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Quasi-two-dimensional objects appear to be promising for the development of new optical devices since their
electronic properties are expected to be governed by their size. The understanding of these properties can be
achieved by means of theoretical spectroscopy based on the state-of-the-art ab initio formalisms. Time-dependent
density functional theory is well suited since it accounts for the local field effects, which are expected to be large
at the interfaces with vacuum. This framework allows the calculation of the response function to the external
potential. For bulk materials, this quantity is related to the macroscopic dielectric function following the Adler
and Wiser formula. This expression contains dimensionless quantities, while for the two-dimensional object, the
physical observables should be proportional to the thickness. In this paper, we propose a mixed-space approach
which allows us to calculate in a direct way the out-of-plane component and to evidence how the ambiguity
on the thickness of the slab affects the calculation of the macroscopic dielectric function. The classical Lorentz
model adapted to a thin slab reveals how the huge change of the induced electric field, and the arising of a
transverse polarization, lead to modify the expression of the macroscopic dielectric function to get the absorption
spectrum. Despite the influence of the thickness of the slab on the macroscopic dielectric function, the optical
response resulting from the classical electromagnetism can be unambiguously calculated from the mixed-space
simulations.

DOI: 10.1103/PhysRevB.106.035431

I. INTRODUCTION

Objects of reduced dimensionality are promising building
blocks for new technological devices [1,2]. At the nanometric
scale, the electronic properties, and thus the response to an
excitation, are expected to exhibit different features from the
bulk counterpart due to the electronic confinement: screening
effects should be reduced and the band gap should be mod-
ified [3–6]. Development of these new devices relies on the
understanding of their electronic properties. Theoretical spec-
troscopy based on ab initio formalism is state of the art [7].
Time-dependent density functional theory (TD-DFT) [8–11]
is a tool of choice which allows one in principle to account
for the many-body effects [12], by solving the so-called Dyson
equation. Very efficient numerical codes have been developed
in the reciprocal space to take benefit from the periodicity of
infinite crystals. The quantity resulting from the Dyson equa-
tion is the microscopic density response function χGG′ (q; ω),
expressed as a matrix on the basis of the reciprocal space
vectors G. It allows to calculate the inverse dielectric matrix

ε−1
GG′ = δGG′ + vG(q) χGG′ (q; ω), (1)

where vG(q) = 4π/|G + q|2 is the Coulomb potential. The
absorption spectrum is the imaginary part of the macroscopic
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dielectric function εM (q → 0; ω) given by the Adler and
Wiser formula [13–15]

εLL
M (q → 0; ω) = 1

ε−1
00 (q → 0; ω)

. (2)

When one considers isolated nano-objects, which are finite
in one or several directions, one uses the supercell approach,
where the object is embedded in vacuum. Many difficulties
arise. The bare Coulomb interaction cannot be used anymore
since it would reproduce the unphysical interaction between
replicas, and it must be replaced with a truncated interaction
[16,17]. One must also be careful to avoid spurious effects
coming from the presence of vacuum in the supercell
[18]. Since the discovery of graphene [19], the case of
two-dimensional (2D) and quasi-2D crystal attracted a huge
interest. Using a truncated Coulombian interaction [16,17],
Hüser and coworkers [20] calculated the potential induced by
an isolated MoS2 monolayer, and obtained the static dielectric
function of the 2D system as

ε2D
M (q) = 〈V ext(q)〉d

〈V tot(q)〉d
(3)

(where 〈·〉d stands for the average over a region of thickness
d). They reported that, in the long-wavelength limit,
ε2D

M (q → 0) ≈ 1, which reflects the reduction of the screening
occurring in a very thin film. For this reason, such an approach
has been successfully applied to model the screening in GW
calculations on 2D materials [21,22]. To make things even
more puzzling, there is quite a wide agreement in literature
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that the quantity defined by Eq. (3) should not be used to
describe optical properties. The dielectric function extracted
from ellipsometric measurements [23,24] does not exhibit the
behavior of the one calculated from Eq. (3), and as pointed
out by several authors [25,26], the quantity which should be
linked to the absorption is not the 2D dielectric function but
the 2D polarizability α2D (see, e.g., Ref. [26]):

εeff = 1 + 4π

d
α2D (4)

with d the thickness of the slab, and where

α2D ∝ − LSC

|q|2 χ00(q). (5)

LSC is the size of the supercell, q an in-plane vanishing
reciprocal space vector, and χ00 has been calculated with the
truncated Coulomb potential [16,17]. The dielectric function
defined in Eq. (4) is proportional to the macroscopic average
of the χ response function, which is different from Eqs. (1)
and (2). Moreover, when dealing with 2D objects, the notion
of macroscopic average is not well defined. For strictly 2D
objects, Cudazzo et al. [27] proposed to calculate

ε = 1 + 2π |q|α2D,

where q is an in-plane reciprocal space vector, and α2D can
be calculated from a three-dimensional (3D) (i.e., without
truncated Coulomb interaction) TD-DFT calculation in a
supercell according to

α2D = LSC
ε3D

M − 1

4π
= LSC

4π

[
1

1 + limq→0
4π
|q|2 χ00(q)

− 1

]
.

