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Abstract

Here we study the solutions of any sign of the system

—A’U,l = |VU2|p,
—AUQ = |Vu1|q,

in a domain of RNV, N > 3 and p,q > 0, pg > 1.. We show their relation with Lane-Emden
Hardy-Hénon equations
—Ayw: er?w9, € ==+1,

where u — Ayu (p > 1) is the p-Laplacian in dimension N, q > p — 1 and o € R. This leads
us to explore these equations in not often tackled ranges of the parameters N, p,o. We make
a complete description of the radial solutions of the system and of the Hardy-Henon equations
and give nonradial a priori estimates and Liouville type results.
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1 Introduction

Here we study the solutions of any sign of the Hamilton-Jacobi type system

—Au1 = |VU2‘p,
{ —Aug = [Vuy|?, (1.1)

in a domain  of RV, N > 3, and

p,qg >0, pg>1, and we can assume p > q,
so that p > 1. Our purpose is to describe the behaviour and the existence of solutions when
Q = B,,\ {0}, R¥\ {0} ,RM\B,, or RY. Note that (u1,uz) is a solution, then (u; 4+C1,us +Cs) is a
solution, in particular the constants are solutions. The study of the radial solutions is fundamental

for the understanding of the system. As shown below, it appears that they are governed by the
solutions of Lane-Emden Hardy-Hénon equations

—ANw=erwd,  e=+l, (1.2)

where u — Allfu (p > 1) is the p-Laplacian in dimension N, g > p — 1 and o € R. This justifies
to make the point on the actual knowledge of these equations, and make a complete study in any
range of the parameters N, p, 0.

In the last decades, a great number of elliptic systems deal on positive solutions of semilinear or
quasilinear, with source terms in the right hand side, involving powers of the solutions. Our study
is motivated by the well known Lane-Emden system

{ —Auy = |z|"ub,

1.3
—Aug = \x|bu(f, (1.3)
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which has developed an extremely rich literature, starting from the conjecture of nonexistence of
solutions in RY for a = b = 0 when
1 N 1 - N —2
p+1 qg+1 N 7

first proved in the radial case for any N > 3 in [30], obtained in of [36] for N = 3, extended to
N = 4 in [39], and still open for N > 5. The existence of solutions in R\ {0} with a possible
singularity at the origin, or in an exterior domain R¥\B,, and the question of a priori estimates
has been developed in many works, with extensions to quasilinear operators, with possible weight
functions, or to analogous problems on manifolds, and it is impossible to quote all of them. Let us
also mention a significant amount of results of non existence of supersolutions in RY, started by
[31], [12].

In contrast, only few results are available in the literature for elliptic systems with gradient
terms. A general study of nonexistence of positive supersolutions of systems with source terms is
given in [22]. We can also mention some works on more specific systems in [23], [25], [4], [18]. Up
to our knowledge the study system (1.1) began very recently, with the publication of [20], where
the existence of positive singular solutions of the Dirichlet problem in ©\ {0} was proved when
is a small perturbation of a ball of center 0, and the work of [3], where existence and non existence
results are given for the system with forcing terms.

In the sequel, we distinguish three types of solutions: the positive ones, solutions of (1.1), with
source type gradient terms

{ThnIRup mmo 10
the negative ones, equivalently, setting 11 = —u1, us = —us, the solutions of a system with absorp-
tion terms s —

{ amiNmele  mmzo 15)
and the mixed ones, equivalently setting u; = wuy, us = —us, the solutions of the mixed type system

{ e @z (1.6)

In Section 2 we study the existence of particular solutions of system (1.1). We briefly mention
the main results concerning the scalar case of the well known Hamilton-Jacobi equation

—Au = |Vul|?, (1.7)

—2
where ¢ > 1. The existence of particular positive or negative radial solutions u*(r) = A*rg—il,
r = |z|, for ¢ # 2, where A* has the sign of (2 — ¢)((N — 1)¢g — N), puts in evidence two critical
values ¢ = % and ¢ = 2. Concerning system (1.1), these two critical values are replaced by



four critical conditions linking the parameters, namely ¢ = ¢; = ¢;(p), i = 1,2, 3,4, defined by the
relations

(N-Dppn=N+q, (N-Lpe=N+p, @pE-1)=2  pla-1)=2 (18
In the problem, moreover another value is involved, defined by the relation

p+q
2 b

(N —1)pg" = N + (1.9)

corresponding to the Sobolev exponent relative to equation (1.2).

In Section 3 we study the radial signed solutions of system (1.1). We show that they can be
completely described. Indeed it is invariant by the scaling transformation T, ¢ > 0, defined by

p(g—1)—2 a(p—1)—2

Ty [(ur,uz)] (x) = (I pe=T wuy(bx),l ra—T ug(lx)),

and thus the radial case reduces to an autonomous system of order 4. Due to the particular form
of system (1.1), which involves only the gradients of the functions, we can reduce to a system of
order 2. The radial study offers a double interest:

e The radial system reduces to a quadratic Lotka-Volterra type system:

{ Si=S(N—(N—-1)p+S+p2),
Zy = Z(N — (N — 1)q — ¢S — 2).

where | /‘p ( N-—1 /)/ | /‘q ( N-—1 /)/
o Jus” T B (1 T Uy B
S=r u,l = —r TN_lu’l , Z = —r u’2 = _TirN_lu’Q , t=Inr.

Moreover system (1.1) is governed by the Hardy-Hénon equations (1.2) in the following way:

e For any radial solution (u1,us) of system (1.1), the function w = rN=' |u}| satisfies equation
(1.2) with the specific values

N-—-1 -1 1 1-—
N:1+¢7 p:1+7a q=4gq, J:(N_l) pqa €:_Sign(u/1ul2)‘
p p

p

As an unexpected and remarkable fact, the system (1.4), which presents two source terms
|[Vusa|P, |[Vui|?, is not linked with a Hardy-Hénon equation with a source term (¢ = 1) but an
equation with an absorption term (¢ = —1), see Remark 3.12.

Section 4 is devoted to a complete study of the radial local and global positive solutions of
the Hardy-Henon equations (1.2). They are well known in the case N > p > —o, and we cannot
quote the immense literature on the subject. The main purposes of the articles are the obtention
of Liouville type results, symmetry properties and a priori estimates for the equation with source
(e = 1), and the study of large solutions for the equation with absorption (¢ = —1),. The other
ranges of the parameters N, p, o, such as p > N or ¢ < —p, 0 < —N seem to be less considered.
Let us mention the nonexistence of possibly nonradial solutions, even in a very weak sense, proved



in the pioneer paper [15] for e = 1, N > 3, p = 2, 0 < —2; see also [24] for an extension to any
extension to any p > 1, 0 < —max(N, p) under some regularity assumptions.

Here we treat all the cases of distinct N, p,o at Theorems 4.13, 4.12, 4.14, 4.15, 4.16. The
limit cases 0 = —p, 0 = —N, p = N, where logarithmic type solutions appear, are described at
Theorems 4.18,4.19, 4.20, and the critical case p = N = —o at Theorem 4.21. Independently of
their application to system (1.1), they offer a remarkable diversity of types of behaviour. We hope
that they constitute a solid basis for a future nonradial analysis.

Our study is based on the analysis of the phase plane of the associated quadratic Lotka-Volterra
system,

{ St = S(% +s+ pil)a
z=2(N+o0—qs—2z),
where s = —r% and z = —er!™7w9 |w'| P w’, already started in [10]. We observe that this system
is neither competitive, nor cooperative as soon as (p — 1)q > 0. Note also that our study gives
local existence results without involving fixed point methods, and global ones without introducing
energy functions. Among all the results, let us mention a few striking examples:

e For p > N > —¢ and ¢ = 1, we get existence of solutions in CY(B,,)NC?(B,,\ {0}) of three
o+1 N-1
types : such that lim,_,ow = ¢ > 0, and either lim,__,q rhlw = d # 0orlim, ,orp 1w =d#0,

N-p
and solutions such that lim,_,ow = 0 and lim, _,grr-1Tw =k > 0.

e For —o > max(p, N), there exist solutions in an exterior domain R\ B,,) such that lim, ., w =
¢ > 0, see Theorems 4.12, 4.14, 4.20.

e It is well known that for N, p > —o there exist explicit solutions in C*(RY) n C2(RM\ {0}),

often called ground states, when ¢ is the critical Sobolev exponent gg = %jppﬂm, given by

o N-—
w = c(d+ r%)fpjf, where ¢ > 0 and d = d(c¢,N, p, o). In fact the same phenomena holds when

—o > p > N (see Theorem 4.12).

e fore = -1, 0 = —p(é\:l), in particular when p = N = —g, there also exists a family of

explicit solutions, see Proposition 4.17.

For convenience the proofs of the main results of Section 4, using various techniques of dynamical
systems, are given in the Appendix.

In Section 5 we describe the behaviour of the radial solutions of system (1.1), from the results
of Section 4. Because of the great diversity of the possible solutions, we concentrate our study on
constant sign solutions in B,,\ {0} or RN\ B,,, and above all on global solutions in R\ {0} .

Comparing to the scalar case, the situation is much more intricate: even in the case p = ¢, where
we show that the system can be completely integrated, there exists an infinity of non symmetrical
solutions. In the general case p > ¢ we give all the local and global nonconstant solutions of
systems (1.4), (1.5) and (1.6). It appears that each component u;,uz solution in (0, c0) can admit
different kinds of singularties near 0: either lim, o |u;| = oo, and we say that wu; is co-singular,
or if lim,__gu; = ¢ € R and lim,__q ]u;] = 00, and we say that u; is a cusp-solution. Concerning
(1.4), we get the following, from Theorems 5.9, 1.4 and 5.15:



Theorem 1.1 Let pg > 1,p > q, and let qi1,q2,q3,q4 be defined in (1.8). Consider the system

(1.4).

(1) Local solutions: There exists radial solutions in By,\ {0} such that

—Auy = ‘VUQ‘p + C1do,
—Auy = [Vuq|? + Cado,

with C1,Cy > 0 when p < %, with C1 = 0,Cy > 0 when g < qq, with C; > 0,Cy = 0 when g < ¢o.

(2) Global solutions: up to additive constants,
plg=1)=2 a(p=1)—2
e For qu < q < g3, there exists a oo-singular solution (uj,ud) = (Ajr ra=1  ASr va=1 ), with

1, A5 >0, and also solutions such that

im0 TN_QUI =c1 >0, limy 0 T(N_l)q_QUZ = C(Cl) >0, if g < %7

* *
UL, U2) ~p—s0 (U1, U . _ . — .
(1, u2) ~ro (U1, u3), { limy oo TV 2u1 = ¢1 >0,  limy oo 7V " 2ug = c3 > 0, if ¢ > %

e For q > quq, there exist cusp-solutions (uy,us) such that

wy Pla=D)-—2 g Ap=1)—2 . .
(uy,ug) ~r—o (JAT|r Pt [ |AS|r pa=1 ), lim w3 =¢; >0, lim ug =cy >0,
r—00 r—00

and there is no other global solution.

The cases of system (1.5) and (1.6), treated at Theorems 5.9, 5.13, 5.14 when ¢ < g4 are even
richer. Note the existence of a family of explicit solutions of system (1.6) in the case ¢ = ¢*, which
corresponds to the critical Sobolev exponent for the Hardy-Henon equation, see Theorem 4.9. The
case q > qq, treated at Theorem 5.15 is remarkable, since it gives the existence of bounded solutions
of any of the three systems (1.4), (1.5) and (1.6).

In Section 6 we extend the study of system (1.1) to the nonradial case. Our main aim is finding
upper estimates, which appears to be a good challenge. Indeed the system is not variational, and
does not offer monotony or comparison properties which could be used as it was done in [6], [39].
Moreover the Bernstein technique appears not to be efficient for systems, as in the case of Serrin’s
system, except in special cases, as developed in [13]. Finally we cannot use the kind of methods of
moving planes, even with boundedness assumptions on the gradients, because in RY there always
exist constant nontrivial solutions. Here we give a first estimate, and in the same way a nonexistence
result, see Proposition 6.5 and Theorem 6.6:

Theorem 1.2 Let pqg > 1,p>q > 1.

(i) If (N — 1)pqg < max(N + p,N + q), then any supersolution of system (1.1) in Q = RV,
without condition of sign, is constant.

(ii) Let (u1,uz) be any supersolution of system (1.5) in By,\ {0} (resp. in RN\B,,). Then there
exists p € (0,79) and C > 0, depending on uy,uz, such that for any r € (0, p),

@) < 0{ max(L,r™ ) if plg — 1) £ 2,
Inr| if p(g — 1) =2,

o d max(1,r ST g - 1) £ 2,
Inr| if g(p— 1) = 2.

IN

[w2(r))|



(iii) Let (ui,uz) be any positive subsolution of system (1.5) in By,\ {0} (resp. in RN\B,,).
Then there exists p € (0,79) and C > 0, depending on uy,uz, such that for 0 < |z| < p,

T < c{ max(L, 2] T ) if plg—1) £ 2,
In|z|| if p(¢ — 1) =2,

_2zalp=1)
() < ¢ max(llz[ ) df g(p— 1) # 2,
||| if q(p —1) = 2.
Note that the range (N —1)pg < max(N +p, N 4 q) is optimal for supersolutions. Nevertheless

we think that the result is much more general concerning solutions:

Conjecture: for any p, ¢ such that pg > 1, all the solutions of system (1.1) in Q = RY | without
condition of sign, are constant.

We end this section by the study of the existence of supersolutions of system (1.4) in an exterior
domain, see Theorem 6.7, and the existence of solutions in a domain ) with measure data, see
Theorem 6.9.

We conclude the paper by suggesting some extensions of our results in Section 7.

2 Ciritical exponents of the system

We first recall some results on the scalar case of equation (1.7), which can be found for example in

7).

2.1 On the scalar case

Clearly a function u is a negative solution of (1.7) if and only if w = —u is a positive solution of
the equation with absorption

—Au+ |Vu|? = 0. (2.1)
As we mentioned above, two critical values are involved: ¢ = %, and ¢ = 2. When ¢ = 2 the

equation is equivalent to A(e*) = 0, so all the solutions are described; in particular all the solutions
in RV\ {0} are radial, and given by u = In(cr>=" 4 d), ¢,d € R.

(1) For ¢ # 1, 25,2, there exist particular solutions of (1.7) on (0, 00), we find

—2
u*(r) = AfpaT ¢, r=lz|, ceR, (2.2)

with [A*|72 A* = (2—¢)(N—=1)g—N) |2 — q|" "9 |¢g — 1]*79. This function is co-singular for ¢ < 2,
positive for % < q < 2, such that lim,_,qu* = 00, and negative either for 1 < ¢ < % where
lim,_,ou* = —o0; it is a cusp-solution for ¢ > 2 : lim,_,gu* = 0, lim, o u/* = —co.

