Λ is a UV momentum cutoff and µ is the
RG scale. Using the identity fαβγfδβγ = −2cGηαβ we confirm the result (2.6),

Ŝ(1) = 1
4π

∫
d2ξ L̂(1) = 1

4π

∫
d2ξ log Λ

µ
1
2cGTr[Ā+Ā−] + finite

d

dt
L̂(1) = −1

2cGTr[Ā+Ā−] (t ≡ logµ) .
(2.20)

12Equivalently one could change variables a+ = ∂+w, a− = ∂−z to exchange the vector fluctuations for
scalars — the result is exactly the same. Note that the determinant for such a 1st order change of variables
is finite so would not contribute to 1-loop divergences.
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Figure 2. The only divergent diagram contributing to the 1-loop effective action (2.20) for theories
with Lax connection of the form (2.1).

2.3 Examples

We will now show that the result (2.6) matches the known β-functions in various examples
with Lax connections of the form (2.1). As we prove in appendix A, the Bianchi Completeness
Assumption 2.1 is satisfied and hence the argument above valid for all of the following
examples. More generally, it is satisfied whenever the Bianchi identities take the form
F+−(g−1∂g) ≡ 0, with g a group-valued physical field and the Lax currents related by
A±(g) = O±(g) g−1∂±g where the operators O±(g) are invertible. For algebra-valued fields
v, the leading order form of that condition with g ∼ 1 + v (v small) is also sufficient for
Bianchi completeness.

PCM with WZ term. For the PCM with a WZ term with arbitrary level k (integer for
compact groups),

L = −1
2h Tr[J+J−] + kLWZ(g) , J = g−1∂g , g ∈ G , (2.21)

the flat, conserved Lax current in (2.1) is A± = (1± k
h)J±. The result (2.6) then gives

d

dt
L̂(1) = −1

2cG(1− (kh)2) Tr[J+J−] , (2.22)

which is equivalent to the standard 1-loop β-functions for the couplings h, k in (2.21),

d

dt
h = cG(1− (kh)2) , d

dt
k = 0 . (2.23)

η-deformation. The η-deformation of the PCM is [25, 26]

L = −1
2h Tr[J+

1
1− ηRg

J−] , (2.24)

where R is a linear map on the algebra, antisymmetric with respect to Tr, and solving the
modified classical Yang-Baxter equation,

[Ru,Rv]−R([Ru, v] + [Ru, v]) + c2[u, v] = 0 , u, v ∈ Lie(G) , (2.25)

and we denote Rg := Adg−1RAdg. The parameter c in (2.25) may be fixed to 0, 1 or i by
real rescalings of the R.
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The flat, conserved Lax current is A± = (1− c2η2) 1
1±ηRg J±. The result (2.6) then gives

d

dt
L̂(1) = −1

2cG(1− c2η2)2 Tr[J+
1

(1− ηRg)2J−] . (2.26)

One may check that this counterterm is indeed equivalent to the standard running of the
couplings h, η in (2.24) [12, 27]

d

dt

(
h
η

)
=
(

h
η

)
cG
h (1− c2η2)2 . (2.27)

λ-deformation. The λ-deformation on the group G is [28]

L = k
(
LWZW(g) + Tr[J+A− −K−A+ + g−1A+gA− − λ−1A+A−]

)
,

J+ = g−1∂+g , K− = ∂−gg
−1 .

(2.28)

Integrating out the auxiliary 2d gauge field A±,

A+(g) = −(Ad−1
g − λ−1)−1J+ , A−(g) = (Adg − λ−1)−1K− , (2.29)

the theory may be written as a conventional σ-model,

L = k

(
LWZW(g) + Tr[J+

1
Adg − λ−1K−]

)
. (2.30)

The flat, conserved Lax current is A± = 2
1+λA±(g), with A±(g) denoting the on-shell

value (2.29) of the gauge field. The result (2.6) then gives

d

dt
L̂(1) = − 2cG

(1 + λ)2 Tr[J+
1

(Adg − λ−1)2K−] , (2.31)

which may be absorbed into the standard running of the coupling λ [13, 16, 29],

d

dt
k = 0 , d

dt
λ = −2cG

k

( λ

1 + λ

)2
. (2.32)

Non-abelian T-dual of PCM. Let us consider the non-abelian T-dual of the PCM. First
we consider the interpolating model (obtained by gauging the left symmetry GL, imposing
with Lagrange multiplier v that the gauge field is pure gauge, and gauge fixing g = 1),

Lint = −1
2 Tr[hA+A− + v F+−(A)] . (2.33)

On one hand integrating v gives back the PCM with A = g−1∂g identified as the flat,
conserved current A. On the other hand integrating the gauge field to get A± = 1

adv±h∂±v,
we find the non-abelian T-dual theory (here v ∈ Lie(G) is a scalar field),

LNATD = 1
2 Tr[∂+v

1
adv − h∂−v] . (2.34)
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This path integral transformation is in particular a canonical transformation, so the NATD
inherits the Lax connection (2.1) of the PCM, with the flat, conserved Lax current identified
with the on-shell value of A,

A± = 1
adv ± h∂±v . (2.35)

Thus the result (2.6) predicts the 1-loop RG flow to be

d

dt
L̂(1)

NATD = 1
2cG Tr[∂+v

1
(adv − h)2∂−v] , (2.36)

which is equivalent to just h running in (2.34) with the standard PCM β-function, d
dth = cG .

