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Elliptic Hamilton-Jacobi systems and Lane-Emden Hardy-Hénon

equations

Marie-Francoise Bidaut-Véron Marta Garcia Huidobro

February 18, 2023

Abstract

Here we study the solutions of any sign of the system

—Aul = |V’U,2|p,
—AUQ = |Vu1|q,

in a domain of RNV, N > 3 and p,q > 0, pg > 1.. We show their relation with Lane-Emden
Hardy-Hénon equations
—Ang er?wq, €= =+1,

where u +— Agu (p > 1) is the p-Laplacian in dimension N, ¢ > p — 1 and o € R. This leads
us to explore these equations in not often tackled ranges of the parameters N, p,o. We make
a complete description of the radial solutions of the system and of the Hardy-Henon equations
and give nonradial a priori estimates and Liouville type results for the system.
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1 Introduction

Here we study the solutions of any sign of the Hamilton-Jacobi type system

—Aul = |VU2|p,
{ —AUQ = ’VU1|q, (1.1)

in a domain Q of RY, N > 3, and

p,q >0, pg>1, and we can assume p > q,
so that p > 1. Our purpose is to describe the behaviour and the existence of solutions when
Q = B,,\ {0}, RN\ {0} ,RM\B,, or RV. Note that if (u1, ug) is a solution, then (u +Cy,uz+Cs) is
a solution, in particular the constants are solutions. The study of the radial solutions is fundamental

for the understanding of the system. As shown below, it appears that they are governed by the
solutions of Lane-Emden Hardy-Hénon equations

—ANw=erwd,  &=+l, (1.2)

where u — Allju (p > 1) is the p-Laplacian in dimension N, q > p — 1 and o € R. This justifies
to make the point on the actual knowledge of these equations, and give a complete study in any
range of the parameters N, p, 0.

In the last decades, a great number of elliptic systems deal with positive solutions of semilinear
or quasilinear, with source terms in the right hand side, involving powers of the solutions. Our
study is motivated by the well known Lane-Emden system

{ —Auy = |z|" ub,

1.3
—Aug = \x|bu%, (1.3)
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which has developed an extremely rich literature, starting from the conjecture of nonexistence of
solutions in RY for ¢ = b = 0 when
1 n 1 - N -2
p+1 q+1 N’

first proved in the radial case for any N > 3 in [30], obtained in of [35] for N = 3, extended to N = 4
in [37], and still open for N > 5. The existence of solutions in R™\ {0} of such elliptic systems
with a possible singularity at the origin, or in an exterior domain RV\B,,, and the question of a
priori estimates has been developed in many works, with extensions to quasilinear operators, with
possible weight functions, or to analogous problems on manifolds, and it is impossible to quote all
of them. Let us also mention a significant amount of results of non existence of supersolutions in
RV, started in [31], [14].

In contrast, only few results are available in the literature for elliptic systems with gradient
terms. A general study of nonexistence of positive supersolutions of systems with source terms
is given in [22]. We can also mention some works on more specific systems in [23], [25], [6], [18],
and [21], [2], [1], [36]. Up to our knowledge the study system (1.1) began very recently, with the
publication of [20], where the existence of positive singular solutions of the Dirichlet problem in
O\ {0} was proved when (2 is a small perturbation of a ball of center 0, and the work of [3], where
existence and non existence results are given for the system with forcing terms.

In the sequel, we distinguish three types of solutions: the positive ones, solutions of (1.1), with
source type gradient terms

—Aul == |VU2|p,
>0 14
e TR 14
the negative ones, equivalently, setting 1 = —uq, Uy = —uq, the solutions of a system with absorp-
tion terms | "
—Auy + |VusP =0, ~ o~
~ ~ >0 1.5
{ —Aug+|VU1‘q:0, U1, U2 2 0, ( )
and the mixed ones, equivalently setting u; = wuy, us = —us, the solutions of the mixed type system
—Auy = [Vugl?, —
g g >0. 1.6
{ AT = |Va]?, vtz = (1.6)

In Section 2 we study the existence of particular solutions of system (1.1). We briefly mention
the main results concerning the scalar case of the well known Hamilton-Jacobi equation

—Au = |Vu|?, (1.7)

-2
where ¢ > 1. The existence of particular positive or negative radial solutions u*(r) = A*rgfl,
r = |x|, for ¢ # 2, where A* has the sign of (2 — q)((N — 1)g — N), puts in evidence two critical
values q = % and ¢ = 2. Concerning system (1.1), these two critical values are replaced by



four critical conditions linking the parameters, namely ¢ = ¢; = ¢;(p), @ = 1,2, 3,4, defined by the
relations

(N-1pg =N+q, (N-1pez=N+p, q@p-1)=2  pl@a-1)=2 (18
In the problem, moreover another value is involved, defined by the relation

p+q°

(N —=1)pg* =N + 5

(1.9)
corresponding to the Sobolev exponent relative to equation (1.2).

In Section 3 we study the radial signed solutions of system (1.1). We show that they can
be completely described. Indeed the system is invariant by the scaling transformation Ty, ¢ > 0,
defined by

p(g—=1)—2 a(p—1)—2
Te [(ur,u2)] (x) = (I pe=T wy(bx),l” pa-1 ug(lx)),

and thus the radial case reduces to an autonomous system of order 4. Due to the particular form

of system (1.1), which involves only the gradients of the functions, we can reduce to a system of

order 2. The radial study offers a double interest:

o The radial system reduces to a quadratic Lotka-Volterra type system:

{ Sg=S(N—-(N-1)p+S+p2),
Zy=Z(N—(N—-1)g—qS—2).

where i Ne1 7\ /19 N—1,/\/
S:T|u2‘ :—T'(T ul) Z:—T|u1| :_Tw7 t=1Inr.

/ N—1,1 7 / N—1,,/
Uy r Uy Uy r Usg

Moreover system (1.1) is governed by the Hardy-Hénon equations (1.2)in the following way:
e For any radial solution (u1,us) of system (1.1), the function w =rV=1|u
(1.2) with the specific values

N -1 —1 1 1-—
Nzl—i—w, p=1+-, q=gq, o= (N-1) pq) e = —sign(ujub).
p p p

Y| satisfies equation

As an unexpected and remarkable fact, the system (1.4), which presents two source terms
|Vual?, |Vui|?, is not linked with a Hardy-Hénon equation with a source term (¢ = 1) but an
equation with an absorption term (¢ = —1), see Remark 3.11.

Section 4 is devoted to a complete study of the radial local and global positive solutions of
the Hardy-Henon equations (1.2) for € = 1. They are well known in the case N > p > —o, and we
cannot quote the inmense literature on the subject, starting from the works of [27] and [19]. The
main purposes of the articles are the obtention of Liouville type results, symmetry properties and
a priori estimates for the equation with source (¢ = 1), and the study of large solutions for the
equation with absorption (¢ = —1),. The other ranges of the parameters N, p, o, such as p > N or
o < —p, 0 < —N seem to be less considered. We first mention the remarkable work of [34] valid
for 0 = 0 and any N, p. Let us also quote the nonexistence of possibly nonradial solutions, even in



a very weak sense, proved in the pioneer paper [17] for ¢ = 1, N > 3, p = 2, 0 < —2; and recent
interesting symmetry results of [4] in the case p = 2. see also [24] for an extension to any extension
to any p > 1, 0 < —max(IN, p) under some regularity assumptions.

Here we treat all the cases of distinct N, p, o at Theorems 4.9, 4.12, 4.13, 4.14, 4.15, 4.16. The
limit cases 0 = —p, 0 = —N, p = N, where logarithmic type solutions appear, are described at
Theorems 4.18,4.19, 4.20, and the critical case p = N = —o at Theorem 4.21. Independently of
their application to system (1.1), they offer a remarkable diversity of types of behaviour. We hope
that they constitute a solid basis for a future nonradial analysis.

Our study is based on the analysis of the phase plane of the associated quadratic Lotka-Volterra
system,

_ o(P=N
St—S(ﬁ‘l‘S"‘ﬁ),
=2(N+o0—qs—2),
where s = —r%’ and z = —er!™7w9 |w'| P w’, already started in [12]. We observe that this system
is neither competitive, nor cooperative as soon as (p — 1)q > 0. Note also that our study gives
local existence results without involving fixed point methods, and global ones without introducing

energy functions. Among all the results, let us mention a few striking examples:

e For p>N > —0 and ¢ = £1, we get existence of solutions of equation (1.2) in C%(B,,) N
_ o+l
C%(By,\ {0}) of three types : such that lim, ,ow = ¢ > 0, and either limrﬁo r ptw =d#0or

lim, o7 P b1 w' = d # 0, and solutions such that lim,_,gw = 0 and lim,_,or P~ = w=k>0.

e For —o > max(p, N), there exist solutions in an exterior domain R\ B,, such that lim, ., w =
¢ > 0, see Theorems 4.12, 4.14, 4.20.

e It is well known that for N > p > —¢ there exist explicit solutions in CO(R™) N C2?(RM\ {0}),
N(p—1)+p+po

N—p , given by

often called ground states, when ¢ is the critical Sobolev exponent gg =
+o N-—
w = c(d+ r%)fpff, where ¢ > 0 and d = d(c, N, p, o). In fact the same phenomena holds when

—o > p > N (see Theorem 4.12).

e Fore = —1,0 = —p(é\:l), in particular when p = N = —o, there also exists a family of

explicit solutions, see Proposition 4.17.

For convenience the proofs of the main results of Section 4, using various techniques of dynamical
systems, are given in the Appendix.

In Section 5 we describe the behaviour of the radial solutions of system (1.1), from the results
of Section 4. Because of the great diversity of the possible solutions, we concentrate our study on
constant sign solutions in B, \ {0} or RN\ B,,, and above all on global solutions in R\ {0} .

Comparing to the scalar case, the situation is much more intricated: even in the case p = ¢,
where we show that the system can be completely integrated, there exists an infinity of solutions
such that uy # ug. In the general case p > q we give all the local and global nonconstant solutions
of systems (1.4), (1.5) and (1.6). It appears that the components u;,uz of a solution in (0, c0)
can admit different kinds of singularties near 0: either lim, ¢ |u;|] = oo, and we say that wu; is
oo-singular, or if lim,__,gu; = ¢ € R and lim, o |u;| = oo, and we say that u; is a cusp-solution,
see Remark 2.3. Concerning (1.4), we get the following, from Theorems 5.9, 5.12 and 5.15:



Theorem 1.1 Let pg > 1,p > q, and let qi1,q2,q3,q4 be defined in (1.8). Consider the system
(1.4).
(1) Local solutions near 0: There exists radial solutions in By,\ {0} such that
—Auy = |VUQ‘p + C1dy,
—Auy = [Vur|? 4 C200,

with C1,Cy > 0 when p < %, with C1 = 0,Cy > 0 when g < q1, with C1 > 0,Cy = 0 when g < qo.

(2) Global solutions: up to additive constants,
p(g=1)—2 a(p=1)—2
o For qa < q < g3, there exists a co-singular solution (uj,ul) = (Ajr ra=T | Ajr »a=1 ), with

1, A5 >0, and also solutions such that

(01, 113) ~r (0 u5), {

hmT_’OO TN_2U1 =c > 07 hmr—>oo T(N_l)q_2u2 = C(Cl) > 07 qu < %a

lmy oo N 201 =¢1 >0, limy_oo ¥ 2ug = 9 > 0, if ¢ > %
e For q > quq, there exist cusp-solutions (uy,us) such that
o Pla=1)=2 g Ap=1)-—2 ] .
(ui,u2) ~roo (|AJ|r vt |AS| 7 pa1 ), lim ug =¢; >0, lim ug =cy >0,
T—00 T—00

and there is no other global solution.

We also give the existence of solutions of (1.4) in R\ B, at Theorem 5.10.

The cases of system (1.5) and (1.6), treated at Theorems 5.9, 5.13, 5.14 when g < g4 are even
richer. Note the existence of a family of explicit solutions of system (1.6) in the case ¢ = ¢*, which
corresponds to the critical Sobolev exponent for the Hardy-Henon equation, see Theorem 4.9. The
case q > qq4, treated at Theorem 5.15 is remarkable, since it gives the existence of bounded solutions
of any of the three systems (1.4), (1.5) and (1.6).

In Section 6 we extend the study of system (1.1) to the nonradial case. Our main aim is finding
upper estimates, which appears to be a good challenge. Indeed the system is not variational, and
does not offer monotony or comparison properties which could be used as it was done in [§],
[37]. Moreover the Bernstein technique, developped in [27], [16], [34] for semilinear or quasilinear
equations, appears not to be efficient for systems, as in the case of system (1.3), except in special
cases, as in [15]. Finally we cannot use the very performant methods of moving planes or moving
spheres, see the pioneer results of [19], [33], even with boundedness assumptions on the gradients,
because in RY there aways exist constant nontrivial solutions. Here we give a first estimate, and
in the same way a nonexistence result, see Theorem 6.2, Proposition 6.5 and Theorem 6.6:

Theorem 1.2 Let pg > 1,p>q > 1.

(i) If (N — 1)pg < max(N +p,N + q), then any supersolution of system (1.1) in Q = R,
without condition of sign, is constant.

(ii) Let (u1,uz) be any supersolution of system (1.4) in By,\ {0} (resp. in RN\B,,). Then there
exists p € (0,79) and C > 0, depending on u1,us, such that for any r € (0, p),

@) < 0{ max(L,r~ ) if plg—1) £ 2,
Inr| if p(g — 1) =2,

()| < 0{ max(L,r~ ) if qlp— 1) 2,
lnr| if q(p—1) = 2.




(iii) Let (ui,uz) be any positive subsolution of system (1.5) in By,\ {0} (resp. in RN\B,,).
Then there exists p € (0,79) and C > 0, depending on uy,us, such that for 0 < |z| < p,

W(w) < O{ max(1, ||~ 3T ) if plg— 1) # 2,
B In ||| if p(g —1) =2,

() < O{ max(L,[a| T ) if g(p— 1) # 2,
- In |z|| if q(p— 1) =2.

Note that the range (N—1)pg < max(N+p, N+q) in assertation (i) is optimal for supersolutions.
Nevertheless we think that the result is much more general concerning solutions:

Conjecture: for any p, ¢ such that pg > 1, all the solutions of system (1.1) in Q = R, without
condition of sign, are constant.

We end this section by the study of the existence of supersolutions of system (1.4) in an exterior
domain, see Theorem 6.7, and the existence of solutions in a domain ) with measure data, see
Theorem 6.9.

In Section 7 we conclude the paper by suggesting some extensions of our results to more
general systems.

2 Critical exponents of the system

We first recall some results on the scalar case of equation (1.7), which can be found for example in

[9]-

2.1 On the scalar case

Clearly a function w is a negative solution of (1.7) if and only if w = —u is a positive solution of
the equation with absorption

—Au+ |Vul|? =0. (2.1)
As we mentioned above, two critical values are involved: ¢ = %, and ¢ = 2. When ¢ = 2 the

equation is equivalent to A(e") = 0, so all the solutions are decribed; in particular all the solutions
in RV\ {0} are radial, and given by u = In(cr>" +d), ¢,d € R.

(1) For ¢ # 1, %, 2, there exist particular solutions of (1.7) on (0, c0), given by

_2
W)= Al te,  r=lz], ceR, (2:2)

with [A*|972 A* = (2—q)((N—1)g—N)|2 — q|'"?|q — 1>~ . This function is co-singular for ¢ < 2 :
positive for % < q < 2, such that lim,_,gu* = 0o, and negative either for 1 < ¢ < % where
lim, o u* = —oo; it is a cusp-solution for ¢ > 2 : lim, o u* = 0, lim, o u"* = —oco.