(2) In the radial case, equation (1.7) only depends on the derivative, and it can be completely
integrated: it reduces to

W = ¢rWN-D0-9) |77 where W = —rN 1o/,



hence there exists a union of disjoint intervals (p, R) where for g # % setting b = m,

=N+ ber(N*l)q)qull <0, oru' =r1"N(C - ber(N*l)q)fﬁ > 0. (2.3)

Then we deduce u by integration. The case C' = 0 corresponds to the particular solutions.
When g = %, there exist negative solutions near 0 with a logarithmic behaviour, given by

W) = N (g = 1) [Inr| + C)7 T (2.4)
From (2.3) we get the existence of other radial solutions in R\ {0} :

e for % < q <2, for any ¢ > 0,k > 0, there exists positive solutions of (1.7) such that

N=2(y—¢) =k >0,

. 24 .
lim ra=1(u —¢) = |A¥], lim r
r—0 T—00

eforl <g< %, and for any ¢ < 0,k > 0, there exists a negative solution u such that
2—¢q

. N-2 o - _ : a1 _ [ *
11}367“ (u—c) k, Tlggorq L(u —c) |A*,

e for ¢ > 2, and for any ¢ > d there exist decreasing bounded solutions of (1.7), such that
2—
lim u = ¢, limrqu(u—c):—m*\, lim v =d,
r—0 r—0 T—00
and they are either positive for d > 0 or negative for ¢ < 0.

(3) In the nonradial case, the first upper estimates are due to [29]: if u is any solution (with no
condition of sign) in a domain €, then for any ¢ > 1,

IVu(z)| < O gdist(z, Q) 7.

As a consequence, if Q = RY, then v is constant. Note that the result is false if ¢ < 1, since u* given
at (2.2) still exists and u* € C?(RY). The estimates have been extended to a quasilinear equation
—Apu = —div(|Vu[™ "2 Vu) = |Vu|?, m > 1 in [7], where one can find a complete classification of
the negative solutions u € C*(Q\ {0}) near 0, and a partial classification of the positive ones. The
negative solutions of the equation (1.7) have been studied in [32, Lemmas 2.3,2.4,5.2, Proposition
5.2]. When g > 2, the first author gives in [6] a detailed behaviour of the positive solutions in
B, \ {0} or in RV\B,, in a more general context of equation —A,,u = u? |[Vu|?, p > 0.

2.2 Particular solutions and critical values of the parameters

When searching particular solutions of system (1.1) critical values of the parameters p, ¢ are involved
in the problem, many more than in the scalar case:

Definition 2.1 Let pg > 1,p > q. Following (1.8) and (1.9), we define
N N+p

qQ = a\pP)= o~ > q2 = q2\p) = )
®) (N-1)p-1 ®) (N —=1)p
B (p) = 2 B ()_p+2 () = 2N +p
qg = q3\p —p_1> g4 = q4\p) = D q =q(p _2(N—1)p—1'



corresponding to five curves in the set {(p,q) : pg > 1,p > q > 0}, namely

L1 = {g=q}={N-1pg=N+gq}, Lr={9=q}={N-1)pg=N +p},
Ly = {g=q}={dp-1)=2}, Li={¢=q}={p(¢—1) =2},

£ = {q=q*}={(N—1)pq=N+p2+q}-

Note that L1, Lo, L* intersect the diagonal {p = q} at q = %, and L3, L4 at ¢ = 2.

Proposition 2.2 Let pqg > 1,p > q. Then for q # qi,q2, the system (1.1) admits particular

solutions such that
p+1 q+1

ul = nragr” peT, ub = noagr” pa-T1, (2.5)

where a; = a;(N,p,q) >0 fori=1,2, and
m = sign(gz —q),  n2 = sign(q1 — q). (2.6)

If moreover q # qs, qq, it has solutions

" o Pla=1)=2 " p(a—aq) N o Ap=1)—2 " (p—1)(a—a3)
u] =1 Ajr ra-1 4 c¢p =1 Alr vl + ¢y, Uy = €9 A1 Pa—1 g = g9 ASr  Pa-l 4o,

(2.7)

where A7 = AY(N,p,q) >0, ¢; € R fori=1,2, and
e1 = sign(qz —q)(g —qa), &2 = sign(q1 — q)(q — g3)-
Proof. We search particular solutions of the form (u},u4) = (Cir~—?, Cyr=*2). Then
Ci(AM = N4+ 1) M7= P2 0P Co(Ag — N+ 1)r 27 = =@ |y P
hence we find A\ = ;51%117 Ay = gq%ll, and setting
N+p—(N—1)pg
pq—1

N +q— (N —1)pg

y /82:)\2_N+1:
pq—1

pr=M—-N+1= ;
we get the results with |C1] = (|81]|B2lP)7T, |Ca| = (|8s||41]%) 7. By integration, if the de-

Ci(pg—1) i=1.2
Plg-1)-2|" 2.

nominator is nonzero, we get in particular the solution (u1,ug), with |Af| =
]

Remark 2.3 Note that u] is co-singular for ¢ < q4 and it is a cusp-solution for q > qs. And u}
is co-singular for ¢ < q3 and it is a cusp-solution for q > q3; so there exist solutions (uy,u2) of
system (1.1) with components of different types when q3 < q < qq.

Remark 2.4 [t is clear that the exponents q1, g2, q3, qa, are strongly involved in the existence of par-
ticular solutions. The exponent q* corresponds to the Sobolev exponent for equation (1.2), offering
other types of explicit solutions. Note the relations

< q <= (N—-1)pg <N +gq, q<q <= (N—-1)pg <N +p,
< @s=qp-1)<L2, < q<=plg—1)<2,
p+q

q < q*<=>(N—1)pq§N+T,



¢ < min(ge,¢3) < max(g2,q3) < qa,

e N e N s N
Qg = N _1 CI2,N_1 pr_l,
2 < @<—=p<N,
< <@ <= p<2AN-1).

When q = p, we find again the two critical values of the scalar case:

N

*
Nn=¢=@=y— B=x

3 First properties in the radial case

In the radial case, system (1.1) is reduced to

N—
—(up + 5uh) = |uy]?,
so it only involves the derivatives. Moreover, setting
wy = —rV 7, wy = —rN ", (3.2)

system (3.1) is equivalent to a first order system:

Y I 39
wh=r lwy|?.

Consider any solution (u1,us) € C?(0,7¢), 1o < co. We say that u; is reqular if u} has a limit at
0 and lim, o u} = lim,_,gu} = 0; if u; and ug are regular, then (u1,us2) extends as a function
in C%(B,, x By,), from the equations. We say that u; is singular if it is not regular. Among
the singular solutions we distinguish the oo-singular ones, such that lim,_,o |u;| = oo, and the
cusp-solutions u; (lim,_ou; = ¢ € R and lim, o |u;| = 00), where the singularity is at the level
of the gradient.

3.1 Local existence and uniqueness

Proposition 3.1 Let pg > 1,p > q. (i) Let 1o > 0 and c1,c2,b1,ba € R such that by # 0 if ¢ < 1.
Then there exists a unique solution (uj,uz) of system (3.1) in the neighborhood of ro, such that

uy(ro) = c1, ug(ro) = c2, uf (ro) = by, uy(ro) = by.

(ii) For any R > 0, the only radial solutions (u1,us) € CY(Br x Br) of system (1.1) are the
constants.

Proof. (i) First suppose ro > 0.Since the system only depends on the derivatives, it is equivalent
to consider system (3.3), with initial data (wo1,wo2) € R? If ¢ > 1, the classical Cauchy-Lipschitz
theorem applies. Next suppose ¢ < 1; the theorem still applies if wg; # 0. Consider the case
wor = 0,wp2 # 0. In a neighborhood [rg —n,ro + 7] of rp, there holds 0 < ¢; < |wa| < 2,
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c3 < w’l < ¢4, 0 < |wi| < ¢5. hence we can take w; as a new variable, and consider that r is a
function of wy. Then we get the system

{ dur = flwr,rwz) = rN DO P

a2 = g(wi,rwz) = w1 rNDETP |

for which we can apply the Cauchy-Lipschitz theorem in (0,c5) X (rg — 1,70 + 1) X (c1,¢2), since f
is continuous, and locally Lipschitz with respect to (r,ws).

(ii) Next suppose that by = be = 0, and r9 > 0. Then

T T
u) = rl_N/ sN-1 ’u’2|p ds, uh = rl_N/ N1 ‘u'l‘qu,
T0 T0

/TSN_l‘UIZ‘pdS < /TSN—l(Sl—N / oN— l‘ ‘ pd@‘)d
70 To To

e First assume ro > 0. In a neighborhood [rg — 7, 7o + 7], there holds

I /S\ugmpde‘ds <o [ [ i anas < /ﬂug}pqde‘. (3.5)
To 70 To Y70 o

Let F(r) = ﬂ; |u[P*df. Then F'(r) < C"FP? on (ro,ro+n). If v} is not identically 0 on (rg, 70 +7),
then I > 0 on (rg,79 + p) for some p small enough, and F'~P9 + ¢r is nondecreasing, which is
contradictory, since F(rp) = 0; thus uj = 0 and then u), = 0 on (rg,r9 + p), and similarly on
(ro — p,ro) for p small enough. Then u; = ¢y, us = co in [ro —n,r0 + 1) .

| < N P1=N (3.4)

|u’1| <C

e Next assume 19 = 0. Then from (3.4),

luy| < =N /Or S(Nl)(lp)(/os gV 1 }u’l‘q)de)ds

< 7,1N/ (N=1)(1—p)+(N—1)p / [, |y d6)ds
< rl_N/ /\u\ yd6) ds</ / %) do)d
<

/Tsp_l(/ ‘u'l‘pqdﬁ)dsgrp/ ‘u'l‘pquSC/ !u'1|pqd9.
0 0 0 0

Defining F = [ |u}["? d§ we conclude as above that v} = 0,u5 = 0 on (0, p) for p small enough. Fi-
nally let (u1,us) € C1(Bgx Bg) be any radial solution. Then the set {(0,p) : v} =ub =0on (0,p)}
is closed and open in (0, R), thus equal to (0, R). (]

Remark 3.2 The result would be false for pq < 1. Indeed in that case there exist solutions of
system (1.5):

24+p(1—q) (g+1) (p+1)

U= At e = AT U = Ayt

I Y

belonging to C?(RN) which proves the existence of entire nontrivial solutions, and gives a counter-
example to uniqueness.
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Remark 3.3 Note a consequence of Proposition 3.1: for any ro > 0, there exist local radial so-
lutions (u1,ug2) such that uy(ro) = 0, and ub(rg) = b # 0. This shows the great richness of the
solutions of the system: for system (1.4) (resp. (1.5) for example, it means that only one of the
functions has a minimum (resp. a maximum) at ro.

Remark 3.4 From Proposition 3.1, one can divide the mazimal existence interval (p, R) of (u1,u2)
in intervals (a,b) where v} and uf, have a constant sign. Indeed there exists at most one point
p < s < R where wi(s) =0; w; <0 on (p<s)andwy >0 on (s < R); in the same way, there is
at most one point p < T < R where wa(1) = 0; wa <0 on (p,7) and wy; > 0 on (7, R).

3.2 Upper estimates on the radial supersolutions

Proposition 3.5 Let pg > 1, and (uy,u2) be any radial supersolution of system (1.1), defined on
an interval (£, 38) where v/ (1) and uy(r) do not vanish. There exists a constant C = C(N,p,q) > 0
such that on (37, 5R)

/ _p+1
‘U1‘ < Cr pi-1,

}ulz‘ < C'r_pqqtll7 3R SR )

Proof. Consider any supersolution of system (1.1). Equivalently, the functions w1, ws defined

by (3.2) satisfy

wll > ,),,(N—l)(l—p) ‘w2|p’

w/2 Z r(Nfl)(lfq) ‘wl‘q .
and consider any interval (R;, R2) where wi,ws do not vanish. Let ro € (R, R2) and g9 € (O, ﬂ
such that Ry < 79(1 — 2g¢) < ro(1 + 269) < Ry. First assume that w; > 0,wy > 0. Since w; is
nondecreasing, for any ¢ € (0,g9], we have r € (ro(1 — ) < ro(1 + €)) there holds, since w; > 0
and g9 < 1, with ¢; = ¢;(INV, p)

T
wi(rg) > / N =DU=P L (9)dh
’r‘o(l—E)

To
> wh(re(1 - 8))/ ( )H(Nfl)(lfp)dQ = crewh (ro(1 — 8))T(])V_(N_1)p,
ro(l—e

and symmetrically, since w; > 0, changing r¢ into rg — ¢,

wa(ro — €) > eacwd (ro(1 — 2¢)) (ro(1 — €))N "WV > cyewd(rg — 2e)rg (N=1)g,

Then
wi(ro) > easud?(ro(1 — 26))rg PN TIM,

1 1 _NAp=(N-1)pq
wi(ro(1 —2¢)) < cse pa (wi(ro)rar, pa

Setting 79 = 79(1 — 2¢), and using by the bootstrap technique developed at [11, Lemma 2.2] and
[9, Lemma 2.8], we obtain, since d = i <1, and

N+4p—(N-1)pq) _ N+p—(N-1)pq

wi(rg) = Tévfl ‘u/l(ro)| <cgr, 7 = c6Ty pg—1 ,

12



equivalently
pt1

‘u'l(rg)‘ < 077'[;’”171

If wy < 0,ws < 0, the same conclusion holds by changing 1 + ¢ into 1 — e. Finally if wy > 0 > wy,
we get,
> crewh(ro(l—¢

_(N— N—(N-1
ro)(ro(1 — )N "V D > epew(royry ~ V1,
wi(ro) > cac? (o) P NTIP
hence we obtain the same conclusion without using any bootstrap. ]

Remark 3.6 In the case pg > 1, p > q > 1, we do not need any bootstrap in order to conclude,
and our result is valid in the nonradial case, see Theorem 6.2 in Section 6.

3.3 Reduction to a quadratic system of order 2 and formulation as a Hardy-
Hénon equation

In the sequel we show that system (3.1) can be reduced to a polynomial system order 2, and
equivalently to an equation of order 2 relative to wy :

Proposition 3.7 Let (u,u2) be any radial solution of system (1.1).At any point r where u}(r) # 0,
ub(r) # 0, we define

/P /149
5=, gl (3.6)
Uy Uy

system (3.1) is equivalent to a Lotka-Volterra type system:

Sg=S(N—(N-1p+S+p2), B
{ Zy=Z(N— (N —1)q—qS — 2). t=lr, (3.7)
and we recover vy and uy in function of v, S, Z by the formulas
Wy = (r= P || | ZP) T signS,  ub = —(r~ T |§]9|2]) 1 signZ. (3.8)

Proof. Following the ideas of [10], at each point where u} # 0 and u}, # 0, we set

1 " !|P /19
Uy _ |us| T‘u1|

X:Tl}a Y=r—7, S=r o Z=- B t=lInr,
Uy Uy Uy Uy
Then
X+N-1=-5, Y+N-1=2
Next we differentiate with respect to ¢. Since X = (%)t. Y = (%)t, we obtain
1 2

S / !/

2 1+p(u2,)t - (ul,)t =1+4pY —X=N—(N—-1)p+5+pZ,

S Uy u)

Z !/ /

2t :1+q(“1,)t - (“%)t =14¢X-Y=N—-(N-1)¢g—qS—Z

Z uy Uy
So we obtain the quadratic system (3.7) valid in any case of sign of the unknown, and deduce (3.8).
[ ]
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Remark 3.8 The fized points of the system are

Vo = (8,2) = (=) _ b
(070)7 NOZ(OvN_(N_l)Q)a AOZ((N—].)])—N,O)

(3.9)

We easily check that the particular solutions (u},u}) of system (3.1) correspond to the fized point
M.