Pseudo-dual of PCM. The PCM admits a classical ‘pseudo-dual’, by exchanging the
roles of the equation of motion and Bianchi identity in (2.4). Rather than F (A) ≡ 0, let us
instead take ∂A ≡ 0 to be the Bianchi identity. We may explicitly solve it as

Aa = λ εab ∂
bφ , (2.37)

where we have inserted the coupling λ for convenience. The other equation F (A) = 0, which
we will treat as an equation of motion, then becomes ∂2φ−λ εab[∂aφ, ∂bφ] = 0. Remarkably
it follows from a dual Lagrangian [30],13

Lpseudo = −Tr
[ 1
λ(∂φ)2 + 2

3ε
abφ[∂aφ, ∂bφ]

]
. (2.38)

The PCM and its psuedo-dual are equivalent at the level of equations of motion: there
is a map between classical solutions and they share the same Lax connection (2.1). The
flat, conserved current of the pseudo-dual is given by (2.37), so the result (2.6) gives the
following 1-loop divergences

d

dt
L̂(1)

pseudo = −1
2cG Tr[(λ ε ∂φ)2] = 1

2cGλ2 Tr[(∂φ)2] . (2.39)

Indeed this implies the correct result for the pseudo-dual’s 1-loop β-function [32],

d

dt
λ = 1

2cGλ4 . (2.40)

This β-function has the opposite sign to the PCM, since the free limit λ = 0 is obtained
in the IR instead of the UV. This was seen as evidence for the quantum inequivalence
of the two models [32], but it is interesting that, in terms of their Lax currents, their
1-loop β-functions coincide and are given by the formula (2.6). In this sense, their classical
equivalence may be seen as extending to the level of 1-loop divergences.14

13The same model (2.38) had previously been considered in [31].
14One can also see directly that the linearized equations of motion (and thus the 1-loop divergences) of

the PCM and its pseudo-dual are the same. A standard quantization involves linearizing the equations
of motion under fluctuations of the physical fields (uniformly satisfying the Bianchi identities). For the
PCM, δg = gY gives δA± = [Ā±, Y ] + ∂±Y and the equaton of motion ∂A = 0 has the linearized form
∂2Y +[Ā, ∂Y ] = 0 (contracting 2d indices with ηab inside the commutator). For the pseudo-dual, δφ = λ−1Y

gives δA± = ±∂±Y and the equation of motion F (A) = 0 has the same linearized form ∂2Y + [A, ∂Y ] = 0.
One also obtains the same linearized equation from the PCM with WZ term.
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3 ‘Pure-spinor’ ZT cosets and deformations

The path integral argument in section 2.1 applies in principle to any analytic structure
of the Lax connection (i.e. any choice of poles in the spectral z plane). For each analytic
structure, there should correspond a universal formula for the 1-loop on-shell divergences
d
dt L̂

(1)(A) in terms of the currents A (which are the residues of the poles).
In this section we focus on the analytic structure

L± =
T−1∑
j=0

z±j P∓jA± , (3.1)

where the current A± is valued in a Lie (super)algebra Lie(G) assumed to admit a ZT
grading, and Pj (mod T ) are the corresponding projectors onto the graded subspaces gj of
Lie(G).15

The propotypical theories with Lax connections of this form are the integrable ZT
cosets of ‘pure-spinor’ type [19–22] (with Lax current A± = J±),

L = −1
2h Tr[J+

(
T−1∑
j=0

jPj

)
J−] . (3.2)

Here Tr is a symmetric, ad-invariant bilinear form (for superalgebras we may take it to
be the supertrace). The name ‘pure-spinor’ derives from the T = 4 case, where such
models on supergroups (consistently coupled to worldsheet ghosts) describe pure-spinor
string theory on supercosets. We emphasize that the following discussion does not apply to
Green-Schwarz type models [23, 33, 34], which have a different Lagrangian to (3.2) (see
discussion in section 6 below).16

There are two subtleties to be understood before applying the argument of section 2.1
to Lax connections of this form. First, the currents P∓iA± multiplying poles of different
orders in (3.1) are constrained to be in subspaces of the algebra. This is not problematic,
as we can simply understand this constraint to be imposed in the integrals Da± at every
stage of the argument in section 2.1.

Second, equations of motion corresponding to (3.1) are invariant under an apparent
gauge transformation under the zero-graded subgroup G0,

A± → h−1A±h+ h−1∂±h , h ∈ G0 , (3.3)

and so do not depend on all of the components of A. We restrict to theories that do
indeed have a local G0 gauge invariance with the Lax current transforming in this way. The
argument of section 2.1 is then easily adapted by gauge fixing on the fluctuation fields φ in
eq. (2.12). One may choose a gauge that corresponds to P0 a+ = 0 upon changing variables
to the fluctuations a± of A± in (2.15). In this axial-type gauge the ghosts decouple and the
1-loop effective action is then given by (cf. (2.16)),

2Ŝ(1)(Ā) = −i log
∫
DU I Da± δ(P0 a+) exp i

∫
U I zero-curvI(Ā) · a (3.4)

15For superalgebras we assume the even/odd graded generators to be bosonic/fermionic respectively,
implying that T is even. See appendix B for further conventions.

16See also [35] for more general classes of integrable coset models.
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Figure 3. The Feynman rules following from the path integral (3.7). Recall the ranges of the
integer-valued indices 0 < j ≤ k < T and 0 ≤ ̂, k̂ < T . We denote Āk− = Āk,δ− Tδ, etc.

Denoting Aj ≡ PjA, the zero-curvature equations following from the Lax connec-
tion (3.1) are

∂+Ak− +
∑

k≤j<T
[AT+k−j

+ ,Aj−] = 0 , ∂−Ak+ −
∑

0≤̂<k
[Ak−̂+ ,A̂−] = 0 , (3.5)

F+−(A0) +
∑

0<j<T
[AT−j+ ,Aj−] = 0 (0 < j, k < T , 0 ≤ ̂, k̂ < T ) . (3.6)

Linearizing these equations around a background (A = Ā+ a), fixing the gauge a0
+ = 0 and

substituting into (3.4), we obtain

2Ŝ(1) = −i log
∫
Dxk̂ Dyk Dak+Dak̂−

exp i
∫

Tr
[
xT−k̂

(
∂+a

k̂
− +

∑
k̂≤j

[ĀT+k̂−j
+ , aj−] +

∑
k̂<j

[aT+k̂−j
+ , Āj−]

)
(3.7)

+ yT−k
(
∂−a

k
+ −

∑
̂<k

(
[Āk−̂+ , a̂−] + [ak−̂+ , Ā̂−]

))]
.