(2) In the radial case, equation (1.7) only depends on the derivative, and it can be completely
integrated: it reduces to

W = ¢rWN-D0-9) |7|¢ | where W = —rV 1o/,



hence there exists a union of disjoint intervals (p, R) where for ¢ # % setting b = m,

u = —r1"N(C+ brN*(Nfl)q)fq%l <0, oru =r1"N(C - brN*(Nfl)q)fq%l > 0. (2.3)

Then we deduce u by integration. The case C' = 0 corresponds to the particular solutions.
When g = %, there exist negative solutions near 0 with a logarithmic behaviour, given by

W*(r) =N (g = 1) Inr| + €)1 (2.4)
From (2.3) we get the existence of other radial solutions in R\ {0} :
e for % < q < 2, for any ¢ > 0,k > 0, there exists positive solutions of (1.7) such that
2—q

lim ra=1(u —¢) = A*, lim r
r—0 r—00

N=2(y —¢) =k >0,

o forl <g< %, and for any ¢ < 0,k > 0, there exists a negative solution u such that
2
lim rV2(u — ¢) = —k, lim rﬁ(u—c):—]A*|,
r—0 r—00
e for ¢ > 2, and for any ¢ > d there exist decreasing bounded solutions of (1.7), such that
. . 2-g .
limu=e¢ limrei(u—c)=—]|A%, lim v =d,
r—0 r—0 r—00
and they are either positive for d > 0 or negative for ¢ < 0.

(3) In the nonradial case, the first upperestimates are due to [29]: if u is any solution (with no
condition of sign) in a domain €, then for any ¢ > 1,

IVu(z)| < O gdist(z, Q) 7.

As a consequence, if Q = RY, then u is constant. Note that the result is false if ¢ < 1, since u* given
at (2.2) still exists and u* € C?(RY). The estimates have been extended to a quasilinear equation
—Apu = —div(|Vu|" 2 Vu) = [Vu|?, m > 1 in [9], where one can find a complete classification
of the negative solutions u € C1(Q\ {0}) near 0, and a partial classification of the positive ones.
The negative solutions of the equation (1.7) have been studied in [32]. When ¢ > 2, the first author
gives in [8] a detailed behaviour of the positive solutions in B,,\ {0} or in R¥\ B,, in a more general
context of equation —A,,u = u? |Vul?, p > 0.

2.2 Particular solutions and critical values of the parameters

When searching particular solutions of system (1.1), some critical values of the parameters p, g are
involved in the problem, showing the complexity of the system compared to the scalar case :

Definition 2.1 Let pg > 1,p > q. Following (1.8) and (1.9), we define

() J—— () = P
q = q\p)= ) g2 = q2(p) = )
(N-1)p—1 (N—1)p
B (p) = 2 B ()_p+2 C () = 2N +p
s = )= @ =) ==— =W =N, o1



corresponding to five curves in the set {(p,q) : pg > 1,p > q > 0}, namely
Li = {g=qa}={N-Upg=N+q}, Lo={q=g¢}={N—-1pg=N +p},
Ls = {g=@i={dpr—-1) =2}, Li={¢=aq}={pl¢—1)=2},

L = {qzq*}z{(N—l)pquer;q}'

Note that L1, Lo, L* intersect the diagonal {p = q} for p = %, and L3, L4 for p = 2. And Lo
intersect L3 for p=2(N — 1), L* intersects L3 for p = 2(N — 1), see the figures below in Section 5.

Proposition 2.2 Let pg > 1,p > q. Then for q # qi,q2, the system (1.1) admits particular

solutions such that
p+1 q+1

uy = mnar Pl ul = nyagr” pa-1, (2.5)

where a; = a;(N,p,q) >0 fori=1,2, and

m = sign(g2 —q), Ny = sign(q1 — q). (2.6)
If moreover q # qs, qq, it has solutions

" " p(g—=1)—2 " pr(a—aa) " " a(p—1)—2 " (p—1)(a—a3)
u] = e1Ajr ra-1 4 ¢ = g1 Ajr pal 4 ¢y, Uy = €9 A1 Pa—1 g = g9 A5r  Pa-l 4 g,

(2.7)

where AY = AY(N,p,q) >0, ¢; € R fori=1,2, and
e1 = sign(qz — q)(qa —qa), &2 = sign(q1 — q)(q — g3)-
Proof. We search particular solutions of the form (u},u4) = (C1r~*, Cer=*2). Then

Cl(/\l — N+ 1)7“7)‘171 = pPA2 |02’p7 CQ()\Q — N + 1)7‘7)‘271 =y~ ’CQ‘p,

hence we find \; = ;fqi—llv Ao = 1;1(1%117 and setting
N+p—(N-1)pq N+q—(N—-1)pg

fr=M—-N+1= , Bo=Xo—N+1=

I

pq—1 pq—1

we get the results with |Cy| = (]| ]62|p)m1*1, |Ca| = (8] |ﬂl\q)ﬂq%1. By integration, if the de-

nominator is nonzero, we get in particular the solution (ui,usg), with |Af| = % , 1 =1,2.

Remark 2.3 Note that uj is oo-singular for ¢ < qs and it is a cusp-solution for q > q4. And uj
is co-singular for ¢ < qs and it is a cusp-solution for q > qs3; so there exist solutions (ui,u2) of
system (1.1) with components of different types when q3 < q < qa.

Remark 2.4 It is clear that the exponents q1,q2, q3, qa, are strongly involved in the existence of par-
ticular solutions. The exponent ¢* corresponds to the Sobolev exponent for equation (1.2), offering
other types of explicit solutions, see Theorem 5.6. Note the relations

< @+ (N-1)pg <N +gq, q<q <= (N—-1)pg <N +p,

B=qp-1)<2, < q<=plg—1)<2,

q < q*<=>(N—1)pq§N+¥,

IA



@1 < min(ge,¢3) < max(g2,q3) < qa,

«c N e N s N
Qg = N _1 CI2_N_1 p—N—l’
2 < @<<=p<N,
< <@ <= p<2AN-1).

When q = p, we find again the two critical values of the scalar case:

N

*
n=9 =2= Ny_p 43 = 44

3 First properties in the radial case

In the radial case, system (1.1) is reduced to

n, N-1
R Al .
—(uy + F=up) = [uy],
so it only involves the derivatives. Moreover, setting
wy = —r™N 7, wy = —rN b, (3.2)

system (3.1) is equivalent to a first order system:

/L (N-1)(1— p

4 (33)
whH=r lwq]?.

Consider any solution (u1,us) € C?(0,7¢), 1o < co. We say that u; is reqular if v} has a limit at
0 and lim,_,gu} = lim,__,gu} = 0; if u; and ug are regular, then (u1,u2) extends as a function
in C%(B,, X By,), from the equations. We say that u; is singular if it is not regular. Among
the singular solutions we distinguish the oo-singular ones, such that lim,_|u;| = oo, and the
cusp-solutions u; (lim,_,ou; = ¢ € R and lim,_,q |u;| = 00), where the singularity is at the level
of the gradient.

3.1 Local existence and uniqueness

Proposition 3.1 Let pg > 1,p > q. (i) Let 7o > 0 and c1,ca,b1,b2 € R such that by # 0 if ¢ < 1.
Then there exists a unique solution (ui,uz) of system (3.1) in the neighborhood of ro, such that

uy(ro) = c1, ug(ro) = c2, uf (o) = by, uy(ro) = ba.

(ii) For any R > 0, the only radial solutions (u1,us) € CY(Br x Br) of system (1.1) are the
constants.

Proof. (i) First suppose ry > 0. Since the system only depends on the derivatives, it is
equivalent to consider system (3.3), with initial data (wo1,wo2) € R? If ¢ > 1, the classical Cauchy-
Lipschitz theorem applies. Next suppose ¢ < 1; the theorem still applies if wg; # 0. Consider the
case wo; = 0,wp2 # 0. In a neighborhood [rg — n,ro + 1] of rp. there holds 0 < C < |wa| < Cy,

10



O3 < w’l < C4, 0 < |wy] < Cs. hence we can take w; as a new variable, and consider that r is a
function of wy. Then we get the system

dwr = g(wy, r,ws) = |wy | rN—DC=P=a) gy [P

d(i:ql = f(wla T w2) = T(N_l)(l_p) ‘w2|pa
dwi —

for which we can apply the Cauchy-Lipschitz theorem in [0, C5) x (rg — 1,70 + 1) X (C1,C2), since
f is continuous, and locally Lipschitz with respect to (7, ws).

(ii) Next suppose that by = be = 0, and rg > 0. Then

T T
uy(r) = Tl_N/ V-1 |u’2|p ds, uh(r) = ’I“l_N/ sVl ‘u'l‘q ds,
o 7o

T T S
/ V-1 ‘ué‘p ds / NN / N1 ‘u'l‘qu )P
To To To

e First assume 79 > 0. In a neigborhood [rg — 1, rg + 7], there holds

/T /S }u'l‘q)de‘ ds| < C”/r/S ’ui’pq df)ds < C"
ro 1/ro ro /o

T
Let F(r) = / |u}[PYdf. Then F'(r) < C"FP? on (rg,ro+n). If u} is not identically 0 on (rg,r9+n),
70
then I > 0 on (rg,79 + p) for some p small enough, and F'~P9 + ¢r is nondecreasing, which is

contradictory, since F(rg) = 0; thus uj = 0 and then u, = 0 on (r9,79 + p), and similarly on
(ro — p,7o) for p small enough. Then u1 = ¢1,u2 = ¢o in [rg — 1,70 + 7] .

< Tl_N

)ds (3.4)

ui(r)] < C

/T | d@‘ L (35)
0

e Next assume 79 = 0. Then from (3.4), and since p > 1,

)] < o [0 [0V aoas

< 1—N/T (N-1)(1-p)+ (N—l)p/ |} |? do) pds</ / |ui|? df)Pds
/Sp 1/ ‘ ‘pqu 8<Tp/ |u |pq 9<C/ |u1|pqd0

Defining F(r) = / |uf [P dO we conclude as above that u) = 0,u = 0 on (0, p) for p small enough.

IN

0
Finally let (u1,u2) € C1(Bgx Bg) be any radial solution. Then the set {(0, p) : u} = u =0 on (0,p)}
is closed and open in (0, R), thus equal to (0, R). [ |

Remark 3.2 The result would be false for pq < 1. Indeed in that case there exist solutions of

system (1.5):
ok " 2+p(1—q) " 2+p(q+1) e o4 alp+l) a(p+1)
Uy = Alr [ — Al 1-pq | Uy = A r 1-pq

belonging to C2(RN) which proves the existence of entire nontrivial solutions, and gives a counter-
example to uniqueness.
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Remark 3.3 Note a consequence of Proposition 3.1: for any ro > 0, there exist local radial so-
lutions (u1,ug) such that uy(ro) = 0, and u(rg) = b # 0. This shows the great richness of the
solutions of the system: for system (1.4) (resp. (1.5) for example, it means that only one of the
functions has a minimum (resp. a maximum) at ro.

Remark 3.4 From Proposition 3.1, one can divide the mazimal existence interval (p, R) of (u1,u2)
in intervals (a,b) where v} and u}, have a constant sign. Indeed there exists at most one point
p < s <R where wi(s) =0; w1 <0 on (p <s) and wy >0 on (s < R); in the same way, there is
at most one point p < T < R where wa(1) = 0; wa < 0 on (p,7) and wy > 0 on (7, R).

3.2 Upperestimates on the radial supersolutions

Proposition 3.5 Let pg > 1, and (u1,u2) be any radial supersolution of system (1.1), defined on
an interval (0,rg) (resp. (ro,00) . There exists a constant C = C(N,p,q) > 0 such that for r > 0
small enough (resp. large enough),

p+1 q+1

|u'1(7“)| < Cr paT, ‘u’z(r)‘ < Cr piT,

Proof. Consider any supersolution of system (1.1). Equivalently, the functions w1, ws defined
by (3.2) satisfy
wi 2 ,’,.(N—l)(l—p) ‘w2|p’
w/2 2 T(N_l)(l_Q) |w1|q .

As in Remark 3.4, wy, w2 do not vanish for r small enough (resp. large enough), depending on
u1,uz. Consider any interval (Ry, Rg) where wy, ws do not vanish. Let 7o € (R1, R2) and g € (0, ﬂ
such that Ry < 79(1 — 2g¢) < ro(1 + 2¢9) < Ry. First assume that w; > 0,wy > 0. Since w; is
nondecreasing, for any ¢ € (0,g9], we have r € (ro(1 —¢) < ro(1 + €)) there holds, since w; > 0
and g9 < 1, with ¢; = ¢;(V,p)

7o
wi(re) > /( )Q(Nfl)(lfp)wg(g)dg
ro(l—e

T0
wh(ro(1 —€)) / ( )9<N*1><1*p>d9 = crewd(ro(1 — )y ~(N=Dp,
T0 1—¢

v

and symmetrically, since w; > 0, changing rg into rg — €,

))Nf(Nfl) N*(Nfl)q‘

wa(ro —€) > caewi(ro(1 — 2¢))(ro(l — ¢ 1> csewd(ro — 2¢)ry

Then

wi(ro) > cas” M} (ro(1 — 26))rg NI,
pt1 1 _NAp=(N-1)pg
wi(ro(1 —2¢)) <cse pa (wi(ro)rary P
Setting 79 = ro(1 — 2¢), and using by the bootstrap technique developed at [13, Lemma 2.2], [11,
Lemma 2.8] and [?], we obtain, since d = % <1, and

NAp=(N—=1)pq) _NAp=(N=-1)pg

wi(rg) = T(])Vfl ‘u/l(ro)| <cgry ¢ = c7 pg—1 ,

12



equivalently
pt1

|u/1(7'0)‘ < 077"[;”71

If w; < 0, w2 < 0, the same conclusion holds by changing 1 + ¢ into 1 — e. Finally if ws > 0 > w;,
we get
wi(ro) > crewd(ro(1 — g))rd N =HP,

N—-1)q

)

wa(ro(1 =€) 2 epew(ro) (ro(1 = g))N-(V-he > cgswg(ro)’r’(j)\]_(
wi(rg) > C45p+1w113q(TO)TéV+p*(N71)pq

)

hence we obtain the same conclusion without using any bootstrap. ]
3.3 Reduction to a quadratic system of order 2 and formulation as a Hardy-
Hénon equation

In the sequel we show that system (3.1) can be reduced to a polynomial system order 2, and
equivalently to an equation of order 2 relative to wy :

Proposition 3.6 Let (u1,u2) be any radial solution of system (1.1). At any point r where u) (r) #
0, ub(r) # 0, we define

1P 114

gl lull (3.6)
Uy Uy
Then system (3.1) is equivalent to a Lodka-Volterra type system:
S¢=S(N—(N-1p+S+p2), B

{ Zy=Z(N— (N —1)q—qS — 2). t=lr, (3.7)

and we recover vy and uy in function of v, S, Z by the formulas
= (D8] ZP) 5 TsignS, b = —(r 0T |S]9| 2|5 T signZ. (3.8)

Proof. Following the ideas of [12], at each point where u} # 0 and u}, # 0, we set

" v
Y:ru—?, S:r’u2| Z =
Uy

I1q
‘u1| t=1
—, —r—, =Inr,

Uy Ug

Then
X+N-1=-5, Y+N-1=27.

(“%)t. Y = (“%)t, we obtain
u 'lL2

1

Next we differentiate with respect to ¢. Since X =

!/ /
St _qppee Ly v N (NS 1p 4+ S47,
S Uy uy
Zt

/ !/
gl (v v N (N 1)g—g5 -2
Z uy U

!/

2
So we obtain the quadratic system (3.7) valid in any case of sign of the unknown, and deduce (3.8).
[
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Remark 3.7 The fized points of the system are

My = (So, Zo) = ((N_;)ng—(({z_q)v _((1\7—1);7(1—_11)((11—q))7
(070)7 NOZ(OaN_(N_l)Q)a AOZ((N_l)p_NaO)'

(3.9)

We easily check that the particular solutions (u},ub) of system (3.1) given at (2.5) correspond to
the fixed point My.

