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Hard congestion limit of the dissipative Aw-Rascle system

N. Chaudhuri? L. Navoret! C. Perrin? E. Zatorska’
June 5, 2023

Abstract

In this study, we analyse the famous Aw-Rascle system in which the difference between
the actual and the desired velocities (the offset function) is a gradient of a singular function
of the density. This leads to a dissipation in the momentum equation which vanishes when
the density is zero. The resulting system of PDEs can be used to model traffic or suspension
flows in one dimension with the maximal packing constraint taken into account. After proving
the global existence of smooth solutions, we study the so-called “hard congestion limit”, and
show the convergence of a subsequence of solutions towards a weak solution of a hybrid free-
congested system. This is also illustrated numerically using a numerical scheme proposed for
the model studied. In the context of suspension flows, this limit can be seen as the transition
from a suspension regime, driven by lubrication forces, towards a granular regime, driven by
the contacts between the grains.

Keywords: Aw-Rascle system, suspension flows, maximal packing, weak solutions.

MSC: 35Q35, 35B25, 76T20, 90B20.

1 Introduction

The purpose of this work is to study a singular limit € — 0 for the following generalization of the
Aw-Rascle [3] and Zhang [36] system

{ O¢pe + 89:(peu5) =0, (1&)
at(/)swa) + ax(psusws) =0, (1b)

on one-dimensional periodic domain €2 = T. The unknowns of the system are the density p. and
the velocity of motion u.. The quantity w. denotes the desired velocity of motion and it differs
from the actual velocity u. by the offset function. This function describes the cost of moving in
certain direction and it depends on the congestion of the flow. In our case the offset function is
equal to the gradient of p. = p.(p.), more precisely:

We = Ue + awps(pe)a (2)
where
_ F(pe) :
pg(ps) = Em, with F(S) sjo O7 B > 1. (3)
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This singular function plays formally the role of a barrier by preventing the density to exceed the
maximal fixed threshold p = 1. The motivation to study this model and its asymptotic limit € — 0
comes mainly from two areas of applications:

The Aw-Rascle model for traffic [3]. The system (1) with scalar offset function, i.e. with
we = w = u+ p7 for v > 1, usually known as the Aw-Rascle system (or sometimes ARZ model)
has been derived from the Follow the Leader (FTL) microscopic model of one lane vehicular traffic
in [2]. The drawback of that model is that the offset function p”, does not preserve the maximal
density constraint, i.e. solutions satisfy the maximal density constraint p° < p initially but evolve
in finite time to a state which violates this constraint. Moreover, the velocity offset should be
very small unless the density p is very close to the maximal value, p = 1. Indeed, the drivers
do not reduce their speed significantly if the traffic is not congested enough. To incorporate
these features the authors of [6] proposed to work with the asymptotic limit (¢ — 0) of (1) with
we = ue + pe(pe), and a singular scalar offset function p. given by (3). The singular Aw-Rascle
system and its asymptotic limit € — 0 has been studied numerically in [8], and derived from a
FTL approximation in [7]. To be able to use this model in the multi-dimensional setting, where
velocity and offset function should have the same physical dimension, a possible way would be to
take for the offset a gradient rather than a scalar function (see the recent paper [5] for a proposition
and analysis of a multi-d extension of the classical Aw-Rascle model). The use of a gradient can
be interpreted as ability of the driver to relax their velocity to an average of the speed of the
front and the rear vehicles, weighted according to the local density. So, unlike in the classical
Aw-Rascle model, both front and rear interactions would have to be incorporated at the level of
the particle model. This seems to be a reasonable assumption for interactions between vehicles
that can change lanes and overtake each others.

The lubrication model. Equations (1-3) appear also in modeling of suspension flows, i.e.
flows of grains suspended in a viscous fluid. To explain this context better, note that system (1)
with w. given by (2) can be rewritten (formally) as the pressureless compressible Navier-Stokes
equations with density dependent viscosity coefficient

{ 515[)5 + aw(pEUE) = 07 (48“)
Oy (peue) + ax(/’sug) — Oz (Ac(pe)Ozue) = 0, (4b)
where

Ae(pe) = p2p(p)- (5)

In system (4) the singular diffusion coefficient A.(p.) represents the repulsive lubrication forces
and ¢ is linked to the viscosity of the interstitial fluid. This system has been derived from a
microscopic approximation in [23]. The limit ¢ — 0 models the transition between the suspension
regime, dominated by the lubrication forces, towards the granular regime dictated by the contacts
between the solid grains.

Formally, performing the limit & — 0 in (1) (or equivalently in (4)), we expect to get the
solution (p,u) of the compressible pressureless Euler system, at least when p < 1. In the region
where p = 1 we expect that the singularity of the offset function (3) (equivalently the singularity
of the viscosity coefficient (5)) will prevail giving rise to additional forcing term. The limiting
equations then read

Op + 0 (pu) =0 (6a)
O(pu + 9,m) + 0, ((pu + Opm)u) =0 (6b)
0<p<l, 1—-pm=0, w>0, (6¢c)

where 7 is the additional unknown obtained as a limit of certain singular function of p., that
will be specified later on. This limiting system has been derived formally before in the papers of
Lefebvre-Lepot and Maury [23] and then the Lagrangian solutions based on an explicit formula
using the monotone rearrangement associated to the density were constructed by Perrin and



Westdickenberg [32]. As explained in this latter work, system (6) is related to the constrained
Euler equations
Op + Oz (pu) = 0,
9y (pu) + 0, (pu?) + 0, P =0, (7)
p<1l (1-p)P=0, P>0,

studied for instance by Berthelin in [4] or Preux and Maury [26], by splitting the momentum
equation (6b) as follows:

Oy (pu) + 0, (pu?) + 0, P =0,
o + ud,m = P.

Consequently, solutions to system (6) are particular solutions to (7). In [4] the constrained Euler
equations are obtained through the sticky blocks approximation, while in [1,9,18], the constrained
Euler system is approximated by the compressible Euler equations with singular pressure P. =
P-(pe).

Similar asymptotic limit passage ¢ — 0 was analysed in the multi-dimensional setting by
Bresch, Necasova and Perrin [14] in the case of heterogeneous fluids flows described by compressible
Birkmann equations with singular pressure and bulk viscosity coefficient. The full compressible
Navier-Stokes system with exponentially singular viscosity coefficients and pressure was considered
by Perrin in [29,30]. The asymptotic limit when € — 0 in the singular pressure term that leads
to the two-phase compressible/incompressible Navier-Stokes equations was considered even earlier
in the context of crowd dynamics, see Bresch, Perrin and Zatorska [15], Perrin and Zatorska [33],
Degond, Minakowski and Zatorska [20], Degond et al. [19]. Moreover, an interested reader can
also consult Lions and Masmoudi [25] and Vauchelet and Zatorska [35] for different approximation
of the two-phase system. For an overview of results and discussion of models described by the
free/congested two-phase flows we refer to [31].

Our paper contains two main results: the existence of strong solutions to (1) at ¢ fixed , and
the convergence as € — 0 of the solutions towards a solution of the limit system (6). Let us be a
little bit more precise about the framework and the difficulties associated to system (1).

To study (1) at ¢ fixed, we take advantage of the reformulation (4) as (pressureless) Navier-
Stokes equations with a density dependent viscosity. It is now well-known that, in addition to the
classical energy estimate which provides a control of v/A.9,u., the BD entropy (BD for Bresch and
Desjardins [13]) yields a control of a gradient of some density function. We show in this paper,
that this estimate is precisely the key ingredient to ensure the maximal density constraint, namely
we will show that [|pc||1gs, < Ce for some constant C. < 1 tending to 1 as e — 0.

As ¢ — 0, the main issue which is common to the analysis of Navier-Stokes equations with
(degenerate close to vacuum) density dependent viscosities, is the fact that, a priori, we do not
have any uniform control in LP of d,u.. Therefore, the identification of the limit of the nonlinear
convective term p.u? is not direct. An important difference and difficulty in comparison with [30] or
other studies on Navier-Stokes equations with degenerate viscosities, is that the viscosity vanishes,
namely the viscosity A.(p) goes to 0 as e — 0 for any p < 1. As a result, control of the gradient of
pe provided by the BD entropy is not uniform with respect to €. This prevents us from using the
Mellet-Vasseur type of estimates [28] to pass to the limit in the convective term. An alternative
approach was provided by Boudin in his work [12] devoted to the the vanishing viscosity limit
for pressureless gases. He studied system (4) in which the singular viscosity term 9, (A.0,u.) is
replaced by the non-singular term £92u.. The key ingredient of [12] is the concept of duality
solutions for the limit pressureless gas equations. In this framework, introduced by Bouchut and
James in [10, 11], it is particularly important to ensure a one-sided Lipschitz condition, or the
Oleinik entropy condition, on the velocity field. It is related to the compressive property of the
dynamics which turns out to be useful also in other “compressive systems” such as aggregation
equations (see for instance the works of James and Vauchelet [21,22]). Note that Berthelin in [4]
derived the estimate d,u < 1/t for solutions of the constrained Euler equations obtained through
the sticky blocks approximation. Building upon the recent developments of Constantin et al. [17]



(see also [16]) around the regular solutions for the Navier-Stokes equations, we derive the e-uniform
one-sided Lipschitz condition d,u. < C on the approximate solution. This estimate requires no
vacuum at the level of fixed . The (e-dependent) lower bound on the density p. is derived by
imposing a specific behavior of e-dependent viscosity close to vacuum (see (8)-(9) below).

