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NULL CONTROLLABILITY OF STRONGLY DEGENERATE
PARABOLIC EQUATIONS

ANTOINE BENOIT, ROMAIN LOYER, AND LIONEL ROSIER

ABSTRACT. We consider linear one-dimensional strongly degenerate parabolic equations with
measurable coefficients that may be degenerate or singular. Taking 0 as the point where the
strong degeneracy occurs, we assume that the coefficient a = a(x) in the principal part of the
parabolic equation is such that the function z — z/a(z) is in L?(0,1) for some p > 1. After
establishing some spectral estimates for the corresponding elliptic problem, we prove that the
parabolic equation is null controllable in the energy space by using one boundary control.

1. INTRODUCTION

We continue our investigation of the controllability of parabolic equations with measurable
coefficients [21] (see also [2]) by studying the case of a strongly degenerate equation of the type

(a(x)ug)z + q(z)u = p(x)ug,, x€(0,1), te€(0,7),

where the nonnegative function a may vanish strongly at * = 0, and the potential ¢ may be
singular at x = 0. Only weakly degenerate (i.e. 1/a € L'(0,1)) parabolic equations were covered
by the theory developed in [24].

The null controllability of (weakly or strongly) degenerate parabolic equations was considered
ineg. [l,4,5, 9,10, 11, 13, 14, 15, 26]. Most of the papers were concerned with a parabolic
equation with a(x) = x2~¢, which is strongly (resp. weakly) degenerate for ¢ € (0,1] (resp.
e € (1,2)). More general choices for the coefficient a were considered in e.g. [14]. However,
several technical assumptions (e.g. x — a(z)/z” nondecreasing for some exponent v and a €
W1%(0,1) in [14]) were required in order to derive some Carleman estimate to prove the null
controllability of the parabolic equation. The purpose of this paper is to remove these technical
assumptions in the derivation of the null controllability of the parabolic equation.

More precisely, we propose a general method based on the flatness approach to deal with
quite general parabolic equations, displaying both a strong degeneracy of a and a singularity
of the potential ¢ at the same point, with measurable coefficients, and without any monotony
assumption about a. Roughly, the main assumption is that the function x — z/a(zx) is in
LP(0,1) for some p > 1. That assumption is slightly stronger (by Holder inequality) than
Trudinger assumption 1/y/a € L1(0,1) (see e.g. [12, 258]) which was made in order to investigate

Key words and phrases. strongly degenerate parabolic equations; null controllability; measurable and singular
coefficient; spectral estimates; flatness.
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2 ANTOINE BENOIT, ROMAIN LOYER, AND LIONEL ROSIER

the degenerate elliptic system

—(auy), = f, z €(0,1),
(aug)(0) =0,

u(1) = 0.

Our method is based on the flatness approach, introduced in [20] and developed since then
in [22, 24] for the heat equation, in [21] for the Korteweg-de Vries equation, and in [25] for
Schrodinger equation. (See also [23] for a recent study of the reachable states of the heat
equation and [19] for the exact controllability of semilinear heat equations.) In [26], the flatness
approach is used to derive for € € (0,1) the null controllability of the control system

U — ( ux)m:O xE(O 1), te€ (0,7),
(2% %uz ) (0,t) = €(0,7),

u(1,t) = h(t), t ( 1),

u(zx, ) =uo(z), =€ (0,1).

the eigenfunctions and eigenvalues can be expressed in terms of Bessel functions, and the asymp-
totic behaviour of the eigenvalues is perfectly known [26]. For a more general function a, however,
Bessel functions cannot be used and, to the best knowledge of the authors, nothing is known
about the sharp asymptotic behaviour of the eigenvalues. (See [3, 17, 18] for some results in
that direction.) For the application of the flatness approach, what is needed is not a spectral
gap, but merely that the eigenvalues tend to infinity faster than some power of the index of the
eigenvalue.
To be more precise, we are concerned with the null controllability of the system

(a(@)uz)e + q(z)u = p(x)u, € (0,1), t€(0,T), (1.1)
(aum)( t) = 0 te (0,7), (1.2)

au(1,t) + Blaug)(1,t) = h(t), te€(0,T), (1.3)
u(z,0) =up(z), x€(0,1) (1.4)

where (a, 3) € R2 \ {(0,0)}, up € L?(0,1) is the initial state, and h € L*(0,T) is the control
input.
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The given functions a, q, p are assumed to satisfy the following conditions:

a(xz) > 0 and p(x) >0 for a.e. z € (0,1), (1.5)
1 T
acL(0,1), (z— @) € LP(0,1), (1.6)
p € L"(0,1), limsupp(x) < oo, (1.7)
z—0t

lim, a(x)™? (/: af;) B = o0, (1.8)

v(z) > 0 for all z € [0,1],
(avz)g +qu =01in (0, 1), (1.9)
(av;)(0) =0,

Jv € WH(0,1) s.t.

for some numbers p, r with
p € (1,+00], re (p,+o0] (1.10)
where p/ := p%l- As the functions a and p are defined a.e., the limits in (1.7) and (1.8) should
be taken after modifying them on a zero measure set, if needed. Note that (1.6) and (1.8) are
satisfied by any measurable function a : (0,1) — R fulfilling the condition
Cr12° ™ < a(x) < Coz?™%2 Va € (0,1) (1.11)

for some positive constants C,Cy, 1,9 with 1 < g9 < 261 < 4. Such a function needs not be
monotonous nor smooth. (Note that a continuous function a : (0,1) — R satisfying both (1.6)
and (1.8) and vanishing on a sequence z,, N\, 0 could also be constructed, so that (1.1) can be
strongly degenerate at 0 and also weakly degenerate at each x,.) A typical example displaying
both a (possibly strong) degeneracy for a and a singularity for ¢ at * = 0 is the parabolic
equation

_ u
(x2 “Ug)e + /JJE = u (1.12)
for 0 <e<2and pu < 3(1-¢)
Let us introduce some notations. For any t; < ty and s > 0, we denote by G*([t1,t2]) the

space of (Gevrey) functions h € C*([t1, t2]) for which there exist some positive constants M, R
such that
18
@ (#)] < M%’p Vt € [tr,ta], ¥p € N

Let Lz denote the space of (classes of) measurable functions f : (0,1) — R such that

1l = ( /0 1 f(w)zp(:v)d:rf < o,

The main result in this paper is the following

Theorem 1.1. Let the functions a,q, p,v: (0,1) = R satisfy assumptions (1.5)-(1.9) for some
numbers p and r as in (1.10). Let (o, ) € RY \ {(0,0)} and T > 0. Pick any uo € L3 and



4 ANTOINE BENOIT, ROMAIN LOYER, AND LIONEL ROSIER

any s € (1,1 + 1% — 1), Then there exists a function h € G*([0,T]) such that the solution u of

(1.1)-(1.4) satisfies u € C°([0,T], L2) N C*((0,T], W(0,1)), au, € C*((0,T], W'"(0,1)), and
u(z,T) =0 for all xz €[0,1].

Remark 1.2. A null controllability result with a distributed control can be derived from Theorem
1.1 by using a partition of unity.

Clearly, assumptions (1.5)-(1.8) are easy to test, while assumption (1.9) is not obvious to
check at first glance. We shall provide in the following propositions two classes of coefficients

(a,q, p) satisfying (1.9).

Proposition 1.3. Let the numbers p,p',r be as in (1.10) and let the functions a,q,p satisfy
(1.5)-(1.8). Assume in addition that ¢ € L' (0,1) and that either

/01 a(lm) (/Or ()| ds> de < 1, (1.13)

q(z) <0 for ae x€(0,1). (1.14)

Then (1.9) holds for some function v € W1(0,1) with av, € W'(0,1), and the conclusion of
Theorem 1.1 is valid for any ug € L%. Finally, if (1.14) is replaced by the condition

or

JK € Ry such that q(z) < Kp(x) for a.e. x € (0,1), (1.15)

then the conclusion of Theorem 1.1 is still valid for any ug € L?,.

Proposition 1.4. Let a(z) = 2*7¢, q(x) = pa~° and p(x) = 1 for x € (0,1), where 0 < e < 1
and
(1-e)?-1
4
Pick v(z) := 2% with § := (¢ — 1 + /(1 —€)2 — 4u)/2. Then the function v : (0,1) — (0, 00)
fulfills

<u<o. (1.16)

(avz)z +qv = 0 in (0,1), (1.17)
(avg)(0) = 0, (1.18)

and (1.5)-(1.8) hold for some numbers p and r as in (1.10). Furthermore the conclusion of
Theorem 1.1 is valid for (1.12) supplemented with (1.2)-(1.4) for any initial data up : (0,1) - R
with ug € L?(0,1).