Next we show the precise link with a Hardy-Hénon equation:

When looking at the system (3.7) for pg # 1, and comparing to the systems introduced in
[12, Section 3], we observe that the system is exactly linked to the positive solutions w of a radial
quasilinear equation of Hardy-Hénon type in dimension N, of the form

N-1 |w,‘p,2

—Allfw _ —(|w"p72w’)’ -

w' = erfw9, e = =1, (3.10)

where ¢ > 0,0 € R, p > 1, q # p— 1,and N is not necessarily an integer. Indeed in [12, Section 3],
this equation is reduced to a system of order 2, valid for € = 41, by setting

s(t) = —r—, 2(t) = —ertTou |w"7p w', t=Inr, (3.11)
w

and obtained the system

— ¢(P=N
St = S( p_1 + s+ pil)’ (312)
zt=2(N+o0—qs—z),
and one recovers w by the formula
_ _ _1 Pto
w=r""(|sP7Y |z])aFip, = 3.13
(BaliE) 1= (313)

It is precisely the case, as we show below.

Proposition 3.8 Let (u1,u2) be any radial solution of system (1.1), and let wy,ws be defined by
(3.2). Then the function w = |wi| satisfies the equation

—Allfw =erfw9, e = —sign(ujub) (3.14)

where Agl 1s the p-Laplace operator in dimension N, for specific values of p,o and N :

1 1-— N-1)(p-1
p=1+->1, q=¢q  o=(N-1)—2 Nopy NV =Dle=1) (3.15)
p p p
Moreover at each point where w # 0,
wy wy 1 .
S(t) =s(t) = —r—, Z(t) = z(t) = r—=2 = —sign(ub) 77 |wy|? ‘wﬂp w) (3.16)
w1 w2

14



Proof. Computing ws from the first equation of (3.3) and reporting in the second one, we get

(N=-1)(p—1) 1
—(r v (w})r) = sign(uh) rN DO |y |0

that is in a developed form:

(N-1D(p-1)

(N—1)1=pra

RSV I . / q
—((w)7)" = o (wy)? = sign(uy) r |
So we get an equation with the form (where we recall that w} > 0)
_ N-1 _
(ot [P ) = = [ [P ) = ~AYwr = sign(up) 1 fun |

r

where p,o, N are defined at (3.15); and the fact that w; = —sign(u}) w leads to equation (3.14),
and we check easily that s = 5 and z = Z. [

Remark 3.9 From the definitions (3.15) and (3.13) we get the relations

-N
P C=N-(N-Dp,  Nto=N-(N-1pq (3.17)
p_
N—-(N-1 N-1 -
¢—p+1 pq—1 pq—1
SO

N N

N>p<:>p>ﬁ, N+U>0<:>q<ﬁ, Pp+to>0<qg<qgo. (3.19)

Remark 3.10 For pg > 1, p > q, there holds 1 < p < 2, q > p—1, and N > 1. The map
(N,p) € [1,00) x (1,00) — (N,p) € (1,00) x (1,2) is injective, the reciprocal application is

(N,p) — (N;'_l;p, ﬁ), and then o is fized by the relation o = —(N_lg(_iqpﬂ_p).

Remark 3.11 Equation (3.14) is of source type for ¢ = 1, of absorption type for ¢ = —1. One
could think that problem (1.4), where uy,us are positive superharmonic functions, with two source
terms |Vuso|? , |Vuy|? is linked to a Hardy-Hénon equation with source term e = 1. In fact it is not
the case: the solutions of system (1.4) on an interval (0, p) correspond to a Hardy-Hénon equation
of absorption type. Indeed consider any positive solution of system (1.4). As it is well known,
any positive solution (u1,us) satisfies u},uly < 0 in (0,p). Indeed rN~"1u} is decreasing; if there is
ro such that u}(rg) > 0, then rN=u} > Co > 0 on (0,79), thus ui + NCE27“2*N is increasing, which
is impossible. Then v}y < 0 on (0, p); moreover if there exists r1 such that u(r1) = 0, then it is
unique and ri is a mazimum point, so that vy > 0 on (0,71) which is contradictory, unless uy is
constant. Then the nonconstant solutions satisfy u},usy <0 in (0, p).

Remark 3.12 Another way to get an autonomous system is more common in the literature: the
change of unknown

, _ p+l ’ _ q+1
= —rThee(t),  wh=—r mey(t),  t=lr
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leads to the system
{ Tt = bl"]j - |y|p7
yr = bay — |z,

where by = w and by = w‘ However this system gives less informa-

p P
tion on the solutions of system (3.1): it admits at most two fized points, namely (0,0), and

Py = ((|b1] |b2|p)1><11—1 sign(by), (|ba] |bl|q)1’q1—1 sign(ba)) which corresponds to the particular solutions.
Moreover it is singular at (0,0) whenever g < 1. The quadratic system (3.7) gives a great amount
of information, because it is obtained by differentiation of the equations of (3.1). It has four fized
points, and each of them corresponds to a type of behaviour near 0 or oco.

4 Solutions of the Hardy-Hénon equations

Here we consider the positive solutions of the radial equation

p—2 d
—dw = erfw9, e =41, (4.1)
-

d7w
dr

p—2 dw) N-1

@) T

d
N, . _
—pr = —%(

dw

dr

in dimension N, where q > p — 1 > 0. In the sequel, N is not necessarily an integer.

4.1 General formulation by a quadratic system

On any interval where w’ # 0, we define

U}/

s(t) = —r—, z(t) = —ertToya |w"7p w, t=Inr, (4.2)
w

and obtain the system, valid for the two equations,

_ o(P=N 2z

st =s(57 +s+559), (4.3)
zr=2(N+o0—qs—2z).

We recover w by the formula

w=r (o ), ! = O] e e msign(—e), 7= PO ()
q+l-p
In the plane (s, z) we define the quadrants
le{(S,Z)€R2IS>O,Z>O}, Q2:{(S,2)6R218<0,Z>0}, Q3:—Q17 Q4::—Q2.

Remark 4.1 Observe that sz has the sign of €. If ¢ > 0 (equation with source), then (s,z) €
Q1UQs, If e <0 (equation with absorption) then (s, z) € Q2 U Q4. Moreover, if p < N, and if w is
defined on an interval (0, p), then it is always decreasing, hence (s, z) € Q1. Indeed (rN=1|w' [P~ w')
is decreasing. If there exists ro such that w'(ro) > 0, then for r < ro, w1 > Cor'™N thus w is
bounded, which by integration contradicts the assumption p < N. In case p > N, it can happen, as
we see in the sequel, that w' > 0 near 0.
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In this paragraph we exclude the limit cases p = N,0 = —p,0 = —IN, which will be studied at
paragraph 4.6.

We define two possible critical values

_ (N+o)(p-1) _Np-1)+p+po
qc - 9 QS -
N-p N-p
which are the well known Serrin’s exponent and Sobolev exponent respectively, in case N > p > —o.
Note that q. < 0 when (N +0)(N —p) < 0.

, (4.5)

We first observe that the equation admits particular solutions
_pto
q+l-p’
well defined for ey(N —p — (p — 1)) > 0 that is q — q. has the sign of ¢(p +¢)(N — p). Then w*
is co-singular at 0 if p + o > 0, and C%-regular if p + o < 0.

* *

W =a'rr, oy = a* TP = ¢ |y P2 (N —p — (p — 1)7), (4.6)

Definition 4.2 In the following we say that a positive solution w of equation (4.1) on an interval

(0,p) is CO-regular if w € C%(0,p) N CY[0, p), that means lim, .ow = ¢ > 0. If it exists, such a

solution, satisfies (rN=1|w/[P™1) ~p__o PNl then pN-1 |/ [P Ntoer |w!| ~r o
o+l o+2—

Cre=1, |w"| ~,_o Cr >1 . Then w € C? [0,p) if o >p—2,we CL0,p) ifoc > —1, and w

presents a cusp at 0 if 0 < —1. We say that w is a C°-ground state if moreover p = co.

~p—s0 Cr

Next we divide the study in 6 regions relative to (N, o) € R% and we show that we can reduce
the study to only 3 regions, for which one of them is well known. This is due to a transformation
proved in [12, Remark 2.4]:

Lemma 4.3 For fized p > 0, consider the sets defined by

A = {N,o)eR*:N>p> -0}, B={(N,0)eR*:p>N>—0)},
C = {(N,o)eR*:N> -0 >p}, D={(N,0) eR*: -0 >N>p}, (4.7)
E = {(N,o)eR*:p>-0>N}, F={(N,o)eR*: 6 >p>N}.

~

Let (N,0) € R? and (N,5) € R? such that (N —p)(p+0) = (N — p)(p + 7). Set

N — 6 N+3o
A= _P_PHo 40 (4.8)
N-p p+oc N+o
and consider the change of unknown
OF) = Cw(r), r=7,C=\eti>, (4.9)

Then w satisfies the equation (4.1) if and only if W satisfies the analogous equation with r,N, o
replaced by 7,N, o, and

VPP N-p | N-p o+l _ o+l
rw(r) = Crlw(r), TPt w(r) = Cre=tw(r), 7 1@ (7) = NCr et/ (7). (4.10)

Moreover for any (N,o) € F (resp. D, resp. E) there exists (N,5) € A (resp. B, resp. C),
such that (4.8) holds with A = —1. As a consequence all the results valid for regions A, B, C apply
respectively to ¥, D, E by changing r into %
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Proof. Setting t = At and (5, 2) = A(s, z), we obtain a system analogous to (4.3) where N, o are
replaced by ﬁ, 0. This corresponds to the change of unknown (4.9). And the regions A, B, C are
respectively exchanged to F, E, D, after choosing suitable reals A < 0 such that N > 0 correponds
to N > 0. The relations (4.10) are straightforward, implying the last conclusions. [ |

As a consequence we prove that some upperestimates, which are classical when N > p > —o,
and still valid for other ranges of the parameters:

Lemma 4.4 Let q > p—1 > 0, and N,o € R. There is a constant CNp,q > 0 such that any
positive solution of (4.1) solution with in (0,1¢) (resp in (rg,00) satisfies

w(r) < Cnpqr ’ in (0, %0) (resp. in (219, 00) ).

Proof. In case ¢ = —1, this comes the Osserman’s property, which is valid in the nonradial
case when N is an integer, see a proof in [39, Proposition 5.2], and for any subsolution. In the
case € = 1, it also extends to integral estimates in the nonradial case, see [14, Theorem 3.1], valid
for any o € R. Both results suppose N > 1, and are given and N > p, even if this condition does
not seem necessary. Next suppose N < p. We use the transformation (4.8) (4.9) with A = —1 : it
defines N = 2p — N and 6 = —2p—o0, and w(r) = @&(7), 7 = 1. From (4.10), Mw(7F) = Criw(r),
and the behaviours near 0 and oo are exchanged, hence the conclusion is still valid. ]

From now on in this section, the proofs of the lemmas and theorems are given in the Appendix.
We first analyze the nature of the fixed points of the system:

Lemma 4.5 The fized points of system (4.3) are

My = (s0,20) = (7,N—p—(p—1)y) (qfffpa (N;ﬂ)ﬁ;qc)),

No=(0,N+o0), Ao = (57 _) and  (0,0). (4-11)

(i) The point My corresponds to the particular solutions defined at (4.6).The eigenvalues A1, Ao
of the linearized system associated to system (4.3) at My are the roots of the equation

(p+0)N-p)(q—q.)
P-D(@-p+1)

— 1
T\ = >\2—(50—ZO))\+7(1 Pt 5020 = A2 = (py+p—N)A+

=0. (4.12
— 0. (4.12)

My is a saddle point when sgzg < 0.

(ii) The eigenvalues at Ny are Iy ~¢ and lo = —(N+0); and {s = 0} contains nonadmissible
trajectories linked to la. Ny is a saddle point when (p + a)(N +0)>0.

(iii) The eigenvalues at Ay are p; = % and py = 1;1 P(qc—q) = N+cr—|—qp 75 and {z = 0}
contain nonadmissible trajectories linked to p,. Ao is a saddle point when q > q..

(iv) The eigenvalues at (0,0) are p; = II);% and py = N+ o, and {s =0} and {z = 0} contain
nonadmissible trajectories, linked to p; and py. The point (0,0) is a saddle point when (N —p)(IN+
o) > 0.

_ bto

Remark 4.6 Recall that any trajectory in the phase plane distinct from the two axis corresponds
to an infinity with one parameter of solutions of equation (4.1). So any saddle-point leads at most
to two families of such solutions, and any source or sink leads to an infinity of solutions with two
parameters.
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Next we make the link between the convergence to the fixed points and the behaviour of the
solutions w near 0 or co.

Lemma 4.7 Let w be any positive solution of (4.1) defined near 0 (resp near o). Then as r —
0,t — —o0 (resp r — 00, t — )

My = w ~ w*, w' ~w'™,
No

o4l ’ -

p—

(i)  lim(s,z)
(i)  lim(s, z)

limw=¢>0, limr p=10/ < " sign(—e(N + o)),

= N+o
N—
(ii) lim(s,z) = (0,0) = limw=c¢>0, lim, ,ore-tw =d#0,
N— N—
(i) lim(s,z) = Ay — limretw=Fk >0, lim Pt w' = k‘%sz’gn(—ez).

Lemma 4.8 Let w be any local solution in (0,rg) (resp. in (rg,00). Then the associated trajectory
in the phase plane is bounded as t — —oo (resp. t — 0). It converges to one of the fixed points
of the system, or has a limit cycle around My (when q = qg).

