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mmanuel Bachya, Kévin Jabovistea, Emeline Sadoulet-Reboula,, Nicolas Peyretc, Gaël
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act

Mass Dampers (TMD) are passive devices well-known to mitigate vibrations thanks to t

le of vibration absorption. They consist of a mass, a spring and a damper whose frequency

to a critical frequency of a master structure in order to generate the expected energy transfe

se devices require a very fine tuning to be efficient, Multi-frequency designs (Multiple Tun

ampers - MTMD) integrating several absorbers whose specific frequencies are distribut

the target resonance frequency have emerged to obtain good damping performances on

requency band, even in the presence of uncertainties. The elastodynamic properties of the

s are classically estimated from lumped mass models that are a simplified representation

structures that will actually be used on a real application. In this context, the purpose of t

is to design a metabsorber consisting in a set of 3D resonators, and to estimate numerical

perimentally the performance and the robustness in an uncertain context. The desig

ch relies on a dynamic analysis of the whole structure using the Finite Element Metho

llows to considerate any topology for the absorbers. Epistemic uncertainties resulting fro

-knowledge on the target frequency are introduced, and the robustness of the metabsorb

ated using the Info-Gap Theory that is a non-probabilistic approach for decision-makin

an uncertain context. Different frequency distributions in the metabsorber are compar

ntify the gain in performance and robustness that can be achieved changing the numb

orbers. The methodology is applied to the case of a simplified airplane model in order

l the third bending mode : numerical and experimental result show that even if the robustne
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es when the number of different absorbers increases, very good results can be obtained b

a reduced number of absorbing elements in the metabsorber.

rds: Multiple Tuned Mass Damper, Absorption, Lack-Of-Knowledge, Robustness, Passiv

ing, Info-Gap Theory

SC: XX-XX, XX-XX

roduction

bratory energy absorption is the working principle of Tuned Mass Dampers (TMD), al

as Dynamic Vibration Absorbers to passively mitigate vibrations. The use of TMD

to control the vibrations of a structure around a given frequency consists in attaching

ary device with a resonant frequency tuned to match that of the main structure. At t

frequency, an energy transfer operates from the structure to the TMD and allows to atte

ibrations. The concept of Multiple Tuned Mass Dampers (MTMD) is to implement a s

D rather than a single one in order to, among other things, reduce the mass of each TM

it the space required. It may be noted that the same concept of absorption is exploit

recent development of Resonant MetaMaterials (RMM) where local resonators are period

ttached to or integrated within the main structure to generate energy transfer or trappin

n the structure and these secondary devices [1, 2, 3]. There is a vast literature on RMM

ferred to as Elastic MetaMaterials or metastructures for metamaterial-based finite stru

many different configurations have then been investigated such as discrete-like resonato

ing in spring-mass-dampers introduced on beams [4, 5, 6], plates [7, 8], cantilever-in-ma

tors [9], or tensioned-elastic membrane with mass blocks resonators [10]. The main inte

the case of metamaterials is that resonators generate local resonance bandgaps in a low

ncy range than the Bragg scattering phenomena which is linked to the spatial periodicit

MTMD as well as RMM are therefore based on the same principle of energy absorptio

in difference lies into the number and the size of absorbers. The advantage of using MTM

TMD are very sensitive to detuning, and perform poorly outside a narrow frequency ban

eline.sadoulet-reboul@univ-fcomte.fr

t submitted to Mechanical Systems and Signal Processing December 29, 20
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the frequency being monitored: this is known as the frequency detuning effect. The sam

occurs with MTMD when resonators are all tuned to the same frequency or in Resona

aterial when perfectly periodic: the effective attenuation bandgap is deep but quite narro

ry sensitive to uncertainties. A strategy then consists in considering a frequency distributio

MD [11, 12, 13] in order to be more effective on a wider frequency band and more robu

uning. By introducing multiresonators into metamaterials [14, 15, 16], or a hierarchical co

ion [17], it is possible to generate multiple bandgaps and, with adequate design, to achie

and effectiveness by merging the separated bandgaps. By tuning the natural frequencies

al resonators and structural parameters, Bragg and resonant bandgaps can be coupled f

ce [18]. The design of functionally graded metamaterials, with spatially-varying properti

s of material or geometry, allows to distribute the pass-bands and expand the attenuatio

idth [19]. It is also interesting to note that a particular frequency distribution characteriz

igh modal density around the natural frequency of the master structure allows to abso

reversibly the energy of the master structure [20, 21], and avoid the energy return general

ed with a finite number of oscillators [22]. Finally, all the studies done on energy absorptio

o show that multistructures, MTMD as resonant metamaterials, with distributed vibratio

ers are the best configuration to attenuate effectively on a frequency broadband.

e next question is thus to determine the optimal frequency distribution for a given problem

studies aim at finding the optimal frequency distribution to ensure performances in vibratio

l, but high performance is often obtained at the expense of robustness such that a trade-o

n these two objectives has to be found. Robust optimization methods have been develop

ncertain parameters [23] or uncertain parameters and positions [24], modeled as stochast

les, in order to minimize the mean or the stochastic vibratory response [25, 26]. Some strat

m at considering both the control performance and the robustness by solving a two-objecti

zation problem with a genetic algorithm [27] or by adding a frequency bandwidth ratio wi

hting factor into the performance index [28]. The question of robustness of multi-frequen

ructures has received less attention to the author’s knowledge [29, 30]. In [31], the vari