The outline of this paper is to first show that for e fixed, (pe,u.) is a regular solution to (4).
We prove the existence of regular solutions to this system in Section 3 following the approach of
Constantin et al. [17]. Then, we derive estimates uniform with respect to ¢, including the one-
sided Lipschitz condition, in Section 4. We justify the limit passage ¢ — 0 in Section 5 and show
that the limit is solution to the constrained Euler equations. Finally, we propose in Section 6 a
numerical scheme to illustrate the behavior of the solutions to (4) as € — 0. For the convenience
of the reader we included in the Apendix all details of technical estimates of higher regularity of
solutions for ¢ fixed.

2 Main results

Our first main result concerns the existence of strong solutions to system (1) for specific constitutive
laws. With a slight abuse of notation, we re-define the functions p., we, and A.(pc), from the
introduction.

We consider system (1) with w, given by

We = Ue + Oppe(pe) + Orpe(pe), (8)
where

. __€
pf(pa)_s(l_pe)ﬁw @s(Ps)— Oé—l

1
Py >0, B>1, a€(0,2>. (9)

It means that we consider F(p) = p” + (a — 1)71(1 — p)#p>~1 in (3). The approximation of (4)
can be written in the following form

{ 8tpe + a:c(paue) =0, (103)
8t(peu5) + 81(@5”?) — 0Oy ()\s(pa)8mus) =0, (10b)

with A. re-defined as

Ae(p) = p*pL(p) + p*¢L(p) = p°PL(p) + ep™.

Given the values of the parameters, a, 3,7, we observe that the behavior of A, is dictated by
2oL (p) close to vacuum, and it is dictated by the singularity of p.(p) close to the maximal
density constraint p = 1.

We supplement this system with the following set of initial conditions

pe't:O = pg> ua‘t:O = Ug (11)

The existence of unique global smooth solution to the approximate problem (10) at £ > 0 fixed is
stated in the theorem below.

Theorem 2.1. Let € > 0 be fized, and let p., - be given by (9). Assume that the initial data
(11) satisfy p2,u? € H3(T), with 0 < p? < 1.

Then, for all T > 0, there exists a unique global solution (pe,u.) to system (10) such that
0< pe(t,z) <1 forallt€[0,T], z €T, and

p- € C(0,TEHA(T)),  ue € C(0,T); HY(T)) N L2(0, T3 H(T)). (12)



We further show that solutions pe,u. from the class (12) satisfy some uniform in e estimates
that allow us to justify the asymptotic limit ¢ — 0 in the weak sense. To this end, we rewrite
system (10) as follows

{ atpe + am(peus) =0, (13&)
Oy (psus + 51:%(95)) + 0, ( (psus + 8907(6(/)5)) us) =0, (13b)
where we denoted

me(pe) = pepl(pe) + petpl(pe). (14)

We show that for ¢ — 0 the solutions of (13) converge to an entropy weak solution of (6) with the
unknowns p, w, 7 in the sense specified in the following result.

Theorem 2.2. Let assumptions from Theorem 2.1 be satisfied, and moreover let

0<plx)<1—Coe? VYazeT, (15)
max (ess sup (A (p2)9,u?),0) < CheT 2w, (16)
VP22 < C, (17)
1027 (Pl 2 + [V 2020 ()| 12 < C, (18)

(19)

0<M°gM§=/Tp2da;gM°<|T|, 19

for some Cy, Cy,C, MO,MO > 0 independent of €. Then:
1. The solution (pe,ue) given by Theorem 2.1 satisfies the following uniform estimates

CeT2 < p.(t,x) <1—CeF1 VY (t,x)€[0,T] x T, (20)
[7mellzoem: < C, (21)

and the one-sided Lipschitz condition
Opue(t,z) <C ¥V (t,x) €]0,7T] x T, (22)

for some C > 0, independent of . Moreover, the following inequality holds for any S € C*(R)
conver:

Ot(peS(ue)) + O (peuecS(ue)) — 0n(Me(pe)02S(ue)) <0, V (t,z) € (0,T) x T.

2. Let in addition
o — p°  weakly in L*(T),
p2ul — pPu®  weakly in L*(T), (23)
Dume(p0) — 8,7°  weakly in L*(T).

Then there exists a subsequence (pe,ue, me(pe)) of solutions to (13)-(14) with initial da-
tum (p2,ul, 7. (p2)), which converges to (p,u,T) a weak solution of (6) with initial datum

(p°,ul,m0).

More precisely we have 0 < p <1 a.e. and the following convergences hold:
pe — p  weakly-*in  L*=((0,T) x T),
me(ps) — m  weakly-*in L0, T; H'(T)),
ue = u  weakly-*in  L*((0,T) x T).

Moreover, for the limiting system, the following (entropy) conditions hold:



e one-sided Lipschitz condition
du<C in D, (24)
e entropy inequality:
O (pS(u)) + 0 (puS(u)) — A5 <0 in D, (25)

for any convez S € C'(R), and As € M((0,T) x T) satisfying |As| < Lipg|A| where

—A = —X(p)0yu € MF((0,T) x T).

Remark 2.3. Let us first comment on the choice of initial datum:

e The assumptions for the initial velocity include the upper bound for (A.(p?)d,u?) to deduce
the one-sided Lipschitz condition discussed in the introduction. This control amounts to take
small values of (9,u?),, except in the low density regions.

e The initial condition (19) implies that the limit system (for € = 0) cannot be fully congested.
This condition is required to control the singular potential 7. (p.) in Section 4.1. Analogous
constraint has been imposed to study the asymptotic limit of the compressible Navier-Stokes
equations with singular pressure, see [33,34].

Remark 2.4. The choice of the approximate function ¢, provides uniform lower bound of the
density. It was shown in [28] that, for viscosity coefficient proportional to p* with « € [0,1/2),
the weak solutions to compressible Navier-Stokes equations have density bounded away from zero
by a constant. We use this property at the level of ¢ being fixed in order to derive the one-sided
Lipschitz condition, but we also show that in the limit passage ¢ — 0, ¢. converges to zero strongly.
We also remark that the lower bound for the density could be obtained without the use of ., by
assuming more regularity on the initial data uniformly w.r.t. €, see [27].

Remark 2.5. The main difficulty in studying the ¢ — 0 limit passage is to justify convergence of
the nonlinear terms. In particular, to pass to the limit in the convective term p.u. one needs com-
pactness of the velocity sequence w.r.t. space-variable. For compressible Navier-Stokes equations
with constant viscosity coefficient this sort of information is deduced directly from the a-priori
estimates. When the viscosity coefficient is degenerate, one can compensate lack of the a-priori
estimate by higher regularity of the density via the so-called Bresch-Desjardins estimate. Here, the
compactness w.r.t. space follows directly from the one-sided Lipschitz condition, which is possible
to deduce because the system is pressureless.

Remark 2.6 (More general singular functions p.). The specific form of the function p. (which
blows up close to 1 like a power law) is used in the paper to exhibit the small scales associated
to the singular limit € — 0 (see in particular Lemma 3.3). Nevertheless, we expect similar results
for more general (monotone) hard-sphere potentials. All the estimates will then depend on the
specific balance between the parameter ¢ and the type of the singularity close to 1 encoded in the
function p..

3 Proof of Theorem 2.1

The first step of the proof is to construct local in time unique regular solution to (10). Thanks
to the presence of the approximation term . this can be done following the iterative scheme,
described for example in Appendix B of Constantin et al. [17]. The extension of this solution
to the global in time solution requires some uniform (with respect to time) estimates that are
presented below.



3.1 Basic energy estimates

In this section we assume that p.,u. are regular solutions to (10) in the time interval [0,7] in
the class (12), and that p. is non-negative. For such solutions we first obtain straight from the
continuity equation (10a) that

lpellze (t) = llp2ll s, (26)

for all t € [0, 7). Multiplying the momentum equation (10b) by u. and integrating by parts we
obtain the classical energy estimate.