4.2 Study of regions A and F

We first consider region A, where the behaviour of the system (4.3) has been described in [12], and
we deduce the following;:

Theorem 4.9 Let N > p > —o (region A).
There exist local (CO-regular) solutions: for ¢ = +1 and any wo > 0 there exists a unique
solution such that

_ o+l
lim w = wp >0, lim r~ pTw' = —ec(wg), c(wp) > 0.

r—0 r—0

(1) Letp—1< q < Q.
e For e = =1 and any k > 0, there exists an infinity of local solutions near 0 such that

N-p N-1

limr® w=Fk>0. lim re-1Tw' = —c(k) <O0.

r—0 r—s0

e For e =1, there is no positive solution in (rp,o0), ro > 0.
pPto

o For e = —1, there exists a global particular solution w* = a*r™ ati-p. Moreover there exist
solutions such that
N:{)
limr® w=k>0, lim »"w = a*.
r—0 r—00

(2) Let q > qc.
e Fore = =1 and k > 0, there exists a local solution near co, unique up to a scaling, such that

13%% NeL
lim " w=£k>0, lim re=Tw = —c(k) <0.
T—00 T—00
e For e = —1, all the local solutions near 0 are CO-regular (the singularity is called removable),

and not global.
. . . % 5 ——Pto
e For e =1, there is a particular solution w* = a*r a+i-p. Moreover
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(i) either q < qg, there exists no CO- ground state and there exist solutions such that

p—N

N . p—1
lim 7w = a*, lim r w=Fk>0.
r—0 r—00

(ii) or q > qs and there exist C°-ground states, such that

lim w = wy > 0, lim 7w = a*.
r—0 T—00

(iii) or q = qg and there is a family of explicit (well known) C°-ground states:

N-p
p—1

pto

w=cld+rei) e, d= PN o)L )P, (4.13)

In the case N > p > —0, q = q., a precise local behaviour of logarithmic type was in great
part studied for ¢ = 0,e = 1 in [5], [28, Theorem 4.1], and for € = 1 in [38]; the existence of such
solutions was not clear. We give below a complete description:

Theorem 4.10 (1) Let N > p > —0 and q = q.. Then
e For e = +1 and any wg > 0 there exist a unique solution such that
. . —otl
lim w = wp > 0, lim r »=Tw' = —ec(wp), c(wp) > 0.

r—0 r—0

e For e = %1 there exist an infinity of local solutions near 0 such that

1 B=p N-1 N-— N —
lim (r [lnr|p+e) " w = ¢(N,p) > 0, lim 7»-1 |In7| oD o = — pc(N,p),
r—0 r—0 p—1
N_ 1\—N-p
where ¢(N,p) = ((pff)l);?)(p—l)(pw)_
e For e =1, there is no positive solution in (rg,o0), ro > 0.
e For e = —1, there exist an infinity of solutions such that
1 5P N-1 _N-p _ N —
lim (r|lnr|#) " w = ¢(N, p), lim r»=1 |In7| ®ToIBD ‘w/’ = pc(N,p).
r—00 r——s00 —1

Remark 4.11 As mentioned in [12, Remark 3.2/, some energy functions of Pohozaev-type linked
to the equation are well known. In fact they are valid for any values of the parameters p,q, N,o,
and for the two equations (¢ = £1):

-1 /P q+1 npP—2,1 _1
Fy(r) :rN(w—ker"w +0w[w | w ) :erpwp|S|pf2 S((p )s z o),
either with 6 = % orf = lzj_f, satisfying respectively
N N — N N —
F{\I—p(r) :rN71+U( +o . p)wq+17 F{\I+g (T) :erl( + o B p)‘w/‘p7
P q+1 p atl q+1 p

Other type of functions can be computed as the ones obtained for o = 0 in [7, Proposition 2.2],
coinciding with the functions above when q = qg. In particular @ = qg is the case of constant
energy, leading to the existence of the ground states mentioned above at (4.13) when € = 1, and to
explicit local solutions on [0,79) and on [rg,00) when ¢ = —1.
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From Lemma 4.3, we deduce the complete behaviour in region F. It offers a new striking result
in case q = qg of existence of explicit C°-ground states, increasing and bounded at oo :

Theorem 4.12 Let —o0 > p > N (region F). Then all the conclusions of Theorems 4.9 (for
q # qc) and 4.10 (for q = q.) apply after changing r into % In particular for € = £1 and any
c > 0 there exist a unique local solution near oo such that

lim w=C>0, lim r 1w =ed(C), d(C)> 0.

r—00 r—00

For e =1,q = qg there are explicit solutions given by

pto p—-N - N
p —
p—N p—N

satisfying lim,_gw = 0, with w ~,__,g cr P~ and lim, ., w = cd P+ .
4.3 Study of Regions B and D
The case of region B is particularly interesting; indeed we prove the following:

Theorem 4.13 Let p > N > —o (region B)
e For e = +1 there exists local C°-regular solutions of three types:

o+1

lir%w = wp > 0, lim0 relw = —ec(wy), c(wp) > 0, (4.14)
r— r—
. . N-p . N_21 /
limw=0, limrrtw=%k>0, limre=tw' =¢(k) >0 (4.15)
r—0 r—0 r—0
. . N-1 o,
hn%w =wy >0, hH(l)T'P_l w' = —ec(wp), c(wg) > 0. (4.16)
T— T—
For ¢ =1 they are not global, and there is no solution in (rg,00). For e = —1 there exists two
types of global solutions in (0, 00) :
° w*(r) = (;L*r*qf—Jlrip7
e solutions such that
) . No1
lim w =wo >0, limrr-Tw = —c(wp) <0, W~y oo W
r—0 r—0

Note that in the case N=1,p = 2,0 = 0, Theorem 4.13 can be checked easily, since the
equation —w” = ew? admits a first integral: w'? + q%r—slwq“ =C.

As a direct consequence we obtain the behaviour in region D. Here also we have an very
interesting behaviour: we find infinitely many bounded solutions in an exterior domain which do

not converge to 0 at oo, and global ones when ¢ = —1:

Theorem 4.14 (region D) Let p < N < —o. Then
e For e = %1 there exists local solutions near co of three types:

limw=C>0, lim Py = ec(C), c(C) >0,

T—00 r—>00
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. . N-p . N-1 /
lim w=0, limrrtw=%k>0, lim re=Tw' = —c(k) <0,
r—00 r—00 r—00
i ) No1 o
lim w=C >0, lim re=Tw’ =D # 0.
T—00 7—00
For e =1 they are not global, and there is no solution in (0,7¢). For e = —1 there exists two

types of global solutions in (0,00) :

+o
o wH(r) = CL*T‘_qil—P, which is C°-regular,
e solutions such that

N-1
W~ W, lim w=C >0, lim re1w =¢(C) > 0.
r—00 r—00

4.4 Study of regions C and E

In regions C and then in region E from Lemma 4.3, we obtain the following results:

Theorem 4.15 Letp < —o < N (region C) Then there exists no C°-regular solution. Fore = 41
there exist local (nonglobal) solutions near oo of two types:

_ o+l
lim w=C >0, lim r p1w' = —eD, D >0, (4.17)
r—00 T—00
. . N-p . N-1 o,
lim w=0, limretw==%k>0, lim re=Tw = —c(k) < 0. (4.18)
r—00 r—00 r—o0
For e = —1, there exist two types of global solutions in (0,00) :
__pto
o w*(r)=a*r qﬁlfp,whz'ch is a cusp-solution,
e solutions such that
. . et
W~y W, limw=C>0, limr »Tw =D >0,

T—00 T—00

and there exist also solutions on (rg,00) such that u(rg) = 0 and others such that lim,__,,, w = oo,
and W ~y__o0 w*, and nonglobal solutions on (0,rg) such that w ~,__0 w* and limy_,, = co.

For e =1 there is no local solution in (0,rg).

Theorem 4.16 (region E) Let p > —o > N. For ¢ = %1 there exist local (nonglobal) solutions
near 0 of two types:

_o+l
lim w = wgy > 0, limr »—tw' =eD, D >0,
r—0 r—0
. . N-p . N-1 /
limw=0, limrrtw=%k>0, lim re=Tw' = d(k) > 0.
r—0 r—0 r—0
For e = —1, there ezist two types of global solutions in (0,00) :
pPto

o w(r) =a*r afi-p,
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e solutions such that

+
lim w = wgy > 0, hr%r -1y =d <0, W~y oo W

r—0

and there exist also solutions on (0,79) such that w(rg) =0 , and others such that lim,__,,, w = oo,
and w ~,_,9 w*; and there exist nonglobal solutions on (rg,00) such that w ~,_, w* and
lim, ., w = oo.

For e =1 there is no local solution in (ry,o0).

4.5 Other case of explicit solutions

We have recalled at (4.13) the well-known explicit grounds states obtained for q = qg and € = 1.
Here we give another case where we find global explicit solutions in RV\ {0}. We remark that
system (1.1) admits the solutions (u1,u2) = (u,u) when p = ¢, where u is a solution of the scalar
equation (1.7), given explicitely by (2.3) and (2.4); and the corresponding solutions of system (3.7)
satisfy the relation S = —Z, and p = N = —o. This suggests that system (4.3) with general p, N, o
may admit particular explicit solutions for some values of the parameters. We show below that it
is true, and this result appears to be new:

Theorem 4.17 Letq>p—1>0. When o = fp there exist explicit radial solutions w of the
Hardy-Hénon equation (4.1) with e = —1, of the form

p-N __ p
w = (ctdpgNrerT) apfl, if p# N, (4.19)
w = (ctdylnr) aN 1, fp=N, (4.20)
~1)(ga—p+1 1 —N+1 1
where ¢ > 0 and dp N = (p p()l()‘il\?) )((p—lﬁqﬂ))p’ dn = 4 N+ (( I;I(q+1))N

4.6 Limit cases

Here we give a complete study of all the critical cases 0 = —p # —N, 0 = -N # —p,p = N #
—o,p=N=—0.

4.6.1 Case c=-p#* —-N

Theorem 4.18 (1) Assume N >p = —o
e For e = +1, there exist local solutions near oo such that

N-p N-o1
lim re=Tw =4k >0, lim re—Tw = —c(k) < 0.

r—00 T—00

e For e =1, there exists an infinity with 2 parameters of local solutions near oo such that

_p—1_ — 1)\ a- p+1
lim (Inr)a—r lw(r) = <> . (4.21)
T—00 q
e For e = —1, there exists at least a local solution near 0 such that
_p-1_ — 1)\ a p+1
lim |Inr|a=p+ w(r) = <> : (4.22)
r—0 q

(2) Assume p = —o > N. Then the behaviour is deduced from (1) by changing r into %
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4.6.2 Case o =—-N# —p

Theorem 4.19 (1) Assume —o =N > p.
e For e = £1, there exist local solutions near oo such that
N-1

N—
lim reiw=Fk> 0, lim re—Tw = —c(k) < 0. (4.23)

r—00 T—00

e For e = %1, there exists an infinity with 2 parameters of local solutions near oo such that

N-1 1
lim w=C>0, lim re=1 (ln7) pTw = —ec(C). (4.24)
T—00 T—00
N—
e For e = —1, there exists C°-regular solutions w* = a*ra+i=p . There exists local solutions near

0 such that w ~,__o w*, and local ones near oo such that w ~,__, w*. There exists an infinity of
solutions such that

W~y W, lim w=C>0, lim r%(lnr)fﬁw =( )qu(ll*P. (4.25)

r——00 N—p

S =

(2) Assume p > N = — o. Then the behaviour is deduced from (1) by changing r into

4.6.3 Casep=N# —0

Theorem 4.20 (1) Assume p=N > —0¢
e For ¢ = +1 there exists local (C°-regular) solutions: for any wo > 0 there exists a unique
solution such that
o+l
lim w = wgy > 0, lim 7~ p=Tw' = —ec(wp), c(wy) > 0.

r—0 r—0

e For e =1, there exist an infinity of local solutions near 0 such that

lim [Inr| " w=C >0, lim rw’ = —C.
r—0 r—0
. ) ., pio . .
e Fore = —1, there exists a particular solution w* = a*r a+i-p. There exist local solutions near

0 such that w ~.__,o w*, and local ones near oo such that w ~.__o w*. There exists an infinity of
solutions such that

. 1 .
lim |lnr|""w=C, lim rw' = —C, W ~p oo W
r—0

r—

(2) Assume p = N < —o. Then the behaviour is deduced from (1) by changing r into %

4.6.4 Casep=N=-0

Theorem 4.21 Assume p = N = —g. For ¢ = —1, there exist local explicit solutions near 0 or
near oo of the form (4.20):

w=(C+dylnr) N, CeR. (4.26)

For e =1 there is no local solution near 0 nor oo.
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5 Description of the radial solutions of system (3.1)

5.1 The case p =g

In the case p = ¢, the system (1.1) admits solutions of the form u; = ua = u, where u is any solution
of the scalar equation (1.7). However at Proposition 3.1 we have constructed local solutions such
that u; # ug, for example such that u} (ro) = 0, ub(ro) # 0 at some point 9 > 0. A natural question
is the existence global solutions in RV\ {0} . Here we answer this question:

Proposition 5.1 Assume that p = q > 1. Then all the radial solutions of system (1.1) satisfy the
first integral in any interval of definition

|un| " uy = |up| "y = CrO-M@D O eR, (5.1)

and can be computed by quadratures. All the radial solutions (u1,uz) in RN\ {0} satisfy ui = us = u,
where u is any solution of the scalar Hamilton-Jacobi equation.

Proof. Here system (3.3) reduces to

wll = ,,,.(N—l)(l—q) |w2|q ,
{ wh = r(N=D0=a) |4, |9

As a consequence,
Jwi|?wy = [wa| why = rN TV fapy [T | T — p NV fapy T e | = 0,

So we get the relation
|wi|Twy — |wa|Twy = C,

equivalent to (5.1). Suppose that C' # 0. By symmetry we can suppose that C' = c¢¢™! > 0. Then
we obtain

!
Wy _ (-0,
|C + |wa | w| e+

We claim that the solution cannot be defined on R\ {0}. Indeed let

0 —c 0
do do do
F(6) :/ q :/ q +/ 7 -
0 ot +19|70[a+T  Jo o |ertt 40791 J—c|catt +]0]7 |

This function is well defined, since the integrals are convergent at the bound —c since qf’l < 1. And

the integrals are convergent at the bounds +oo, since ¢ > 1, thus F' is bounded. If the solution

is global, that means r describes (0,00), then F(wy) = % + D, D € R, for ¢ # %,

F(wy) =lnr+ D if g = %, which is impossible in any case. So the solutions are not global.
Hence all the global solutions on (0, 00) satisfy w1 = wa, u1 = uz + ¢, ¢ € R, where uy is solution
of the scalar equation. The nonglobal solutions can be computed on any interval where w1, ws

N—(N—-1) .
TN—T—UZ—{—D’ for q # %, F(wy) =Inr+ D if
| ]

have a constant sign, by the formulas F(wy) =

_ N
9= N—1-

Remark 5.2 When p = q # %, the existence of local solutions near 0 or oo will be described

as a particular case of Theorem 5.7. When q = %, such solutions do not exist, because F' is
bounded.
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5.2 Constant sign solutions (u},u)) of system (3.1)

In this paragraph, we study the existence of radial solutions (uj,us2) of system (1.1) in terms of
the derivatives u},ub, by applying all the results of Section 4 to system (3.1). It appears that the
situation is extremely rich when p # ¢. Here we focus our study on solutions defined in B,,\ {0},
or RVM\ B, , and above all on global solutions in RV\ {0} . .

We distinguish four regions of study, corresponding respectively to the regions A, B, C, D de-
fined at (4.7) for system (4.3), where p, N, o are defined at (3.15), (3.17).

Definition 5.3 Let § = {(p, Q) ER?:pg>1,g<p,q# q1,q,p,q # %} we consider the sub-
sets of S defined by

N N
A = {P>]V_17Q<QQ}7 B:{p<N—1},

N N
c = {q2<q<N_1}, D—{q>N_1}.

Lemma 5.4 Let (u1,u2) be any radial solution of system (1.1) defined near 0 (resp near co); let
wy,wy be associated by (3.2) and w = |wi| , solution of (3.14) with (3.15). Then

uy  has the sign of —w', and wub has the sign of ew'. (5.2)
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And asr — 0,t — —o0 (resp r — 00,t — 00),

(i) w ~ w* = (U/bulz) ~ (u,1*>u/2*)7
(ii) limw = ¢ >0, N lim V=1 | = ¢1 >0,
g+1
limr p 1w =d#0, lim r(V=Da1 |yl = ¢y > 0,

(iii) imw =c>0, lim e | = 1 > 0,
—1
limretw =d 0, lim rV-1 |ub| = 2 > 0,
N—
(iv) limretw=Fk > 0, N { lim rV=DP=1 |yt | = k > 0,
limr e 1w = d(k) #0, lim N~ |up| = |d(k)| > 0.

Proof. From Proposition 3.8, the function w = |wi| = 7V~ |u}| satisfies the Hardy-Hénon
equation with p,q,N, o given by (3.15),(3.17), and we deduce |ws| from any of the formulas

1
lwa| = (T(N—l)(p—l)wfl);’ or wh = T(N—l)(l—Q)wq (5.3)
and then we obtain the conclusions by computation, from the relations u} = —r N, i =1,2.
The signs of the derivatives are obtained from (3.8) and (3.11), since s = S. |

Remark 5.5 (i) From the phase plane analysis in Section 4, all the trajectories relative to singular
global solutions of the Hardy-Hénon equation (3.14) are located in the quadrant containing the point
My = (S0, Zy) corresponding to the particular solutions. Morover from (3.6), v} has the sign of S
and uly, has the sign of —Z. So u} has the sign of So and v} has the sign of —Zy. From (3.9), for

q 7 q1,92,
) <0<+ q> qo, up < 0= q>q. (5.4)

Then, with (5.2) and (5.4) we have a complete knowledge of system (3.1) as soon as we know the
absolute value of the derivatives.