3
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f mechanical parameters for the resonator modifies the limits of the band-gaps. The bre

iodicity due to variability in additive manufacturing is investigated in [32, 33, 34]: detun

tors can change the attenuation performance even for small levels of variability, and suppre

l as widen band-gaps.

ny of the studies done on MTMD or on RMM rely on lumped mass models that are easier

te, and that lead to reduced computational times [3, 35]. These models allow to identify t

ynamic properties of the absorbers, but they need to be improved to take into account t

pology of the absorbers composing the metastructure, or their position that has an impact o

ectiveness. For instance, recent works on spatially distributed TMD show that it is necessa

oduce the effective mass of a structure to evaluate the efficiency of the absorbers [36], meanin

he absorber position is an influent parameter. The proposed paper details a methodolo

ign a metabsorber consisting in a set of 3D resonators, and the purpose is to investiga

rformance and the robustness of the structure when changing the number of resonators an

same added mass. The variability taken into account is a variation of the frequency

l that can be due to changes in the environmental conditions, ageing of materials, assemb

ions among others. No probabilistic description of the uncertain variables is available

se, and stochastic approaches are inadequate. This is considered as lack-of-knowledg

stemic uncertainty for which a large amount of information is missing. The robustness

valuated using the Info-Gap theory [37] that is a non-probabilistic approach adapted f

where no probabilistic description of parameters is available. This approach is a decisio

g tool in a context of epistemic uncertainty that has already been applied for identificatio

appropriate model in presence of lack-of-knowledge [38], to study the collapse resistan

ctures under uncertain loads [39], or to quantify the damping performances of viscoelast

als in an uncertain temperature environment [40]. The methodology is here applied

a metabsorber designed to control the third bending mode of a simplified airplane mod

aper is organized as follows: a deterministic optimization of the metabsorber is proposed

n 2 using a Finite Element Model of the whole structure. Different configurations are test

4
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ich the number of resonators changes while keeping the same mass. Section 3 is dedicat

robustness analysis of the deterministic optimal designs using the Info-Gap Theory, and t

on is to compare the robustness efficiency obtained as a function of the number of resonato

distribution. Finally, experimental validations are presented in Section 4, and conclusio

mmarized in Section 5.

timal design of a metabsorber

nsider a main structure with a vibration mode to be controlled over a frequency band

t. As an example, Fig.1 presents a CAD design of an airplane model presenting vibratio

trol on the third bending mode. The airplane is composed of a main fuselage in aluminum,

h-wing and horizontal and vertical stabilizers in steel. The wing and the stabilizers are fix

fuselage thanks to angle bars in aluminum. All the geometrical and material paramete

studies are recalled in Appendix A. This example will be used as an application case

te the proposed methodology.

ntrol of the bending mode is done using a metabsorber composed of a set of N absorbe

): each absorber consists in a beam as in [20], but to generalize the methodology to any kin

orber, it will be modeled as a 3D component using the Finite Element Method. The devi

ched at candidate position which is the most favorable one to attach the single TMD.

e with PMMA whose properties are given in Appendix A. As a starting configuration a

ments are assumed to be identical, their varying properties will be determined thanks

zation strategies in the next sections.

effectiveness of the absorbers depends on their number, their spatial distribution on t

tructure, and is linked to the modal behaviors, the developed tools are based on a numeric

ic analysis of the finite structure [41].

inite Element Model of the master structure with the metabsorber

e FE method is used to study the dynamic behavior of the whole structure. The mesh

sed of quadratic tetrahedral elements and of quadratic brick elements on the metabsorbe

5
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Fuselage

Piezoelectric patches

Angle bar

Wing

Horizontal stabilizers

Vertical stabilizer

x

y

z

1: The primary structure consists in an airplane model composed of a main fuselage, a through-wing and
ontal and vertical stabilizers. The wings and the stabilizers are fixed on the fuselage thanks to bar angles.
couples of piezoelectric transducers are introduced in the model to match the experimental configuration

nted in section 4. The study focuses on the control of the third bending vibration mode, illustrated by the
figure on the left.

total of 164550 dofs. The equations governing the dynamic behavior of the whole structu

ing the airplane and the metabsorber in the frequency domain can be written as,

(
K∗ − ω2M

)
Û = F̂, (

K∗ and M are respectively the complex stiffness and the real constant mass matrix of t

re, Û is the complex displacement vector and F̂ is the excitation vector. The compl

ss can be written as,

K∗ = K∗s + K∗abs, (

ing the complex stiffness K∗s of the main structure and the complex stiffness K∗abs of t

ers. The complex nature of the matrices is linked to the consideration of loss factors i

6
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Metabsorber

Wing surface for computations

2: Design of the metabsorber and integration on the airplane wing : The metabsorber consists in a set of
-like absorbers attached on the wing of the airplane to control: the configuration is here presented for a

m distribution such that all the beams have the same length. Computations are done on the wing surface
opposite to the metabsorber.