Lemma 3.1. For a regular solutions of system (10), we have

”\/Psus”%,?opg + v As(Ps)azuslling < CEp,, (27)
with
Eoe = |V p2ulll72-
The next energy estimate is an analogue of Bresch-Desjardins entropy for the compressible
Navier-Stokes equations. We first introduce the quantity

HL(p) = pe(pe) + pe(pe). (28)
Lemma 3.2. For a regular solution of system (10), we have
|‘mw5“%?Li + [ H(p)lpoo 1t + [|v/p0z (p=(pe) + @e(ﬂe))”%gLi <CE .(1+T71), (29)
with
B = lv/p2wllZs + 1 He(p2)l| 1

Proof. Recall that at the level of regular solutions, the system (10) can be reformulated as (1)
with we given by (8). Therefore, multiplying the equation (1b) by w. and integrating by parts we
easily obtain

IVpewell oz < lIv/p2wl|l 2.
Using again formula (8) to substitute for u. in (10a) we obtain a porous medium equation for pe,
namely:

Oupe + 0ulpewe) = 0 (-0 (pe(p2) + ¢c(p2)) ) = 0. (30)

Multiplying this equation by H.(p.) and integrating over space and time, we get

s | oyt + 0o (L) sz < [ Hai)de +CllVrw g

te(0,T

< /T H.(p0)de + OT||\/p0u?35

Note that H. consists of two components: one positive but singular HZ(p) = [ p<(r) dr, and a
non-singular negative one H(p) = [ ¢(r) dr since a < 1 (see (9)). However we can absorb this
negative contribution in HZ(p) as follows. Let us first observe that

€

H ~
E(p) 1 (1 _ p)5717

and therefore, for any Cy,Cy > 0 (independent of &) there exist C7,C% (also independent of ¢)

such that

S (a3
H? (Ps)l{pEZI_Cieﬁ%l} > C1pf1

H (p)1 > Che.
/T P pertt ¢y crocpentny 0 2 C2F

o
{pe>1-CjeF-1}’



Hence, splitting the integral of H' into two parts, we get

€
H!(p)|de = | ————p1 1 d —p21 1 d
/| (pe)ldw = / (l_a)Ps (pe<1-CleP T} :1:+/Ta(1_a)Pg (pe>1-CleFrT} r

T [ o

< - -
- a(l —a)
< s S

- /T LE (pa)ll{pcéeﬁ Spaﬁlfcisﬁ}dl‘ + /T IHe (p6>|1{p5217015ﬁ}dw

for sufficiently large C1, C% > 0, independent of .
This gives the result of the lemma. O

3.2 The upper and lower bounds on the density

The purpose of this section is to prove that p. is uniformly (in time) bounded from above by p,.
and from below by P This will be done in the two lemmas below.

Lemma 3.3 (Upper bound on the density). Let T > 0, and let (pe,ue) be a solution to (10) in
the class (12) satisfying the energy estimates (27) and (29). Assume moreover that initially Ey .
and F ., defined in Lemmas 3.1-3.2, are bounded uniformly with respect to €. Then there exists
a positive constant C independent of € and T such that

B—1
pa(t,x)gl—C< ) =7, Vitel0,T]), z€T. (31)

€
14+VT
Proof. First of all, the L{°LL bound (29) on H? provides the upper bound

lpellgs, < 1.

One can actually derive a more precise upper bound on the density thanks to the previous esti-
mates. First the Nash inequality provides

1 (pe(t, D[22 < CIHE (pe(t D752 10: HE (pe (&, IS + CIHE (pe(t, ) 1

and we have by Sobolev inequality that

1 (pe (8, D[z < HE(pe (s DI 100 HE (e (8D + THE (ot ) | 22

<c<||HS<ps< DI N00 HE (pe (s DITS + 1HE (e (8 )| 157100 HE (e (1)) 1 15

+ 2 (pe (£ ) 1352100 HE (pe (&, IS + I1HE (pe (2, >>||L1> (32)

Now, we observe that the control of the energy (27) together with the estimate (29) provide the
bound

Iv/Pe /E(Ps)axpaH%fCLg < C(B1e(1+T)+ Eoe), (33)
and on the other hand
, 2 ACBPNEN
VB 0up sy = | VPbe o)

Since )
Pl

p(pe) = €W[W(1 —pe) + 505],



we deduce that

pilpe) _ (L= pe) + Bpe]pe 2

N

pE(ps) 1—p.
_ _Pe \ 1y
(7 + 61 — p5> Pe
—1/2
> yllpel 2.

Therefore
s _ 1/2
102 HZ (o)l e 12 < v o112 I1/PepL(p2)Dupell ez

< Ollp- V2 \/(Bre+T) + Eo,.)

S C\/(El,s(l + T) + EO,e)v

and so, coming back to (32):

|2 (0|, < O\ (Br(1+T) + Eo.e). (34)

Finally, it is easy to show that this latter bound yields

€ B-1
<10 —S2)
loels, < <1+ ﬁ)

for some constant C independent of € and T, provided that E; . and Ey . are bounded uniformly
w.r.t. €. O

Remark 3.4. This upper bound ensures that p. never reaches 1 at € > 0 fixed in finite time, and
S0 pe(pe) remains bounded by a constant which depends a-priori on €. Indeed, we have

pe(pe(t,x)) < m <C(l1+ ﬁ)%e_ﬁ% vtelo,T], €. (35)

Note that the same type of estimate holds for the potential 7 (p.) defined in (14).
In the next step we progress with the lower bound on the density. This is the only place where
the artificial approximation term . matters.

Lemma 3.5 (Lower bound on the density). Let the assumptions of Lemma 3.3 be satisfied. Then
for a constant C > 0 independent of € and T we have:

Proof. The estimate (29) ensures that /p-0.p:(pe) is controlled uniformly w.r.t. € in L{°L2, and
s0, there exists C' > 0 independent of ¢ and T' such that:

1

< C’eiﬁ(l JrT)ﬁ =
pe

1
=y (36)
L% P

a_l

[0z (epe Q)H%gOLg < C(El,a(l +T) + EO,E)- (37)
On the other hand, we have by conservation of mass
/ps(t,:r)d:c :/pg(x)dx = M2,
T T

and by hypothesis (19) we ensure that

0<M’< M <|T|,



for some M° independent of €. Therefore, for any time ¢, there exists some #(t) = Z(t,e) € T such

that 0
M
t.x(t)) > —.

putt. (1) = I

For all t € (0,7] and = € T we can write

e(p(t,2)) " — e (pot,2(1))) T = [; &0, (pe(t.2)) %,

so that

a—1/2 _ a—1/2 _ a—3
e(p-(t,2)) "% < e(po(t,2(6) " + o — 20)[ V20029 12
a—1/2

0 a1
Se(m) 20, (epe

Hence, 5(p5(t,x))a_1/2 < CV/1+T and finally

1
pi(ta) < Ce TR (14+T)7% V>0, zeT.

O
Remark 3.6. For the sake of simplicity we sometimes estimate p. as follows
Pt = CeT TR (14 T) T < O(T)e >
3.3 Further regularity estimates
Control of the singular diffusion. In the next step we provide the estimates of
Ve i= Ac(pe) O, (38)

following the reasoning of Constantin et al. [17] (V. corresponds to what is called active potential
in [17]).

Lemma 3.7. The variable V. satisfies

A/ € € >\E €
OV + (us - Af;gk)ampg) 0,1, - Al gayy _ Oclpodoe - (pc))

& Pe (As(ps))Q

Proof. Dividing (10) by p. > 0 and using the continuity equation we get

V2 (39)

1
Opue + u0pue — —0; Ve = 0.
Pe

Next, taking the space derivative we obtain

0:0,us + ax(uea:cus) — 0z (1

g

839‘/5) =0.

On the other hand, multiplying (10a) by \.(pe), we get

Ot e (pe) + OrAe(pe)ue + )‘/s(ps)Peazue =0.

10



Hence

at‘/s :)\s(pa)atazua + amueatAs(pa)

1
= - )\E(pe)aw (ueaasue) + )\a(pa)aw (pawvve> - 835)\5([)5)“6890”5 - )‘/a(pa)pe(awus)2

Ae (pE) > / < Ve ) 2 Op e (pe) (40)
:_aa: u: Ve +a;c ( ax‘/s _/\5 e ) Pe - azc‘/e
(usVe) - (p=)p (o) .
Ae(p2) > < V. >2 D )e(pe)
_usaz‘/s - ‘/;2"_8:6 < amv:-: _>\/5 e )Fe - a:bv;‘a
)\e(pa) Pe (P )p /\E(pa) Pe
from which (39) follows. O

Lemma 3.8. We have

IVellFoo 2 + 5||ansH%$L§.

