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A Choquard type equation with a singular absorption

nonlinearity in two dimension

G.C. Anthal*, J. Giacomoni! and K. Sreenadh!

Abstract

In this article, we show the existence of a nonnegative solution to the singular prob-
lem (Py) posed in a bounded domain Q in R? (see below). We achieve this by ap-
proximating the singular function u=?log(u) by a function I (u) which pointwisely con-

verges to —u”log(u) as ¢ — 0. Using variational techniques, the perturbed equation

—Au+ 1 (u) = f(u(x)) is shown to have a solution u. € H} () when

the parameter A > O is small enough. Letting e — 0 and proving a pointwise gradient
estimate, we show that the solution u. converges to a nontrivial nonnegative solution of

the original problem (Py).

Keywords: Absorption singular nonlinearity, non local problem, Hardy-Littlewood-

Sobolev inequality, variational methods, exponential growth.
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1 Introduction

This article is concerned with the study of following problem involving both an absorption

type singularity and exponential nonlinearity of Choquard type
(Pr) { —Au=u""log(u U)X {u>0} + A / 7= )dy f(u), in Q, u>0, in Q, u=0 on 99,

where Q is a smooth bounded domain in R? and 0 < pu < 1. Here X{u>0} denotes the

characteristic function corresponding to the set {z € Q : u(z) > 0} and by convention
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u P log uX {u>0y = 0if u <0.

The notion of weak solution is as below:

Definition 1.1 By a weak solution of problem (Py), we mean a function u € H} () such
that
U_B log UX {u>0} € Llloc(Q)

/Vquo = / u P log(u)g + // F(u(y))f(u(a:))cp(a:)j for any ¢ € CL(Q).
Q Q Q

|z —y[~
QN{u>0}

and

Here C}(Q) stands for the functions belonging to C'(2) with compact support in . We

assume the following hypothesis on the nonlinearity f:
(f1) f is of class C%#(0,00) N C[0, 00) for some 0 < 3 < 1.

(f2) For all a > 0,
£ (@)

t—o0 exp(at?)

(f3) There exists constant 1 < rg < 2 such that

£ (1)l

lim sup < 00

t—0t

t
(f4) There exists [ > 0 such that ¢ — % is increasing on R™ \ {0}.

(f5) There exist T, Ty > 0 and y > 0 such that 0 < £ F(t) < Ty f(t) for all [¢t| > T.

(fo) limsup |£'(8)] < oo.
t—0+
Remark 1.2 Using (f5) it is easy to show that there are constants A, to > 0 and v > 1 such
that
F(t) > At” for all t > ty. (1.1)
Furthermore using (f3), we see that f(0) =0 and f'(0) = 0. Hence we can extend f by 0 on
R~ and then as a C' function on R.

We state our main result:

Theorem 1.3 Suppose that f satisfies (f1) — (fs). Then there exists a X > 0 such that for

each 0 < X\ < A, problem (Py) has a nonnegative nontrivial solution u.

We employ a variational approach to solve (Py). More precisely, we first study the following

approximated problem:

Ty ) (@), w0, w0, i 0 u=0on 00,

(Per) d —Au+1.(u) = A /
Q



where

44
T logt+ - >0,
l(t) = (t +¢€)Pta og< t+e ) -

0, t <0,

and 0 < ¢ < 11is such that ¢ < ro—1. The energy functional associated to the problem (P, y)

is given by
m 2
Jor(uy = 1l ” /Ld ——//u_y'u (u(@))dydz, Yu e HA(Q),  (12)

t t
where L (t) = / le(s)ds and F(t / f(s)ds. In this matter we shall discuss about estimates

of Je indeper(l)dently of € in Sectio?n 2 From the geometry of J. ) and using variational
arguments, we prove the existence of a nontrivial solution, ue, to (P, ). Next from a priori
estimates and a key point pointwise gradient estimate (in the spirit of works [TO,[I7,25], see
Section 4) independent of €, we show that u. converges as ¢ — 0" to a nontrivial solution of

(P)-

For reader’s convenience, we now present a brief introduction to existence and multiplicity
results for the equations involving singular and Choquard nonlinearities. The equations in-
volving Choquard nonlinearity were introduced by Ph. Choquard in 1976 in the modeling of
one-component plasma. Choquard equations are also used to study the model of the polaron,
where free electrons in an ionic lattice interact with photons associated to deformations of
the lattice or with the polarisation that it creates on the medium. For further details, see
for instance [I1,[14L21]. These applications lead to a vast investigation of nonlocal equations
involving Choquard nonlinearity. Without any attempt to provide the complete list, we refer
to [I220] and references therein for a large overview of current results concerning Choquard
problems.

In 1996, Joao Marcos Do O in [18] studied the following problem

{=Apu= f(z,u) in Q, u>0in Q,

where € is a smooth bounded domain in R™ with n > 2 and the growth of the nonlinearity
f(z,u) is as exp(aju/™ ™) when |u| — co. The author showed the existence of a nontrivial
solution under suitable technical assumptions on the nonlinearity f. We also refer to [7,[823]
for related results on critical elliptic equations and systems in two dimension. R. Arora and
et. al. [2] extended the study to the following Kirchoff equation with exponential nonlinearity
of Choquard type

/]Vu\"dx Apu = /%ﬂx,u)dm ,u>0inQ, u=0o0n09, (1.3)



where p € (0,n), Q is a smooth bounded domain in R”, n > 2, m: RT - Rt and f: QxR —
R are continuous functions satisfying suitable assumptions. Using variational techniques in
the light of Trudinger-Moser inequality, the authors showed the existence of a weak solution
to (L3)).

