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ABSTRACT

We address a classical identification problem that consists in es-
timating a vector of constant unknown parameters from a given
linear input/output relationship. The proposed method relies on a
network of gradient-descent-based estimators, each of which ex-
ploits only a portion of the input-output data. A key feature of the
method is that the input-output signals are hybrid, so they may
evolve in continuous time (i.e., they may flow), or they may change
at isolated time instances (i.e., they may jump). The estimators
are interconnected over a weakly-connected directed graph, so the
alternation of flows and jumps combined with the distributed char-
acter of the algorithm introduce a rich behavior that is impossible to
obtain using continuous- or discrete-time estimators. A condition of
persistence of excitation in hybrid form ensures exponential conver-
gence of the estimation errors. The proposed approach generalizes
the existing centralized gradient-descent algorithms and yields re-
laxed sufficient conditions for (uniform-exponential) parameter
estimation. In addition, we address the observation/identification
problem for a class of hybrid systems with unknown parameters
using a distributed network of adaptive observers/identifiers.
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1 INTRODUCTION

Estimation theory is key in many applications such as autonomous
navigation [2, 28], weather predictions [8, 14], applied economics
[4], etc. In many cases, the estimation problem consists in estimat-
ing the parameters € R™? of the linear regression model of a
measurable output y € R satisfying the relationship y = /76 [27].
In such model, ¢, which is generally referred to as the regressor, is a
map from its domain, denoted by ‘dom ¢/, to an Euclidean space of
dimension mgy. An elementary, but efficient estimation algorithm is
the so-called gradient-based, which updates the value of a param-
eter estimate § using the gradient of the cost function J(e) := %
where e :=j —yand § := tﬁTé is the estimated output, function of
the parameter estimate 0. Thus, the estimation problem consists in
designing an update algorithm for 6 in function of the computable
error e.

There are several ways to update the estimate 6. Most commonly,
time is tracked by a real variable t € R>o —[11, 25] or by a sequence
of discrete instances j € N —[27]. In the first case, dom ¢/ = R, so,
for each t € R, e(t) := () —y(t) = 6(t) T(t), where 6 := 6 — 6.
Then, the gradient-descent algorithm is defined by the ordinary
differential equation

0(t) = =Vl (e(t) = -y [y® T - y(»)], ()
where y > 0 is a design parameter and V 5/ denotes the gradient of
J(e) with respect to 0 [16], so the behavior of é(t) is governed by

0(t) = —yy (Y1) TO(1). ()
The convergence of the estimation errors (1) may be assessed by
establishing the stronger property of uniform (in the initial time)
exponential stability (UES) of the origin {é = 0} for (2). In the case
that ¢/ is bounded on its domain, UES is known (see, e.g., [15]) to
be equivalent to i possessing the continuous-time persistency-of-
excitation (CT-PE) property:

AssuMPTION 1 (CT-PE). There exist T, > 0 such that, for each
to+T
to 2 0, [ Y(s)Y(s)Tds 2 plmy.

When y is measured at certain sampled instants of time, that is,
domy = dom ¢ = N, the gradient algorithm may be implemented
in discrete time, using the difference equation

0(j +1) = 0()) - a())V ) (e(j). (3)
where o(j) := m and y > 0 is the adaptation rate [27]. As
a result, the dynamics of the estimation error is given by

~ i i T ~
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It is known, at least since [1], that the following hypothesis is
necessary and sufficient to ensure UES of the set {0 = 0} for (4).

AssuMPTION 2 (DT-PE). There exist J, u > 0, such that, for each
Jo 2 0. Ty (Y ()T 2 pilm-

While the necessity of persistency of excitation is well estab-
lished in the literature, we can see that the form of such condition is
determined by how ¢/ is defined mathematically. Clearly, the nature
of dom ¥ leads to different mathematical conditions.

In [24], the regressor function ¥ is viewed as a general ‘hybrid sig-
nal’ (in the sense of [9]), so it is allowed to exhibit both continuous
and discrete behaviors. That is, the linear regression model becomes
y(t,j) = ¥(t,j) 76, where dom ¢/ (hence domy) is a hybrid time
domain in which ¢ is the ordinary time capturing the continuous
evolution of i and j captures the instantaneous jumps of 1. Corre-
spondingly, the estimate ¢ is defined as (¢, j) = ¥(t, j)Té(t, j). As
a result, for ((¢, ), (t,j+ 1)) € domy X dom ¢/, i.e., when ¢ jumps,
6 is updated according to the discrete-time law (3), which in hybrid
time becomes

Y

0(t, j+1) = 0(t, j)—o(t, HY(t, Pe(t, ), TOWGTE

On the other hand, when ¢ flows, i.e., for all (¢, j) € domy with
(t,j+1) ¢ domy, we update 6 according to the continuous-time
adaptation law (1), that is,

0(t,j) = =y (&, DY (£ )T O(t, ).

The choice of using a hybrid gradient algorithm is not of pure
academic interest. It is showed in [24] that parametric convergence,
and more precisely UES of the set {§ = 0}, is guaranteed under a
relaxed form of persistence of excitation tailored for hybrid systems,
which is less restrictive than the CT- or the DT-PE. In [24], the
global behavior of 0 is modeled and analyzed using the hybrid-
systems framework in [9]. In particular, UES of the set {é =0}is
guaranteed under the following hybrid persistence of excitation
(HPE) condition that generalizes Assumptions 1 and 2.

o(t, j) =

AssumPTION 3 (HPE). There exist K, p > 0 such that, for each

UL, ([t X 4j}) © domys with (ty41 — 1) + (J = jo) 2 K,
we have

J Lj+1 o . NT
7 Y )T Y (tjen Y (tj+1, J) -
,Z,[ Y e D | 2 e

Roughly speaking, the HPE condition in Assumption 3 is less
conservative than its counter-parts CT- and DT-PE since it captures
the fact that the richness of a signal may be enhanced by an ap-
propriate mingling of exciting flows and jumps, which, otherwise,
are insufficient to guarantee that either the CT- or the DT-PE hold
—see [24] for an example.