Remark 1.5. (1) Note that the main result in [26] corresponds to the case p = 0.
(2) Note that Proposition 1.4 is not a consequence of Proposition 1.3, since we cannot find
any p in (1, +oo] with both (z — x=~') € LP(0,1) and (x — =) € L (0,1).
(3) Our computations suggest that for a(x) = x>~ and q(z) = pr=", k should be at most €.
It would be interesting to see whether it is a necessary condition, or merely a technical
assumption.
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Let us say a few words about the proof of the main result. In a first step, we show that we can
get rid of the term ¢(z)u in (1.1) by a change of variables, using assumption (1.9). Therefore
we can restrict to the simplified parabolic equation

(aux)a: = put.

We first prove that the boundary-value problem

_(aux)x = f7
(auz)(0) =0,
au(l) + B(aug)(1) =0

possesses a unique solution in some weighted Sobolev space. Next, we pay some attention to
the spectral properties of this boundary-value problem. We show that the eigenvalue A, grows
at least as a power of n, and that the L°°-norm of the corresponding eigenfunction e,, grows at
most as a power of \,. This is done by using a modified Priifer method (see [0, 29]) introducing
a phase 0, associated with \,. However, since 1/a ¢ L'(0,1) in the interesting situation of a
strong degeneracy, the classical argument relating \,, to the variation of the phase 6,, has to be
refined in using a splitting of the interval (0, 1) involving the frequency A,. Roughly, we split

"

(0,1) into (0, A,)U[A,, 1) with A, := (C)\n)fiip’, C' denoting some positive constant. We show
that e, (x) remains close to e, (0) for z € (0, A,,), so that the (bad) integral term fOA" %dw does
not contribute too much in the variation of the phase 6,,(1) — 6,,(0).

With these spectral estimates at hand, we can prove that the eigenfunctions e,, n > 0, can
be expressed in terms of the generating functions g;, ¢ > 0, defined by go(x) = 1 and the relation

xX 1 S )
gi(x) :/0 a(s)(/o p(o)gi_l(a)da)ds, 1> 1.

Finally, the trajectories of the control problem (1.1)-(1.4) can be expanded in the form
e .
u(a,t) =y (t)gi(x)
i=0

for some function y € G*([0,T]) (as in [21]), the series being convergent thanks to the spectral
estimates.

The paper is organized as follows. Section 2 is devoted to the study of the corresponding
elliptic problem. We introduce the appropriate weighted Sobolev space, derive some generalized
Hardy inequality and obtain some estimates for both the eigenfunctions and the eigenvalues. In
Section 3, we define and investigate the generating functions. The proof of the main results are
given in Section 4. Finally, in some appendix we prove that the conditions (1.6) and (1.8) are
independent, and we provide a class of functions for which (1.8) holds.

2. STUDY OF THE ELLIPTIC PROBLEM

Through the paper, we denote ||ul|r» for ||ullrro,1) (1 < p < 00), and [|ul|1p(z, 4,) for the LP
norm of w on an interval (z1,x2) # (0,1).
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In this section, we investigate the elliptic problem

—(au') = pf in (0,1), (2.1)
(au)(0) =0, (2.2)
au(l) + B(au’)(1) = 0, (2.3)

where ' = d/dxz, the functions a and p satisfy (1.5)-(1.8) for some numbers p,p/, and r as in

(1.10), (@, ) € B2\ {(0,0)}.

Let us introduce the spaces

H, = {ueW:0,1); Vau' € L*(0,1) and u(1) = 0}, (2.4)
H,, = {ueW:0,1); Vau' € L*0,1) and /pu € L*(0,1)} (2.5)

endowed respectively with the norms

1 1

1 3 1 1

el = ( /0 a(x)u’<x>2dx> R - ( /0 [a(w)u’<x>2+p<x>u<x>21dx) |
Then the following result holds.

Proposition 2.1. The spaces H, and H, , are complete. Furthermore, we have H, C L*(0,1),
H,, C L*(0,1) and H,, C L2 with continuous and compact embeddings.

Proof. We first investigate the space H,. By Holder inequality, we have for all € € (0, 1)

1

[at= ([ Garee) (L)<

so that a=! € L'(e,1). Thus, by Cauchy-Schwarz inequality,

/: o (@) |d < (/1 a(gc)w(gc)2czgc>é (/1 ac(lz))é < oo (2.6)

if \au' € L?(0,1), so that u € Whl(g,1) € C%Je,1]). Therefore, the condition u(1) = 0 is
meaningful whenever v/au’ € L?(0,1), and if u € H, satisfies ||u||g, = 0, then \/au' = 0 a.e., u
is constant and u = 0 since u(1) = 0. Thus || - ||z, is a norm on H,, which is clearly Hilbertian.

If (uy,) is a Cauchy sequence in H,, then by (2.6) and the fact that u,(1) = 0, (u,) is a Cauchy
sequence in Whl(e, 1) for all € > 0. Therefore, there exists u € VVliCl (0,1) such that u, — v in
Whl(e, 1) for all € > 0, hence in D’(0,1). There is also some v € L2 such that u/, — v in L2.
But for any ¢ € D(0,1) := C((0,1)),

! 1 3 L2 1
/ (U — v)pda| < (/ (ul, —v)?a dm) (/ d1:> — 0,
0 0 0o a

that is, u/, — v in D’'(0,1). We infer that ' = v € L2, and hence, with u(1) = 0 (since u,, — u
in Whl(e, 1)), uw € H, and u,, — v in H,. Therefore H, is complete.

Let us now show that H, , is complete. We first need the following
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Lemma 2.2. Let § € (0,1). Then for any € > 0, there exists some number Cs. > 0 such that

1
1 1 1 2
/ luldz < 5/ [u'|dz + Cjs </ pu2d$> Vu € Hy p. (2.7)
6 6 1)

Proof of Lemma 2.2: If (2.7) does not hold, there exists € > 0 and a sequence (u,) in H, , such

that for alln >1
1 1 1 %
1= / |t |dx > 6/ \up |dz +n </ pu%dm) . (2.8)
0 é é

Recall that p € L"(0,1) for some r € (p/, 00|, by (1.7) and (1.10). Since (uy) is bounded in
W11(5,1), which is compactly embedded in L (8,1) (2 < 27’ < 2p < o), there is a subsequence
(un, ) such that u,, — u in L?"(§,1). Then, by Holder inequality,

/(Slp(unk _ u)ds < (/ ’"dx) (/ ft, — uf?” dx) 0,

and hence f5 pul dx — f5 puldz. But f6 puldr — 0 by (2.8), and hence f5 puldr = 0. It

follows that w = 0 a.e. in (J,1). But this contradicts the fact that 1 = f5 |tn, |dz — fé |u|dx.
Lemma 2.2 is proved. O
Combining (2.6) and (2.7), we obtain that for all § € (0,1), there is some Cs > 0 such that

Hu||W1’l(§,1) < C(S”aHHa,p Vu € Ha,P‘ (29)

ﬁ\‘ -

Proceeding as above and using the fact that Wli(e,1) C C%([e, 1]) continuously for any e €
(0,1), one can prove that H, , is a Hilbert space.
The next result is concerned with the density of spaces of smooth functions.

Lemma 2.3. The space D(0, 1) is dense in Hy ifa=! ¢ L'(0,1), while the space {p € C*([0,1]);
©(1) = 0} is dense in H, if a=' € L1(0,1).
Proof. 1. Assume first that

a~t ¢ LY0,1). (2.10)
Let u € H, with fol av'¢'dz = 0 for all p € D(0,1). Note that av’ € L}, (0,1) C D'(0,1), for

1 1
€ € 5 € 5
/\au’]dmﬁ(/ au'Qdaz> (/ :c) <oo if0<d<e<l.
é é 5 a

Thus ((av'), @)orp = —(av,¢')orp = 0 for all ¢ € D(0,1) and (av’)’ = 0 in D’(0,1). Thus
there is some number K € R such that au’ = K a.e. in (0,1). But K = y/au' € L*(0,1), hence

fol K2z < 00 and K = 0, by (2.10). Thus v =0 and D(0,1) is dense in H,.

a
2. Assume now that

a~t e LY0,1). (2.11)
Pick any u € H, with fol au'¢'dx = 0 for all p € C*°([0,1]) with ¢(1) = 0. (Such functions ¢
belong to H,, for fol ag™dr < o0.) In particular, as fol av'¢'dz = 0 for all ¢ € D(0,1), we infer
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that au’ = K a.e. in (0,1) for some K € R. Thus

1 1
0= / av'ddr =K | ¢dx=—Kg(0)
0 0

for all € C*°([0,1]) with ¢(1) = 0. This yields again K = 0, u = 0, and the density of the
space {¢ € C*([0,1]);¢(1) =0} in H,. O

The following result gives a generalized Hardy inequality (see [7, 16, 27]).