Next we show the precise link with a Hardy-Hénon equation:

When looking at the system (3.7) for pg # 1, and comparing to the systems introduced in
[10, Section 3], we observe that the system is exactly linked to the positive solutions w of a radial
quasilinear equation of Hardy-Hénon type in dimension N, of the form

N-1 {wl‘P—Q

_Allfw _ _(|wl‘p—2wl)/ . -

w' = erfw9, e ==+1, (3.10)

where ¢ > 0,0 € R, p > 1, q # p— 1,and N is not necessarily an integer. Indeed in [10, Section 3],
this equation was reduced to a system of order 2, by setting

s(t) = —r—, 2(t) = —er!Tow ’w"_p w, t=1Inr, (3.11)
w

and obtained the system, valid for the two equations,

_ o(P=N z
St—S(ﬁ‘i‘S‘i‘ p—l)’ (312)
2 =2(N+0—-qs—2),

and one recovers w by the formula

1
w=r (s fepaE, = 2O

= — 3.13
P (3.13)

It is precisely the case, as we show below.

Proposition 3.9 Let (uj,u2) be any radial solution of system (1.1), and let w1, wa be defined by
(3.2). Then the function w = |wi| satisfies the equation

—Ayw =erfw, e = —sign(ujub) (3.14)

where AE 1s the p-Laplace operator in dimension N, for specific values of p,o and N :

1 1-— N-1)(p—-1
po14+i>1  qeg o=(N-DIZP No1WZDR=D g5
p p p
Moreover at each point where w # 0,
wll wé ; / 140 ql,,/ Ly
S(t) =s(t) = —rw—, Z(t) =z2(t) = rw— = —sign(uy) T |w1 | ‘wﬂp wi (3.16)
1 2



Proof. Computing ws from the first equation and reporting in the second one, we get

(N=1D)(p—1)
—(r v (w))r) = sign(uh) rV DD |y |9
that is in a developed form:
1 N -1 b— 1 1 . N—1)1i=pre
~wpry = S )3) — signtu) r D

So we get an equation with the form (where we recall that w} > 0)

1 1 wy) = —A§w1 = sign(u’Q) 7 |wi]?

_(‘w/l‘p*QM/)/ _ N-1 ‘w/ }p*2 /
r

where p,o, N are defined at (3.15), and the fact that w; = —sign(u}) w leads to equation (3.14),
and we check easily that s =5 and z = Z. [

Remark 3.10 From the definition (3.15) and (3.13) we get the relations

-N
P S=N-(N-1p, N+o=N-(N-1) (3.17)
p_
N—(N-1 N -1 —
L Pto _p+ ( )pg _ ( )p(g2 — q) (3.18)
g—p+1 pq—1 pq—1
SO
N
N>p<:>p>N_1, N+0>0‘:’Q<ﬁ’ Pto>0< q<qgo. (3.19)

Remark 3.11 For pg > 1, p > q, there holds 1 < p < 2, q > p—1, and N > 1. The map
(N,p) € [1,00) x (1,00) — (N,p) € (1,00) x (1,2) is injective, the reciprocal application is

(N,p) — (N;Zl;p, ﬁ), and then o is fized by the relation o = —%.

Remark 3.12 Equation (3.14) is of source type for e = 1, of absorption type for ¢ = —1. One
could think that problem (1.4), where uy,us are positive superharmonic functions, with two source
terms |Vuso|? , |Vui|? is linked to a Hardy-Hénon equation with source term e = 1. In fact it is not
the case: the solutions of system (1.4) on an interval (0, p) correspond to a Hardy-Hénon equation
of absorption type. Indeed consider any positive solution of system (1.4). As it is well known,
any positive solution (u1,ug) satisfies u},uy < 0 in (0,p). Indeed rN~"1u} is decreasing; if there is
ro such that u}(ro) > 0, then rN=tu} > Cy > 0 on (0,79), thus ui + %73_]\[ is increasing, which
is impossible. Then u) < 0 on (0, p); moreover if there exists r1 such that u)(r1) = 0, then it is
unique and ry is a mazimum point, so that vy > 0 on (0,71) which is contradictory, unless uy is
constant. Then the nonconstant solutions satisfy u},uy < 0 in (0, p).

Remark 3.13 Another way to get an autonomous system is more common in the literature: the
change of unknown

, _ p+l ’ _ q+1
= —rThee(t),  wh=—r ey(t),  t=lr
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leads to the system
{ Tt = blx - |y|p7
ye = bay — |z,

(N—-1)pg—(p+N) (N—1)pg—(g+N)

where by = 1 and by = . However this system gives less informa-

pg—1
tion on the solutions of system (3.1): it admits at most two fized points, namely (0,0), and
1 1

Py = ((|b1] |b2|?) a1 sign(by), (|ba]| |b1]7) Pa—T sign(bs)) which corresponds to the particular solutions.
Moreover it is singular at (0,0) whenever ¢ < 1. The quadratic system (3.7) gives a great amount
of information, because it is obtained by differentiation of the equations of (3.1). It has four fized
points, and each of them corresponds to a type of behaviour near 0 or co.

4 Solutions of the Hardy-Hénon equations

Here we consider the positive solutions of the radial equation

p—2 dﬂ
dr

P2 qw. N-1

d
)T

dw
_%(

dr

dw

N
—pr: %

= erfw9, e = =1, (4.1)

in dimension N, where q > p — 1 > 0. In the sequel, the results are valid for any real N such that
N # p, and we suppose with 0 % —N, 0 # —p.

We first observe that the equation admits particular solutions

_ +
w* =a*r77, v = L

=iy T =ehPTaN-p-(p-Dy). (42

well defined for ey(N —p — (p — 1)) > 0 that is q — q. has the sign of ¢(p +¢)(N — p). Then w*
is oo-singular at 0 if p + o > 0, and C%-regular if p + o < 0.

4.1 General formulation by a quadratic system

On any interval where w’ # 0, we define
/

s(t) = —rg, 2(t) = —ertTow ’w"_p w', t=Inr, (4.3)
w

and obtain the system, valid for the two equations,

{ Stzs(%—ks—i—pfl), (4.4)
zt=2(N+o0—qs—z).
We recover w by the formula

w=r (P )T = O s sign(e2), 7= P (49)
In the plane (s, z) we define the quadrants
Q= {(s,z) eR?:s >O,z>0}, Qo = {(s,z) cR?: S<O,Z>O}, Qs =-0Q1, Q4==-Q-.
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Remark 4.1 Observe that sz has the sign of . If ¢ > 0 (equation with source), then (s,z) €
Q1UQs, If e <0 (equation with absorption) then (s, z) € Q2 U Q4. Moreover, if p < N, and if w is
defined on an interval (0, p), then it is always decreasing, hence (s, z) € Q1. Indeed (rN=1|w/ [P~ w')
is decreasing. If there exists o such that w'(rg) > 0, then for r < ro,w®~1 > Cor'™N, thus w is
bounded, which by integration contradicts the assumption p < N. In case p > N, it can happen, as
we see in the sequel, that w' > 0 near 0.

We define two possible critical values

_(N+o)(p-1) _Np-1)+p+po
dc N—p ) qs N—p )

(4.6)

which are the well known Serrin’s exponent and Sobolev exponent respectively, in case N < p > —o.
Note that q. < 0 when (N +0)(N —p) <O0.

Definition 4.2 In the following we say that a positive solution w of equation (4.1) on an interval
(0,p) is C-regular if w € C2(0,p) N C°[0, p), that means lim, sow = ¢ > 0. If it exists, such a

o+l
solution satisfies (rN=1|w/|P™Y) ~ PN=14ocl | then PN-1 |/ P71~ CrNFoP | w!| ~ Cre-t, [u”| ~
og+2—
Cro=1". Then w € C? [0,p) ifc >p—2, we CH[0,p) if o > —1, and w presents a cusp at 0 if
o < —1. We say that w is a C°-ground state if moreover p = oco.

Next we divide the study in 6 regions relative to (N, o) € R?, and we show that we can reduce
the study to only 3 regions, for which one of them is well known. This is due to a transformation
proved in [10, Remark 2.4]:

Lemma 4.3 For fized p > 0, consider the sets defined by
A = {(N,o)eR*:N>p> -0}, B={(N,o)eR*:p>N>—0)},

C = {(N,o)eR*:N> -0 >p}, D={(N,0)eR*: -0 >N >p}, (4.7)
E = {(N,o)eR*:p>—0>N}, F={(N,o)eR*: -6 >p>N}.

~

Let (N,0) € R? and (N,5) € R? such that (N —p)(p +0) = (N — p)(p + 7). Set

N — G N+&
A=__P_Pro_1N+0 (4.8)
N—-p p+o N+o
and consider the change of unknown
OF) = Cw(r), r=7,C=\eti>, (4.9)

Then w satisfies the equation (4.1) if and only if W satisfies the analogous equation with r,N, o
replaced by 7,N, 7, and

NP N-p N-p P 2 S _o+l
rw(r) = Criw(r), re-1w(r) = Cre=Tw(r), T rilw (1) = ACr p—1w'(r). (4.10)

Moreover for any (N,o) € F (resp. D, resp. E) there exists (N,5) € A (resp. B, resp. C),
such that (4.8) holds with A = —1. As a consequence all the results valid for regions A, B, C apply
respectively to ¥, D, E by changing r into %
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Proof. Setting ¢t = At and (5,2) = A(s, z), we obtain a same system as (4.4) where N, o are
replaced by N, 5. This corresponds to the change of unknown (4.9). And the regions A, B, C are
respectively exchanged to F, E, D, after choosing suitable reals A < 0 such that N > 0 corresponds
to N > 0. The relations (4.10) are straightforward, implying the last conclusions. [ |

As a consequence we prove that some upper estimates, which are classical when N > p > —o,
and still valid for other ranges of the parameters:

Lemma 4.4 Let q > p—1 > 0, and N,o € R. There is a constant Cnp,q > 0 such that any
positive solution of (4.1) solution with in (0,79) (resp in (rg,00) satisfies

w(r) < Cnpqr~’  in (0, %0) (resp. in (219, 0)).

Proof. In case e = —1, this comes the Osserman’s property, which is valid in the nonradial case
when N is an integer, see a proof in [?, Proposition 5.2], and for any subsolution. In the case ¢ =1,
it also extends to integral estimates in the nonradial case, see [12, Proposition 2.2 and Theorem
3.1], valid for any o € R. Both results suppose N > 1, for p > 1, and are given and N > p, even
if this condition does not seem necessary. Next suppose N < p. We use the transformation (4.8)
(4.9) with A = —1: it defines N = 2p — N and ¢ = —2p—o0, and w(r) = @(7), 7 = 1. From (4.10),
77w(r) = CrY7w(r), and the behaviour near 0 or oo is exchanged, hence the conclusion is still valid.
]

From now on in this section, the proofs of the lemmas and theorems are given in the Appendix.
We first analyze the nature of the fixed points of the system:

Lemma 4.5 The fixed points of system (4.4) are

= (Rt (N—p)(q—qc))
qtl-p’ qt+l-p ’
0), and  (0,0).

Mo = (s0,20) = (v, N=p —(p — 1)7) (4.11)

NOZ(O,N+U), AO:(ip:l’
(i) The point My corresponds to the particular solutions defined at (4.2). The eigenvalues A1, A2
of the linearized system associated to system (4.4) at My are the roots of the equation

T(A) = A= (s0—20) A+ ql_)g—li_lsozo = M= (py+p—N)A+ (p(j;"_)(f;;f)lﬁ_l)qc) — 0. (4.12)

My is a saddle point when sgzg < 0.

(ii) The eigenvalues at Ny are [ = % and ly = —(N+0); and {s = 0} contains nonadmissible
trajectories linked to la. Ny is a saddle point when (p + o)(N 4+ o) > 0.

(iii) The eigenvalues at Ay are pp = % and pg = %(qc—q) = N+a+q%; and {z =0}
contains nonadmissible trajectories linked to j11. Ao is a saddle point when q > q...

(iv) The eigenvalues at (0,0) are p; = % and p2 = N+ o0, and {s =0} and {z =0} contain
nonadmissible trajectories, linked to p1 and pa. The point (0,0) is a saddle point when (N —p)(IN +

o) > 0.

Remark 4.6 Recall that any trajectory in the phase plane distinct from the two axis corresponds
to an infinity with one parameter of solutions of equation (4.1). So any saddle-point leads at most
to two families of such solutions, and any source or sink leads to an infinity of solutions with two
parameters.
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Next we make the link between the convergence to the fixed points and the behaviour of the
solutions w near 0 or oo.

Lemma 4.7 Let w be any positive solution of (4.1) defined near 0 (resp near o). Then as r —»
0,t — —o0 (resp r — 00, t —> 00)

(i) lim(s,z) = My = w~wt, w e~
q
(i) lim(s,z) =Ny = limw=c¢>0, limr oo = ’Nj—a " sign(—e(N + ),
(ii) lim(s,z) = (0,0) = limw=c¢>0, lim, rw =d # 0,
N— N—
(iv) lim(s,z) = Ay = limretw=Fk >0, lim P71 w' = k%sz’gn(—ez).

Lemma 4.8 Let w be any local solution in (0,rg) (resp. in (ro,00). Then the associated trajectory
in the phase plane is bounded as t — —oo (resp. t — o). It converges to one of the fixed points
of the system, or has a limit cycle around My (when q = qs).