We refer to the works [3L[4L9L[13] involving log type singular nonlinearities. Recent works in
connection to the problem (P,) have investigated problems of the type

{—=Au = (g(u) + M(z,u))xu=0y n Q, u=0on %, (1.4)

where 2 is a smooth bounded domain in R™, n > 2, g is a singular function either of the
type (a) —t=%,0 < B < 1 or of the type (b) logt, t > 0 and h is a regular function having
different growth rates. Equation ([4]) with g(¢) having type (a) singularity and h(z,t) = tP
with 0 < p < (n+2)/(n —2), n > 3 was studied in [5L[6l24]. Moreover, [I7,19] studied
(T4) with g(t) of type (b) and h as above in dimension n > 3. When n = 2, problems with
nonlinearities of exponential growth have been considered. In this direction, the case of g of
type (b) and h to be of exponential growth was studied in [I0]. In this paper, the authors
showed the existence of a weak solution under suitable assumptions on A and for small values
of A. Lastly the case of g of type (a) and h to be of exponential growth was handled in [25].

Precisely, the author considered the following problem
{—Au = —u_ﬁx{u>0} + AP 4+ pf(u) in Q, w0in Q, u=0 on 09,

where p > 0 and showed that the above problem has a nonnegative solution for A > 0 when
the parameter p > 0 is small.

Motivated by the above discussion, we aim to study the nonlocal problem (P). In the present
paper, in frame of (P)) we focus on the interaction between an absorption singular nonlin-
earity and a nonlocal term of Hartree type. Precisely we considered in the right hand side of
the equation the competition between combined singularities of types (a) and (b) with expo-
nential nonlinearity of Choquard type. Up to our knowledge, this interaction has not been
investigated in previous contributions and can not be tackled by using monotone methods
since maximum principle fails due to the absorption term. Therefore, we first introduce the
approximated problem (P, ) and prove that it admits a weak solution for suitable values
of € and A using the Mountain pass theorem. Moreover we prove uniform estimates inde-
pendently of e. Precisely, these solutions are shown to be uniformly bounded in L*°(€2) and
Hé(Q) independently of €. To this aim, we use an original argument providing the uniform
boundedness of Palais-Smale sequences independently of €. The uniformly bounded sequence
of approximated solutions then converges weakly as € — 0T to a nontrivial function. The
crucial final step to prove that the limit function is the required nontrivial weak solution of
(Py) appeals a delicate uniform gradient estimate of the approximated solutions (see Lemma
A1 in Section M) recalling some seminal ideas used in [22] for singular heat equations.

Structure of the paper: In Section 2] we state and prove some preliminary estimates. In



Section [3] we obtain weak solutions u. of the approximated problem (P )) using the Moun-
tain Pass theorem. These solutions are shown to be bounded in Hg () by a constant M that
does not depend upon €. Using this, we also obtain a priori pointwise estimates for solutions
ue. We complete this section by showing that solutions u, converge weakly in H}(2) to a
nontrivial function u. In Section [ we establish the gradient estimate for solutions u.. In
Section Bl we prove Theorem [I.31

Notations: The following notations will be used throughout the paper.
e The energy norm of the space H}(€2) is denoted by || - ||.
e |- |, will denote the usual norm of LP(2) space.

e (' will denote generic constant that may vary from line to line.

2 Preliminaries

The study of elliptic equations with exponential growth nonlinearities are motivated by the

following Trudinger-Moser inequality, namely
Theorem 2.1 We have,

exp (aw?) € LY(Q) for every w € Hi(Q) and a > 0,

and there is a constant ki > 0 such that

sup /exp (aw2) < ky, for every a < 4m and w € H(Q). (2.1)
[lwl|<1
Q

The embedding H}(€2) > u +— exp (Jul?) € L}(Q) is compact for all 8 € [1,2) and is con-
tinuous for 8 = 2. Consequently the map T : HZ(Q) — L9(Q), for q € [1,00), defined by
T(u) := exp (|u|5 ), is continuous with respect to the norm topology, for any £ < 2.

The following result due to Lions [16, Section 1.7, Remark 1.18] will play an important role.

Lemma 2.2 Let {u;} be a sequence of functions in H}(Q) with |lug| = 1 such that uj, —
u # 0 weakly in HE(Q). Then for every
47
O<p< —1
(1= flull?)
we have
sup/exp (puz) < as, for some constant as independent of k.
k

Q

Now note that using hypothesis (f2), we can conclude that for any o > 0 there exists a

constant C' > 0 depending on « such that

max{|f(t), |F(t)|} < Cexp (at?), for t € R. (2.2)



For any u € HZ(Q), by virtue of Sobolev embedding theorem, we get that u € L9(f2) for all
q € [1,00). Moreover using Trudinger-Moser inequality and (2.2), we get

f(u), F(u) € L) for any g > 1. (2.3)
Now we recall the well known Hardy-Littlewood-Sobolev inequality

Proposition 2.3 [I5/Hardy-Littlewood-Sobolev inequality Let r,s > 1 and 0 < p < 2
with 1/r+1/s4+pu/2 =2, f € L"(R?),g € L*(R?). Then, there exist a sharp constant C(r, s, 1)
independent of f and g such that

f(@)g(y)
//Wdfﬂdy < C(ry s, 1) flrlgls- (2.4)

R2 R2
u

By taking r = s = 4/(4 — p) in Proposition 23] and using ([23)), we get that Jc ) as defined
in ([L2) is well defined in H}(Q). Also J. € C*(H}(Q),R). Naturally the critical points of
Je.x corresponds to weak solutions of (P. ) and for any u € H} ()

F
|

A = [ VuSade+ [twpts - [
Q Q

Q Q

0 dy | sutaeords,

for every ¢ € H(Q). We will need the following estimates of .
Proposition 2.4 The following assertions hold.