(6)
For a quasi-2D object, the physical quantities are expected to
be proportional to the thickness of the object. The dimension
of a length is recovered due to LSC in the expression of α2D

[Eq. (5) or (6)]. But, this factor is not the thickness of the
object, which also reveals it delicate to define. It is usually
taken as a ratio of the bulk unit cell. Nevertheless, it should
act as a scaling factor, with the spectral shape given by χ00
for [Eq. (5)] or ε3D

M [for Eq. (6)]. But, due to the supercell
formalism, the question of the normalization of χ arises,
in particular when it enters in Eqs. (2) or (6). Finally, these
formalisms concern the in-plane excitation. To calculate the
out-of-plane component, the expression

ε2D,⊥ =
[

1 + LSC

d

(
1

εSC,⊥
− 1

)]−1

(7)

has been proposed [28], which results from the fact that the
quantity calculated within the supercell SC framework is an
effective medium theory (EMT) [29] between the 2D object
and the vacuum [18], and where the value of d has a strong
influence. As we can see from these different approaches, the
question of the definition of the dielectric function of the 2D
object, its relation with the screening, and the subtle point
of the normalization procedure, requires further clarification.
We highlight that the problem is not related to the distinction
between the 2D dielectric function or the 2D polarizability
[26,27,30,31]. Indeed, the 2D polarizability is independent of

the size of the supercell due to a renormalization with this fac-
tor. In the case of the in-plane component, α

‖
2D ∝ LSC(ε‖

SC −
1), so α

‖
2D and ε

‖
SC exhibit the same spectral features. For the

out-of-plane component, α⊥
2D ∝ LSC(1 − 1/ε⊥

SC), where 1/ε⊥
SC

corresponds to the definition of the plasmon, and cannot
account for the absorption process of a photon. For these
reasons, and to allow the comparison with the bulk counter-
part, we will still focus on the calculation of the dielectric
function.

In this paper, using the Lorentz model, we evidenced
the electronic properties of 2D objects, which allows the
demonstration of the expression of the macroscopic dielectric
function, in order to calculate the absorption spectrum. For the
in-plane component, we show that it cannot be calculated from
the ratio of the macroscopic average of the external and total
electric potentials, like for 3D systems. For the out-of-plane
component, the use of the Adler and Wiser formula should in
principle be valid to calculate the absorption spectrum from
the ab initio TD-DFT framework. Nevertheless, we also show,
by the mean of a mixed-space approach, that the dependence
of the spectrum extracted from this formula with the nor-
malization procedure, goes much beyond the problem of the
vacuum introduced in the supercell but leads to the question
of the thickness of the matter of the 2D object, which reveals
it ambiguously defined. We finally show that this ambiguity
has no consequence on the measured optical quantities like
absorbance or transmittance.

As a prototypical system, we use a slab of silicon cut
in the (001) direction, with a surface reconstruction (2 × 1)
[32], composed of four conventional cubic cells leading to an
atomic thickness of 4 × 10.263 = 41.052 bohrs before relax-
ation and ∼40 bohrs after. The y direction is perpendicular
to the dimers and z is orthogonal to the surface. This system
is not, stricto sensu, a 2D material since the binding in the
z direction is as large as in plane. However, in a technical
perspective, the treatment is equivalent. Moreover, it presents
the advantage to have the absorption and plasmon resonances
very far in energy.

The paper is organized as following: In Sec. II, alterna-
tively to the usual procedure, we proposed a mixed-space
approach to calculate directly the out-of-plane component
within TD-DFT. It shows how the Adler and Wiser formula
suffers from the definition of the thickness of the slab. To
understand the feature of these ab initio results, we adapted in
Sec. III the classical Lorentz model to the case of a finite slab,
which explains how the huge change of the induced electric
field modifies the calculation of the macroscopic dielectric
function giving the absorption spectrum for the in-plane com-
ponent. Despite the influence of the definition of the thickness
of the slab on the optical response, we show in Sec. IV that
the reflectance and transmittance of a thin slab resulting from
classical electromagnetism can be unambiguously calculated
from the mixed-space simulations.

II. TD-DFT: MIXED-SPACE APPROACH

A. Dyson equation

In this approach, the in-plane directions, where the system
is infinite and periodic, are treated in the reciprocal space,
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while the out-of-plane direction (taken along z), where the
system is finite and the periodicity broken, is treated in the real
space. The starting point of our calculation is the Kohn-Sham
structure evaluated within DFT-LDA [33,34] using ABINIT

[35], followed by the independent particle response function,
obtained in reciprocal space via DP-CODE [36]. Its mixed-
space representation is obtained as

χ0
GG′ (q, ω) −→ χ0

G||G|| ′ (q||, z, z′, ω)

= 1

Lz

∑
Gz,G′

z

e−i(Gz+qz )zχ0
GG′ (q, ω)ei(qz+G′

z )z′
.

Since we are interested in the definition of interfaces, char-
acterized by a huge change of the electronic density, we will
work in the random phase approximation (RPA), which ne-
glects the exchange and correlation effects, but accounts for
the response of the matter at the atomic scale, the so-called
local field effects (LFE), through the Hartree potential vCoul.
The Dyson equation in the mixed space reads as

χG||G′
|| (q||, z, z′, ω)

= χ0
G||G′

||
(q||, z, z′, ω)

+
∑

G1||G2||

∫ ∞

−∞
dz1

∫ ∞

−∞
dz2 χ0

G||G1|| (q||, z, z1, ω)

×vcoul
G1||G2|| (q||, z1, z2)χG2||G′

|| (q||, z2, z′, ω). (8)

We stress out that Eq. (8) is equivalent to its reciprocal space
representation and depicts a system infinite and periodic in all
directions. Indeed, the integration in z1 and z2 is performed
from −∞ to +∞, meaning that the Hartree potential felt by
the electrons will be the potential induced by all the replicas.
To get the response of the isolated slab, we have to eliminate
the potential induced by the replicas. This can be achieved
applying a cutoff in the z direction to the Coulomb potential
operator[16]:

vcoul(q||, z, z′) −→
ṽcoul(q||, z, z′) = vcoul(q||, z, z′)

×�

(
z + L

2

)
�

(
− z + L

2

)
�

(
z′ + L

2

)
�

(
− z′ + L

2

)
.