4.2 Study of regions A and F

We first consider region A, where the behaviour of the system (4.4) has been described in [10], and
we deduce the following:

Theorem 4.9 Let N > p > —o (region A).
There exist local (CO-regular) solutions: for ¢ = +1 and any wo > 0 there exists a unique
solution such that

_ o+l
lim w = wy > 0, lim r~pTw' = —ec(wg), c(wy) > 0.
r—0 r—0

(1) Letp—1< q< Q.
e Fore =21 and any k > 0, there exists an infinity of local solutions near 0 such that

N-p N-—1

limr ™ w=Fk>0. lim re—Tw' = —c(k) < 0.
r—0 r—0

e For e =1, there is no positive solution in (rg,00), ro > 0.
pto

o For e = —1, there exists a global particular solution w* = a*r  ati-p. Moreover there exist
solutions such that
N:{)
limr® w=k>0, lim »w = a*.
r—0 r—00

(2) Let q > qc.
e Fore = =1 and k > 0, there exists a local solution near co, unique up to a scaling, such that

5=F No1
limr~  w=k>0, lim rr=Tw = —c(k) <0.
r—00 T—00
e For e = —1, all the local solutions near 0 are CO-regular (the singularity is called removable),

and not global.
. . . « 5 ——Pto
e For e =1, there is a particular solution w* = a*r~ ati=p. Moreover*
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(i) either q < qg, there exists no ground state and there exist solutions such that

p—N

. . 1
lim 7w = a*, limr® w=k>0.
r—0 T—00

(ii) or q > qs and there exist C°-ground states, such that

lim w = wy > 0, lim r’w = a*.
r—0 r—00

(iii) or q = qg and there is a family of explicit (well known) C°-ground states:

pto _ N—-p N —
w=c(d+re i) pe,  d=cTPH(p o) (m T

p__l)l—P. (4.13)

In the case N > p > —0, q = q,, a precise local behaviour of logarithmic type was in great
part studied for o = 0,e = 1 in [?], [28, THeorem 4.1}, and for ¢ = 1 in [40]; the existence of such
solutions were not clear. We give below a complete description:

Theorem 4.10 (1) Let N > p > —o and q = q.. Then
e For e = %1 there exist an infinity of local solutions near 0 such that

N-p N-1 N-p N —

lim (r llnr\r’%a)ﬁw =¢(N,p) >0, lim re-t ]1nr]<P+”>(s—1) ‘w" = 1Oc(N,p) > 0.
r—0 r—0 —1
e For e =1, there is no positive solution in (rg,o0), ro > 0.
e For e = —1, there exist an infinity of solutions such that

: 1 5P . No1 _Np —p

lim (r|lnr|pte) ™ w = ¢(N, p), lim re=1 [Inr|®Fe-D |u'| = ¢(N,p).

r——>00 r—>00 p— 1

Remark 4.11 As mentioned in [10, Remark 3.2/, some energy functions of Pohozaev-type linked
to the equation are well known. In fact they are valid for any values of the parameters p,q, N,o,
and for the two equations (¢ = £1):

1 P q+1 np=2_ 1
Fy(r) :rN(i(p ) [v] +67“Uw Ow’w " w ) :rN_pwp|s|p_2 S((p )s + : —0),
p q+1 r P q+1
either with 0 = % or 6 = lzif, satisfying respectively
N N - N N -
hop(r) = N (C T Do Pyant R () = N (T - SR P
P q+1 p a+l q+1 p

Other type of functions can be computed as the ones obtained for o = 0 in [5, Proposition 2.2],
coinciding with the functions above when q = qg. In particular @ = qg is the case of constant
energy, leading to the existence of the ground states mentioned above at (4.13) when € = 1, and to
explicit local solutions on [0,79) and on [rg,00) when ¢ = —1.

From Lemma 4.3, we deduce the complete behaviour in region F. It offers a new striking result
in case q = qg of existence of explicit C%-ground states, increasing and bounded at oo :
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Corollary 4.12 Let —0 > p > N (region F). Then all the conclusions of Theorems 4.9 (for
q # qc) and 4.10 (for q = q.) apply after changing r into % In particular for e = +1 and any
c > 0 there exist a unique local solution near oo such that

o+1
. . . ,
lim w=c¢>0, lim r~ et |w'| = d(c).
r—00 r—>00

For e =1,q = qg there are explicit solutions given by

pto p—N

w=c(d+re-1)pts d:—cquJrl(p—i-U)*l(p

. . . . p—N . p—N-—
satisfying lim,_,ow = 0, with w ~,__o cr »=1 and lim, ., w = cd PTo .

4.3 Study of Regions B and D

The case of region B is particularly interesting; indeed we prove the following:

Theorem 4.13 Let p > N > —o (region B)
e For e = +1 there exists local C°-regular solutions of three types:

o+1

limw=wy >0, lim r p=Tw = —ec(wy), c(wp) >0, (4.14)
r—0 r—0
. . N-p . N-1
limw=0, limretw=%k>0, limre—tw = f(k) >0 (4.15)
r—0 r—0 r—0
N-1
lim w = wy > 0, lim re—Tw' = +e. (4.16)
r—0 r—0
For e =1 they are not global, and there is no solution in (rg,00). For e = —1 there exists two
types of global solutions in (0, 00) :
° w*(r) = a*r_qi-l'—ip7
e solutions such that
) . N-1,
limw =wp >0, imrr-Tw = —c(wp) <0, W ~p—yoo W
r—0 r—0

As a direct consequence we obtain the behaviour in region D. Here also we have an very
interesting behaviour: we find infinitely many bounded solutions in an exterior domain which do
not converge to 0 at oo, and global ones when ¢ = —1:

Corollary 4.14 (region D) Let p < N < —o. Then
e For e = %1 there exists local solutions near oo of three types:

o+1

limw=C>0, lim r 1w =ec(C), c(C) >0,
T—00 r—>00
. N-p N-1 o,
lim w=0, limretw=4kK>0, lim re=Tw' = —¢(k) < 0,
r—00 r—00 r—00
N-1
lim w=C >0, lim re1w' = D # 0.
r—00 r—00
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For e =1 they are not global, and there is no solution in (0,ry). For e = —1 there exists two
types of global solutions in (0, 00) :
__pto
o w*(r)=a*r qilfp, which is C°-regular,
e solutions such that
N-1

W~y W, lim w=C >0, lim re1w =¢(C) > 0.
r—00 T—00

4.4 Study of regions C and E

We first consider region C:

Theorem 4.15 Letp < —o < N (region C) Then there exists no C°-regular solution. Fore = +1
there exist local (nonglobal) solutions near oo of two types:

_otl
lim w=C>0, lim r 1w’ = —eD, D >0, (4.17)
r—00 r—00
. X N-p . N-1 o,
lim w=0, limretw=%k>0, lim re—Tw' = —¢(k) < 0. (4.18)
r—00 r—00 r—00
For e = —1, there exist two types of global solutions in (0,00) :
__pto
o w*(r)=a*r ariop ,which is a cusp-solution,
e solutions such that
. . —otl
W~y g wh, limw=C>0, limr p~Tw =D >0,
r—>00 r—00

and there exist also solutions on (rg,00) such that u(ro) = 0 and others such that lim,__,,, w = oo,
and W ~y_,00 w*, and nonglobal solutions on (0,ry) such that w ~,_0 w* and limy_—,,, = co.
For e =1 there is no local solution in (0,79).

Corollary 4.16 (region E) Let p > —o > N. For ¢ = %1 there exist local (nonglobal) solutions
near 0 of two types:

_o+1
lim w = wqy > 0, limr ep—1w' =eD, D >0,
r—0 r—0
. . N-p . N-o1 o,
limw=0, limretw==%k>0, lim re=tw' = d(k) > 0.
r—0 r—0 r—0
For e = —1, there ezist two types of global solutions in (0,00) :
o w(r) = a*rT e
e solutions such that
. . —ofl *
limw=wy >0, limr p~Tw =d <0, W~ oo W,
r—0 r—0

and there exist also solutions on (0,rg) such that w(rg) = 0 and others such that lim,__,,, w = oo,
and w ~,_0 w*, and nonglobal solutions on (rg,00) such that w ~,_o0 w* and lim,_,,w = oo.
For e =1 there is no local solution in (rg,0).
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4.5 Other case of explicit solutions

We have recalled at (4.13) the well-known explicit grounds states obtained for q = qg. Here we
give another case where we find global explicit solutions in R\ {0} . We remark that system (1.1)
admits the solutions (u1,us) = (u,u) when p = ¢, where u is a solution of the scalar equation
(1.7), given explicitly by (2.3) and (2.4); and the corresponding solutions of system (3.7) satisfy
the relation S = —Z, and p = N = —o. This suggests that system (4.4) with general p, N, o may
admit particular explicit solutions for some values of the parameters. We show below that it is
true, and this result appears to be new:

Theorem 4.17 Letq>p—1> 0. When o = —p there exist explicit radial solutions w of the
Hardy-Hénon equation (4.1) with e = —1, of the form

p—N __ p
w = (ctdpgNrr ) apfl, if p#N, (4.19)
w = (ctdnln r)qull\‘gﬂ ; if p=N, (4.20)
~1)(g—p+1 L —N+1 1
where > 0 and dyqny = BB (o), = N i)Y

4.6 Limit cases

Here we give a complete study of all the critical cases 0 = —p # —N, 0 = -N # —p,p = N #
—o,p=N=—0.

4.6.1 Caseoc=-p#—N

Theorem 4.18 (1) Assume N >p = —
e For e = %1, there exist local solutions near oo such that

N-p N-1
lim re=Tw =%k >0, lim re—Tw = —c(k) < 0.

r—00 r—00

e For e =1, there exists an infinity with 2 parameters of local solutions mear oo such that

_ _ 1 +1
lim (Inr)asw(r) = <p>q o (4.21)
r—00 q
e For e = —1, there exists at least a local solution near O such that
— 1\ a— p+1
hm |1n7“|q = w(r) = <> . (4.22)
r—0 q

(2) Assume p = —o > N. Then the behaviour is deduced from (1) by changing r into %
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4.6.2 Case o =-N# —p

Theorem 4.19 (1) Assume —o = N > p.
e For e = £1, there exist local solutions near oo such that
N-1

N—
lim reiw=Fk> 0, lim re—Tw = —c(k) < 0. (4.23)

T—00 T—00

o For e = %1, there exists an infinity with 2 parameters of local solutions near co such that

N-1 1
lim w=0C>0, lim r»=1 (lnr) P Tw = —ec(C). (4.24)
r—>00 r—>00
N—
o For e = —1, there exists C'-reqular solutions w* = a*ra+i=p . There exists local solutions near

0 such that w ~,__9 w*, and local ones near co such that w ~,__,o w*. There exists an infinity of
solutions such that

N-1 1
W~ wF, lim w=C>0, lim r»1(Inr) »1w =C(N,p,q). (4.25)

r—>00 rT—>00

(2) Assume p > N = — g. Then the behaviour is deduced from (1) by changing r into %

4.6.3 Case p=N# —0o

Theorem 4.20 (1) Assumep =N > —o
e For ¢ = +1 there exists local (C°-reqular) solutions: for any c¢ > 0 there exists a unique

solution such that i
lim w = wg > 0, lim r~ et |w'| = c(wp) > 0.
r—0 r—0

e For e =1, there exist an infinity of local solutions near 0 such that

lim |Inr|'w=C>0, lim ru’ = —C.
r—0 r—0
. . . « w ——PFo . .
e Fore = —1, there exists a particular solution w* = a*r a+1-p. There exist local solutions near

0 such that w ~._o w*, and local ones near oo such that w ~.__ w*. There exists an infinity of
solutions such that

. -1 .
lim |Inr|”" w = C, lim rw’ = —C, W~y oo W
r—0 r—0

(2) Assume p = N < —o. Then the behaviour is deduced from (1) by changing r into %

4.6.4 Case p=N=-0¢

Theorem 4.21 Assume p = N = —o. For ¢ = —1, there exist local explicit solutions near 0 or
near oo of the form (4.20):

w=(C+dylnr) N, CeR. (4.26)

For e =1 there is no local solution near 0 nor oo.
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5 Description of the radial solutions of system (3.1)

5.1 The case p=gq

In the case p = ¢, the system (1.1) admits solutions of the form u; = us = u, where u is any solution
of the scalar equation (1.7). However at Proposition 3.1 we have constructed local solutions of non
symmetrical type, for example such that u)(rg) = 0, u5(ro) # 0 at some point 79 > 0. A natural
question is the existence global solutions in R\ {0} . Here we answer this question:

Proposition 5.1 Assume that p = q > 1. Then all the radial solutions of system (1.1) satisfy the
first integral in any interval of definition

|u/1|qu/1 _ |u/2}qu/2 = or(-Nat+) CeR, (5.1)

and can be computed by quadrature. All the radial solutions (uy,uz) in RN\ {0} satisfy u1 = ug = u,
where u is any solution of the scalar Hamilton-Jacobi equation.

Proof. Here system (3.3) reduces to

wh = r(N=D0=a) |4y |9

As a consequence,
Jwr |7 w) — ws| T wh = rN DD [y [T Jawg|? — DA [y 9|7 = 0.

So we get the relation
|w1|qw1 — |w2|q W2 = C,
equivalent to (5.1). Suppose that C' # 0. By symmetry we can suppose that C' = c¢¢*! > 0. Then
we obtain )
Wa
€+ | wp 741

We claim that the solution cannot be defined on R¥\ {0}. Indeed let

0 —c 0
do do do
F(0) :/ —a_ :/ —a_ +/ —q_-
0 ’cq‘f‘l + ’H’q 9’q+1 0 ‘cq‘f'l + ‘H‘qe‘ﬁl —c ’cq‘H + ’0|q 9’q+1
This function is well defined, since the integrals are convergent at the bound —c since % < 1. And

the integrals are convergent at the bounds +oo, since ¢ > 1, thus F' is bounded. If the solution

N—(N-1)q N
m+D,D€R, fOI'q;é N_D°

F(wy) =lnr+ D if ¢ = %, which is impossible in any case. So the solutions are not global.
Hence all the global solutions on (0, 00) satisfy w; = we, u1 = ug + ¢, ¢ € R, where ug is solution
of the scalar equation. The nonglobal solutions can be computed on any interval where w1, ws

N—(N-1) .
}"V_(T_l):—i—D, for q # %, F(wg) =Inr+ D if
[

— (N-1)(1-q)

is global, that means r describes (0,00), then F(wz) =

have a constant sign, by the formulas F'(wq) =

_ N
4= N_1-

Remark 5.2 When q # %
Theorem 5.7. When q = NL

, the existence of local solutions near 0 or oo will be described at
—3, such solutions do not erist, because F' is bounded.

Note that we will find again these results as a particular case of the general study below.
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5.2 Constant sign solutions (u},u)) of system (3.1)

In the sequel we prove that the situation is extremely rich when p # ¢. In particular we construct
many nonsymmetrical solutions of system (3.1) in RV\ {0}. In this paragraph, we study the ex-
istence of solutions in terms of the derivatives, by applying all the results of Section 4 to system
(3.1). Note that we can describe all the solutions, defined in a maximal set B,, or RN\ B, , where
at least one vanishes, explodes or has a singularity at the level of the gradient of 0B,,. Here we
focus our study on solutions defined near 0, and above all on global solutions in RV\ {0} .

We distinguish four regions of study, corresponding respectively to the regions A, B, C,D de-
fined at (4.7) for system (4.4), where p, N, o are defined at (3.15), (3.17).

Definition 5.3 LetS = {(p, Q) ER? :pg>1,¢<p,q#q,q%# q2,p # %,q + %} we consider
the subsets of S defined by

N N
A = {p>JV_17Q<Q2}7 B_{p<N_1}7

N N
C {Q2<q<N_1}, {q>N_1}

5]

NAN-1)

TN P

Lemma 5.4 Let (uj,u2) be any solution of system (1.1) defined near 0 (resp near co), and wy, w2
be associated by (3.2) and w = |wi| be a positive solution of (3.14). Then

uy  has the sign of —w', and ub has the sign of cw'. (5.2)
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And as r — 0,t — —o0 (resp r — 00, t —> 00),

(i) w ~ w* = (uy, uy) ~ (uy',uy),
(i) limw=¢>0, N lim V=1 | = 1 > 0,
11 o+1

limr p 1w =d#0, lim (VN =Da=1 |y = ¢ > 0,

(iii) imw =c>0, lim e | = ¢4 > 0,
—1
limre 1w =d#0, lim V=1 uh| = ¢p > 0,
N—
(iv) limretw=Fk > 0, { lim rNV=DP=1 |yt | = k > 0,
limr e 1w = d(k) #0, lim ™= uh| = [d(k)| > 0.