1. There exists m > 0 such that

0<—l(t)y<tforallt>1—€and0<e<1/2, (2.5)
0<L(t)<m forany0<t<1l—eand0<e<l, (2.6)

and
L <2 2L 2.7

2. For each py > 2 there exists a constant ko such that

Lc(t) > —kot? forallt >1—¢, 0<e<1/2. (2.8)

3. There exists a constant C > 0 that does not depend upon 0 < e < 1 such that

tl(t)| < C(1 +t27P) for all t > 0. (2.9)

4. There exist constants g > 0 and 6y > 0 (that is independent of € > 0) such that

—log(t—l—H_%)2tf0rallO§t<50and0<e<eo. (2.10)



Proof. By definition of I, we have [(t) > 0 for 0 <t <1—eand [ (t) <O0fort>1—¢.
Note that for 0 < e < 1/2 and t > 1 — ¢, we have
14

O g

€
1 ) <ttt +e) P M og(t <
og<t+t+€>_ (t+e€) og(t+e) <t

This proves assertion (2.5]).
Now since 0 < 8 < 1, we choose § > 0 such that 0 < § < § < 1. Since limy_,o —t'—* log(t) =0,
we can choose m > 0 such that —¢0—7 log(t) < m for 0 <t < 1. Hence for 0 <t <1 —¢, we

have
0<I(t) < —(t+e)Plog(t+e) <mt°,

and so

t
0 < L¢( /le ds<—6t16<mfora110<t<1—e
0

This concludes assertion (2.6]). Inequality (2.7) also holds. Indeed using (2] and the fact
that logt <t for all ¢ > 0, we have

t

t

L.(t)] <m . < -8 5

| ()|_m—|—/|l (s)|ds_m+/s 0g<8—|—8+€>
1—e

1—e

t

t
§ﬁz+/s‘5 <s+Sj_€>dsgﬁ@+/(sl_ﬁ+sﬁ)ds:ﬁ1+2_6+1_ﬁ.
0

—€

Note that for each pg > 2 there exists kg > 0 such that

t2=h =5
5-5 1-8

m +

< kot? for all ¢t > 1/2.

Thus, from (Z7]) we obtain

2 h
55 1-8
proving ([2.8). Now we prove (29). For each 0 < ¢ < 1 and 0 < ¢ < 1 — € there exists a
constant C' > 0 independent of € such that

Lc(s) > — <ﬁ1+

> > —kot?® for all t > 1 — € and for every 0 < e < 1/2,

L) < —t'Plog [t + —— ) < (—log )t 8 < C.
et < e P10g (24 ) < (~logt) <
On the other hand for ¢ > 1 — € we have for some C > 0

l1(t)t] < 1P log (t + i) <t'Plog(t 4 ¢€) < Ct*P.
€



We conclude that there exists a constant C > 0 such that
ll(s)s] < C(1+t*P) forall s>0and 0 <e< 1.

Lastly, we prove assertion (ZI0). A simple application of L’Hospital’s rule shows that

t €
lim = <

. 1
lf0<6<60:§.

| =

Thus we can choose §y independent of 0 < € < ¢g such that
t§—10g<t—|—L> if0<t<dgpand 0 < e < ¢.
t+e
This completes the proof. O

We shall require the following proposition many times in the course of this article.

Proposition 2.5 Assume that f satisfies @2) for some C,a > 0. If {ux} C H}(Q) is a
sequence such that |Ju||* < 2 and uy — u weakly in HE(SY), then

/f(u@da;—)/f(u)da; (2.11)
Q Q

and

/F(uk)dx — /F(u)d:n (2.12)
Q Q
In particular, if f satisfies (f2), then the assertions 2I1)) and ([ZI2)) hold provided that there
is a constant M > 0 that does not depend upon k such that ||ug| < M.

Proof. Proof follows similarly as the proof of Proposition 2 in [10]. O

3 Solution and uniform bounds of approximated problem

The following theorem is the main result concerning (P ) in this section:

Theorem 3.1 Suppose f satisfies (f2) — (f5) and let € = min{ep, 1/2}, where €y is defined
as in I0). Then there exists a A > 0 such that for each 0 < A < X\ we have a nonnegative
nontrivial solution u. € H}(Q) to (Pe.x) for every 0 < € < €*. Moreover there exists a constant
M > 0, independent of € € (0,¢*) and X € (0, ) such that

luell < M and |ue|oo < M. (3.1)

We prove Theorem B.I] with the help of mountain pass lemma.

First we show that J, ) satisfies the Palais-Smale condition at every nonzero level c.



Lemma 3.2 Fiz 0 < € < 1 and suppose f satisfies (f2), (fa) and (fs). Then the functional

Je \ satisfies the Palais-Smale condition at every level ¢ # 0.

Proof. Let {u§}ren be a Palais-Smale sequence for J, \ in H}(f2) at level c. Throughout
this proof we shall denote uj, by uy. Then {uy}ren satisfies

e ) ( F(us(y) )
——+ [ Le(up)de — = 7dy F(ug(x))dz — c as k — oo, (3.2)
2 / 2 / J

|z — yl|~
Q Q

and there is a sequence pr — 0 such that

/VukVuH—/l )W — A/( ’x_yw dy) Flun@)w(@)dz| < pelwl,  (3.3)

for all w € H}(2). Taking w = uy in ([B3), we have

w2+/uwuk/(/“zu ) Flun(@)un(@)da| < pellesll.— (3.4)

Q

From the assumption (fy), there exists ¢ > 1 such that (F(t) < tf(t) for any ¢ > 0, which

yields

Q Q Q Q
Then
Je7)\(uk)_2_lc<*]s,,>\(uk),uk>

A ) x/(/ ) sormon
Q
> (5= 5o ) Il + [ Letun) = gz [ lelunun. (3:5)
1 1< | CQ

Now we estimate the second and the third terms in (3] independent of e. Using Sobolev
embedding theorem, we have for sufficiently large K and 3 € (0,1)

/L( )—//C—Ll t+—— ) dtd >//k—t_ﬁl t+— ) dtd
e\Uk) = (t +¢€)atB 8 t+e T= 8 t+e v
Q Q 0 Q 1—e¢