Here we are summing over repeated indices 0 < j, k < T and 0 ≤ ̂, k̂ < T and we have
written U I = (xk̂, yk) with xk̂ ∈ gk̂, y

k ∈ gk.
The Feynman rules resulting from (3.7) are shown in figure 3. There is only one type

of divergent 1-loop diagram (with a sum over internal fields) shown in figure 4, leading to

2Ŝ(1) =
(∫

d2s

(2π)2
1

s−(s+ u)+

)∫
d2ξ

∑
0≤k̂<j<T

X k̂,j
+− , (3.8)

X k̂,j
+− ≡ σk̂(k̂−j) fγ

k̂−j

α−jβk̂
fβ

k̂

γk̂−jδj
ĀαT−j+ Āδj− , (3.9)
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Figure 4. The only class of divergent diagrams contributing to the 1-loop effective action (3.12) for
theories with Lax connection of the form (3.1). These diagrams are summed over the indices j, k̂ in
the range indicated.

where we have dropped finite contributions and introduced the symbol

σ =

+1 , G a group ,
−1 , G a supergroup ,

(3.10)

to treat the group and supergroup cases at once. We have also introduced the shorthand
αj for algebra indices only running over the jth subspace gj . The factor σk̂(k̂−j) in (3.9) is
just the usual minus sign resulting from fermion loops (since when k̂ and k̂ − j are both
odd there is a fermion loop in the supergroup case).

In appendix B we show that∑
0≤k̂<j<T

X k̂,j
+− = −2cG

T
Tr[Ā+

( ∑
0<j<T

jPj
)
Ā−] . (3.11)

Substituting (3.11) into (3.9) and evaluating the divergent part of the loop integral over s
as − 1

2π log Λ
µ , we obtain the following result

Ŝ(1) = 1
4π

∫
d2ξ L̂(1)

d

dt
L(1) = −2cG

T
Tr[Ā+

( ∑
0<j<T

jPj

)
Ā−] (t ≡ logµ) .

(3.12)

The result (3.12) applies to any theory assuming:

(i) a Lax connection of the form (3.1),
(ii) the Bianchi Completeness Assumption 2.1, and
(iii) gauge invariance under G0 with the Lax transforming as (3.3).

All of the models considered in this section satisfy these assumptions: for Bianchi Com-
pleteness, see appendix A; gauge invariance is easy to check in each case.

3.1 Deformed pure-spinor ZT cosets

The result (3.12) immediately implies 1-loop renormalizability of the pure-spinor ZT
coset (3.2) with the coupling running as

d

dt
h = 4cG

T
. (3.13)
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Classically integrable η- and λ-deformations were recently constructed [23] for pure-
spinor ZT cosets,17,18

Lη = −1
2h Tr[J+ Pη−

1
1− ηRgPη−

J−] , J± = g−1∂±g , g ∈ G , (3.14)

Pη± =
∑

0<k<T

1 + η̃

1− η̃
1− η̃k

1 + η̃k
P∓k , η̃ = 1− cη

1 + cη
,

Lλ = kLWZW(g) + kTr
[
g−1∂+gA− − ∂−gg−1A+ + g−1A+gA− −A+(P0 + Pλ−)A−

]
,

(3.15)

Pλ± =
∑

0<k<T
λkP∓k , g ∈ G , A± ∈ Lie(G) .

These models admit Lax connections of the same form (3.1) as the undeformed ZT cosets
(and satisfy the other assumptions), with Lax currents19

Aη± =
∑

0<k<T

2
η̃k/2 + η̃−k/2

P∓k
( 1

1± ηRgPη±
J±
)
, (3.16)

Aλ± =
∑

0<k<T
λ−k/2 P∓k A±(g) . (3.17)

Hence the result (3.12) applies and, substituting the Lax currents (3.16), (3.17), one finds
the following 1-loop divergences

d

dt
L̂(1)
η = −2cG

T
Tr
[
J+

1
1− ηPη−Rg

( ∑
0<k<T

4
(η̃k/2 + η̃−k/2)2 kPk

) 1
1− ηPη−Rg

J−
]
, (3.18)

d

dt
L̂(1)
λ = −2cG

T
Tr
[
A+(g)

( ∑
0<k<T

λ−k kPk
)
A+(g)

]
. (3.19)

A short calculation shows that these counterterms can be absorbed into the models’ couplings
(h, η) and λ respectively (the WZ level k does not run as usual),20

η-model : d

dt

(
h
η

)
=
(

h
η

)
4cG
T

1
h(1− c2η2) , (3.20)

λ-model : d

dt
k = 0 , d

dt
λ = −2cG

T

λ

k
. (3.21)

17The existence of the models (3.14), (3.15) was previously argued (although the Lagrangians not explicitly
constructed) in [50]. The Z4 cases were constructed in [36] and [37] for the η-model and λ-model respectively.

18As for the η-models on groups, the linear operator R in (3.14) is assumed to be an antisymmetric
solution of the modified classical Yang-Baxter equation (2.25). Our conventions for the λ-models (3.15) are
related to those of [23] by g → g−1 and reversal of the sign of the WZ term.

19We may think of the ‘physical’ Lagrangian for the λ-model as that obtained from (3.15) by integrating
out the non-dyanamical vector field A±. In (3.17) we denote by A±(g) the vector field’s resulting value in
terms of the physical field g.

20The η- and λ-deformed models (3.14), (3.15) are related, up to analytic continuation, by Poisson-Lie
duality [23], with the couplings identified as k = h/4η, λ = (1 − cη)/(1 + cη). As expected, their 1-loop
β-functions (3.20) and (3.21) match under this identification.
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The 1-loop renormalizability of these models is a new result (although it was conjectured
in [23]). Even for the undeformed model (3.2), the RG flow has only previously been studied
in particular cases T = 2 and cG = 0; below we shall compare with the known results in
those cases.