In this paper, inspired by [5, 12, 19], we carry a step further the
relaxation of the conditions for parameter estimation using the
hybrid-gradient estimation algorithm. We propose an algorithm
that relies on a network of estimators, each of which is designed
using a hybrid gradient-based adaptation law and has access to
only limited data, involving the parameters of the global process.
However, to compensate for the lack of data, the different estima-
tors are interconnected, so that they share their estimates, with
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the goal of achieving consensus. Furthermore, we use our main
result as a building block to address the observation/identification
problem for a class of nonlinear hybrid systems with unknown
parameters. After decomposing the hybrid system into (reduced-
order) interconnected subsystems, a reduced-order hybrid adaptive
observer/estimator is assigned to each subsystem. To that end, we
borrow inspiration from [10, 30]. The different observers/estimators
form a network and exchange their estimates of the parameters to
reconstruct the state as well as the unknown parameters.

The considered distributed-estimation framework is useful in
many contexts, including the following:

(1) For large-scale systems, where local estimators are mounted on
local sensors, so each estimator has access only to local data
involving the parameters of the global system. Interconnecting
the local estimators, so that they share their estimates, serves
the estimation process. The idea per se is not new; distributed
observers have been proposed in the literature of continuous-
and discrete-time systems separately, e.g., in [13, 26, 29], but our
hybrid algorithms are illustrated to perform better.

(2) When reinforcing a single real-time estimator using old data.
For example, when a single estimator processing real-time data
has also access to old data, the old data may be exploited by
designing several virtual estimators to interact with the one
treating the real-time data; see the forthcoming Section 3.2
for more details. Such estimation-design approach fits within
the paradigm of exploration vs exploitation as it is the case in
concurrent-learning control strategies [7, 20].

(3) In homogeneous networks of dynamical systems, where the
agents need to estimate some of there (equal) parameters while
achieving a cooperative task. Instead of each agent estimating
the parameters on its own, a cooperative strategy can yield
better convergence properties under relaxed conditions [5].

The considered distributed estimation framework has been stud-
ied in the literature for the continuous-time case only [5, 12, 19].
Indeed, under different graph conditions, distributed (continuous-
time) persistence of excitation conditions are shown to be necessary
and sufficient to guarantee UES of the set {§ = 0}. However, to
the best of our knowledge, estimating the convergence rate has
not been addressed in existing literature. Furthermore, the whole
problem is unsolved in the hybrid case.

The rest of the paper is organized as follows. In Section 2, we
recall some basic concepts of hybrid systems and graph theory. In
Section 3, we formulate the gradient-based estimation problem in a
distributed setting and provide our main statement. In Section 4,
we address the cooperative observation/identification problem for
a class of hybrid systems with unknown parameters and, in Section
5, we present several illustrative examples.

2 PRELIMINARIES

Notations. R3¢ := [0,00), N := {0,1,...,00}. Given a nonempty
set K € R™x, |x|k = inf yek |x -y, int(K) denotes the interior of
K, and cl(K) denotes its closure. For a nonempty set O c R”, K\O
denotes the subset of elements of K that are not in O. For a map
¢ :RyoxN — R™ U{0}, dom ¢ C R3¢ XN denotes the domain of
definition of ¢. Furthermore, |¢|c = sup{d(t, j) : (¢, j) € dom ¢}
For a differentiable map (x) — V(x) € R, VV denotes the gradient
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of V with respect to x. For a symmetric semi-positive definite matrix
I € RM™XMx }in(T) and |T| := Apmax(T) denote the smallest
and the largest eigenvalues of T, and the trace of T, respectively.
By 1, € R™x, we denote the vector whose entries are equal to
1/+/my. For a sequence {Ai};zz C R™*Mx - plkdiag {A;} is the
i€{1,2,...,my}

block-diagonal matrix whose ith diagonal block corresponds to the
matrix A;. Finally, ® denotes the Kronecker product.

2.1 On hybrid systems
Following [9], we view a hybrid dynamical system, denoted by
H := (C,F,D,G), as a combination of a constrained differential
and a constrained difference equations given by
| x=F(x)

H: {x+ =G(x) ©)
with the state variable x € X c R™x, the flow set C C X, the
jump set D C X, the flow and jump maps F : C — R™x and
G : D — R™~ respectively.

Solutions to hybrid systems as defined above, are defined using
the following concept.

Definition 2.1 (Hybrid arc). A map ¢ : dom¢ — R™x with
dom ¢ C R>gxNisahybrid arc if ¢ is parameterized by an ordinary
time variable t € R and a discrete jump variable j € N and dom ¢
is such that, for each (T, J) € dom ¢, dom ¢N([0,T] x {0,1,...,J}) =
ULO ([tj, tj1] x {j}) for a sequence {tj}i;r(l) such that tj.1 > tj,
tp = 0, and try1 = T.

Definition 2.2 (Concept of solution toH ). Ahybridarc ¢ : dom¢ —
R™x is a solution to H if

(S0) #(0,0) € cl(C) UD;
(S1) forall j € NsuchthatI/ := {t : (t, j) € dom ¢} has nonempty
interior, ¢ > ¢(t, j) is locally absolutely continuous and

o(t,j)eC for all t € int(I),
¢(t,j) = F(¢(t,j)) foralmostall ¢ e I/;
(S2) for all (¢, j) € dom ¢ such that (¢, j + 1) € dom ¢, we have
¢(t,j) € Dand (¢, j + 1) = G(¢(¢, ).

Next, we recall from [23] the definition of uniform exponential
stability (UES) of a general closed set for a hybrid system.

Definition 2.3 (UES). Consider the hybrid system H := (C, F, D, G)
and let S ¢ X be a closed set. The set S is said to be UES for H
on X, C X if there exist x, A > 0 such that, each solution ¢ to H
starting from ¢(0,0) € X,, we have

p(t )]s < kexp ) |p(0,0)|s  V(t.)) € domp.  (6)
When X, = X, we say S is said to be UES for H.

xeC
x €D,

The constant A in (6) is called a convergence rate of the solutions
to H towards S. Finally, we recall a characterization of UES for
hybrid systems using Lyapunov functions.