(9)

Substituting (9) in Eq. (8), we obtain the Dyson equation for
an isolated slab:

χG||G′
|| (q||, z, z′, ω) = χ0

G||G′
||
(q||, z, z′, ω)

+
∑

G1||G2||

∫ L/2

−L/2
dz1

∫ L/2

−L/2
dz2 χ0

G||G1|| (q||, z, z1, ω)

×vcoul
G1||G2|| (q||, z1, z2)χG2||G′

|| (q||, z2, z′, ω). (10)

B. Mixed-space representation of the Coulomb
potential operator

In the mixed-space representation, the Coulomb potential
operator is

vCoul
G‖G′

‖
(q‖, z, z′) = δG‖G′

‖
2π

|q‖ + G‖|e−|q‖+G‖|·|z−z′ |. (11)

It is the electrostatic potential induced by a planar charge
distribution modulated in the in-plane direction by an oscilla-
tion of wave vector q‖ + G‖. This expression is divergent for
q‖ + G‖ = 0. In Ref. [18], we solved the Dyson equation with
this diverging potential, which requires to calculate εM for
(q‖), (q‖ + qz ), and (q‖ − qz ) and to extract the qz component
from a linear combination. Moreover, the purpose of this
previous work was to mimic a surface, namely, a very thick
slab, so the value of |q| was set to ∼1 [37], in order to fulfill
the condition |q‖|L/2 � 1.1 In this work, we focus on the
ultrathin object in the optical limit, so we keep a vanishing
q vector. Moreover, we want to describe the response of the
system to an external perturbation directed out of plane (i.e.,
having q‖ ≡ 0). vCoul for q‖ + G‖ = 0 corresponds to the
potential created by a planar and homogeneous distribution
of charge. An infinite positively (negatively) homogeneously
charged plane induces an electric field constant and uniform
diverging from (converging to) the plane. The Coulomb poten-
tial operator in the mixed-space representation is thus given,
for q‖ ≡ 0, by

vCoul
G‖G′

‖
(q‖ = 0, z, z′)

= δG‖G′
‖ ×

⎧⎨
⎩

−2π |z − z′| for G‖ = 0,

2π
|G‖|e

−|G‖|·|z−z′ | for G‖ �= 0.

C. Out-of-plane response and the Lmat problem

The independent particle response function has been cal-
culated in the optical limit (q = 10−5 bohrs−1, with q = qẑ).
Since we expect the local fields to be weak in the in-plane
direction [38], we evaluated the χ0

GG′ on a set of G vectors
of the form (0, 0, Gz ). The interacting response function has
been calculated solving the discretized Dyson equation [18]
using the potential vCoul(z, z′) = −2π |z − z′|. In Fig. 1 we re-
port the macroscopic average of the density response function,
calculated within the mixed-space approach for the silicon
slab (orange line):

〈χ〉 = 1

Lsupercell

∫
dz dz′e−iqzzχ (z, z′)eiqzz′

.

The peak of the density response function is located at
∼17 eV, like for the bulk silicon (blue dashed). This leads us

1In this condition, Eq. (9) of Ref. [18] allows us to recover the
absorption spectrum for the in-plane and out-of-plane directions
(Fig. 3). The Adler and Wiser formula is valid provided the thickness
of the slab is defined to the atomic positions, which corresponds to
the value used in [18]. In this former work, this was achieved by
normalizing χ 0 by the factor Lmat/Lsupercell

z , where Lmat was defined
with the atomic positions (∼40 bohrs).
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0 5 10 15 20
Energy (eV)

0

−1

−2

−3

Im
〈χ

〉
×10−11

bulk

slab (out-of-plane)

FIG. 1. Macroscopic average of the density response function of
silicon (out-of-plane perturbation) for a slab (orange) and the bulk
(dashed blue).

to calculate the dielectric function using a similar procedure
as for the bulk:

εM,⊥ = 〈E ext
⊥ 〉

〈E ext
⊥ 〉 + 〈E ind

⊥ 〉 = 1

1 + 〈E ind
⊥ 〉

〈E ext
⊥ 〉

, (12)

where 〈E ext
⊥ 〉 and 〈E ind

⊥ 〉 are, respectively, the macroscopic
averages of the external and the induced electric fields. The
induced field can be derived from the interacting response
function. Let us suppose that the slab is perturbed by an
external field directed orthogonally to the surface, of infinite
wavelength, oscillating in time at frequency ω:

vext(z, t ) = vext(z, ω)eiωt = zeiωt .

It results that

E ext
⊥ (z, ω) = − ∂

∂z
vext(z, ω) = −1.

The density variation and induced electric field are obtained
according to

δρ(z, ω) =
∫

dz′χ (z, z′, ω)vext(z′, ω)

and

E ind
⊥ (z, ω) = − ∂

∂z

∫
dz′vCoul(z, z′)δρ(z′, ω).

These two quantities are plotted in Fig. 2. The induced density
(red solid line) exhibits a charge accumulation of opposite
sign on the surfaces, while the induced electric field (blue
dashed line) is roughly uniform and constant inside the slab,
while it is zero outside, as expected for a slab perturbed
perpendicularly to the surface.

To evaluate expression (12), one needs to perform the
macroscopic average of fields, namely, integrate them on a
given space region and divide by the size of the integration
range. It is trivial for the external macroscopic field (〈E ext

⊥ 〉 =
−1). Since E ind

⊥ is not uniform in space, to accomplish the
average operation, the interval where the integration is per-
formed has to be established:

〈E ind
⊥ 〉 = 1

Lmat

∫ Lmat/2

−Lmat/2
dz′E ind

⊥ (z′, ω). (13)

−40 −20 0 20 40
z (Bohr)

−0.02

−0.01

0.00

0.01

0.02

R
e[
δρ

in
d
]

Re[δρind]

Re[Eind]
-1.0

-0.5

0.0

0.5

1.0

R
e[
E

in
d
]

ω = 5 eV

FIG. 2. Profile (real part) of the induced density (red) and electric
field (dashed blue) for a silicon slab (out-of-plane perturbation of
infinite wavelength and frequency: ω = 5 eV).

In Fig. 3, we report several calculations of the dielectric func-
tions [Eq. (12)], for different choices of the interval Lmat used
to average the induced field. When we consider the whole
supercell (Lmat = 104 bohrs, Fig. 3 (orange crosses), we ob-
tain the same result as the standard supercell approach (i.e.,
in reciprocal space using the 3D Coulomb potential,) which
corresponds to an effective medium theory with vacuum [18].