ed to model structural damping in the main structure η, and in the absorbers ηabs. In th

ration the size of the vector to compute is the number of degrees of freedom in the Fini

nt Model. To reduce computational costs it is possible to use a reduction basis made of t

odes. Loss factors are assumed to be small enough to consider that the normal modes

ear conservative system are not changed much and can be used for the basis. Under th

ption the modal basis Φ = [φ1 φ2 · · · φp] composed of the p first eigenmodes is introduc

mputed as,
(
K− ω2

pM
)
φp = 0, (

K is the real part of K∗. The dynamic equations for the reduced model are thus written a

(
k∗ − ω2m

)
q̂ = f̂ , (

m = ΦTMΦ, k∗ = ΦTK∗Φ and f̂ = ΦTF̂ are the projected operators. q̂ = ΦTÛ are t

lized coordinates. k∗ is the sum of k∗s that is the reduced matrix for the main structure, an

s that is the reduced matrix for the absorbers.

7
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ptimization methodology

stly, a deterministic optimization is performed in order to find a reference distribution f

tural frequencies of the metabsorber. It is proposed to consider as design variables t

ss properties for the N absorbers attached: indeed, the damping properties introduced o

sorbers are difficult parameters to modify in the design; thus the structural damping is fix

value of 6.6% which corresponds to what has been identified from an experimental te

an Oberst approach (ASTM E 756-98). The added mass is required to be small and w

d at about 18 g that corresponds to 4.5% of the wing mass (equal to 403 g). The strate

trol the absorbers’ stiffness consists in introducing a coefficient αi (1 ≤ i ≤ N), and t

onding topology will be identified in a second step. By changing the number of differe

s possible to study different metabsorber configurations, while working with the same ma

ption : for instance, the case where all the αi are equals corresponds to a uniform distributio

n be assimilated to an equivalent single TMD (1-TMD), the case where all the αi are differe

onds to a N-TMD metabsorber. The reduced matrix stiffness is thus modified as follows

kabs =
N∑

i=1

αik
i
abs, (

ki
abs is the stiffness matrix of the ith absorber. The distribution of the αi-parameters

entative of the squared natural frequencies of the MTMD absorbers. Different optimizatio

ive functions can be defined, it is chosen here to focus on the minimization of the elastic stra

of the airplane structure on a frequency band around the resonant frequency to control. Th

is a global quantity that ensures that the MTMD will be efficient on all the structure an

t only reduce locally the vibration amplitude. Moreover, the computational time required

te this quantity is low when working with projected operators. For an harmonic excitatio

erage strain energy over the vibration period is defined using the reduced operators as,

E(ω, αi) =
1

4
Û(ω, αi)

HKsÛ(ω, αi) =
1

4
q̂(ω, αi)

Hksq̂(ω, αi) (

8
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H denotes the hermitian or conjugate transpose. The optimization problem can thus

n as,

n ωmin, ωmax, αmin, αmax

αi, 1 ≤ i ≤ N
imizing

ωmax∫
ωmin

E (ω, αi) dω

ect to αmin ≤ αi ≤ αmax

ere ωmin and ωmax are frequencies respectively below and above the frequency to be co

. The lower and upper bounds for the parameters are arbitrary defined as αmin = 0.5 an

1.5, and the parameters are initially fixed to 1. The optimization problem is solved usin

incon function available in mathematical software package MATLAB.

pplication - Optimization results

e metabsorber considered in this work consists in two sets of 9 absorbers. The structure

symmetrical, but not exactly because of the angles used for the assembly, and it is chos

sider each of the 18 absorbers independently. The frequency band of interest is betwe

60 Hz and ωmax = 90 Hz, around the frequency of the third bending mode for the plan

modes are taken into account in the modal basis.

Optimization results for the 1-TMD case

e optimization is firstly done considering the uniform case for which all the beams in t

sorber have the same length. This configuration gives rise to an equivalent single TM

g from a unit initial value and an initial beam length L = 8.5 cm, the coefficient obtain

end of the optimization process is α = 1.01. Fig. 3 presents the average of the receptan

computed on the wing surface (Fig. 2). It can be observed a slight unbalance compared

ual-peak method classically used for TMD-design. This is an influence of the structure whi

veral modes and non-uniform damping properties, such that an equal-peak design requires

c optimization procedure as described in [42].

9
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Initial
Deterministic optimization, NTMD1

3: Average of the receptance norms on the wing surface for the initial airplane and for the airplane with
etabsorber NTMD1 that contains identical absorbers. (Legend color on the web version of the article)

Optimization results for the 1-TMD to the N-TMD case

e optimization study is then done changing the configuration of the metabsorber. Five cas

nsidered, by changing the number of different lengths, and thus the frequency distributio

).

Number of
different lengths

Coefficients α

D2 2 α1:2:17 6= α2:2:18

D3 3 (α1:3:16 6= α2:3:17 6= α3:3:18)

D6 6 (α1:6:13 6= α2:6:14 6= α3:6:15 6= α4:6:16 6= α5:6:17 6= α6:6:18)

D9 9 (α1,10 6= α2,11 6= α3,12 6= α4,13 6= α5,14 6= α6,15 6= α7,16 6= α8,17 6=
D18 18 All the coefficients are different.