=3
< C|V=(0)]|72 exp PRIz + ||\//75ue||LooL2 - Ve||2L2Lz]
row |7(: VP )+ p3*(1—p.)3H T
(41)
where r(p2) o
R pser2 = ‘ Galelle) <———(14+VT).
pe Mpperz = yP(1=72)
Proof. We multiply (39) by V. and integrate w.r.t. space to get
V2 A(p2) o
dt - dz +/T (0:V2)" d
( )va V. do / X)) 0,10 dsc—/ug(')zVeVg dx
T Pe T
/ (X (ps)ps + A (ps))vg e
(A<(pe))”
A AL A
:7/78 =(P) ) pB, VLV, dxf/usamVsVE dxf/ (Xelpe)oe + 5("8))1/53 dz
T Pe T T (Ae(pe))
— I+ I+ Is.
Observe that N
Eppe = pepl(pe) +epd™t > e (42)
€

We will use this estimate to control each of the terms I, Is, I3 separately below.
Control of I;. We have

L] <

8z )\e (ps)
Pe

=R

Let us estimate ||R|[zeop2. To this purpose we split Ac(p:) to the singular and the non-singular
parts denoted by

NS =p2pl(pe), Al =epl.

11



For the singular part we have

‘ N H2p€p’g(pe) + p2p” (p:) 9
— T e
Pe llpgerz Pe L2
27z + 2 2p! (p) /7 (e
VP 7 ;”p VP ot (00) a2
1=
LOO

<c<\1ﬁ ﬂl )>wag<p€> Oupelliesz,

and for the non-singular part

Therefore, using estimate (29), we get

D AT

0 = Hsap?”@xpEHngLg

LeL2

< 08;1/2 Hsp?_3/28

B .
Le°L2

1+VT

RH corz < C———.
Wileese = €m0 7))

Coming back to the control of I, we have:

1] < Vellos 10 Vel 2| R 2
1/2
< ClOVel iz (10 V2 IVE + 1Vellzz ) IRl

Ce _ _
< ZE10.VelBs + O (= IVEIZ RIS + & IVEI32 IR, ).
Control of Is. Using the Holder and the Young inequalities we obtain
] < [ Jucl.VoVe] e
T
<10 Vel IVellez lluell e

Ce _
< 10Vl + O IV B el

with
1 2
e < lluelZe + H Vel < 2l ymuel2a + = 20 Ve 2
< o7l + e 2o Vil
hence

1| < *Ila Vellze +Ce™p Vel e /peue 22 + Ce™?p | Vellzs.-

12
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Control of I3. We apply the Nash inequality and the Hoélder inequality to get
13| < /

T

S ‘

c 1/2 5/2 3
< C oy gy (VA VIS + IVallE)

(M.(pe)pe + A=(pe))
(Ae(p2))?

(M.(pe)p= + A=(pe))

(A=(p2))

Vel do

1/2 5/2
(GAA TS AR VA

Lo

g=4/3-1/3 5/2x4/3 e 3
IVell s +Cw“‘/@|hg~

(221~ 5.)7+?)

Ze

Ce
< T”aneH%g +C Pvel

Putting everything together, we get
d 2 2
ZVelZ; + Cela Vil

< C<€_3IIVEQL3 IRILz + e IVelZ2 1 RIZ: + €7 o2 2 IVellZa llv/peeZ

eVl 4 Vll3>
F, ellL? _ 4/317ellL2 20(1 _ 5 \B+2!17ellLz
) (p2(1 = p.)7+2) ez (1=7)
_ - e®
< OV ( R + e o AVl + ——— Vel ).
(P2 (1 —p.)P+2)
and (41) follows by Gronwall’s inequality. O

From the above result we infer the estimates on 9,u. (which are not uniform with respect to

€).

Lemma 3.9. We have:

(i) Oyu. is bounded in L?L2 with the estimate

1

NS VA (p)Dsticll 212 < Ce™V2p o 2E)2. (46)
€ £

co
Lt,w

||6xUsHL$L§ <

(ii) Oyu. is bounded in L$°L2 with the estimate

1
amu oo .2 S V. cor2. 47
ooz < |50 o Wl )
(iii) O2u. is bounded in L? L2 with the estimate
Jo2uclizes < s o eVl
2 (48)
+C ’ ||aw/\E(PE)HLf°L§ (Haw)‘a(pa)”Lf"Li + 1) Haqu”Lng-
Ae(pe) L,

13



Proof. Part (i) follows immediately from (27). Part (i) results from the definition of V. and the
control of V. in L{° L2 is provided by estimate (41). And finally, part (iii) follows by differentiating
V., we get 0, Ve = 0xA0pue + A\02u., so that

”6§U5HL$L§

IN

1
P (amv;nm n ||azxs||LgOLg||amu5||LgL;o>

=3
Lt,z

<c|

1/2 1/2
<||a:cve||L$L§ + Hax)\aHLgoLi <||8xus|‘LéLgHagUs”L/gLi + Haxue”LfLi) >

1
Ae (pE) L,

O
The higher order regularity estimates. We begin with a formal derivation of higher regu-
larity estimates, for which we assume that the functions p.,u. are sufficiently smooth.
Lemma 3.10. Let m > 2 and let p. € C1([0,T]; C™(T)), u. € C([0,T); C"™F(T)) satisfy (10a),

then we have

S l0moclzs < € (10mucl 207 pc s + ol 10z 107 ucllzz) . (49)

Moreover, forl > 1 and p. € C([0,T); C'TY(T4)), u. € C([0,T]; CY(T9)), V. € CL([0, T]; C'T2(T4))
satisfying (39), we have

/\6(p6)
11 2 14
¥ / |0, Vel d / ((ue + e 8Ipe> &CVE) LV, du

/al < (ps)82 >alv d /ai <(Xa(pe)pa+/\§(pa)) ng) aglcvs de.
T Pe T (Ae(pa))

(50)

Proof. First, differentiating (10a) m times with respect to z and multiplying by 97"p., we deduce

2dt/|8m 5|2 d-]?_ /8 ps ua wp6)+a (psawu&‘)) dw

We introduce the commutator notation [D, f]lg = D(fg)—fDg, where D is any differential operator
and f, g are sufficiently smooth functions. Using this notation we rewrite the above equation as

2dt/|ampa|2 dr = — /8mpa a9, ]aa:pe dm_/a pausa pa dx

(51)
- [or-or.plo.) do— [ orpeportiu o
T T
On the periodic domain, for any g € W™2(T) with n > 3, we have
1029]l L < CllD2gllrz < C(n)[|07 gl L2, (52)

see f.i. [17, Page 12]. Inequality (52) and the Kato-Ponce theory yield
102 0012 < € (102 pell 2Ot + 19 0cl 2 W0uploze) < CUOT w2102 e 1),
and similarly

105", pelOzucl| Lz < C (110 uell 2 [10apellLee + 105" pe 2 OwucllLee) < C107 uell 22 107" pellz2)-

14



Going back to (51), we notice that

1
- / O pee O+ p, d = / DO p. ? da.

['his implies
/6$u€|6$ p€‘2 dx < C”éfﬂuE”L?”éz pE”%%
T -

Combining all these estimates and plugging into (51) we finally obtain (49). Next, differentiating
(39) I times with respect to space and multiplying by 0.V, we obtain (50). O

We already have the estimate of V. in L{°L2 and 8, V. in L?L2 from (41). Also, Lemma 3.3
and estimate (37) give

1\ 1
opdizrz = (a-3) 1]

Using the formulas from Lemma 3.10, we want to derive the estimates for two further orders of
regularity:

3_4 a— 1
p " Oz(epe ?) -
&

S C(ﬁE,Oé,T, Eo,El). (53)

‘LfoL?T

e First, the case corresponding to m = 2 and [ =1 in (49) and (50), respectively.
e Then, the case corresponding to m = 3 and [ = 2 in (49) and (50), respectively.
The obtained result is summarised in the statement below.
Proposition 3.11. Let € > 0 be fized and (pe,u:) be a reqular solution of system (10) with
Bz = E1c+103u]| 2 + 10202 ]| 2 + 10502] L2 + 10502]| 2 - (54)
Then we have
103 pe | oo 2 + 19Vl Lo 2 + |‘a§%||L§L§ + 103 ucl ooz + ||33Ua||L$L§
< C(e, Bserp, 7). (55)

Proposition 3.11 is an analogue of [17, Lemma 4.3] and it is based on the Lemma 7.1 which in
turns is an analogue of [17, Lemma 4.2]. For completeness we include the proofs of both results,
see the Appendix 7.

4 Estimates uniform in ¢

In this section we first recall and derive additional uniform w.r.t. € estimates which eventually will
allow us to let € — 0. The two key estimates of this section are: the one-sided Lipschitz condition
on u., and the control of the singular potential 7.