Reducing the interval (Fig. 3), the absorption peak shifts
toward lower energies and its amplitude increases as for EMT.
The reduction of 〈E ind

⊥ 〉 does not compensate the reduction of
the length of integration Lmat. When we take Lmat = 40 bohrs
(gray region of Fig. 2), corresponding to the atomic positions
of the topmost and bottommost layers (Fig. 3, black circles)
the absorption peak is situated at 4 eV like in the bulk silicon
spectrum (Fig. 3, red dashed dotted). One notes that we also
recover the spectrum of the right panel of Fig. 4 of Ref. [18],
where the value of Lmat was also 40 bohrs. Even if it is
meaningless to integrate up to 104 bohrs, since we obviously
include vacuum, the problem appears critical in the region
between 52 and 40 bohrs (Figs. 3 and 2). The question which
arises naturally is how to define the thickness of the matter
since the region where δρ(z, ω) �= 0 (and the induced field
as well) is quite larger than the region defined by surface

0 5 10 15 20
Energy (eV)

0

10

20

30

40

Im
[ε

(q
ẑ ,

ω
)]

Bulk
Lmat = 104 Bohr

Lmat = 52 Bohr

Lmat = 46 Bohr

Lmat = 40 Bohr

FIG. 3. Imaginary part of the out-of-plane component of the di-
electric function for several integration domains for E ind

⊥ [Eq. (13)].
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atomic layers (Fig. 2). A similar finding has been reported
for surfaces [39,40] and 2D objects [41,42]. Equation (7)
would also give similar results. For Lmat ∼ 52 bohrs, where
the induced density and electric field reach zero, the peak is
located at ∼8 eV (Fig. 3, blue diamonds). This is what we
call “the Lmat problem”: there is not a clear way to define the
slab thickness, and this uncertainty affects in a dramatic way
the calculation of the dielectric function, making in practice
ambiguous the calculation of the absorption spectrum with the
Adler and Wiser formula.

D. In-plane response

We computed the independent particle response function
in the reciprocal space for q = qx̂ (in-plane direction), in the
optical limit (|q| = 10−5 bohrs−1). We solved the discretized
Dyson equation [18] with the potential defined in Eq. (11) to
find the interacting response function of the isolated slab. We
want to use this quantity to obtain the macroscopic dielectric
function. In the case of a infinite and periodic material, the
standard procedure is to calculate the inverse dielectric func-
tion [Eq. (1)] and obtain the macroscopic dielectric function
according to Eq. (2), which can be rewritten as

εM = 1

ε−1
00

= vext
0

vtot
0

. (14)

In analogy with Eqs. (1) and (14), we evaluated the micro-
scopic inverse dielectric function

ε−1(q‖, zi, z j ; ω) = δi j

�z
+

∑
l

vCoul(zi, zl )χ (q‖, zl , z j ; ω)�z

and we extracted its macroscopic average

〈ε−1〉(q, ω) = 1

LSC

∑
i j

e−iqzziε−1(q‖, zi, z j ; ω)eiqzz j �2
z . (15)

Finally, we calculated

1

〈ε−1〉 (q, ω). (16)

FIG. 4. In-plane dielectric function of the silicon slab calculated
according Eqs. (15) and (16) (solid black) or Eqs. (38) and (39)
(dashed blue).

0 5 10 15 20
Energy (eV)

0

10

20

30

40

Im
ε M

(x̂
,ω

)

Bulk
Lmat=104 Bohr

Lmat = 52 Bohr

Lmat = 46 Bohr

Lmat = 40 Bohr

FIG. 5. Imaginary part of the in-plane components of the dielec-
tric function for several integration domains for 〈χ〉 [Eqs. (17) and
(18)].

The result of this calculation is shown in Fig. 4: it has a peak at
4 eV (like bulk silicon), but, compared to the dielectric func-
tion of bulk silicon (Fig. 3, red dashed dotted), it is suppressed
of about four orders of magnitude. The real part is ≈1, while
the imaginary part is almost zero. The quantity calculated
according to Eq. (16) (Fig. 4) actually corresponds to the
result of Eq. (3) [20]. Moreover, the result is proportional to
|q|. In Sec. III C, we will explain the physical meaning of this
behavior, and demonstrate that the in-plane dielectric function
is [Eq. (45)]

εM,‖ = 1 − 4π

|q|2 〈χ〉, (17)

where

〈χ〉 = 1

Lmat

∫
dz

∫
dz′ χ (q‖, z, z′). (18)

This procedure is similar to Eq. (4), and it would give the
same spectra, provided Lmat and d are equal. The spectrum
calculated with Eqs. (17) and (18) is reported in Fig. 5 for
different values of Lmat: the correct order of magnitude for the
amplitude is recovered, contrarily to Fig. 4. Choosing Lmat =
40 bohrs (distance between the interfacial atomic planes of the
slab), we recover the amplitude of the bulk silicon (Fig. 5, red
dashed dotted). Due to the fact that the χ (z, z′) goes rapidly
to zero out of the region occupied by atoms, the integration
is independent on the choice of Lmat, so the definition of the
thickness of the matter just acts as a scaling factor, contrarily
to out-of-plane component (Fig. 3). Nevertheless, even in the
case of in-plane perturbation, the uncertainty on the thickness
Lmat affects the definition of the dielectric function.

III. LORENTZ MODEL

We have established that the response function of an iso-
lated thin slab exhibits two peaks: the first one appears for
an in-plane excitation and is located at the resonance of ab-
sorption of the bulk material, and the second one, resulting
from an out-of-plane perturbation is located at the plasmon
frequency of the bulk material. The relation between the den-
sity response function and the optical response of a thin slab
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appears completely different from the one of the infinite 3D
crystal. To clarify this puzzling result, we propose to approach
the problem within a simple Lorentz oscillators model, where
electrons are depicted as ne classical oscillators per unit of
volume having charge e and mass me, bound to the nuclei
by an elastic force of frequency ω0. We consider an external
longitudinal perturbation of the form

Eext(r, t ) = Eext
0 eiq·r−iωt .