Proof. The function w = |w;| = V"1 |u}| satisfies the Hardy-Hénon equation with p,q, N, o
satisfy (3.15),(3.17), and we deduce |ws| from any of the formulas

1
|wa| = (T(Nfl)(pfl)wllﬁ, or wh = p(IN=D0=a)ya (5.3)
and then we obtain the conclusions by computation, from the relations u = —rt N, i = 1,2.
The signs of the derivatives are obtained from (3.8) and (3.11), since s = S. |

Remark 5.5 (i) From the phase plane analysis in Section 4, all the trajectories relative to singular
global solutions of the Hardy-Hénon equation (4.1) are located in the quadrant containing the point
My = (S0, Zo) corresponding to the particular solutions. Moreover from (5.6) u) has the sign of S
and ufy has the sign of —Z. So u} has the sign of Sy and ul has the sign of —Zy. From (3.9),

)] <0< q> qo, uh < 0= q>q. (5.4)
Then, with (5.2) and (5.4) we have a complete knowledge as soon as we know the absolute value of
the derivatives.
(ii) Some results of Section 4 involve the Serrin exponent q. and the Sobolev exponent qg,
defined at (4.6). We easily check that for our system,
a<a<=q<a=qp), a<as=q<q =7 (p).

As a consequence of Theorems 4.9, 4.13, 4.15 and Corollary 4.14, we get the following result on
global solutions of system (1.1), where we use Remark 5.5:

Theorem 5.6 (1) Let (p,q) € A, with ¢ < q1. Then
p+1

e there exists a particular solution of system (1.1) such that uj = ayr” =1 > 0 and u} =
_atl
asr pa1 > 0,

e there exist solutions on (0,00) such that u},ul > 0 and

(N—l)p—lu/

lim 1=c >0, HI% N7l = e(er) > 0, (U1, u2) ~rooo (U], u3).
T—

r—0

(2) Let (p,q) € A, with ¢ > q1.Then
P+l q+1

e there exists a particular solution such that uj’ = a;r™ ra=1 > 0 and u = —agr ra=1 <0,
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e if ¢ < q*, there exist solutions such that v} > 0 > uf, and

(], ub) ~pro (ui’ ud), lim #N =Pyl = ¢ > 0, lim V7w, = —¢(e1) < 0,
r—00 r—00

o if ¢ > q*, there exist solutions such that

N-1)g—1,,/

lim 7V~ 1u) = ¢; >0, lim 7-( Uy = —c3 < 0, (uh, uh) ~roo (U, ud)),

r—0 r—0

e if ¢ = q*, there exist explicit solutions:

p—q* 2(N=(N-1)p) o 2N=1)g"=N)

ull = Crl_N(d +r 2 ) p—q , ul2 = —bT‘(l_(N_l)q*)(d + T%) pma (5.5)

* 1 1
for any ¢ > 0, with d = d(c) = ((chql)piN)P N_(A}_l)q*. b="b(c)=(c(N—-1)p—N))».

(3) Let (p,q) € B. Then
p+1 g+1

e there exists a particular solution such that ui' = a;r” pe=1 > 0 and ud’ = agr ra—1 > 0.
e there exists solutions such that

g el () (.0)
_ ptl
(4) Let (p,q) € CUD. Then there exists a particular solution such that uj’ = —ayr™ »a-1 < 0 and
+1
uy = —agr_qu—l < 0.
e If (p,q) € C, there also exist solutions such that
(uh, u) ~roo (uy, uy'), Tlggo rN ) = —e1 <0, Tlgﬁlo rN=Da=lyl — _e(e)) < 0.
e If (p,q) € D, there also exist solutions such that
(], ub) ~po (ui’ ud), Tli)rglo TNl = —¢ <0, rlgglo N7l = —¢y < 0.

And we also get the existence of local but not global solutions near 0 or co with a behaviour
of linear type, by using Lemma 5.4:

Theorem 5.7 (1) Local existence of solutions of system (1.1) near 0:
e in regions A or B, there exist solutions such that

lim V1) = +e(en), lim N1y — ey <0,
r—0 r—0

e in region A with g < q1, there exist solutions such that

: N-1)p—-1_ : N—-1_1
}1_1)]%7'( P=lyh = ¢(ey) > 0, ll_r}r(l)r uy = *ca,

e in region B, there exist solutions such that

lim rV =Py, = —¢(ep) < 0, lim 7Vl = ey,
r—0 r—0
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and solutions such that for any c1,c2 € R\ {0},
lim V1) = ¢, lim ¥ Ll = ¢,
r—0 r—0

and no such solution near 0 in regions C,D.

(2) Local existence of solutions near oo:
e in regions C and D, for any c1,co € R\ {0}, there exist solutions such that
lim Nl = ¢, lim V= b = ¢,
r—>00 r—00
e in region A with ¢ > q1, and in regions C and D, there exist solutions such that
lim V=Pl = ¢ > 0, lim V" tul = +c(ey),
r—r00 r—r00

e in region C, there exist solutions such that

lim Nl = +e(e), lim VDl = —¢y <0,
r—>00 r—>00
e in region D, there exist solutions such that
lim V1) = +e(er), lim rV=Da7lyh = ) > 0.
r—>00 T—>00

Finally we consider the limit cases:

Theorem 5.8 (1) For g = q < p , there exist local solutions of system (1.1) near 0 such that

p((N-1)p—1) . _ (N—=D)p—1
hmOT(N_I)”_1 Inr| " »1 w) =Cp >0, hmOrN Uinr| 770 wh = —Cy <0,
r—> r—>

(2) For q = q2 < p , there exist local solutions near 0 or oo, with respectively

rlLH}O N1 |lnr]T1—1 uy(r) = —C1 <0, rh—n}o pV=1a-1 llnr\ﬁ uhy = —Cy < 0, (5.6)
Tli_r)noo rN=1(In r)m%lull (r)y=C1 >0, Tli_I>noo pV=Da=1(y r)m%lué =—Cy <0, (5.7)

(8) For p = % > q , there exist local solutions near 0, such that
lim V! nr| ' u) = C; >0, lim V=l = +£Cy,
r—0 1 r—0 2

and global solutions such that
p+1 g+1

rhglo M | e = Gy >0, rli;no Ny = Cy >0, (uh, uh) ~r—soo (@1 Pa=T, agr™ pa=T),
(4) For q = % < p, there exist local solutions near co such that
Tli_r)rloo PNl = 01, T]i_r)rloo rN"Hnr)"Pul, = —Cy < 0,
and global ones such that,
(U], uh) ~p_o (—alr_zfqtll,—agr_pqqtll), lim NV luf = —-Cp <0, lim N l(lnr)Puh = —Cy < 0.

r—>00 r—>00
(5) For g = p= 5 (where p=N = —0) we find again the solutions given at (2.4) and no other
local solution.

Proof. We deduce (1) from Theorems 4.10, since q = q, (2) from 4.18, since N > p = —o,
(3) from 4.20 p = N > —0, (4) from Theorem 4.19 —o = N > p, and (5) 4.21 p = N = —o; there
exists no other solution near 0 or co, see Remark 5.2. [
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5.3 Local radial existence results for system (1.1)

Next we deduce existence results for the system obtained by integration of the previous results.
We first give a result of existence of local solutions near 0, with a behaviour of linear type. For
simplicity, due to the great number of possibilities, we consider only the positive solutions of the
system. One can formulate analogous results for systems (1.5) and (1.6).

Theorem 5.9 Euxistence of solutions of system (1.4) in By,\ {0}, 0 > 0:

e in regions A or B, there exist solutions such that
lim, o rV—Da-2yy = c(er), if ¢ > %,

. . 2
uz =0, lim, 0 ug = cg, if ¢ < N1

limr_>0(|ln1“|71 ug) = co, if g = %3

lim TN_2U1 =c >0, lim 7V —2
r—0 r—0

e in region B, there exist solutions such that

lim V"2, =0, lim p(N=Dp=2y c(c2), lim V2

ug = co > 0,
r—0 r—0 r—0

and solutions such that

N

lim TN_2U1 =c >0, lim 7V 2uy = ¢y > 0.

r—0 r—0
In any case the solutions satisfy the equations in the sense of distributions in B,,, where &g is the
Dirac mass at 0:

{ —Au1 = ‘ué‘p + 01(50, (58)

—Aug = ‘U/1|q + Csdp,
with respectively (C1,Ca) = (ene1,0), (C1,C2) = (0,cnc2), (C1,C2) = (ener, enca).

e There is no radial supersolutions of system (5.8) such that C1 > 0 or Co > 0 for p > q > qo,
and no supersolutions such that Cy > 0 for p > %

Proof. The existence of the solutions is a direct consequence of Theorem 5.7). and the be-
haviour follows from Brezis-Lions Lemma applied to u;, ¢ = 1,2. Next consider any radial su-
persolution (u1,us) and assume q > go. If C7 > 0, then u; > cr?>™Y and |u}| > er!™ near

0, and |uj|? € Lj,.(By,), thus ¢ < 3y, and —(r" b)) > erW=D0=9 then by integration
% if | = 0. In any case, |ub| > cr!=(N=14 Then
_(?”N_lu/l)/ > cr(I-(N=1a)p_ thyg pA-N-1ap ¢ LL (By,), so that N +p — (N — 1)pg > 0, which

lim,orVN "t |uh| =1 > 0, and |ub| >

is ¢ < go. Similarly, if Cy > 0, then ¢ < ¢1; moreover |uj| > er'=N near 0, thus [@'|? > Cr1-Np,
and |uj|” € L}, (B,), thus N — (N — 1)p > 0. n

In the same way we obtain existence of solutions in an exterior domain with a linear type:

Theorem 5.10 Ezistence of solutions of system (1.4) in RN\ B, :
e in region C, there exist solutions such that

lim, oo VD 20y = te(er), if ¢ < 527,
lim ¥ "2u; =¢; >0, lim, 0 u2 = c2 > 0, if ¢ > 545,
T—00 li 1 -1 = ) = 2
im0 ([In 7|~ u2) = c(er), if ¢ = §=,
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e in regions C and D, there exist solutions such that

lim ¥ "2u; = ¢ >0, lim Y "2uy = ¢ > 0,
r—>00 T——>00

e in regions A with ¢ > q1, and D, there exist solutions such that

lim u; =c¢; >0, lim T'N72'U/2 =c9 > 0.
T—>00 r—>00

5.4 Global radial existence and behaviour

Next we study all the global constant sign solutions (uj,ug) of system (1.1), of any sign. Since they
are obtained by integration of the derivatives, we are led to divide some of the regions A, B,C,D
into subregions, according to the position of ¢ with respect to g3, q4.

Definition 5.11 We set A=A U AU A3,C =C1UCyUC3, D =D UDyUDs, where

Ali{p>%,Q<Q1}, Ar ={q1 < ¢ <min(q,q3)}, A3 ={g3<q<q},
Cl = {q2 <g< min(q?n %)}7 C2 = {maX(q27q3) <g< min(qﬁb%)}a C3 = {Q4 <g< %}7
Dlz{%<q<qg}, Dgz{max(qg,%)<q<q4}, Dgz{max(q4,%)<q}.

i
W9

NAN-1 .
™ B e
: S gt

2N

2QN-3)

TVED I = =5 ?

The region {q > ¢4}, containing C3 U D3, plays a particular role, as in the scalar case for g > 2,
because we can construct solutions such that u; and ug are bounded on (0, 00), then for any of the
three systems by adding suitable constants.

We first study the problem with source terms (1.4) in case ¢ < g :

31



Theorem 5.12 For (p,q) € C; U D1, up to positive constants, system (1.4) admits two types of
global nonconstant solutions:

o (uj,ud), with both components co-singular,

e if (p,q) € C1, solutions such that

(u1,uz) ~r_o (uj,us), lim ™V 2uy = ¢; > 0, lim rV-Da-2y, = c(e1) > 0,
r—00 r—00

e if (p,q) € D1, solutions such that

(ur,u2) ~r—o (U, u3), lim 7V "%y = ¢; > 0, lim 72
T—00 r—00

ug = co > 0.
There is no global nonconstant solution in the other regions such that g < qq.

Proof. Region C; U D is contained in CUD, so Theorem 5.6,(4) applies. In any case

lim erlu'l = —C) < 0, so u} is integrable at co since N > 2, and the same holds for uf, for
g > 25 If ¢ < 25, limrV YLyl = —Cy < 0 also implies that uj is integrable; Then the
functions

w (r) = — / APy, ua(r) = — / o (F)dr,
satisfy the conclusions. Note that ¢ > ﬁ in C1 UD;q.

We know that there is no global solution in A U B from the nonradial study, and we are led to
consider the regions Ca, D2. From Theorems 4.14 and 4.15, there is no global solution w on (0, c0)
for e = 1, and the global solutions relative to ¢ = —1 do not bring solutions of system (1.4). Indeed
near 0 they behave as w*, and the corresponding solutions u}, u3 given at (2.7) are not positive. m

Next we consider the problem with absorption, for which the situation is very rich. Using
Theorem 5.6 and similar arguments of integrability, we obtain the following;:

Theorem 5.13 Consider the system (1.5) For (p,q) € BUA; U Az it admits a particular solution
(u1*,uz").
(1) If (p,q) € A1, u1",uz" are oo-singular, and there exist solutions such that

lim rN=DP=21 = c(ep) > 0, lim N Pugt =y > 0, (u1,u2) ~r—oo (U1, Us3).

(2) If (p,q) € B, u1™,uz" are still co-singular, and there exist solutions such that

lim rV 24 = ¢ > 0, lim V205" = ¢ > 0, (u1,u2) ~r—oo (U7, us).
r—0 r—0
(3) If (p,q) € As, ui" is co-singular, and u3" is a cusp-solution; moreover

o if g < q* there exist solutions such that

o~ ~— —_— —~ . — —)—~ . — . —1—
(ur,uz) ~r—o (ur,uz”), lim r(N-Dr—257 = c(c2), lim g = ¢ > 0, lim ¥V 10 =k,
r—00 r—00 r—00
so the function uz varies from 0 to Cs.
o if ¢ > q* there exist solutions such that
limrV72u = ¢, lm eV = (), (UL, U2) ~roso (U1, U2Y),
r—0 r—0

and there are explicit solutions if ¢ = q*.

There is no global nonconstant solution in the other regions such that g < qq.
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Now we study the system (1.6), also of a great richness, in particular involving the Sobolev
exponent ¢*

Theorem 5.14 Consider the system (1.6). For (p,q) € A2UC2UDy it admits a particular solution
(ur",uz").

(1) Assume (p,q) € Aa. Then uy",u3” are co-singular; moreover

o if g < q*, there exist solutions such that

o~k  —~

o~ o~ . N—1)p—2—~ . N—2—~
(U1, u2) ~r—o (U™, uz"), lim rOV-Dr=237 = c(ca), lim 7% " “ug = ¢y,
T—00 r—00
o if ¢ > q*,there exist solutions such that
. o~ . N-1)g—1—~/ . 2
lm N 2T — { lim,_,0 w3 = co, lim, o rN"D971%5" = —¢(e1), if ¢ < 1
= ’ . N—1)g—2-~ _ : 2
r—0 lim,_so 7N =D972705 = ¢(¢y), if ¢ > N7

~k /\*)
Y

(ﬂi @) ~  r—oo (u2 , U2
o if ¢ = ¢*, there exist explicit solutions, given by integration of (5.5).