Up
> _ //t—ﬁ log (t + K) dtdz > — /ukdzn _C> —Cllu - C. (3.6)
Q0
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Again using Sobolev embedding and Hélder’s inequality, we have for v € (0,1 — 3)

q

_ . uk Uk 1-8 U
/le(uk)uk _/7(2%4—6)‘1"‘5 log <uk+—uk+e> up > / u, " log (uk—l- Uk+€>
Q Q

{0<up<l—e}
-6 _ 1=f— _ _
> log(wul = > /uk dz > —Cllugl - C. (3.7)
{0<up<1—e} Q
Plugging (3.8) and 1) in E3]), we have
Jon(ur) = 5 (e alun) ue) 2 (5 = 52 ) sl = Clluall - € 3.9
e Uk 5¢ e Uk),uk) 2 | 5 % Uk U, : :
Also from (32]) and ([B4), we have
1 [l |
Toalie) = 5 (L), w) < C (1 sl (3.9)

for some constant C' > 0. Therefore from ([B.8]) and (39

11 2 [lu
L N o< ‘
<2 2<> Jugll® = Cllug|| = C < C (1 T

This implies that {u;} must be bounded in H}(€2). Also from the calculations it is clear that
we can find M > 0 independent of ¢ and A such that
Jugl < M. (3.10)

Consequently, there exists u € H&(Q) such that up to subsequences, we have

ur — u weakly in H(Q),

up — u in LP(Q) for every p > 1,
’ (€) yp> (3.11)

ug(z) — u(z) a.e. in Q,

|ug| < zp a.e. in Q for some z, € LP(2) with any p € [1,00).

Now using Proposition L8] we have I (uy) — lc(u) and Le(ug) — Le(uw) in L'(). Next we
show that

Fluxv) Flu(y)) |
! iy | (o) ! D)) sy m @), @0
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We have

F(u(y)
</ ( / :Cyudy) £ (un(a) = F(ula) ldz
Q Q
F(wn(9) ~ Flu)ldy
+/ (! Ty )f(uk(x))da:

From (23)), we know that F(u) € L"(Q) for any r € [1,00). Since p € (0,1), y — |z —y|™# €
L*(Q2) for all s € (1, %) uniformly in z €  (since €2 is bounded). So using Holder’s inequality
we get that

F(u(y)) o
! A A (] (3.13)

Now by using ([B.I3)) and Proposition 25, we get that I; — 0 as k — oo. Now using the
semigroup property of Riesz potential, we have

[P (ur(y) = F(u(y))|
/ (/ |z — y|m dy) f(ug(z))dx

Q Q

< (/ (/ F(uk(yi)yi(u(y))dy) | F(ug(z)) F(u(;g))dgc)
Q

Q

f(uk(y))
(/( Wdy) f(uk(:n))daz) . (3.14)
Q Q

Again by Hardy-Littlewood-Sobolev inequality and (2.2]), we have
4—p

Q Q a /

Q
Choosing a > 0 such that ﬁaM2 < 4w, where M is given by ([B.I0), we obtain using (21I)

that l
fur(y)) S
(/ ( |z — y|~ dy) (f(uk(x)))da:) <C,

Q Q

2

D=
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where C is a positive constant. Next

|z — yl~

/ /F(uk(y)) - F(U(y))dy (F(ug(z))) — F(u(z))dz | — 0
Q

Q

follows similarly as in the proof of Lemma 3.4 of [2]. Finally, the convergence

F

F(up(u)) ‘x(qi(:’)/z dy | F(u(z)) in L1(Q) (3.15)

|z — yl~

dy | F(u(x)) —
/

follows from (f5) and Vitali’s convergence Theorem (see for instance the proof of Lemma 2.4

in [I]). From now onwards in this proof we use the following notations

P(z,u) = % (/ F(u(y))dy F(u(z))—Le(u) and R(z,u) = A /’Fx(ﬁ(i‘)zdy fu)—le(u).
Q

|z — yl~

From (32), 34), 312) and BI5]), we have

klim l|ur|? = 2 c+/P(az,u)da: (3.16)
—00
Q
and
klim Rz, u)up, = 2 c+/P(:17,u)d:E . (3.17)
—00
Q

Now, we consider two cases:
Case 1: Suppose that ¢ # 0 and u # 0. One has J. \(u) < c¢. We claim that J z(u) = c.
Assume by contradiction that J. x(u) < ¢. Then

|2 < 2 c+/P(:1:,u)d:1: . (3.18)
Q

Let vy, = Uk and v = “ 5- It follows that vy — v weakly in H (),

| (2 <c—|—§f2P(x,u)dx>>1/

|lvg]l = 1 and ||v]| < 1. Hence by Lemma 22 we have

sup/exp (47pv}) < ki = ki(p) < oo for any 1 < p < (1 — [[o]*) " (3.19)
k
Q



Now for ¢ > 1 small enough, we have

[ 1Rl <c | ( [ DI ) gl
Q Q Q

Y~

y|4/»‘

exp (qauz (y)) exp (qauz (m))
<C’<Q/Q/ - drdy + 1

A—qp
4 2
<C /exp < qau%) +C.
J 4—qpu

Now we choose « and p such that

1 jolul? <p< 2T
q(¥ Uk p _—
—an = lol®)

Hence fix p > 0 such that p < and take o > 0 small such that

47
(1= lvll?)