LEMMA 2.4. A closed subset S C X is UES for H on X, if there
exists a function V : Ryo X N X X — Ry and positive constants
(A A, Ae, Ag) such that

Axls < V(2 jix) < Axl%, ™)

and, along each solution ¢ to H starting from X,, we have
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e For each j € N such that int(I’) # 0, t v V(t, j, $(t, J)) is
absolutely continuous on I/ and

V(t, j,p(t, J) < =Aeld(t, j)|ls foralmostall te U.
e Foreach ((t, ), (t,j+1)) € dom¢ x dom ¢,
VIt j+1L¢(tj+1) = V(L) ¢ )) < —Aglé(t, s

Note that when the conditions in Theorem 4.1 are satisfied, a
lower bound of the convergence rate is given by

A::min{ﬁ,—ln[l—a—_]}.
A A

2.2 On Graph theory

To formulate our distributed hybrid excitation condition, we lay on
some graph-theoretical notions [22]. A directed graph or a digraph
G(V, &) is characterized by the set of nodes V = {1,2, .., my},
and the set of directed edges . The edge set & consists of ordered
pairs of the form (k, i), which indicates a directed link from node
k to node i. We assume that the digraphs are simple, i.e., there are
no self-arcs. Note that when there exists a directed edge (k,i) € &,
then node k is called an in-neighbor of node i. We assign a positive
weight a;;. to each edge (k, i). That is, a; = 0 if (k, i) is not an edge.
A digraph is strongly connected if for any two distinct nodes i and
J, there is a path from i to j. A digraph G is weakly connected if
the undirected graph obtained by ignoring the orientations of the
edges is connected.

3 DISTRIBUTED HYBRID GRADIENT
ALGORITHM

For simplicity, in the introduction, we discussed a classical pa-
rameter estimation problem based on one measurable output and
a vectorial regressor function . Nonetheless, the gradient algo-
rithms previously presented also apply to multi-output systems,
where y € R™ for some integer my > 1.In this case, iy € R™0>"y,
so YT € R™MoXMo Now lety := [y; - - ymy]T and assume that
each component y; is available to a different estimator, but the
different estimators exchange the values of their estimates over a
network. With this in mind, we consider my estimators and, for
eachi € {1,2,..,my}, we introduce a hybrid regressor function,
denoted by ¢; : domy; — R, and an estimate of 6, denoted by
6;, which is yet to be defined dynamically. Now, akin to the case of
a single hybrid estimator described in the introduction, we define
the output of the ith estimator as

3i(t, ) = Yi(t, ) 0i . )
Correspondingly, the error between the actual and the estimated
output for the i-th estimator is given by
ei(t.)) = it ) =it ) = Yu(t. N0t ). 0;:=0; = 0. 9)
At this point, we introduce a standing assumption on the regu-
larity of ¢; for all i.

(SA1) For each j € N, the map t > (¢, j) is continuous on int(I/),
where IV := {t : (¢, j) € domy}. Furthermore, there exists
¥ > 0 such that || < ¢

i€{1,2..,my} (8)

REMARK 1. (SA1) is not restrictive, especially when the regressor y/
is excited by an external input that is a design parameter.
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To achieve the identification of 0, the different estimators are de-
signed to exchange their estimates, in real (hybrid) time, according
to a communication graph denoted by G. That is, similarly to the
algorithm proposed in [12] for distributed estimation in continuous
time, we design an update law for each 6; along the discrete-time
evolution and along the continuous-time evolution of ¢ as follows.

e For all (¢, j) € domy; and (t,j + 1) € domy (i.e., when
jumps), inspired by [17], we set the update law for 6; to

my
0F =6 - oi(t, DYi(t, e =8 ) a0 = 0),  (10)
k=1

where § > 0 is an interconnection gain, y > 0, and o; (¢, j) :=
Y
Lyl (8.)) 12
e On the other hand, when (t, j) € dom ¢ and (¢, j+1) ¢ dom
(i.e., ¥ flows), we update 6 according to

. My L
0 = —y9i(t, el —ya Y a0 = ). (11)
k=1

The coefficients a;; > 0 are positive if a reliable directed (that is,
in general, a;p # ag;) interconnection exists between the ith and
kth nodes and equal to zero otherwise. Thus, the estimators are
assumed to be interconnected forming a network of multi-agent
systems that can be modeled using a directed graph G —see Section
2.2. For this graph, we introduce the following standing assumption:

(SA2) The graph G is unidirectional and weakly connected.

Recall that a weakly connected digraph G can be decomposed
into S strongly connected subgraphs {Gs ((VS,SS)}le, for some
S €{1,2,..,my}. Among the strongly connected subgraphs in G,
we identify the leading strongly connected subgraphs {Gs}scs;
S; ¢ {1,2,...,S}, with no in-neighbors from any other strongly

connected subgraph.

REMARK 2. (SA2) is the least restrictive graph requirement, since
the lack of it implies that some nodes are disconnected from the net-
work.

Now we introduce the Laplacian matrix £ := [l;;] € R™v*™y
with ljp == —aj < 0for k # i and er(n:yl a;i otherwise. Thus, we
may express the right-hand sides of (10) and (11) as

0 = —n®(t))-y2(L&Img) 0,  (129)

@c(t,j) = blkdiag{®c1(t, j), Pe2(t, j)}, (12b)

Cc1(tj) = yblkdiag {yi(t Nyt )"} (120
eV

Dea(t,j) = yiblkdiag {yi(t, )vi(t. )"}, (12d)

iE(V\q/l

for all times such that the solutions flow, and as

07 = 0-04(t, /)0 - (L ® Iny)0, (13a)

q(t,]) = blkdiag{®ay(t, ). dup(t, )}, (13b)
)T

Pt = bl,-li‘iéf‘g{ ESTATIE } (139
L AN

2at) = ?ilivd\‘f“v?{ F AT } (130

for all times such that the solutions jump.
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REMARK 3. Instead of the discrete-time distributed gradient algo-
rithm in (10), one can use, for each i € {1,2,...,my},
N m R ]
0i(t, j) + 2.2, airbk (¢, )

m
1+ Zk:yl Ak

0i(t,j+1) = — i (t, j)Yi(t, e, (14)

where ;i (t, j) := Hence, in the error coordinates, (14)

Y
Ty [ (812
becomes

0 == 04 (6, )0 + (I, + D) (I, + A) @ Iy ) 6,

where A = [a;] € R™*™y is the adjacency matrix associated

with the digraph by setting a;; := 0 foralli € {1,2,..., my} and D =
blkdiag {Z;iyl aik}. Note that solving the estimation problem

ie{1,2,...my} B

under the discrete update in (14) is an open problem.