(i) Some results of Section 4 involve the Serrin exponent q. and the Sobolev exponent qg,
defined at (4.5). We easily check that for our system,

4<q.<=q<q=aq), 4<qs <= q¢<q¢ =q¢(p).

As a consequence of Theorems 4.9, 4.13, 4.14, 4.15 |, we get the following result on global
solutions of system (1.1), where we use Remark 5.5:

Theorem 5.6 (1) Let (p,q) € A, with ¢ < qi1. Then

o there exists a particular solution of system (3.1) such that u
_ g+l
asr pa-1 > 0,

e there exist solutions on (0,00) such that u},uy > 0 and

_ptl y
= air re=1 > 0 and uy =

*/
1

}ii% rN=DP=lyh — ¢ > 0, lliI(l) N7l = ¢(er) > 0, (w1, u2) ~rooo (U], u3).
(2) Let (p,q) € A, with ¢ > q1. Then
+1 +1
e there exists a particular solution such that uj’ = alr_l'pq—l >0 and uy' = —agr_qu—l <0,
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e if ¢ < q*, there exist solutions such that v} > 0 > uf, and

! ! *I k) : N—-1)p—1,_/ : N—-1
(uy,us) ~r_o (Ui, uy ), Tli)rgo 7 )P up =c1 >0, rll)rglor

uhy = —c(c1) <0,

e if g > q*, there exist solutions such that

lim 7V 1) = ¢; >0, lim (VD37 1y, — ey <0, (U, uh) ~rooo (U, ud)),

r—0 r—0

o if ¢ = q*, there exist explicit solutions:

p—q* 2(N—(N—-1)p) *

* p—4q AW -1)g”—N)
Ull = C?“liN(d—i- r o2 ) p—q* , ulz — _br(lf(Nfl)q )(d+ r2 ) p—q (55)

*_ 1 1

for any ¢ > 0, with d = d(c) = (%) x5 b = b(e) = (c(N = 1)p = N))7.
(3) Let (p,q) € B. Then

p+1 q+1

e there exists a particular solution such that ui’ = ajr~ re=1 > 0 and ud = agr a1 > 0.
o there exists solutions such that

lim V1) = ¢, lim r
r—0

r—0

N_luIQ = C2, (ulla UIZ) ~r—oo (uida ’U/;/)

p+1

4) Let (p,q) € CUD. Then there exists a particular solution such that u¥’ = —air” ra—1 < 0 and
1
q+1

uy' = —agr pa-1 < 0.

e If (p,q) € C, there also exist solutions such that

(U}, uh) ~ro (ui’ ud)), lim V) = —¢; <0, lim V"D = —e(ep) < 0.

T—00 T—00
e If (p,q) € D, there also exist solutions such that

(ul, uh) ~r—o (ui’ ul), lim 7V~ lu) = —¢; <0, lim 7V ~1
r—00 r—00

uh = —cg < 0.
And all the global solutions are described.

And we also get the existence of local but not global solutions near 0 or co with a behaviour
of linear type, by using Lemma 5.4:

Theorem 5.7 (1) Local ezistence of solutions of system (3.1) near 0:
e in regions A or B, there exist solutions such that

lim Y lu) = +e(eo), lim NVl — ey <0,

r—0 r—0

e in region A with g < q1, there exist solutions such that

lim r(N D=1yt = ¢(cp) > 0, lim "ty = +eo,
r—0 r—0
e in region B, there exist solutions such that
lim rV=HPLyt — —¢(ey) < 0, lim Y lul, = £,
r—0 r—0
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and solutions such that for any ci1,c2 € R\ {0},

lim V) = ¢, lin% rN=lul = ¢,

r—0 r—

and no such solution near 0 in regions C,D.

(2) Local existence of solutions near oo:
e in regions C and D, for any c1,co € R\ {0}, there exist solutions such that

lim V) = ¢, lim V"l = ¢,
T—00 T—00

e in region A with ¢ > q1, and in regions C and D, there exist solutions such that

lim r(NVUPly) = ) >0, lim Nt = +e(ay),
T—00 T—00

e in region C, there exist solutions such that

Jim VG = efep), tm e = —ep <0,
e in region D, there exist solutions such that
lim V1) = +e(ea), lim rV=Da71yh = ) > 0.

r—00 rT—00

Finally we consider the limit cases, where for simplicity we only mention the solutions presenting
a logarithmic behaviour:

Theorem 5.8 (1) For ¢ = q1 < p , there exist local solutions of system (1.1) near 0 or oo, with
respectively

. 1)y _p_ _ _ 1
lim NP~ Inp|pa-1 o) = Cy > 0, lim V=1 Inr|Pa—T uhy = £Cy,
r— r—0
P . _ 1
lim N VP~ In w1 w) = Oy >0, lim 7V Inr|p—T uh = Cy > 0,
T—>00 r—>00

(2) For q = q2 < p , there exist local solutions near 0 or oo, with respectively

1im0 N1 In r|m%1 uj(r)=Cp >0, hmo pN=Da=1 1y 7“\1’;%1 uy = Cy > 0, (5.6)
r—s r—s
lim rV~1(In T)Pq%lull(r) =C; >0, lim rW™=Y1(ny) qu—lu'Q =—Cy <0, (5.7)

r——00 7——00
(8) Forp= % > q , there exist local solutions near 0, such that

lim »V = inr| ) = € >0, lim0 Nyl = +0y,

r—0 r—

and global solutions such that

. _ —1 . _ _ p+1 _ gq+1
h_r}norN Yinr ') = C1 >0, lim V"t = Cy > 0, (U], uh) ~p—oo (@17 Pe-T agr” pa-T)

r—s0

T
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(4) For q = % < p, there exist local solutions near co such that

lim V) = +C, lim V" (Inr)Pub = —Cy < 0,

r—>00 r—>00

and global ones such that,

_ p+l g1

(), ub) ~r—o (—arr qufl,—agr Pqtrl), lim V" lu) = -Cy <0, lim VNl (Inr)Puh = —Cy < 0.
r——>00 r—300

(5) Forq=p= % ( where p = N = —0) we find again the solutions given at (2.4) and no other

local solution.

Proof. We deduce (1) from Theorem 4.10, since q = qc, then (2) from Theorem 4.18, since
N > p = —0, in turn (3) from Theorem 4.20 since p = N > —o, and (4) from Theorem 4.19 where
—o =N > p, and finally (5) 4.21 where p = N = —o. There exists no other solution near 0 or oo,
see Remark 5.2. [

5.3 Local radial existence results for system (1.1)

Next we deduce local existence results for system (1.1), obtained from Theorem 5.7 by integration.
We first give a result of existence of local solutions near 0, with a behaviour of linear type. For
simplicity, due to the great number of possibilities, we consider only the positive solutions of the
system. One can formulate analogous results for systems (1.5) and (1.6).

Theorem 5.9 Euxistence of solutions of system (1.4) in By,\ {0}, 70 > 0:
e in regions A or B, there exist solutions such that
lim, o r®V D12y, = c(er), if ¢ > %,

. - 2
ug = 0, lim, o ug = co, if ¢ < ¥

limr_,0(|lnr|71 ug) = co, if ¢ = %3

lim TN_2u1 =c >0, lim V2

T— T—

e in region B, there exist solutions such that

lim 7V 2u; =0, lim #NV-DP=2y, = c(c2), lim V2

r—0 r—0 r—0

ug = co > 0,

and solutions such that

N

lim TN_2u1 =c; >0, lim 7V 2uy = ¢9 > 0.

r—0 r—>

In any case the solutions satisfy the equations in the sense of distributions in By, where &g is the
Dirac mass at 0:

{ *Aul = |U,2’p + 015(), (58)

—A'UQ = ]u'llq + 02(50,
with respectively (C1,C2) = (cne1,0), (C1,C2) = (0,¢enez), (C1,C2) = (encr, enes).

o There is no radial supersolutions of system (5.8) such that C1 >0 or Co >0 for p > q > ¢o,
and no supersolutions such that Co > 0 for p > %
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Proof. The existence of the solutions is a direct consequence of Theorem 5.7. and the behaviour
follows from Brezis-Lions Lemma applied to u;, ¢ = 1,2. Next consider any radial supersolution
(u1,us) and assume q > go. If C7 > 0, then u; > cr?>~Y and |uj| > er'™N near 0, and luj|? €

L},.(Byy), thus ¢ < &5, and —(rN ) > erW-D0-9); then by integration we deduce that
lim, o7Vt |uh| =1 > 0, and |uh| > % if I = 0. In any case, |ub| > cr!= (V=14 Then

—(rN ) > e WD9p | hyg pA-(N-Dap ¢ L} (By,), so that N +p — (N — 1)pg > 0, which
is ¢ < go. Similarly, if Cy > 0, then ¢ < ¢; moreover |ub| > er'~N near 0, thus |[w’[P > Crd-Np,
and |u} |’ € L}, (By,), thus N — (N —1)p > 0. ]

In the same way we obtain existence of solutions in an exterior domain with a linear type:

Theorem 5.10 Euzistence of solutions of system (1.4) in RN\ B, :
e in region C, there exist solutions such that

lim, oo r(N="Da=2y, = te(er), if g < %,
up =c1 >0, lim, 00 uz2 = c2 > 0, if ¢ > ﬁv
. 1 .
lim, oo (|In7|” " u2) = ¢(c1), if ¢ = ﬁ,

lim N2
r——00

e in regions C and D, there exist solutions such that

lim TN_Zul =c >0, lim TN_Q'U/Q =co >0,

T—00 T—00
e in regions A with ¢ > q1, and D, there exist solutions such that

N-2

lim u; =c¢; >0, lim r Uo = co > 0.

T—00 rT—00

5.4 Global radial existence and behaviour

Next we study all the global constant sign solutions (u1,ug) of system (1.1), of any sign. Since they
are obtained by integration of the derivates, we are lead to divide some of the regions A, B,C,D
into subregions, according to the position of ¢ with respect to g3, q4.

Definition 5.11 We set A= A1 U A3 U A3,C =C1UCyUC3, D =D UDyUD3, where

Ay = {p> H.a< m}, Az ={q < ¢ <min(qz2,q3)}, As={g3 <q<q},
C = {qg <g< min(qg,%)}, Co = {max(qg,Q3) < ¢ < min(qy, y= 1)} C3 = {Q4 <qg< %},
Dy = {% <qg< C]3}, Dy = {max(qg, = 1) <qg< Q4} D3 = {max(q4, N 1) < q}

We first study the problem with source terms (1.4) in case ¢ < ¢4 :

Theorem 5.12 For (p,q) € C1 U Dy, up to positive constants, system (1.4) admits two types of
global nonconstant solutions:
o (uj,u3), with both components co-singular,
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e if (p,q) € C1, solutions such that

. N-2 . N-1)g—2
(u1,u2) ~r_o (ul, us), Tli)rglo’l” up =c¢1 >0, rlgglo V=042 — ¢(¢1) > 0,
e if (p,q) € D1, solutions such that
(u1,u2) ~r—o (u7,us), Tlggo N2y = ¢ > 0, Tlggo N2y = ¢y > 0.

There is no global nonconstant solution in the other regions such that g < qq.

Proof. Region C; U D; is contained in C U D, so we can apply Theorem 5.6,(4). In any case
limrV =1y} = —Cy < 0, so u} is integrable at co since N > 2, and the same holds for ), for ¢ > %

N-1)g—1,,/ _
(N-1) b=

If ¢ < %, limr —C < 0 also implies that v}, is integrable; Then the functions

w) == [T )= - [ @

satisfy the conclusions. Note that g > % in C; UD;y.

Next we note that there is no global solution of (1.4) for ¢ < g9 : indeed if such solution exists
then u} and uf are negative; but all the global solutions are given at Theorems 5.6 and 5.8, and
they do not fulfil these conditions.Then we are lead to consider the regions Ca, Ds. From Theorems
4.14 and 4.15, there is no global solution w on (0, c0) for € = 1, and the global solutions relative to
¢ = —1 do not bring solutions of system (1.4). Indeed near 0, the function w behaves as w*, and
the corresponding solutions (uj,u}) are such that uj is not positive. |

Next we consider the problem with absorption, for which the situation is very rich. Using
Theorem 5.6 and similar arguments of integrability, we obtain the following:

Theorem 5.13 Consider the system (1.5) For (p,q) € BUA; U A3 it admits a particular solution
(ur™, uz”).
(1) If (p,q) € Ay, ui™,uzs" are co-singular, and there exist solutions such that

lim rV VP25 = ¢(cp) > 0, }% rNPugt =y > 0, (u1,u2) ~r oo (U7, Us3).

r—0

(2) If (p,q) € B, ui*,uz” are still co-singular, and there exist solutions such that

N—-2 N—-2—~

. — . * *
lim r¥ ~*uy = ¢1 > 0, lg})r Uz = co > 0, (u1,u2) ~r—oo (U7, us).

r—0
(3) If (p,q) € As, ui™ is co-singular, and uz”* is a cusp-solution; moreover
o if g < q* there exist solutions such that
(1, uz) ~r_o (U1, uz’), lim N =UP257 = ¢(cy) > 0, lim @3 = ¢ > 0, lim vV 103 =k > 0,
T—00 T—00 rT—00
so the function uz varies from 0 to Cs.
o if ¢ > q* there exist solutions such that

lim 7V 2] = ¢1 > 0, lim r
r—0 r—0

N=D0=205 = e(e1) > 0, (U1, Up) ~roo (U1,103°%),

and there are explicit solutions if ¢ = q*.

There is no global nonconstant solution in the other regions such that q < qy.
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Now we study the system (1.6), also of a great richness, in particular involving the Sobolev
exponent ¢*

Theorem 5.14 Consider the system (1.6). For (p,q) € A2UC2UDs it admits a particular solution
(ur™,uz")
(1) Assume (p,q) € As. Then uy",us™ are co-singular; moreover

e if ¢ < ¢*, there exist solutions such that

(1, uz) ~r—o (uz™,uz"), lim (N -NP=2g7 = c(cg) > 0, lim rV 205 = ¢3 > 0;
r—00 T—00
o if ¢ > q*,there exist solutions such that
li N—-2—~ __ 0 limTHOEE =cC2 > 07 hmr—>0 T(Nil)qilasl = _C(cl) < 07 qu < %7
m r uy = c1 >0, i (N—1)g—2-~ _ 0 . 2
r—0 im, o7 ug = c(c1) > 0, if 4> 51,

o~k —~xk

(TE,@) ~ T‘*)OO(UQ y U2 )7
e if ¢ = q*, there exist explicit solutions, given by integration of (5.5).

(2) Assume (p,q) € Ca, q # % Then uy* is oo-singular and us" is a cusp-solution. There
exist solutions such that

~k /\*)
)

({”;7{’5) ~ r—»O(U2 , U2

m PN 200 = ¢ >0 lim, o TV D275 = c(c1) >0, if g < ﬁ,
r—00 ' hmr—»oo@ =c2 > 0,lim; o T(Nil)qilagl = _C(Cl> <0, ifq> ﬁ

(3) Assume (p,q) € Dy. Then again uy" is co-singular and uz" is a cusp-solution. There exist
solutions such that

N-1

(1, uz) ~r—o (uz™, uz"), lim V7247 = ¢; > 0, lim w3 = c(c) >0, lim rV '’ = —c < 0.

rT—00 r—00 r—00

There is no global nonconstant solution in the other regions such that q < q4.

The region {q > g4}, containing C3 U D3, plays a particular role, as in the scalar case for ¢ > 2,
because we can construct solutions such that u; and ug are bounded on (0,0), then for any of
the three systems (1.4), (1.5) and (1.6) by adding suitable constants.