4d—qu p

< -
CSTY M

where M is given by (8.10). Then by [3.19), we have

/]R(m,uk)]q < C, for some C > 0.
Q

Using B.10), (311), (B:21I)), and Holder’s inequality we have

2 c—l—/P(az,u)daz = lim [ R(z,ug)updx = lim [ R(x,uy)udzx.
k—o0 k—o0
Q Q Q

On the other hand from (211

/VukVu - /R(uk)u < pgl|ul|| for each k € N.
Q Q

Hence,

~pellull + / R, up)u < / VeV < pillull + / R(z,up)u.
Q Q Q

Taking k — oo in (3:23) and using (322, we get

ull? = 2 c+/P(:1:,u)d:1: ,
Q

13

(3.20)

(3.21)

(3.22)

(3.23)
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which is a contradiction to ([B.I8]). Therefore, we must have J y(u) = c¢. As a consequence,
using ([B.I6]), we obtain

lim [jug|]? = 2 c+/P(az,u)daz = ||ul|?.
k—o0
Q
Thus, it follows that ugy — u strongly in HE ().
Case 2: Assume that ¢ # 0 and v = 0. We will prove that this cannot happen. Fix a
constant 0 < a < 1. From u = 0, we conclude from (B.16]) that for large k

lurl|® < 2¢+ a. (3.24)

4 — 4
According to ([20]), take ¢ > 1 small enough such that o« < —— T

— = Th
1 geta)

/]R(x,uk)]q <c
Q

where C' is some positive constant. Now using Holder’s inequality and the fact that up — 0
strongly in Lq%l(Q), we get

qg—1

q
/R(x,uk)uk < /|R(m,uk)|q /|uk|ﬁ 088k — oo (3.25)
Q Q Q

On the other hand from (34), we have

/ IVl — / R(z, u)ug| < pollus].

Q Q
This means that
—pkM—F/R(a:,uk)uk < /\Vuk\zda; < pkM—i-/R(x,uk)uk.
Q Q Q

Taking limit as kK — oo above, we get ||ug| — 0. This contradicts the fact that ||ug|| — 2¢ # 0.
The proof is complete. O
Let ¢ € H}(2) N L>(Q) be such that ¢ >0 in Q and [|¢|| = 1.

Lemma 3.3 Suppose [ satisfies (L)) and take X > 0. Then there exists a constant K = K (\)
independent of € such that
JE,)\(KQD) < 0.

Also there exists a constant mo > 0, which is independent of €, such that

sup Je (K@) < mao.
te[0,1]



Proof. Since [.(t) <0 for all t > 1 — ¢, we conclude using (2.6]) that
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Lc(t) <m forall t >0 and e > 0. (3.26)

Choose a compact set Q C Q such that ¢ > ag > 0 on Q for some ag > 0. Then using (L)

and ([B.20)), for ¢ sufficiently large, we have

JEA(tcp)< +m\Q] // (o) Flto(e ))da:dy

Iw - yl“

<2l // (te) WAt @),

\fc -y~

=—+m\Q] A2\t da:dy
\fc - y!“

2

=5 +m|Q| — C()\)t% — —00 as t — oo.

Hence, there exists K > 0 such that J. \(K¢) < 0.

Now we see that
F(tK F(tK
/ (tK¢) — A // Py #(v)) dxdy.
Iw - yl“

Since 0 < tKp < Ksupy for all 0 <t < 1, there exists C; > 0 depending on A such that
Q

JE,)\(tK(ID)

JeA(tKp) < K 4+ Cqforall 0 <t<1.
Hence,
sup Jea(tK @) < ma,
t€[0,1]
where K2
mo = 7 + Ch.

This proves Lemma B3]

0

Next proposition provides the existence of a critical point u, for the functional J. ) and a

priori bounds that hold for these solutions.

Proposition 3.4 Suppose f satisfies (f2), (f1) and (f5) and let my given by Lemma [T.3.
Then there exist constants A, m1 > 0 such that for each 0 < X\ < X fized, problem (Pey) has a
weak solution ue with 0 < my < Jex(ue) < ma. Also there is a constant M > 0 independent

of € such that
[[uel| < M.
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Proof. Let M > 0 and u € H}(Q) such that ||u|| < M. Using Hardy-Littlewood-Sobolev
inequality and (2.2]), we have

A—p

[ [ R g, o ( [ mmdx) 2
QQ Q
<C (Q/ exp <4 f Mau2> daz) . (3.27)

4— IO
Taking a < 2“71, we get using (21) and B27), a positive C = C(M) such that
F F ~
|z —y|#
Q Q
Now by using (2.8]), (8:28]) and Sobolev embedding theorem, we have for pg > 2
Joatu) 115 [t =20 L Ye (3:29)
ex\t) = 9 =5 0Cpo U . .
1 =
oo
If we assume that M < 0, where = | ——7=- ’ , then from (B:29]), we have
4k Cpy
2 ~
Jea(u) > HZ” —AC.

g2
Finally, by taking A\ = ﬁ’ we obtain

1 62 -
Jea(u) > 1 <||uH2 - ?> for 0 <A< A, |lu|| <@.

Thus, we obtain for 0 < A\ < A
Jex(0) =0, Jea(Kp) <0 and Je\(u) > mq for ||ul| =6,

where

Let
£ = {o € C([0,1], () : 0(0) = 0, o(1) = Koo},
By the Mountain Pass theorem [26] page 12|, we conclude that there is a sequence {uf} in

H(Q) and a number

ce := inf sup Jex(o(t))
UEEtE[O 1]
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such that
lim J)(uy) = cc and lim J!, (uf,) =0,
k—oco k—oco

i.e.,

Q

2 yl~
Q Q

and there is a sequence pj such that

/Vuin—i—/le(uZ)w—)\/ wdy flug(x)w(x)de| < pgllw]|.
Q Q

|z — y|#
Q Q
It is clear that ¢ > mq > 0. Using Lemma [3.3] we also obtain

ce < sup JA(tKp) < ma.
te[0,1]

Hence for sufficiently large k,
0 <mq < Jea(ug) < ma. (3.30)

Arguing as in the proof of Lemma B.2] we may use (830) to obtain a constant M > 0 that
does not depend upon € such that
[Jug|] < M.

We conclude there is u, € H}(Q) with |juc|| < M such that
u, — ue weakly in H}(Q).