The displacement of the oscillator in r at time t is given
by the vector field �(r, t ). Each oscillator feels an harmonic
force −meω

2
0�, a dampening force −(me/τ )�̇, and the elec-

trostatic forces given by the external and induced electric
fields. The equation of motion reads as

me�̈(r, t )

= −meω
2
0�(r, t ) − me

τ
�̇(r, t ) + eEext(r, t ) + eEind(r, t ).

(19)

The polarization density is expressed as

P(r, t ) = nee�(r, t )

and the induced charge density

ρ ind(r, t ) = −∇ · P(r, t ).

In Appendix A, we summarized the results for the infinite
material to allow the comparison with the slab.

A. In-plane perturbation

We consider an external longitudinal perturbation having
the field parallel to the surface:

Eext = E0eiq|| ·r−iωt

with q‖ and E0 are chosen along x̂ (Fig. 6).
We search for a solution of the form

�(r, t ) = �

(
z + L

2

)
�

(
− z + L

2

)
�0eiq‖·r−iωt with �0 ‖ x̂

which implied a polarization density

P(r, t ) = ene�

(
z + L

2

)
�

(
− z + L

2

)
�0eiq‖·r−iωt . (20)

Such a charge distribution induces an electrostatic potential
(see Appendix B):

φind(r, t ) = − 4π

|q‖|2 ieneq||F (z)�0eiq||x−iωt ,

where F (z) is

F (z) =

⎧⎪⎪⎨
⎪⎪⎩

e−|q‖|z sinh(|q‖|L/2) for z > L/2,[
1 − e−|q‖| L

2 cosh(|q‖|z)
]

for z ∈ [ − L
2 , L

2

]
,

e|q‖|z sinh(|q‖|L/2) for z < −L/2.

The in-plane component of the induced electric field is given
by

E ind
x (r, t ) = − ∂

∂x φ
ind(r, t ) = −4πeneF (z)�0eiq‖x−iωt (21)

FIG. 6. Slab undergoing an external longitudinal perturbation of
wave vector q and frequency ω, with the electric field parallel to the
surface.

and the component of the induced electric field orthogonal to
the surface by

E ind
z (r, t ) = − ∂

∂z
φind(r, t )

= 1
|q‖|4π inee

(
∂

∂z
F (z)

)
�0eiq‖x−iωt . (22)

Let us consider the expression of the induced electric field
[Eqs. (21) and (22)] in two limits:

(1) |q‖| L
2 � 1 (thickness much greater than the perturba-

tion wavelength). The induced field inside the slab, far from
the surfaces (|z| � L) is

E ind
x (r, t )

|q‖| L
2 �1−−−−→ −4πnee�0eiq‖x−iωt , (23)

E ind
z (r, t )

|q‖| L
2 �1−−−−→ 0. (24)

We recover the electric field induced in a bulk [Eq. (A2)].
(2) |q‖| L

2 � 1 (limit of thickness much smaller than the
perturbation wavelength).2 The induced electric field inside
the slab is

E ind
x (r, t )

|q‖| L
2 �1−−−−→ −4πneeq‖

L

2
�0eiq‖x−iωt , (25)

E ind
z (r, t )

|q‖| L
2 �1−−−−→ −i4πnee|q‖|z�0eiq‖x−iωt . (26)

We evidence that the electric field induced inside a thin
slab is, with respect to the case of the bulk, smaller of a factor
(|q‖|L/2). This implies that

E ind
z , E ind

x ∼ |q‖|L/2 � |Eext| (27)

and justifies the guess �(r, t ) ‖ q.
The induced field is strongly depressed compared to the

bulk case due to the long-range and nonlocal nature of the
Coulomb interaction. Most of charges contributing to the po-
tential inside the slab are suppressed when the two parallel
half-spaces are cut away to define the slab.

2Corresponding to our ab initio calculation.
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FIG. 7. Density response function of the slab within the Lorentz
model (for an in-plane perturbation of long wavelength).

In the following, we will focus on the limit |q‖| L
2 � 1.

Using Eq. (25), we can solve the equation of motion and
express the displacement of oscillators as a function of the
external field:

�0 = e

me

1

−ω2 + ω2
0 − i ω

τ
+ ω2

pl |q‖| L
2

Eext
0 (28)

leading to the response function of density (Fig. 7)

χ = |q‖|2
4π

ω2
pl

ω2 − ω2
0 + i ω

τ
− |q‖|L

2 ω2
pl

. (29)

It presents a significant difference as compared to its bulk
counterpart [Eq. (A4)]. Contrarily to the case of the bulk, the
maximum of this quantity is located at√

ω2
0 + |q‖|L

2
ω2

pl ≈ ω0.

The electrons behave as independent particles. The displace-
ment of oscillators can be recasted as a function of the total
field:

�(r, t ) = e

me
�

(
z + L

2

)
�

(
− z + L

2

)

× 1

−ω2 + ω2
0 − i ω

τ

Etot(r, t ) (30)

to get the conductivity and the dielectric function (see
Sec. III C).

B. Out-of-plane perturbation

Let us consider a slab undergoing an external perturbation
of infinite wavelength orthogonal to the surface [Fig. 8(a)]:

Eext(r, t ) = Eext
0 e−iωt with Eext

0 ‖ ẑ.

We make a guess on the functional form of �(r, t ):

�(r, t ) = �

(
z + L

2

)
�

(
− z + L

2

)
�0e−iωt with �0 ‖ ẑ,

where � is the Heaviside function, which means that the
displacement of oscillators is uniform on the slab, and zero

FIG. 8. (a) Slab undergoing an external electric perturbation of
infinite wavelength orthogonal to the surface. (b) Accumulation of
charges of opposite sign, resulting in an induced electric field uni-
form and constant inside the slab, and zero outside.

outside. The polarization density is

P(r, t ) = nee�

(
z + L

2

)
�

(
− z + L

2

)
�0e−iωt .

The induced density is

ρ ind(r, t ) = −nee�0e−iωt

[
δ

(
z + L

2

)
− δ

(
− z + L

2

)]
.