3.1 Main Result]

Our main statement is that the distributed hybrid estimation laws
(12)-(13) guarantee the estimation of 6 provided a property that we
call distributed hybrid persistency of excitation (DHPE) holds.

AssumpTION 4 (DHPE). For eachs € Sy, there exist Kg, pus > 0
such that, for each hybrid time domain U§=jo ([tj tj1] x {j}) €
dom ¢ with (tje1 — tj,) + (J = jo) = K, we have

J tiv1 (t: Nl (F+ AT
I+ Az )T, T4 erlll(t]+ls])¢l(t]+1s])
> Z[U Yi(r, (e, ) Tdr +

= 2+ 2yl (tjn, HI?

2> mspislmy,.

REMARK 4. Note that Assumption 4 is the hybrid counterpart of the
distributed persistence of excitation condition used in [12], which is
shown to be necessary and sufficient for convergence in the continuous-
time setting.

Under the DHPE condition, we establish uniform exponential
stability of {6 = 0} in the hybrid sense (see Def. 2.3) for the fol-
lowing hybrid dynamical system defined after the set of equations
(12a) and (13a). That is,

0 ~11®e(t, )0 = y2 (£ ® Imy) 6

i =1 (15a)
Hyg ] =0 ) ) 6,1, 5) e Cy

0t = 0-0y(t )0 - 5(L®Iny)0

o=t (15b)

jtoo= j+1 6,t,) € Dy,

where Dy := {(0,t,j) € RMo x domy : (t,j+ 1) € domy} and
Cy = cl(R™¢ x dom /)\Dy).

The formulation of our main statement relies on a specific repre-
sentation of the Laplacian that holds under the standing assumption
(SA2). More precisely, we recall that by an appropriate reordering
of the nodes of G, the Laplacian matrix £ of a weakly connected
digraph G can be written in the lower-block triangular form

blkdiag{Ls} 0 ]

SESI
M M,
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where each £; € R™s*™s s the Laplacian matrix of the strongly
connected component Gs, the lower-left block M; € Rkxmy—k .=
my — Dise S; Mss is a non-positive matrix, and the lower-right block
M, € RF*K is a non-singular M-matrix; namely, M, = y, Iy — Cp,
where C, € RF¥k is 2 non-negative matrix, y» > p(C,) > 0, and
p(Cy) is the spectral radius of C;; see [6, 12] for more details.

For the sequel, we assume the following.

(SA3) The graph G admits only one leading strongly connected
component G1(V1, E1); namely, S; = {1}.

Under (SA3), the Laplacian matrix £ enjoys the previous lower-

triangular structure with a simple northeast block, that is,

L 0
Lz[Mj Mr]’ (16)

where £; € R™*™ js the Laplacian matrix of the strongly con-
nected component G . It is to be noted that our approach extends
trivially if we omit assume (SA3).

As a result, we decompose the state ] of“Hdg into 0 := (és, éf),
where 0; contains the state of the elements in the strongly con-
nected graph G; and éf contains the state of the elements of G that
are not in G. Using this decomposition, the hybrid system Hy,
can be expressed in the following cascaded form

9f —y1Pe2 (2, ])9f yz(M ®Img)9f YZ(MI®Img)9

93 ==y1Pc1(t, J)es Y2 (-El ®Img) 95
t=1
j:o (0.t,)) € Cy

Qf @dz(t])ef 5(Mr®1m6)9f 5(Ml®1m5)98

9 —98 Dy (2, ])93_5(£1®Im5)93
t+—t
Jjr=j+1 (0.1, j) € Dy.

THEOREM 3.1. Consider the hybrid system Hy, under Assumption
4. Let SA2 generate L1, M;, and M, such that (16) hold and let § > 0
be such that

Qr = PrMy + M P, > 46M, P, M, (17)

-1
where Py := blkdzag {M lk}
ie{1,2,...

PLi+L[P-45LPL; >0, (18)
= blkdiag {w;}, and w is the left eigenvector of L associated to
ie{1,2,...,m;}
its null eigenvalue. Then, the set

S = {(0,t,j) e R™¥™0 x domy : 0 =

is UES in the sense of Definition 2.3.
Moreover, Z : domyy xR™0™y — R, given below, is a Lyapunov
function for the closed-loop system:

Z(t,],0) = éT (Pr ® Imy) Of + {POT (P ® Imy) s,

+ §9T(1m1 ® Img) [almg + Q(t, )] (1, ® Iy )05

HSCC 22, April 04-06, 2022, Milan, Italy
where Q : domy — R™M0%™M0 js given by
3y° ;
2—2exp! mo

S tiv1 . )
Qa (8, o) :Z/ exp ) =0%) (s, i) ds
i=j Y

Q(t>j) = ( —Qq)(t,j,+00),

1 P pliv ) .
=y f exp ) =) gs(ti,1, 1),
2 i=j tiv1

el Zm DD ift € int(Iy),

(1, j) =
Z}’wl(t AN
™ L+ylgi(s )
Mo € N U {400} is the maximum amount of jumps achieved on
dom N [t,4+00) X {j, j+1,..} = [t, tje1] X {j} U [tjs1, tjr2] X {j +
1} U ---, and (a, B, ) are positive constants appropriately chosen
such that (7) holds and, along the solutions to ‘Hdg, we have

e For each (t, j) € dom ' such that (t, j+ 1) ¢ dom ),

otherwise,

. ~ Ami ~
Z(t,j,0) < 2 mzzn(Qr) |0|2.
e For each (t, j) € domy such that (t,j+ 1) € domy,
20, +1,0) - 2(1,5,6) < - Pmin @)z

REMARK 5. Note that the first term in Z prowdes a strict Lya-
punov function for the hybrid dynamics of Hf when s = 0. Fur-
thermore, the third term provides a non-strict Lyapunov function for
the hybrid dynamics ofés, which we strictify by adding the second
term in Z. Indeed, the variations of the third term in Z along the
solutions to Hgg yield to a negative (quadratic) term in the errors

es == [és -(Im, ® Img)(IL1 ® Ims)és . Then, it is necessary to an-

alyze the behavior of the average state xs := (l;I ® Ime)és when
es = 0—cf. [18]. This is the purpose of the second term in Z.