We know that {uf} is a Palais-Smale sequence at a positive level. It follows from ([B.30) and
Lemma [3.2, that upto a subsequence uj, — u, strongly in HE(Q). Hence u, is weak solution

of (Pe,n). This proves the proposition. O
Next we aim to obtain the uniform L estimates of the weak solutions u. independently of
€. Precisely, we have the following result:

Lemma 3.5 Suppose f satisfies (f2)-(f5), 0 < A < X be fized and ey and &y be given by
2.1Q). Then there exists a constant M; > 0 that does not depend upon € such that

[te|oo < My for 0 < € < eq, (3.31)

where u, is the nonnegative solution of (Pe ) as obtained in Proposition [3.7).

Proof. Choose ry € (1, %) and let sp be the conjugate exponent of ry. From (23], we
know that
F(ue) € L*°(Q) for every 0 < € < €.
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We claim that there exists M’ > 0, which is independent of €, such that
|F(ue)|s, < M. (3.32)
This is a consequence of (f3) , Theorem 21 and the fact that
||uell < M independent of . (3.33)
Indeed, using ([2.2]), we have

/|F(u6)|50 < C’/exp(asou?).
Q Q
Using ([3:33)), we can find o > 0, independent of €, such that

asoluc||® < 4.

Using this fact and (21I), we conclude that (332]) holds. Also since €2 is bounded, y —

|z —y|™* € L™(Q), uniformly in x € 2. Hence using Holder’s inequality, we have

/M < |F(ue)ls, 1

—— | <M, (3.34)
|z — y|¥ |z — y[¥

0

where M > 0 is a constant independent of e.
Now, let 1 € H}(Q2), ¢ > 0. Then since u, is a solution of (Pe.x), using ([B.34), we have

/ Vu Vi + / le(ue) < AM / Fluvde.
Q Q Q
Using (f3), (Z10) and the fact that ¢ + 1 < ro, we obtain

AMF() _ (t+TPAMF(t) _ (e 1)BAM f(t)

—0ast—0.

le(t) —t4log <t 4 ti) o ta+1
Hence there exists 0 < § < dg that again does not depend on 0 < € < ¢y such that
AMF(t) 1
1) < =-fors<dand 0 < €< ¢.

l(t) — 2
Consequently,

—

/ Vu Ve < AM / Flu)y — / L (ue)vda.
Q

QN{ue>0} QN{ue>1—e}
Using (2.5) and (f2), we get

/Vung S% / Ue exp(au?)q/zdm—k/uewdx
Q Q

{ue>d}

SC/UE exp(au?)ydz, for every ¢ € HE(Q), 1 > 0 (3.35)
Q

where C' > 0 is independent of €. Rest of the proof follows exactly as the proof of Proposition
1 in [I0]. This completes the proof. O
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Given a sequence {e;} in the interval (0, ¢y), we denote by wu,, the solutions of (P, ) provided
by Proposition 3.4

Lemma 3.6 Suppose that f satisfies (f2)-(f5). Let {ex} in (0,e9) be a sequence such that
e — 0 as k — oo. Then u,, has a subsequence which converges weakly in H}(Q) to a

nonnegative and nontrivial function wu.

Proof. We know from Proposition B.4] that there exists a constant M > 0 such that
ey |l < M.
Then, we may find a subsequence, still denoted by {u,, } and an element v € H}(f2) such that

e, — u weakly in H(€),

Ue,, — w in LP(Q) for every p > 1,

(3.36)
Ue, () = u(z) ae. in Q,
e, | < zp ae. in Q for some z, € LP(12).
Since u,, is a critical point of J,, x, we have
F(ue, (y)) f(ue, (z))ue, (x)
2 _ k k k
e / Ly (e i, = A / / e
and from Proposition B.4]
Hufk”2 / A // F(ue, () F'(ue, ()
€ ) — LE ) T o k k dyd
Jk(uk) 2 +Q k(uk) 2Q \x—y!“ yaxr > mj.
Hence
1 F(ue,) 1
mi </ <L5k(u6k) - §lEk(u6k)uEk> + )‘/ / iz — ;|“dy <§f(u€k)u5k - F(ufk)> dx
Q Q \Q
=Je, A(Uey ) (3.37)
Since |ue, |0 < M for every k, we have
/ ’xuj‘y’u dy| < C, uniformly in k and z € Q. (3.38)

Since f satisfies (f3), we may apply (B31]), (3:30]), (3:38]) and Dominated convergence theorem
to obtain

JE&/ / T ddm‘/ / b Ty
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and

F(u, F(u., F F
i [ [P Ca() g, [ [ FOOIFGE) ,,,
k=00 v =yl |z -yl
Q Q Q Q
Using ([29) and ([B36), we have
e (e Jue, | < C(1+577) € LN(Q).
Thus by above estimate and Dominated Convergence theorem, we have

le, (e, ) e, — ul=? log(u)X {us0) in LI(Q). (3.39)

Now, note that
()| = 1(t) < —(t+€)Plog(t +e)if t <1—e

and
lle(t)] <

€ €
1 t+— )| <Cy|t+— ) < Cq(t ift>1-—
Og<+t—|—e>‘_ 1<+t—|—e>_ te)ift=1-¢
where C7 > 0 is a constant. Thus

[1(t)] < |log(t + €)|(t + €) P + Ci(t + €) := N(¢t), for t > 0.

Therefore, by [B30]) we get

|Le, (ue,)] < /N(t)dt < /N(t)dt e LY(Q).
0 0

Consequently, by dominated convergence theorem, we have

/Lek(uek) — /L(u), where L(t) = —/ts_ﬁ log(s)ds.
Q Q 0

Taking the above claims into account and letting k& — oo in [B31), we conclude that u is

nontrivial. O

4 Gradient estimates for solution of the approximate problem

In this section, in order to show that u is a weak solution to (P)), we establish a key-point

gradient estimate of the solutions u. of problem (P ) stated in Proposition .4

Lemma 4.1 Suppose f satisfies (f1) — (fs). Let eg be given by (ZI0) and define € =
min{eg, 1/2}, where €y is given by 2I0). Let 1) be such that

[Vy?

e C?(Q), >0inQ, =0 ondN and 15 bounded in ).
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For each 0 < € < €*, let u, be the nonnegative solution of (Pe ) obtained in Proposition [3.4)
Then there is constant K > 0 such that

V()| Vue|? < KZ(uc(z)) for every x € Q, (4.1)

where

éf_+ t=7 ' Plogt
Z(t) =14 2 G—Bf 1—5
t—L 4y — t>1.