These models are thus a new class of examples supporting the link between classical
integrability and 1-loop renormalizability. Even for the undeformed cosets, there does not
seem to be any manifest global symmetry protecting the particular form of (3.2) other than
its integrability.

3.2 Deformed symmetric spaces (T = 2)

In the Z2 case, the pure-spinor coset models (3.2) coincide with the standard G/H symmetric
space σ-models,

L = −1
2h Tr[J+ P1 J−] . (3.22)

Specializing the analysis of section 3.1 to T = 2, any theory with Lax connection of the
following form (and satisfying the assumptions above)

L± = (P0 + z±1P1)A± , (3.23)

has 1-loop on-shell divergences given by a universal formula,

d

dt
L̂(1) = −cG Tr[A+ P1A−] . (3.24)

The η- and λ-deformed G/H models (T = 2 in (3.14), (3.15)) [38, 39]

Lη = −1
2h Tr[J+P1

1
1− ηRgP1

J−] (3.25)

Lλ = kLWZW(g) + kTr
[
g−1∂+gA− − ∂−gg−1A+ (3.26)
+ g−1A+gA− −A+(P0 + λ−1P1)A−

]
,

are known to be 1-loop renormalizable [13, 16, 27, 29]. Indeed, the formula (3.24) with
the Lax currents (3.16), (3.17) (i.e. T = 2 in (3.20), (3.21)) reproduces the correct 1-loop
β-functions,

η-model : d

dt

(
h
η

)
=
(

h
η

)
2cG
h (1− c2η2) , (3.27)

λ-model : d

dt
k = 0 , d

dt
λ = −cG

λ

k
. (3.28)

3.3 Scale invariance with vanishing Killing form (cG = 0)

Now let us fix G to be a supergroup with vanishing Killing form (cG = 0). Then the
result (3.12) implies that any model with Lax connection of the form (3.1) (and satisfying
the other assumptions) is 1-loop scale-invariant,

d

dt
L̂(1)

∣∣∣
c
G

=0
= 0 . (3.29)
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In particular, the pure-spinor ZT supercosets (3.2) and their η- and λ-deformations (3.14),
(3.15) are 1-loop scale-invariant when cG = 0. For the undeformed case, this result was
already known [40]; for the η- and λ-deformed models, it is a new result.21

One can also consider multi-parameter deformations (to appear in [44]) for ‘permutation’
Z4 supercosets of the form G×G/Gdiag

0 . The result (3.29) immediately implies that such
models are 1-loop scale-invariant, since their Lax connections will take the same form (3.1).

4 General models with simple poles

Now let us consider Lax connections with poles in arbitrary locations,22

L+ =
∑
zi∈P+

1
z − zi

A(i)
+ , L− =

∑
wj∈P−

1
z − wj

A(j)
− , (4.1)

where (i),(j) should be viewed as flavour indices.23

This is a generalization of the PCM case (2.1), whose poles are P± = {∓1}. In fact (4.1)
is the most general analytic structure with the following properties:

(i) There are only simple poles.

This is just for convenience; it would be easy to relax in principle.

(ii) L+ and L− do not share any poles (P+ ∩ P− = ∅).

This prevents non-dynamical equations without derivatives appearing in the zero-
curvature equations, excluding cases like the κ-symmetric Green-Schwarz type
cosets [23, 33, 34], which should be treated separately.

(iii) There are no constant O(z0) terms.

This assumption is related to the absence of gauge symmetry, since a constant term
L± = A± + . . . would lead to an apparent gauge symmetry under standard gauge
transformations of A (cf. (3.3)). In principle this can be relaxed but would require a
more complicated treatment.

Here we will also assume the Bianchi Completeness Assumption 2.1 in a strong form where
the currents A(i)

± in (4.1) are required to be valued in the full algebra Lie(G).24

We will then show that the 1-loop on-shell divergences are given by a universal formula
in terms of the Lax currents,

d

dt
L̂(1) = 2 cG

∑
zi∈P+,wj∈P−

1
(zi − wj)2 Tr[Ā(i)

+ Ā
(j)
− ] . (4.2)

21This result is of course expected, at least for the T = 4 case, since the corresponding η- and λ-deformations
of the Green-Schwarz type Z4 supercosets are already known to be 1-loop scale-invariant [16, 41–43] (see
section 6 below).

22One may assume that ∞ is not a pole in (4.1) by redefining the spectral parameter.
23In particular, we emphasize the difference between the flavour indices (i),(j) here and the ZT grading

indices i,j of section 3.
24For comparison, we only assumed Bianchi Completeness in a weaker form for the ZT models in section 3,

since we allowed the Lax currents there to be valued in subspaces gi of the algebra (see discussion below (3.2)).
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Figure 5. The Feynman rules following from the path integral (4.4). The indices i and j respectively
run over the sets P+ and P− in (4.1). We denote Ā(j)

− = Ā(j) δ
− Tδ, etc.

This formula closely resembles that of the PCM and related models (2.6), dressed with i, j
indices (and they match in the case P± = {∓1}, A(∓1)

± = ±A±).
We shall derive the result (4.2) starting from the general path integral argument of

section 2.1, which applies now with a± = (a(i)
+ , a

(j)
− ) denoting the fluctuations of A(i)

+ , A(j)
− .