Theorem 5.15 Let (p,q) € C3 U D3 = {q> qs}. (1)Then system (1.5) still admits a particular
solution (u1”,uz™), where both components are cusp-solutions. Moreover there exist bounded global
solutions on (0,00) :

e If (p,q) € Cs, there exist solutions such that

(ﬂi Ei) ~ r—0 ({L\I*y Ui*)v

. — . — . —1— .
Imu; = ¢ >0, limus=c >0, lim PV W =k > 0, limr
T—00 T—00 T—00 T—00

(N=1a=22" — ¢(ky) > 0.

o If (p,q) € Ds, there exist solutions such that

~— — . ~ . 1~ . 1~
(u1,uz) ~r_o (u1,uz”), Tlglgoul =c; >0, T]g{.lo PNl =k > 0, Tlirglo PVl = ke > 0.
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(i1) System (1.4) admits global bounded solutions in Cs or Ds, of the form (Cy — uy, Ca — ug) for
Cp > 01,02 > C9.

(i1i) System (1.6) admits global bounded solutions of the same form for C1 > c1,Cs < 0.

Proof of Theorem 1.1. The proofs of (1) (2) are direct consequences of Theorem 5.9,5.12

and 5.15 respectively, from the definition 5.11 of the regions. [
Remark 5.16 The limit cases p = % and q = ql,qQ,% can be deduced from Remark 5.8

by integration. We leave the computations to the reader. In the limit cases ¢ = q3 # qo2,q4, the
particular solutions have a logarithmic form: If p > q = q3 # q2, and q we obtain solutions such

that uj’ = —a;r'™P and ul = —aar~!, so we get non constant sign solutions of the form
ul = +ar®* P + ¢y, uy = —azInr + co. (5.9)
2
If g=qs < p (hence p > 2) we get ul = —a;r=! and u} = —azr™ », then we find nonconstant sign
solutions of the form
—2
u] =a1lnr+ co, uy = — P agrpT+cl.

p—2
And for p = q = 2, we recall the solutions ui = uy = (2 — N)Inr + c. in these limit cases, there is
no global nonconstant solution.

Finally when q = g2 = g3, equivalently (p,q) = (N, %), the behaviours of type (5.6) (5.7) near

2
0 or oo resumes to imr [lnr| N+ uh, = —co < 0, which gives by integration solutions such that

limln(|lnr|Ni+1)uQ =-C<0.

6 Nonradial case: upper estimates and local behaviour

6.1 Nonexistence results, and upperestimates of mean values

Here we give upperestimates for the supersolutions of system (1.1), implying in particular nonex-
istence results of entire solutions of the system. the nonexistence results obtained by integral
methods were initiated by [31] for the positive supersolutions of the Lane-Emden system (1.3)
where a = b = 0, and then extended in various directions, to more general operators and second
members in [22], involving quasilinear operators and gradient terms, of type

{ ~ANuy > udub |Vusl? (6.1)

—AJug > ufug [Vuy|?,

where P, > 1, the solutions are positive, and b, ¢ > 0. In [14] we also obtained integral estimates
of the positive solutions, for example on problems of type (6.1) with p = ¢ = 0. In the situation of
system (1.1) we adapt the methods of [14], and obtain integral upperestimates of the gradient. A
noticeable fact is that the solutions are not supposed to be positive, and not even of constant sign.
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Definition 6.1 We say that a couple (u1,us) of C? function in a domain Q C RY is a supersolution
(resp. a subsolution) of system (1.1) if

—Aul Z ‘Vuﬂp, . —Aul S |VUQ‘p, .
{ “Aup > [Vua]?, mn Q, resp. ~Aup < [Vua]?, i Q. (6.2)

Theorem 6.2 Let pg > 1, p > q > 1,and (u1,uz) be any supersolution of system (1.1) (with no
condition of sign) in a domain Q C RV,

(i) If @ = By, \ {0}, resp Q = RN\B,,, then there exist C = C(N,p,q) > 0 such that for any
R <% (resp. R > 2rg)

(¢+1) (p+1)
/ [VuslP dz < CRN™ a1 , / Vug|?de < CRN™ Bt (6.3)
B <jol<2R B<jol<2R
(i) If @ = RN and
(N —1)pg < max(N +p,N +q) = N +p. (6.4)

that means q < qa, then all the solutions of system (1.1) are constant.

Proof. (i) Let R > 0 and z¢ € Q such that B(zo,2R) C Q. Let ¢ € C°(RY), with values in
[0,1], such that { = 1 on Bg, ¢ = 0on B and |V(¢| < %. We take as test function ¢(z) = (M z—=x0),
2
A > 0, in the first inequality and get by integration, for any p > 1 and a > 0,

/ |V |7 ¢ d < A
B(zo,R)

< A(/ |Vu2|PCapdx)§(/ |VC|p (A—1—a)p' dz)7
(zo,R) xo,R

=A

/ < Vup, V¢ > lda / \Vug| ¥ |V¢| O d
(=0, R) B(ro,R)

1
I

then for A > 1+ a,

/ rwq@dm(/ |w2|p<apdx>i</ V¢ )
B(zo,R) B(zo,R)

B(:Eo, )

1
/

Similarly for given 8 > 0,4 > 0 such that u > 1+ 3,

/ |VU2’pC”d$§M(/ |Vu1|qs%>i</ V¢ da)a
B(zo,R) B(zo,R) B(zo,R)

Taking A = qg{;—:)’ o= qq+11 = p}gg—f and 3 = pq+ 7, we find

U=

p(g+1)

(
[ wul e pul ([ v i)
B(zo,R) B(xo,R) B(zo,R)

and by symmetry, when ¢ > 1,

p(g+1) q(p+1) 1
[ e e[ pul e[ v
B(mo,R) B(zo,R) B(xo,R)
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As a consequence,

1
7

Vual? €557 d < VuslP €1 da)ri V(| da) v da)a
[Vug|” € z < A ( [Vual”€ )i ( V(| da) 7 ( V(T da)
B(zo,R) B(zo,R) B(zo,R) B(zo

)

p(g+1)

</ VuslP do)55 < </ [VuslP €T da) 5
B(J?o, P} ) (:L‘(),R)

f N N—q | N-p'
’“‘A;(/ VeI da)? / VP do)w’ <CR @ ak = RN
(z0,R) Zo

)

IN

for some constant C' = C(N, p,q) > 0. When ¢ = 1, we get directly with pu = pzfpl

2p 2
/ |Vug|? CP2—p1 dx P
B(zo,R)

p—1

2p

IN

p+1
/ < Vuy,V({ > (r-1dz| =
B(zo,R)

ptl
< / [Vua| Pt
B(zo,R)

p+1 2p 1
/ Vur| (T de < A( / Vusl? (721 dar) 5 ( / V¢ )7
B(zo,R) B(zo,R)

B(.Io,R)

pt1
/ V| 555 9] de
B(.Z‘o,R)

1
Y

then we obtain
o o2

( / Vusl? dz)¥ < CRb
B(wo, 5 )

In any case the estimates (6.3) follow by considering a finite recovering of {% <|z| < %} by balls
B(aﬁo, R) .

(ii) If @ = RY and N(pg—1) < p(q + 1), equivalently (6.4) holds, we consider any ball B(0, R)
and make R — oo; we deduce that Vuy = 0, hence ug = Cy; then —Aus = 0 > |[Vuy|?, thus
Uy = Cl. |

Remark 6.3 In case p = q, and u; > 0,us > 0, the nonexistence can be obtained by reducing to
the scalar case:

—A(uy + ug) = |[Vus|? + |[Vu|? > c; (|Vuz| + |Vug])? > cg |V (ug + u2)|?.

Ifl<g< %, then the only nonnegative solutions in whole RN satisfy ui + us = C, for example
from [10, Proposition 2.1]. Then —A(ui+us) = 0 > [Vug|?+|Vui|?, hence uy and us are constant.
At Theorem 6.2we have shown that the positivity is not required. And moreover we obtain integral
upperestimates of the gradients when q > %

In the sequel, the mean value of any function v in { R < |z| < R’} on the sphere SV ~! is denoted
by .

Lemma 6.4 Let p > q > 1 and (uj,u2) be a supersolution of system (1.1) in {R < |z| < R'}.
Then (ﬂl,ﬂg) is also a supersolution. In particular if (ui,uz) is a positive subsolution of system
(1.4), then (u1,us) is also a subsolution.
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Proof. For any function v € C*(B(0, R)), and any p > 1, from the Jensen inequality,
VulP > [@/|". (6.5)
Indeed

b
[SN= Jgn—

1 1
> (o o) > | —o d
> (g oo ol 2 gy [ et

—_ 1 _ 2,8
[Vul’ = SW_”/SN_I(U%T—FT 2|V'ug\ )2do > |ur|P do

p
—
=[@]".

Then, since ¢ > 1,

—Aw > Vel > [@'|", —Awg > [Vu|* > [ar'[".

6.2 Local behaviour near 0 or oo
As a consequence of Theorem 6.2 and Proposition 3.5, we get
Proposition 6.5 Let pg > 1, p > q > 1, and (u1,u2) be any supersolution of system (1.4) in

By, \{0}. Then there exist C = C(N,p,q) > 0, and p € (0,79) depending on ui,us, such that for
r€(0,p),s

_2-p(g=1) _2—q(p—1)
Cr v-1 af g < qa, Cr vp-1 if g <gs,
[ (r)| < Cllar| if ¢ = qu, [uz(r)] < Cllar| if q=gs,
C  ifqg>q, C ifqg>qs.

(i) (u1,u2) be any supersolution of system (1.4) in RN\B,,. Then there exists n > ro such that for
r>mn,

p(g—1)—2 a(p—1)—2

Clz| »a=1"if ¢ > qu, Cr va=Tif ¢ > g3,
[ (r)| < Clar if g = qq, [ua(r)| < Clar if q=qs,
C if ¢ < qq, C ifq<qs.

6.2.1 Case of system (1.5)

In this case, we can improve the preceeding results. We give Osserman’s type estimates for the
local solutions near 0 or oo

Theorem 6.6 Let pg > 1, p > q > 1.(i) Let (u1,uz2) be any positive subsolution of system (1.5) in
By, \ {0} . Then there exists and C = C(N,p,q) > 0, and p € (0,7¢) depending on uy,us, such that
for 0 < |z| < p,

_2-p(g—=1) _2—q(p—1)
- Clz| r1" if g < qu, N Cla|” rT if ¢ < g3,
ui(z) < Clnlz|| if g = qa, uz(x) << Clnlzl| ifq=gs,
Cif ¢> qu, Cifq>gs.
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(i3) Let (u1,us) be any positive subsolution of system (1.5) in RN\B,,. Then there exists n > 7o
such that for |x| > n,

p(g—1)—2 a(p=1)—-2
- Clz| »=T"if ¢ > qu, N Clz| »=T" if ¢ > g3,
ui(z) < Clinlz|| if g = qu, uz(x) << Cllnlz|| if g = gs,
Cif g < qa, Cif g <gs.

Proof. (i) Since the functions are subharmonic, if u; is nonconstant near 0, then u; is strictly
monotone for small r, and either 7V ~24; has a positive limit as r — 0, or @; is bounded. And for

|z| < p small enough, depending on the functions, from Proposition 3.5 applied to the functions a;

S CXJV’p’q)TAﬁW*17 ?ig(r) f;(7r7§§:1”

@)

p+1 ‘ / ‘ q+1

— _2=p(g=1) —
Then by integration, for p small enough, there holds uj(r) < Cr T if q < qqand ui(r) < C

if ¢ > qu, similarly for us by exchanging g3 and g4. Since the functions are subharmonic,
ui(z) < C(N)max(ui(%7), wi(2]z]),

see [13, Lemma 2.1], hence the conclusions hold. Moreover if ¢ > g4, then ‘uzl/‘ is integrable, hence

27 has a finite limit [ as r — 0.
(ii) The proof is similar. |

6.2.2 Case of system (1.4)

We first consider the exterior problem. We observe that in the scalar case, when 1 < g < %,
there is no positive radial solution of the equation such that lim,_,o, u = 0. But there exist solutions
such that u is increasing to some [ > 0 as  — 00, so there exist solutions of system (1.4) for p = q.
In the general case we prove the following when ¢ is subcritical, namely q < ¢o:

Theorem 6.7 Letpg > 1,p > q > 1. If ¢ < g2, there is no positive supersolution (uy,us) of system
(1.4) such that lim, . U1 = 0 in an exterior set RN\ B,,.

Proof. We have the upper estimates of the derivatives

p+1 g+1

@' < orm, )] < e (66)
and
__13711 £;|1E7|p7
—ATp 2 [ar’|?.

The function w7 is superharmonic, and
2—p(g—1))

r (
wi(r) < wi(ro) + [ [wr'(r)| dr < wi(ro) + Cr~  #a1
ro

so as soon as ¢ < qq, uy is bounded. And more precidely lim, w7 = I3 (and lim, Uz =

l). Here we suppose that I; = 0. From the superharmonicity, 7V ~'u;’ is decreasing so either
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N-1 N—1-—

u’ =1 € (0,00) or lim, oo " "'y’ = —o0; and | € (0,00) is impossible because
N=lmy" < —K for large r,
is decreasing to 0, hence u; > %T%N . But for large r, there holds uy’(r) >

lim,_ oo
then u7” > 0 for large r so uy cannot tend to 0. Thus u7’ < 0. Then r

SO U1 — %7‘2*]\7

p+1 C(pg—1) pr(a—aq) (pg—1) r(a—aq) r(a—aq)

_ __ .. . _

— pg—1 —= pa—1 )/ — =y pg-1 < pg—1 =
Cr (p(q4_q) r ), then uy e , is increasing to 0, thus uy < cr
plg=1)=2 9N plg=1)=2 L. ) . L.

cr pa—t . Therefore r <r ra—1 | which implies ¢ > g2, leading to a contradiction. ]

Remark 6.8 In the case ¢ < qa, from Theorem (5.10) there exist solutions such that lim, o u; =
c1 > 0. In regions C and D, where q¢ > g2, we have proved the existence of solutions in RV\B,, at
the same theorem. For q > qq4 from Theorem 5.15 there exist solutions on (0,00). So our result is
optimal.