: Properties of the different metabsorbers studied by changing the number of beams with different length

e distribution of the αi parameters obtained at the end of the optimization process for ea

sorber configuration (NTMD1 to NTMD18) is presented on Fig.5b. The associated avera

receptance norms on the wing surface are given on Fig.4. It is also possible to represent t
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on of the stiffness properties of the absorbers in terms of frequency distribution considerin

-model for the absorber, with clamped-free boundary conditions, and writing the natur

ncy as ω2 = β2

L2

√
αiB
m where B and m are the bending stiffness and the mass per unit lengt

= 1.875 for the first mode.
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4: Average of the receptance norms on the wing surface for the initial airplane and for the airplane with
metabsorber NTMD1/2/3/6/9/18 (Legend color on the web version of the article)

an be observed that the metabsorber significantly reduces the amplitude of the response on

ange of frequencies around the frequency to control, and that the attenuation increases wi

mber of different absorbers in the device. The frequency distribution in the metabsorb

to be almost linear around the tuned frequency and it is noticeable that there is no gre

attenuation between the NTMD9 and NTMD18 configurations with the largest number

ers. The methodology proposed to design a metabsorber consisting in a set of 3D resonato

based on a modal basis reduction reduction approach, on a design by modifying the sti

of the absorbers, and on the computation of energy quantities. Computational costs a
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: Structure of the metabsorbers (NTMD1/2/3/6/9/18) after the optimization process (Legend color on t
web version of the article)

d as the optimization process takes only a few seconds. By this way, it has been possible

networks adapted to a complex 3D structure. The purpose is now to compare the robustne

devices under lack-of-knowledge.

bustness analysis of the optimal metabsorber design

e optimal design parameters have been determined in section 2 without uncertainties, t

se of this section is to evaluate the robustness of the designs when the frequency to control f

ster structure is poorly known or varies. Indeed, during the structure life, the distribution

bedded masses may vary, the environmental conditions may be modified leading to chang

structure or material behaviors that may affect the frequency to be controlled. It is th

ary to evaluate the robustness of the metabsorber to such variations, that is evaluate i

to still mitigate vibrations in case of unknown uncertainties. The methodology here propos

d on the Info-Gap decision theory that is a non-probabilistic decision theory under seve

ainty [37]. It is particularly well suited when no probabilistic information is available, as

se of frequency detuning considered in this paper. The theory relies on the introduction

data: a model, a performance criterion, and an info-gap uncertainty model. Such a mod

s in a family of nested sets, where each set corresponds to a level of uncertainty. T

ness analysis using this approach aims to determine from which level of lack-of-knowled

12



the pe a

3D nu ed

from t h

pertur he

main s240

3.1. E

La ix

m of t al

mass m at

takes t245

7)

In ve

contin n

Eq. (4

8)

suc .

Th250

9)

h is t el

of unc he

perfor en

 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
rformance criterion is not verified anymore. In the present study, the model consists in

merical Finite-Element model used to estimate the performance of a metabsorber quantifi

he reduction of vibratory energy that it allows. Lack-of-knowledge is introduced throug

bations of the mass matrix that result in a lack of knowledge about the frequency of t

tructure to control. The following sections detail these concepts.

stimation of the robustness using the Info-gap approach

ck-of-knowledge on the master frequency to control is introduced on the reduced mass matr

he master structure through the matrix dm that represents the perturbation of the mod

atrix due to the added lumped mass in the experiments. m2×2 is the full mass matrix th

he lumped mass into account while m is the nominal full mass matrix:

dm = ΦT [m2×2 −m] Φ (

the simulations, the perturbation is also defined by the parameter γ0 that allows to dri

uously the mass, and consequently the frequency uncertainties. Hence, the dynamic equatio

) is written as,

(
k∗ − ω2 (m + γ0dm)

)
q̂ = f̂ (

h that for the nominal value γ0 = 0 the dynamic equation corresponds to the initial problem

e Info-Gap uncertainty model, in this case the envelope model, is given in Eq. (9),

U (h, γ̃0) = {γ0 : |γ0 − γ̃0| ≤ h} , h ≥ 0 (

he horizon of uncertainty on the nominal value γ̃0 of the matrix coefficient γ0. At any lev

ertainty h, U contains all coefficients γ0 whose distance from γ̃0 is not greater than h. T

mance of the metabsorber is estimated from the calculation of the ratio RMTMD
0 betwe

13
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stic strain energy on the frequency band of interest with and without the metabsorber,

RMTMD
0 =

EMTMD

E0
, (1

EMTMD is the strain energy of the master structure estimated when the metabsorber

ed to the master structure and E0 is the energy without metabsorber. When the efficien

metabsorber decreases, the ratio RMTMD
0 increases and tends to 1. The robustness functio

us defined as the greatest horizon of uncertainty h, that is to say the greatest variation

quency to control, such that the worst case ratio (max) remains inferior to the critical val

ĥ(Rc0) = max

{
h :

(
max

γ0∈U(h,γ̃0)
RMTMD

0

)
≤ Rc0

}
(1

ets larger, the sensitivity of the MTMD device to lack of knowledge gets smaller. In practic

timation of the robustness is done increasing the horizon of uncertainty ({h1, h2, . . . , hnh

oking for the worst case design calculated as,

R̂hi(h) = max
γ0∈U(hi,γ̃0)