REMARK 6. Note that we can always find § > 0 such that conditions
(17) and (18) hold. Indeed, the matrix Q, is positive definite, which
implies that we can always find § > 0 sufficiently small such that (17)
holds. Moreover, we show in another step that Ker(PL; + .[Z;'—P) =
Span (1, ); hence, Ker(P.L1 + LIP) C Ker(LIPLl). As a result,
we can always design § > 0 sufficiently small such that (18) holds.

3.2 Connection to concurrent-learning-based
estimation

Consider the scenario where a single estimator is used, let (1, y1)

be input-output data received in real time. Assume that the esti-

mator has access to old data forming the sequence {(¥1, yi)};_5 ™Y In

this case, the hybrid update of 6, given in (10)-(11), while replacmg
i therein by 1, can viewed as a sum of two types of terms:

(1) exploration terms, which are —y;y1 (¢, j)ei'— along flows and
6, — o1(t, j)Y1(t, j)er along jumps and

(2) exploitation terms, which are —y» Z;n:yl alk(él -
flows and —§ ka:yl ap(6y -

6).) along
6)) along jumps.
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According to Theorem 3.1, the estimator can estimate € exponen-
tially fast, even if the real-time input y/; is not hybrid persistently
exciting. In contrast, estimating the parameters is impossible with-
out exploiting the old data {(¥, yi)}?:lg. Furthermore, when the
real-time input ¢/; is hybrid persistently exciting, it is important to
design well the graph topology so that adding virtual estimators
improve, or at least do not degrade, the convergence properties. All
these behaviors are illustrated, via simulations, in Section 5.

4 COOPERATIVE ADAPTIVE
OBSERVATION/IDENTIFICATION

Based on the approach described in Section 3, we study the observation-

plus-identification problem for hybrid systems of the form

X = Acx + ¥ (y,u)0 (x,u) e C
H:q xt = Agx+¥y(y,u)0 (x,u) €D (19)
y = Ex,

where x € X c R™x is the state, y € R™v, with my < My, is
the output, 6 € R™? is a constant vector of unknown parameters,
E € R™My*™Mx jg the output matrix, (C, D) C R™x™u x R™MxMu are
the flow and the jump sets, respectively, and ¥, ¥y : R™y xR™u —
R™MxXM0 are the continuous- and the discrete-time regressor func-
tions, respectively, satisfying the following assumption.

(SA4) The regressors ¥, and ¥,; are continuous.

Our approach is based on designing a network of reduced-order
adaptive observers/identifiers that exchange their parameter es-
timates according to a communication graph. To do so, we start
assuming that the hybrid system H can be decomposed into m
subsystems of the form

%i = Acixi + Yei(y, )0
Hi: | xf = Agixi + Vg (y,u)0

yi = Eix;,

(x,u) e C
(x,u) € D

where, for each i € {1,2,...,my}, x; € R™, y; € R,and ¥; :

R™My x RMu — RMxiXM0_and E; € R™~i, Furthermore, we let the

following standing assumption holds.

(SA5) There exist scalars ac, ag < 0and f, M > 0, matrices K;, Ky; €
R™xi, and a positive definite matrix P; = P,/ € R™xiXMxi

such that
Al :Pi+ PiAcci < acPi, (20a)
AjeiPiAdeli < €“P;, (20b)

where Accli = Aci - KciEi and Adcli = Adi - KdiEis and

act+agj < M-B(t+j)  V¥(tj) € RsoxNxo!  (21)

REMARK 7. According to (SA5), for eachi € {1,2,. ..,my}, the
pairs (Aci, Ei) and (Ag;, E;) are observable and admit a common
quadratic Lyapunov function characterized by the matrix P;. Note
that (SA5) can be relaxed under an extra knowledge on dom ¢; see [21].
For example, when ¢ is eventually discrete, eventually continuous,
Jjumps periodically, has a persistent flow, or has a persistent jump.

The goal in this section is to design multiple reduced-order
(SA6) Each observer/identifier H,; knows the matrices (Aci, Ag;, Ei),
the maps (¥, ¥y;), and the pair (y, u).

1One can easily check that for given ac, ag < 0, there always exist M, f > 0 such
that (21) holds.
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(SA7) The different observers/identifiers exchange their estimates
of 6 according to a graph G satistying (SA2) and (SA3).

(SA8) Knowing the pair (y, u), we can detect instantaneously when
the corresponding solution ¢ to H jumps.

REMARK 8. Note that the decomposition of H into {7‘(1}7:{ as-
sumes a particular structure for H. Extending our result using a
more general decomposition based on the canonical form of observ-
ability could be a promising perspective to this work. Furthermore,
one could envision relaxing (SA8) by assuming the jump times to be
approximately known —cf. [3].

4.1 Networked Hybrid Adaptive
Observers/Identifiers

As in the classical observer-design paradigm, we assume that each
observer/identifier H,; contains a copy of H; only. Hence, it is
reasonable to expect that, when the dimension # is large (note
that my = ZZ? my; ), the proposed approach should impose rely
on shorter computation time as opposed to using a single ob-
server/identifier containing a copy of the entire system 7.