Finally we consider the local behaviour of the solutions of system (1.4) near a singularity, and
moreover the existence of a system with measure data. We give a nonradial existence result of
solutions of a Dirichlet problem when ¢ < ¢2, extending the radial ones of Theorem 5.9 :

Theorem 6.9 Let pg > 1, p>q > 1. Let Q be a C? bounded domain containing 0.
(i) Let (uy,uz) € Wy ?(Q\ {0}) x Wy P (Q\ {0}), such that Auy, Aug € L. _(Q\ {0}) be a solution

loc

of system (1.4) in Q\ {0}, with u; = ug = 0 on dQ. Then (u1,u) € Wy () x WyP(Q) and there
exist Chp > 0,C9 > 0, such that

{ —Aul = ’VU2|p + 0150,

. /
~ Aup = [V |? + Cado, in D'(Q). (6.7)

Moreover
if C1 > 0 then q < g2, and if Co > 0, then p <

. (6.8)

(ii) Reciprocally, let Cy,Co satisfying (6.8) with Cy > 0 or Cy > 0, and C1,Cy small enough. Then
there exists a solution (ui,u2) of system (6.7), such that (u1,uz) € Wol’q(Q) X Wol’p(Q). More
generally, for any bounded Radon measures p,v in 2, under the same conditions on Cy,Cs, there
exists a solution of the system

—Auy = |VU2|p + C1p, . ,
{ —Auy = |Vuy|? + Cav, in D'(Q).
Moreover ui,us € W(}’S(Q) for any s € [1,%), and if Co = 0, then ug € W&’SQ(Q) for sg <
N
(N-1)g—1"
Proof. (i) The functions uj,uy are superharmonic and nonnegative. Then there exist C; >
0,Co > 0, such that (6.7) holds, and |Vuz |’ + |Vui|? € L} (), and moreover ui, us € WOLS(Q) for

loc

any s € [1, %) , see [?].  From Lemma 6.4 (u1, u3) is a supersolution, then the conditions on
C1, Cy follow from Theorem 5.9.
(ii) We recall a result of [3, Theorem 3.1]: for any nonnegative f € L™(Q) and g € L*(Q),

m, k € (1, N) such that gk < ]\T,”f\[n and pm < %, there exists A = A(p, ¢, m, k) > 0 such that the
problem

in €,

—Auy = ‘VUQ’p + C1f,
—Aug = ‘Vulyq + Cag,
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admits a solution such that (ui,ug) € Wol’q(Q) X Wol’p(Q) under the condition
Cil ||f|| Lm(Q) + Cy HQHL’V <A
And (ug,u9) € VVOLS1 (Q) x Wol’s2 (Q) for any s; € [1, %) and sy € [1, ﬂ) , with the estimate
||u1”Wg’31 () + ||u2||W01’52(Q) < C(A, 51,89, m, k).
Let y, v be two positive Radon measures in Q. Let (u,,), (vn) be sequences in C°" (Q) converging

respectively to p, v in the sense of measures, and p,,(2) < 2u(92), v, () < 2v(£2). Then there exists
a solution of the approximate problem

{ *Aulm = |Vu27n|p + Cl,un, ‘o Q7
_AU'Q,TL =
First suppose Cy > 0, then 1 < ¢ < p < . We take m =k =1, and f = p,, g = v,,. For

21CT () + 2Cov(Q) < A we get the ex1stence of sequences (u1,y,), (u2,,) bounded in Wo *(Q) for
any s € [1, %) Next suppose Cy =0 < C). We take f = p,, and g = 0. We need to find some m
and k such that gk <
(which implies ¢ < m) Th1s is possible because q < g = (]\7]\[—71)]) < % Then (uln) is bounded

in Wol’s(Q) for any s € [1, %) ug,, bounded in WOI’S?(Q) for any sy € [1, ﬁ) , hence in

particular for so € [1, %) . Therefore we get the existence for 29C7u?(Q) < A. Next we can pass

—and pm < NN We fix m = 1, so we require that that - 5 < k< W™-1)7 1)q

to the limit in D'(2). We fix 51 with ¢ < 1 < % and sy with p < s9 < % if Co > 0 and
p < 9 < ﬁ if Cy = 0; up to subsequences, (u1,) converges weakly and a.e. in W1 *1(Q) and

(u2,) converges weakly and a.e. in VV1 *2(Q) to some ug,ug; in both cases, (|Vug,|") converges
strongly in L'(Q), then u satisfies the equation in D'(Q)

—Auy = |VUQ|p + C1p,
and (|Vu,|?) converges strongly in L(Q), so we also pass to the limit and get in any case

—Aug = |Vu1\q + Cyv.

7 Extensions

(1) First note also that the study of Hardy-Hénon type equations by using of system (4.3) can be
adapted to other ranges of the parameters, for example to a "sublinear" case, that is q < p — 1,
corresponding to the case where pg < 1 for the system, or also to case q < 0, corresponding to
g < 0. This allows to extend some results of [26] given for the Hardy-Hénon equation —Aw = |z|7 u?
with the Laplacian to the m-Laplacian, in the radial case, in particular their study in dimension 1.
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(2) Moreover consider an equation of Hardy-Hénon-type in dimension v € N,v > 1, with a
weight |z|* (a € R) inside the operator:

—div(|z|* |[VwP~2 V) = ¢ ||’ w,
In the radial case, it reduces to

P=2 v+a—1|dw

d dwy via-lldw
dr T dr

dw
_%(

dr

pP—2
dw _ b—a

“ANy = — =er’ w9
P dr ’

so it directly falls in the scope of our study, with N = v + a and ¢ = b — a. It allows for example
to find again rapidly some recents results of [40], given for the Laplacian with some conditions on
a, b, and extend them to the p-Laplacian, in all the ranges of the parameters.

(3) All our radial study of system (1.1) can be easily directly extended to a system of k-
Laplacians,

_ — p
{ Akul |V’UQ| 5 (7.1)

—Agug = [Vuy|?,

where k > 1. Indeed the radial system reduces to

{ (12 ) = L g 2 g =

ko—2 N-1
—(lup™ " uy) = =5

wh = rN-D-glr)

w) = rWNTDO=FET Y || 77
A
’wl‘k—l s

where

_pN-1 ‘u”k_z _pN-1 ‘ué‘k—Z

u'l = wi, UIQ = w2q.
So we are reduced to study functions wi,ws, with p, ¢ replaced by £ and ;Z3; and the results
apply for pg > (k — 1)2. We obtain analogous results as in the case k = 2, with new parameters ¢;

defined by

N N+ (k—1)p 2(k —1)2 (k= 1)p+2(k—1)?
(N—1p—k+1" 27 " N-1p @ ® = '

= NELTSL v

Moreover one can make an easy adaptation of the results of the nonradial section, relative to the
supersolutions of system (1.1),where the estimates of the mean values are replaced by integral

estimates, as in [14] in case of source, aborption or mixed terms. The computations are let it to
the reader.

(4) More generally our study allows to treat systems of the type

—div( || [V [ 72 V) = |2 [V,
—div( ]2 |[Vur |2 72 Vug) = |2 |V |4,

which in the radial case reduce to

([ 2 gy — AL g g e
(bl ) — A= g 12 = o o7,
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and then to a Hardy-Hénon equation (1.2) with new parameters p,q, N defined by

p 1 1 _gq p—N
kg—l p—l, kl—l ’ p—l

= N+b;—(N+az—1) N+o0 = N+by—(N+a1—1)q;

P
ko — 1’
and q > p — 1 is equivalent to pg > (k1 — 1)(ky — 1).

(3) Some of our nonradial results can be extended to more general systems, like (7.1), following

the methods of [14], for example Theorem 6.2. It would be interesting to extend Theorem 6.9 to
such type systems.

8 Appendix

In this section we give the proofs of the main results of Section 4
Proof of Lemma 4.5. (i) Setting s = sg+ 3, 2 = 20 + Z, the linearized problem at Mj is

Zy = 20(—qs — 2).

{ St = So(§+ p%l))’

It admits the eigenvalues A1, A2, roots of the equation (4.12). When the roots are real, that means

s020 < 0 then A\; < 0 < Ag, and A1 < sp < Ag since T'(sg) < 0, and the corresponding eigenvectors

v = (27, A1 — s0) and Vs = (527, A2 — s0) have the slopes p; = (p — 1)(?—; —-1) = z;li&z" i=1,2.
(ii) Setting z = N 4 o + Z, the linearized problem at Ny is

{ 5= X2,
Zt=(N+o0)(—qs — 2).

It admits the eigenvalues [; = p+

and [y = —(N+0). When [; # I3, the corresponding eigenvectors
are v1 = (I1 — Iz, qls) and v3 = (07 1).

(iii) Setting s = % + 3, the linearized system at A is

gt_l;l f(§+pi )7
z=2(N+o— q%).

=
ap= 1’
trajectories linked to . When pu; # ps # 0, corresponding eigenvectors are v; = (1,0) and
v = (%7“’2 — )

(iv) The linearized system at point (0, 0),

It admits the eigenvalues p; = % and gy = N+ o0 — And z = 0 contain particular

, po = N+ 0, which are distinct for o # — 11) and corresponding

(0,1). u

gives the elgenvalues pL = 1
p —
eigenvectors v; = (1,0) and v3

Proof of Lemma 4.7. (i) Direct consequence of (4.4).
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(ii) Suppose lim(s,z) = Ny. From (4.3) we find s; = s(l1 + s +z) = s(l1 + o(1)), then s =
o(efll%), and z; = 2— (N40) = (=12 +2)(—qs—2%) = Z(la—qs —2) +laqs = (la+0o(1))z+o0(e~21H),
Then z = o(e ¥I*l) for some k& > 0. In turn s; = s(I; + o(e ¥ for some k > 0, thus lime~'1ts =
C # 0. The conclusion follows from (4.4) with lime~'s = C' # 0 and limz = N + 0.

(iii) Suppose lim(s, z) = (0,0). Then s; = s(p; + s+ 2) = s(p; +0(1)), and z; = z(py + o(1)).
Then s,z = o(e ¥t for some k > 0. Therefore we obtain s; = s(p; + 0(e*)), z = z(py + o(et)).
By integration we deduce lime "1fs = C' # 0 and lime "2tz = D # 0, and we still apply(4.4).

(iv) Suppose lim(s,z) = Ag. Then z; = z(uy — q5 — 2) with 3 = s — % = o(1), so that
2zt = z(py + o(1)), then z = o(e_mTZt‘). It follows that 5¢ = (4 +35)(5+ ;5) =5(u + ;57 +5) +
(12%{’)2 = 8+ 0((67@). Then s = o(e *) for some k > 0; in turn 2z = 2z(uy + o(e *!); thus
lime #2'z = D # 0, and we apply (4.4) where lim s = y;, lime #2tz = D. [

Proof of Lemma 4.8. Let for example w be any solution in (0, 7). From Lemma (4.4), and
(4.4), ® = |s|P~!|z| is bounded. And

b =®(p+o—(q—p+1)s).

Suppose that s is unbounded near —oo. Either s is monotone near —oo, then limy_,_ |s| = oo,
hence % > —1 near —oo, In |®| > m, which is impossible. Or there exists a sequence ¢,, — —o0
such that |s(,)| — oo of points of maximum of |s|. At these points, and % +s(tn) + % =0,

hence s(ty)z(t,) < 0, and
s(tn)ze(tn)  s(tn)z(tn)

stt(tn) = b 1 p_1 (P+o—(qa—p+1)s(tn)),

thus sy (tn)s(t,) > 0, which is contradictory. Then s is bounded. Suppose that z is unbounded.
Either z is monotone near —oo, then lim;_,_, |z| = oo, thus lim;_,_ |s;| = 0o, which is impossi-
ble. Or there exists a sequence t,, — —oo such that |z(¢,)| — oo of points of maximum of |z|. At
these points there holds N+ o — qs(t,,) — 2(¢,) = 0, which is impossible since s is bounded. Then z
is bounded. It converges to one of the fixed points of the system, or has a limit cycle around them.
Since Ny, (0,0) or Ay have real eigenvalues, such cycle can happen only at My, when q =qgs. =

Proof of Theorem 4.9. Here we consider region A, where N > p > —o. In this case we refer
to [12] for the description of the system. Here the behaviour depend on position of q with respect to
dc, and also of qg when € = 1, see figures1,2,3,4. The point My is in Q4 for q < g, corresponding
to solutions of the equation with absorption (¢ = —1), and My € Q1 for q > q.. The point Ny is
a saddle point, corresponding to C°-regular solutions near 0. The point Ag is a source for q < qe
and a saddle point for q > q.. The point (0,0) is a saddle point, and the associated trajectories
are not admissible. The existence of ground states of the equation with source (¢ = 1) if and only
if ¢ > qg is well known. The phase plane in the critical Sobolev case ¢ = qg is remarkable: there
exist particular particular trajectories , located on a straight line

pz
s+ 22 _N4p=0,
(p )s+q+1 +p
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These trajectories correspond to the ground states given at (4.13) when ¢ = 1, and to explicit local
]

solutions near 0 or co when ¢ = —1.

————— e

BN N T T e e
e

BN T T T T e e
My T T T e T T
N T A T e e e
o T Tma s T e e e

———— e
e e

e
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e e N N e N N N
R e T e N N N
Figure 2,Theorem 4.9:

Figure 1,Theorem 4.9:
=0.75 qc < q=0.85< qg = 85/90

N=22>p=14>-0=06, q=0.7<q,
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Figure 3,Theorem 4.9: Figure 4,Theorem 4.9:
85

—1>qs—@ q=qg =

Proof of Theorem 4.10. e The point Ny is still as saddle point as in Theorem 4.9, corre-
sponding to CY-regular solutions near 0.

e Here the point My = ( p_{’, 0) coincides with Ay, see figure 5. The eigenvalues are p; = %
Corresponding to the

and p, = 0, with eigenvectors are v1 = (0,1) and v3 = (1,—(p — 1))
eigenvalue 0, there exists a central manifold of dimension 1, tangent to v, invariant by the flow
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It contains trajectories converging to My as ¢ — oo or t — —oo. The eigenspace associated to
w1 > 0 has dimension 1, so it is precisely the axis z = 0, and the trajectories are not admissible.

First assume € = 1. In fact there exists an infinity of trajectories tangent to v, that means an
infinity of central manifolds. The idea is the following: we know that there exists a trajectory 7y
starting from Ny and corresponding to C%-regular solutions; they are not global, w vanishes, which
means that s — 0o and z — 0 in finite time. The region R in ()1 delimitated by 7y is invariant.

The region RN {5 < %} is negatively invariant, since the field at (

—P, 2) satisfies s5; = 1 > 0.
Then any trajectory passing by a point of this region stays in it, and cannot converge to (0,0), so
it converges to My as t — —o0.

Setting s = % + 5, we obtain the system

Since the trajectory is tangent to vs, there holds z ~ —(p — 1), then z ~ q;:p?ﬂ and by

integration z ~ _(q41-)17_—1p)t = (;1j+a)t Since s ~ N= f, we deduce the exact behaviour of w from
(4.4).
Then assume € = —1. There exist trajectories converging to My as t — o0o. Indeed up to

a scaling there exist solutions w with a logarithmic behaviour as r — oo, from [38] for o = 0,
obtained by minimisation. and the construction extends to o # 0. The exact behaviour follows as
before. -

e A |
e | | RN VL LS
e | | I
\\\ahhf(/;\\\wwwwmma

b N N T e T

Ea—
ﬂﬂﬂﬂﬂ HHH\“\\

e 1“ /

e e M N N Ty
R Y

Figure 5,Theorem 4.10:
N=22>p=14>0=-06,9q=q.=0.75

Proof of Theorem 4.13. Here we consider region B, where p > N > o, see figure 6.

e The point My is in Qq, since sg =y = qf{fp >0,and z0=N-p—(p—1)y<N-p <0,
and My is a saddle point from Lemma 4.5. There exist four trajectories 7™, T.M, TM TM | such

that TM, TM (resp. TM, TM) converge to My as t — oo (resp.—o0). associated to A\; < 0 (resp.
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A2 > 0) with a negative slope p; = —(p—1)(1+ ‘2‘—;') < —(p—1) (resp. a positive slope). Then 7"
lies in the bounded region ‘H of Q4 where s; < 0, z; < 0 for large ¢. Since this region is negatively
invariant, the trajectory 7; stays in H, so it is bounded, hence defined on (oo, 00), and converges

to (0,0) as t — —o0, since it is the only possible fixed point in H.

e The point Ny is located at the boundary of @)1 and Q3. The eigenvalues satisfy lo < 0 < [y,
then Ny is a saddle point. There are two trajectories 77,75, starting from Ny, the first one in @
and one in @2, and the corresponding solutions satisfy (4.14) the solutions are not global, from
Lemma 4.8, since in Q1 and @3 there is not fixed point attracting at oo..

e The point Ay is located at the boundary of QY2 and Q3. The eigenvalues satify p; < 0 < o,
then it is a saddle point. Two trajectories corresponding to p; are ending at Ag as t — oo are

located on the line z = 0 not admissible. Two trajectories correponding to p are starting from Ay
Botlp |

_ml
The corresponding solutions satisfy (4.15). They are not global, from Lemma 4.8, since in ()2 and

Q3 there is no attracting point at oo.