The zero-curvature equations following from (4.1) are

∂+A(j)
− −

∑
zi∈P+

1
zi − wj

[A(i)
+ A

(j)
− ] = 0 , ∂−A(i)

+ −
∑

wj∈P−

1
zi − wj

[A(i)
+ A

(j)
− ] = 0 . (4.3)

Thus choosing a basis U = (xj , yi) of scalar fields valued in Lie(G), the path integral (2.16)
becomes

2Ŝ(1)(Ā) = −i log
∫
DxiDyj Da(i)

+ Da
(j)
− (4.4)

exp i
∫

Tr
[
xj ∂+a

(j)
− + yi ∂−a

(i)
+ − 1

zi−wj (xj + yi)
(
[Ā(i)

+ , a
(j)
− ] + [a(i)

+ , Ā(j)
− ]
)]
,

where we sum over repeated i, j indices.
The Feynman rules obtained from (4.4) are shown in figure 5 and there is only one

divergent 1-loop diagram, shown in figure 6, leading to

2Ŝ(1) =
( ∫ d2s

(2π)2
1

s−(s+ u)+

) −1
(zi − wj)2 fαβγfδ

βγ
∫
d2ξ Ā(i)α

+ Ā(j) δ
− . (4.5)

The loop integral over s diverges as − 1
2π log Λ

µ . Using the identity fαβγfδβγ = −2cGηαδ,
eq. (4.5) indeed gives the result (4.2), where we define Ŝ(1) = 1

4π
∫
d2ξ L̂(1) and t = log µ.
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Figure 6. The only class of divergent diagrams contributing to the 1-loop effective action (4.5) for
theories with Lax connection of the form (4.1). These diagrams are summed over the indices i, j
labelling the external background fields.

4.1 Affine Gaudin models and G×G models

The classically integrable σ-models derived from affine Gaudin models [50, 51] have Lax
connections of the form (4.1).25 Thus the result (4.2) applies to all such models satisfying
Bianchi Completeness. It is notable in the affine Gaudin language that the 1-loop divergences
take this simple form, only depending on the poles of the Lax connection (and not the poles
of the ‘twist-function’).

The affine Gaudin models’ β-functions have only been systematically studied for a
certain subclass [14, 49] with at most double poles in the twist-function. It would be good to
check our result (4.2) against those works, where the RG flow was interpreted as a flow of the
twist-function. Prototypical examples of this subclass are the coupled GN models [17, 18] and
their η/λ-deformations [47],26 which indeed satisfy the Bianchi Completeness Assumption 2.1
due to the sufficient conditions proved in appendix A. Moreover, our result (4.2) stands to
generalize those results, applying more generally for any pole structure of the twist-function
— as well as any other models not related to affine Gaudin models.

Let us focus on the simplest case27 of G × G models without η/λ-deformations
(here i, j = 1, 2),

L = −1
2 ρij Tr[J (i)

+ J
(j)
− ] + ki LWZ(g(i)) , J

(i)
± = (g(i))−1∂±g

(i) , g(1), g(2) ∈ G . (4.6)

These theories are classically integrable when the couplings ρij , ki solve a certain homo-
geneous cubic polynomial equation [17, 18]. In that case the Lax connection takes the
form (4.1) with L+ and L− each having two simple poles at positions depending on the
couplings. Then a short computation shows that the result (4.2) precisely matches the
known 1-loop β-functions for the theory (4.6) as stated in [15] (and previously computed
in [14]).

25Here we exclude cyclotomic affine Gaudin models related to ZT gradings [50] — cf. section 3. We also
assume the twist-function to have only simple zeros (as is conventional [51]).

26See also [48] and refs. therein for particular cases of the λ-deformed coupled models that appeared earlier.
27We postpone a full comparison against [14, 49] as it is somewhat labour-intensive to translate between

their formulation as a flow of the twist-function and our own.
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5 Discussion

We have observed that, since 1-loop divergences can be computed from the classical equations
of motion, and integrable models have equations of motion of a canonical zero-curvature
form, then their 1-loop divergences should take a canonical form. Different classes of theories
are distinguished by the different choices of poles for the Lax connection. For each class,
we expect the 1-loop β-function to take a universal form in terms of the Lax currents (the
residues of the poles).

This may be seen as a 1-loop quantization scheme that makes integrability manifest.
Indeed, we have found that classical integrability places strong constraints on the possible
1-loop divergences, and it would be natural to interpret these as following from Ward
identities associated to hidden integrable symmetries.

This approach relies on the fact that on-shell 1-loop divergences are insensitive to the
distinction between equations of motion and Bianchi identities — thus different theories
realising the same Lax connection effectively have the same equations of motion. We gave a
general path integral argument for this fact and the universality of the 1-loop β-functions in
section 2.1. That argument is valid assuming the Bianchi Completeness Assumption 2.1 —
roughly stating that all Bianchi identities needed to relate the Lax currents to the physical
fields are included in the zero-curvature equations — which seems to single out σ-models.
It would also be interesting to try to incorporate other integrable theories, like sine-Gordon,
that are currently excluded by the Bianchi Completeness Assumption.

In practice, our approach renders the computation of 1-loop divergences for integrable
σ-models much easier. Not only can the divergences of deformed models be obtained from
the undeformed ones, but even computing the undeformed models’ divergences seems much
easier in this formulation. For example, for the ZT cosets in section 3 and the GN models in
section 4, working directly with the Lax currents made the computation much simpler than
the alternative of working with the physical fields and directly computing the (generalized)
Ricci tensor (1.3).

Let us emphasize that the arguments and conclusions of this paper apply only at 1-loop
order. From 2-loops it is unlikely that there could be such a simple universality, since
there will be multiple topologies for 2-loop diagrams whose relative contributions will be
theory-dependent (see also [15, 52, 53] for discussion of higher-loop RG flow in integrable
σ-models).

In section 2 we made extensive checks of our results in the case where L+ and L− each
have one simple pole. Models of this type include the principal chiral model (PCM) with
and without WZ term, η/λ-deformations, the NATD of the PCM, and the pseudo-dual of
the PCM. In each case we found complete agreement with the known 1-loop β-functions.

In section 4, we considered the most general classically integrable theory without
features associated with gauge symmetries or κ-symmetries (and assuming for convenience
only simple poles in the Lax connection). Applying the general path integral argument
followed by an explicit 1-loop computation, we found a universal form (4.2) for the 1-loop
on-shell divergences. In section 4.1 we considered the consequences of this result for affine
Gaudin-derived theories, and checked it expicitly against the known 1-loop β-functions for
integrable G×G models.
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For models with Lax connection (3.1) of the same form as pure-spinor ZT cosets, we
argued that the path integral argument still applies despite two complications. First, the Lax
currents are constrained to subspaces of the full algebra: this can always be accommodated
in the argument. Second, the zero-curvature equations have an apparent gauge invariance:
this can be accommodated assuming the theory has a genuine gauge symmetry under which
the Lax transforms as a gauge field.