(2) Assume (p,q) € Ca, ¢ # w21- Then u" is co-singular and U™ is a cusp-solution. There
ezist solutions such that

(ut,u2) ~ rso(u2" u2"),

. _9— lim, o0 7
lim 2u1 = ¢, . _ .
r—00 lim, oo Ug = co, lim, oo 7

(N=1a=25 = ¢(en), if ¢ < x4,

(N=Da=175" = —¢(¢y), if ¢ > ﬁ

(8) Assume (p,q) € Dy. Then again uy" is oo-singular and uz" is a cusp-solution. There exist
solutions such that

o~ o~ ko~ . _9~ . — . i )
(U1, 02) ~ro (W2", 02", lim rN 7 = e, lim uz = e, rlggo?“N 03 = —c.

There is no global nonconstant solution in the other regions such that ¢ < qq.

Finally we consider the region {q > ¢4} which is very interesting, since it brings a new type of
behaviour, valid for all the constant sign solutions of system (1.1):

Theorem 5.15 Let (p,q) € C3 U D3 = {q > qs}. (i)Then system (1.5) still admits a particular
solution (u1”",uz™), where both components are cusp-solutions. Moreover there exist bounded global
solutions on (0,00) :

e If (p,q) € Cs, there ezist solutions such that

(ut,ug) ~ roolur’,uz"),

lim oy = e, limay=co, lim rV7'0 =k >0,  lim D725 = ¢(ky) > 0.
r—00 r—>00 T—00 T—00

o If (p,q) € Ds, there exist solutions such that

—~ —~ —~ —~ . ~ . 1~ . 1~
(ut,u3) ~r_o (ug,uz”), lim @; =¢; >0, lm Va9 =k >0, lm rV 103 =ky > 0.
T—>00 r—00 r—00

(ii) System (1.4) admits global solutions in Cs or Ds, of the form (Cy — uy,Co — uy) for Cp >
cq, Cy > co.

(iii) System (1.6) admits global solutions of the same form for Ch > ¢1,Cy < 0.
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Proof of Theorem 1.1. The proofs of (1) (2) and (3) are direct consequences of Theorem

5.9,1.4 and 5.15 respectively, from the definition 5.11 of the regions. [
Remark 5.16 The limit cases p = % and q = ql,qz,% can be deduced from Remark 5.8

by integration. We leave the computations to the reader. In the limit cases ¢ = q3 # qo2,q4, the
particular solutions have a logarithmic form: If p > q = q3 # q2, and q we get solutions such that

u = —ayrt™P and ui = —aar~1,s0 we get non constant sign solutions of the form
uy = +a1r27P + ¢, uy = —ag Inr + co. (5.9)
_2 .
If g = g4 < p (hence p > 2) we get uf = —a;r~—! and uj = —agr », we get nonconstant sign
solutions ,
p—<
ul = ajlnr+ co, uy = — 5a2r 7 + 1.
p—

And for p = q = 2, we recall the solutions ui = u5 = (2 — N)Inr + c. So in these limit cases, we
find no global nonconstant solutions.

Finally when q¢ = q2 = g3, equivalently (p,q) = (N, %), the behaviours of type (5.6) (5.7)
near 0 or oo resumes to limr |lnr|Ni+1 ub, = —cg < 0, which gives by integration solutions such that
limln(!lnr\%ﬂ)uQ =-C<0.

6 Nonradial case: upper estimates and local behaviour

6.1 Nonexistence results, and upper estimates of mean values

Here we give upper estimates for the supersolutions of system (1.1), implying in particular nonexis-
tence results of entire solutions of the system. the nonexistence results obtained by integral methods
were initiated by [31] for the positive supersolutions of system Lane-Emden type: case), and then
extended in various directions, to more general operators and second members by Filippucci: she
has considered much more general systems with gradient terms, in particular of the form

{ —Apul Z U?Ug |Vu2|p7 (61)

—Agqug > u§ud [Vuq|?,

where the solutions are positive and b > 0 and ¢ > 0. In [12] we also obtained integral estimates
of the positive solutions, for example on problems of type (6.1) with p = ¢ = 0. In the situation of
system (1.1) we adapt the methods of [12], and obtain integral upper estimates of the gradient in
any case. A noticeable fact is that the solutions are not supposed to be positive, and not even of
constant sign.

Definition 6.1 We say that a couple (u1,uz) of C? function in a domain Q C RY is a supersolution
(resp. a subsolution) of system (1.1) if

{ —Auy > |Vual?, —Auy < |Vual?,

“Aus > [Vua]? in Q, resp. { Ay < [V |7, n Q. (6.2)
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Theorem 6.2 Let pg > 1, p > q > 1,and (u1,uz) be any supersolution of system (1.1) (with no
condition of sign) in a domain Q C RL
(i) If @ = B\ {0}, resp Q = RN\B,, then for any R < (resp. R > 2rg)

( (p+1)
/ VuslP dz < CRY ppgtl), / |Vug|?de < CRN™ 2l (6.3)
B)z|<32 B|z|<3h
(ii) If @ = RN and
(N —1)pg < max(N +p,N +q) = N +p. (6.4)

that means q < qa, then the solutions are constant.

Proof. (i) Let R > 0 and ¢ € C§°(RY), with values in [0, 1], such that ¢ = 1 on Bz, ( = 0
2

on Bg and |V(| < %. We take as test function ¢ = ¢*, A > 0, in the first inequality and get by
integration, for any p > 1,

/ (V|7 Ada < A =\ '/ |Vug| ¢ |VC| M1
Br

/ < Vug, V¢ > M ldz
Br

1
7/

S/\(/ |VuQ\pC“pdx)’1’(/ VP (A )
Br Bgr

and for A > 1+ a,

==

| vl Qe <x([vulcran ([ [wop i)
Br Br Bgr
Similarly for given y >0 and p—1— 3> 0,

/B IV s < /B V|1 €59 ) /B V[ de)a

U=

q(p+1) _ g+l p(q+1 and § = p+l

hence taking \ = o= =
& pg—1 "7 pg—1 B = pq pg—1’

1
o

q(p+1) p(q+1) 1
[ vl ¢ ar<x([ vl S ani ([ oo i
Br Br Br
and by symmetry, when ¢ > 1,

p(g+1) q(p+1) 1
/ Vugl? 5 dmsm/ 0= dm)q(/ V¢l da)d
Br Br Br

\\H

As a consequence,

p p(g+1) 1 P p(g+1) 1 q i/ % %
/ [Vua|" § a1 dwéukq(/ [Vua|" § pa-1 dfﬁ)W(/ V(T dx)a (/ VP da) o,
Br Bgr Br Br

(/ VulP da)57 < / Vusl? €501 da) 1q1<w</ Vel da:>1'</ V¢l da)ar
Bg BR B BR
< CR T —orNU T

35



for some constant C' > 0, which gives (6.3) after exchanging p and ¢. When ¢ = 1, we get directly

with p = %

2p
p—1

C ptl
S B} |VU‘1|CP—1>
R /B,

IN

IR
Br

ptl
/ < Vuy,V( > (r-1dx
Bgr

2 p+1
=001 ‘/ V| (71 V¢ da
p—11/B,

1
7

p+1 2p 1 ,
/ |Vulr<p—1da:sx</ |Vuzrpcfs—ldx>p</ V¢ dn)
BR BR BR

then we obtain
L N_o
U 7

(| Ivuwlany <cr,
Br
2
hence again (6.3).
(i) If @ = RY and N(pg — 1) < p(q + 1), equivalently (6.4) holds, making R — oo, we deduce
that Vug = 0, hence ug = Cy; then —Aug =0 > [Vuy|?, thus uy = Cf.

(ii) The estimates (6.3) follow by a finite recovering of the annulus {% < |z| < %} by balls of
radius 2R. m

Remark 6.3 In case p = q, and uy > 0,us > 0, the nonexistence can be obtained by reducing to
the scalar case:

—A(u; +ug) = ’VU2|q + |Vu1\q > Cq (’VU2| + |Vu1\)q > Cq \V(ul + UQ)‘q.
Ifl<qg< %, then the only nonnegative solutions in whole RN satisfy u; + us = C, for example
from [8, Prposition 2.1]. Then —A(u1 +u2) =0 > [Vug|?+ |[Vui|?, hence uy and ug are constant.

In fact we have shown that the positivity is not required. And moreover we obtain integral upper

estimates of the gradients when q > §— .
In the sequel, the mean value of any function u in {R < |z| < R’} on the sphere SV ~! is denoted
by w.

Lemma 6.4 Let p > q¢ > 1 and (u1,u2) be a supersolution of system (1.1) in {R < |z| < R'}.
Then (T1,72) is also a supersolution. In particular if (ui,uz) is a positive subsolution of system
(1.4), then (u1,uz) is also a subsolution.

Proof. For any function v € C'(B(0, R)), and any p > 1, from the Jensen inequality,

Vul? > [@]". (6.5)
Indeed
1 — 2,8 1
v r _ _ - 2 2 v/ d > / pd
IVl | SN /51\1—1(u2’r tr ‘ UQ‘ )2do > ISN=T] Jgnos ur|” do
1 1 o
= <m oy Urld0)” = GVT] Joy, rd = [@']".

Then, since ¢ > 1,

—Auy > [Vug|P > |wg’

Poo —Am > V| > |
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6.2 Local behaviour near 0 or co

As a consequence of Theorem 6.2 and Proposition 3.5, we get

Proposition 6.5 Let pg > 1, p > q > 1, and (u1,u2) be any supersolution of system (1.4) in
By, \{0}. Then there ezists p € (0,79) and C > 0, depending on ui,ug, such that for r € (0,p),

_2-p(g=1) _2—q(p—1) |
Cr v-1 if g < qu, Cr va1 if g < gs,
[ur(r)| < Cllnr| if ¢ =qu, [uz(r)| < Cllnr| if q=gs,
C  ifqg>q, C ifqg>qs.

(i3) (u1,us) be any supersolution of system (1.4) in RN\ B,,. Then there exists n > ro such that for
>,

plg=1)—=2 alp=1)=2
- Cla| v T ifg> B Cr vl if ¢ > g3,
[@r)l<q  Chr ifg=aq, @) < Clur ifq=a,
C if g < qq, C if g < qs.

6.2.1 Case of system (1.5)

In this case, we can improve the above results. We give Osserman’s type estimates for the local
solutions near 0 or co

Theorem 6.6 Let pg > 1, p > q > 1.(i) Let (u1,uz2) be any positive subsolution of system (1.5) in
B, \{0}. Then there ezists p € (0,79) and C > 0, depending on uy,uz, such that for 0 < |z| < p,

_2-p(g=1) | _2—q(p—1) |
— Cla| = »e=r if g < qa, _ Cla|” 7T if g < g3,
u@) < Clnlz|| if g =qs, u(z) << Clinlz|| if g = gs
Cif q> qu, Cifq>gs.

(ii) Let (u1,us) be any positive subsolution of system (1.5) in RN\B,,. Then there exists n > g
such that for |x| > n,

q(p—1)—2

N Clwl 1 = ifq> - C || TS " ifg> g,
u(@) <3 Clolel| fq=q, @@= Clnlel| ifq=g,
C if g < qu, Cifqg<qgs.

Proof. (i) We know that since the functions are subharmonic, if u; is nonconstant near 0,
then a; are strictly monotone for small 7, and either rV— 23; has a positive limit as r — 0, or
4; is bounded. And for |z| < 2p < ¢ with ¢ > 0 small enough, depending on the functions, from
Proposition 3.5 applied to the functions ;

= "

<C'Np7)rpql

_ a1 3p op
-1, o —, -
s
. . — _2-ple—l) — . ..
Then by integration, for ¢ small enough, uy < Crra-1if ¢ < g4 and uy < C'if ¢ > qq, similarly
for uz by exchanging g3 and ¢4. Since the functions are subharmonic,

(@) < CON) max(T (5 ), T Jel),
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see [11, Lemma 2.1], hence the conclusions hold. Moreover if ¢ > g4, then ‘uzl/‘ is integrable, hence

u; has a finite limit [ as » — 0.
(ii) The proof is similar. ]

6.2.2 Case of system (1.4)

We first consider the exterior problem. We observe that in the scalar case, when 1 < ¢ < %,

there is no positive radial solution of the equation such that lim, ., u = 0. But there exist solutions
such that v is increasing to some [ > 0 as r — 00, so there exist solutions of system (1.4) for p = q.
In the general case we prove the following when ¢ is subcritical, namely ¢ < ga:

Theorem 6.7 Letpg > 1,p > q > 1. If ¢ < qo, there is no positive supersolution (u1,uz) of system
(1.4) such that lim, o U1 = 0 in an exterior set RN\ B, .

Proof. We have the upper estimates of the derivatives

p+1

') <o B o] < o A (6:5)

and
—Aty 2 @',
—Aty 2 [ur’|?.

The function @y is superharmonic, and

r
_(2-p(g—1))

mmgmmnjﬂmmmgm%ﬂcr;ml,

o

so as soon as ¢ < qq, uy is bounded. And more precidely lim, a7 = I3 (and lim, Uz =

l3). Here we suppose that [; = 0. From the superharmonicity, rV=1%7 is decreasing so either

lim, oo V7l =1 € (0,00) or lim, oo V107 = —o0; and I € (0,00) is impossible because
then uy’ > 0 for large r so uy cannot tend to 0. Then u;’ < 0. Then rN-la7 < —K for large
r, SO Uy — %TQ_N is decreasing to 0, hence uy; > %7‘2_1\[. But for large r, we have uy’(r) >
_ptl Clpg—1) pla—ay) —_ Cpg-1) pla—aq) | . L p(9—aq)
—Cr pra-1 = (mr ra=1 )" then uy — D= " Pt Is increasing to 0, thus uy < cr pe-1 =
p(g—1)—2 9N p(g—1)—2 . . . . ..
cr pa—1  Then r*=" <r ri-1 | which implies ¢ > g9, leading to a contradiction. [

Remark 6.8 In the case q < qa, from Theorem (5.10) there exist solutions such that lim, o u; =
c1 > 0. In regions C and D, where q¢ > g2, we have proved the existence of solutions in RV\B,, at
the same theorem. For q > q4 from Theorem 5.15 there exist solutions on (0,00). So our result is
optimal.

Finally we consider the local behaviour of the solutions of system (1.4) near a singularity, and
moreover the existence of a system with measure data. Let  be a C? domain containing 0. We
give a nonradial existence result of solutions of a Dirichlet problem in 2 when ¢ < ¢, extending
the radial ones of Theorem 5.9 :
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Theorem 6.9 Letpg>1,p>q> 1.
(i) Let (u1,ug) € Wol’q(Q\ {0}) x Wol’p(Q\ {0}), such that Auy, Auy € L} (Q\ {0}) be a solution

of system (1.4) in Q\ {0}, with uy = uz =0 on Q. Then (u1,us) € Wol’q(Q) X Wol’p(Q) and there
exist Ch1 > 0,C9 > 0, such that

_ _ p
{ Auy = [Vua|" + C1dp, n D'(Q). (6.7)

—Aug = [Vup|? + Cadp,

Moreover

if C1 >0 then q < g2, and if Cy > 0, then p < (6.8)

N-1
(ii) Reciprocally, let Cy,Co satisfying (6.8) with Cy > 0 or Cy > 0, and C1,Cy small enough. Then
there exists a solution (u1,us) of system (1.4) in Q, such that (uy,ug) € Wol’q(Q) X Wol’p(Q). More
generally, for any bounded Radon measures p,v in 2, under the same conditions on Cy,Cs, there
erists a solution of the system

A — P
{ AUl |vu2| + CLUJ) in D/(Q)

—Aug = !Vullq + Cyv,

C1,Cy. Moreover uy,us € Wol’s(Q) for any s € [1, %> , and if Co = 0, then us € Wol’SQ(Q) for

N
S < N-D)g-1-

Proof. (i) The functions uq,us are superharmonic and nonnegative. Then there exist C; >
0,Cy > 0, such that (6.7) holds, and |Vug|P + [Vui|? € L (Q), and moreover u1,uy € Wy* () for

loc
any s € [1, %) , see [16]. From Lemma 6.4 (u7, uz) is a supersolution, then the conditions on
C4, Cy follow from Theorem 5.9.
(ii) We recall a result of [3, Theorem 3.1]: for any nonnegative f € L™(Q) and g € L*(Q),
m,k € (1, N) such that ¢k < ]\7,”7]\7; and pm < %, there exists A = A(p, ¢, m, k) > 0 such that the

problem

in €

?