2 (1-p)?

Also the constant K is independent of 0 < € < €* and depends only on 2, 1 and My given by
Lemma[30

0<t<l,

Proof. Using Lemma 35| we see that the solutions u. of (P ) are bounded in L*>(Q2) by
a constant M; > 0 independent of e. This implies that right hand side of (P..) is bounded
in L°(2). The standard elliptic regularity theory implies u. € C'(Q) for each 0 < v < 1.
Following the approach of Lemma 5.1 in [I0], we define

_ ud u? +eu+ €
where
Ko(a) [ Flew)
‘ |z —yl

As observed in ([3.34]), we know tha |K | < C for some positive constant C' independent of e.
Now define Z,(t) = Z(t) + a, for some 0 < a < 1. Then, we have

Zy € C*(0,00), Zy(t) >0, Z.(t) > 0and Z”(t) <0 for all t > 0.

2
u
Now setting w = |Z ( |) and v = wy, we argue by contradiction and assume that
o(u
supv > K, (4.2)
Q

where K > 0 will be chosen later independent of @ and 0 < € < €.

First we show that v € C? at all points z € Q such that u(x) > 0. Let € Q be one such
point. Continuity of u implies the existence of an open ball U C 2 centered at x such that
u > 0in U. Hence, I.(u) € C*(U) and f(u) € C%?(Q). This alongwith boundedness of
K. and K! give he(u) € CY#(U). Since u satisfies the equation —Au + h.(u) = 0 in U, we
conclude that v € C3(U), implying that Z,(u) and w are C? in U. Denoting xo = supg, v,
we have v(zg) > K. Then zg € Q since v = 0 on 92 and so Vv(zg) = 0 and Av(zg) < 0.

We will compute Av and evaluate it at the point zy. As we shall see this leads to the absurd



22

Av(zg) > 0if one fixes K large enough. Now, the estimate [10] (55)] (see also [I7, p. 100-103]

for more details on computations), in our case, has the form
1
Zo(u) Av >1pw? <§Z{1(u)z - Za(u)Zg(u)>

+ w (2024 (w)Ce(v) — Vhe(z,u) Z; (u) — K Z4(u)) (4.3)

bR,

D=

CWNLK S () ZEw — K 7! (u) Za(u)

where Ce(z,t) = IL(t) — MK (z)f'(t) and K’ is a positive constant. Now we claim that the

following estimates holds uniformly for every 0 < e < €,

ZuwZn)t < € (520 - 2020 ) (4.4
Zu([Ca0)] < € (37000 = 2L Zu(w)) (4.5)
Zh(u)e(w,u) < C <%Z;(u) - Z;;(u)za(u)> , (4.6)
Zalu) < C <%Zg(u) - Zg(u)za(u)> , (4.7)
Zi(w} < € (52100 - 2L Za(w). (48)

for every 0 < u < Mj. Recall that the constant M is independent of €. And the constant C'
depends only on M7 and A\ but not on € and a.
Suppose for the time being that (£4)-(48) holds. Then (43]) implies that

524(u)* — Z3(u) Za(u)

N AC) (vu? = Clw+gw'/? + 41 20™?))
L2,(w)? = Zy/(u) Zu(u) 12512 4 o)
S (T O u R )

Thus if v(xg) = supv > K for some large enough K independent of @ and 0 < € < €* we obtain
a contradiction to the fact that Av(zg) < 0. Hence there must exist K > 0 independent of a
such that ¥|Vu|? < KZ,(u) in . The result then follows by letting a — 0.

We now prove the relations ([@4]) to (A8]). We consider the following two cases:

Case 1: u > 1. In this case, left hand sides of (£4])-(@8]) are uniformly bounded in the
interval [1, M;]. Also note that

1 1
§Z¢;(u) - Zc,:(u)Za(u) = 5, for u > 1,

and so right hand sides of ([£4)-([@38) are uniformly bounded. This proves (Z4)-(ZS]).
Case 2: 0 < u < 1. In this case, we have

2 1-8 1-61
Zu(w) = Y = S a2 = o), ZU() = 1+

Blog(u) 1
Wbt Bt
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We conclude that as v — 01
1
52;(11,) — Z!"(u) Zy(u) ~ —aﬂu_(ﬁH) log(u) (4.9)

Clearly,
o 7 B u? ult=p u' =P log(u)
B N ) A )

and hence assertion (47)) holds. Assertion (48] holds similarly. Now using 0 < u < 1 and

boundedness of Z,(u), we have

+a<C for0<u< M,

Z! (0) Zo(u)? < C(1 — log(u)u™?) < C(1 — log(u)u=2) (4.10)

On comparing ([£.9) and ([4I0), we note that ([4£4]) holds. Next we prove ([A6]). For this, we
easily get that if u <1

- log(u)*

!

124 u)h(r, )] < O

from which together with ([AL9]) (6] follows. Lastly, we prove (£5). Note that (£H) holds
easily if 1/2 < wu < M;. Let us assume that u < 1/2. Then since € < 1/2, we have u < 1 — €.

Now using (fg), we have

€
® <_“q‘110g (“Jﬁﬁe) putlos <u+u+6> ul (ute) —e
|Cela, u)| < (u+e)atB+l  (u ) tAH] (u+ )7+ (u? + eu+ €)(u+e)

+ A Ke(@)[|f(w)]
- —ud™ 1 log(u) Bul log(u)

_ —(B+1)
St it (ug et Y +C.