By an explicit computation, we derived a universal formula (3.12) for the 1-loop on-shell
divergences. This led to a new result for pure-spinor ZT cosets and their η/λ-deformations:
these models are 1-loop renormalizable, with the β-functions (3.20), (3.21). For supergroups
with vanishing Killing form (cG = 0), it follows that all models with this type of Lax
connection are scale-invariant, including η/λ-deformations of pure-spinor supercosets and
multi-parameter deformations to appear in [44].

Establishing these models’ scale invariance is a first indication that they may define
consistent string theories.28 Remarkably, this follows just from their classical integrable
structure.

6 Outlook

The 1-loop scale invariance of the deformed pure-spinor ZT supercoset models with cG = 0
is natural, since the corresponding deformed Z4 supercosets of Green-Schwarz type [41, 43]
are already known to be scale-invariant [16, 41–43]. In fact, those Green-Schwarz models are
actually 2d Weyl-invariant when equipped with certain dilatons (assuming a unimodularity
condition on the R-matrix in the η-deformed case, and vanishing total central charge) [54–
56]. In combination with the correct κ-invariance, this implies that the target spaces
are supergravity solutions. This is a remarkable and surprising fact: these deformations
were originally written down with the purpose of preserving classical integrability, and
miraculously, in some cases, they are exactly marginal.

The present work suggests a possible explanation: perhaps the 1-loop Weyl anomaly —
like the scale anomaly — takes a universal form for the undeformed and deformed models,
due to their Lax connections having the same analytic structure. Thus Weyl invariance of
the undeformed model may, under some conditions, imply Weyl invariance of the deformed
one. In this way one may propose to find new supergravity solutions using 2d integrability,
by finding new realizations of a Lax connection with a given analytic structure.

For this idea to make sense,29 one needs to demonstrate a ‘universal’ way of computing
the Weyl anomaly, which generally differs from the scale anomaly d

dt L̂
(1) by a diffeomorphism-

type term LV (G+B)mn∂+x
m∂−x

n. For 1-loop Weyl invariance, the scale anomaly must
vanish and the vector V must take the dilaton form Vm = ∂mφ (which can be cancelled
by a local counterterm). We expect that there would generically be some obstruction to

28In the pure-spinor case, one further needs conformal invariance and BRST invariance when the theory
is coupled to ghosts [57].

29In principle the Green-Schwarz models also have the added complication of fermionic κ-symmetry.
However, this should not pose a problem as it may be fixed in a ‘universal’ way, similar to the handling of
the gauge symmetry in eq. 3.3.
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the universality of the Weyl anomaly, which would introduce non-universal vectors V of
non-dilaton form and break Weyl invariance. Demanding the absence of such terms may
lead to the unimodularity condition in the η-deformed case. One may then hope to use this
approach to explain the origin of the dilatons [54] for these backgrounds from first principles.

An initial motivation for this study was to prove the 1-loop RG stablity of the space of
classically integrable σ-models. For a large classes of theories, we have carried out a first
step: computing the divergences in a universal way in terms of the classical integrable data.
The next step is to prove that these divergences can be absorbed into the Lax connection30

— i.e. that the 1-loop effective equations of motion (from varying the effective action) are
of Lax form. Indeed, this is what we see in examples: in all the models mentioned in this
paper, the 1-loop divergences can be absorbed into the classical coupling constants in the
Lax connection. In order to prove this statement, it would probably be necessary to use the
assumption that the Lax connection actually corresponds to a Lagrangian theory, which
places some constraints on the possible Lax currents. It would be interesting to address
this problem in the future.

Another approach would be to assume that classically integrable models are 1-loop
renormalizable and use the 1-loop divergences computed in this paper to try to bootstrap
the Lagrangians of classically integrable theories.

Many integrable 2d field theories can be obtained, at the classical level, from 4d
Chern-Simons theory localized to 2d defects [58, 59]. In order to understand whether this
relation still holds at the quantum level, it would be desirable to correctly compute some
2d quantum observables, e.g. 1-loop β-functions, directly from the 4d theory.

We remark that our approach is reminiscent of the 4d Chern-Simons theory, since the
fundamental object of the path integral (2.16) is the Lax connection and its fluctuations.
Similarly, in 4d Chern-Simons, the 2d Lax connection is essentially the fundamental object
(it is obtained from the 4d gauge field by fixing a particular gauge and solving some equations
of motion31). Thus one may hope to prove a 4d-2d equivalence of 1-loop divergences using
a similar approach.
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A On the Bianchi Completeness Assumption

The general argument of section 2.1 relies on the assumption 2.1 of ‘Bianchi completeness’.
The assumption is that, to leading order in the background field expansion (2.7), a subset

30In many cases a divergence is also absorbed into an overall ‘radius’ coupling that rescales the action.
31Moreover, in our approach, solving some equations of motion before quantizing should be acceptable,

since they are interchangable with Bianchi identities at the level of 1-loop divergences.
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of the zero-curvature equations (which we call the ‘Bianchi identities’) may be solved to
express the Lax currents in terms of the physical fields. In this appendix we derive sufficient
conditions for Bianchi completeness, and show that all the examples in this article are
Bianchi complete.

For almost all examples considered in this article, the Bianchi identities take the form
F±(g−1∂g) ≡ 0, where the Lax currents are related by A±(g) = O±(g) g−1∂±g, the physical
field g belongs to some (super)group Ĝ and the operators O±(g) : Lie(Ĝ) → Lie(Ĝ) are
invertible for all g (away from singular points in the target space geometry).32 We shall
show that this is a sufficient condition for Bianchi completeness.