Consider a solution ¢ : dom ¢ — R™=~ to H and the correspond-
ing input-output pair (u,y). For each i € {1,2,...,my}, the state
vector of the ith estimator H,; is

Xoi = (, j, %1, 01, Tei, Tg;) € Xoi,
where X,; := dom ¢ x R™MxiX1M0 x RMxiXMo 5 RMxi x RM0,

Furthermore, to simplify the notation, we introduce the hybrid
arcs ¥, I : dom ¢ — R™xi*0 and ¢/; : dom ¢ — R™? given by

oo [ Yeiy(t ), u(t, j)) ift € int(17)
Hilt J) = {‘Pdi(y(t, j),u(t,j))  otherwise, (22)
Tt ) ift e int(F)
Lt J) = {I“di(t, j)  otherwise, (23)
Yilt,J) =Tult ) E], (24)
where I/ := {t : (1, j) € dom ¢}.
Then, the hybrid dynamics of each Hy; is given by
i=1 j=0,
Xi = Aci%i + ‘Pi9’;'1+ (Kei + y1lii) (yi = Ei%i)
_ —v2 ;2 aij5i(6; - 05) (25a)
0 = yivi(yi — Ei%i) = y2 £724 aij (0; - 6))
. Iei = Acelilei +¥i Tz =0, Xoi € Coi
Hoi
=1 jt=j+1,
ff;r = AgiXi +”‘?,‘9,' + (de + O'Z‘T;'l//i) (yi — Ei%i)
-6 X0 aijI; (0 = 0)) (25b)
9; = 0; + oiyi(yi — Ei%i) — 5Z;n:y1 aij(0; — 0;)
Tf =T, T =Agela+¥i Xoi € Do,
where

Coi = {Xoi € Xpi : (t,j) € dom¢p and (¢, j+1) ¢ domg},
Dyj = {Xoi € Xpi : (t,j) € dom¢ and (t,j+1) € domg},
the matrices K¢; and Ky; are designed such that (SA5) hold, y; 2
and § > 0 are constant adaptation rates, and o; : dom¢ — R is
given by o;(t, j) := m, where y > 0 is a constant design

parameter.
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4.2 Main Result II

Before presenting our main result, we introduce the error coor-
dinates e; := x; — %j and 0; := 0; — 0; forall i € {1,2,..,my}.
Furthermore, for compact notation, we let e := (ey, ey, ..., emy), 6=
(61,0, ..., emy),xo = (Xo1, Xo2, -~-,Xomy), I o= (Ter, Tezs oo Iwcmy),
Ty = Ty, Loy oo I‘dmy), and X, = (X1 XX02X...XXomy). Further-
more, we introduce the set Spg := {(Xp,x) € Xop XX : e = 6 =0}
to render UES and, for a given I, > 0, we introduce the set of initial
conditions

Xin = {(Xo,x) € Xo x X : max{|T¢|, |Tyl} < Po}.

Finally, we introduce what we refer to as distributed hybrid
persistence of excitation (DHPE) condition along solutions.

AssumpTION 5 (DHPE ALONG SOLUTIONS). There exist Ky, i3 > 0

such that, for each (X,,x) € Xin and for each hybrid time domain
U]_Jo ([tj, tiy1] X {j}) C domu = domy, with (t]+1 —tj,)+(J -
Jo) = K1, we have

Y¥i(tj+1, j)l//i(tjﬂ»j)T
2+ 2ylyi(tjr, HI?

[ / Vie i)i(r, ) Tdr +

tE’Vl J=Jo

> ml,UlImg,
where ; is given in (24).

REMARK 9. Note that each y; in (24) is the output to the hybrid
linear filter whose input is the arc ¥;. That is, if we consider the linear

filter
i=1, j=0, Iz=0
Tpi=Apesilei + ¥ (t,j,Tei, Tyi) € Cy;
{ tt=t, jT=j+1, Tg*t=T.
Tyt = AgeriTai + i (£, . Teir Tai) € Dy,

Hy,

i

the hybrid arc y; can be seen as the output of Hy, given by

rci(t)]')TET

Yi(t, j) = {Fdi(t, TET ift € int(I7)

otherwise,

where

Cyi ={(t, . Tgi- Tei) : (¢, j) € dom¢ and (¢, j + 1) ¢ dom @},
Dy; = {(t,j. Ty Tei) = (£, j) € dom ¢ and (t,j + 1) € dom ¢}.

Hence, it is interesting to investigate conditions on the inputs {'¥; l":{
and the data Of{'}[w | such that {y},_ Ty 1 verifies Assumption 5.

THEOREM 4.1. Given a solution ¢ : dom ¢ — R™x to H in (19),
such that the corresponding input-output pair (u, y) is bounded, and
the network of observers/identifiers Ho := {Hoi};_] ™Y Then, the closed
set Seg is UES on Xip, for the hybrid system (7‘( ‘Ho) provided that
Assumption 5 holds.

Sketch of proof of Theorem 4.1. We start introducing the coor-
dinate vector X,¢; = (t, j, I¢i, Iy;, €1, 0;i) € Xoi, whose dynamics is
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given by

i=1, j=0, Tgz=0,
éi=Accriei — \Piel viliviEie; +y2 Z
0i=y1viEiei — y2 2}':1 aij(0; - 0))
tr=t, jT=j+1, Tf=Ta T} =Aglsi+¥i

ef =Ageiei — ¥,0; — oilyiEie; +(SZ 1 al]l"+(0 -0; i)
9;":91' +UilﬁiEi€z 52 a,J(Gl ) Xeei € Doi~

fci = Acclirci + ‘I"
aljrl(el - )

Xe0i € Coi
(}{ryei . edi oi

Next, we introduce the change of variable n; := ¢; + I;(t, j)é,-,
where I} : dom¢ — R™xi*™0 is defined in (23), and we let the
new coordinate vector Xpoi = (¢, j, Tgi, Teismi, 0i) € Xoi, whose

dynamics is governed by

=1, j=0, i = Acclili
0i =—y1y] (Wib; — Eimi) — y2 2% aij (6 - 6))
‘}{qei . FCi =Accrilei + ¥, fdi =0, Xr]@i € Coi

tt=t, jT=j+1, nf=Agni
0F =0; — oy (Yi0; — Eimi) — & Z;nzyl aij(0; — 05)
F:l. =T, F AdCll = Fdl + ¥, X’79i € Dyj.

Under (SAS5), we use [9, Proposition 3.29] combined with the
Lyapunov function V(n;) = ry;eri, to conclude that 5; converges
to zero exponentially for all i € {1,2, ..., my}.