RMTMD
0 (1

ossible to estimate uncertainty values for which the performance criteria RMTMD
0 ≤ Rc0

ted.

umerical application

.6 presents the robustness of the different metabsorbers NTMD1/2/3/6/9/18 as defined

). The uncertainty introduced on the mass of the master structure is translated in terms of a

ainty on the natural frequency of the structure, the relationship is determined from a mod

is. The maximum frequency variation is 18% here. The value obtained when the maximu

n on uncertainty h is equal to 0 corresponds to the determinist optimal performance that

st that can be achieved. It can be observed that the metabsorber NTMD1 is less efficie

he other ones, as observed on Fig.4. Then, as the uncertainty increases, the master frequen

es more and more from the nominal value for which the metabsorbers have been tuned, an
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ergy ratio increases. This means that the metabsorbers are less and less efficient. Let consid

se of a critical Rc0 equal to 20% as represented by the vertical line on Fig.6. Whatever t

configuration, it is possible to ensure this performance if the uncertainty on the ma

ncy is less than 8% (horizontal line). Nevertheless, the robustness is improved for mo

ex configurations with more absorbers.

ering the zeroing property defined as the case without allowed uncertainty, it is clear th

18 outperforms other configurations with respect to the performance metric. Moreover, it

e most robust configuration as the curve is above the others for any given level of uncertaint

ase can be considered as the dominant robust one among all configurations. Finally, it can

ed that it also corresponds to the best performing configuration for all levels of uncertaint
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: Distribution of the robustness for metabsorber NTMD1/2/3/6/9/18 (Legend color on the web version o
article), the curves on the right represent the FRFs for three levels of uncertainty on the main frequency

(horizon=0, 0.09 and 0.17).
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perimental analysis of the performance and of the robustness of the metabsorb

e purpose of this section is now to investigate experimentally the performances and robus

f the different metabsorbers, to validate the numerical design methodology, and to study t

ility of the robustness results obtained by numerical simulation in Section 3. The airplane

the metabsorber have been manufactured for an experimental validation of the methodo

he metabsorber is manufactured using a laser cutting machine from a 1.42 mm thick PMM

Fig.7a presents the airplane with one of the metabsorber prototypes glued on its wing. T

nt configurations studied for the metabsorbers (NTMD1/2/3/6/9/18) are presented on t

gure.

e airplane is free-free, suspended to a test frame thanks to flexible cables. It is excited by

sine signal with two sets of piezoelectric patches (PIC 151, 3 cm×3 cm×0.5 mm) bonded o

ng (Fig.7b). The transverse velocity is measured on the wing surface using a Polytec Las

er vibrometer: the experimental mesh contains Nexp = 90 test nodes.

ibration measurements on the wing surface - Analysis in case of frequency shift on the ma

ructure

.8 presents the average of the receptance norms obtained experimentally on the wing surfa

t and with the 6 different metabsorbers (NTMD1/2/3/6/9/18). These results can be com

to the numerical ones presented in Fig.4 and quite a good agreement is observed with t

ence of a flat curve more regular as the frequency distribution in the metabsorber becom

omplex. In order to experimentally evaluate the impact of the metabsorbers when the fr

of the main structure changes, an addition of mass was realized by introducing magne

end of the wings. Two configurations are tested, in the first one a set of 2 magnets plac

h sides of the wing is introduced at each end (configuration called 2x2), in the second o

h of 4 magnets is introduced (configuration called 4x4). Numerically, these added mass

modifications of the mass matrix which becomes respectively m2x2 and m4x4 for each co

ion: these modified matrices are used to numerically evaluate the dynamic response of t

16
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(a) Airplane model equipped with a metabsorber - Structure of the different
metabsorber configurations NTMD1/2/3/6/9/18

Piezoelectric patches

(b) The airplane is free-free, it is excited with two sets of piezoelectric patches. The
transverse velocity is measured at 90 test nodes on the airplane wing using a Polytec

Laser Doppler vibrometer.

Figure 7: Experimental set-up with the airplane model and the metabsorbers.
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Average of the experimental receptance norms on the wing surface for the initial airplane with metabsorb
NTMD1/2/3/6/9/18 (Legend color on the web version of the article)

re. The frequency shift induced on the studied mode is about 5.5% for case (2x2) and 9.6

e (4x4). Experimentally, as before, the vibratory response of the wings was measured b

ibrometry. Fig.9 presents the average of the receptances on the wings obtained numerical

perimentally in the case of the initial structure (called Initial - Num and Initial -Exp), an

various metabsorbers without frequency shift (Ntmd - Num, Ntmd -Exp) and with the tw

rations of frequency shift by added mass (Ntmd - 2x2, Ntmd - 4x4).

observation of the results shows that the experimental results are in good agreement wi

merical results for all configurations, which allows to validate the model used. For each cas

tenuation performance obtained with the metabsorbers decreases when a frequency shift

uced on the main structure. A more accurate analysis shows that the loss of performance

r for metabsorbers composed of similar absorbers. Thus the loss of efficiency for NTMD1

r than for NTMD18 since the maximum amplitude reached is higher. These results demo
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(a) NTMD1, (b) NTMD2, (c) NTMD3, (d) NTMD6, (e) NTMD9, (f) NTMD18 (Legend color on the we

version of the article).
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a fact often cited in the literature that a multiple absorber is more robust than a sing

er. Besides, the NTMD2 metabsorber gives better results than probably expected: this

variabilities on manufacturing and properties that benefit in this case to performance.