By definition, the physical form of the Lax current, A± = O±(g) g−1∂±g, solves the
Bianchi identity,

0 ≡ F (O±(g)−1A±) = O−(g)−1∂+A− −O+(g)−1∂−A+ +O(∂gA) +O(A2) . (A.1)

Thus expanding g = ḡ(1 + φ) around a background, the corresponding fluctuation of A±(g),

a±(φ) =
[
O±(ḡ)∂± +N±(ḡ)

]
φ , (A.2)

is a solution of the Bianchi identity (A.1) in its linearized form,[
O−(ḡ)−1∂+ +M+(ḡ)

]
a− −

[
O+(ḡ)−1∂− +M−(ḡ)

]
a+ ≡ 0 . (A.3)

Here M±(ḡ), N±(ḡ) denote some linear operators Lie(Ĝ)→ Lie(Ĝ) whose exact form is not
important. We have used the fact the background field is on-shell to replace g → ḡ in (A.3)
(see comment below eq. (2.9)).

For Bianchi completeness, we must prove the converse: that (A.2) is the most general
solution of (A.3). Consider a general solution a± of (A.3). One may always write a+ =[
O+∂+ +N+

]
φ0 where33

φ0 =
(
P exp

∫
dξ+O−1

+ N+
)−1

∫
dξ+ (P exp

∫
dξ+O−1

+ N+
)
O−1

+ a+ , (A.4)

where, for convenience, we are suppressing the dependence on ḡ. Then subtracting a±(φ0)
from a±, we obtain a solution α± to (A.3) with α+ = 0,[

O−1
− ∂+ +M+

]
α− = 0 , α+ = 0 (α± = a± − a±(φ0)) . (A.5)

The most general solution to (A.5) is

α− =
(
P exp

∫
dξ+O−M+

)−1
β−(ξ−) , α+ = 0 , (A.6)

32For the ZT coset models of section 3, A± here is the sum of the Lax currents P∓iA± in (3.1); for the
general simple-pole models of section 4, A± is a direct sum of the Lax currents A(i)

+ ,A(j)
− . This does not

affect the following analysis. Note that in general the field space Ĝ need not be the same as the group G
(where the Lax is valued in Lie(G)).

33In (A.4) and below, we denote
∫
dξ+ =

∫ ξ+

−∞ dx+, etc. Here we use −∞ as a basepoint, but in fact it
could be any fixed value (e.g. for a theory on a cylinder rather than a plane).
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i.e. they are classified by their ξ+ → −∞ behaviour,

α− ∼ β−(ξ−) , (A.7)

where here β−(ξ−) ∈ Lie(G) is an arbitrary function of ξ−.
One class of solutions of (A.5) are of the ‘physical’ form (A.2),

α± = a±(φ1) , a+(φ1) =
[
O+∂+ +N+

]
φ1 = 0 , (A.8)

φ1 =
(
P exp

∫
dξ+O−1

+ N+

)−1
Z(ξ−) , (A.9)

where Z(ξ−) is an arbitrary function. Substituting (A.9) into (A.8), these physical solutions
indeed take the form

α+ = 0 , α− =
[
O−∂− +N−

] (
P exp

∫
dξ+O−1

+ N+

)−1
Z(ξ−) . (A.10)

In particular, these must be a subset of the general solutions (A.6). In the limit ξ+ → −∞,
the physical solutions (A.10) behave as

α− ∼
[
O−∂− +N−

]∣∣∣
ξ+=−∞

Z(ξ−) . (A.11)

Thus, in fact, these must be all of the solutions (A.6) since, equating (A.7) and (A.11), we
can always solve for

Z(ξ−) =
(
P exp

∫
dξ−O−1

− N−
)−1

∫
dξ−

(
P exp

∫
dξ−O−1

− N−
)
O−1
− β−(ξ−)

∣∣∣
ξ+=−∞

.

(A.12)
Hence the most general solution to (A.5) is α± = a±(φ1). Then the most general solution
to (A.3) is of the required form a± = a±(φ0 + φ1) (with φ0, φ1 given by (A.4), (A.9)).

Another sufficient condition is obtained from the one above by zooming in on the
identity element of the group Ĝ to obtain an algebra as the field space: the Bianchi
identities take the form ∂+(∂−v) ≡ ∂−(∂+v) where v ∈ Lie(Ĝ) is the physical field and the
Lax currents are related by A± = O±(v̄) ∂±v for invertible operators O± depending on v̄.
Equations (A.2) and (A.3) are unchanged in that limit (with ḡ → v̄) and the argument
above goes through. The only remaining cases in this article, the NATD (2.34) and the
pseudo-dual (2.38) of the PCM, are of this type.

B Conventions and identities for (super)algebras

B.1 Conventions

In this paper all Lie (super)groups are assumed to be semisimple.

We label the generators Tα by indices α, β, γ and define the structure constants
by [Tα, Tβ} = ifαβγ .

We decompose algebra elements with the notation X = XαTα.
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Indices are lowered and raised by ηαβ = Tr[TαTβ] and its inverse acting on the left,
e.g. fαβγ = ηαδf

δ
βγ .

For supergroups we define |β| to be an even/odd integer if the generator Tβ is
bosonic/fermionic respectively.

The dual Coxeter number of G is denoted cG .

The structure constants satisfy σ|β|fβαγfγδβ = 2cGηαδ, where the symbol σ defined in (3.10)
is +1 or −1 for groups or supergroups respectively.

B.2 ZT grading conventions

For ZT -graded (super)abgebras, we denote as Pj the projectors onto the subspaces gj with
grading j = 0, 1, . . . , T − 1.

The grading means that [gi, gj ] ⊂ gi+j .

We will sometimes denote projections as Aj ≡ PjA and write αj for algebra indices only
running over the generators in gj .

For superalgebras we assume the even/odd graded generators to be bosonic/fermionic
respectively.