As expected, the induced density of charge of a slab in an
external field of infinite wavelength orthogonal to the surface
is constituted by two planar distributions of opposite sign
located on the faces of the slab [Fig. 8(b)]. Such a charge
distribution induces the electrostatic potential

φind(z, t ) = −
∫

dz′2π |z − z′|ρ ind(z′, t )

= 2πnee�0e−iωt

(∣∣∣∣z + L

2

∣∣∣∣ −
∣∣∣∣z − L

2

∣∣∣∣
)

= 2πnee�0e−iωt

⎧⎨
⎩

L for z > L/2,

2z for − L/2 < z < L/2,

−L for z < −L/2,

leading to the induced electric field:

Eind(r, t ) = −4πnee�

(
z + L

2

)
�

(
− z + L

2

)
�0e−iωt .

(31)

Eind is parallel to �0 which justifies the guess �0 ‖ ẑ. It is
zero outside the slab, while inside, it is uniform and homoge-
neous. We recover the results obtained within the mixed-space
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approach for the out-of-plane perturbation (Fig. 2). This cor-
responds to the known case of a capacitor in an electric field
perpendicular to the slab. One notes that the value of the
induced field inside the slab is equal to the one of the bulk.
Surprisingly, it is in the direction where the matter has been
cut that we recover the bulk result. Using the relation between
the displacement and the induced electric field, we obtain the
relation between the displacement and the external electric
field

�0 = e

me

1

−ω2 + ω2
0 − i ω

τ
+ ω2

pl

Eext
0 , (32)

and the relation between the displacement and the total elec-
tric field

�(r, t ) = e

me
�

(
z + L

2

)
�

(
− z + L

2

)

× 1

−ω2 + ω2
0 − i ω

τ

Etot(r, t ) (33)

which will allow us to derive the dielectric function.

C. Dielectric function

From Eqs. (33) and (30) we can express the current density
J(r, t ) as a function of the total electric field to extract the
conductivity

σ (ω) = 1

4π

iωω2
pl

ω2 − ω2
0 + i ω

τ

(34)

and the dielectric function, via the expression (A6):

ε(ω) = 1 − ω2
pl

ω2 − ω2
0 + i ω

τ

. (35)

Surprisingly, despite the important differences in the response
of the slab according to the direction of the perturbation
[Eqs. (32) and (28)], the dielectric function is the same. The
relation between the dielectric function and the density re-
sponse function depends on the direction of the perturbation.
This relation is typically expressed by Eq. (14). This equa-
tion is written in reciprocal space, and refers to systems which
are periodic. This is not the case for the slab of oscillators
depicted in Figs. 8 and 6 which are finite and isolated in
the out-of-plane direction, making definition of cell-averaged
quantities meaningless. We propose to calculate the dielectric
function in analogy with Eq. (14), replacing the cell-averaged
quantities with the fields averaged over the slab:3

εM = 〈E ext〉slab

〈E ext〉slab + 〈E ind〉slab.
(36)

Replacing in Eq. (36) the induced field reported in Eq. (31),
one obtains

εM = 〈E ext
⊥ 〉slab

〈E ext
⊥ 〉slab + 〈E ind

⊥ 〉slab
= 1 − ω2

pl

ω2 − ω2
0 + i ω

τ

(37)

3Here 〈·〉slab stand for

〈 f (z)〉slab = 1

L

∫ L/2

L/2
f (z)dz.

and the result reported in Eq. (35) is recovered. The case of
the in-plane component is more puzzling. Replacing Eq. (21)
in (36), one obtains

εM = 〈E ext
‖ 〉slab

〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab
(38)

which in the limit q||L/2 � 1 reduces to

〈E ext
‖ 〉slab

〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab
≈ 1 − |q‖|L

2

ω2
pl

ω2 − ω2
0 + i ω

τ

. (39)

We reported this result in Fig. 4 (dashed blue). The dielectric
function calculated according formula (38) has real part ≈1
and imaginary part ≈0. This feature is similar to the one
calculated within the mixed-space framework with Eq. (15)
(Fig. 4, black line). Equation (39) allows us to interpret this
result: it is a consequence of the strong reduction of the
induced field occurring in the limit of thin slab. We stress
out that, since the induced field has been averaged over the
slab, this result cannot come from an effective medium theory
with vacuum, but it is a real physical effect due to the reduced
size of the slab. The situation is quite confusing: the dielectric
function calculated through the conductivity [Eq. (35)] and
the one calculated by mean of formula (38) depict totally
different physics due to the |q‖|L/2 prefactor. The last part
of the present section will be devoted to elucidate this point.

The macroscopic dielectric function is defined as the quan-
tity which relates the electric displacement D with the electric
field E:

D =↔
ε M E, (40)

where the electric displacement D is defined by the constitu-
tive relation

D = E + 4πP. (41)

When an infinite material undergoes a longitudinal external
perturbation, the induced electric field and the polarization of
the system are linked by the following relation [27]:

Eind = −4πP. (42)

From the latter equation and the constitutive relationship (41),
it follows that

D = Eext. (43)

Putting Eq. (43) in (40), we immediately obtain

εM = E ext

E ext + E ind
.

However, the comparison of Eqs. (21) and (20) shows that for
an in-plane perturbation in a thin slab,

−4πP �= Eind ⇒ D �= Eext

and, therefore, Eqs. (42) and (43) are no more valid in the
case of a 2D system. Moreover, one can show that P is no
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more purely longitudinal, contrarily to the induced field Eind

(see Appendix C). So, we have

DL + DT = Eext
L + Eind

L + 4πPL + 4πPT .

The fact that a purely longitudinal perturbation induces also a
transverse polarization may be source of perplexity. However,
it has been already reported by Del Sole and Fiorino [43]
that for infinite materials of cubic symmetry, a longitudinal
perturbation always produces a purely longitudinal response,
but this is no more valid when noncubic symmetry is consid-
ered, or when interfaces are taken into account. We show it
explicitly in Eq. (C1) for the latter case.