4.1 Estimates based on the energy bounds

First note that the Lemmas 3.1 and 3.2 are already uniform with respect to €, and so we have the
following uniform bounds

Proposition 4.1. Let the initial data p2,ul be such that
EO,E + ELE S C (56)

for some C independent of €. Then pe,u. enjoy the following bounds:
lv/Petellpser: < C,
vaswsHL’E’OLg <C,

H V )‘E(pe)axUsHLng <C,

llpellgeree < 1.

15



4.2 One-sided Lipschitz condition on 0, u.

The purpose of this subsection is to prove that u. satisfies a one-sided Lipschitz condition, which
will yield a control of the full norm of the 9, u..

Proposition 4.2. Let p.,u. be solution to system (10), and set

A, = max(esssup (A (p2)d,u?),0).

Then
Ve = Ae(pe)Opue < Ac. (58)
In particular:
o I[fA. -0 ase — 0, then
(Ae(pe)Opue)yr =0 as & —0; (59)

1

o IfA. < /\E(BE) < Cet=2a, for some C independent of €, then

Opue < C. (60)

Proof. The starting point is derivation of equation for

Ve = (KAt + 1)V,

Similarly to proof of Proposition 3.7 we can show that

OV + Da (V) — B (AE;”E) ax’v“;)

(61)

9. V2,

~ 2
_ K A, V. _ AL(pe)pe Ve _ Oz e (pe)
KA+ (Ko A+ 1)\ A(p.) Pe

which for ¢ fixed holds pointwisely. We now derive the renormalised equation for XN/E To this

purpose we multiply (61) by S’(V;), where S is smooth, increasing and convex function, we obtain

0S(72) + 0uue5(7) ~ 0, (2L ()0, 7.

= (87— (VT2 e — 5722 (5,7,

pe
~ ~ 2
T - (Ji)s)) - s ©2
= (8(7) - ST (T — 4 e — 57 2L (0,72
~ ~ 2
OO (Ko 5 005) - e () - 2o
We set S(y) = F,(y) where F,, 7 > 0, is a regularization of (- — A.):
0 ify—A.<n
E,(y) = #Jr%sm(ﬁ%) iftn<y—-A.<2n (63)
Y- 5—3777 ify—A: =21

16



For > 0 fixed, F) > 0,0 < F) <1, and

F0) = = ADFy I < (34 52 ) n=rn (649

Note that for such choice of S the second and the fourth terms on the r.h.s. of (62) are non-positive.
Therefore, integrating (62) in space, we then get:

C‘;t/ dg:</‘F V)(V. — AL)
v/ mmm (<5 o+

The first term on the r.h.s. can be controlled using (64), (57), and the e-dependent bound from
below for p. (36), we obtain

/ / [Py (V. V)(V. - A.)
with some o > 0. For the second term of the right-hand side of (65), we notice that
A ~ .= 1
———F(VOV. (K. — —— | d
/KAEH—I n(V2) ( )\5(,05)) !
/ IR P
/ T e F(V)V. (Ks o) Lz (67)

Now, we recall that p. < 1 — C’lsﬁ, with C; > 0 independent of €, so that A.(p:) < Coe™ 71,
Hence, taking

D, <89”A;:”5)> ’ Fy(V2)da.
(65)

|0y ue|da dt < m]/ /|8 ug|dz dt < kC(T)ne= (66)

K. < 02—15% (68)

we observe that the integral (67) is non-positive so that, by Gronwall’s inequality,

/T Fy(Va(t) < | / Fy(Va(0)) + C /Tlaw%ﬂ eXP( O <Mp<p)> oo>

Passing to the limit 7 — 0, and observing that initially (V(0) — A2)4+ = (V2(0) — A.)4 = 0, we
conclude that

/ (Vo(t) — Al da < 0.
T

This implies that

Ac
— <A,
Velt.2) € g s 4 (69)
This concludes the proof of (58), the two implications (59) and (60) are straightforward. O

Remark 4.3. Note that we have from (69) an Oleinik entropy condition at € > 0 fixed, namely a
decreasing in time: (A\:0,uc); < (K.t)~!'. Unfortunately, due to the condition on K. (68), this
estimate degenerates as ¢ — 0.

As a consequence of Proposition 4.2 and due to the periodicity of the domain, we can control
the whole norm of the velocity gradient.
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Corollary 4.4. We have
OsueLerr < C (70)
for a constant C independent of €. As a consequence of it, we deduce
[uellzg, < C. (71)

Proof. Let us denote D, := (0,uc)+. We have, for any ¢
/ 0, (1, 2)|da
T
_ / (2D-(t, ) — B (t, ) )
T
:/QDE(t,J:) dx
T

one-sided Lip. (60) _
< 2C

Taking the supremum w.r.t. ¢ we finally obtain the uniform control of |9 uc|[zsor1. Now as a
consequence of the hypothesis on the initial data (57) and generalized Poincaré inequality (See,
Proposition 7.2 in Appendix 7) we have

luellpoerr < C.

Finally from the Sobolev embedding, we obtain the Ly bound. O

4.3 Improved potential estimate

Note that so far we are lacking the uniform bound on the singular part of the potential 7 (p¢)
(defined in (14), recall also Remark 3.4 and estimate (35)). This is the purpose of the next lemma.

Lemma 4.5. Let the conditions of the previous proposition be satisfied and assume furthermore
the condition (19). We have then

e (pe)llLery + 10ame(pe)llLorz < C, (72)
for a positive constant C' independent of €.

Proof. Assume that T can be identified with [0, 1] supplemented with periodic boundary condi-
tions. We first multiply equation (10b) by

Y(t,x) = /Ox (p=(t,y)— < pe > )dy,

where
0

13

|

Note that v is periodic in space. After time and space integration, we get:

< Pe >=

t
/ /pgp/e(pa)ﬁxue (pa_ < pPe > )dl‘ dt
0o JT
t t
- _/ /pg@é(pe)azus(pa_ <pe> >d~”fdf+/ /pelﬁ(pe— <p.>)dwdt  (73)
o JT o Jr

—|—/Ot/T(Paue)at¢da:dt+/T(psuaw)(o,x)dx_/T(pguaw)(t,x)dx.

18



From the boundednes of the initial conditions and due to (57), we get that the last two terms are
uniformly bounded. By the same token, noticing that

O = / Orpedy = _/ Oz (peuc)dy = peuc(t,0) — puc(t, v),
0 0

and using in addition the uniform bound (71), the third term on the r.h.s. of (73) is bounded as
well. The first and second terms of (73) are bounded thanks to (57). Ultimately, we infer that

‘/ /,oepE pe)Optic (pe— < pe > )dxdt| < C.

Recall that we assumed that there exist MO, MO, independent of € such that
0<M° <M<’
From the hypotheses (15)-(19), we ensure that

<pe ><p= <1, (74)

IT|
1+ < pe >

145
and we define p" = < J2r’0. We then split the previous integral into two parts,

depending on the value of p.. When p. < pI*, the pressure remains far from the singularity
uniformly with respect to € and therefore

‘/ /,ngE pe)Oztic (pe— < pe > )1{p5gpg}d:ﬂdt‘

< CllvpL(pe l{pgﬁpg”} ||L,2L§ [P v ple(ps)a??UEHLfLi

<C
thanks to (57). Hence

t
C> ‘/ /pgp/e(ps)axus(pa_ < pe > )1{p5>p;”}dxdt‘
0 JT

1—
27

t
pgpla(ps)aaﬂual{pe>p;n}d$ dt‘ .
0o JT

summarizing, we have shown that

¢
’/ /p?p’a(pa)&gugdx dt’ <C. (75)
0o Jr
Next, note that for ¢ fixed, s. = p.p:(pe) satisfies the following equation

Opse(pe) + Ou(se(pe)ue) = _ng/e(Ps)axu@ (76)
From this, the control of the initial density (15) and the estimate (75), we can deduce that

Ise(pe)llLserr < C.

Now, considering the cases of p. far away from 1 and close to 1 separately and observing that
se(p) and 7. (p) have the same singularity when p is close to 1, we obtain

17 (pe)llLgers < C.

Regarding the control of the gradient 0,7.(p.), we simply use estimate (57) to write
1027 () Loo 2 < IV/p:llee lIv/P=02 (= (p=) + 0= (pe)) || Lo L2
< Iplezs, (IWpzwelz 2 + | Vpzuelizerz ) < C.
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Corollary 4.6. We have
H>‘s(p6)amus||L}w <C (77)

for a constant C independent of €.

Proof. We proceed exactly in the same way as as in the proof of Corollary 4.4 for V. = A\.(pe)0pue

by combining the control (75) of | fot Jp Ve d dt| with the control of the positive part given by (58).
O

5 Passage to the limit ¢ — 0

The purpose of this section is to prove Theorem 2.2. We will show that when € — 0 the sequence
of solutions (pe, ue, m(pe)) converges to (p,u, ), the distributional solution of (6).