Lemma 2.4. Leta: (0,1) = R be as in (1.5) and (1.8). Extend a to (0,00) by setting

a(x) =z forxz>1, (2.12)
and let
b(@) = afz) ! /oo YT 000) (2.13)
B : als)) T '
Then
lim b(x) = 2.14
Jim. b(x) = +o00 (2.14)
and . .
/ b(x)u(z)?dr < 4/ a(z)u' (z)*dz  Vu € H,. (2.15)
0 0
Proof. First, we note that (2.14) follows from (1.8) and the fact that
~1
d
fxl a(s)~'ds fo i € (0,00) if fo Y~ lds < oo;
lim ~&———— = f )~ lds
w0t [ a(s)"lds 0 .
if fo ds =
From [7, 27], if o, B, f are nonnegative measurable functions defined on Ry, if
1
00 2
K :=sup [(/ B(x da:) (/ a(m)_2d$> ] < 00 (2.16)
>0 r
then

1

(/OO [B(x) /Oo f(t)dt]de>é <2K (/Ooo[a(:v)f(:z:)Pd;p) ’ (2.17)

Pick a(z) := /a(z) and S(z) := /b(x). Let us check that condition (2.16) is satisfied. For
0 < e < r, we have that

/sTﬁ(a:)2dx = /: a(z)™! </:o a(5)1d3> - de = /: % (/:o a(s)1d5> 71dx
— </Too a(8)1d8> B — (/:O a(s)1d3> 71'

Note that by (2.12),
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always exists. It follows that

1
/ B(x)?dr=1—1< oco.
0

Jy st [ oterzas= ([ 557 1) [ =1 wee 0

and (2.16) is indeed satisfied with K < 1.
Pick now any v € H,. Extend u by 0 for x > 1. (Note that u € Whl(e, +00) for all € € (0,1).)
Pick f(x) = |u/(x)] for z € (0,+00). Then for z € (0,1)

u(z)| = dt‘ / f(t)

and (2.15) follows from (2.17). O

Thus

By (2.14), one may pick z¢ € (0,1) such that b(xz) > 1 for 0 < z < . Then (2.15) yields
o
/ u(z)?de < 4|ulf, Vu€ H,.
0

Combined with (2.6) and the fact that u(1) = 0, we infer the existence of some constant C' > 0
such that

1
/ u(z)?dx < C||u|]%{a
0
Thus H, C L?(0,1) continuously. Actually, the embedding is also compact.
Lemma 2.5. The embedding H, C L*(0,1) is compact.

Proof of Lemma 2.5: Let (u,) be a sequence in H, and let u € H, be such that u, — u
weakly in H,. We have to show that u, — u strongly in L?(0,1). Since for § € (0,1) the
embedding Wh1(4,1) C L?(6,1) is compact, the map v € H, — v|5,1) € L?(5,1) is compact for
any 6 € (0,1), and hence u,, — u in L?(d,1). Let € > 0 be given. By (2.14), there exists some
9 € (0,1) such that

8
b(x) > B := 6—2(1 + 4 sup Hun||%1a) vz € (0,0).
n>0

Using the fact that |u||g, < sup,>q [|unH, and (2.15), we obtain

[\

/ i (2) — u(z)Pdz < B / ) () — () P < 4B~ — ulffy, < 5
Since u, — u in L?(4,1), we have that f5 [un (2) — u(z)|?dx < €2/2 for n > ng for some ng € N.
Thus |lun — ull12(0.1) < € for n > ng, and u, — w in L*(0,1). O

Lemma 2.6. The embeddings H, , C L?(0,1) and H,, C L/2> are compact. The space C*°([0,1])
is dense in H, .
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Proof of Lemma 2.6: By (1.7) one may pick some numbers ¢ € (0, %) and C' > 0 such that
0<p(x)<C Vze(0,29). (2.18)
Let 6 € C*°(]0,1]) be such that

o(a) = 1 if 0<z<5,
V=Y 0 if 26<z<1.

Let u € Hyp. Then fu € Hy, for (fu)(1) =0 and
Va(fu) = (Vau)0 + ad'u € L*(0,1).
Indeed, v/au' € L?(0,1), Supp 0’ C [6,26], v/a € L*(5,26), and u € L>°(6,26). Furthermore,
1(0w)'l| 22 < Cllullma,,.

so that the map u € H,, — 6u € H, is continuous. The embedding H, C L?(0,1) being
compact, the map u € H, , — u € L?(0,1) is compact. Clearly, the map u € Hyp,— (1-0)u e
WH1(0,1) is continuous. The embedding W1(0,1) C L?(0,1) being compact, we infer that
the map u € H,, — (1 — 0)u € L*(0,1) is compact. Thus the embedding H,, C L?(0,1) is
compact.

The fact that H, , C L% continuously comes from the definition of the spaces H, , and LZ and
of their norms. Using (4.2) and the lines above, we infer that the map u € H,, — 6u € L2 is

compact. On the other hand, the embedding W'1(0,1) C LZ’J(O, 1) is compact, and by Holder

inequality
1 1 VA BN
/ p(1 —0)*ulde < C (/ prdx> </ u® dx) .
0 0 0

It follows that the map u € Hy, — (1 —6)u € L7 is compact. Thus the embedding H, , C L2
is compact.
Let us prove that C°°(]0, 1]) is dense in H, ,. Pick any u € H, ,. If we set

a(x) =z, p(x) =1, u(z) = (2—2)u(l) Vze(1,2),
then u € H,(0,2) := {u € L} (0,2); au' € L*0,2) and u(2) = 0}. As in Lemma 2.3,

loc

C*([0,2]) is dense in Hg,(0,2), so that we can pick a sequence (¢,) in C*°([0,2]) with ¢, — u
in H,(0,2), and also in L?(0,2). This gives

1
/0 la(pl, — u')2 + (pn — u)*dz — 0.

By (4.2), we have fo% p(n —u)?dz — 0. Since ¢, — u in WH1(26,1) and in L¥'(26,1), we also
have that

1
/ p(pn —u)?dz — 0.
26

We conclude that ¢, — u in Hg .
The proof of Proposition 2.1 is complete.

o0
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Nest, we investigate the elliptic problem (2.1)-(2.3). Introduce the symmetric bilinear form

1
a(u,v) = / au'v' dz + ap(u,v)
0

where
{ Su(lu() i 540,
ap(u,v) = .
0 if 6=0.
Let
H,, if aff # 0,
H = {uGHap,u()—O} if 6=0,

{u € Hq p; fo updr =0} if a =0,
be endowed with the norm || - ||g, ,. By (2.9), H is a closed subspace of H, ,, and the bilinear

form a is continuous on H x H. To prove that the bilinear form is coercive, we need the following
lemma.

Lemma 2.7. There exist a constant C > 0 such that

1 1
; lul?pde < C (/ |u'|2adx+u(1)2> Yu € Hyp, (2.19)

1
; lul?pdx < (/ |/ |2adac+ /upd:v)2> Yu € Hyp. (2.20)

Proof of Lemma 2.7: We prove (2.19) only, the proof of (2.20) being similar. If (2.19) is false,
one can pick a sequence (u,) in H, , such that

1 1
1= / lun|2pdz > n </ |, |a dx + un(1)2> . (2.21)
0

As the sequence (uy,,) is bounded in H, ,, one can extract a subsequence (uy,, ) such that u,, — u
weakly in H, , for some u € H,,. By Lemma 2.6, u,, — u strongly in Lg. As u;lk — 0 strongly

in L2 by (2.21), we infer that (u,,) is a Cauchy sequence in H, , and hence u,, — u strongly
in H,,. Letting n — oo in (2.21), we obtain

1
/ lW'|2ade =0, wu(l)=0.
0

Thus v = 0, but this contradicts the condition fol lu|?pdz = 1. The proof of Lemma 2.7 is
complete. O

We have to prove that
a(u,u) > K|ully, , VueH (2.22)

for some constant K > 0. If 3 = 0 (resp. « = 0), then (2.19) (resp. (2.20)) yields |lul|3, <
P
C||lu'||2, for u € H, which gives (2.22).
If af > 0, then (2.19) yields
1
/ lul?pdx < C'a(u,u)
0

for some C” > 0, which gives again (2.22). Thus the bilinear form a is coercive.
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Let f € L/2, be given (with also fol fpdx =0 if a« = 0). Since the linear form L(v) = fol fopdx
is continuous on H, it follows from Lax-Milgram theorem that there exists a unique function
u € H such that

a(u,v) = L(v) Vv € H. (2.23)
Assume first af # 0. Clearly D(0,1) C H. Picking v € D(0,1) in (2.23), we obtain (2.1) in
the sense of distributions. Multiplying in (2.1) by v € C*°([0,1]) C H, integrating by parts and
comparing with (2.23), we infer that
(au')(1)v(1) — (au’)(0)v(0) + %u(l)v(l) =0.
Picking v(z) =1 — x (resp. v(z) = 1) yields (2.2) (resp. (2.3)).