However, the constitutive equation (41) is still valid, and
(assuming the diagonality of the tensor) the in-plane compo-
nent may be obtained as

εM,‖ = 〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab + 4π〈P‖〉slab

〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab
. (44)

In the limit of thick slab [Eq. (23)], the induced field ap-
proaches the bulk result, the condition (42) is recovered, and
equation (44) becomes

εM,‖
|q‖| L

2 �1−−−−→ 〈E ext
‖ 〉slab +��������〈E ind

|| 〉slab +����������4π〈P||〉slab

〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab

= 〈E ext
‖ 〉slab

〈E ext
‖ 〉slab + 〈E ind

‖ 〉slab
.

We reobtain the expression valid for the infinite material. In
the limit of thin slab, the induced field becomes negligible as
compared to the external one, and we have

εM,‖
|q‖|| L

2 �1−−−−→ 〈E ext
‖ 〉slab +��������〈E ind

|| 〉slab + 4π〈P‖〉slab

〈E ext
‖ 〉slab + ��������〈E ind

|| 〉slab

= 1 + 4π
〈P‖〉slab

〈E ext
‖ 〉slab

.

Exploiting the relation between polarization and induced
charge density we can express P‖ as

iq‖P‖ = 1

iq‖
χE ext

so that we obtain

εM,‖
|q||| L

2 �1−−−−→ 1 − 4π

q2
‖

〈χ〉. (45)

This proves that Eq. (45) should be used to calculate in-plane
optical properties of thin films and 2D systems. The spectra
calculated with Eq. (45), where 〈χ〉 has been obtained within
mixed-space approach (see Sec. II D), have been presented in
Fig. 5. We have evidenced that the expected amplitude was
recovered.

In conclusion, we elucidated the differences between the
response of the slab and a bulk system to an external longitu-
dinal perturbation, for both in- and out-of-plane perturbations.
The most puzzling result concerns the in-plane case. The cor-
rect relationship to calculate the dielectric function is Eq. (44).
In the case of a bulk, it is equivalent to Eq. (38), and one
recovers the well-known result that for bulk cubic materials, in
the optical limit, the longitudinal-longitudinal component of
the dielectric function can be used to calculate the transverse-
transverse one, leading to absorption [13–15]. For the slab, the
presence of a transverse polarization implies that one should
apply Eq. (44). Even if it is not trivial to identify the compo-
nents of the dielectric tensor, in the limit of thin slab, Eq. (44)
reproduces the expression commonly admitted to describe
absorption of 2D systems, and that we have demonstrated
in Eq. (45). We believe that a key role in reproducing such
result is played by the inclusion of the transverse part of the
polarization.

IV. LINK WITH THE EXPERIMENT: REFLECTANCE
AND TRANSMITTANCE

As we have seen in the previous sections, the spectral
weight of the εM , and especially for the out-of-plane compo-
nent, is strongly affected by the definition of the thickness of
the matter. In order to understand which physics could be con-
tained in these quantities, we propose to study numerically the
reflectance and transmittance as optical observables. Using a
transfer matrix formalism for a slab of biaxial material in vac-
uum [44],4 we express the reflection and transmission coeffi-
cients. For p polarization (which allows the presence of a com-
ponent of the electric field perpendicular to the surface), we
get

rpp = i sin(κp)[1 − 1/ε⊥ sin2(θ ) − ε‖ cos2(θ )]

2
√

ε‖
√

1 − [1/ε⊥ sin2(θ )] cos(κp) cos(θ ) − i sin(κp)[1 − 1/ε⊥ sin2(θ ) + ε‖ cos2(θ )]
, (46)

tpp = 2
√

ε‖
√

1 − [1/ε⊥ sin2(θ )] cos(θ )

2
√

ε‖
√

1 − [1/ε⊥ sin2(θ )] cos(κp) cos(θ ) − i sin(κp)[[1 − 1/ε⊥ sin2(θ )] + ε‖ cos2(θ )]
, (47)

with κp = ω

c
Lmat

√
ε‖

√
1 − [1/ε⊥ sin2(θ )].

4For one isotropic film, the matrix transfer formalism reproduces
the well-known Airy’s formulas [45–48].

As ε‖ and ε⊥ in Eqs. (46) and (47) we use the spectra
presented in Figs. 5 and 3 associated to the same Lmat. The
reflectance |rpp|2 and transmittance |tpp|2 spectra are shown in
Fig. 9 for an incident angle of θ = 45◦. All the spectra calcu-
lated using the different εM,‖ and εM,⊥ each associated with the
corresponding Lmat, are similar. This interesting and somehow
comforting result shows that the ambiguity on the definition of
the thickness of matter has no consequence on the observables
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FIG. 9. (a) Reflectance |rpp|2 [Eq. (46)] and (b) transmittance
|tpp|2 [Eq. (47)] for anisotropic dielectric functions of Figs. 5 and
3.

which should be measured in an optical experiment. This
observation leads to the important conclusion that any value
of Lmat can be used when the calculation of these quantities
is under concern. Moreover, it confirms that the quantities
calculated within the longitudinal formalism of TD-DFT
can still be used to extract the optical response for a thin
slab.

V. CONCLUSION

In this paper, we showed that the Adler and Wiser for-
mula which, in 3D systems, allows the calculation of the
absorption spectrum, cannot be used for a very thin object.
For a longitudinal perturbation parallel to the plane, the in-
tegration of ε−1(z, z′) on a range corresponding to the limit
where the induced density reaches zero gives a nonlocal
quantity, almost equal to 1, depicting the screening. In this
case, the Adler and Wiser formula gives an absorption spec-
trum underevaluated of several orders of magnitude, and |q|
dependent (Fig. 4). Thanks to the Lorentz model, we evi-
denced that the induced electric field is strongly reduced, and
the polarization contains a transverse part. This allows us to
demonstrate that the macroscopic dielectric tensor, leading to
the absorption spectrum, is proportional to the macroscopic

response function 〈χ (q||)〉 of the isolated slab [Eq. (45)].
It presents a resonance at the absorption frequency of the
bulk counterpart (Fig. 5). For an out-of-plane perturbation,
we showed that, due to charge accumulation on interfaces
(Fig. 2), the induced electric field and polarization are sim-
ilar to the bulk ones, leading to the bulk definition of the
macroscopic dielectric function. The Adler and Wiser formula
seems to be valid, and one would expect a resonance at the
absorption frequency of the bulk counterpart [Eq. (37)]. But
the result is strongly affected by the ambiguity of the defi-
nition the thickness of the matter. Nevertheless, we showed
that this so-called Lmat problem has no consequence on the
measured optical quantities like reflectance and transmittance,
in agreement with the fact that for a quasi-2D object, the
physical quantities should be defined proportionally to the
thickness.