Proof of Theorem 2.2. Thanks to the uniform bounds from the previous section, there exist p €
[0,1], u, and 7 > 0 such that

pe = p weakly-*in L((0,T) x T),
ue = u  weakly-* in  L((0,T) x T),
me(pe) — 7 weakly-* in  L°°(0,T; H*(T)),

up to a selection of a subsequence.
We can immediately justify that

(1= pe)me(pe) = 0 strongly in L((0,T) x T), ¢ > 1, (78)
and that the approximate viscosity term converges to 0 strongly, i.e.
pPepe(pe) = 0 strongly in L*°((0,T) x T).

To pass to the limit in the nonlinear terms we first use the continuity and momentum equations
of system (10) to deduce that for any p < co we have

Hatpe”};toowz—lvl’ + ||at(p5u5)HLtooW;1,2 <C, (79)

where to estimate the time derivative of momentum, we use that . (p.) =~ we(pg)H%, along with
uniform estimates (57) and (72).

Combining the control of d;p. with the control of d,7.(p:) we can apply the standard com-
pensated compactness argument (see, Lemma 5.1 from [24]) to justify that

(1= pe)me(pe) = (L= p)m in D,
and so, from (78), we deduce that (1 — p)mr =0 a.e. in (0,7) x T with 1 —p >0, 7 > 0.

Similarly, combining the control of gradient of velocity (77) with the uniform estimates for the
time derivatives (79) we can justify that

<Us — pu and LuZ = pu? 80
P p Pelle =2 P

in the sense of distributions.
Finally, we can use the equation for 9;0,7.(pc)

010z (pe) + Oz (ueawﬂ'e) =0, (/\E(pa)awus)
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to deduce that

dim-(p2) € LIW; M, (s1)
S0, repeating the previous argument we can justify that also

U0y Te (Pe) = UDyT, (82)

in the sense of the distributions. With this argument, we can justify completely the passage to
the limit in the equations leading to system (6).

The last part is to verify the entropy conditions for the limiting system. First, it is clear that
the one-sided Lipschitz estimate holds on the limit velocity u:

Ou < C in D'
Next, we write that for fixed e, smooth function S:
Ot(pS(uc)) + 0z (peucS(ue)) — O (S/(UE)AE(pE)aﬁuf)
= SII(UE)AE(PE)(8IUE)27

hence, for convex function S:

O(peS(ue)) + On(peucS(ue)) — 0y (S (us)Ae(pe)Opue) < 0.

As previously, we pass to the limit in the sense of distribution in the first two nonlinear terms thanks
to compensated compactness arguments. Next, since (X (pe )0z ue ) is bounded in L{ , from (77), it
converges to some A € M((0,7) x T). Recall that (u.). is bounded in L9, so (S’ (ue)Ae (pe)Ontic)e

t,x»
is bounded in Lj , and converges to some Ag € M((0,T) x T), where [Ag| < Lipg|A|. Finally, we
have proven that:
Ot (pS(u)) + 0z (puS(u)) — dxAs <0.

In addition, from (59) we have for all ¢t € [0,T], z € T
Ae(pe(t, ) (Ozuc(t,z)) =0 ase—0,
and therefore

A<o. (83)

The proof of the Theorem 2.2 is therefore complete. O

6 Numerical approximations and illustrations

In this Section, we first propose a discretization of model (1)-(2)-(3) (dropping the viscosity ¢.)
and then performs numerical simulations to illustrate the behavior of the solutions in the limit
¢ — 0. In particular, we compare with the dynamics the Euler equation with density constraint (7).

6.1 Numerical scheme
We consider the following formulation of the system:
9ep + Oz (pw) — 02(p Dxpe(p)) = 0,
By (pw) + 0z (pw?) — 8 (pw Dzpe(p)) = 0,

and look for a numerical solution on [0,7] x [0, L]. The density equation involves a non-linear
diffusion operator, with unbounded diffusion coefficient pp.(p). Therefore implicit schemes are
required to avoid too stringent stability condition (in particular with respect to ¢).

21



Time semi-discretization. We denote by (p", w™) the quantities at the discrete time t™ = nAt,
with n € N and where At > 0 denotes the time step. We consider the following time semi-
discretization scheme:

pn+1 - pn ny _ n n+1 _
O b)) - Bu(p" 0upelo™ ) =0 1
(/)'LU)"+At— (/)'LU)" N 6$((pw2)n) _ a$((pw)n6$ps(pn+l)) -0 (85)

In order to prevent the density from exceeding the maximal density equal to 1, the first equation
in solved in singular pressure variable p™*1:

n+1) _
At

pe(p pe(P™)

+ aw(p'LU)n - aw(/)n wpn+1> =0, (86)

where p.(p) is the inverse function of p.(p). In practice, at the n-th iteration, we first solve the
elliptic equation (86) to get p"*! and deduce p"*! = p_(p"*!) which is less than 1 due to the
singularity of the pressure law. Finally w™! is obtained from (85).

Full discretization. Let us consider the (p},w}) on a uniform mesh z; = (j + 1/2)Ax, with
Az > 0and j € {0,...,J — 1}, with JAz = L. We use finite-volume discretization formula for

the advection terms and finite difference discretizations for the elliptic operators:

pe(t) —p(ph)  Fpier s

At + Az (87)
P+ ) W =) = (o 4 el T P 0
2Az2 ’
(pw)i ™ — (pw)y Fl s = Fpuis
At * Ax (88)
~ (pw)fr + (o)) @55 — 25 = ((pw)f + (pw)j 1) 05 —pj ) 0

2Ax2

where the fluxes are Lax-Friedrichs fluxes given by:

e S D
Pty ’ 2 . = 50" (01 = pj);

n (pw2)n+(pw2)’?+1 1 . " n
pr,jJr% = ’ 9 - 50 ((pw)f1 = (pw)7),

where C" = max;{|u}|} = max;{|w] — (pe(p};1) — Pe(p}_1))/(2Az)[} is an approximation of the
maximal effective velocity. Gathering all the explicit terms on the right-hand side, Equation (87)
can be written as follows:

, (P +e)) i =) = (f + o) () =PI )

p(PI) — A SASE (89)

oo, —F"
_ nY At Ptz P35
pe(P}) —Ar
This equation can be complemented by periodic or Dirichlet boundary conditions according to
the test case. This is a non-linear equation solved using Newton’s algorithm. To summarize, at
the n-th iteration, we first compute (p}”‘l)j with Eq. (89) and then we compute (w}“‘l)j with
Eq. (88). Note that the time step should satisfy the CFL stability condition: C"At < Az, for all

n € N.
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6.2 Numerical results

Here, we propose two numerical tests to illustrate the behavior of the numerical solutions as
¢ — 0. We compare the results with numerical simulations of the Euler system with maximal
density constraints. These latter are obtained with the numerical scheme proposed in [32] based
on a Lagrangian formulation.

Test case 1: compressive initial condition. We first consider the following initial condition:
p°(x) = 0.5, w’(x) = 0.5 sin(27x),

on the domain [0, 1] with periodic boundary conditions. The compressive desired velocity w?,
which is positive for z < 0.5 and negative for = > 0.5, induces an increase of density in the middle
of the domain. The numerical parameters are as follows: At = 0.001 and J = 150 and we consider
v = 8 = 2 in the definition (3) of p.. For the congested Euler system, we use 400 discretization
points.

Figure 1 shows the solution at time T = 0.3 for different values of e: we plot the density
(left), the velocity u = w — Ozp-(p) and the adhesion potential —7.(p) defined in (14). Curves
labeled by “e = 0” correspond to the numerical solutions of the constrained Euler system (7). As
expected, the approximated solutions tend the solution to the congested Euler system as ¢ — 0. In
particular, at the limit, the solution solution presents a discontinuity between a congested phase
with constant velocity (incompressibility condition d,u = 0) and a free phase.

Time t= 0.3000

0.000

0.6

—0.025

|
o
o
@
o

-0.075

Velocity (u)

»n —0.125

Adhesion potential (—m)
s
o
o
o

—0.150

-0.175

0.0 —0.200
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: Solution at time 7" = 0.3 with compressive initial condition for different . For ¢ > 0:
numerical scheme presented in Section 6.1 with At = 0.001, J = 150. For ¢ = 0: Lagrangian
scheme [32] for the congested Euler system with 400 discretization points.

Test case 2: dilatant initial condition. We then perform a dilatant test-case in the congested
regime. We consider the following initial data:

P2(z) =1—2¢7, w'(z) = tanh((z — 0.5)/0),

with o = 0.05, on the domain R. The initial density has been chosen such that p.(p?) tends to
a positive value as € — 0: this is the critical scale to approach a congested regime. In practice,
we use Neumann boundary conditions for the approximated system with J = 200 points and free
boundary conditions for the congested Euler model with 200 discretization points on the interval.