If B = 0, we have again D(0,1) C H, and picking v € D(0,1) in (2.23) yields (2.1) in the
sense of distributions. Multiplying in (2.1) by v(z) = 1 —z and integrating by parts yields (2.2).
Finally (2.3) comes from the definition of H.

If & = 0, then for any given 8 € D(0,1) the function ¢(z) = 6(z) — fol Opds belongs to H.
Picking such a function in (2.23) and using the fact that fol fpdx =0, we obtain fol au'0dx =
fol fOpdz, so that (2.1) holds in the sense of distributions. Multiplying in (2.1) by v(z) = 1
(resp. by v(z) = 1 — 2x), we obtain (2.2)-(2.3).

Finally, using
1 1 S 3
/ lpfldx < </ pf2dx> (/ pdm) < 00,
0 0 0

we infer from (2.1) that au’ € W1(0,1) for any value of (a, 3).
We are in a position to study the spectral problem associated with (2.1)-(2.3).

Theorem 2.8. Let a,p and («a, 5) be as above. Then there are a sequence (en)n>0 in Lf, and a
nondecreasing sequence (Ap)n>0 in (0,+00) such that
(1) (en)n>0 is an orthonormal basis in L%;

(i) for allm >0, e, € H,,, ael, € WH™nZ1)(0,1), and e, solves

—(ael) = Xnpen in (0,1), (2.24)
(ael)(0) = 0, (2.25)
aen(1) + Blael,)(1) = 0. (2.26)

Proof. Assume first that o # 0. For f € L%, let T'(f) denote the unique solution v € H of
(2.23). The operator T : f € Lf, —u=T(f) € L?) is continuous, compact, and selfadjoint by
(2.22), (2.23), and Proposition 2.1. It is also positive definite, for

KHUH%LLP < CL(U, "U,) = (f7 U)L%'

By the spectral theorem, there are an orthonormal basis (ep)n>0 in Lz and a sequence (fn)n>0
in (0,400) with p, N\, 0 such that T'(e,) = pney for all n > 0. Then (2.24)-(2.26) hold with
A o=yt > 0.

Assume now that « =0, and let V := {f € Lf,; fol fpdx =0}. For f € V let T(f) denote the
unique solution u € H of (2.23). Again, the operator T': f € V — u =T(f) € V is continuous,
compact, selfadjoint and positive definite. Therefore there are an orthonormal basis (ey,)p>1 in
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V and a sequence (fp)n>1 in (0, +00) with p, N\, 0 such that T'(e,) = upne, for all n > 1. Let
eo := 1. Noticing that V = {u € L?; (u, eo)L% = 0}, we see that (e,)n>0 is a orthonormal basis

of L2 and that (2.24)-(2.26) hold with X := 0 and A, := ;' > 0 for n > 1.

By (1.7), one can pick some numbers C' > 0 and § € (0,1) such that 0 < p(z) < C for

0 < z < 6, so that (ael) = —Ap.pe, € L*(0,6). Next, e, € WHl(4,1) € L*>(§,1), and
n . .

(ael)) € L"(5,1). Thus (ae,,) € L™™27)(0,1) and ae!, € Wmnr) (0, 1), O

We are now interested in the asymptotic behavior of the eigenvalues A,, n > 0. Indeed, to
apply the flatness approach, we need to prove that )\, > Cn” for some C,x > 0 and all n > 0.
The estimate we shall derive is likely not sharp, but it is sufficient for the sequel.

Theorem 2.9. Let a,p, (o, B) and the sequences (€n)n>0, (An)n>0 be as in Theorem 2.8. Then
(i) en, € WHL(0,1) and ael, € WL (0,1) for all n > 0;
(i) there exists some constant Cy > 0 such that

/
+25)

=P

3
llenllLooo,1) < CiAn if A > 0; (2.27)

(iii) let k= [3 + %(rp_/;,)]*l >0 if p < oo and pick any k < 2 if p = co. Then there exists some
constant Cy > 0 such that

Ap > Con®™ VYn > 0. (2.28)
Proof. (i) We need several lemmas.

Lemma 2.10. Let p,p’ be as in (1.10), let a be as in (1.5)-(1.6), and let ¢ € L' (0,1). Then
there exists a unique function v € WH1(0,1) with av’ € W' (0,1) and such that

(@) = —qv a.e. in (0,1), (2.29)
(a')(0) 0, (2.30)
v(0) = 1. (2.31)

Proof of Lemma 2.10. If a function v as in Lemma 2.10 does exist, then v € C%(]0,1]) and we
obtain by successive integrations

Y
@)) = = [ (@)s)s vy e o.1) (2.32)
and vy Y
v(x):l—/o a(z)/o (qu)(s)ds Vz €]0,1]. (2.33)

Using Hardy inequality

L1 v , 1 ,
/0 b /0 lg(s)|ds” dy < © /0 lg(s)IP ds,

Holder inequality and (1.6), we infer that

1 dy Y
/oa(y)/o lg(s)|ds < oco. (2.34)
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Therefore, if v € C([0, 1]) satisfies (2.33), then v € W1(0,1) by (2.34) and av’ € W' (0,1) by
(2.32). Therefore, it is sufficient to prove the existence and uniqueness of a solution v € C°([0, 1])
of (2.33).

First, one may pick some ¢ € (0,1) such that for all z1,z9 € [0,1] with 0 < zg — 21 < J, we

have
2
/ Ay / lq(s |ds<f

For 0 < 1 < 29 < 1 and 71,72 € R with 41 = 0if z; = 0, we consider the map I' : C°([z1, 22]) —

CY([z1, x2]) defined by
M) = [ (71 - y(qv><s>ds) | (2.35)

By (1.6) and (2.34), the map I is well defined. Let us prove that it is a contraction provided
that |zo — x1| is “small enough”. For v, w € C° ([:cl,:nQ] we have

I00) =T iy < [ o5 [ oo = w)tols
The map I is a contraction in C°([0,6]) for #1 =0, 20 = §, 71 = 0 and 2 = 1, since
1
IT(0) = D(w)l[ze0,0) < 5llv = wllzoe(0,6)-
This gives a solution v of (2.33) on [0, §] by the contraction principle. Note that

_ Py Y
o(0) =1 — /0 i /0 (qv)(s)ds. (2.36)

Ifo <z <a9<1andxy— 2z <9, then

v dy [V
IT(0) = T(w)llzoe@r.a0) < (/xl a(y)/xl ICJ(S)Idé’) [0 = wl| oo (@1,25)

1
< i”v - wHL"O(xl,a:z)‘

Then T is a contraction in C%([x1,22]) if § < 1 < 29 < 1 and 29 — 21 < §. Picking 1 = 6,
xo=x1+6, 71 = f05(qv)(s)ds, and 2 = v(0), we obtain a solution of (2.33) on [0,26]. We can
proceed in a similar way to extend v to [0,30], [0,44],... and finally to [0, 1]. O

Corollary 2.11. Let p and r be as in (1.7) and (1.10), and let A € R. Then there ezists a
unique function u € Wt1(0,1) with au’ € WL (0,1) such that

(a) = —Xpu a.e. in (0,1), (2.37)
(au')(0) = 0, (2.38)
w©0) = 1. (2.39)

Furthermore, the map A — (u,au’) from R to WH1(0,1) x Wb (0,1) is continuous.
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Proof. Since p € L"(0,1) € L (0,1), the existence and uniqueness of u follows from Lemma
2.10. The continuity of the map A € R — u € C°([0,4]) (or C°([§,26]), etc.) follows from the
version of the contraction principle with a parameter. Using (2.32) and (2.33) gives the last
sentence in the statement. (Il

Lemma 2.12. Let \€ R. If0 <29 — 35 <29+ <1 and u € WhHl(zg — §, 20 + §) is such that
au' € Whl(zg — 8,0 + §) and

(au') = =Apu  in (xg — 6,20 +9),

u(xg) =0,

(au)(zg) = 0,
then u =0 in (xo — d§,x9 +9).