ACKNOWLEDGMENTS

This work was granted access to the HPC/AI resources of
IDRIS and TGCC under the allocation (Grant No. 0900544)
made by GENCI.

APPENDIX A: LORENTZ MODEL: INFINITE SYSTEM

Solution of Eq. (19) is well known for the case of an infinite
system:

�(r, t ) = �0eiq·r−iωt . (A1)

This displacement of electrons produces an induced field of
the form

Eind = −4πnee�(r, t ) (A2)

resulting in the following relationship between the displace-
ment of electrons and the external field:

�0 = e

me

1

−ω2 + ω2
0 − i ω

τ
+ ω2

pl

Eext
0 . (A3)

From this relation, we can extract the response function of
density, which links the induced density with the external
potential:

χρρ = |q|2
4π

ω2
pl

ω2 − ω2
0 + i ω

τ
− ω2

pl

. (A4)

We recover the well-known result that in a bulk material,
the density response function exhibits a resonance associated

with the plasmon frequency:
√

ω2
0 + ω2

pl . We can rewrite the

displacement of electrons as a function of the total field:

�(r, t ) = e

me

1

−ω2 + ω2
0 − i ω

τ

Etot(r, t ). (A5)

From this relation, we can derive an expression of the induced
current as a function of the electric field:

Jind(r, t ) = nee�̇(r, t ) = 1

4π

iωω2
pl

ω2 − ω2
0 + i ω

τ

Etot(r, t )

= σ (ω)Etot(r, t ),
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which defines the conductivity

σ (ω) = 1

4π

iωω2
pl

ω2 − ω2
0 + i ω

τ

.

The dielectric function is obtained via the relation [49]

ε(ω) = 1 + 4π iσ (ω)

ω
(A6)

giving

ε(ω) = 1 − ω2
pl

ω2 − ω2
0 + i ω

τ

.

APPENDIX B: POTENTIAL INDUCED IN A THIN SLAB BY
AN IN-PLANE PERTURBATION

Using the expression of polarization [Eq. (20)] the induced
density of charge can be expressed as

ρ ind(r, t ) = −∇ · P(r, t )

= −iq‖ene�

(
z + L

2

)
�

(
− z + L

2

)
�0eiq‖·r−iωt .

This density can be seen as a distribution of planes orthogonal
to the z axis, each of them containing a surface distribution of
charge oscillating in time and spatially modulated by a wave
vector q‖. It can be rewritten as

ρ ind(r, t ) = −ineeq‖�0

∫ L/2

−L/2
dz′δ(z − z′)eiq‖r‖−iωt . (B1)

The potential induced by a planar distribution of charge of the
form eiq‖r‖ located in z′ is given by

v(q‖, z, z′) = 2π

|q‖|e−|q‖||z−z′ |.

The potential induced by (B1) is

φind =
∫

dz′v(q‖, z, z′)ρ ind(r′, t )

= − 2π

|q‖| ieneq‖�0eiq‖r‖−iωt
∫ L/2

−L/2
dz′e−|q‖||z−z′|.

The integral must be evaluated for the three regions of the
space z < −L/2, −L/2 < z < L/2, and z > L/2. It comes

∫ L/2

−L/2
dz′e−|q‖||z−z′ | =

⎧⎪⎪⎨
⎪⎪⎩

2
|q‖|e

−|q‖|z sinh(|q‖|L/2) for z > L/2,

1
|q‖| [2 − 2e−|q‖| L

2 cosh(|q‖|z)] for − L/2 < z < L/2,

2
|q‖|e

|q‖|z sinh(|q‖|L/2) for z < −L/2.

The induced potential is then

φind = − 4π

|q‖| ieneq‖F (z)�0eiq‖r‖−iωt ,

where we have defined, for sake of clarity, the function F (z):

F (z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e−|q‖|z sinh(|q‖|L/2) for z > L/2,[
1 − e−|q‖| L

2 cosh(|q‖|z)

]
for − L/2 < z < L/2,

e|q‖|z sinh(|q‖|L/2) for z < −L/2.

APPENDIX C: TRANSVERSE POLARIZATION FROM
LONGITUDINAL PERTURBATION

In a thin slab, a longitudinal perturbation parallel to the
surface can induce a polarization containing also a transverse
part. When a vector field V(r) = V0(r)eiq·r has a spatial de-
pendency which is not only contained in the plane-wave part
eiq·r, the transverse or longitudinal nature is not simply related
to the direction of the field compared to the wave vector q.
It must be seen for each Fourier component Ṽ(k), which is
achieved by the calculation of the divergence or the curl of the

field [50,51]:

For a purely transverse field:

∇ · V(r) ≡ 0 ⇐⇒ ik · Ṽ(k) ≡ 0 ∀ k,

For a purely longitudinal field:

∇ × V(r) ≡ 0 ⇐⇒ ik × Ṽ(k) ≡ 0 ∀ k.

For the induced field we have

∇ × Eind = ∇ × ∇φind ≡ 0.

For the polarization [Eq. (20)] we have

∇ × P =
⎛
⎝ 0

∂zPx

0

⎞
⎠

=
⎛
⎝ 0[

δ
(
z + L

2

) − δ
( − z + L

2

)]
eneeiq‖r‖−iωt

0

⎞
⎠ �= 0.

(C1)

This establishes that the induced polarization contains a
transverse part, while the induced electric field is purely lon-
gitudinal.
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