On Figure 2, we compare the solutions at time 7' = 0.03 for different . We still observe that the
solutions tends to the congested Euler dynamics as ¢ — 0. We note that the asymptotic adhesion
potential equals zero: indeed, due to desired increasing velocity profile, there is no congested force.
In consequence, the desired velocity is constant in time.
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Time t= 0.03
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Figure 2: Solution at time 7" = 0.03 with dilatant initial condition for different e.

7 Appendix

Here our goal is to prove Proposition 3.11. To do so, we first state the following lemma, which
provides an estimate of p. and V. for the case m = 2 in (49) and [ = 1 in (50). Then using this
lemma we derive the higher order regularity estimates for p. and V. and conclude the proof of
Proposition 3.11.

Lemma 7.1. Let € > 0 be fized and (pe,u:) be a regular solution of system (10) with

Eye = Ey o+ [|00ul]l 2 + 10202 2. (90)

Then we have

102 pell g rz + 1102 Vellgera + 102Vell 2z + 105ucll Lo e + 107ue L2 2

S C(gaEQ,s,BaapsvT)' (91)

Proof. Here we recall our estimate of 0,p. in LL2 :

—1
1 1
orpdlizrz = (o= 3)  Z]

We consider the case that corresponds to m = 2 in (49). Therefore, we have

1
<=-C(p T, Ey, Ey).
‘Lf"Lg =z (p&‘aaa s L40 1)

3_ _
pé aaw(gp? 2)

1d
5 2 1020cl32 < € (102uclln2 102p-1132 + 102l s2 95ucllL2 )

On the other hand, integrating by parts with { =1 in (50) gives us

1d 2 Ae(Pe) |21, 12
s | jovidn s [ 22 o2y
)\/ € Ed )‘s €
:/ (ue+ A5(55)6$p5> c%chaiveJr/ (AL(pe)p o+) (p ))Vfangda:.
T T ()\E(pa))

&€

From the observation
Ac(pe)

Pe

= pepi(pe) + ep® >
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we deduce that

1d 2 217 (2
2dt/|a Vel dm+€/|8zVE| dx

A/ € 8d AE €
g/usazv;agvsdw/ As(fs)ampsazmagmdﬁ/ (Xe(pe)p v G ))vfagmz
T T P: T (Ae(pe))

Control of J1. We proceed similarly as in the case of Iy of Lemma 3.8. We have

1] < uellee 102 Vel 22 |02 Vell . < —02Ve ]2, + = ||u€||L°°||8 VellZs-

— 16
We recall

lucllFr < p2 2 lVpzucll7z + 22022 Vel72
to conclude

€ - - -3 —2a
1l < S0Vl + 4 (02 I petel B + 7502 Vel ) 19V 2

Control of Jo. For this term, we observe

i
~

«
I
A

(92)

| J2| < C (e, p)10pell e 102 Vell L2 107 Vel 2 < — ||32V 72 + C(e. e p )| OwpellTee 10 Vel L2,

from which we deduce

3 _
|l < TEllO2VEIlZ: + Cles pes p 102 e 72 1100 Ve 22

(XL(pe)pe + Ac(pe))

Control of J3. The bound for 5
()‘E (Pe))

implies

Lge

7 < G108V, + CCeupenp) [ IVel'da.

— 16
Moreover, using the Nash inequality we obtain
IVelids < € (Va2 10aVellag + V22 ) -
Thus we deduce
Js] < S NORVEIEs + Cespenp,) (VIR 10 Vellng + VD2 )
Finally combining (92), (93) and (94), we get
37 / |0, V.| ?dx + / |02V |2 dx

<4(p 5w¢z%mg+fﬁfwuﬁﬁu@mﬁg

+ Cle,pes p )20 3210 Vel32 + Cle s ) (IVENS2 190 VEllng + IVEIIE: )

(93)

(94)

(95)

Now we want to derive an expression for 93u. in terms of V. and its derivatives. A direct calculation

gives us

aﬁ‘/s = 2836()\5(p5))8§u5 + aﬁ()‘s(pe»axus + As(ps)aius'
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Using the relation between 0, V. and 0,u., we have

1 20: ) (pe) DuXe(p2) ) AL(p)|zpel® + N (p=) D2 pe
Pu. = 92V — ZelePel g g (AP (e e\Pe)ChPe )y,
Ae(pe) A (pe) Ae(pe) Ae(pe)?
4
i=1
Denoting A = Du)e (pe) we observe that

Ac(pe) ,
1A]| L < C(pe, p)|Oxpellze < Clpz, p ) |02 pel 2

Using the above estimate, we obtain the following bounds:

1
Bl ¢ S H
1Bz < | 55

1Ballzs < CHAHLoolla Vellzz < C(pz, p) 107 pell 2 10 Vel 2
1Ballzz < CllAllLee 1Al 2 Vellnge < C (e, p)|12pe e |0 pell 2 Vel 2
< C(p=, p )02 pell 2 10wpe | 2 Vel s
[Ballzz < C(pe, IMOzpel| o 10w pell 22 Vel z + C(pe, p ) 102 pell 2 | Vel a2
C(pe, p.) (105 pell 2 10zpell 2 | Vell s + 107 pell 2 Vel 2 ) -

107 Vellzz < C(pe, p ) OZ Vel 12

Therefore, we have

103ucll 2 <C(pe,p.) (105Vellre + (10zpella IVellms + IVellmr) 192pe ] 2) - (96)

We recall

A Py (- P P A A P C A Py

and substitute (96) in the estimate for 92p., we get
dyse 2 ~ 2 2
5 g 102pellzs < Cpes p IO Vell L2110z pell 2
+C(pe, p.) (107ue | 2 + IVell ez + 11020zl 22 Vel m2) 1020172 -

Now we add the above estimate with (95) to obtain

2dtn 20l + 5 0:Vel; + ToclORVal,

Cpe. p IOVl 12 11020: | 2

Clperp,) (10uclln + Vel + 19upell e IV Ly + 10 V2, ) 0202
( ;1/2 Tvpsuelis + e 022 Vellz ) 19 Vell3a

Cle,perp) (IVl32 90 Velzz + IVEIIL: )

Using the Young’s inequality we deduce

102 Vell2 1020l e < H82V”L2+ 192 p-1Zz -

— 16
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Similarly, we derive the following inequality:

%%”agpg”gg n %%Hamvgugi + Ze”@iVEH%i < Fi)|02pellie + F(N|0:Vell72 + G(1),  (97)
where
Fi(t) = C(e,per p,) (102uclnz + Velliz + 100pe iz Vel + 102 VI +1)
Fa(t) = 4 (p7 e IVpeuc 3y + =72 IVell3)
and

G(t) = C(e,perp,) (IVe I3 10aVellzz + IVellL )
From our earlier estimates on the time interval (0,T") described in Lemma 3.8 , we have
1Fi et < €6, T) (1020elie + IVell oy + 10upelzgera Vel omy + 102Vel2ar +7)
1Pl < Cleserp ) (022 IV/peuellpe e+ 62 2 Vel ez )
1G]y < Clespe o T) (IVellE o 1210 Vellzns + I1Vellders )
and consequently
IEu ey + 1 Felley + |Gl < Cles pes ps Bre, T).

Integrating equation (97) with respect to time, and using the additional hypothesis on initial data
(90) and Gronwall’s inequality, we conclude

3 —
102pe | Loz + 102 Vel L rz + S102VElT2 12 < O, Baesperp,, T).

From this we deduce the following estimates:
The L{°L? estimate for 0%u..