The proof is similar to those of Lemma 2.10 by applying the contraction principle to the map
I from C%([zg — 6,z + 4]) into itself defined by

M) = -2 [ o :<pu><s>ds

when ¢ > 0 is small enough, and by propagating the uniqueness up to [zg — J, ¢ + ] when 0 is
as in the statement of the lemma. O

Lemma 2.13. Letn > 0, and let e,, and A, be as in Theorem 2.8. If u is the function associated
with A = X, in Corollary 2.11, then

en(z) = en(0)u(z) VY € (0,1), (2.40)
so that e, € WH1(0,1) and ae!, € W17(0,1).

Proof of Lemma 2.13: As u(0) = 1 and u € C°([0,1]), we can pick some ¢ € (0,1/2) such that

1

u(z) > 3 Vr € [0, 2¢].

Let

Since a=t € L} (0,1),v € W1’1(0,26) and

loc loc
"(z) =/ (x ’ ds ! a.e. in €
1= [ w0 (241
Since u, au’ € W11(0,1), it follows that av’ € Wl{)j(o, 2¢) and that
ey ey [T s @)@ @)
@@ = @0 [ et * et~ aga
z ds
- —A(pU)(iL')/g u(s)Qa(s)

= —XApv)(z) a.e. in (0, 2¢).
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Note that the function w satisfies (2.37) for A = A, in (0,2¢) and that it is not proportional
to v (otherwise we would have [u(s)%a(s)]~! = 0 a.e.). Note also that v(¢) = 0 and (av’)(c) =
1/u(e) > 0. We may therefore find some number p € R so that the function U(x) := e,(x) —

e&(;))u(x) — pv(x) satisfies the assumptions of Lemma 2.12 for 0 < § < xp = . We infer from

Lemma 2.12 that U = 0 on (0, 2¢), that is

_enle)
en(T) = () u(z) + po(x), =€ (0,2e). (2.42)

If 4 # 0, then by (2.25), (2.38) and (2.42), we obtain (av’)(0) = 0 which, combined to (2.39)
and (2.41), yields

[au'(:p) /: ()d;a()] (0%) = —1.

But this is impossible, since [ #Sa() < 0 and (au/)(z) < 0 for 0 < & < e. Indeed, A\, > 0
yields

(av)(z) = — /Ox Anp(x)u(z)de <0, 0<z<e.

Thus p = 0 and e, (z) = 6:((5)u(x) for z € (0, 2¢).

Using Lemma 2.12 several times, we infer that

= en(s)u x) Va
en(x) = u(©) () Vx e (0,1).

Thus, by Corollary 2.11, e, € W'1(0,1), ae, € W'7(0,1), and letting x — 0 yields e,(0) =
en(€)/u(e), so that

en(z) = en(0)u(z) Vo e (0,1).
The proof of Lemma 2.13 is complete. This ends the proof of (i) in Theorem 2.9.
(ii) In what follows, we fix some n > 0 for which A\, > 0 and denote e = e, and A = \,, to
simplify the writing. The letter C' will denote a constant that may change from line to line.
e Agsume first that o # 0. We first check that

1)] < \/>f (2.43)

The estimate (2.43) is obvious if 8 = 0, for e(1) = 0. If 8 # 0, we infer from (2.23) with

u = v = e that
/ae|dm+e )\/epdﬂc
0

1
2 < 6)\/ e2pda = é)\
« 0 (67
1 1
/ ale'|?dx < )\/ epdr = \.
0 0

This yields

Note also that
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But for 0 < £ < 1 we have that

=i s [ ([1555)" ([Loa)” <3 ([ 355)

L ds 1 [ s 1 s
/xa(s)ﬁx/x @dt‘?S;H@HLl (2.44)

where H%HD denotes fol atsyds- It follows that

o=

and

el < Enr+ (175002) L 0<a<t (2.45)

On the other hand, for 0 < z < 1, by Hélder inequality

/0 (1)< /O Cptydt)ds < ol /0 ’ ()d

1
< lolell s ( s ’?-ds)

S

< Cuz?

IN

3=

(2.46)

with C' := Hp”y”ﬁﬂm(l - %)_i. The function u(z) still denoting the solution to (2.37)-

(2.39), we have that

! ——L : w)(s)ds
W (z) = a(x)/()(p )(8)ds < 0

if w > 0 on [0, ], and hence for such =

1 1

xT xT 1 S 1 1
0<1—u)< / o (3)|ds < )\||u||Loo(07x)/ (/ p(t)dt)ds < Czi .
0 0 a(s) 0
It follows that )

<u(zx) <1 forxel0,(2CN)"].

N |

(Note that )\% — 0 as A — oo, for r > p'.) Replacing e by —e if needed, we can assume that
€(0) > 0. Using Lemma 2.13, we infer that

6(20) <e(x) <e(0) forzel0, (20)\)%]. (2.47)
It follows from (2.24) that
1 elx T
e(0)? —e(1)? = / = 2)\/ agl’i(/o peds)dx

4C)\ 1
= </ -dx +/ pr -dl’) =: 2)\([1 + .[2). (2.48)
(acxnyr'-r
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Then, by (2.46) and (2.47),

p/r

(4Cx)p'—r x e(0)2
nl <o [ [ e < o (2.49)

"r

On the other hand, by (2.45), we have for z € ((40)\)ﬁ, 1)

el < N ooyl (40) )33
Seat a2 (2.50)

/
r

for A > 1, where O’ := \/7 + | (40)72(5’*”. Since by Cauchy-Schwarz inequality

T 1 % 1 % 1
/ p|e|ds<< [ oae) ([ ote) =10
0 0 0

we obtain with (2.44) that

1 e(x r )\%(HTPL;’) S 1
Y le@) | ole@str < | ullpe @
ey a(z) "Jo (4= o)

Gathering together (2.43) and (2.48)-(2.51), we infer that

1 6 20" S 1 31 L’“/
5607 < St —— || lallpl7:A2 0.
oyt o)
It follows that
e(0)] < IO
for A > 1, where C" = C"(p,r,||pll L1, Iagller) > 0. As
! e(m
€(y) =2A W peds)d ) Vy S (07 1)7

and |e(1)| < /BA/a, the same calculations as above yield

le(y)] < AT vy e (0,1) (2.52)

for A > 1.
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e Assume now that @ = 0. Then fol pedr = 0 and hence there exists z € ((20)\)ﬁ, 1] such
that e(z) = 0. For any y € (0,1), we have

ey)? = 2)\/;223(/;,06(18)@0

/
pr

(4cn)p'-r 1
2\ / ...dx_|_/ e ceedr | =201 + o).
0 (4oxyp’-r

IN

The estimate (2.49) for I; is still valid without any change. For I, we first notice that for

x> (4CN)P 7,
1 3
T 1 2
| tsras sﬁ(/ d) <2 )
x min(z,Z) a(s) a(s) (40)\) —r

so that (2.50) holds again. Therefore (2.51) and (2.52) hold.

e Since A, > 0 for n > 1 and since the number of A,’s in (0,1) is finite, we infer that (2.52) is
still valid for all the eigenvalues A\, > 0 by replacing the constant C” by a larger one denoted
C1. The proof of (ii) is complete.

le(2)] <

(iii) Let A € [0,00), let u given by Corollary 2.11 and let e(x) := e(0)u(x) with e(0) > 0. We

use a modified Priifer substitution (see e.g. [0, 29]). We set
a¢’ = AiRcos 0, (2.53)
e = M\ iRsin 9, (2.54)
so that

N|=

R = (A 2(ac)?+A2e?)2,
cost Aféae’

sing e
We can impose that 6(0) = 7, for (ae’)(0) = 0 and ¢(0) > 0.
We note that R € Wh1(0, 1), since

R < A\ ilad|+ Ailel,

|R'| < R_1|)\_%(ae/)(ae/)'+)\%ee'|
< (A72(ae)]P + Azl
< ATH|(ad)| + A1e|

and e, ae’ € W11(0,1).
Since R € C°([0,1]) and R(x) > O for all 2 € [0, 1] by Lemma 2.12, we infer that inf,c[ 1) R(x) >

0 and R € W5(0,1). Thus cos@ = A"5% and sin = Ai4§ are both in W11(0,1). The
functions arcsin and arccos being both of class C! on (-1, 1), we infer that § € W11(0,1).
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We obtain by straightforward computations that the pair (R, 8) solves the following Cauchy
problem

1
R = )\%R(f—p)cosé’sinﬂ, (2.55)
a
1
9 = )\%(psin29+fcos20), (2.56)
a
R(0) = M\ie(0), (2.57)
0(0) = g (2.58)

on (0,1). Conversely, if R,0 € W11(0,1) satisfy (2.55)-(2.58), then the function e, defined in
(2.54), is in W11(0,1), (2.53) holds, (ae’) = —Ape a.e. in (0,1), and e(z) = e(0)u(z), where u
is as given in Corollary 2.11.