As a result, it is enough to analyze the parameter-estimation
system whose state variable is Xp; := (¢, j, Ty;, Tei 6;) € Xp;, where
Xp; := dom ¢ x R™MxiXMo 5 RMxiXMo % R™M0  and whose dynamics

is given by

i=1, j=0,

0i=—y10iv;] 0 — 2 Z;n:yl aij (0; - 07)

o Lei=Acerlei+%¥, Igi=0 Xpi € Cy;
noi -

th=t, jr=j+1,

5 e

9;’: Img—m 9—52 aU(G—@)

1":1. =T¢i, F;l. = Adclil"di +¥;, XBi € Dgi,
where

Coi = {Xpi € Xg; : (t,j) € dom¢ and (¢, j + 1) ¢ dom ¢},

Dy; = {Xp; € Xp; : (t,j) € dom¢ and (¢, j+ 1) € dom¢}.

Note that, for each i € {1,2,..,my}, the matrices A..j; and
Ager; are exponentially stable in the sense of continuous-time
and discrete-time systems, respectively, (SA4) holds, and the pair
(u, y) are bounded. As a result, max{|T, (0, 0)|, |T;(0,0)|} < T,, then
there exists T > 0 such that sup{|T.(, j)|co, ITz(t, /)| } < ®. Thus,
¥ = [Y1, Y2, ... Ym, ] satisfies (SA1). Now, using Theorem 3.1, un-
der Assumption 5, we conclude that the parameter estimation error
0 converges to zero exponentially. Finally, once both 1 and 6 con-
verge to zero exponentially, we conclude that the same property
holds for the observation error e.
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4.3 Observation/Identification Via Adaptive
Concurrent Learning

Following the discussion in Section 3.2, we use the method de-
scribed in Section 4.1 to reinforce the design of a single adaptive
observer/identifier using old data. That is, we consider a hybrid
system in the form of H in (19) with m; = 1 (we are not going
to decompose H into subsystems). Let the pair (u1, y1) represent
the input-output data available in real time and let {(u;, yi)}fi 5, for
some N > 0, be a sequence of old data. For simplicity, we assume
that all the input-output pairs have the same hybrid time domain.

AsSSUMPTION 6. domy; = domu; =--- = domyyn = domuy.

At this point, we introduce the sequence of hybrid systems
{7‘(1-}1{11, where each H; corresponds to H subject the input u;
and thus generating the output y;. Under (SA8), each H; can be
expressed as

i=1 j=0,
{J'Ci = Acxi +Yi(t, j)0 (t,j,xi) € Ci
Hy, : tt=¢ jt=j+1,
x;’ = Adxi +\I’i(l’,j)9 (t, Js xi) € D;
yi = Ex;,

where ¥; : domu; — R™xiX"Mé in this case, is defined as

e (it ) ui(t, ) ifte int(IY)
Wit j) = {‘I’d(yi(t,j),ui(t» j))  otherwise,

and
Ci ={(t,j) € dom¥; : (t,j+1) ¢ dom¥;} x R™=,
Dj :={(t,j) € dom¥; : (t,j+ 1) € dom¥;} x R~

The proposed concurrent-learning-based observer/identifier uses
a network {(Hoi}ﬁl, where each H,; is designed as in (25) while
replacing (A¢j, Ag;) therein by (A, A;). Theorem 4.1 applies in this
case, so we conclude that each H,; tracks the state x; of H; and

estimates the parameter 6. More precisely, we have the following.

COROLLARY 4.2. Given the hybrid system H in (19) withmy = 1.
Assume that the real-time input-output pair (u1,y1) and the sequence
of old input-output data {(u;, yi)}fiz are bounded and satisfy As-
sumption 6. Consider the concurrent-learning-based observer/identifier
H, = {ﬂoi}ﬁy where each Hy; is designed as in (25) while replac-
ing (Aci, Ag;) therein by (Ac, Ag). Then, the closed set S,¢ is UES
on Xip, for the hybrid system (H, H,) provided that Assumption 5
holds.

REMARK 10. According to Corollary 4.2, it is possible that the real-
time data (u1,y1) fails to generate a signal y; that is hybrid persis-
tently exciting. Yet, the concurrent-learning-based observer/identifier
H, can estimate the vector of parameters 0 exponentially. In contrast,
estimating the parameters is impossible using only the real-time data
(y1,u1).

REMARK 11. Assumption 6 is hard to satisfy in the general context
of hybrid systems. However, we can always unify the domain of
our data by creating fictitious jumps (static jumps) for all the data
whenever one of them jumps. This procedure will affect the matrix Az
in each of the systems {‘Hi}{il; thus, the analysis will require other
machinery that is omitted in this version due to space limitation.
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5 ILLUSTRATIVE NUMERICAL EXAMPLES

5.1 Comparison between the continuous-, the
discrete-time, and the hybrid gradient
algorithms

Consider the linear input-output relationship
y(t,)) =y ()"0,
where the hybrid regressor ¢ : domy — R? is given by

[cos(2t) 0]T
[0.3 09]T

Vte (2jm2(j+1)r), jeN

t,j) =
ya(t.)) { Vt=2jr, jeN

First, when viewing the regressor ¢ as a discrete-time function
defined on {0, 1, ...}, we can see that the regressor

T el IR (S

is constant and not full rank. Hence, the DT-PE condition in As-
sumption 2 is not satisfied. Similarly, when viewing the regressor
¥ as a continuous-time function defined on R >, we can see that

[cos(Zt)2 0] te(2jm2(j+ D), jeN

0
OMIONES
0.09 0.27 .
027 081 otherwise.

Hence, for each t, > 0 and T > 0, we have

ot+T to+T
./t 1”®¢@fds=[ﬂo cos(2s)%ds ﬂ’
to 0 .

so the CT-PE condition in Assumption 1 is not satisfied. Yet, the
HPE condition in Assumption 3 holds with K = 27+ 1 and y = 0.21.
Figure 1 provides a comparison between the classical continuous-,
discrete-time, and the hybrid gradient-descent algorithms in terms
of convergence of the parameter estimation errors.