B.3 Derivation of eq. (3.11)

In section 3 we evaluated the 1-loop diagram in figure 4, obtaining the expression (3.8)
depending on the following quantity (in the context of ZT -graded (super)algebras)

X k̂,j
+− ≡ σk̂(k̂−j) fγ

k̂−j

α−jβk̂
fβ

k̂

γk̂−jδj
ĀαT−j+ Āδj− . (B.1)

The purpose of this appendix is simplify the sum
∑

0≤k̂<j<T X
k̂,j
+− to the form (3.11). Here

we use hats to distinguish between the ranges 0 ≤ ̂, k̂ < T and 0 < j, k < T .
Using the graded antisymmetry fαβjγk = σjkfαγkβj , we rearrange

X k̂,j
+− = σk̂(k̂−j)σj(k̂−j)fγ

k̂−j

α−jβk̂
fβ

k̂

δjγk̂−j
ĀαT−j+ Āδj−

= −σk̂−jfγk̂−j
α−jβk̂

fβ
k̂

δjγk̂−j
ĀαT−j+ Āδj−

= −Tr[adAT−j+
Pk̂ adĀj− ] , (B.2)

where Tr in (B.2) is the appropriate (super)trace in the adjoint representation,
Tr[X] =

∑
̂ σ

̂ tr[P̂X].
Following [40], assuming the zero-graded subalgebra g0 to be semisimple, then the

(graded) Jacobi identity implies Tr[adĀT−j+
Pk̂ adĀj− ] = Tr[adĀT−j+

Pk̂+j adĀj− ]. Applying this
identity n times for each n = 0, . . . T − 1, we obtain∑

0≤k̂<j<T

X k̂,j
+− = − 1

T

∑
0<j<T

∑
0≤n<T

∑
nj≤k̂<(n+1)j

Tr[adĀT−j+
Pk̂ adĀj− ] (B.3)
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In this sum, each 0 ≤ k̂ < T is hit j times, so re-organising and applying the identity
Tr[adXadY ] = 2cGTr[XY ] gives

∑
0≤k̂<j<T

X k̂,j
+− = −

∑
0<j<T

j

T
Tr[adĀT−j+

adĀj− ] = −2cG
T

Tr[Ā+

( ∑
0<j<T

jPj

)
Ā−] , (B.4)

matching (3.11) as required.

C ‘On-shell’ 1-loop duality as a generalization of T-duality

In this section, we consider abelian T-duality and show that the same logic (1-loop equiva-
lence between equations of motion and Bianchi identities) leads to the usual statement that
T-duality commutes with the 1-loop RG flow.

Consider a σ-model on a target space with U(1) isometry,34

− L = a(y)(∂x)2 + gmn(y)∂ym∂yn . (C.1)

The equations of motion are

∂(a(y)∂x) = 0 , ∂pa(y)(∂x)2 + ∂pgmn(y)∂ym∂yn − ∂(gpm(y)∂ym) = 0 . (C.2)

These equations can be formulated with a Bianchi identity imposing A ≡ ∂x as follows

∂(a(y)A) = 0 , ∂pa(y)A2 + ∂pgmn(y)∂ym∂yn − ∂(gpm(y)∂ym) = 0 , εab∂aAb ≡ 0 .
(C.3)

The T-dual with respect to x is related to (C.1) by a(y)→ a(y)−1,

− L̃ = 1
a(y)(∂x̃)2 + gmn(y)∂ym∂yn . (C.4)

The equations of motion of the dual theory (C.4) may similarly be fomulated with a Bianchi
identity as (putting a(y)→ a(y)−1 and A→ Ã in (C.2))

∂(a(y)−1Ã) = 0 , −a(y)−2∂pa(y)Ã2 + ∂pgmn(y)∂ym∂yn − ∂(gpm(y)∂yp) = 0 ,
εab∂aÃb ≡ 0 .

(C.5)

The dual set of equations (C.5) are the same as the original ones (C.2) up to (i) swapping
the first and last equations and (ii) the redefinition Aa = a(y)−1εabÃ

b. According to the
argument in section 2.1, swapping the first and last equations (an equation of motion and a
Bianchi identity) does not affect the 1-loop on-shell divergences.35

34For simplicity we assume the absence of mixed ∂x∂y terms and B-field couplings in (C.1).
35Although the argument of section 2.1 was formulated for integrable equations originating from zero-

curvature equations, we also expect it to apply more generally for non-integrable theories. In the present
case, it is easy to see that the argument goes through (with yi as spectator fields) because the ‘physical
fields’ x, x̃ do not appear explicitly in the equations (C.2), (C.5).
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Since Aa = ∂ax, Ãa = ∂ax̃ on-shell, then the redefinition Aa = a(y)−1εabÃ
b leads to

the following relation between their 1-loop on-shell divergences,36

d

dt
L̃(1) = d

dt
L(1)

∣∣∣
∂ax=a(y)−1εab∂bx̃

(C.6)

Let us show that the relation (C.6) is the standard one. One can understand the RG
flow of the model (C.1) as a flow of the functions a(y), gmn(y) since these are the only
freedoms allowed by the global symmetries (neglecting possible diffeomorphism terms, since
we consider only on-shell divergences),

− d

dt
L(1) = da(y)

dt
(∂x)2 + dgmn(y)

dt
∂ym∂yn . (C.7)

The usual path integral relation between the T-dual models (C.1), (C.4) implies that the
duality commutes with the 1-loop RG flow. This means the dual on-shell effective action is
obtained by putting a(y)→ a(y)−1 in (C.7),

− d

dt
L̃(1) = −a(y)−2da(y)

dt
(∂x̃)2 + dgmn(y)

dt
∂ym∂yn . (C.8)

Indeed (C.7), (C.8) are related precisely according to (C.6).
It is natural to understand the relation between T-duality and the RG flow in this way,

since the ‘interpolating model’ for the T-dual pair (C.1), (C.4),

− L = a(y)A2 + gmn(y)∂ym∂yn + x̃ εab∂aAb , (C.9)

may be seen as recasting the Bianchi identity εab∂aAb ≡ 0 of (C.3) as an equation of motion.
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