Lemma 2.14. The map X\ — 0(x,\) is continuous and strictly increasing for all x € (0,1].

Proof of Lemma 2.1/: The continuity of the map A — 6(z, A) follows from those of the maps
ANERy —ueWh(0,1) and A € Ry — au’ € WH(0,1) and from the definition of 6.

Let us show that the map A\ — 6(z, A) is strictly increasing for all € (0,1]. Assume A; < Ag,
and let 01 and 63 be associated with A; and Ao, respectively. Let w := 62 — 6;. Then w(0) = 0,
and we have a.e. in (0, 1)

1 1 1 1 1
w = (A2 —\?) [psim2 0y + — cos? O2] + A7 [p(sin2 05 — sin® 61) + — (cos? O — cos® 01)] = J1 + Ja.
a a

1
Then J; > 0 and |Jo| < 2A7 (p+ 2)[w] a.e. in (0, 1), where we used the mean value theorem. It
follows that

1 1
w > =222 (p+ —)|lw| a.e. in (0,1).
a

Assume that there exists d € (0,1] with w(d) < 0. If [¢,d] denotes the largest segment to the
left of d where w < 0, then

1 1
w >2\2(p+ —)w ae. in (c,d)
a
and
AT [ (prayds 3 1 AL [E(pra1)d
we A Jalpramds ) — 10 207 (p+ —)wle™ "M Jilera™Dds 5 0 e in (¢, d),
a
1
so that the function & — w(x)e 2 Ja (Pta™)ds ig strictly increasing in [c, d], and thus negative

in [c,d]. This yields ¢ = 0 and w(0) < 0, which is a contradiction. We infer that w(z) > 0 for
all z € [0,1]. If w(x) =0 for all x € [¢,d] for some ¢,d with 0 < ¢ < d <1, then

11 1
w' = (A — \?)[psin? Oy + — cos?Ba] > 0 a.e. in (c,d)
a

which is a contradiction. Thus for any d € (0,1) one can pick some ¢ € (0,d) with w(c) > 0.
Then

i / 1
(we2’\12 f;(ﬁ+a1)d5> =[uw + 2)\1% (p+ l)w]e”‘f Jil+a™ds 5 0 ge. in (0,1),
a
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and hence w(x) > 0 on [c, 1]. We conclude that w(z) > 0 for all z € (0,1]. O
Note that the map x — 0(z, \) is also strictly increasing for all A > 0, for the r.h.s. of (2.56)
is positive a.e. on (0,1), while 6(.,0) = 7.
We claim that

lim 6(1,)\) = +oc.

A——+o00

Indeed

A) = A2 / (p sin? § 4+ — cos® 0)dx > A3 /1 min(p, —)dx .
1 a 1 a
2 2
\_v_/
>0
It follows that

(1. [0, +0)) =[5, +).

Let A, := 0(1,.)"!(nm) for all n € N*. We claim that for all n € N* there exists a unique
X € [An, Apt1) such that the function u associated with A in Corollary 2.11 satisfies

au(l) + B(au’)(1) = 0. (2.59)

Indeed, if 8 = 0, then the condition u(1) = 0 is equivalent to sin#(1,\) = 0 and A = A,, is the
only solution in [A,, Ap4+1). If B # 0, then (2.59) can be written

%)f% sinf(1,\) + cos6(1,\) = 0.

If o =0, cosf(1,A) = 0 gives (1,A) =nm + F and A = 0(1,.) ' (n7 + ). If a # 0, then both
cosf(1,\) and sin#(1, ) have to be different from 0 and
h(\) = %A—% 4ot O(1,\) = 0.

But the function h is continuous and strictly decreasing in (A, A1) with A(A)) = +o00 and
h(A, ;) = —oo. It follows that there exists a unique A € (A, Apy1) such that (2.59) holds.

Consider now the possible solutions A of (2.59) in [0,A;). If 8 = 0, (2.59) cannot hold, for
sinf(1,\) > 0 (since /2 < O(1,\) < w). If @ = 0, (2.59) holds only if A = 0. If & # 0 and
B # 0, then o/ > 0 and h(0T) = 400, h(A]) = —oc, so that there exists a unique A € (0, A1)
with h(A) = 0.

We conclude that the eigenvalues \,, n € N, which are all simple by Lemma 2.13, fulfill the
following property:

if 6=0, A\, =Ap41 foralln e N; (2.60)
ifa=0, A\g=0and \, = 0(1,.)" (nm + g) for all n € N*; (2.61)
if aB # 0, 0 € (0,A1) and A, € (Ay, Apyq) for all n e N*. (2.62)
Since A — 6(1, \) is strictly increasing and 6(1, A,,) = nm, we infer that
if =0, 0(1,\,) = (n+ )7 for all n € N; (2.63)
ifa=0, 0(1,\,) =nr+ g for all n € N; (2.64)

if af #0, nr <6(1,\,) < (n+ 1)7 for all n e N*. (2.65)
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Let n € N and let (\,,e,) be as in Theorem 2.8. Assume that A\, # 0. Let (R, 6,) denote the
pair associated with (A, ey). Since 6, = 0(., \,) € WH1(0,1), we can integrate in (2.56) along
(0,1) to obtain

1 1 1 1 2 9
O(1) — T = Ag/ psin? Hndx—i—)\%/ 8 n g, (2.66)
2 0 0 a
It follows from (2.63)-(2.65) that
s T
IE) PR 9.
0, (1) 5 2T (2.67)

The first term in the r.h.s. of (2.66) is easily estimated:

1

1ol 1
)\%/ psin? O,dx < A2 ||pl|L-.
0

To estimate the second term in the r.h.s. of (2.66), we split the integral into two terms as in
(ii), namely

P,T‘

1ol 29 1 (20, P T 2p 1l 29
AZ / 05 Pn g = A2 / 8 n gz + A / ve g = I+ L. (268)
0 a 0 a (2CAp)P' -7 a

e Assume that p < oo (so p’ > 1). Since for all y € (0,1)

[/t (i) ([} o) =iz (5)

we infer that

IN

1ol dzx
I A2 / o ——
@CAn) -+ a()

s ol ,
n

i (20)\11)(%—1);_2

S T
(r—1)7
l_‘_L P/T/
< Chan 7T (2.69)

for some constant C% = C4(p,r, H%HM, C)>0.

1
£ p= oo, then p/ = 1, [} 42 < ||| x| Iny, and

1
I, < COAZ|In Ay (2.70)

for some constant C) = C4(r, ||ﬁ||Loo, C) > 0.
e Let us proceed to estimate I;. First, recall that
en(0) 2'r

5 <en(z) <en(0) for 0 <z < (2CA,)? .

0<
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Using (2.24)-(2.25) and (2.53), we obtain

/ /

b BT (aen)? o [P (g (pen)(s)ds)
hi=An 1 dr = )‘n B} dx.
0 dM R, 0 a(@) Ru ()
But for 0 < z < (26’)\71)%7
T z 1 = %
[wenast < ([Coas) ([ eras)
0 0 0
1
< lpllzren(0)z+
while
2 3 2 Aé 2
[Bn (@) 2 Mien(2)” = ZFen(0)%,
It follows that
(2CX )pl’#j 2
3 n r T
I < d4lpl-Ad d
L Al | i
p'r

1
o

5 g oa)Y :
< 4||P||%r)\fz||a($)||m< /0 e Dpdm) |

Note that (£ — 1)p’ = (& — L)p/ > —p//r > —1 by (1.10). It follows that

/

_pr /
(2CAn) 7' —7 / o0\ GF=Dp 1
/ 2 G OP g = ( 2) p MRS
0 (7-1p +1
Thus
312 g4y
I < CYN; =ity (2.71)
for some constant CY = CY(p,r, ”ﬁHLP? ol C) > 0.
It remains to compare the exponents of A, in (2.69) and (2.71). We have
1 1 9 3 2 1 /
Lylor 3 2y Lo (272
2 pr—p 2 pr—p

Indeed,

1 2 1 /
[Zf?—i—p—l—l—g]p’r—(r—p’):f%—r—i—p’:(2p’—1)7“—p’2r—p'>0.
If p < oo, we infer from (2.67)-(2.71) and (2.72) that if A, > 1,

nm — g < Cé")\,% =
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for some constant C%’ > 0. Then (2.28) follows.
If p=o00 and A, > 1, we obtain for given x < 2