Since
geud™! ul € q
<q < ;
(u+ €)atA+l u(u + €)9 (u+ e)ftt = b+l
we obtain
Celw,w)] < € (Jlog(u)lu~ ) 4+ u=(HD 11
Hence
Zo(u)|Ce(z,u)| < C (| log (u)[u~B+D) 4 4~ (B+D) 1) . (4.11)
Comparing ([49]) and ([@I1]), we conclude that (£3]) holds. This completes the proof. O

5 The limit of approximate solutions

In this section we prove Theorem We first establish a useful lemma:

Lemma 5.1 The function u="log(u)xq, belongs to L}, .(Q), where O = {x € Q : u(x) > 0}
and u is given by Lemma [3.0]

Proof. The proof is similar to the Lemma 6.1 in [10]. O
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Now we will prove Theorem

Proof.  The proof is essentially the same of [I7]. For the sake of completeness we give
the complete proof. We will show that the solutions u, of (P ) obtained in Proposition B4l
converge to a weak solution, u of (P.) as € — 0F. The nontriviality of u is guaranteed by
Lemma 3.6l Let ¢ > 0 small enough and let ¢ € C1(Q2). We have

/VUEch: /—l (ue) cp+)\// (ue(y ]a:—yE]“ ()¢ (x)dydx. (5.1)
0

Let the cut-off function n € C*°(R) such that 0 < n <1, n(t) =0 for t < 1 and n(t) =1
for t > 2. For m > 0 the function ¥ := ¢n(u./m) belongs to C}(Q). By (3:31) and Lemma
1] we have |Vu| is locally bounded independently of 0 < € < €*. It then follows from the
Arzela-Ascoli Theorem that ue — u in CP _(2), and the set Q4 = {z € Q : u(x) > 0} is open.
Let € be an open set such that support(p) C Q and Q C Q. Let Q = QN Q. For every
m > 0 there is an €1 > 0 such that

ue(z) < m for every z € 2\ Q and 0 < € < €. (5.2)

Replacing ¢ by ¢ in (&), we obtain

/VUEV(gpn(ue/m)):/ —le(ue)pn(ue/m) —i—)\//F |$_y|u x))(ﬂ](ug/m)- (5.3)
Q & o 0

Q Q

We break the right hand side integrals as

Ac = / ~le(u) + A / ‘1; (ffﬁdy fluc(@)) | en(uc/m)
Q

and

B / ) A / gﬁe;@'fjdy fue(w)) | enuc/m).
O\ Qo @

Clearly, B = 0, whenever 0 < € < €1 by (0.2 and the definition of . We claim that

A —>/ u P log(u) + A / ‘I;(il(yy&dy fu(x)) | en(u/m) as e — 0. (5.4)
Q

In fact, ue — w uniformly in ©Qy. Then it follows from Lemma and the Dominated

Convergence Theorem that

A / / ey ) pute)entu/m) - / ( [ 2y | stateyontum) ase - o
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If u < m/2 then, for € > 0 sufficiently small, we have u, < m. As a consequence, the integral
A restricted to this set is zero. If u > m/2, then u, > m/4 for ¢ > 0 small enough. We then
apply the Dominated Convergence Theorem as € — 0 to get (5.4]). We take the limit in m to

conclude that

J e 3 [ 21y | statan | ntusm)
Q

lz —y
Qo

—>/ u= P log(u) + A /f;(_u(yy&dy fu(z)) | o, (5.5)
Qo Q

F®) 3\ i L1E) ac
oy | f(u@) € I'@)

as m — 0 since n(u/m) < 1 and uv?log(u)xa, + A /
Q
cording to Lemma [5.I] We now proceed with the integral on the left hand side of (5.3)),

/ VeV (o) (e fm) = / (VueVo)n(ue /m) + D.. (5.6)
o 2

Note that
[T omtue/m) — [ (FuTopm(u/m) as e 0.
3 3

since ue — u in H}(Q) and u. — w uniformly in Q. Again, by the Dominated Convergence

Theorem,
/(Vqup)n(u/m) — /Vquo as m — 0. (5.7)
Q Q
We claim that
|Vu6|2 /
D, := e (ue¢/m)p — 0 as e — 0 (and then as m — 0). (5.8)

Q

The estimate |Vue|? < K Z(uc) in Q provided by Lemma -l and recalling that n/(u./m) = 0
if ue > 2m yield

) C .. /

lim sup [ De| <— lim sup Z(ue)n' (ue/m)¢

e—0 m  e-0 ~
QN{m<u.<2m}

/ Z(ue)|n' (ue/m)p

Ue

<2C'lim sup
e—=0
QnN{m<u.<2m}

Z(ue
<C'sup || sup || lim / ()
e—0 Ue

Qn{m<u<2m}

<octswlel [ (alul+ el ™+l og(w)) X0,

QN{m<u<2m}
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for every m > 0. Letting m — 0 and using Lemma 5. (5.8]) is proved. As a immediate
consequence of (B.3)-(5.8]), we have

/Vquo = / log(u)p + // F(u(y))f(u(m))gp(x)7 for any ¢ € C1(Q).
Q Q

[z —yl#
Q QN{u>0}

This concludes the proof of Theorem [I.3] O

Remark 5.2 The case of singularity t°log(t) replaced by singularity |logt|*~2logt, k €

N\ {1} can be tackled in the similar manner. The function l. in this case takes the form

k—2
€ € .
log <t + t—i-—6> log <t + m) ift >0,

0 ift =0.

ZE(t) =

Also the Z—function to get the gradient estimate in this can be given as
t
2 — / |log s|*2log s, for 0 <t <t*,
Zy=q 0 .
(t*)2 + (t — t*)(2t* — |log t*[F"2log t*) — / |log 5|2 log sds, fort > t*,
0

where t* is such that
[logt*|"=2 2

t* k—1
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