=
o

[ee]

estimation errors |6;]

Norm of the parameter

0 20 40 60 80
time [sec]

Figure 1: Evolution of |§| using the continuous- (in green),
the discrete-time (in red), and the hybrid (in blue) gradient-
descent algorithms.

The initial condition for the simulation is @ (0) :=[6 7]T.Itcan
be seen that while the discrete and continuous-time algorithms fail
to make the errors 6 converge to zero, the hybrid gradient-descent
algorithm succeeds.



Distributed Hybrid Gradient-Based Estimation

5.2 The distributed gradient algorithm
guarantees convergence when the
centralized one fails

Consider the network of three linear estimators in the form of
(8). For the three estimators, the corresponding hybrid regressors

{y1, Y2, Y3} are given by

o _ [ [sin() 0]T Vte(@jm2(j+)r), jeN
Y1t j) -—{ [0 0T Vt=2jr, jeN,

o[ leos(ty 0T Vte(2jm2(j+Dr), jeN
Va(t, j) ~—{ o o]T Vt=2jr, jeEN,

o o]t

o Vie (2jm2(j+1)n), jeN
¢3(t’]) = { [0.5 l]T

Vi=2jr, jeN.

Using a similar reasoning as the one used in the previous example,
one can easily check that none of the regressors {{, {2, 3} is HPE
according to Assumption 3. Now, we apply the distributed scenario
presented in this paper, where the different estimators exchange
their estimates according to a communication graph G = (V, &),
with V ={1,2,3} and & = {(1,2),(1,3),(2,1),(2,3),(3,1),(3,2)},
which corresponds to a fully connected graph with an adjacency
matrix A = [a;] € R33 defined by a;; = 1if i # k and a;; = 0.
For this distributed algorithm, the DHPE condition in Assumption 4
is satisfied with K1 = 27+ 1, m; =3 and py = 0.11.

Figures 2 and 3 provide a comparison between the centralized
and the distributed hybrid gradient algorithms.

-

%1§8 T

g2 N

= 9 8.5

s = 6 i

o, 7

8

= 75

3 E 4 ‘ 1

g .5 7 —

=

53 0 5 10

Z ° 2t ‘ . ] ] ]
0 50 100 150 200

time [sec]

Figure 2: Evolution of |9~1| (in blue), |é2| (in green), and |é3| (in
red) using the centralized hybrid gradient algorithm.

The initial estimation errors are 61(0) = 65(0) = 63(0) :=
[6 7]7.1It can be seen that while the centralized hybrid gradient-
descent algorithm does not allow the convergence of 6;, for each
i ={1,2,3}, to zero, the proposed distributed hybrid gradient de-
scent algorithm ensures this property. This can be explained by the
fact that none of the regressors i1, 2 and y/3 is hybrid persistently
exciting, however, when considering the distributed scenario, where
the three estimators exchange their estimates according to the com-
munication graph G = (V, &) defined above, the distributed hybrid
persistence of excitation condition is satisfied.
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Figure 3: Evolution of |é1| (in blue), |é2| (in green) and |é3| (in
red) using the distributed hybrid gradient algorithm.

5.3 The distributed hybrid gradient algorithm
improves the convergence speed of the
centralized one

Consider a network composed of three linear estimators in the form
(8). The corresponding hybrid regressors are given by

sin(t) Vte (2jm2(j+1)m) N [0,300],
0 jeN

N 0.05sin(t)| Vit e (2jr,2(j+ 1)) N (300, +0),
l//l(t,]) = 0 ]EN
[0 0] Vt=2jr, jeNnNJ[o0,50]
[1 =117  Vt=2jr, jeNN(50,+00)
0.05cos(t)| Vte (2jm,2(j+1)x)N][0,300],
0 jeN
Yo(t, ) = cos(t) Yt e (2jm,2(j + 1)) N (300, +00),
0 jeN
[1 =117 Vt=2jrm, jeN.
Ps(t ) = [0.05sin(t) 0]T Vte (2jm,2(j+1)n), jeN
3hJ) = [1 -1]7 Vt=2jr, jeN.

We can easily check that the three regressors {1, 2, 3} satisfy
the HPE condition in Assumption 3. Now, we consider a distributed
scenario, where the different estimators exchange their estimates ac-
cording to the communication graph G = (V, &) withV = {1,2,3}
and & = {(1,2),(1,3),(2,1),(2,3),(3,1), (3,2) }, which corresponds
to a fully connected graph with a;; = 1ifi # k and a;; = 0. For such
distributed scenario, one can also check that the DHPE condition
in Assumption 4 is satisfied.

The initial estimation errors are 6; 0) = 9~2(0) = 0 (0) =
[6 7]7.Figures 4 and 5, below, provide a comparison between the
centralized hybrid gradient-descent algorithm and its distributed
version in terms of the convergence speed. It can be seen that
while the centralized hybrid gradient descent algorithm allows the
convergence of éi, i = {1,2,3} to zero, in about 450 seconds, the
distributed hybrid gradient-descent algorithm ensures a faster con-
vergence, in less than 200 seconds, and which can be explained
by the fact that in the distributed scenario, the three estimators
collaborate, through the exchange of their estimates according to
the communication graph G.
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Figure 4: Evolution of |9~1| (in blue), |éz| (in green) and |é3| (in
red) using the centralized hybrid gradient algorithm.

estimation errors |6

Norm of the parameter
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Figure 5: Evolution of |é1| (in blue), |é2| (in green) and |é3| (in
red) using the distributed hybrid gradient algorithm.

6 CONCLUSION

We proposed an estimation method involving a network of gradient-
descent-based estimators, each of which exploits only a portion
of the input-output data, which are viewed as hybrid signals. The
different estimators exchange their estimates according to a weakly-
connected directed graph. The alternation of flows and jumps com-
bined with the distributed character of the proposed algorithm allow
us to introduce a hybrid form of the well-known persistence of exci-
tation condition. Under such a condition, we establish exponential
convergence of the estimation errors. The proposed approach gen-
eralizes the existing ones, yields to relaxed sufficient conditions for
(uniform-exponential) parameter estimation. Furthermore, we ap-
plied it to address the observation/identification problem for a class
of hybrid systems with unknown parameters using a distributed
network of adaptive observers/identifiers.
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