at —oo, a trajectory 75 in Q2 and a trajectory 73! in Q3, with a negative slope —(p — 1)

e The point (0,0) is a source, since p; > 0 and p, > 0. So if p; # p,, that means I;_% #N+o,
there exists an infinity of trajectories starting from (0,0). From Lemma 4.7 the corresponding
solutions satisfy (4.16). If p; = p,, we prove that there exist particular solutions at Proposition
4.17.

e In ); and Q3 there is no fixed point attracting at oo, so for € = 1 there is no solution in
(rg, 00). [

Figure 6: Theorem 4.13 Figure 7: Theorem 4.15
p=B>N-U>o-—1q-15 p-B<—o- B <N-Faq-13

Proof of Theorem 4.15. Here we consider region C, where p < —o < N, see figure 7.

e The point My is in Q2. Indeed so = v < 0; and 2z =N —p + (p — 1) |y] > 0. It is a saddle
point, and the eigenvalues satisfy A1 < sp < Ag. So there exist four trajectories TlM , Tl’M , ’]'2M , ’]'2'M ,
such that 7™, T/M | (vesp. T,M,TJM) converge to My as t — oo (resp.—oo). associated to A\; < 0
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(resp. A2 > 0) with the slopes p; = (p— 1)(;\—; —1)i=1,2; hence p; > 0 > p,, and we call 7™, TM
the trajectories such that s(t) > sg for any ¢+ € R.In particular 7, starts in the region J of Qo
where s; > 0, z; < 0. We check easily that the region J is positively invariant. Then the trajectory
TM stays in J, so it is bounded, and since s and z are monotone, we get that 7" converges at oo
to a fixed point in @Qg, that is to Ny if N + ¢ > 0, and to (0,0) if N + o < 0.

e The point (0,0) admits the eigenvalues p; = II’)_% < 0and py = N+o0 >0, it is a saddle
point, the trajectories issued from this point are the two axes, they are not admissible.

e The point Ny is located at the boundary of Q1 and (2. The eigenvalues satisfy {; < 0 and
la < 0, 80 Ny is a sink. In any case, all the corresponding solutions satisfy (4.17), from Lemma 4.7.
In any case, we know that the trajectory ’Z'QM converges to Ng.

e The point Ag = (%,O). is located at the boundary of ()1 and Q4. It has the eigenvalues

u1:%>0and

N-p
p—1

e =N+0—q <N+oc—-(N—-p)=p+0<0,

so it is a saddle point. As we have done before, we check that there exist two trajectories converging
to Ag ast — oo, one in Q1 and one in Q4. This show the existence of local solutions of the equations
with € = £1, such that lim,_, r%w = k > 0, satisfying (4.18). Clearly those solutions are not
global, since there is no fixed point in @ and @4 attracting at —oo, from Lemma 4.8 So the
corresponding functions w are only solutions of the exterior problem. ]

Proof of Theorem 4.17. Setting s = &z, we get

p—N P
o, =9 — (N — 1)
=0T - (N4 o)+ (Pt (at )9)2)

Then system admits particular solutions such that s = —dz for some § > 0 if and only if % =
N + o, that means o = —p%, and § = m. They are given explicitely from the equation

p—N q-p+1

st = s( — s),
p—1 p—-1
— _gtl 1 _N-1

and from (4.2), der®wi*! |w'|™P = —1, hence ¢ = —1 and we get w~ P w’ = £6»r »-1, hence

(p—1)(q—p+1) ( p
p(p—N) (p—1)(a+1)
C when C > 0 and when they are global, w ~,__,, w*.

1
(4.19) by integration, with dp g N = )p. These solutions satisfy lim,__,gw =

at+l

Ifp=N,wegetc=—-p=-N,andw™ ~ v’ =+§
_ N : _ a+1-N N
where § = m, that is dN =4 N ((N—l)(q+1))
Proof of Theorem 4.18. Using Lemma 4.3, we reduce to the case (1) N > p = —o, see
figure 8.

z|~

r=1, then w!~ N = C’:i:5§(qT+1 —1)Inr,

2|~

e Here the point My = (0,IN — p) coincides with Ny.The eigenvalues are [; = 0 and lp =
p — N < 0. The corresponding eigenvectors are v1 = (1, —q) and v = (0,1). Corresponding to the
eigenvalue 0, there exists a central manifold of dimension 1, tangent to v, invariant by the flow.
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It contains trajectories converging to My as ¢ — oo or t — —oo. The eigenspace associated to
lo > 0 has dimension 1, so it is precisely the axis s = 0, and the trajectories are not admissible.
The system becomes

St = ( — il)a

zt=2(N—p—qs—2).
° The point Ag = ( 1;17{)70)_ is located at the boundary of @1 and (4. The eigenvalues are
Hy = p P>0and py = (q—p+ 1) N < 0, with eigenvectors. 77 = (1,0) and 73 = (1, —(p —
(q—p —|— 2)). Two trajectories assoc1ated to A are located on the line {z = 0} , so they are not
admissible. There exist two other trajectories, 77 and 7y, respectlvely in ()1 and @4, converging

to Ag at co. The corresponding solutions w satisfy lim,_ oo r P— rw =k > 0, from Lemma 4.7, for
e ==+1.

e First consider the trajectories located in ()1, corresponding the case ¢ = 1. The trajectory
71 has a slope less that —(p — 1), then it arrives as ¢ — oo in the region R = {s; > 0} in Q
delimitated by the line NyAy where s; = 0; and R is negatively invariant, so 77 stays in it. The line
{z: = 0} is located under the line MyAg, thus z; < 0 in R. If 73 converges to My, then the region R
delimitated by the two axis and 77 is bounded with no fixed point inside, and this is contradictory.
Then 7; is asymptotic to the axis {s =0}, and the solutions are not global. Consider again the
region R1. Then any trajectory passing by a point of R is bounded, and then converges to My as
t — 00, S0 we get a (2 parameters) family of solutions w in (rg, 00) such that (4.21) holds. Indeed
the trajectory is tangent to line of direction (1, —q) passing by My, which means Z ~ —¢s, and we

have B
{ S¢ :5(8+ﬁ),
z2=(N—-p+2)(—Z —qs).

1
Then s; ~ —%32, and by integration s ~ pq—_tl, and z ~ N — p, thus by (4.4), w ~ (pqtl)q+1 P

which is precisely (4.21).

e Next consider the trajectories located in )2, corresponding the case for € = —1. The line
{st =0} = MpAy is located under the line {z; = 0} and the region G located between the two
lines is negatively invariant. Any trajectory passing by a point above {z; = 0} necessarily crosses
this line since z and s are decreasing, and any trajectory passing by a point under {s; = 0} cuts
this line, because s and z are increasing. We consider two sets of trajectories: U; is the union of
trajectories which cut {z; = 0} at some point, and Us is the union of trajectories which cut {s; = 0}
at some point. They are open in Q2, so Uy Ul # Q2. Then there exists some point P such that
the trajectory passing by P is located in G, which is negatively invariant. Then it converges to the
point My as t — —o0. So we get solutions w satisfying (4.22). ]
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Proof of Theorem 4.19. We still reduce to the case (1) —o = N > p, see figure 9. Here the

system is
-N
St = 8(11)371 pil)a (81)
2zt = z(—qs — 2).

(-2 p—N (N-p)g
qt+l-p’ q+l-p

e The point My = (s, 20) =

1) is in Qs, corresponding to particular solutions of
N

the equation with absorption e = —1. w* = a rq+1—pp; note that lim,__,gw* = 0.

e The point Ny coincides with (0,0); the eigenvalues are p; = %, pa = 0, corresponding
eigenvectors v1 = (1,0) and v = (0, 1). The trajectories associated to p; are not admissible. There
exist at least one central manifold, relative to py, tangent to the axis {s = 0}. We are going to
precise it below:

The eigenvalues at point My are given by (4.12), their product is —(IN — p)2q < 0., so My is a
saddle point. There exist four trajectories T, TM M TM | such that TV, M (resp. TM, TM)
converge to My as t — oo (resp.—o0). associated to Ay < 0 (resp. A2 > 0) with the slope
= /P- 1)(2‘—; —1) > 0 (resp. py = (p—1)(— |S 2 —1) < —(p —1)). Then one of the two last
trajectories, denoted by ’ZéM lies in the bounded region H of Qs where sy > 0,2 < 0 for large
t. Since this region is positively invariant, the trajectory ’]E,’M stays in ‘H, so it is bounded, hence
converges to (0,0) which is the only possible fixed point in H. Then any trajectory passing by
some point of H converges to (0,0). So there is an infinity of trajectories converging to this point,
staying in Qs.

° The point Ag is located at the boundary of Q1 and Q4. Moreover the eigenvalues at Ay are
w = p 1 > 0 and py = q < 0, Ap is a saddle point. Two trajectories associated to p,are
located on the line z = 0 are not admissible. There are trajectories 77, 74, respectively in @1 and
Q4 converging to Ay as t — oo corresponding to the eigenvector vy = (%, o — fiq), with the
slope —(p — 1)(q+ 1), the solutions are not global, since there is no fixed point in those quadrants.
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Then there exist solutions in (rg,00) for ¢ = +1, such that lim, r%w = k > 0. Moreover,
since (p—1)(q+ 1) > (p — 1), 71 is located in the region of @); where s; > 0 and z; < 0, which
is negatively invariant, so it stays in it. Next consider the region K in @) delimitated by the two
axis and 77 (under 77). It is invariant, and z; < 0 in K. Then consider any trajectory 7 passing by
a point of K. It cannot converge to Ag because 77 is the only trajectory in )1 converging to this
point. Then 7 necessarily converges to (0,0). There still exists an infinity of trajectories converging
to this point, staying in (1.

Thus in @1 (corresponding to € = 1) as well as in @2, (corresponding to ¢ = —1) there is
an infinity of trajectories converging to (0,0). From system (8.1), since lim; .o, 3 = 0, we get
Sp ™~ s(i’)—%), and z; ~ —z%. Then by integration, z ~ }.|s| < Ce™" for some k > 0. From (4.2) we

a 1 _atl-p 1-N _1 . . .
get wi-pw' = (— P pw P T )~ oo —erv=T (Inr)PT, then by integration, either
w ~ —EC(lnr)_qufprqlil%pp, w' ~ —gCﬁ(lnr)_qﬁfpr%, C = (7(111} 1- p)qi;ip’
- P
or
. , 1-N 1
lim w=C>0, w' ~ —err=1(lnr)p-1,
r—o00
The first eventuality is impossible for ¢ = 1. Let us check if it is possible for ¢ = —1 : it would

imply that s = —r% tends to p — N # 0, which is contradictory. Then for ¢ = —1, for given r¢g > 0
there exists an infinity (with 2 parameters) of solutions w in (rg, 00) satisfying (??), and an infinity
(with one parameter) of solutions satisfying (4.25). ]

Proof of Theorem 4.20. Here again we reduce to the case (1) p =N > —o, see figure 10.
The system reduces to
{ st =s(s+ ﬁ),

z=z(p+o—qs—2z).

e The point My = (so,20) = (qufp, — (p;i)l(f’;“’)) is in Q4, corresponding to particular solutions
_ _b+o
of the equation with absorption € = —1. w* = a*r ati-p which are oo-singular.

e The point Ny = (p+0,0) is located at the boundary of @1 and Q2 and admits the eigenvalues
I = g—fclr >0 and I = —(p + o) < 0, with eigenvectors vy = (327, —q) and vs = (0,1). it is a
saddle point; the trajectories associated to lo are not admissible. There exists two trajectories, 7q
and Ta, respectively in @ and Qo starting from Ny at —oo, corresponding to C%-regular solutions
w. The trajectory 7 starts in the region where s; < 0,2; > 0, which is positively invariant, so it
stays in it. The trajectory 77 starts in the region where s; > 0, z; < 0, with a slope —q%, above

the line NoMjy, and stays in the region of (); ahere z; < 0, and then it is asymptotic to the axis
{z=0}.

e Here the point Ap coincides with (0,0), and the eigenvalues are p; = 0,py = N + o, with
eigenvectors v1 = (1,0) and v = (0, 1). The trajectories associated to py are not admissible. There
exist at least one central manifold, relative to p;, tangent to the axis {z =0} . We are going to
precise it below.

The eigenvalues at point My are given by (4.12), their product is sgzp < 0, then A\ < 0 < s9 <
Ao, so My is a saddle point, There exist four trajectories ’TlM ,’TQM ,’ZE,,M ,’ZZLM , such that ’TlM ,’TZM

o1



(resp. T,M, TM) converge to My as t — oo (resp.—oc). associated to A1 < 0 (resp. Ay > 0) with
the slope p; = (p — 1)(;‘—; —1) < 0 (resp. py = (p — 1)(2‘—3 —1) > (p—1)). Then one of the
two first trajectories, denoted by 7; lies in the bounded region H of Q4 where s; > 0,z < 0 for
large ¢. Since this region is negatively invariant, the trajectory 7;M stays in H, so it is bounded,
hence converges to (0,0) as t — —oo which is the only possible fixed point in H. Moreover any
trajectory passing by some point of H converges to (0,0). So there is an infinity of trajectories
converging to this point as t — o0, staying in Q4.

Next consider the other quadrants Q1 Q2. There is no trajectory converging to (0,0) in Q.
Indeed suppose that a trajectory converges to (0,0) in Q2 as t — oo; then it satisfies s; > 0, z; < 0,
near oo which is impossible; if it converges as t — —oo, then s; < 0,z > 0, then it cannot be
tangent to the axis {z = 0}.

Finally consider the quadrant Q1. The region K delimitated by the two axis and the line NgMj
is negatively invariant. Then any trajectory passing by a point of K converges to (0,0) at —oo.
Moreover the region £ delimitated by the two axis and 77 is also invariant. Then any trajectory
passing by a point of £ converges to (0,0) at —oo. Thus there is an infinity of central manifolds.

Those trajectories satisfy lim; . o 2 = 0, then s; ~ s2. By integration, 0 < s = —ot ~ ﬁ

Thus for given ¢ > 0, there holds Cy [t|179) < w < Cy [¢|{**®) near —co. Since p = N, equation
(4.1) reduces to
—(N = 1) Jw N 2wy = eeM™FT)y0,

Then
N-1

—(N-1 N-2-q, _ (_-Y—°
( )\wt\ Wt (q—N+1

[N ~ 2N g

‘N—l—q ~ _Nioe(N-‘rU)t |t|q
The last case is impossible for ¢ = 1. If ¢ = —1, since % ~ 4 it implies that w NI lwe| =

t]?
_q;VIXYl) C %t . . . . i . (1+€)
¢ ~ Ce , which by integration contradicts the estimate C |¢| <w <

. . . . . N-1
hence by integration, either lim; ., w; = —c¢ < 0, or NI |wy

N-—1
(NgTw

Cs |t|(1+5) . Then w ~,_o C'|lnr|, and w' ~,_ —%.
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Figure 10: Theorem 4.20 Figure 11: Theorem 4.21

p:N:g>—a:%,q=1.3 p:N:—J:g,qzlb

Proof of Theorem 4.21. Here p = N = —o, see figure 11. The system reduces to

st = s(s + 1)
2zt = z(—qs — 2).

The unique fixed point is (0,0), and the two eigenvalues are 0. From Proposition 4.17, there exist
solutions such that s = —mz, corresponding to trajectories in Q2 and Q4. We get a family
of solutions w given by (4.20). The sign + (resp. —) corresponds to the trajectory in Q4 (resp.
Q2). It seems that there is no other trajectory converging to (0,0), thus no other solution w can
be defined near 0, or near co.

For ¢ = 1, corresponding to quadrants ()1 and Q3 all the trajectories satisfy s;z; < 0, hence
they cannot converge to the unique fixed point (0,0) as ¢ — +oo, from Lemma 4.8. Therefore
there is no local solution near 0 or co. ]
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