to deepen this conclusions, the objective now is to estimate this robustness in particul

mentally, and to position it with respect to the numerical estimates made with the info-ga

d in section 3.

erformance estimation based on the experimental energy - Application of a modeshape e

erimental technique

e methodology proposed in section 3 to evaluate the robustness is based on the computatio

elastic strain energy on a frequency band of interest. In order to calculate the experiment

following a method similar to that implemented numerically and thus using Eq. (6), it

ary to determine the experimental generalized coordinates which are quantities that cann

asured directly. The strategy proposed in this paper relies on a modeshape expansion tec

[43] to estimate experimental coordinates from the measurements of receptances. The win

ical modal basis Φnum is assumed to be known and is used to build an experimental mod

exp by interpolation of the Nnum Finite Element Results on the Nexp test nodes. The si

interpolated matrix is Nexp by Nmodes where Nmodes denotes the number of eigenmod

d. In practice, measured quantities in this work are receptances, and the expansion metho

applied on these data. Experimental modal coordinates are estimated by transforming t

red receptances using the modal decorrelation,

q̂exp = Φexp
TĤexp (1

Ĥexp corresponds to the measured receptance. Assuming an harmonic excitation, a stra

linked to the receptance is then computed as,

EFRF,exp =
1

4
q̂H
expksq̂exp. (1
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nergy can be related to the strain energy,

Eexp = EFRF,exp ×
∥∥∥f̂
∥∥∥

2
(1

∥∥∥f̂
∥∥∥

2
is the square norm of the excitation force. As this norm is constant, and that t

ty of interest for the robustness study is an energy ratio as defined in Eq.(10), it is possib

k with this derivate energy. The residue of the modal expansion is defined as,

R = Φexpq̂exp − Ĥexp. (1

er to illustrate the methodology, only the case of NTMD1 without frequency shift is present

paper. Fig.10a presents the average of the receptance norms measured on the wing, an

ed after expansion, and Fig.10b presents the absolute linear average residue error. T

sion is done here with 20 modes in the modal decomposition. It can be seen that the expand

are overlaid with the measured results, at least on the first modes and on the frequen

f interest for the study. The error is very small, less than 10−6, meaning that the propos

imation is valid. Fig.11 depicts the strain FRF energy estimated using experimental mod
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Expanded displacement
Measured displacement

verage of the receptance norms on the wing
ed with Measurements (black markers), Modal

expansion (red line).
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10: Approximation of the experimental results using a modal expansion method for the case of the airpla
with metabsorber NTMD1

sion on the frequency band between 60 Hz and 90 Hz for the initial airplane structure, and f

ucture with metabsorber NTMD1 without frequency shift and with the two configurations
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ncy shift by added mass (Ntmd - 2x2, Ntmd - 4x4). The maximum energy over the frequen

an thus be estimated and the energy ratio used as a performance criterion can be deduce

summarizes the results obtained for all the configurations tested.

60 62 64 66 68 70 72 74 76 78 80 82 84 86 88 90
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S
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a
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F
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Exp - Initial
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11: Strain FRF energy estimated using experimental modal for the case of the airplane with metabsorber
1 on the frequency band between 60 Hz and 90 Hz for the initial airplane structure (Exp - Initial), and fo

ucture with metabsorber NTMD1 without frequency shift (Ntmd - Exp) and with the two configurations
frequency shift by added mass (Ntmd - 2x2, 4x4) (Legend color on the web version of the article).

nalysis of the experimental robustness

.12 and 13 present a comparison between the robustness of the metabsorbers estimat

ically using the Info-Gap approach, and the experimental robustness estimated using t

sion method for the initial design and for the two configurations of frequency shift. For t

ity of cases the experimental robustness is as expected better than the numerical one as t

ap approach predicts the worst case at any given level of performance.. Some isolated poin

ntified for NTMD1 and NTMD 6 where this conclusion is wrong: the proposed explanatio

s is that the numerical method only considers uncertainties on the main structure, while

e they exist everywhere, and in particular on the metabsorber due to manufacturing error

al inhomogeneities, .... When these cannot be neglected as probably for the specific points
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Configuration Without shift With shift 2x2 With shift 4x4

NTMD1 0.0501 0.1079 0.2142
NTMD2 0.0069 0.0331 0.0431
NTMD3 0.0128 0.0301 0.0322
NTMD6 0.0283 0.0466 0.1180
NTMD9 0.0044 0.0050 0.0122
NTMD18 0.0073 0.0125 0.0213

: Ratio between the maximum energy with each metabsorber on the frequency band [ 60 Hz 90 Hz] and t
um energy on the initial structure - without frequency shift and with the two configurations of frequency
added mass (Ntmd - 2x2, Ntmd - 4x4). The FRF strain energy for the initial structure used as a referen

is E0 = 6.6972× 10−4 J N−2.