Hagus||Lt°cLi

< ‘ !
[ Ae(pe) L,
S 0(57 EQ,E, Bgv T)

(102 Vel 2 + N0, (100l + W0apel ) Orcl ez

The L?L2 estimate for O3u.. We write

1 203 A (pe) <az)‘s(f’s))2 <>‘/ (p)0zpe|® + )\”(pe)82p€>
Ogue = Ve — =m0, Ve 42 ) Ve (55 = =) VL,
As(pe) As(pe) Ae(p:) Ae(pe)?

and from (96), we get

) ) :
12uc 22z <Clpe. gg(naiv;um 4 (10epel Fe o IVellzerms ) + 10202 13 + ||v€||H;|a§p€||Lg)
O, p ) (100 v 13+ 10upel3e 12 IVe Lo

The proof of the lemma is complete. O

Having the above lemma at hand, we next prove the regularity estimates from Proposition 3.11
with the initial data satisfying (54).
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Proof of Proposition 3.11. In order to prove the proposition, at first we notice that this corre-
sponds to the case m = 3 and | = 2 in (51) and (50), respectively.
For m = 3 in (49) we obtain

d
5182 < € (I0%uclz102pe s + 1102 ez NOtucllns ) (98)

Similarly, I = 2 in (50) gives us

>\€ €
2dt/|82V| dx——/ <(u8+ /()g )3xp5> axve> 02V.dx

+A%(ﬁ”b2>yvm (99)

€

_/32 <()‘la(pe)ps +>\€(pe)> ng) 8§VEd1‘
T

’ (/\E(pe))2

Applying integration by parts for the terms on the right side of the above equation, followed by
an adjustment of the terms, we get

As(ps)
02V dx +/ IV d
m/' | Loz,

)\&‘ €
:/%ﬁm£n+/m%mn@wm+/‘gﬁﬁ&@mﬁnm
T T T

€

i _ )\/ = £ >\€ €
+/ (ps)‘e(pa)z Ae(p€)> ‘8zps|28m‘/€a§‘/€ dx—f—/am ( s(p )P + 2(P )) ‘/;285‘/5 dx
T /\6 T (As(ps))

/ 6
+ 2/ ((/\e(pe)pa + Ae(ﬂs))) Vsamvsagvs do = ZKz
T

2
()‘E(ps)) i=1
A
We use Lemma 7.1 to estimate terms K; fori = 1,--- 6. First, we recall the inequality e (pe) >e
Pe
to conclude \
/:@%@wﬁng/@mﬁm.
T Pe T
Control of K,. Here we have
K| < el o 05 Vel 22 03Vl 22 < 16||33V 72 + = ||u€||2Lg°||a§V5”%§'
Proceeding similarly as in (92), we obtain
€ — _ -3 —
Fal < 100V 3 + 4 (o7 2 e B + e 202 Vel ) 102Vl (100)

Control of Ky. Also, for this term we use Young’s inequality and the inequality (52) to get

| K| < (| Optie| 22 102 Ve oo 05 Vel L2 < 16H33V 72 + = ||a A AP
Hence, we have

K| < —[03Vel2 + Cle, perp )(II8 uel|Z2 107 Vel Tz + [100ue 1721105 Ve ||L2>' (101)

— 16
Control of K3. We note that

Ae(pe)

2
€

K| g’

3
102 pe Lo 102 Vell 2 102 Vel 2 < 75 102VellZ2 + C(es pes p )10 Vel 22 10202 72 -

(102)
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Control of K,. We start with the following estimate:

ps)\/g (pe) - )\E(pe)
A2

mn<’

L

Additionally, we apply Young’s inequality to get

[Ka| < 16||53V 72 + Cle, pes p )10 Vel 221020 |72 - (103)
Control of K5. A direct calculation gives us the following identity:

()‘/s (pe)pe + Ae (Ps)) _ 1 " ’ . AL(ps) v
%< ()’ )‘bmm“&%”ﬁﬂ%%” Ao (pop NelPe)pe  Aclpe)) | O

As a consequence of the above identity, we obtain

[a

)\/
)\” (pe)pe + 2)\/( ) — E(pa);g ()‘/e(/%)Pe + )‘E(PE))] < C(ﬁﬁvﬁ ),
Ae(pe) Lo €
followed by
|[Ks] < Cpes p)|0upell 2 | Vel 103V 12
By using the Young inequality, we can further deduce
| K| < *\\33‘/ 172 +Cle, pes p)10upellyz | Vell s (104)

Control for Kg. Here we observe that

|| ( L(pe)pe + ;Q(pa))>

[ K| < 16||33V 72 + Cle. pes p Vel - (105)

102 Vell 22 [ Vell oo 102 Vel 2

L

This implies

Therefore, adding inequalities (100)-(105), we have
)
2 2 3 2
2dt/|8V| dl‘+88/|8V\ do
< C(e, pes p )0 Vell72 105 0 117 2
+Cenpenp,) (072 IVpEuel s + e 0 2 VeI, ) + 0w 25 ) 192Vell3

+ C(espe ) (103 1020e 12 + (L NOwpell3) IV )

(106)

Next, we would like to estimate ||0juc|[z2. A direct computation leads to the following identity:

1 AL(pe) | 2XC(pe)
%%:@%_<6 L 20N 5 ey
-(p2) M(p)? " Alpo) )P

A

() (- ) - (453 0
*G(aigf‘A¥3> (f&ﬁ;)a%ﬁ%%

(

2;6’5((&))22 AL(pe) ) (Oupo)PVe — ( AL(pe) > Pp.V.

Ae (Ps) )‘e(pa)2
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We rewrite the above expression as

Fque = Ri(Ac(p2); AL(ps), M (p) D3V + Ra(Ac(p2), AL(pz), AL (pe))Dup 02 Ve
+ R3(Ac(pe), Xe(ps)v )\Isl(pg))‘ang|28x‘/; + Ra(A(pe), )‘le(pE)7 A;/(Ps))aipeazvs
+ Rs(Ae(pe)s )\;(pg), )\g(pg))angaipgvs + Re(Ae(pe)s Xe(Ps)v Ag(ﬂe))(axﬂs)sve

7
+ Rr(Ae(pe)s Xolpe), N (p2))03p-Ve i= Y Diy

where for each i = 1,--- ,7 we have

[R:(Ae(pe), )‘,e(pe)7 Ag(ﬂs)) HLgo < C(pes BE)

Therefore, we get the following estimates:

ID1llzz < C(pe, p )02 Vel 2

ID2llz2 < Cpes pNO2Vell 22 100 pell e < Clpe, p ) O2Vell L2 107 pel 2
IDsllz2 < C(pes p |0 Vel 22 100 pelliee < Cpes p )0 Vell2 102 pel17
IDallzz < C(e, p N0 Vel 221020 | e < C e, p )02 Vell 2107 pell 25
IDsllz2 < C (e, p ) Vell e 10w pell e 102 pell 2 < C(Be, p Vel m2 10721172
1Dsllz2 < C(pes p I Vell oo 102pell e 10w pelli < C e, p Vel 2 10w el
[D7llzz < C(pe, p ) Velloee 1020z 122 < Cpes p ) IVell 105z | 2

Now, going back to (98) and plugging the above estimate in it, we obtain

pes PN OZVell L2 1107 el 2
(IVellzs + 103wl 22) 10702 1172

2, <
Sl < O
+C(‘

€

P
p.) (el 1020l 22 102 Vel 12

C(p
C(pesp.) (IVellary (lpelms + oz + lloe iz ) ) 020z

57

)
2
)
p.)

Now we add the above inequality with (106) and use the following inequality

Cper p )02 Vellez 1920l < 3 V22 + Cles e p ) 1020132

to deduce
thll Fopella + 2dtH@QV 172 + 5\\53‘/ 172 < FL@)102p:172 + F2(0)103VE|72 + G(1)  (107)
where

Fy() = Ce,perp) (IVellmy + 10%cllns + 19ucllns + 102Vl + VI3 + lpelid 1)

By(t) = Cle,perp) (072 I/pruel3e + 72072 IValR ) + 100ticl32 + eIz )

and

6 4
G(t) = O, pe, p,) <||32ue||m +[103ue 17z + (Z ||p5||H2> (Z IVEII’E;>> :

k=1 k=1
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From Lemma 3.8 and Lemma 7.1, we have
1E s + 1Bl + Gy < Cle, pesp s B2, T).
Now, we introduce an additional hypothesis
10202112 + 103V2l 22 < oo
Again we use Gronwall’s inequality to conclude
. €
102013 13 + 1OV s+ SOV 2,
S C(Ea E3,€5 psa BE7 T)a

where
Ese=Eac+ 03020 12 + 102V2 2

We proceed analogously as in the proof of Lemma 7.1 to obtain the L{° L2 estimate of d3u. and
the LZL2 estimate of 02u.. O

Next, we state and prove a generalized Poincaré inequality:

Proposition 7.2. There exists a positive constant C' such that the following inequality holds
fully < € (Joruley + [ rlulas ) (108)
for any u € WHH(T) and any non-negative function r such that
0<Mo§/Tr dx < oo, reLyX(T). (109)

Proof. We prove the statement by methods of contradiction. Suppose (108) is not true, then there
exists a sequence {u, }neny and {7, }nen such that

funllzs =1, Osttles + [ ralun] do <
and
rn, — 7 weakly-* in L3°.
Therefore, we have
l[unllyzr < 2.
As a consequence of compact embedding of W}l! in Ll we obtain

U — u strongly in L.

yields

Next, the bound |0z un (L1 < %
Ozuy — 0 strongly in L_}c.
The above two statements imply
U — u strongly in W' and d,u = 0 a.e..

Now, note that the weak-* convergence of 7, in L° and strong convergence of u,, in Ll helps us

to deduce
/ rdr =0,
T

that contradicts the hypothesis (109). O
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