—Auy = [Vus P + C1 f,
—Aug = \Vullq + Cayg,

admits a solution such that (uy,us) € Wy 9(€2) x WyP(Q) under the condition

CHIf T m ) + C2llgll Lr () < A
And (uj,ug) € Wol’sl(Q) X V[/Ol"92 (Q) for any s; € [1, J\T,”f]\fn) and s € [1, %) , with the estimate

Hul HWOI'Sl Q) + HUQHWOLSQ(Q) < C<A7 S1, 82, M, k)

Let y1, v be two positive Radon measures in Q. Let (1), (vn) be sequences in C°" (Q) converging
respectively to u, v in the sense of measures, and 1, (2) < 2u(Q), v,(Q) < 2v(2). Then there exists
a solution of the approximate problem

“Aus . — P
{ Ul,n |vu2,n’ + Cl,uny in Q,

_Au2,n = |vu1,n‘q + CQVny

39



First suppose Cy > 0, then 1 < g < p < % We take m = k = 1, and f = uyn, g = vp. so for
21CT () + 2C51(Q) < A we get the existence of sequences (u1), (u2,) bounded in Wol’S(Q) for

any s € {1, %) . Next suppose Co = 0 < C1. We take f = u, and g = 0. We need to find some m

and k such that gk < 7=~ and pm < % We fix m = 1, so we require that that NN—& <k< ﬁ

(which implies ¢ < %) This is possible because g < g = (NN_%’;Z) < % SO U1, is bounded
in Wol’s(Q) for any s € [1, %) ug,, bounded in W&’”(Q) for any so € [1, W) , hence in

particular for sy € [1, %) . So we get the existence for 29C7u4(Q2) < A. Next we can pass to
the limit in D/(Q). We fix s1 with ¢ < 81 < % and so with p < s9 < % if Cy > 0 and

p < s2 < W if Co = 0; up to subsequences, u1, converges weakly and a.e. in Wol’sl(Q)

. 1 .
and ug,, converges weakly and a.e. in W;**(Q) to some uq, ug; in any of the two cases, |Vug,|’

converges strongly in L!(Q), then u satisfies the equation in D'(Q2)
—Aup = ’VU2|p + C1ip,
and |Vuy ,|? converges strongly in L!(£2), so we also pass to the limit and get in any case

—Aug = ]Vu1|q + Cyv.

7 Extensions

(1) First note also that the study of Hardy-Hénon type equations by the use of system (4.4) can be
adapted to other ranges of the parameters, for example to a ”sublinear” case, that is q < p — 1,
corresponding to the case where pqg < 1 for the system, or also to case q < 0, corresponding to
g < 0. This allows to extend some results of [26] given for the Hardy-Hénon equation —Aw = |z|7 u?
with the Laplacian to the m-Laplacian, in the radial case, in particular their study in dimension 1.

(2) Moreover consider an equation of Hardy-Hénon-type in dimension v € N,v > 1, with a
weight |z (a € R) inside the operator:

—div(|z|* |Vw[P™? V) = ¢ |2z|" w9,
In the radial case, it reduces to

P=2 4 —1|dw|P%d
Wy _vte i d—w = er? Y,
.

d dwy vta-1|dw
dr T dr

d’u}
N

dr

so it directly falls in the scope of our study, with N = v + a and ¢ = b — a. It allows for example
to find again rapidly some recent results of [41], given for the Laplacian with some conditions on
a, b, and extend them to the p-Laplacian, in all the ranges of the parameters.

(1) All our radial study can be easily directly extended to a system of k-Laplacians,

{ —Aguy = |Vugl?,

_Aku2 — ‘vul‘q’ (7'1)

40



where k£ > 1. Indeed the radial system reduces to

k1—2 — k1—2
{—muluW—Nlmw ul = [

;
ko— — k1—
— (P ) = N M Ty = oy

{whwwlmk“wmfl

w’z = r(N_l)(l_ﬁ) ’wllﬁ

where

—TN_l ‘ull‘kf2 —TN_l ‘U/Q‘ka

u'l = w1, UIQ = Ww2q.
So we are reduced to study functions wi,ws, with p,q replaced by 25 and %3, is valid

pq > (k —1)2. We obtain analogous results as in the case k = 2, with new parameters ¢; defined by

v — N q2:N+(k—1)p . 2(k —1)? q4:(k;—1)p+2(k;—1)2
(N—1Dp—k+1’ (N—1)p = ) '

T kT p

And one can make an easy adaptation of the results of the nonradial section, relative to the super-
solutions of system (1.1),where the estimates of the mean values are replaced by integral estimates,
as in [12] in case of source terms and in case of absorption or mixed terms. The computations are
let it to the reader.

(2) More generally our study allows to treat systems of the type

—div(|z|* [Vui M 72 V) = |2 [Vug |,
—div(|z|*? |[Vui 272 Vug) = |2]% |V |7,

which in the radial case reduce to

([ ) = B [ = 0 gl
(Juh "2 ) — AL |y = bz g |7,

that means a system of and then to a Hardy-Hénon equation (1.2) with new parameters p,q, N
defined by 25 = L, 247 = @, B=F = N+b1 — (N +aa— 1) g, N+o = N+by— (N +a1 - 1)g;
and q > p — 1 is equivalent to pg > (k1 — 1)(ka — 1).

(3) Some of our nonradial results can be extended to more general systems, like (7.1), following
the methods of [12], for example Theorem 6.2. It would be interesting to extend Theorem 6.9 to
such type systems.

8 Appendix

In this section we give the proofs of the main results of Section 4
Proof of Lemma 4.5. (i) Setting s = sg+ 3, 2z = 209 + Z, the linearized problem at My is




It admits the eigenvalues A1, A2, roots of the equation (4.12). When the roots are real, that means

5020 < 0 then A\; < 0 < A9, and A\; < sp < Mg since T'(sp) < 0, and corresponding eigenvectors are

o = (525, A1 — s0) and v = (527, A2 — s0) have the slopes p; = (p — 1)(2‘—3 )= i=12
(ii) Setting z = N + o + Z, the linearized problem at Nj is

{ St = IF))-EC{S’ }
Zt=(N+o0)(—qgs —2).
_ pto

It admits the eigenvalues l1 T and [y = —(N + o). When [} # I, corresponding eigenvectors

are U] = (lh — la,ql2) and U3 = (0,1).
iii) Setting s = N=P 4 3, the linearized system at Ao is
p—1

_ N_p /—
St = ﬁ(s + piNl),
zt=2(N+o —qﬁ).

It admits the eigenvalues p; = % and pus = N+ o0 — q%, And{z = 0} contains particular

trajectories linked to pi. When py # pe # 0, corresponding eigenvectors are v o= (1,0) and
73— (B _
vy = (p_17,u’2 Ml)'

(iv) The linearized system at point (0, 0),

St = 11)3__1?2)
Zt = (N -+ O')Z.
gives the elgenvalues p1 = ﬂ, p2 = N+ 0, which are distinct for o # — ]\; i) and corresponding

p—1
eigenvectors ] = (1,0) and v3 = (0, 1). |

Proof of Lemma 4.7. (i) Direct consequence of (4.3).

(ii) Suppose lim(s, z) = Ny. From (4.4) we find s; = s(l1 + s+ Z) = s(ly + o(1)), then s =
l
o(e=3), and 2, = 2— (N+0) = (—la+2)(—qs—2) = Z(la—qs—72) +laqs = (Ia+0(1))z+0(e 241,

Then z = o(e **) for some k > 0. In turn s; = s(I; + o(e ") for some k > 0, thus lime~1ts =
C # 0. The conclusion follows from (4.3) with lime~"*s = C' # 0 and limz = N + 0.

(iii) Suppose lim(s, z) = (0,0). Then s; = s(p1 + s+ 2) = s(p1 + 0(1)), and z = z(p2 + o(1)).
Then s,z = o(e ¥t for some k > 0. Therefore we obtain s; = s(p1 + 0(e*)), z = z(p2 + o(et)).
By integration we deduce lime "1's = C' # 0 and lime 2!z = D # 0, and we still apply(4.3).

(iv) Suppose lim(s,z) = Ag. Then z; = z(u2 — qs — z) with 5 = s — 1;1 = o(1), so that

\H2 |

)
zt = z(uz + o(1)), then z = o(e™ 2" ). It follows that 5; = (u1 +35)(5 + ;77) = S(u1 + ;57 +5) +
[pnat]|
g:f)z = s+ o((e” " ). Then s = o(e *!) for some k > 0; in turn 2z = z(u2 + o(e *!*); thus

lime™#2tz = D # 0, and we apply (4.3) where lim s = uq,lime 2!z = D. [ |

Proof of Lemma 4.8. Let for example w be any solution in (0, ). From Lemma (4.4), and
(4.5), ® = |s|*"!|2| is bounded. And

o, =P(p+o—(q—p+1)s).
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Suppose that s is unbounded near —oo. Either s is monotone near —oo, then lim;_,_ |s| = oo,

hence % > —1 near —oo, In |®| > %', which is impossible. Or there exists a sequence t, —> —o0

such that |s(,)] — oo of points of maximum of |s|. At these points, and % +5(tp) + ";)(t_nl) =0,
hence s(ty)z(tn) < 0, and

sulty) = oite) 2l o (gt 1),

thus sy (tn)s(tn) > 0, which is contradictory. Then s is bounded. Suppose that z is unbounded.
Either z is monotone near —oo, then limy_, ., |z| = oo, thus lim;_,_ |s;| = oo, which is impos-
sible. Or there exists a sequence t, — —oo such that |z(¢,)] — oo of points of maximum of |z|.
At these points N + o — qs(t,) — z(t,) = 0, which is impossible since s is bounded. Then z is
bounded. It converges to one of the fixed points of the system, or has a limit cycle around them.
Since Ny, (0,0) or Ay have real eigenvalues, such cycle can happen only at My, when q =qg. =

Proof of Theorem 4.9. Here we consider region A, where N > p > —o. In this case we refer
to [10] for the description of the system. Here the behaviour depend on position of q with respect to
dc, and also of qg when € = 1, see figures1,2,3,4. The point My is in Q4 for q < g, corresponding
to solutions of the equation with absorption (¢ = —1), and My € @; for q > q.. The point Ny is
a saddle point, corresponding to C°-regular solutions near 0. The point Ag is a source for q < qe
and a saddle point for q > q.. The point (0,0) is a saddle point, and the associated trajectories
are not admissible. The existence of ground states of the equation with source (¢ = 1) if and only
if ¢ > qg is well known. The phase plane in the critical Sobolev case ¢ = qg is remarkable: there
exist particular particular trajectories , located on a straight line

(p—1)s+

P Nip-o
q

+1

These trajectories correspond to the ground states given at (4.13) when ¢ = 1, and to explicit local
solutions near 0 or co when ¢ = —1. ]
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Figure 1. Theorem 49 N =22>p=14 Figure 2. Theorem
>0 =-0.6,q=0.7<q,=0.75 <qg=52
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Proof of Theorem 4.10. In this case, My = Ag = (N=P - 1 ,
1 = N% and ip = 0, with eigenvectors are v = (0,1) and v = (1, —(p — 1)) Corresponding to

0), see figure 5. The eigenvalues are

the elgenvalue 0, there exists a central manifold of dimension 1, tangent to 03, invariant by the flow.
It contains trajectories converging to My as ¢ — oo or t — —o0. The eigenspace associated to
w1 > 0 has dimension 1, so it is precisely the axis{z = 0}, and the trajectories are not admissible.

First assume € = 1. In fact there exists an infinity of trajectories tangent to 03, that means an
infinity of central manifolds. The idea is the following: we know that there exists a trajectory 7y
starting from Ny and corresponding to C%-regular solutions; they are not global, w vanishes, which
means that s — co and z — 0 in finite time. The region R in ()1 delimitated by 7y is invariant.
The region RN {s < N= {’} is negatively invariant, since the field at ( —P . 2) satisfies s; = 727 > 0.

Then any trajectory passmg by a point of this region stays in it, and cannot converge to (0,0), so
it converges to My as t —» —o0.