a and Fig.13a, it would require to complexify the approach taking two sources of uncertainti

ether. Finally, the results demonstrate globally that a multiple configuration increases t

f robustness as the uncertainty increases, and a stabilization effect can be observed.
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nclusions

is paper proposes an approach to design a metabsorber consisting in a set of 3D resonato

to control a vibrating structure, and to study both numerically and experimentally its r

ss in case of lack-of-knowledge on the frequency to control. The 3D configuration allows

er complex topologies modeled using the Finite Element Method, adapted to real structure

esign methodology is applied to control a bending mode for an airplane model. Differe

ncy distributions are investigated to compare the performance and the robustness of t

sorbers. An Info-Gap analysis is performed to quantify robustness by introducing lack-o

dge on the frequency to be controlled, without knowledge of probability distribution for th

eter. The investigated performance metric or this study is the strain energy on a frequen

round the frequency to control, which is a computationally inexpensive global quantity u

uced modal operators. The studied metabsorbers are realized and measurements by las

etry allow to evaluate the performances of the different configurations. A modal expa

ethod is implemented to estimate the strain energy from the vibration measurements, an

te the robustness of each metabsorber. Finally, a frequency detuning of the main structu

oduced by adding weights on the wing tips. It is observed that the energy obtained expe

lly without uncertainties corresponds to the numerically predicted energy. Moreover, t

mentally evaluated robustness is found for some lucky configurations to be better than t

case estimated by the info-Gap approach, and follows the worst case trend for less robu

rations. Overall the robustness of the metabsorbers is better for more complex distrib

or which the resonators vibrate at different frequencies, but it is notable that a saturatio

emerges so that very good behaviors are obtained experimentally and numerically witho

ng all the resonators of the secondary structure. This phenomenon is observed in a conte

the damping on the absorbers is high, the benefit of detuning the absorbers would certain

re important for a lower damping.
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12: Distribution of the numerical and experimental robustness for metabsorber NTMD1/2/3 (Legend col
on the web version of the article)
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13: Distribution of the numerical and experimental robustness for metabsorber NTMD6/9/18 (Legend co
on the web version of the article)
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ogne Franche-Comté Region and the ANRT (CIFRE). Authors are grateful to the fren

ny THALES LAS France for their financial support.

ences

Liu, X. Zhang, Y. Mao, Y. Zhu, Z. Yang, C. T. Chan, P. Sheng, Locally resonant sonic materials, scien

9 (5485) (2000) 1734–1736. doi:https://doi.org/10.1126/science.289.5485.1734.

F. Pai, Metamaterial-based broadband elastic wave absorber, Journal of Intelligent Material Systems a

ructures 21 (5) (2010) 517–528. doi:https://doi.org/10.1177/1045389X09359436.

K. Reichl, D. J. Inman, Lumped mass model of a 1d metastructure for vibration suppression with

ditional mass, Journal of Sound and Vibration 403 (2017) 75–89. doi:https://doi.org/10.1016/j.js

17.05.026.

Yu, Y. Liu, G. Wang, H. Zhao, J. Qiu, Flexural vibration band gaps in timoshenko beams with locally resona

uctures, Journal of applied physics 100 (12) (2006) 124901. doi:https://doi.org/10.1063/1.2400803.

Sun, X. Du, P. F. Pai, Theory of metamaterial beams for broadband vibration absorption, Journ

Intelligent Material Systems and Structures 21 (11) (2010) 1085–1101. doi:https://doi.org/10.117

45389X10375637.

Wang, M.-P. Sheng, Q.-H. Qin, Multi-flexural band gaps in an euler–bernoulli beam with lateral lo

onators, Physics Letters A 380 (4) (2016) 525–529. doi:https://doi.org/10.1016/j.physleta.2015.1

0.

Xiao, J. Wen, X. Wen, Flexural wave band gaps in locally resonant thin plates with periodically attach

ring–mass resonators, Journal of Physics D: Applied Physics 45 (19) (2012) 195401. doi:https://doi.or

.1088/0022-3727/45/19/195401.

C. Claeys, K. Vergote, P. Sas, W. Desmet, On the potential of tuned resonators to obtain low-frequen

rational stop bands in periodic panels, Journal of Sound and Vibration 332 (6) (2013) 1418–1436. do

tps://doi.org/10.1016/j.jsv.2012.09.047.

Qureshi, B. Li, K. Tan, Numerical investigation of band gaps in 3d printed cantilever-in-mass metamateria

ientific reports 6 (2016) 28314. doi:https://doi.org/10.1038/srep28314.

Zhang, Y. Xiao, J. Wen, D. Yu, X. Wen, Flexural wave band gaps in metamaterial beams with membran

e resonators: theory and experiment, Journal of Physics D: Applied Physics 48 (43) (2015) 435305. do

tps://doi.org/10.1088/0022-3727/48/43/435305.

27



[11] K. h-

qu e.

42

[12] A. ral

en435

[13] J. ke

ex 0)

00

[14] G. ics

13440

[15] P. rs,

Int 1.

[16] H. ior

dis 2.