1 _
nm — g < OUA|InA,| < O/
for some constants C4’, C%” > 0. Then (2.28) follows. The proof of Theorem 2.9 is complete. [J

3. INTRODUCTION OF THE GENERATING FUNCTIONS

We shall see later that the zero-order term ¢(z)u in (1.1) can be removed thanks to a change
of variables. Consider the simplified system

(aug)e = puy (3.1)
(aug)(0,t) = 0 (3.2)
and search for a solution of it in the form
u(a,t) =y (t)gi(x) (3.3)
i=0

where y is the flat output and the g;’s are the generating functions.
A formal computation shows that

0= (aus)e — pur = Y_yD(t)(agin)a — >y (t)p(x)gi(x).
=0 =0

It is thus natural to impose

(ago,r)x =0
(agi,m)w = pgi-1, =>1, (3.5)
together with the condition
(agiz)(0) =0 Vi>0. (3.6)
We infer from (3.4) and (3.6) that go, = 0 a.e. We pick
go(xz):=1 Vzxel0,1]. (3.7)
Integrating in (3.5) yields
1 x
gi,x(x) = / p(s)gi_l(s)ds.
a(z) Jo
We pick
9i(0)=0, i>1 (3.8)
to obtain a rapid decay of ||g;||z= as ¢ — 400, so that
x 1 S
5(@)i= [ ([ ploga(@rdds, iz
o a(s) Jo

This defines formally the sequence (g;);>0 of generating functions. To obtain the estimate of
llgil|L> which ensures the convergence of the series in (3.3) for y € G*([0,T]), we need the
following
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Proposition 3.1. There are some constants C, R > 0 such that

< C
7)_R(z')1+1 _1

T

Vi e N. (3.9)

[l gi

Proof. We need the following

Lemma 3.2. Let f € L*>(0,1) and g(z) = /w a(ls) </S p(a)f(a)dcr) ds. Then g € W11(0,1)
0 0

and ag, € WY7(0,1). If, in addition,
|f(x)| < Cx®  for a.e. z € (0,1), (3.10)

for some constants C,0 > 0, then

H HL ol m5+w
lg(z)] < +— Vzel0,1], (3.11)
pp (’5+1) (6+w)
where w := ——l—l- *—7>0

v
Proof of Lemma 3.2: We have

] | sorsordo| <151, ( / S p(a)fda)isi'

S 1 1 , I’
7 [ bto)s@)dol e < 1Al ol ( / s<~—”pds) . (3.12)

But (X —1)p' = —p//r > —1, since r > p/. Thus (s — s~ Jo pfdo) € L¥(0,1) and (s —
~1 [§ pfdo) € L*(0,1) by Holder inequality. Therefore g € W1(0,1) and (z — (ag.)(z) =
Jo (pf)(s)ds) € WET(0,1). Assume now that (3.10) holds. Then

< Cllollzr ( /0 Mda>

s B S
”@HLP(O,@”S 1/0 PdeHLp’(o,x)

( f 8(6+7%71)p’> W

and

1
o

/ " pl0)f(0)do

and

IN

l9(x)]

S
< Cll=—=llcellpllr
Il s
s R
< CHi)llelelLr ; I
a(s 6+ 1)7 (6 + 5 — Dpf + 1)7
ﬁ e||lpllLr +w
. Nl . o
p'v (r ’(5+1) (0 +w)?

The proof of Lemma 3.2 is complete. O
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Using (3.7) and (3.11), we obtain by an easy induction that for all i € N,

5 e llollzr !
lgi(z)| < < (s) . i . T — — Va € [0,1]. (3.13)
p'v Mo (T + (G — Dr'w)] 7 [T (Gw)]¥
Since
! L o E [(r’w)%wi]i 141
TIC+ G = w7 [[Ge)? > 52— ()7 v
=1 =1 (ir'w)
With%+i:1+§—%>landi§2i for all 4 > 0, we infer that
C 1 )
Hgi”Loo < ﬁm Vi >0 (3.14)

for some positive constants C' and R.
On the other hand (ag; )z = pgi—1 and g; o(z) = ﬁ fom pgi—1ds, so that, with (3.12)

x
Iagia)ellr < Nlpllzrllgi-tllzes  Ngiellor < CHPHU||mllmllg¢—1HLoo- (3.15)

Finally, (3.9) follows from (3.6), (3.8), (3.14) and (3.15). O
Next, we show that the eigenfunctions can be expressed in terms of the generating functions.

Proposition 3.3. Let n € N and let e, and A\, be as in Theorem 2.8. Then
en =en(0)> (=An)igi in WH(0,1).
i>0
Proof. Fix some n € N and set

E=> ()i (3.16)

i>0
The series in (3.16) converges in W11(0,1) by (3.9). It follows that
aé; = Z(f)\n)iagi,x in L'(0,1).
i>0
Using (3.9) again, we deduce that aé, € W' (0, 1), and that we have in L"(0, 1)
(abz)e = Z(_)\n)i(agi,w)x
>0
= > (=M)'pgia
i>1
= —Appe.

On the other hand, by (3.6), (3.7) and (3.8), we have that
é0)=1, (aé,)(0)=0.
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It follows from Corollary 2.11 that € = u for A = A\, and from Lemma 2.13 that

en(z) = €,(0) Z(—)\n)igi(m) Yz € [0, 1].

i>0

We are in a position to prove the main results in the paper.

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 1.1.

4.1.1. Step 1: Reduction to the case ¢ = 0. Let a(z,t) = u(z,t)/v(x), where u satisfies
(1.1) and (1.2) and v is as in (1.9). Then

R U uv
v2ail, = v? (f - U—;) = a(ugv — uvy)
and
(v2a7j$)x = (aug)v + auzvy — ((avy)u + augvy)

= [(aug)s + quv
= puv

= pviiy.
Let a(z) := v(x)%a(x) and p(z) := v(z)?p(x). Then @ satisfies

(atg), = pur x€(0,1), t e (0,7),
(a0)(0) = 0, te(0,T)

with @ and p satisfying (1.5)-(1.8). Indeed, using (1.9), one may pick some constants C; and Co
such that

0<C<uv(x)<Cy Vzelol].
We infer from u = v and (1.3) that
(aw(1) + Blavy)(1))a(1,t) + Bu(1)(ats)(1,t) = A(t).
Setting & := aw(1) + B(av,)(1) and S := B/v(1), we arrive to
at(1,t) + Blady)(1,t) = h(?).

Let dg := ug/v. Then 4 € L3 <= ug € L,
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4.2. Step 2: Flatness approach. We follow closely [21]. We assume that ¢ =0 in (1.1). Let
ug € L%. As (en)n>0 is an orthonormal basis in LIQJ, we can expand ug as a series of the e,’s:

[o.¢]
Uy = E Cpén In L/%,
n=0

where the sequence (cp)n>0 of real numbers satisfies Y o0 ¢ < oo.

Using (2.27) and (2.28), we notice that the map z — Y., <, cnen(0)e "% is analytic in the
set {z =t+it'; t > 0,t' € R}. It follows that the map t — in>0 cnen(0)e ?nt is real analytic
in (0,00), and its restriction to [e, T] belongs to GX([e, T]) C G*([e, T]) for all € € (0,T) and all
s € (1,2). Pick s € (1,1 + 5 — 1) and ¢ € G([0, T]) with

1 ift< I,
p(t) =
0 ift>2.

Let
y(t) :== ¢(t) chen(O)e_)‘"t, for 0 <t <T,
n=0
_f ug(x) ift =0,
““JW_{§j%y@@%@) if0<t<T

Pick any € € (0,7/3). Then y € G*([¢,T]), and there exist some positive numbers M, R such
that

. ~ (7S
\WWHSM%; vt € [, T).