Then assume € = —1. Then there exist a unique trajectory converging to My as t — oo. Indeed
up to a scaling there exists a unique solution w with the same logarithmic behaviour as r — oo,
from [40] for o = 0, and which extends to ¢ # 0, for example by minimisation. |

Proof of Theorem 4.13. Here we consider region B, where p > N > o, see figure 6.

e The point My is in Qq, since sg = vy = qEJrUp >0,and 20 =N—-p—(p—1)y < N—p <0, see
figure .... The eigenvalues satisfy \; < 0 < Ay from (4.12), then M) is a saddle point. There exist
four trajectories M, T.M, TM TM | such that M, M (resp. TM, TM) converge to My as t — oo
(resp.—o0). associated to A\; < 0 (resp. A2 > 0) with a negative slope p1 = —(p — 1)(1 + |;‘—;‘) <

—(p—1) (resp. a positive slope). Then 7;" lies in the bounded region H of Q4 where s; < 0,2 < 0
for large ¢. Since this region is negatively invariant, the trajectory 7T; stays in H, so it is bounded,
hence defined on (00, c0), and converges to (0,0) which is the only possible fixed point in H.

e The point Ny is at the boundary of @1 and Q2. The eigenvalues satisfy o < 0 < [j, then
Ny is a saddle point. There are two trajectories 7/, 75, starting from Ny, the first one in @1 and
one in @2, and the corresponding solutions satisfy (4.14) the solutions are not global, from Lemma
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4.8, since in Q1 and @ there is not fixed point attracting at co. ((Note that 7{ corresponds to a
solution w vanishing at finite R > 0, and 7{ corresponds to a large solution)).

e The point Ay is located at the boundary of Q2 and Q3. The eigenvalues satisfy pu1 < 0 < po,
then it is a saddle point. Two trajectories corresponding to uq are ending at Ap as t — oo are
located on the line{z = 0} not admissible. Two trajectories corresponding to uo are starting from
Ap at —oo, a trajectory ’7'2‘4 in @2 and a trajectory ’75‘4 in Q3, with a negative slope —(p — 1)%'1““‘
The corresponding solutions satisfy (4.15). They are not global, from Lemma 4.8, since in Q2 and
Q3 there is no attracting point at oo.

e The point (0,0) is a source, since p; > 0 and pa > 0. So if p; # po, that means Fl’)_% # N+o,
there exists an infinity of trajectories starting from (0,0). From Lemma 4.7 the corresponding

solutions satisfy (4.16). If py = pa, we prove that there exist particular solutions at Proposition
4.17.

e In )1 and Q3 there is no fixed point attracting at oo, so for € = 1 there is no solution in
(ro, 00). ]
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Proof of Theorem 4.15. Here we consider region C, where p < —o < N, see figure 7.

e The point My is in Q2. Indeed so =y < 0; and zo =N —p+ (p— 1) |7| > 0. It is a saddle
point, and the eigenvalues satisfy \; < sop < A2. So there exist four trajectories TV, 7Y™, TM, TGM|
such that 7;M, T/M, (resp. M, ToM) converge to My as t — oo (resp.—o0). associated to A1 < 0
(resp. A2 > 0) with the slopesp; = (p— 1)(?—5 —1)i=1,2, hence p; > 0 > py, and we call TM TM,
the trajectories such that s(t) > so for any ¢ € R.In particular 7% starts in the region J of Q2
where s; > 0, z; < 0. We check easily that the region J is positively invariant. Then the trajectory
’7'2M stays in J, so it is bounded, and since s and z are monotone, we get that ’EM converges at co
to a fixed point in Qo, that is to Ny if N + ¢ > 0, and to (0,0) if N + o < 0.

e The point Ny is at the boundary of (1 and (5. The eigenvalues satisfy {1 < 0 and ls < 0, so
Ny is a sink. In any case, all the corresponding solutions satisfy (4.17), from Lemma 4.7. In any
case, we know that the trajectory ’TQM converges to Ng.

e The point (0,0) admits the eigenvalues p; = % < 0and po = N+ o0 > 0, it is a saddle
point, the trajectories issued from this point are the two axes, they are not admissible.

e The point Ag = (%, 0). is on the boundary common to 7 and Q4. It has the eigenvalues
= —l;rj’ > 0 and

N-p
p—1

we=N+o0c—q <N+oc-(N—-p)=p+0<0,

so it is a saddle point. As we have done before, we check that there exist two trajectories converging
to Ag ast — 00, one in (1 and one in Q4. This show the existence of local solutions of the equations
N

with € = 41, such that lim,_,~ retw=Fk>0.And clearly those solutions are not global, since
there is no fixed point in @1 and Q4 attracting at —oo, from Lemma 4.8 So the corresponding
functions w are only solutions of the exterior problem. [
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Proof of Theorem 4.17. Setting s = &z, we get

- N
=00~ (Nt o)+ (2 + (a+ 1)®)2)
p—1 1

Then system admits particular solutions such that s = —dz for some § > 0 if and only if % =
N + o, that means ¢ = —pN=1 o =1 and § = m. They are given explicitly from the equation

5 :s(p—N B q—p+18)

t p— 1 p— 1 )
— atl N-1
and from (4.3), der®wit! |w'|™P = —1, hence ¢ = —1 and we get w P w' = — o »=1 hence
1

(4.19) by integration, with dp g N = (p_;()éi&p)ll) ( (pilﬁq ) )p. These solutions satisfy lim, o w =

C when C > 0 and when they are global, w ~,__,, w*.

If p=N,wegetc=—p=—N,and w N W = :I:(lﬁrfl, then w!= N = C:I:(S%(%rl—l)lnr,

— N : _ qt1-N N
where 6 = W, that is dN =4 N ((N—l)(q+l))

Proof of Theorem 4.18. Using Lemma 4.3, we reduce to the case (1) N > p = —o, see
figure 8.

e Here the point My = (0,N — p) = Ny.The eigenvalues are [; = 0 and ls = p — N < 0. The
corresponding eigenvectors are v = (1,—q) and 3 = (0,1). Corresponding to the eigenvalue 0,
there exists a central manifold of dimension 1, tangent to W, invariant by the flow. It contains
trajectories converging to My as t — oo or t — —oo. The eigenspace associated to l2 > 0 has
dimension 1, so it is precisely the axis{s = 0}, and the trajectories are not admissible. The system

is
=),

st = 5(%52
zt=2(N—p—qs—2).

0). is located at the boundary of @1 and Q4. The eigenvalues are

2z~

. The point Ay = (1;17{’,

n = T >0and uo = (q—p + 1) N <0, satisfy 1 < 0 < g, with eigenvectors. v = (1,0)

and 75 = (1,—(p—1)(q—p+2)). TWO traJectones associated to Ag are located on the line {z = 0}
, so they are not admissible. There exist two other trajectories, 71 and 7y, respectwely in 1 and

Q4, converging to Ag at co. The corresponding solutions w satisfy lim,__ . r P~ Prw=k> 0, from
Lemma 4.7.

e First consider the trajectories located in ()1, corresponding the case ¢ = 1. The trajectory
71 has a slope less that —(p — 1), then it arrives as ¢ — oo in the region R = {s; > 0} in @
delimitated by the line NgAg where s; = 0; and R is negatively invariant, so 77 stays in it. The line
{2z = 0} is located under the line My Ay, thus z; < 0 in R. If 71 converges to My, then the region R
delimitated by the two axis and 77 is bounded with any fixed point inside, and this is contradictory.
Then 77 is asymptotic to the axis {s = 0}, and the solutions are not global. Consider again the
region R1. Then any trajectory passing by a point of Ry is bounded, and then converges to My as
t — o0, so we get a (2 parameters) family of solutions w in (rp,00) such that (4.21) holds The
trajectory is tangent to line of direction (1, —q) passing by My, which means Z ~ —¢s, and we have

{ St:S(S‘l‘%),
z=(N—-p+2)(—z—qs).
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—1

Then s; ~ —%52, and by integration s ~ pq—_tl, and z ~ N — p, thus by (4.5), w ~ (p(;l)qil—P,

which is precisely (4.21).

e Next consider the trajectories located in )9, corresponding the case for ¢ = —1. The line
{st =0} = MyAy is located under the line {z; = 0} and the region G located between the two
lines is negatively invariant. Any trajectory passing by a point above {z; = 0} necessarily crosses
this line since z and s are decreasing, and any trajectory passing by a point under {s; = 0} cuts
this line, because s and z are increasing. We consider two sets of trajectories: U; is the union of
trajectories which cut {z; = 0} at some point, and Us is the union of trajectories which cut {s; = 0}
at some point. They are open in Q2, so Uy Uls # Q2. Then there exists some point P such that
the trajectory passing by P is located in G, which is negatively invariant. Then it converges to the
point My as t — —o0. So we get solutions w satisfying (4.22). ]
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Figure 8. Theorem 4.18 Figure 9. Theorem 4.19 —o = N = 27
N=22>p=-0c=14,q=1.1 >p=3,q=15

Proof of Theorem 4.19. We still reduce to the case (1) —o = N > p, see figure 9. Here the
system is

2zt = z(—qs — 2). '

The point My = (s, 20) = (q‘:lljp, ((E;E)I?) is in @2, corresponding to particular solutions of the
N

equation with absorption ¢ = —1. w* = a*rﬁ; note that lim,__,gw* = 0.

The point Ny = (0,0), the eigenvalues are p; = %,m = 0, corresponding eigenvectors
o1 = (1,0) and ©5 = (0,1). The trajectories associated to p; are not admissible. There exist at
least one central manifold, relative to po, tangent to the axis {s = 0} . We are going to precise it
below:

The eigenvalues at point My are given by (4.12), their product is —(IN — p)2q < 0., so My is a
saddle point. There exist four trajectories 7;M, TV, 7§M , T, such that M, T,M (resp. 7§M ,TM)
converge to My as t — oo (resp.—oo). associated to Ay < 0 (resp. Ay > 0) with the slope
m=(/P- 1)(;\—; —1) > 0 (resp. p2 = (p — 1)(—@‘—5| —1) < —(p —1)). Then one of the two last
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trajectories, denoted by 7},M lies in the bounded region H of Q3 where s; > 0,2 < 0 for large
t. Since this region is positively invariant, the trajectory 7§M stays in H, so it is bounded, hence
converges to (0,0) which is the only possible fixed point in . Then any trajectory passing by
some point of H converges to (0,0). So there is an infinity of trajectories converging to this point,

staying in Qs.

Moreover the eigenvalues at Ag are p; = p P > 0and uy = q N < 0, Ag is a saddle point.
Two trajectories associated to pjare located on the line{z = 0} are not admissible. There are
trajectories Ti, 71, respectively in Q1 and (4 converging to Ag as t — oo corresponding to the
eigenvector v3 = (45, w2 — ), with the slope —(p — 1)(q + 1), the solutions are not global, since
there is no fixed point in those quadrants. Then there exist solutions in (rg,o0) for e = 41, such

that lim, o retw =k > 0. Moreover, since (p—1)(q+1) > (p —1), 71 is located in the region
of Q1 where s; > 0 and z; < 0, which is negatively invariant, so it stays in it. Next consider the
region K in @ delimitated by the two axis and 77 (under 77). It is invariant, and z; < 0 in K.
Then consider any trajectory T passing by a point of K. It cannot converge to Ag because 7; is
the only trajectory in @1 converging to this point. Then 7 necessarily converges to (0,0). There
still exists an infinity of trajectories converging to this point, staying in Q1.

So in @1 (corresponding to ¢ = 1) as well as in @2, (corresponding to ¢ = —1) there is an infinity
of trajectories converging to (0,0). From system (8.1), since limy_,oc £ = 0, we get s; ~ 3(% T)

and z ~ —2z2. Then by integration, z ~ i.[s| < Ce " for some k& > 0. From (4.3) we get

_atl-p 1
w P )~ —er (lnr)P 1. then by integration, either

\ZM

p—1
q+l-p

Wi = (—

N-p a 1 N-1-q q-+ 1— p._ et

w ~ —EC(IHT)_ﬁrm, w ~ —e(C'P-1 (ln r)_q-H—p rati-p C = ( N )q+1—p’
- p
or
: 1-N 1
lim w=0C>0, w' ~ —erv=1 (Inr)e—1
r—>00
The first eventuality is impossible for ¢ = 1. Let us check if it is possible for ¢ = —1 : it would

imply that s = —r% tends to p — N # 0, which is contradictory. Then for e = —1, for given rg > 0
there exists an infinity (with 2 parameters) of solutions w in (rg, 00) satisfying (??), and an infinity
(with one parameter) of solutions satisfying (4.25). [

Proof of Theorem 4.20. Here again we reduce to the case (1) p =N > —o, see figure 10.

The system is
{ st =s(s+ ﬁ),
z=z(p+o—qs—2z).

The point My = (sp, 20) = ( q_‘f{‘_’p, - (p;i)l(f;ra)) is in Q4, corresponding to particular solutions of
_pPto
the equation with absorption € = —1. w* = a*r af1-p  which are oo-singular.

The point Ny = (p+0,0) is at the boundary of )1 and Q2 admits the eigenvalues [; = p+” >0
and log = —(p + o) < 0, with eigenvectors = (ﬁ, —q) and 73 = (0,1). it is a saddle pomt, the
trajectories associated to [y are not admissible. There exists two trajectories, 71 and 7s, respectively
in Q1 and Q9 starting from Ny at —oo, corresponding to C%-regular solutions w. The trajectory
T2 starts in the region where s; < 0,z > 0, which is positively invariant, so it stays in it. The
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trajectory 7y starts in the region where s; > 0, z; < 0, with a slope —q%, above the line NoM,
and stays in the region of Q1 where z; < 0, and then it is asymptotic to the axis {z = 0}.

Here the point Apg = (0,0), and the eigenvalues are p; = 0,p2 = N + o, with eigenvectors
v; = (1,0) and v5 = (0,1). The trajectories associated to py are not admissible. There exist at
least one central manifold, relative to p1, tangent to the axis {z = 0}. We are going to precise it
below.

The eigenvalues at point My are given by (4.12), their product is spzp < 0, then A} < 0 < 59 <
A2, so My is a saddle point, There exist four trajectories 7;M, 7Y ,7§M , T, such that M, TM
(resp. TM, TM) converge to My as t — oo (resp.—oc). associated to A1 < 0 (resp. Ay > 0) with
the slope p1 = (p — 1)(2‘—; —1) < 0 (resp. p2 = (p — 1)(2‘% —1) > (p—1)). Then one of the
two first trajectories, denoted by 7{¥ lies in the bounded region H of Q4 where s; > 0,z < 0 for
large t. Since this region is negatively invariant, the trajectory 7;M stays in H, so it is bounded,
hence converges to (0,0) as t — —oo which is the only possible fixed point in 7. Moreover any
trajectory passing by some point of H converges to (0,0). So there is an infinity of trajectories
converging to this point as { — oo, staying in (4.

Next consider the other quadrants Q1 Q2. There is no trajectory converging to (0,0) in Q.
Indeed suppose that a trajectory converges to (0,0) in Q2 as t — oo; then it satisfies s; > 0, z; < 0,
near oo which is impossible; if it converges as t — —oo, then s; < 0,z > 0, then it cannot be
tangent to the axis {z = 0}.

Finally consider the quadrant 1. The region K delimitated by the two axis and the line NyMy
is negatively invariant. Then any trajectory passing by a point of K converges to (0,0) at —oo.
Moreover the region £ delimitated by the two axis and 77 is also invariant. Then any trajectory
passing by a point of £ converges to (0,0) at —oo. Thus there is an infinity of central manifolds.

Those trajectories satisfy lim;, o = = 0, then s; ~ s?. By integration, 0 < s = —4t ~ ﬁ

Thus for given ¢ > 0, there holds C |t|(1+6) <w < 0Oy \t\(HE) near —oo. Since p = N, equation
(4.1) reduces to

—(N = 1) |Jwe N2 wy = e+,

Then
—(N -1 Wt N-2-q Wit = 7N —1 Wi N-1-q t~ €€(N+U)t t q,
N+1
hence by integration, either lim; , w; = —c < 0, or qi;}rl ]wt\N_l_q ~ —NLJrae(N“'”)t |t]7.
The last case is impossible for ¢ = 1. If ¢ = —1, since % ~ ﬁ, it implies that w T lwe| =
—N+1 Nito

ivfl w_qN—l o~ C’eN—lt, which by integration contradicts the estimate C |t (1+e) <w <
qg—N+1
Cy |t|(1+5) . Then w ~,_,o C'|lnr|, and w' ~, —%. ]
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Figure 10. Theorem 4.20: Figure 11. Theorem 4.21

Proof of Theorem 4.21. Here p = N = —o, see figure 11. The system is

st = s(s + 7))
2zt = z(—qs — 2).

The unique fixed point is (0,0), and the two eigenvalues are 0. From Proposition 4.17, there exist
solutions such that s = —Wz, corresponding to trajectories in Qs and Q4. We get a family
of solutions w given by (4.20). The sign + (resp. —) corresponds to the trajectory in Q4 (resp.
Q@2). It seems that there is no other trajectory converging to (0,0), thus no other solution w can
be defined near 0, or near co.

For ¢ = 1, corresponding to quadrants ()1 and ()3 all the trajectories satisfy s;z; < 0, hence
they cannot converge to the unique fixed point (0,0) as t — +oo, from Lemma 4.8. So there is
no local solution near 0 or oco. [
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