01445

[17] K. n,

M ite

St

[18] S. of

me j.450

ph

[19] H. ti-

fre ra-

tio

UR455

[20] A. nd

ap s:

//

[21] N. ts,

Th 1.460

31

[22] A. ts

in s:

//

[23] N. ke465

 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
Xu, T. Igusa, Dynamic characteristics of multiple substructures with closely spaced frequencies, Eart

ake Engineering & Structural Dynamics 21 (12) (1992) 1059–1070. doi:https://doi.org/10.1002/eq

90211203.

Kareem, S. Kline, Performance of multiple mass dampers under random loading, Journal of structu

gineering 121 (2) (1995) 348–361. doi:https://doi.org/10.1061/(ASCE)0733-9445(1995)121:2(348).

Park, D. Reed, Analysis of uniformly and linearly distributed mass dampers under harmonic and earthqua

citation, Engineering Structures 23 (7) (2001) 802–814. doi:https://doi.org/10.1016/S0141-0296(0

095-X.

Huang, C. Sun, Band gaps in a multiresonator acoustic metamaterial, Journal of Vibration and Acoust

2 (3) (2010). doi:https://doi.org/10.1115/1.4000784.

F. Pai, H. Peng, S. Jiang, Acoustic metamaterial beams based on multi-frequency vibration absorbe

ernational Journal of Mechanical Sciences 79 (2014) 195–205. doi:https://doi.org/10.1117/12.204506

Chen, X. Li, Y. Chen, G. Huang, Wave propagation and absorption of sandwich beams containing inter

sipative multi-resonators, Ultrasonics 76 (2017) 99–108. doi:https://doi.org/10.1016/j.ultras.2016.1

4.

Billon, I. Zampetakis, F. Scarpa, M. Ouisse, E. Sadoulet-Reboul, M. Collet, A. Perriman, A. Hetheringto

echanics and band gaps in hierarchical auxetic rectangular perforated composite metamaterials, Compos

ructures 160 (2017) 1042–1050.

Hao, Z. Wu, F. Li, C. Zhang, Numerical and experimental investigations on the band-gap characteristics

tamaterial multi-span beams, Physics Letters A 383 (36) (2019) 126029. doi:https://doi.org/10.1016/

ysleta.2019.126029.

Meng, D. Chronopoulos, A. Fabro, W. Elmadih, I. Maskery, Rainbow metamaterials for broadband mul

quency vibration attenuation: Numerical analysis and experimental validation, Journal of Sound and Vib

n 465 (2020) 115005. doi:https://doi.org/10.1016/j.jsv.2019.115005.

L http://www.sciencedirect.com/science/article/pii/S0022460X19305681

Carcaterra, A. Akay, C. Bernardini, Trapping of vibration energy into a set of resonators: Theory a

plication to aerospace structures, Mechanical Systems and Signal Processing 26 (2012) 1 – 14. doi:http

doi.org/10.1016/j.ymssp.2011.05.005.

Roveri, A. Carcaterra, A. Akay, Energy equipartition and frequency distribution in complex attachmen

e Journal of the Acoustical Society of America 126 (1) (2009) 122–128. doi:https://doi.org/10.1121/

47502.

Carcaterra, A. Akay, I. Koc, Near-irreversibility in a conservative linear structure with singularity poin

its modal density, The Journal of the Acoustical Society of America 119 (4) (2006) 2141–2149. doi:http

doi.org/10.1121/1.2179747.

Hoang, P. Warnitchai, Design of multiple tuned mass dampers by using a numerical optimizer, Earthqua

28



En

[24] L. le

tu 19

(20

[25] A. ic470

Pr s:

//

[26] S.- se

ac //

do475

[27] E. n

ev

[28] C. on

of 2.

do480

[29] C. lly

res 6/

j.

[30] L. rse

ca485

[31] S. nd

ex i:

ht

[32] D. er-

in- s:490

//

[33] A. cy

me 7.

do

[34] M er495

ide 0)

10

[35] W for

su g/

10500

 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
gineering & Structural Dynamics 34 (2) (2005) 125–144. doi:https://doi.org/10.1002/eqe.413.
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b.A.3 contains the geometrical and material parameters used for the numerical simulation
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meter Variable [Unit] Value

etrical Parameters

meters for the fuselage

Length [m] 0.46
outer diameter [m] 0.05
thickness [m] 0.002

meters for the wings

length [m] 0.6
thickness [m] 0.001

meters for the stabilizers

length [m] 0.07
base width [m] 0.04
thickness [m] 0.00145

meters for the Horizontal Stabilizer

rials for the airplane

ing and stabilizers
Young’s modulus [GPa] 192
density [kg.m−3] 7721
Loss factor [%] 0.113

ngle bars
Young’s modulus [GPa] 70
density [kg.m−3] 2694
Loss factor [%] 0.28

uselage
Young’s modulus [GPa] 70
density [kg.m−3] 2775
Loss factor [%] 0.28

terface wing/angle bar
Young’s modulus [GPa] 13.3614
density [kg.m−3] 2694
Loss factor [%] 0.235218

terface stabilizers/angle bar
Young’s modulus [GPa] 16.0891
density [kg.m−3] 2694
Loss factor [%] 0.112735

rial for the absorbers

Young’s modulus [GPa] 4.1
density [kg.m−3] 1156.5
Loss factor [%] 6.6

Table A.3: Parameters used for the numerical simulations
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