Combined with (3.9), this yields
u € CH([e, T), WH1(0,1)), au, € C([e, T], W (0,1)).
Furthermore,

put = Z?J(Hl)(t)Pgi(«’U) = Zy(iﬂ) () (agit1,2)z = (atz)e
i=0 =0

and au,(0,t) = 0. We notice that for 0 < ¢ < T'/3, we have that y(t) = Yo ; cnen(0)e ! and

u(z,t) = Z aﬂz Cnen(o)eiknt}gi (2)
1=0 n=0

= Y13 cueal0)(=An)e lgi(x)

1=0 n=0

= > ene Men(0) Y (=An)'gi(x)
n=0 i=0

7

= Z cne e, () (4.1)
n=0
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for all z € [0,1]. The above computations are valid, since for 0 < 0 <t <T and 0 <z <1

LD
- ez C
> enen(0)(=An) e Mgi(@)] < > lenen(0)]—5—(i)e &"ﬁ
: ‘ (5)° Ri(iN Ty
i>0,n>0 1>0,n>0 2
. A%(Hf_';) o .
< (\CO\JFC& Z |Cn’n(sA)ZR§_1_1
1720 >0 e =0 (3)t()»" T
<

where we used the estimate z°/i! < e® for x = 6\,,/2 >0 and i € N.
It follows from (4.1) that u is the free evolution (i.e. with a null control) of the parabolic
equation for 0 < ¢t <T'/3. Therefore
lim u(.,t) =ug in L2
t—0+ ( ) 0 P
We pick as control input

h(t) = 0 for t =0,
Tl 0y (Dlagi(1) + Blagia) ()] for0<t<T.
It follows from (4.1) that h(t) = 0 for 0 < ¢ < T'/3 and from (3.9) combined with the choice
of s that h € C>([0,T]) with A9 (t) = >25° v (¢)[agi(1) + B(agi)(1)]. Let us check that
h € G*([0,T]). We have for ¢t € [¢,T]

BDO] < Y 1y ()[agi(1) + Blagie) (V)]
>0
< oy
T RH] Rii!Hﬁ—%
2 2 1
< oy ( Ty )it
R gRR ity

for some constant C' which does not depend on j and ¢, where we used (i + j)! < 2073l As
h(t) =0 for 0 <t < T/3, we conclude that h € G*([0,T]). Finally

w(e ) =0 V(b € [0,1] x [

T].
3’]

The proof of Theorem 1.1 is complete.

Remark 4.1. We stress that assumption (1.9) was used only in Step 1 the get rid of the term
q(x)u in (1.1). If g =0 in (1.1), then Theorem 1.1 is still valid with the assumptions (1.5)-(1.8).

4.3. Proof of Proposition 1.3. Since ¢ € L (0,1), we infer from Lemma 2.10 the existence
and uniqueness of a function v € W11(0,1) with av, € W' (0, 1) such that (2.29)-(2.31) hold.
The only property still to establish is the fact that v(z) > 0 for all € [0, 1]. We know that v
satisfies the integral equation (2.33). Therefore, we have

0(@) 21— Joll (o) /0 o /0 lg(s)lds vz € (0,1).
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If (1.13) holds, we claim that v(x) > 0 for all = € [0,1]. Otherwise, there would exist some
zo € (0,1] such that v(zp) = 0, and we can assume that it is the least, so that ||v||fec(0,) = 1-

But this yields
@) z1- [ 2 [ jgs)lds > 0
vaZ—//qs s >0,
o a(y) Jo

a contradiction. If we assume that ¢(z) < 0 for a.e. = € (0,1), then we can prove in much
the same way that v(z) > 1 for all € [0,1]. Finally, if (1.15) holds, the change of unknowns
i(z,t) = e Ktu(z,t) transforms (1.5) into

(a(x)tz)e + la(x) — Kp()] = p(z)ts,
and the conclusion follows from the previous case with (1.14) satisfied. O
4.4. Proof of Proposition 1.4. Plugging v(x) = 20 in (1. 17) results in [0(1+6—¢)+pu]zd=5 =0

for z € (0,1), so that the choice § = 3[e — 1+ ((1—¢)? —4p)2 ] gives (1.17). We note that (1.18)
holds, for

—e+/(1—e)2—
(avx)(a:):drl T

with 1—e++/(1 —€)? — 4 > 0. Using (1.16), we infer that 6 > 0 and that /(1 —¢)? — 4pu < 1.
Therefore, we can pick some p € (1,00) so that
1
1> - >max(l—¢g,\/(1—¢)%—4p). (4.2)
p

Then the functions * — z/a(z) and z — x/(a(x)v(x)?) are in LP(0,1). Applying Lemma 4.2
(see below), we see that (1.8) and

91—1 L ds -
li - —_— =
s e ([ Zim) =4
hold. As § >0, v € CY(]0,1]) so that pv? € L™(0,1) with r = oo and limsup,_, o+ [p(z)v(7)?] <

Q.

For the application of Theorem 1.1, we do again the change of unknown a(z,t) := u(x,t)/v(z),

and we set @ = av?, p = pv?, and G = ug/v. From

atiy = a(uzv — uvy) (4.3)
we see readily that (auy)(0,t) = 0 implies (at,)(0,t) = 0. Let
& = av(l)+ Blavy)(1) = a+ 36,

B _
v(l) p

An application of Theorem 1.1 to the simplified system

=
|
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yields the existence of a control input h € G*([0,T]) such that the solution u of (4.4) satisfies
u(.,T) =0.

Going back to the original dependent variable u(z,t) = u(x,t)v(x), we see that u satisfies
(1.1), (1.3)-(1.4) and u(.,T) = 0. It remains to show that (1.2) holds. Note that (1.2) is not a
direct consequence of (4.3)-(4.4), for v(0) = 0 if § > 0. We infer from (4.3) that

(aus)(0F,8) = ()07, 6) + (Sav,)(0F, 1),

The second term is easy to handle. Indeed, (av,/v)(x) = 6x'~¢, so that (uav,/v)(0F,t) = 0. To
deal with the first term, we write
=> 3y (t)gi(x)

i>0

where the functions g;’s and y are respectively the generating functions and the flat output for
system (4.4). It follows that

A~

A( )i (2, t) Z (z gw:( )
( >0 )
But go, = 0 and for i > 1

(49i) (@) = /0 5(5)gi_1(s)ds = /0 iy (s)ds.
This yields

P 6+1
(89:,)(z) = u lgi—1l[Lee < ¢ T_1 S
v() 20+1 (26 + DR — 1)) e
where we used (3.9). It follows that (a1, /v)(0",¢) = 0. We conclude that (au,)(0",¢) = 0 for
0<t<T. O
APPENDIX

The conditions (1.6) and (1.8) are independent. 1. Pick a(z) = z%|Inx|® for some o > 0.

Then (1.6) is never satisfied, since fol 7 P|Inz|~*Pdxr = +oo for all p > 1. On the other hand,
by integrating by parts, we have for any ¢ € (0, 1)

1—¢ 1-¢
ds ds 1
e 7 4 —s Yipglm¥iE
/;B s?|In 5| a/x 82|1n8|°“+1+[ sl

and for 1 — € small enough and for z € (0,1 — &)
1 /1_8 ds
< = 2
—2), s?lns|@

1—¢ dS
O‘/x 52[In s|o+1

so that for some positive constants C1,Cy and x > 0 small enough

-1 —a e ds -1 —a
Crz” |lnz| > < ——— < Cyz” | Inz|™“.
x

s2|Ins|* —
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—2
This yields a(z < 1 ds ) > Oy % Inz|® for 0 < x < 1, and (1.8) is satisfied.
2. Pick @ =J,5,(27" = 107",27" +107") C (0,1), and a(x) = 22 1ge(z) + 1o(z) for some
€ (0,1). Then (1.6) is satlsﬁed for some p > 1, since x/a(z) < 25! for 0 < x < 1. On the

other hand,
dx > 2. 10—“
<
Am2—a—2(2 n_ 10—"n <0 = /1:25

= 400 and 1/a ¢ L'(0,1). Tt follows that

i a) ([ ) <

which yields [q.

3325

and that (1.8) fails.

Lemma 4.2. Assume that a(z) = [xg(z)]? for some function g € C1((0,1),(0,+00)) satisfying
for some € € (0, %) and some g € (0,1)

/

g(x)gf for 0<x < o,
gla) |~ x

9(0%) = +o0,

(zg(2))(07) =0,
L de
/xo gl =

Proof of Lemma 4.2: We obtain by an integration by parts that

o (s I R w0 g'(s) s
[ e = e 2 [
1

1 0
BT
zg(x)?  wog(wo)? : 529(s)?

Then (1.8) is satisfied.

IN

which yields

Va(x) /IO ac(li) <(1-2¢)7! (g(lfc) - a(m)2> -0 asz—0".

w09 (o)

O

Example 4.3. (1) Let g(z) = 2~¢ for somee € (0,3). Then |¢'(z)/g(z)| = £/x and Lemma
4.2 may be applied for any x¢ € (0,1).
(2) Let g(x) = |Inz|* for some o > 0. Then |¢'(z)/g(x)| = /(x| Inz|) and Lemma 4.2 may
be applied for e.g. € = 1/4 and xg € (0,1) small enough.
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